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Abstract. We continue the investigation of twisted homology theories in the context of dimen-
sion drop phenomena. This work unifies previous equivariant index calculations in twisted
cyclic cohomology. We do this by proving the existence of the resolvent cocycle, a finitely
summable analogue of the JLO cocycle, under weaker smoothness hypotheses and in the more
general setting of ‘modular’ spectral triples. As an application we show that using our twisted
resolvent cocycle, we can obtain a local index formula for the Podles sphere. The resulting
twisted cyclic cocycle has non-vanishing Hochschild class which is in dimension 2.
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1. Introduction

This paper proves a residue index formula in noncommutative geometry for ‘modular
spectral triples’, which are analogues of spectral triples with twisted traces. This
is the appropriate setting for examples arising from g-deformations which typically
experience ‘dimension drop’ in homology, [H], [HK], [NT], [SW], [W]. The main
results are as follows.

1) We show that for finitely summable modular spectral triples the resolvent cocy-
cle exists, is continuous and is an index cocycle under weaker smoothness conditions
than have previously been used. In particular we do not need the pseudodifferential
calculus to establish these facts, so that we are free to replace the usual pseudodiffer-
ential calculus by other schemes later, in order to obtain local index formulae.

2) We show that modular spectral triples have a well-defined pairing with equiv-
ariant K-theory. In the finitely summable and weakly smooth case we show that this
pairing can be computed using the resolvent cocycle, which defines a twisted cyclic
cocycle.

3) We apply the results of 1) and 2) to prove a local index formula for the Podles
sphere in twisted cyclic cohomology. This index formula puts the results of sev-
eral authors into a common framework, [H], [KW], [W]. In particular, the twisted
Hochschild class of our residue cocycle is an explicit constant multiple of the funda-
mental Hochschild cocycle for the Podles sphere, [H], [KW], and our explicit index
pairings can be compared to those in [W].

The computations in 3) are similar to what was done in [NT], however they used
the twisting by the modular automorphism, rather than the inverse of the modular au-
tomorphism. While the summability is the same in both cases, the twisted Hochschild
homology for the modular automorphism is trivial in dimension 2, while the inverse
of the modular automorphism avoids the dimension drop. Thus the cocycle obtained
in [NT] is cohomologous to a 0-cocycle, while ours is not. We also note that in [NT]
the starting point was the JLO cocycle in entire cyclic cohomology rather than the
resolvent cocycle.

The exposition is as follows. In Section 2 we introduce the basic definitions for
modular spectral triples, including smoothness and summability. We then show that
a modular spectral triple defines an equivariant KK-class, and so gives us a well-
posed K-theory valued index problem. The remainder of Section 2 demonstrates that
together with a representative of an equivariant K-theory class, we obtain a well-posed
numerical index problem. The aim of Section 3 is then to show that these notions are
compatible.

We address the existence, continuity and index properties of the resolvent cocycle
in Section 3. We begin by looking at our weak smoothness condition, and proving
some basic results that follow from this assumption. Then we prove the existence
and continuity of the resolvent cocycle, which originated in [CPRS2], and show that
it computes the numerical index. Finally we show, using results from [KNR], that
this numerical index is compatible with the K-theory valued index in a precise way.
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In Section 4 we show that the spectral triple introduced by [DS] defines a 2-
dimensional modular spectral triple, which is weakly smooth in our sense. Numerous
results of [KW], [NT], [SW], [W] are incorporated into this statement. We employ
Neshveyev and Tuset’s modification of the pseudodifferential calculus to obtain a
version of the local index formula for the Podle$ sphere. Thus we see that with a
suitable pseudodifferential calculus, our resolvent index formula can be extended to
a full local index formula as in [CPRS2], [CM], [Hig]. We conclude by computing
some explicit index pairings, and as a corollary see that the degree two term in the
residue index cocycle is not a coboundary.

Acknowledgements. It is a pleasure to acknowledge the assistance of our colleagues
Alan Carey, Ulrich Krihmer and Joe Vérilly. We would also like to thank the referee
for numerous comments which have improved the exposition. Both authors were
supported by the Australian Research Council.

2. Modular spectral triples and equivariant K-theory

We begin this section by defining modular spectral triples, a generalisation of semi-
finite spectral triples, [BeF], [CP2], [CPRS2], allowing for twisted traces (weights)
in place of traces. We then consider the index pairings defined by modular spectral
triples.

The strategy to study index pairings is almost the same as in [CPRS2], [CPRS3].
Given arepresentative of an equivariant K-theory class for an algebra -4, we show that
a modular spectral triple over + allows us to formulate a well-defined (semi-finite)
index problem. By following the strategy of [CPRS2], [CPRS3], we find that the
index can be computed by pairing a cocycle with the Chern character of the K-theory
class.

2.1. Modular spectral triples. Let .V be a semi-finite von Neumann algebra acting

on a Hilbert space #, and fix a faithful normal semi-finite weight ¢p. We denote the

modular automorphism group of ¢ by af’ . Then as ¢ is afb invariant, we see that for

all7 edom¢ C N andt € R,

¢(T) = ¢(c?(T)).

Suppose further that the modular group af’ , which is inner since A is semi-finite, is
periodic, and let o be the (least) period of otd’ . Then

o) = [ oot nar=o(;, [ otmar) = @ow@),

where U: &/ — M = N is the expectation onto the fixed point algebra M
defined by the integral. Then the restriction of ¢ to M is a faithful normal trace.
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The restriction of ¢ to M is also semi-finite if and only if ¢ is strictly semi-finite,
meaning that ¢ is the sum of normal positive linear functionals whose supports are
mutually orthogonal, [T], p. 105. In everything that follows, we suppose that ¢ is
strictly semi-finite.

Given a faithful normal semi-finite trace T on a von Neumann algebra N, we
define the ideal of T-compact operators K (N, T) to be the norm closure of the ideal
generated by the projections p with finite trace, t(p) < co.

Definition 2.1. Let N be a semi-finite von Neumann algebra acting on a Hilbert
space #, and fix a faithful normal strictly semi-finite weight ¢p. Suppose further that

the modular group 0? is periodic. Then we say that (A, #, D) is a unital modular
spectral triple with respect to (N, @) if
(1) A is a separable unital x-subalgebra of N with norm closure A;

(2) A is invariant under o, A consists of analytic vectors for o?, and o¢| 418 a
strongly continuous action;

(3) D is a self-adjoint operator affiliated to the fixed point algebra M := N o’
(4) [D, a] extends to a bounded operator in N for all a € 4;

5) (1+ D)3 € K(M, ).

The triple is even if there exists y = y* € M with y? = 1, ya = ay foralla € A
and yD + Dy = 0. Otherwise the triple is odd.

We say that the triple is finitely summable with spectral dimension p > 1if pis
the least number such that

(1 + D*)72) <oo forall Re(s) > p.

Just as for ordinary spectral triples, there is a notion of smoothness and pseudod-
ifferential operators for QC * modular spectral triples, just as in [CPRS2], [CM],
which we recall here.

Definition 2.2. A modular spectral triple (A4, #, D) relative to (N, ¢) is QC* for
k > 1(Q for quantum) if for all @ € 4 the operators a and [D, a] are in the domain
of 8’f, where 61(T) = [(1 + 1)2)%, T] is the partial derivation on N defined by
1+ JDZ)%. We say that (s, #, D) is QC ™ if it is QC* for all k > 1. Equivalently,
[CPRS2], Proposition 6.5, and [CM], Lemma B.2, (A, #, D) is QC if for all
a € A wehavea,[D,a] € ;5o dom L’f o Rll, where L, R are defined by

L(T) = (1+ D) 3D, T] =: (1 + D) i1 D
and
R(T) = [D2,T](1 + D)2 = TV + D?)~2,

Here we have introduced the notation 7" := [D?, T], and for n > 1 we recursively
set T .= [D2, T D),
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Definition 2.3. Let (A, J, D) be a modular spectral triple relative to (N, ¢). For
r € R put

OP" = (1 + D?)2((),5 dom 7).

If T € OP” we say that T is a pseudodifferential operator and that the order of T is
(at most) r. The definition is actually symmetric, since for r an integer (at least) we
have by [CPRS2], Lemma 6.2,

OP” = (1 4+ D?)7 ([ dom §7)
= (14 D?»)2(Ndom &) (1 + D2)~2(1 + D)2
C (N dom &™) (1 + D?)%.

From this we easily see that OP” - OP* € OP” 5. Finally, we note that if » € OP”
for r > 0, then since b = (1 + D?)2a for some a € OP?, we get [(1 + JDZ)%,Z)] =
(1 4+ D2)5[(1 + D?)2,a] = (1 + D?)581(a), so [(1 + D?)2,b] € OP".

Remarks. 1) An operator T € OP” if and only if (1 + D?)"27 € (>0 dom 87.
Observe that operators of order at most zero are bounded. -

2) We will need a weaker notion of smoothness, introduced in Section 3, for
modular spectral triples, as Definition 2.2 is not satisfied for our main example, the
Podles sphere.

Example. A semi-finite spectral triple is a modular spectral triple with ¢ a semi-finite
normal trace (and so M = N).

Example. Given a circle action on a unital C*-algebra A4, every state on A which
is KMS for this circle action gives rise to a modular spectral triple of dimension 1.
Explicit examples are the Cuntz algebra with its usual gauge action, [CPR2], and
the quantum group SU,(2) with its Haar state, [CRT]. All these examples are QC*°
(or regular or smooth) when we use the algebra of analytic vectors 4 C A for the
circle action. More examples arising from a topological version of the group-measure
space construction are presented in [CPPR]. In all these examples the von Neumann
algebra is a proper subalgebra of B(#), where J is the Hilbert space of the modular
spectral triple.

Example. The only other unital example (known to the authors) is the Podle§ sphere,
which provides an example of a modular spectral triple of dimension 2. This was first
presented in [DS], and has been studied in numerous subsequent works by various
authors. The paper [W] provides a good summary. This example is not QC*°, but a
replacement for the pseudodifferential calculus was developed in [NT]. This example
is our main motivation for weakening the QC *° condition, and this example will be
presented in detail in Section 4.
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Nonunital examples. We have chosen to work in the unital case for simplicity, but
there are nonunital examples, [CNNR], [CMR]. However, to simplify the discussion
of the local index formula, we will restrict to the unital case. To handle the nonunital
case in general, we would need to modify the definition of modular spectral triple in
order to utilise (analogues of) the results of [CGRS2], where the local index formula
is proved in the nonunital case.

2.2. Equivariant KK-theory and modular spectral triples. Anodd modular spec-
tral triple (A, #, D) with respect to (N, ¢) defines an equivariant Kasparov module,
and so a class [D] € KK T (4, X x), where we recall that A = 4. The construction
of the Kasparov module associated to a modular spectral triple begins with the defi-
nition of a suitable ideal. We will deal explicitly with the odd case here, just stating
the analogous results in the even case.

Definition 2.4. Given a modular spectral triple (A, #, D, N, ¢), let
Jp :={SkT | S.T e N, k € K(M,d|n)}

denote the norm closed two-sided ideal in N generated by K (M, @|.u).

The ideal J is a right Hilbert module over itself, and + acts on the left of Jg by

multiplication. The axioms of a modular spectral triple imply that (1 +D?)"2 € J,.
With a little effort we can show, as in [KNR], Theorem 4.1, that the pair (Jg, D (1 +
cT)z)_%) is a Kasparov module, except that the module J4 may not be countably
generated.

To deal with this problem, we recall the following construction from [KNR],
Theorem 5.3.

Definition 2.5. Let (A, #, D, N, ¢) be a modular spectral triple, where we recall

that 4 is separable. Write Fp (= D(1 + 502)_% and let By be the smallest C*-
algebra in N containing the elements

FoplFp.a], b[Fp.a], Fopb[Fp,a], ap(D)

foralla,b € A and ¢ € Cy(R). Then By is separable, and so o-unital, and contained
in Jg.

Proposition 2.6. A modular spectral triple (A, H, D, N, @) defines an equivariant
KK-theory class [D] = [By, Fp) € KK T (4, Bg), where Fgp := D(1 + JDZ)_%.

Proof. A modular spectral triple is automatically a von Neumann spectral triple with
respect to Jy in the sense of [KNR]. Then [KNR], Theorem 5.3, shows that By is a
countably generated right C* Bg-module, and that the pair (Bg, Fp) is a Kasparov
module. The equivariance is immediate. O
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Having obtained an equivariant Kasparov module, and so a KK-class, the Kas-
parov product defines a Kgr (Bg)-valued index pairing between a modular spectral
triple and equivariant K-theory. That is,

KT (4) xKK"T(4, By) —> Kq (By).

See [B], Theorem 18.4.4, for example. We now seek an analytic formula to compute
this index, and in Section 3 we obtain such a formula, the resolvent index formula.
The first step is the construction of a semi-finite spectral triple which encodes the
index pairing between a modular spectral triple and an equivariant K-theory class.
This is necessary to obtain a well-defined numerical index problem. We now describe
this procedure.

Given a modular spectral triple (A, H, D, N, ¢p)andaclass [u] € K I"— (A), thereis
aunitary u € M, () and a representation V : T — M, (C) suchthatu isc? @ Ad V
invariant, [B], [CNNR]. In particular, if n = 1 then u is o® invariant.

We can diagonalise the representation V; = @_, /\5’ ,A; € [1,00), and in this
basis it is clear that

(1) u;j transforms under Ad V; by )L;:’)Lj_”;

(2) u;j transforms under th’ by )Li_i t)it.
(3) V; extends to an action of C which is not a x-action but satisfies V,* = V_;.

We define a positive functional G : M, (C) — C by setting
G(T)=Tr(V_;T), T € M,(C).

Then G is a KMS; functional on M, (C), [BR], for the action Ad V', but is not a state
as it is not normalised.

Now consider the fixed point algebra M, = (M, (N))°°®A4V  which is the
centralizer of the weight ¢ ® G, [T], Proposition 4.3. Then ¢ ® G restricts to a
faithful normal semi-finite trace on M and moreover u € M,,. The latter statement
follows from the definition of u. The former follows since the strict semi-finiteness
of ¢ implies the strict semi-finiteness of ¢ ® G.

Lemma 2.7. Let (A, H,D,N,P) be a modular spectral triple which is finitely
summable and u € M, (A) a 0® equivariant unitary, with associated representation
V:T — My(C). Then

(C®°u), #RC",DRId,, My, ®G)

is a finitely summable semi-finite spectral triple. Here C*°(u) is the algebra of
all f(u)y € C*(u) with f a C* function on the spectrum of u. Let Bygg <
K (M, d @ G) be defined as in Definition 2.5. Then this semi-finite spectral triple
defines a Kasparov class in KK 7 (C*(u), Bye:G).



8 A. Rennie and R. Senior

Proof. The statement that we obtain a semi-finite spectral triple follows from the
construction, and that we get a Kasparov module follows from Proposition 2.6. [

Thus given [u, V] € K F (+), we apply [KNR], Theorem 6.9, to compute the
spectral flow, [Ph]. Let i: Bggg — K(M,,¢ ® G) be the inclusion, and let
ix: Ko(Bgog) = Ko(K(Mp,¢ ® G)). Then [KNR], Theorem 6.9, allows us to
compute the spectral flow as

sfp@G (D @ 1dp. u(D ®Idp)u™) = (¢ ® G)«(ix([u] ®c+w) [D ®1dp])). (2.1)

At this point, we have obtained an index problem which a priori depends on the
representative u of the equivariant K-theory class (through the use of C*(u)). To
show that we do indeed have a well-defined pairing with K PT(A), we will show, via
the resolvent index formula, that the index can be computed in terms of the Chern
character of u, which is independent of the chosen representative of the class [u].
Finally, we show that the original index pairing between a modular spectral triple and
equivariant K-theory can be described by the spectral flow above.

3. The resolvent index formula in twisted cyclic cohomology

In this section we express the spectral flow from eq. (2.1) in terms of the pairing
between a twisted cyclic cocycle dependent only on the modular spectral triple and the
Chern character of the equivariant unitary. In order to achieve this without invoking
the QC *° property, we make a technical improvement on the work of [CPRS2] by
using a weaker smoothness condition. This is necessary for our application, as the
Podles sphere modular spectral triple is not QC *°.

3.1. Weakly QC °° modular spectral triples. We weaken the QC *° condition with
the aim of justifying a resolvent expansion, used in the proof of our index formulae,
without recourse to the pseudodifferential calculus. There are two basic reasons for
doing this.

The first is that the example of the Podles$ sphere shows that we do not always
have the QC* property for modular spectral triples.

The second reason is that, conceptually, the use of the pseudodifferential calculus
to prove existence and continuity of the resolvent cocycle is overkill, requiring us to
invoke much more smoothness than is necessary for the statement of existence and
continuity.

Definition 3.1. Let (A, #, D) be a modular spectral triple relative to (N, ¢). For
T € N mapping the domain of D? to itself, define

WL(T) := (14+ D)7 D% T =1+ D> 'T(1 + D) - T,
WR(T) :=[D2TI1+DH =1 +DHT(1+ DY) -T
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We say that (A, #, D) is weakly QC ™ if

ACOPC N and [D,A] Cw-OP°:= (N dom(WL)*(WR)! Cc V.
k,1>0

The analogous definition of weak QC k is awkward, since in Definition 2.2, QC*¥
is defined in terms of commutators with || or (1 + JDZ)%. We will leave aside these
questions and just work with weak QC *°. Also, QC*° implies weak QC *° by the
boundedness of (1 + .SDZ)_%.

While we do not have a pseudodifferential calculus for a weakly QC *° modular
spectral triple (A, #, D), we may consider the weak pseudodifferential operators of
order s € R given by

w-OP* := (1 + D?)2 (", dom WL o WR?).
This definition is symmetric, in the sense that
w-OP* = ("), dom WL¥ o WR')(1 + D?)3,

since for all s € R, w-OP* is preserved by T — (1 + D) T(1 + DT, by
Lemma 3.2 below. Observe also that we have OP* C w-OP®.

It follows from the definitions that if (A, #,D) is a weakly QC* modular
spectral triple and u € M, (A) is an equivariant unitary, then the associated semi-
finite spectral triple (C*°(u), # @ C", D ® Id,, M, ¢ ® G) is also weakly QC .

The next few lemmas record some basic properties of the maps WL and WR.

Lemma 3.2. Let D: domdD C H — H be an unbounded self-adjoint operator.
Then T € B(H) belongs to

N dom(WL)*(WR)!
k,[>0

if and only if (1 + D)2 T(1 + D?)~2 extends to a bounded operator for all s € R.

Proof. Ttfollows from Definition 3.1 that T € (1) ;5o dom(WL)* (WR)! if and only if
14+ D) T (1+D?)~* isabounded operator forallk € Z. Itis also immediate that if
(1+D%)2T(14+D?)~ 2 isbounded forall s € R,then T € () ;5 dom(WL)K (WR)'.
Solet0 < s < 1, and recall that B

sin

(1+ 0%~ =

o0
(s7) / A7+ A+ DY)"LdA.
0

T
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Then for T € [ ;>0 dom(WL)* (WR)! we have
1+ D>T(1 + D>~
=1+ i)z)STSin](T—”) /Ooo AT+ A+ D7 Hda
=(1+ :oz)ssmfr—”) /OOA‘S((I +A+ 07T
+(1+ A+ ;t)z)—01 [D2 T](1 + A+ D*H HdAa
=(1+ @z)ssinfr_sn) /OOA_S(I +A+ 037!
(T + [D?, T](10+ DHTA+ DH( + 2+ D> Hda
=T+ 1+ :Dz)ssin;_sn) foo A0+ A+ D)7 D2 TI(1 + DH)7!
I+ D)1+ A1+ 5002)—161/\.
An application of the functional calculus now shows that the integral is norm con-

vergent, but in order to show that (1 4+ D?)* times the integral is bounded, we must
work a little harder. We write

A+DHA+21+DH ' =1-20+1+ D!

so that the integral can be written, with B = [D?, T](1 + D?)7!, as
/ A5+ A+ DDA TI( + D211 + D?)(1 + A + D?)~1dA
0 o0
= / A1+ A+ D7 'BdA
0 o0
- / ATA1 + A+ D) 7B+ A+ D)7 A,
0

The first integral on the right hand side converges in norm to ﬁ(l + D?)*B.

For the second integral on the right hand side, we suppose first that B is self-adjoint.
Then

AA4+A+DHIBA+A+D>) 7 < B[ A(1+A4+D?) 2 < ||B|| (1+A+D>) L.

Thus for B self-adjoint, the second integral converges in norm to an operator which
is bounded above by SinEr—m)(l + D?)7%||B|. By decomposing B into its real and
imaginary parts, this is true for any bounded B. Thus (1 + D?)*T(1 + D?)~* is
bounded for 0 < s < 1, and a similar argument shows that (1 4+ D?)™5T(1 4+ D?)*
is bounded. O
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In all the following, we define Ry(1) := (A — (1 4+ 52 + D?))"! fors > 0and A
in the vertical line
l'={a+iv|—00<v<oo}

for some fixed 0 < a < 1/2.

Lemma 3.3. Let (A, K, D) be a weakly QC *° modular spectral triple relative to
(N, @). Then Ry(X)[D?, T) is uniformly bounded on the line | independent of s, A for
allT € AU[D,A]. Forall T € 4 U [D, 4), the function A — Ry(A\)TRy(A)~ ! is
uniformly bounded and differentiable on the line | with derivative —Rs(1)?[D?, T},
which vanishes as A — a %+ ico.

Proof. First Rg(A)[D?,T] = Ry(A)(1+D?)(1+D?)"1[D?, T]and Ry(A)(1+D?)
is uniformly bounded. Then Ry(A)TRs(A)~! = Ry(A)[D?,T] + T is uniformly
bounded on /. For the differentiability, we form the difference quotients
Ry(A +&)TRs(A 4+ &)~" — Ry(A)TR; (1)~
= (Rs(A + &) — Ry(A)TRy(A + &)~ + Ry(M)T(Rs(A + &) — Ry(M)™")
= —eR;(A + &) Ry(M)TRs(A + &) ™' + eRs(M)T,
where ¢ is chosen so that A + ¢ lies in a small ball centred on A = a + iv. Now the

uniform boundedness of Ry(1)TRg(A)~! and the boundedness of Ry(A)T show that
after dividing by &, the norm limit as ¢ — 0 exists and is given by

Rs(MT — Ry(W)’TR;(M) ™" = —R;(1)*[D2, T].

This is not only bounded but goes to zero as |A| — oo along the line /| = a + iv.
O

We recall the notation T = [D2, T" D] forn > 1and T® := T for T
mapping Ho to itself.

Lemma 3.4. With (A, #, D) as above and T € A U [D, A], we have the formula

Rs(M)'TR;(M)™ =T + i (n—j+ RN TO,
j=1

Proof. Induction and the formula Rg(A)TRs(A)~! = T + Ry (L)[D?, T]. O

Corollary 3.5. The function A — Rg(A)"TRs(A)™" is norm differentiable for all
T € AU[D, A]. The derivative goes to zero in norm as A — a £ ioo and is given
by

HROY TR = =R(0) ¥ =+ DRAYTD. G
]:
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We now prove the main technical result we require, which weakens the smoothness
hypotheses of [CPRS2], Lemma 7.2.

Lemma 3.6. Let (A, H, D, N,¢) be a weakly QC*° modular spectral triple of
dimension p > 1. Let m be a non-negative integer and j = 0, ..., m.

(1) Let Aj € w-OP¥/ | kj > 0, with the product AgA ... Ap being O;ﬁ—invariant
and affiliated to M = N o’ Then the map

1
e B(s) =5~ /lk_g_’AORS(A)AlRS(A)Az Ry A Ry(M)d 2.,

is an analytic function with values in dom(¢) forr € {z € C | Re(z) > % —m, z ¢
N—23}, where |k| = ko+k1+--+km. Fora > 0, the functions — s*x¢(|B" (s)|)
is integrable on [0, 00) when in addition we have 1 + o + |k| —2m < 2Re(r).

(2) Define I/Q\S()L) = (A—(1+ 5%+ D? +s5K))"! for an operator K = K* with
1K ||loo < /2. For a; € A withaoay...am € M andr € C withRe(r) > 0 the

operator

~ 1 _p_ ~

B (s) = 37 ll 577 a0 Ry(M)[D, ar]RsM)[D. az] ... Ry(V)[D. am] Ry(1)d A
is in dom(¢p), and the function s — s™ x ¢(|B" (s)|) is integrable on [0, 00) when
p<l4+mandl < m + 2Re(r).

Proof. The restriction of ¢ to the fixed point algebra M = N 9% is a semi-finite
trace. By assumption, we have (1 + @2)_% € M,s30 Rg(A) € M, and AgA; ... Ap
is affiliated to M. Hence, the estimates in this proof will be done in the von Neumann
algebra M, and we denote the trace norm, with respect to ¢ on M, by || - ||1.

To prove statement (1), the strategy is to use the fundamental theorem of calculus,
at first just doing norm convergence of integrals and norm differentiability. We
abbreviate R := R;(A), fix ko, ...,kn as in the statement, and with Re(r) > 0
sufficiently large, we have, for any integer M > m,

1
— | A5 4gRA;R ... RA,RA )
2wi J;
1
=5 A5 T AgRATR 'R A,R™2 ... R" Ay R R
i J;
_ (—DM
S 2tiR+r-DE+r-2)...(E+r—(M—m))
L[4 A" ZrHM=m)y A R AV RTR2A, R
A dlM_m 0 1 2 e

...R™A, RT"R™ 4\
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=F(§+r_(M—m)) )r’z)—r-i-(M—m)MX_:m(M_m)
27T1F(§+l’) 1 j

j=0 ~
dj —1p2 -2 - dM—fﬂ—j +1
(Ao RAL R R2A R L R™ Ay R e (R™ 1) d
3.2)
Iterating the derivative dd—A(RmH) = —(m + 1)R™*2 yields
gM-m—j M1 _
PR e (Rm+1) — (—I)M_m_'] ( 1_[ n)RM+1_J ) (3.3)
n=m+1

Now we consider

d’
W(AORAIR—1 R?A2R™2?...R™A,,R™™).

We would like to apply Lemma 3.3 to this term, howeverrecall thateach 4; € w-OPki
and not w-OP°. So we rewrite

AoRA\RT'R?AR™? ... R" Ay R™™
— A()(l =+ @2)_k0/2(R(1 + o(DZ)k()/ZAl(l + @2)_(k0+k1)/2R_1)
. (R2(1 + @2)(k0+k1)/2142(1 + (@2)—(k0+k1+k2)/2R—2) o
R+ D) KR4 (4 92)75 RIMY(1 4 D)5
By definition we have 4;(1 + D?)7*i/2 ¢ w-OP, so using Lemma 3.2, we now
find that (1 + D?)*A4; (1 + D?)=57ki/2 ¢ w-OP® for all s € R. Hence, we define
A= (14 D) Tizokn 4, (1 + D)~ Tamokn € w-OP,
so that
AoRAIRT'R*A2R™> ... R" Ay R
= ALRA\RT'RPALR™2 .. R™ AL R™(1 + D)7
The purpose of introducing A} is to move all the w-OP%/ behaviour into the factor

(1 + D%)'5 on the right. | |
We now invoke Corollary 3.5 and find that each factor R’ A;. R7/ is norm differ-
entiable with respect to A. Indeed, by eq. (3.1) we have

n

din

RIA;R™ = R"B(s. 1) (3.4)
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for n > 0, and some operator B(s, 1) uniformly bounded in s, A. So we apply the
chain rule to

d’

S (AGRA R R2 AR R AL, R (1 + 0?7
d—j(A RAIR'R?24,R™2...R™A,R™)

a7 oAl 2 e m

and use eq. (3.4) to compute the derivatives. Then Lemma 3.4 allows us to move
each resolvent R" arising from eq. (3.4) to the left, which gives

d7 .
(A RAIRT R2A R R™ A R™) = R By (A ... AL (1 + 2%,
where B; (A}, ..., Al,) € w-OP? is uniformly bounded in s, A.

Now we absorb the constants (—1)M "~/ (]_[,1:/1;”1;{ n) from eq. (3.3) into

Bj(Ay, ..., A,) and apply the derivative computations to eq. (3.2), which yields

1
— | AT TARA;R...RA,RdA
2mwi J;

M—-m
_ F(% +r—(M —m)) A-G-r+M—m) Z
2nil(£ + 1) ! =
(M —-m

, )RfBj(A/,...,A;,,)(1+@2)@RM“—1¢M
J

M_
_TE+r—M—m) A~ B+ M—m) Zm
2mil(L +r) ! j=0

Ik Ik

M — . .
( m)R/Bj(A’,...,A;n)R_/(l—|—£Oz)i2|R7RM+1_7d)L,

where the square roots use the principal branch of log.

For each j, the operator R/ B;(Ay. ..., A’m)R_j is uniformly bounded in s, A by

Lemma 3.4 and the uniform boundedness of B;(A4y. ..., A,,). Also, the operator
a1+ 5[)2)‘5*'R@ is uniformly bounded in s, A, so we are left with estimating
RM ‘H_%. The trace estimate for the resolvent in [CPRS2], Lemma 5.3, states

that for M large enough and all ¢ > 0, there is a constant C; > 0 such that

||RM+1—@”1 < Ca((l/z + $2 _a)2 + 02)—(M+1—%)/2+(P/4+8)‘ (3.5)
This estimate and the uniform boundedness of each R’ B i (Ags - A;n)R_j , implies
that 1

— [ A2 4gRA1R ... RAuRd) € dom(¢)
2mi ]
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for |k| —2m + & < 2Re(r), for all ¢ > 0. We may apply this estimate only when
r # (M — j) — £ as the prefactor

L5 +r—(M—m)) 1
2riT(2+r)  2miZ4+r—DE+r-2)...8 +r— (M —m))

has a pole at these points. So now we estimate

o0 1
/ S"‘¢(—. /A‘g_’AoRAlR...RAde)L)ds
0 2mi !

in trace norm (recall that we regard ¢ as a trace on the fixed point algebra M). The
calculations above show that the trace norm is bounded by

|F(§ +r— (M —m))| /‘Oosa /oo \/m—g—Re(r)-i-(M—m)
0 —00

27|05 + 1)

M=m M —m ; . Ik |
Z( ' )”RJBJ'(A,’All"u,A;n)R_]“oo||RM+1_7||ldvds
j=0

B M —m\[TE +r—(M—m)| ., [*,
—;0( ) 27T (5 + 1) i, s

oo (M—m)—& —Re(r) M —1+(p+e)/2
/ Va2 + v? TR V/2+s2—a)2 +v2° (r+o/ dvds,
—0o0

where the constant C; incorporates the constant from the estimate in eq. (3.5) and
the constant coming from || R/ Bj(Ay, A}, ..., A),)R™/ oo < C. Now by [CPRS2],
Lemma 5.4, the double integral converges for

(ax+k|l-M)+(p+e—M)<1 and (x+ |k|)—2m +¢e—2Re(r) < —1.

The first constraint can always be satisfied by taking M sufficiently large. The second
holds precisely when & + |k| + 1 —2m < 2Re(r), by choosing ¢ small enough.

Statement (2) of the lemma is proved just as above, with the extra Ry (A) just
estimated in operator norm, using [CPRS2], Lemma 5.1,

~ _1
IRs(Mloo < (v* + (1 + 5 —a — 5[ Kllos)*) 2,
and the general integral estimate [CPRS2], Lemma 5.4. O

3.2. Existence of the resolvent cocycle for weakly QC *° modular spectral triples.
First we explicitly define the resolvent cocycle associated to a modular spectral triple,
again just working in the odd case. The definitions in the even case can be deduced
from [CPRS3].
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Definition 3.7. Let (A, #, D, N, ¢) be a weakly QC *° odd modular spectral triple
of dimension p > 1. Let N = [£] + 1 be the least integer strictly greater than £
Let m be an odd integer, ] < m < 2N — 1, and let 4; € w—OPkf, j=0,...,m,
be operators whose product AgAj ... Ay is atd’ -invariant and affiliated to M. For
2Re(r) > (ko 4+ + km) + 1 —m,r ¢ N — £, define

(AO’ cees Am)m,s,r =

(/A“’AOR (VA; ... AR ()L)d)t)

27n

The resolvent cocycle (P}, )m=1,3,....,o~—1 is defined to be

—2/2mi e

m o s™(ao, [D,a1],....[D,aml)m,srds

®! (ap.ai,....am) =

for a; € A satisfying apay ...a,; € M. For brevity we introduce the notation
da :=[D,a]fora € A.

We observe that @}, is finite for Re(r) > (1 —m)/2, by Lemma 3.6. In this sub-
section we show that for weakly smooth modular spectral triples, (®} )m=1,...2N—1
defines a twisted b, B cocycle modulo functions holomorphic in the half-plane
r>(1-p)/2.

We start by presenting the s- and A-tricks, which are the main tools needed to prove
continuity of the resolvent cocycle. These tricks appeared in [CPRS2], [CPRS3],
[CPRS4] without appropriate justification for the convergence of the derivatives in
trace norm. In [CGRS2] the justification was given with the aid of the pseudod-
ifferential calculus. Here we present a different proof using only the weak QC*°
hypothesis.

Lemma 3.8 (s-trick). Let (A, H, D) be a weakly QC*° odd modular spectral triple
relative to (N, @) of dimension p > 1. For any integers m > 0,k > 1 and operators
Ao, ..., Am with A; € w-OP%/, and 2Re(r) > k +2) k; —2m, r ¢ N — £, we
may choose r with Re(r) sufficiently large such that

k/ YAo..... Am)ms.rds

[e.¢]
= -2 Z / Sk+1(Ao, AL L A, Am)m-l—l,s,rds‘
Proof. The only thing that needs justification is the trace norm derivative formula

d m
%(AO, cee »Am>m,s,r =2s Z<AO’ v Ar, L A, - - 7Am>m+1,s,r
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for suitable m, s, r and weak pseudodifferential operators A;. So start with the
difference quotient leading to one of the terms on the right hand side.

1 _
5 A—%—’AOR...RAk(M)AkHR...RAdeA
i J;

1
= (25 + 8)E lk_g_erR e RAkRS+5RsAk+1R e RAde)L

Now repeat the trick of Lemma 3.6, giving

1
=2s+e)—
i +r—D(E+r-2)...(5+r—2M —1—m))
2M—1—m P
OM —1—m\ d’
| AT M —1om) ( )—.ARA R'R2A,R2...
| D G

d2M—l—m—j

o RFARR*Ry R A RTFT ...RmAmR—'")d

m+1
===y (R7T)dA

Performing the derivatives yields a formula similar to that in the proof of Lemma 3.6,
but in place of the uniformly bounded B;’s, we have uniformly bounded operators
and one extra resolvent. Thus the same trace norm estimates apply and we see that
the difference quotients converge in trace norm. Thus (Ao, ..., Am)m.sr is trace
norm differentiable in s, and the derivative goes to zero as A — a = ico. The proof
is completed by applying the fundamental theorem of calculus to

d
g(sk(Ao,...,Am)m,s,r). O

A completely analogous argument using the fundamental theorem of calculus for
the parameter A proves the following ‘A-trick’ with our weak smoothness hypotheses.

Lemma 3.9 (A-trick). Let (A, H, D) be a weakly QC *° odd modular spectral triple
relative to (N, ¢) of dimension p > 1. For any integer m > 0, operators A; €
w-OP¥/ | J=0,....m,andr suchthat2Re(r) > 2 kj—2m,r ¢ N— g, we have

m

—(§ + r)(Ao, e Am)m,s,r+1 = kz (AO, ey Ak’ 1, Ak—l—l, ey Am)m+1,s,r-
=0

Proposition 3.10. Let (A, H, D) be a weakly QC > odd modular spectral triple
relative to (N, ¢) of dimension p > 1. Let m = 1,3,...,2N — 1. Let A ®
A®™ have the projective tensor product topology coming from the seminorms a
| WRF o WL () |00 + || WRF o WLI([D, a])|leo 0n A, and restrict this topology to
the subspace (A & A®m)"¢ of 0® invariant tensors. (This can be called the weak
QC>®-topology). Then the maps

(=>4n®a4,®m)"d7 2a0Q @ am > [r—= P (ag,....am)]
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are continuous multilinear maps from (A ® A®”’)"¢ to the functions holomorphic in
{zeC|Re(z) > (1—m)/2,z ¢ N— %}, with the topology of uniform convergence
on compacta.

Proof. Let us first fix r € C with Re(r) > (1 —m)/2, and set M = 2N — 1.
Lemma 3.6 ensures that our functionals are finite for these values of r, and it is an
exercise (see [CPRS2], Lemma 7.4) to show that these functionals are holomorphic
there. Thus all that we need to do is to improve the estimates to prove continuity. We
do this, following [CPRS4], Proposition 5.18, using the s- and A-tricks. We recall
that we have defined M = 2N — 1. By applying successively the s- and A-tricks
(which commute) (M — m)/2 times each, we obtain

@) (ag....,am)
(M—m)/2 1 (M—m)/2 1
=202 —myt [T 57— |1
: D _
=1 2 +r—1I =1 m—+ 1
% k k k
/ sM(ao,l O day, 171, ... dam, 1" )M 5. r—(M—m)/24dS,
k|=M—m " ©
where 1% = 1,1,...,1 with k; entries. Since M < p + 1, the poles associated to

the prefactors are outside the region {z € C | Re(z) > (1 —m)/2}. Ignoring the
prefactors, setting n; = k; + 1 and R := R, (1), we need to deal with the integrals

o0
/ sM¢(//\_g_r_(M_m)/zaoR"OdalR”‘ ...damR””’dA)ds, n| =M +1,
0 1

where / is the vertical line / = {a +iv | v € R} witha = 1/2.
To estimate the trace norm (using the trace given by restricting ¢ to the invariant
subalgebra N "¢) we first write

2o R™day R™ .. day R™ = ag(R"da; R-0)(RMO™ day R=Mo+n))
o (Rn0+"'+"m*1damR_("O"“"“"”m*l))R”0+"'+nm.

Then, using [CPRS2], Lemma 5.2, and the fact that |[n| = M + 1, for each ¢ > 0 we
obtain C; > 0 such that
lagR™da; R™ ...dam R"™ |1
< [lag(R™ day R7"0)(R"+" dg, R~Mo+n)y
(Rrottnm=t dg,, R=rottnm=1y|| | RMFT|y

< ||aoR"°da1R”1 L. daman R—(M+1) ”oo

. Cs ((S2 + aZ) + UZ)—(M+1)/2+(P+8)/4‘
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The operator norm of the product yields a constant C(ag, ay, ..., a,) depend-
ing on ag,au,...,am,, which varies continuously as the a; vary in a weak QC*
continuous way. Integrating now shows that

|7, (ao,....am)| < |f(r)| Ce,mmClao,ai,...,am)

for a function f continuous for Re(r) > (1 —m)/2,r ¢ N — % (coming from the
prefactor and the integral) and some constant C; s ;. ]

Proposition 3.11. Let (A, H, D) be a weakly QC > odd modular spectral triple
relative 1o (N, ) of dimension p > 1, and let N = [£] + 1. The collection of

functionals ®" = {P], ,znli_ll, m odd, is such that

(B°®L, ., + b O )(ao, ..., ams1) =0, m=1,3,...,2N =3,
B ®")(ao) = 0,
1

wherethea; € A, 0 = a;ﬁ and b®, B? are the twisted coboundary operators of cyclic
cohomology. Moreover, there is a §', 0 < 8’ < 1, such that b° ®%,\,_ (ao, ... ,azn)

. . . D 8
is a holomorphic function of r for Re(r) > —5 + 3.

Proof. The proof is just as in [CPRS2], Proposition 7.10, using the formulae for the
twisted coboundaries %, B9,

(b D) Y(ao,ar,....an, Ams1) = kio(—l)kqﬂn(ao, e ARkt 1y - > A1)
+ (—1)m+1<1>fn(0(am+1)a0,a1,...,an),
(B2 ),) (@0 a1, am_1) = fg_;(—l)(m—l’f%(l,o(a,-),owm), -
oo 0(@m—1).a0,....a;-1),

and the twisted tracial property of ¢. This yields B°®] ., + b7 ®; = 0 form =
1,3,...,2N = 3.
In particular, computing the Hochschild coboundary uses
- (AO’ vy [‘1)2’ A]]7 D ) Am)m,s,r
= (A()’ s Aj—lAj’ L] Am)m—l,s,r - <A07 ] A]Aj-l—l’ st Am)m—l,s,rv

and, fork > 1,

o0

o0
/ sk(@Ao,Al,...,Am)m,s,,ds=/ s¥(Ag, A1, ..., ApD)m.s.rds.
0 0

The first identity follows from observing that

—[D? A4j] = Rs(M) "4 — A R;(V)!
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and cancelling neighbouring Rs(A)’s. The second follows by applying the twisted
cyclicity of the expectation (see [CPRS2], Lemma 7.7, for the tracial version).
Employing these computations for the top degree term @7, yields

(b7 @3y _1)(ao. ... az2n)

2Vl [
= TN);(‘”’ /0 s"(ao, [D, a1l ... [D%. 4], [D. arn)2n,s,rds.

Since 4 C OP? we have [D?, 4] C OP!, and then the holomorphicity of b7 @7, _,
follows just as in [CPRS2], Proposition 7.10. O

We now specialise to the semi-finite case so that we may relate the resolvent
cocycle to the index problem (that is, to compute spectral flow). Proposition 3.11
establishes that the resolvent cocycle is almost a cocycle, so we have the following
theorem, proven just as in [CPRS2].

Theorem 3.12. Let (A, H, D) be a weakly QC® odd semi-finite spectral triple
relative to (N, T) of dimension p > 1. Let N = [g] + 1 be the least positive integer
strictly greater than % and let u € A be unitary. Then

2N-1
1
S (D, u*Du) = ——Res, —(1— ( ®” (Ch,, (u )
fr( ) \/ﬁ r=(1-p)/2 m=12’:0dd m( m( ))
where Ch,, (1) is defined to be
Chyu(u) = (=D D2 (m-1)/D)u* Qu®---Qu* @u, (m+ 1) entries.

Proof. This ‘resolvent index formula’ is proved as in [CPRS2], where the differences
for the weak QC °° assumption are detailed above. O

Remark. In the even case we have a similar statement with N = [(p + 1)/2] and the
sum runs over even integers from m = 0 to 2N ; see [CPRS3] for the QC *° case and
[S] for the weakly QC*° case. We provide a more precise statement for the general
modular case in Theorem 3.14 below.

3.3. The resolvent index formula for modular spectral triples. Let (A, #, D)
be a modular spectral triple relative to (N, ¢) with modular group o, of spectral
dimension p > 1, and weakly QC* so that

A C OP°, [D,A] C w-OP°.

Let u € M,,(4) be unitary, V: T — M, (C) a representation and suppose that u is
0® @ AdV invariant.
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Lemma 2.7 constructs a semi-finite spectral triple from (4, #, D) and u. The
semi-finite resolvent index formula, Theorem 3.12, then shows that the resolvent
cocycle defined using the trace ¢ ® G is ‘almost’ a b, B cocycle, and computes the
spectral flow from O to uDu*.

With N = [£] + 1, we have

5fp06(D & Idy, u(D ® Id,)u*) =

2N-1
“Res,_i=p ) (96)5,(Chm()),
m=1,o0dd

2mi -z
(3.6)
where ($g)’, is the resolvent cocycle defined using the trace ¢ ® G. In particular the
sum on the right hand side of (3.6) analytically continues to a deleted neighbourhood
of r = (1 — p)/2 with at worst a simple pole at r = (1 — p)/2.

We will compute the G part of the trace, leaving us with a functional defined in
terms of ¢.

The Chern character of u is defined to be the (infinite) sum @j Chyj+1(u) €
HE,; +1(My (+4)), the entire cyclic homology, with

Chyjp1(u) = (=) jlu* Qu®---Qu* Qu (2j + 2) entries.
Now in [W], Lemma 4.1, Wagner has shown, in a slightly different context, that the

map

Gy: @DHEsj11(My (A)®AY) — DHES,  (A)
J J
to o-twisted cyclic homology given on chains by

Gi(To® - @ Taj41)
= Z (V—i)i2j+2,i0(T0)i0,i1 & (Tl)il,i2 (SJUERRN (T2j+1)i2j+1,i2j+2

10511500502 +2

is an isomorphism. Here V_; is the extension of the representation of T to —i, as
discussed in Section 2.2.

Now each equivariant unitary with class [u] € K F (A) is equivariant for its own
representation of the circle. So it makes sense to regard the representation V' as part
of the data, so [u] = [u, V]. We define Chy; 41 ([u, V]) € HEJ,  (+A) by

Chyj+1([u, V])
= (_1)] j!Z(V—i)i2j+2,i0(u*)i0,i1 ® (u)il,iz ®--Q (u2j+1)i2j+1,i2j+2-
1

Then it is straightforward to check that this does indeed define an entire twisted cyclic
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cycle. Moreover it is immediate from the definitions that

2N—

$p6(D ® Iy, u(D ® I u*) = J%Res i Z (260}, ().
| "

= = Res, _1-p ;)ddq) " (Chp ([, V1)).

Here @], is the resolvent cocycle given by the modular spectral triple.
We now collect these observations into a statement describing the resolvent index
formula for weakly smooth modular spectral triples.

Theorem 3.13. For a weakly QC*>° odd modular spectral triple (A, H , D) relative
to (N, @) of spectral dimension p > 1, and with N = [%] + 1, the function valued
cochain (®] )m=1,...2N—1 is a twisted cyclic cocycle modulo cochains with values in
functions holomorphic in a half-plane containing (1 — p)/2. Moreover, for [u, V] €
K I"—(A) with representative u € My (A) we have

2N-1

1 r
s Res i (mgdfm (Chn (. V1)

In particular, there is a well-defined map

KT (A) =R, [, V]~ sfpec(D @ Id,, u* (D ® Id,)u).

5f306(D @ 1d,, u™ (D ® Id,)u) =

Though we have not proved it here, a similar result is true in the even case; see [S].

Theorem 3.14. For a weakly QC*° even modular spectral triple (A, H, D, y) rela-
tive to (N, ¢) of spectral dimension p > 1, and with M = [(p + 1)/2], the function
valued cochain (P} Ym=o,....2m is a twisted cyclic cocycle modulo cochains with val-
ues in functions holomorphic in a half-plane containing (1 — p)/2. Moreover, for
[P,V] € Kgr(e/%) with representative P € My (A) and D4+ = %(1 —Y)D1 +y)
we have
oM

Res;=(1-p)/2 ( Z @, (Chy, ([P, V])))

m=0, even

Indexpgc (P(D+ ®1d,)P) =

1
V2ri
In particular, there is a well-defined map

KJ(A) = R, [P,V] > Indexggc(P(Ds ® Id,)P).
Remark. The Chern character of an equivariant projection is

Cho([P, V]) = Tr(V_; P).

3.7
Cho([P. V]) = (- l)k( 7 2 (V=i (P = D)igis ® Piaip ®++® Pingig. e
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Finally, the next two results relate the even index given by the resolvent index for-
mula above back to the K-theory valued index pairing between the KK-class defined
by the modular spectral triple and equivariant K-theory.

Lemma 3.15. Let (A, H, D) be a modular spectral triple relative to (N, ). Let
Jy C N betheideal from Definition2.4 and J itsunitisation. Let E € My (Jd’;) bea

0® ® Ad W -invariant projection for the associated representation W : T — My (C)
sothat [E, W] € K(-,"_(Jq;). Define
P« ([E.W]) := (¢ ® Gw)(E) € [0, 9],

where Gw (T) = Te(W_;T) for T € My(C). Then ¢« is a well-defined map on the
semigroup of Murray—von Neumann equivalence classes of equivariant projections
inJy, ® K, where K is the compact operators. The Grothendieck group of the sub-

semigroup for which ¢ takes finite values is (isomorphic to) a subgroup of Kgr (Jg),
and we call this the domain of ¢x.

Proof. Let Wi: T — M, (C) and W,: T — M,,(C) be representations. Let E; €
M, (Jp) denote a 0 ® Ad W; projection, and let E; € M,,(Jy) denote a 0% ®
Ad W, projection. Suppose that [E1, W;] and [E,, W] are equivariantly Murray—von
Neumann equivalent ((W], Definition 3.1), meaning there exists some S € My,xn(Jg)
such that

S*S=E;, SS*=E, and W,.S=SW;, forallzeT.
Then we compute

¢« ([E1, W1]) = (¢ ® Gw,)(E)
= ¢(Try(Wh,—i E1))
= ¢(Tr,(W1,—;S*S))
= ¢(Trn(SW1,:S™)).

Now, by analytically continuing, SW; _; = W, _;S, so
P«([E1, Wi]) = ¢(Trm(W2,—i SS™)) = ¢(Trm(Wa,—i E2)) = ¢ ([E2, W2]).

Using the universal property of the Grothendieck group, we see that the Grothendieck
group of equivalence classes for which ¢, takes finite values may be regarded as a
subgroup of Kgr (Jg). On this subgroup, ¢ is well defined. O

Theorem 3.16. Let (A, H,D,y) be a weakly QC° even modular spectral triple
relative to (N, ¢) of spectral dimension p > 1, and [P, V] € KS]—(A). Let By C Jy
be as in Definition 2.5, and let i : By — Jy be the inclusion. Then i«([P,V] ®4
[(Bg. Fp))) € K(}T(Jd,) is in the domain of ¢«. Furthermore,

2N
¢« (ix([P. V] ®4 [(By. Fp))) =Resr—i—py2 (2 @, (Chn([P.V])).

m=0, even
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Proof. Given the modular spectral triple (A, #, D, y, N, ¢), we define [( By, Fp)] €

KK T (4, Bg). Also,let V: T — M,(C) be a representation and P € M,(A) a

projection which is 0® ® Ad V invariant, so that we obtain a class [P, V] € Kgr (A).
Define the projections

Ny :=ker(P(D ® Id,)* P)
so that
Indgee(P(D ®1d,)"P) = (¢ ® G)(N4) — (¢ ® G)(N-).

By the construction of the semi-finite spectral triple (C*°(P), # @ C", D ®Id,,, M,,,

¢ ® G), we have N1 € JC((Mn(N))“¢®AdV,¢ ® G), since the Ny are kernel
projections and
Ni < (P + (P(D®Id,)P)*)~". (3.8)

Also, the 0® ® Ad V-invariance of P implies the same invariance for N.

We now want to show that we also have N+ € M, (Bg) so that they define classes
in K (By). We do this by proving that the operator (P + (P(D ® 1d,)P)?)~! €
M, (Bg), then applying eq. (3.8) again to see that N+ € M, (By).

Let D, := Id, ® OD. Consider the operator (P + (PD,P)*>)"': P(C" ®
Bgy) — P(C" ® Bg). The inverse exists because P acts as the identity on P(C" ®
By) and (PD, P)?> > 0. The adjointable endomorphisms on P(C" ® By) are
PM,,(M(Bg)) P, where M(By) is the multiplier algebra, while the compact operators
are PM,(By)P. A priori, we know only that (P + (P D, P)?)! is bounded on
P(C" ® By).

To show the compactness of (P + (P D, P)?)~!, we compute

(P + (PD,P)>)™ ' =(P + P[Dy, P1D,P + PD?P)!
= (P4 PD2P) ' + (P + P|Dy, P][Dy, P1P
+ PD2P) ' — (P +PD2P)Y,
where the last line follows from the observation
P[D,, PP = P[D,, P?|P = P(P[D,. P]+[D,., P]P)P =2P[D,, P]P =0,
so that P[D,,, P][Dn, P]P = P[D,, P]D, P. The algebraic result ¢! — B! =
BB — a)a~! yields
(P + P[Dy, P][Dn, PIP + PD2P) ' — (P + PD2P)™!
= —(P + PD;P)" (P[Dn, P][Dn, P]P)
(P + P[Dy, Pl[Dn, PIP + PD?P)".

Hence
(P+ (PD,P)>) ' =P+ PD2P)'B(P),



The resolvent cocycle in twisted cyclic cohomology and a local index formula 25

where B(P) is a bounded operator given by
B(P) =1— (P[Dy, P)[Dy, P]P)(P + P[Dy, P][Dn, PP + PD2P) .
Now consider (1 + D,)~': C" ® By — C" ® By. Then we have
(P+PD?P)P(1+Dy) 'P =P + P[D2 PI1+DH)7'P
=P+ PC(P)(1+ D) 2P. G2

Here C(P) is bounded since P € M, (A) C OP? (where OP? is defined using D).
Now (1 + 502)_% € By by definition, so (1 + SO,%)_% € M, (Bg). Hence
P[DZ PI(1 + D7)~'P € PMy(By)P,
s0 eq. (3.9) now implies that
(P + PD2P)"' € PM,(By)P.

We know By is an ideal in the endomorphisms, so eq. (3.8) now implies that
Ni € M, (Bg). By the 0® ® Ad V -invariance of N4, we have [Ny, V] € K(}T(Bd,).
Then

(¢ ® G)(Ny) — (¢ ® G)(N-) = ¢u(ix([N+. V] = [N, V])). (3.10)

In order to compare eq. (3.10) to the Kasparov product [P, V] ®4 [(Bs, Fp)], we
rewrite the classes [N4, V] as Kasparov modules. We have

[N4.V]—[No. V] = [(N£(C" ® By) ® N_(C" ® By).0. (% _5 ). v e,

where N4 (C"® By) ® N_(C" ® By) is the right Hilbert Bg-module, 0 is the operator,
(A;Jr _g_) is the grading and V' @ V is the T -action giving the equivariance.

Now the operator P(Id, ® Fp)™ P gives anisomorphism from (1—N)(C" ® By)
to (1-N_)(C"® By). Hence, the Kasparov module constructed from (1-N+)(C" ®
By) and P(I1d, ® Fp)™ P has trivial class. Consequently,

[(N+(C" ® By) & N-(C" ® By),0, ("5 _5 ).V & V)]
=[(C"® By, P(ld, ® Fp)P.1d, @ y, V)].

Finally, observe that, see [B] for example, we have an explicit representative of
the Kasparov product

[P.V]®4[(By. Fp)]l = [(C" ® By, P(ldy ® Fp)P,ldy ® y. V)].
Reiterating the above results, we have proved that
Indpee(P(D ®1d,) " P) = (¢ ® G)(N4) — (¢ ® G)(N-)
= ¢ (ix([N4, V] = [N-. V]))
= ¢« (i ([(C" ® By, P(Id, ® Fp)P,1d, ® T, V)]))
= ¢« ((x ([P, V] ®4 [(By. Fp)])). [
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4. The local index formula for the Podles sphere

In this section we will explicitly compute a twisted b, B cocycle for the (modular)
spectral triple over the Podles sphere first investigated in [DS]. We do this by applying
the modified pseudodifferential calculus of [NT] to the twisted resolvent cocycle of
the previous section. Having done this, we construct some equivariant projections
for a circle action arising from the Haar state and compute the index pairing via a
residue formula, yielding a local index formula.

4.1. The modular spectral triple for the Podles sphere. We first recall (see [KS])
that the quantum algebra A = O (SU,(2)) for g € [0, 1] is generated by elements a,
b, ¢, d modulo the relations

ab =gqgba, ac =gqca, bd =qdb, cd =gqdc, bc=cb
ad =1+ qgbc, da=1+q 'be

a*=d, b*=—gc, c¢*=—q'b, d*=ua.

The Podles sphere, which we denote by 8B, is (isomorphic to) the unital *-
subalgebra of ©(SU,(2)) generated by ¢ ~'ab, —cd and —q~'bc.

Recall that for each [ € %INO, there is a unique (up to unitary equivalence)
irreducible corepresentation V; of the coalgebra + of dimension 2/ + 1, and that +4 is
cosemisimple. That is, if we fix a vector space basis in each of the V; and denote by
trl’ s € A the corresponding matrix coefficients, then we have the following analogue
of the Peter—Weyl theorem.

Theorem 4.1 ([KS], Theorem 4.13). Let I; :={-1,—1 + 1,...,1 —1,1}. Then the
set {tf,s |l e %INO, r,s € 11} is a vector space basis of .

This will be referred to as the Peter—Weyl basis. With a suitable choice of basis
in V% , one has

(S
(S

a=t ., b=t ,, c=t d=t

1 _1 11
22 2°2

(SN

NI— po)—
(Sl

_L
T2

5

The expressions for the Peter—Weyl basis elements as linear combinations of the
polynomial basis elements can be found in [KS], Section 4.2.4.

The algebra «+ has a useful direct sum decomposition. Form,n € Z where m —n
is even, define

Alm,n] = span{a%(m+”)bk+%(m_”)ck,
pRHI=m K g=30man) |t ming0, L(m —n)} € No},
and for m — n odd let A[m, n] := {0}. Then
A= @ Alm,n] and A[my,nq]- Alma, ny] C Almy + ma,ny + nz).

m,nez
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With this notation, we have 8 = @,z +[m, 0].
Let & be the Haar state on the universal C *-completion of the *x-algebra 4, whose
value on the Peter—Weyl basis is h(trl, ¢) = 61,0. Define an automorphism ¢ on 4 by

¥a) = q*a, O(b)=b, V(c)=c, (d)=q %d.

Then ¢ is the modular automorphism for the Haar state, in the sense that h(af) =
h(¥(B)x) for all &, B € . For all n € Z define

Hy = Lz(span{ti% |l €5+ No, r €I}, h).

The left action of the dual Hopf algebra to + provides the unbounded operators
0e: Hy — Hyqoand dr: H,, — Hy,—» given by

Bt ) = I+ 32 s+ 120y ap(l) = JIl+ 22— 15— 124l .
where our definition of the g-number [a], is

q—ll a

la]g = T_q =Q0(@*—qg% foranya e C,
q  —49

and we abbreviated Q := (¢! —¢)~! € (0,00). Finally, we define unbounded
linear operators Ag, dx on A C € H#, by

ly. 2r .l . j 41
AR(Zr,s) = q rl 8k l>tl,] = qJZl’]

r,s°

The left actions of e and f are twisted derivations in the sense that

de(@B) = 0e () Ik (B) + 05" (@)D (B).
dr (@) = 05 (@) (B) + 05 ()07 (B)
foro, B € A.

Definition 4.2. Define the Hilbert space # := J#; & H#_;, and represent B on H

by left multiplication. The Hilbert space J is graded by y := (§ %). Define the
11

weight W on B(H) by Wr(T) := Tr(Ax>TAg*). Finally, on a suitable domain
in J¢, define the self-adjoint operator O := (33. 80" )

In fact (B, #H, D, y) defines an honest spectral triple, [DS], (i.e., a modular spec-

tral triple with von Neumann algebra B (#) and weight given by the operator trace)
which is e-summable for all ¢ > 0.

Lemma 4.3. The data (8B, H, D, B(H), VR) defines a weakly QC *° even modular
spectral triple, which is finitely summable with spectral dimension 2.
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Proof. We first show that the data produces a modular spectral triple. Certainly B is
a separable x-subalgebra of B(J), and by construction the modular automorphism
group of Wg is ¥;!, and B consists of analytic vectors for &,!.

Also, the commutators [, 8] extend to bounded operators for all 8 € B, given

by
) 0 q7209.(B)
dg:=[D,8l=1| , ) 4.1
B :=[D,B] (qzaf(ﬂ) 0 ) 4.1)

We also observe that y = y* and y2 = I, and by construction yD + Dy = 0.

Now, forT € 8(H)setTt = (1+y)T(1+y)/4and T~ = (1—y)T(1—y)/4.
From the definition of the operator trace, and using the normalised Peter—Wey1 basis
éf’j = trl,j/||t£,j||, we find for 7 > 0 that

R(T) = S (€] T €L o) + (€] T8y,

r, 2

We first observe from the above formula that the finite rank operators are in the
domain of Wg, so Wg is semi-finite. Next, we see that W is a sum of vector states
with orthogonal support, as the Peter—Weyl basis is orthogonal. Hence Wr, is strictly
semi-finite.

The Peter—Weyl basis elements can be used to construct a common eigenbasis for
D and Ag on H, so the spectral projections of O and A g commute. We conclude
that D is affiliated to the fixed point algebra M := B(H )15\7l . All that remains to be
proved is that (1 + 5[)2)_% € K (M, Wg| ). To establish this, we observe that D?
has the following spectral projections

» % 5 * » 0 5 0
5 = 2 ], k = k y
A e\ 1 " 1k *

forl =1/2, 3/2, ..., which correspond to the eigenvalues [l—i—%];. Now VR (F)) =
Zi:—l q—2r = [2] + 1],, and the sum le%’%’m(l + [l + %];)_% < oo implies
that
1
1+D)2= Y (+[+1i2)22
I= .

D=
N

is norm convergent. It follows that (1 + 5[)2)_% € K(M,Vg|xu) and so
(B, H,D,y, B(#),VYr) is a modular spectral triple. The spectral dimension is
shown to be 2 in [KW].

We now prove that 8 C OP°, [D, B8] C w-OP? so that the modular spectral
triple is weakly QC°°. The first statement is proved in [NT], Proposition 3.2. To
prove the second statement we show that for all 8 € 8B and z € C, the operators
(14 D)% D, BI(1 + D?)? € B(H), as per Lemma 3.2. We begin by observing
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that £D? has eigenbasis given by

2 ! 1 112 t! 1 2 0 112 0
D r(’)i =[l+ 5] r(’)i , D il . =[l+ 5] ¢! NE
r—3 =3

Now we consider § € B to be of the form tf o (as finite linear combinations

0 t?
of these elements span $). Then the commutator [D, tf ol = (K v “ 0"1) for
’ r—1

some coefficients «1, k2. We expand the product tp tl 1 using the Clebsch—Gordan
coefficients (see [DLSSV], [KS]), giving

I
(1 + o(DZ) (1 + i)Z)Z ([_361)

I+p tk

= (U +31)7 X0 A+l +3)7 el ( s+0,,;) ,
k=|l—p|

where cZ;*

later. ;

The norm of (1 + D?)~? tf o (1 + D?)*? (ts(.)%) can be computed using the orthog-

onality of the Peter—Weyl basis, so

is some product of Clebsch—Gordan coefficients that will be subsumed

2

1
t
(1+D*) 771 (1 + D?)* (séi)
l+ ZRC(Z)
ZI’ (1 +[+ %]z) . (‘s’lr,;)
l 2 S,r
kip \1 H K+ 3] 0

Let M; , := max);—p|<k<i+p{((1 + [ + l]2)/(1 + [k + %]2))2Re(z)}. Then
k=|l—pl|

k
s+r,%
0
l
t
)/ 1
tr,O ( 562)

It remains to show that there exist finite M), such that M; , < M), forall / > 0.
Let & = Q(1 — ¢%) so that klg = g ¥er. Thenforalll > p + %: if

2
2

I+p 2

<M, Z |c”lk

¢!
(1+ D) tf(1 + D?)* (séé)

2
=M,

2 21+1
R I L 2

14+ = p|+ %]2 q2p812_p+% + g2+
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then
R el U | M it
(42707 S 14— pl+1F = 8,

It follows that the operator (1 + i)z)_ltf (1 + D?) is bounded on the set of

!
vectors of the form (ts,%) The same calculation can be performed for the vectors
0

0
(ti -1 ) and again for the operators (g trg 1) and (tf(il 3), completing the proof. [

4.2. The residue cocycle for the Podles sphere. Lemma 4.3 shows that the modular
spectral triple (8B, #, D) satisfies the hypotheses of Theorem 3.14. Hence we can
employ the resolvent cocycle to compute index pairings with equivariant K-theory,
or at least those classes which can be represented as projections over B. As Agr
implements the modular automorphism 1%, then it follows that the weight W is 9 ~!-
twisted. The resolvent cocycle, which we denote by (¢}, )m=o0,2, therefore lives in
®~!-twisted cohomology.

To simplify the computation of the resolvent cocycle, we would like to have a
version of the pseudodifferential calculus. A simple replacement for the pseudodif-
ferential calculus for this example was presented in [NT].

Lemma 4.4 ([NT], Corollary 3.3). Define y := (’1;1 2) on H1 @ H_1. For any

B € B there exists an analytic function z — M(z) € w-OP° C B(H) with at most
linear growth on vertical strips such that

|D|72dB = dBy*IDI™* + M(2)|D|7*~! = y2dB|D|™* + M(z)| D| 7"

We can now use this pseudodifferential calculus to simplify the computation of the
resolvent cocycle, (¢, ¢3), and arrive at a twisted version of the local index formula.

The first simplification we make is to discard the 1 from the resolvent, replacing
Rs(A) = (A — (1 + 52 + D?))7! with Ry(A) = (A — (s + D?))~L. This is
possible because D is invertible in this example, so we can employ the method of
[CPRS4], Section 5.3, in particular [CPRS4], Proposition 5.20. (The transgression
cochain defined there is well defined for weakly QC ®° modular spectral triples since
D € OP!, by essentially the same arguments as we employed for the resolvent
cocycle). Removing the 1 from the resolvents modifies the resolvent cocycle by
coboundaries and cochains holomorphic at r = —%.

Before proceeding, we recall the detailed summability properties of the spectral

triple (8B, #, D) computed in [KW].

Lemma 4.5 ([KW], Proposition 1). The function r +> Tr(AI_e1 %(1 + y)|D|37?7)
has a meromorphic continuation to the complex plane which is holomorphic for
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Re(r) > —% and has a simple pole at r = —%. Furthermore, for all B € B we have
the equality
R Te(AR L (1 + ) B|D|32") = @' -q B
s, Tr(AR' 31 £ ) )= St B

where & is the counit of A restricted to B satisfying a(til o) = 6i0.

The degree zero component ¢ of the resolvent cocycle is computed from the
definition using the Cauchy formula and [CPRS3]. This yields the formula, for
aog € B,

*© 1

$g(ao) =2 /0 Tr (A,;ly—i /I l_l_’aoRs()L)d)L)ds

27
_ F(HIer + 1)

Tr(ASL D21y
T(r+ 1) r(Ag yao|D| )

Since Tr(A%'y|D|~2"~1) = 0 for all sufficiently large r € R, then taking the
trivial continuation to the whole real line gives ¢(/) = 0 for all € R. This is the
only evaluation of ¢ needed to compute the index pairing later on.

We can compute Res,__ ! ¢, explicitly, but as the calculation is quite lengthy
and we do not require this full computation for computing the index pairing, we just
quote the result; see [S] for full details.

The functional ¢ := Res,__ ! ¢y is supported on the span of the powers (bc)k ,

k =0,1,2.... We have seen that ¢9(/) = 0. For the remaining values we have
Res ¢r(bc)—ll— v —qQ
r=—%%0 2 Ing~1 7%
where y is Euler’s constant. For k = 0, 1,2, ... and with /& the Haar state, we have

¢r((bc)k+2) — (_1)k+1qk+1 _ (_1)k+1 _ _h((bc)k)
0 1 — g2k+2 gk=1 — gk+1 gl —g

Res,

_1
2

We now compute the degree two term ¢35 of the resolvent cocycle starting with
the definition,

¢§(610,01,612)

00 i
—y / 2Ty (A,;lyr / )L_l_’aoRs()t)dalRS(A)dast(k)dk)ds.
0 Tl J

We proceed by employing the pseudodifferential calculus described in Lemma 4.4
in order to rewrite the expression agRs(A)da; Rg(A)das Rs(A) by moving all the
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resolvents to the right. From Lemma 4.4, for each 8 € B there exist bounded
operators My, M, such that
(A —5>—D?>dB = dB(xA —s* — y 2D%) + M,|D|,
A =52 =y 2D%dB = dB(A — s> — D?) + M,|D|.

This gives the formulae

Rs(W)dp = dBp(A —5> = y2D*) ™' = R(A)M:1|D|(A — 5% = x 2D,

4.2
dBRs(A) = (A —s* =y 2D*) TN dB + (A — s — 2 D*) T Ma| D[R, (D). “2

Observe that the operators Ry(A)M;|D|(A — s — y 20%) "' and (A — 5% —
1 2D?) 7'M, |D|Rs(A) are in w-OP™3 by Lemma 4.4. Using this observation,
and eq. (4.2), we can move all the resolvents to the right, and in doing so we only
introduce errors which are functions holomorphic at r = —%. More precisely, for
any ao, di, d» € 8B, we obtain the formula

o0 1
¢y (ao,ar,az2) = 4/ s2Tr (A;lyaodaldaz—, /A_l_rRs()L)(A — 52
0 2mi )i
- X_zi)z)_le(A)dA)ds
& 1
= 4/ s2Tr (A}lyaodaldaz—_ /)L_l_r(/\ —s5?
0 2wi J;
— X_zi)z)_le(/\)zd/\)ds
modulo functions holomorphic at r = —%. The integral
/A‘l_’ (A —52— 2D 1Ry (1)%dA 4.3)
I

is evaluated on the spectra of the operators (A —s?— y ~2D?)~! and R;(1)2. We want
to use the Cauchy integral formula, however because there are two poles to consider,
A =52+ D?and A = 52 + y~2D2, we outline the process.

First note that y and $? are commuting operators with discrete spectra, and they
can be simultaneously diagonalised with respect to the direct sum H = H & H_;.
Indeed, the integrand in eq. (4.3) has the eigenbasis

'y 0 _1 e ] _
{( (.)2), (tiy_%) [1—%eNoie{~L—1+1,....1}, (4.4)
on which y~2 simply acts via multiplication by the scalar g*2 # 1. We specialise

to the eigenbasis in #;, where y 2 acts via multiplication by g2. The argument we
now present can be applied analogously to the remaining eigenbasis elements.
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On each eigenvector, the integral in eq. (4.3) reduces to a scalar integral over A,
where we may apply the usual Cauchy integral formula. The integrand of this scalar
integral has two poles; on the eigenbasis elements in #; described in eq. (4.4) these
poles are A; = 52+ ¢>[l + %]2 and A, = 52+ [ + %]5, with A1 < A,. The contour
of integration [ is a vertical line to the left of the spectrum for all s > 0.

In order to apply the Cauchy integral formula, we modify the contour / by adding
a vertical line I’ = {a’ +iv | A1 < d’ < Ay, v € R} between the poles A1 and A,.
We integrate along this line in both directions, allowing us to split the integral into
two parts.

We denote by Iy the contour obtained by going up along / and down along [/, and
denote by I', the remaining integration along /. Lemma 3.6 shows that the horizontal
dashed integrals go to zero.

Define
A =2 R(MR(V), (M) =27 (A =57 = x 2D

By construction, the function f; is holomorphic on the domain defined by the contour
I';, while f5 is holomorphic on the domain defined by I';. Therefore, we may apply
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the (scalar) Cauchy integral formula for each contour I'; and I',, so we write
/ AT =52 — x 2D Ry (M)%d A
1
A A
L -
r r

(=52 = 2D?) , O — 52— D22
This yields
1 1y _ _
% AT = 5% = ) 2D TR (M)2d A

= i+ 172D + f5(5° + D?)
— (S2 4 X_2<=(D2)_1_r()(_2 o 1)—2@—4 o (1 + r)(s2 + @2)—2—1‘
. (1 _ X—Z)—IO(D—Z _ (S2 + @2)—1—1‘(1 _ X—Z)—2£—4'

Inserting the result of the Cauchy integral into our previous formula for ¢} and
evaluating the s-integrals (see for example [CPRS3], Lemma 5.9) yields

¢£(Clo,a1,az)

r
_ Y=y T(AR yagdardar ) D[ (2 =)D

I'(r+ 1)
JID(r + 1)
— 2 Tr(AR'yaoda1dar| D71 — 31D
T(r+1) (Ag yvaodaidaz| D] 1=x) )
\/—F(r—— )
MY 22 T(A daid D —2r+1 1— -2 —2@—4 ,
Te1D 1(Ag yaodaidas|D| I=x) )
modulo functions holomorphic at r = —%. Writing T'(r + %) =(r— %)I‘(r — %)

and collecting terms, ¢} (ao, a1, a») is given by

VAT =Y

e +1) Tr(AR yapdaida>| D7 3(1 — y 372

T = =A== ).
Observe that

Fr—H ' -r-Ha-x>-1
=Tr-HG?EH =D -0+H0-x?)

1 2\n
(n’j(') (r + 1y

4.5)

=+ DL = HU 2+ =D+ T =2 Y
n=2
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Now I'(r — %) has a simple pole atr = —%, so the function in eq. (4.5) is holomorphic
atr = —% with constant term 1 — y~2(1 + In y?). Therefore
¢2(ap,a1,az) := ReSr=_% ¢3(ap,ar,az)
= Resr:_% Tr(AR' yaodaidas| D> 73C),
where C = (1 — y 2(1+In )1 =)= (P -1-In)(x—x H?isa
constant diagonal matrix. Finally, eq. (4.1) yields

_ [@09e(a1)dr(az) 0
aodardaz = ( 0 agdr(ay)de(az) )’
and so invoking Lemma 4.5 gives the formula
1

-2 -2
g @7 T g el @iy @)

—(¢* — 1 —Ing®)e(aodys (a1)de(a2))).

¢2(ap,ar,az) =

4.3. Some equivariant projections and their Chern characters. Our aim is to
construct representatives in the equivariant K-theory K(;"— (B) for the action of the
modular automorphism group Wg, which is given by cr,‘p R = 91, These representa-
tives will take the form of projections p € My xn (8B) together with a representation
V: T — Mpyxn(C) such that p is 97! ® Ad(V)-invariant. See [W] for similar
constructions.

Forn € %Z, define

1
tl,n
tf
-1,
T! .= "l and P,:=T/ITI*
1
t—l,n
More explicitly,
[n| |n|* 7| |nl* [n| |nl*
tln\,ntlnl,n tlnl,nt\nl—l,n tlnl,nt—lnl,n
tln\ |7 |
P, = | Inl=tn"Inln ,
|n| |7 | |n| |
t—lnl,ntlnl,n [—\nl,n —|n|n

- |
(P”)"vs - t\nl—r+1,n tlnl—s+1,n'

By construction, P, = P, and P, € Mn|+1)x(2|n|+1)(B). Furthermore,
I
T =Y il =1d,

p.npn
p=—1
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and hence P? = P,, so P, is a projection. Now define A; = ¢=2/*2 € [1, 00) for
J €11,2,...,2|n| + 1} and define V,,: T — Mjp4+1(C) by

A0 ... 0
0 Ait
Vn,t = 2
: o 0
0o ... 0 A’2’|n|+1

While we have defined V;, to be a real action on M3 n|+1)x(2/n|+1)(C), the action
is periodic and so induces a circle action. Observe that

01((Pa)rs) = g 2t Inlmrti=nlmet il i = @2 T (P

and
Ad(Vnt)(Pi)rs = Vit PaVy Dirs = A (Pa)rs Q5D = g2 7 (Py) s

So P, is 7' ® Ad(V,)-invariant. We define the weight G : M@opn+1)x2n+1)(C) =
C by
GX) :=Tr(Vy,—i X)

for X € M@jn|+1)x@inl+1)(C) and (Vi —i)k.m = Sk.mq

We have demonstrated that P, is an equivariant projection for the circle action
represented by V},, and therefore defines a class in K gr (8). We now write down the
Chern character of this representative, eq. (3.7).

—2k+2

Lemma 4.6. The Chern character of [Py, Vy] is

Cho([Pn, Vu]) = ¢? "0,

2|n|
— —2k I 1
Ch2([Pn, Vn]) = -2 Z > 0(t|n| —kg.n l|::| —kyn §8k0,k1)
ko k1 ko= 0
®t ¢l ®[ glnlx

In\ ki.n In\ kz, \nl —ka.n “|n|—ko,n"

Proof. Using eq. (3.7) we have

2in|+1
Cho([Pn, Vu]) = Z (Va —l)klak()(P )ko k1
ko,k1=1
2|n|+1
7| |n\*

_ —2ko+2
= 2 Skiked Unl=ko+1,n nl—k1 +1,n°
ko,k1=1

Next we apply the formulae for adjoints, (tl.’, j)* = (—q)/7" !t i—j and til’j =

(—¢q)/ 7 (L - j)*, along with the unitary relations for the Peter—Weyl basis elements,
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[KS], Proposition 16, Chapter 4, to obtain

Cho([Pa. Va)) —kz PO g = T
=0

Finally,

Cha([Pn. Val)

2|n|+1
=-2 > V=i ks ko (P — Dkoks ® (P)iey o @ (Pr)ies ks
ko,k1,k2,k3=1
2|n|+1 .
=-2 Z (V ,—i)ko,ko(Pn - E)ko,kl ® (Pn)k],k2 ® (Pn)kz,ko
ko,k1,kr=1

2|n|
— _ —2kq (417 |7 | 1
=2 Z q (t|n\—k0,nt|n|—k1,n 28k0,k1)
ko.k1,k2=0

|n] tlnl*
[n|—ky,n"|nl—ka,n

® tlnl tlnl* n

In|—k,n"|n|—ko.n"

Xt

4.4. The index pairing. The resolvent index formula established in Section 3.3
demonstrates that the index pairing defined by the modular spectral triple
(B, H,D, B(H), YR) and the equivariant K-theory class defined by the projection
P, is given by the formula

Ind\IlR®G(Pn(°© ® Ic12|n|+1)+Pn) = ¢2(Cha([Py, Vu])) + ¢o(Cho([ Py, Va])).

Now that we have explicit formulae for the cocycle (¢, ¢>) and the cycle
Chy ([ Py, Va]), the computation is straightforward.

Proposition 4.7. The evaluation of ¢o on Chy([ Py, Vy]) is
$2(Cha([Pa. Val) = g 2" [2n],.

Proof. Recalling the formula for ¢, fromeq. (4.6) and from Lemma 4.6 the expression
for Ch, ([ Py, Vu]), we compute

A (Inlx nl Il
&Uml o mlinltern = 35k0 k)P, timt ™ s Uty 1))
_ 7] \nl* | Inl*
= (81n|~ko.nOln|—ky,n — 55ko,k1)8(8 (Z\n| —ky.nlinl—ks, n))e(af(t|n| —ka.nl|n|—ko, "))

= Skouks Bonn — DE@e(tn_y Lt e Ne@r ey i ).

We observe that this expression is zero for the case n = 0, because d.(I) =

dr(I) = 0. So for the remainder we consider only nonzero n. Observe that
|n |n2] — (4Inl tInlx * *
Yo ntin—ky . = (tln| —ky.n ks, ,)"- Now we use the property that (g > a)* =
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S(g)* > a* forall g € Uy(suz) and o € A, so that £(d.(@*)) = —qe(dr(a)*) and
g (a*)) = —q '&(de()*). Then

i

8((t\n| —konlinl—kyn 38ko.k1)de (tlnl —kyn In\ k2 n)af(tlnl —kan In\ ko )
= 4 Sk ks Bko inin — $)E@e ]y, i D),

and similarly
¢Inlx

\nl*
8((t\n| —konlinl—kyn — 35K, kl)af(t|n| —kyn In\ kz )0 (tlnl ey linl—ko.n))
= —q " Sko ey Bro.lni—n — 3)€(e (t||::|‘ —kon ||:||*k1 W)k

Using the twisted derivation property of d. on A, we find, for r, s € {0,...,2|n[},

8(8 (Zlnl |n|* ))2

|n|—r,n \nl —s,n
n| |n |

= (et ) ) + 0 L, D de e, D)

|n|—r,n |n|—s,n

= g2 (@et)r_, ) Ssinl—n + Srini-ne @t )

- q—2n(8(a (t|n| rn))(ss |n|—n q8r |n]— ng(af(t|n| Sn)))Z

—2 2
=q n(8(K7|1n-||—1tllnll—r,n+1)837|”| —n = 48| ng("‘nlt”n” sn—1))

—2n, In|
=4 (Kn+18r \nl—n—18s,|n|—n - qulz |5r,|n|—n5s,|n|—n—|—1)

= q—Zn((Klln_Ll) 8r,\n|—n—18s,|n|—n + q2(Kylzn‘)25r,|n|—n5s,|n|—n+1)v

where KJI- =l +jl4ll —j + l]q)%. Combining these results with the formula for
Res.__1 ¢} and the expression for Ch, ([P, V]) gives

r=—§

¢2(Ch2([Pn’ Vn]))
5 g
— —2ko —1 1
- -1 _ 1 q (_q 8k0,k1 (8k0,|n|—n - E))
27 =) Ing™h =,
: ((q—Z —1- 1nq_2)8(8 (t||::|‘ ki,n ||:tl||*k2 n))2

—(@* =1 =)@ty i) 1, 1))
_1 2|n|

q —2ky 1\ . —2n
= E 4 " Sy lnl—n — 3)4
(@' =q)lng™" 4~ vl 2
1:K2=

(@72 =1 =Ing 2 (k)L ) ?Sks nl-n—1 8k pal—n
+ q* (") 8k, ni—n ks, inf—n+1)

—(q% = 1 =10 g*) ()L )8kl —n—16k1 |
+ 228k, n1—nSky nl—nt1))-
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Using 8k, ,[n|-n — %)Skl,\?ﬂ—n = %Skl,lnl—n and (8k, jn|-n — %)5k1,|n|—n:|:1 _
_%Skl,ln\—nﬂ yields
Res, __1 ¢5(Cha ([P, Va])
g!

2|n
kq— — —
—<q—1——q>1nq > TG =g )
1,ka=

Sty nl—n—18ka,inl=n + @2 K28k, nl=nSkyinl—nt1)
—(¢*-1-In qz)((’cy‘,’:l-])zskl,\nl—n8k2,|n|—n—1
— (k)2 8k, nl=nt 18kl —n))-

We can reduce the different summations over k; and k, down to two distinct sums,

either
2|n| 2|n|

> Skinlmn—t = Snial OF D Sk jni-n+1 = Sn,jnl-

Hence

$2(Cha([Pn, Va]))
-1
_ q -2 -2 ln| \2 —2(In]-n—1)—2
- z(q_l _ q) 1nq_1 ((q - 1 - lnq )(_(Kn+]) 8n,—|n|q e "
+ @2 (k)28 g 20T — (g% = 1 = Ing?) (k)] )*8n —in)
. q—2(|n|—n)—2n _ q2(Krlln\)ZSn’lnlq—ﬂln\—n-i-1)—2n))

-1
q - - n
= ST g T @ T g

+d ("|n\)25n,|n|61_2'”')—(qz— 0 g?) (K" )26
—q (K|,,\)25n,|n|6]_2|”|_2)).

Observe that (/<|1"||n|)2 (k"2 = [2|n|], as [1]; = 1, and so

|n]

¢2(Ch2([Pn, Vn]))
_ q”! 2| —20n|
27 ' —¢q)Ing™! llad
(g2 = 1=10qg"2)q*Gn,jn) — Sn=in) — (@* — 1 =10 q*)(Sp.—n| — Sn,jn))
g A 2pn|),
2(¢7' = ¢q)Ing™!
g2 20n]],

= 2qT —¢q)Ing—! (8n,n| — 8n,—\n|)(_q2 Ing

Gn,n) = Snmin)((@ > — 1 —Ing™>)g*> + (¢* — 1 —Ing?))

-2

—Ing?)



40 A. Rennie and R. Senior

—2[n|—1

g1 2lnl), o

= 8}1 n _Sn —|n 1— 1
2T g Ing—1 omll = dnmp) (1 =47 Ing

=g 2" 20n1g Bn.jn) — n.—jn))-

Considering n # 0, then (8,,1n| — 6p,—|n|) = sgn(n) and sgn(n)[2|n|]; = [2n],.
As [0]; = 0, then for all n € %Z we have

$2(Cha([Py, Vi) = ¢~ 2" [2n],. O

We can now write down the index pairing and compute the classical limit as
q — 1.

Theorem 4.8. For N € Z, the index pairing of the modular spectral triple
(B, H,D, B(H), YR) with the equivariant projections Py, is

Ind(Py/2(D ® 1divj+1) " Prj2) = g7 VI[N,
The classical limit of the index as ¢ — 1 is

lim Ind(Pyy2(D ® Idjn+1)" Pnj2) = N.

Proof. First, the degree zero contribution is ¢o(Cho([Pn/2, Vn/2])) = 0. This fol-
lows from ¢o(/) = 0, and from Lemma 4.6, which gives Cho([Py/2, Vn/2]) =
gW~INDJ Thus the index pairing is computed just with the degree 2 part, which
comes from Proposition 4.7. To compute the classical limit of the index we recall
that lim,—1[N]; = N (see for example [KS]). O

We conclude with some comments on how the index depends on the representation
in the equivariant K-theory class. For any T-algebra A, the group K.J (A) is a module
over the group ring Z[T]. This allows us to hold the projection or unitary constant,
but vary the representation. This does change the equivariant K-theory class, and this
can be detected by the index pairing.

In particular, if the V;, used here is rescaled by ¢2¥* to obtain a new representation
V., then the index is likewise rescaled by qz"”, and we obtain an index of [2n],. This
observation helps in comparing our results with other authors’ results, particularly
Wagner’s, [W]. We thank the referee for pointing this out to us.
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