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Abstract. We study index theory of G -invariant elliptic pseudo-differential operators acting on
a complete Riemannian manifold, where a unimodular, locally compact group G acts properly,
cocompactly and isometrically. An L2-index formula is obtained using the heat kernel method.
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1. Introduction

1.1. Main result. Let X be a complete Riemannian manifold acted on properly,
cocompactly and isometrically by a locally compact unimodular group G and let E
be a Z/27Z-graded G-vector bundle over X. Let

p=(2 P0).12x.E) > L2(x. E)
Py O

be a 0-order properly supported elliptic pseudo-differential operator invariant under

the group action. Such an operator has areal-valued L2-index defined as the difference

of the von Neumann traces of the projections onto the closed G-invariant subspaces
Ker Py, Ker Py of L2(X, E):

ind P = trg PKerP() —trg PKerPék'
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The paper is to prove that the L?-index of P is calculated by the following topo-
logical formula:

ind P = /TX(c om) - (A(X))?ch(op). (1.1)

Here ¢ € C2°(X) is a non-negative function satisfying [ c(g~'x)dg = 1 for all
x € X,and 7w : TX — X is the projection.

1.2. Remarks on the result. The formula (1.1) generalizes the L2-index formula
for free cocompact group actions due to Atiyah [1] and the L2-index formula for
homogeneous spaces of unimodular Lie groups due to Connes and Moscovici [9].
The study of L2-indices in general has implications in other areas of mathematics.
For example, the non-vanishing of the L2?-index for the signature operator on X
indicates the existence of L2-harmonic forms on X . L2-index is a key concept in the
geometric realization of discrete series representations [9] and has been modified for
use in a proof of the Novikov conjecture for hyperbolic groups [10].

Our index formula (1.1) is related to the type II theory of von Neumann algebras.
The key feature of a type Il index theory is that the elliptic operators being investigated
are no longer Fredholm, but using some techniques analogous to those used in type
IT von Neumann theory, say, by formulating some trace, one may obtain generalized
Fredholm indices associated to the elliptic operators. Refer to [24], [25] for another
example of index for elliptic operators on open manifolds with bounded geometry by
introducing a suitable trace.

When the orbit space X/G is an orbifold, the L?-index discussed in this paper
is not the same as the index for X/G as a compact orbifold [21]. For example,
Dirac operators on a good orbifold are Fredholm and have integer indices, reflect-
ing the information of the orbit space, while the L2-indices of the Dirac operators
lifted to the universal cover of the orbifold are rational numbers by definition. The
integer indices and the rational indices are different in general [11]. They coincide
on spacial cases, for example, when the orbit space is a smooth manifold [1]. An-
other example is that when both X and G are compact, (1.1) is the same as the
Atiyah—Singer index formula for compact manifolds, regardless of the group G [3],
while the index formula corresponding to the orbifold X /G involves group action
[21]. Our formula is expected to have interesting applications when the group is not
compact.

We also notice the existence of L2-index formula (in some special cases) when
X /G is a noncompact orbifold but has finite volume [30], where the analysis on
the lower strata of X/G is heavily used. It is interesting to study the L2-index (if
exists) where the quotient is noncompact. However, our operator algebraic approach
in finding the formula of L2-index does not work for the case of noncompact quotient.
The reason is that when G acts properly, cocompactly and isometrically on X, the
group G and the manifold X are coarse equivalence; then we may use G, more
precisely, C*(G) to study the elliptic operators on X invariant under the action of G
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[22], [20]. However, when X /G is not compact, the group G is not the only factor
affecting the L2-indices for G-invariant elliptic operators on X .

Finally, (1.1) fits into the framework of the higher index formula taking values in
cyclic theory. In [23], a general formula was proved and the indices of Dirac operators
take values in the entire cyclic homology of some subalgebra of the group C *-algebra
C*(G). Formally, for Dirac operators, (1.1) can be obtained from [23], Corollary
1.2, by taking g € G to be the group identity and by taking n = 0. We would like to
have a deeper investigation on the connection of the two results in future.

1.3. Idea of the proof. To prove (1.1), regard P as an element in the K-homology
group Kg (Co(X)), from which P has a higher index in Ko(C*(G)), where C*(G) is
the maximal group C *-algebra. The L2-index of P depends only on the equivalence
class of its higher index in Ko(C *(G)). This is proved in Section 4 by defining a trace
on a dense holomorphic closed ideal $(&) in K (&), where & is a Hilbert C*(G)-
module having the same K-theory as C *(G). The trace is the von Neumann trace of a
type II von Neumann algebra in the sense of Breuer [7]. A comprehensive discussion
on the link between the L2-index and the higher index may be found in [27].

Secondly, in Section 5, we reduce the problem of finding ind P into finding ind D
for some Dirac type operator D, which has the same higher index as P. Kasparov’s
K-theoretic index formula [16] is essential in the argument. The formulation of Dirac
type operators out of elliptic operators is also related to the vector bundle modification
construction in the definition of geometric K-homology [4].

The final step is to calculate ind D using the heat kernel method. When D is a first
order G-invariant operator of Dirac type on X, we have the McKean—Singer formula
for the L2-index:

—tD*D tDD*

indD =trge trg e~ , t>0. (1.2)
In the case of a compact manifold without group action, a cohomological formula was
obtained by studying the local invariants of metrics and connections [2], [13]. The
proof of the local index formula was simplified by a rescaling argument of Getzler
[12] on the asymptotic expansion of the heat kernel e ~*P * around ¢ = 0. Since the
index ind D in (1.2) is local when ¢ — 0+, the new trace and the noncompactness
of the manifold do not affect the calculation. The proof is based on a modification of
the proofs in [26], [5] and is complete in Section 6.

Acknowledgement. The work is modified after my PhD thesis and is completed
during my stay at Vanderbilt University and IHES. Special thanks go to Professor
Gennadi Kasparov for proposing this topic and for his encouragement and many
fruitful discussions.
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2. Preliminaries

Let G be alocally compact and unimodular group, that is, there is a bi-invariant Haar
measure 1 on G. For example, compact groups and discrete groups are unimodular.
Set dg = du(g) and we have

d(tg) = dg,d(gt) =dg and d(g~!)=dg foranyg,t€G.

Let X be a complete Riemannian manifold, on which G acts properly, cocompactly
and isometrically, that is, the pre-image of any compact set under the continuous map

GxX—>XxX, (g.x)— (g x,x),
is compact, the quotient space X /G is compact, and G respects the metric (-, - ):
(x,y) = (gx,gy) forallx,y e X, g €G.

The reason to consider proper cocompact actions is the existence of a cutoff function
on X.

Definition 2.1. A non-negative function ¢ € C2°(X) is a cutoff function if

/ c(g lx)dg = 1.
G
forall x € X.

Remark 2.2. A proper cocompact G-space has a cutoff function ¢ € C°(X) given
by
h(x)

Jg h(g71x)dg’

where h(x) € C£°(X) is non-negative and has non-empty intersection with each
orbit.

c(x) =

Example 2.3. Let G be a Lie group with a compact subgroup H, and let X = G/H
be the homogeneous space consisting of all the left cosets of H in G. The action
of G on X is proper. Further, let E be a representation space of H. The induced
representation Y = G xg E, which forms a G-vector bundle over X, is a proper G-
space. According to the slice theorem, every proper space has such a local structure.

Theorem 2.4 (Slice theorem). Let G be a locally compact group and X be a proper
G-space. Then for any x € X and for any neighborhood O of x in X, there exists
a compact subgroup K of G with Gy = {g € G | gx = x} C K and a K-slice S
such that x € S C O. Here, a K-invariant subset S C X is a K-slice in X if

(1) the union G(S) (tubular set) of all orbits intersecting S is open;
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(2) there is a G-equivariant map [ : G(S) — G/K (the slicing map) such that
S = f~1(eK).

The slice theorem was established in the work of R. Palais in the 1960s. According
to [6], Ch.II, Theorem 4.2, the tubular set G(S) C X with acompact slicing subgroup
K is G-homeomorphic to G xg S.

Remark 2.5. Since X is covered by G-invariant neighborhoods and since X /G is
compact, X admits a finite sub-cover, that is,

N N
X = 'U1G Xk, Si = .Ul G(Si). (2.1)
i= i=
The local structure (2.1) of X defines a G-invariant measure dx on X. In fact, The
measure of a set in G(S;) is calculated from the measure on G and on S; divided by
the measure of K;. Then the measure of a set 7 C X is defined using a partition of
unity argument. The 1-density on the Riemannian manifold X also defines the same
measure.

In order to introduce ellipticity, we recall the following definitions concerning
pseudo-differential operators. Let (E, p) be a finite dimensional complex G-vector
bundle over X, that is, there is a smooth G action on E such that p(gv) = gp(v) for
v € E and the maps of the fibers g: Ex — E, arelinear. Letw: T*X — X be the
projection map and 77 * E over T* X be the pull-back bundle of E. Here, E = Eq®D E;
is Z/2Z-graded and the G-action is grading preserving. The G-actions on Ey, E;
give rise to a G-bundle Hom(7* Eg, 7* E1) over T* X . A symbol function o of order
m is a continuous section of this G-bundle satisfying

ab

e 05 O] = Can 1+ e

for x in any compact set K C X and £ in the fiber 7 X, where C,p x is a
constant depending on a, b, K. Here a = (ay,...,an), b = (b1,...,b,) and
la)l = Y/ qai,|b| = Y/_;bi(dimX = n). The set of all order m symbols is
denoted by S™(X; E¢, E1) and a principal symbol of order m is an element in the
quotient S™(X; Eg, E1)/S™ 1 (X; Ey, E1). We shall omit the word “principal” from
now on.

Each symbol o has an amplitude p defined by

p(x,y,8) = a(x,y)o(q(y, (x,§x))),

where @ € C°° (X x X) has support contained in a small neighborhood of the diagonal
such that ¢(x,x) = l anda(x,y) > Oforallx,y € Xandg: X xT*X — T*X,
(y, (x,&x)) = (¥, &) (& is the parallel transport of &, from x to y). Conversely,

o(x,§) = p(x.x.§).
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Denote by C°(X, E) the set of smooth sections of E with compact support in
X and G acts on CX(X,E) by (g- f)(x) = g(f(g7'x)) forall g € G, f €
CX(X, E). To each amplitude p(x,y,§), we may construct a pseudo-differential
operator Py: C°(X, Eg) = C*(X, E) by

Pou(x) = [X TPy u(y)dydes, (2.2)
X1y

where ®(x,y,&) = (exp;'(y),&x) is the phase function. The Schwartz kernel
Kp,(x,y) € Hom(Ey,, E1) of Py, where

Pou(x) = / Kpy(x,y)u(y)dy forallu(x)e C2(X, Eyp),
X

is expressed in the distributional sense:

Kp(x, »)(w) = /X LD ple, y e, dxdyde. w e CF(X x X),
X *

We assume Pg to be G-invariant, that is,
Po(gf) = gPo(f), [fe€CXF(X, Eog) forallged.
Clearly, the Schwartz kernel of a G-invariant operator Py satisfies
Kp,(x,y) = Kp,(gx,gy) forallx,y € X, g€ G. (2.3)

In addition, assume Py to be properly supported, that is, for any compact subset
K C X the subsets supp Kp N (K x X) and supp Kp N (X x K) in X x X are
compact. Proper supportness of Py in particular implies that Py maps C°(X, Ey)
to CC(?O (X, El)

Choose a G-invariant Hermitian structure on E and let L?(X, E) be the comple-
tion of C¢ (X, E) under inner product ( f, g)72 = [y (f(x),g(x))g,dx. Let P be an
essentially self-adjoint operator on L2(X, E) with odd grading in the form of

_ (0 P§
o
Without loss of generality, P is assumed to be of order 0, and then P extends to a
bounded self-adjoint operator on L2(X, E).

We shall use the following notations and we omit E, F or X when it is clear in
the context.

* W'(X; E, F): the set of order n pseudo-differential operators from C°(X, E)
to C*(X, F);

e VUG (X; E, F): the subset of G-invariant elements in ¥"(X; E, F);
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. VG p(X ; E, F): the subset of properly supported elements in W, (X E, F);

* V2 (X;E, F): thesubsetof W"(X; E, F') having compactly supported Schwartz
kernels.
The symbol of an operator P € \I/E » is G-invariant. Conversely, if o(x,£) is a
G-invariant symbol, then there is an operator in W » With symbol o(x,§). Todo
this we construct P using (2.2) and use the averaging operation from [9]:

Avg: W > WG . P> /G gPg ldg.
Then Avg(cP) € W§ »» Where ¢ is a cutoff function for X', has the symbol o (x, £).

Definition 2.6 ([18]). A pseudo-differential operator P € W (X; E, F) is elliptic if
there exists Q € W~ (X F, E) such that

||0P(x’ E)O—Q (X, E) -1 ” — 0 and ||0Q (X, S)O—P (X, é) - I” —0 (24)

uniformly in x € K as £ — oo in 7} X for any compact subset K in X. Without
loss of generality, we will consider order-0 elliptic pseudo-differential operators Py €
v p(X ; Eg, E1) with the condition (2.4) replaced by

||GP0 (X, E)O'PJ (X, E) - I” — 0 and ”O—PE)k (xv E)O—P() (X, E) - I” — 0. (25)

Proposition 2.7. (1) If P € V!, then Avg(P) € \Dg’p.
. QIfP e Vg » (X) is elliptic, then there exists a parametrix Q € lIJa’p (X) such
that

1-PQ =81 e¥55(X), 1 - 0P =8, € V57 (X),

where \Ifaolc)’ (X) = Myer e, » (X) is the set of smoothing operators.
B)IfS € \IJEO; (X), then the kernel Kg( -, ) is smooth and properly supported.

Proof. (1) Clearly, Avg(P) € \Dg,p(X). If p(x,y,6) € S™(X x T*X) is the
amplitude, then P € W7 implies that K = {(x,y) € X x X | p(x,y.§) # 0} is
compact. Using the fact that the Riemannian metric on 7*X is G-invariant and the
measure on X is G-invariant, we calculate the amplitude for Avg (P) as

/Gp(g"lx,g"lyyég—lx)dg,

which is of order n because the integral is taken overaset{g € G | (g7 'x,g7'y) €
K} which is compact.
(2) Let P € W, » (X) be elliptic and ¢ € C2°(X) be a cutoft function for X.

Cover X by finitely many bounded open balls {U; }1N=1 such that supp(c) C UlNzl U;.
Let {a; }lN: | be a partition of unity subordinate to the finite cover. Since P is elliptic,
which implies that for any compact K C X, there exists a constant Cx such that
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lop| = C(1 + |&|)" uniformly for all |§| > Cg. Then there exists Q; € V. "(U;),
1 <i < N such that

PQi—ai =Ry, QiP—a; =Ry,
are elements in W_°°(U;). Extend the elements in W} (U;) to ¥} (X), then
N N
cY QiP—c=c) Ry,.
i=1 i=1

Since YV, Qi € W (X), YU, Ry € W®(X), we set

N
0= Z i)dg € ¥g" (X)
i=1
and
N
S = /Gg(c > Ry;)dg € W52 (X).
i=1
Then

N
or = [ slc ¥ 0)Pds
N
:/ g(C)g(Z iP)dg
G i=1
=/ g(C)dg+/ g(e)g( i Ryi)dg=1+S.
G G i=1

Similarly, there is are Q' = [, g(Z,NZI Qic)dg € Vg" (X) and S’ e Ve (X)
suchthat PQ'—1 = §’. Since Q'+ SQ0'— Q0 =(1+S)0'—0 = Q(PQ'—1) =
QS’, we have Q' — Q € V% (X). Hence there are 1, 5> = § € W5 (X) such
that PO =1+ 51, 0P =1+ S,.

) If S € Vg% (X), then ¢S € W °(X).

We know that ¢S € W, °°(X) is equivalent to the fact that K.g(x, y) is smooth
and compactly supported in X x X. Therefore the statement follows from the fact
that

Ks(x,y) = Kavges)(x,¥) =/GKcs(g‘1x,g_‘y)dg

and the fact that the integral vanishes outside a compact setin G. O

3. The G-trace and the L2-index

When X is compact and when G is trivial, the dimensions of Ker Py and Ker Py
are finite and their difference defines the index of P. In our case we measure the
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size of Ker Py or Ker P by a real number in terms of von Neumann dimension.
The L2%-index of P, analogous to the Fredholm index is defined, motivated by the
L?-index defined by Atiyah [1] and modified upon [9].

3.1. The G -trace of operators on X. Recall that a bounded operator 7" on a Hilbert
space H is of trace classif Y ;o |{|T |ei. e;)| < oo, where {e;}$2 is an orthonormal
basis of the Hilbert space and its trace calculated by

o0

tr(T) = Z (Tei, e,-)

i=1

is independent of the orthonormal basis.

Definition 3.1. A bounded operator S: L?(X, E) — L?(X, E) which commutes
with the action of G is of G-trace class if ¢|S|y is of trace class for all ¢, €
CX(X).

If S is a G-trace class operator, we calculate the G-trace by the formula

trg(S) = tr(c1Sca),

where c1, ¢, € C2°(X) are non-negative, satisfying c¢1c, = ¢ for some cutoff func-
tion ¢ on X.

Remark 3.2. When G is discrete, Definition 3.1 is essentially the definition of the
G-trace class operator appearing in [1]. Similarly to Lemma 4.9 of [1], we prove in
the following proposition that trg is well defined, that is, trg is independent of the
choice of ¢y, ¢ and c.

Proposition 3.3. Suppose that S (bounded, G-invariant) is a G-trace class op-
erator. Let further c1,cz,dy.d, € C°(X) be non-negative functions satisfying
Jgc1(g ' x)c2(g7 x)dg = land [ di(g ' x)d2 (g x)dg = 1, which means that
¢ = c1¢ and d = dydy are cutoff functions on X. Then tr(c1Scp) = tr(d1Sd>).

Proof. Let K = {g € G | supp(g - (d1d>)) Nsuppc # @}. Then K is compact by
the properness of the group action. Hence,

tr(c1Scp) = tr (/G[g : (dldz)]CISCng) =tr (/K[g : (dld2)]clS62dg)
N / tr([g - di]lg - da]c1 Sca)dg = / tr(c1[g - d1]S[g - da]cz)dg
x K
= /I;tr([g_1 -c1]d1Sda[g7! - ea])dg

=tr ([/G g(clcz)dg]dlSdg) = tr(d1Sd>). O



402 H. Wang

Using the fact that tr is a well-defined trace on compactly supported operators on
X, itis easy to see that trg is linear, faithful, normal and semi-finite. The tracial prop-
erty of trg is proved in the following proposition together with some other properties
of trg.

Proposition 3.4. (1) A properly supported smoothing operator A € WV, 01? is of G-
trace class. If K4: X x X — Hom E is the kernel of A, then its G-trace is calculated
by

trg(A)z/)‘(c(x)TrKA(x,x)dx,

where c is a cutoff function and Tr is the matrix trace of Hom E. In fact, this formula
holds for all G-invariant operators having smooth integral kernel.

(2) If A € YV, is of G-trace class, so is A*.

(3) If A € W is of G-trace class and B € WV is bounded, then AB and BA are
of G-trace class.

(4) If AB and BA are of G-trace class, then trg(AB) = trg(BA).

Proof. Let ¢,y € C2°(X) and let {ozz}l_1 be the G-invariant partition of unity in
Proposition 2.7.

(1) It follows from Proposition 2.7 (3) that A € W, °1‘j has smooth kernel. Then
Kpay(x,y) = ¢(x)Ka(x,y)¥(y), is smooth and compactly supported, which
means that gAY is of trace class. The integral formula for smoothing operators
is classical. A proof may be found at [28], Section 2.21.

(2) Because ¥ A¢ has finite trace by definition, pA* = (Y Ag)* is of trace
class.

(3) Assume that we have a G-trace class operator A € ‘IJ* . Since supp ¥ is
compact and A is properly supported, there is a compact set K such that supp Ay C
K. Choose n,{ € CX(X) with K C suppn and n¢ = n. Then nAy = Ay,
and for a bounded B € W we have ¢BAY = ¢BInAYy = (¢B{)(nAy). Since
¢ B is bounded operator with compact support and n A is trace class operator, their
product is also a trace class operator. So BA is of G-trace class. AB is of G-trace
class because B* A™* is of G-trace class.

If A € W, then we have A = Ay + A where A € \Dg,p and A, has smooth
kernel (which follows from a classical statement saying that the Schwartz kernel is
smooth off the diagonal). Then the statement follows from the fact that ¢ A, has
smooth, compactly supported Schwartz kernel.

(4) We first prove a special case when A B and BA have smooth integral kernels.
Use the slice Theorem 2.1 to get {G xg; S;i = G(S; )}1_1, G-invariant tubular
open sets covering X. Then there exist G-invariant maps «;: X — [0, 1] with
suppa; C G(S;) such that ZIN=1 a? = 1. In fact, let @ be a partition of unity
of X/G subordinate to the open sets G(S;)/G. Lift @; to e; on X, then {o?} is a
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G-invariant partition of unity of X. Then
wo(48) = [ [ et Tr(Kax. »)Ka(y 0)dydx
X Jx

- Z af (x)a? (y)e(x) Tr(Ka(x, y)Kp(y. x))dydx
ij LXKiSi /GXKJ.SJ- J

— ’ R s
R p(Ki)(K;) /,- /s, o () (1)

i,J

/ / c(ht) Tr(K4(gs, ht)K g (ht, g5))dgdsdhdt
GJG

- ; 2 — 2 -
= L KR ) /S /Sj o () 1)

i,Jj

/ Tr(Kp(ht,5)K4(5, ht))dgdsdhdt = trg(BA).
G

Note that in the third equality, g5 = (g,5)K; = x € G xg; S; and ht = (h, HK; =
y € G xg; S; and by definition «;(5) = «;(g5), @; (1) = «aj (ht). Also, we have
used (2.3),dh™! = dh,d(h~'g) = dg, and change of variable in the fourth equality.

If either A or B are properly supported, (say A), then trg(AB) = tr(c;ABc3) =
tr([g c1Ag - (c1c2)Bea). Sotheset {g € G | c;Ag-c1 # 0} is compact in K, which
allows us to interchange tr and f k- and to use tracial property of tr and G-invariance
of A and B to prove trg(AB) = trg(BA)

Ingenerallet A = A1+ Az and B = B+ B, where A, B; are properly supported
and A,, B; are bounded and have smooth kernel. Then trg(AB) = trg(BA) using
the special cases discussed above. O

Remark 3.5. Let S be a bounded G-invariant operator with smooth integral ker-

nel and define 7; = o; So; € W, *°(X; E, E). Then ozizS is of G-trace class by
Proposition 3.4 (3). We may calculate trg (S) as follows:

trg(S) = trg(g: Oll-ZS)
i=1

I
M=

/ a;i(x)c(x) Tr Ks(x, x)a; (x)dx
GXK:‘ S;

1

/ c(x) Tr Kr; (x, x)dx
GXKi Si

I I
M= 1= 1

(K" / ¢((g.8) Tr K7, ((.5). (5. ))dgds
1 GXS[
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N
K)~! : K1, ((e,s), (e,s))dgd
> i) [ etesn T Kn (s e opagas

l

I
M=

w(K;)™! / Tr K7, (s, s)ds.

1 Si

~.

The above trace formula coincides with the trace formulas in the special cases.

(1) If X = G x U, for a bounded positive self-adjoint operator S with smooth
kernel we obtain

tr(;(S)=/UTrKS(x,x)dx.

(2) For a homogeneous space of a Lie group X = G/H and for S € \Ila";’ (X), we
have trg (S) = Kg(e, e), where e is the group identity. Here, we assumed the
measure of the compact set H to be 1.

Proposition 3.6. If Py € ¥ p s an elliptic operator, then Pxerp, € V> is of
G-trace class.

Proof. By Proposition 2.7, there is a Q € W5" such that 1 — QPy = § € V7.
Then apply it to Pker p, and get Per py = SPker Py, € W™, The statement is proved
using (1) and (3) of Proposition 3.4. ]

Remark 3.7. Let {oziz}f-\;1 be the G-invariant partition of unity as in the proof of
Proposition 3.4 (4). Then by the same property and for any bounded operator 7 €
W ;> we have

N
trg T = Z trg (o; T;),
i=1
where every summand «; T'; is G-invariant and restricts to a slice G xg; S; in X.
The action of G on the vector bundle E is induced by the action of its subgroup
K; on V = E|g,, the restriction of the bundle E over a subset {(e,s)K; | s € S;}

of X.

keKk;
V = Els, —LV = E|s,

| e

{e} x S; {e} x S;.

Then we have the identification of the Hilbert spaces L?(G xk; Si, E) = (L*(G) ®
L?(S;,V))Xi, which consists of the elements of L2(G) ® L2(S, V) invariant under
the action of K;, where the action of k € Kj is given by

k(f(8)h(s)) = (f(gk™).k - h(s))
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forge G,s €S;, f € L>(G), h € L>(S;, V). The G-invariance of ker Py implies
that o; Pier Py is an element of

R(L*(G)) @ B(L*(S;,V)).

This element commutes with the action of the group K; on R(L?(G))QB(L?(S;,V)).
Here R(L?(G)) is the weak closure of the right regular representation of G (or, more
precisely, L!(G)) represented on L2(G). On this set there is a natural von Neumann
trace determined by

Y(RUY*R(S)) = /G £ (g)ds.

where /€ L?(G) N L'(G) and R(f) = [, f(g)R(g)dg. Here R(g) is the right
regular representation of g € G on L?(G). Also 8(L?(S;,V)) also has a subset
where an operator trace tr can be defined. There is a natural normal, semi-finite and
faithful trace defined on R(L?(G)) ® B(L>(S;,V)) given by T ® tr on algebraic
tensors.

This trace coincides with the G-trace in Definition 3.1 on the set of bounded
G-invariant operators with smooth kernel. In fact, by a partition of unity argument,
such an operator is approximated by finite sums of operators of form S = A ® B €
R(L?*(G)) ® B(L?(S;,V)), which commutes with the action of K;, where 4 and B
have smooth kernel. In [9], ithas been shown that t(A4) = K4(e,e). Letd € C°(G)
be any cutoff function for G. Then t(4) = [ d(g)K4(g. g)dg. Hence,

£(A) tr(B) = /G d(g)Ka(s. g)dg /S TeKp(s.)ds

:/c; S; u(lK)C((g ) TrKs((g.5). (g.5))dgds

= / c(X)TrKg(x, x)dx.
GXK[ Si

Therefore we have proved the following proposition.

Proposition 3.8. On \PE?;(X i E, E), the G-trace equals the natural von Neumann

trace on the von Neumann algebra R(L?*(X, E)), the weak closure of all the natural
bounded operators on L?(X, E) which commute with the action of G. The L?-index
is the difference of the von Neumann traces of Pxer py and Pye, P

Example 3.9. When G is a discrete group acting on itself by left translations, define
1, g=e,
C =
(g) {0’ e e
Then

treT = Y (cT8g,8¢) = (> g7 (cT)g8e,8e) = (Av(cT)Se, 8) = trg Av(cT).
geG geG
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In general, Av(c-): B(L*(G)) — R(L*(G)) extends the map ¥ — W¢ @ cT —
Av(cT), which preserves the corresponding trace. When 7 is G-invariant, T =
Av(cT)andthentrg T = trg Av(cT) = trc¢T. This is a motivation for the formula
for trg.

3.2. The L2-index of elliptic operators on X. According to Proposition 3.6, we
define a real valued G-dimension of K, a closed G-invariant subspace of L?(X, E),
by

dimg K = trg Px

where Py is the projection from L?(X, E) onto K, and is G-invariant.
Definition 3.10. The L2-index of the elliptic operator P € \DE p s
ind P = dimg Ker Py — dimg Ker Py
An immediate computation of the L2-index is given by the following proposition,

Proposition 3.11. Ler P € Vg p be elliptic and Q be an operator such that 1 —
QPy =81, 1 — PyQ = S, are of G-trace class. Then

ind P =trg S1 —trg S».
Proof. The proof is similar to the one in [1]. We have
SIPKerPO = PKerPo and PKerP(;‘SZ = PKerPg
by composing Q Py = 1 — S with Pk, p, and by composing Py, PE with 1 — S5 =
Py Q respectively. Also, Po(QPy) = (PyQ) Py implies that PyS; = S, Py. Set
R = §o(Py Po) Py, where §p(0) = 1,80(x) = 0 for x # 0, so
RPy =1— Pgerpy, POR=1— PKerPé‘"

Ononehand, trg S1—trg Pker Py = trGg S1(1—Pker Py) = trg(S1RPp). Onthe other
hand, trg Sz — trg Pger py = trg S2(1 — Per py) = 16 (S2PoR) = trg(PoS1R).
Therefore, trg S1 — trg S2 = trGg Pker Py — G Prer P by Proposition 3.4. O

From the last proposition we derive the following McKean-Singer formula.

Corollary 3.12. If D = (DOO %3) € VL(X: E.E) is a first order essentially self-

adjoint elliptic differential operator, then
ind D = trg (e "PoP0y — trg (e~PoP0) forallt > 0, 3.1)

which in particular means that ind D is independent of t > 0.
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To prove (3.1) we need the following lemma.
Lemma 3.13. Let D be as above. Then e 2026 and e Lo 20 gre of G -trace class.

Proof. 1t is sufficient to prove the case when ¢ = 1. The proof is based on the ideas
in [14], [9].

If A € C—[0,00),then Al — D Dy isinvertible. Let L = {A € C | d(A,Ry) =
1} be clock-wise oriented. Then

_D*D 1 e_'l
e T0r0 = — —*dl
2mi LAI—DQDO

Let ¢, ¢ € C2°(X) be supported in a compact set K C X and let {O‘i}zN=1 be
a partition of unity subordinated to an open cover of K of local coordinate charts.
We approximate qﬁe_Dg Doy by an operator in W% (with smooth and compactly
supported Schwartz kernel) by inverting A/ — Dg Dg “locally”.

Let p; be the full symbol of a;p(AI — D Do)~ !4, having the asymptotic sum

o0
pPi ~ Z a—;j (32)
j=2
on a local coordinate, that is,

m
Op(pi — Y. a—;) e ¥;™ 1 forallm > 1,
j=2
where Op is the operator corresponding to the local symbol.

For any [ > 0 and n > 0, choose a large enough M and set the operator approxi-
mating o; (Al — D§ Do)~ 'y to be

M
Pi(}) = Op(Y_ a) (3.3)
j=2

in the sense that P; (1) is analytic in A and
I(Pe(A) — 2ip(AT — Dg Do)~ " Y)ull; < C(1 + [A)) ™" (3.4)

for any fixed u € L2?(X, E), where the norm is the Sobolev /-norm | - ||;. The
estimate (3.4) is made possible by the asymptotic sum (3.2). In fact, let r(x, &)
be the symbol of R = P;(A) — a;¢p(Al — D¢ Do)~y which is in S~ =1, Then
the left-hand side of (3.4) is ||Rull; = [(1 + €12)! | Ru(£)|d€, where Ru(x) =
/ e YE p(x, £)u(y)dydé can be controlled by the right-hand side of (3.4) when
M > 2] +2n. This is because by the definition of r(x, £) there is a constant C such
that |r(x,£)| < C(1 + |E))~M~1.
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Set

N N
1
EQ =) EQ) = ZE /L e Pi(A)dA. (3.5)
i=1 i=1

Then the following two observations prove that ¢pe > oD 01 is of trace class.

(1) The operator E(A) is a compactly supported operator with smooth Schwartz
kernel.

Proof of claim. We need to show that the Schwartz kernel of Ej(A) is smooth. In
view of (3.3) and (3.5), it is sufficient to show that Op(a;), j < —2 has smooth kernel
and [; e *3P(Op(a )u)dA is integrable for all B. This claim can be proved by the
symbolic calculus ([14]). The crucial part in the argument is that by the symbolic
calculus, all a;, j < —2 contain the factor ¢=92(D5D0) and the fact that e ~*92(Pg Do)
is rapidly decreasing in &.

(2) The function (E(X) — pe~L5Loy )y is in H' for any fixed u € L2.
Proof of claim. Using (3.4) and fixing au € L?(X, E), we have

I(ER) — e~ PaPoyyul,

IA

1 N
2 Z/Le_k”(P i(4) = i (D§ Do — A1)~ Y)ullida

i=1

C / e+ [A)T"dA = 0
L

IA

asn — oQ.

Note that £(A) depends on the number M, which is chosen based on /, n, and
it has a compactly supported smooth kernel by the first claim and hence E(A)u €
C>® C H'. The second claim shows that pe LoPoy isin H'. (Whenn — oo,
there is a sequence of E(A) € H'! approaching ¢e‘D3D0w in || - ||; norm.)

Let/ — oo. Then by the Sobolev Embedding Theorem (¢e P o Do ¥ )u is smooth
for all u € L2. Therefore dJe_Dé Doy has a compactly supported smooth kernel and
is a trace class operator. O

Proof of Corollary 3.12. Let Q = fé ) DODS‘ds, which is the parametrix of Dy.
In fact
1— 0Dy =e"PoPo, [ —DyQ = e "PoPs,

and they are of G-trace class by the lemma. The statement follows from Proposi-
tion 3.11. The independence of ¢ can be carried out by a modification of the second
proof of [5], Theorem 3.50. O
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4. The connection of the L2-index to the K-theoretic index

Let f € Co(X) beidentified as an operator on L2 (X, E) by point-wise multiplication.
Let A € \IJg (X; E, E) be elliptic in the sense of Definition 2.6. Using the Rellich

lemma one may check that A¢ : L%(X, Eg) — L?(X, E) satisfies the following
conditions:

o (AoAy —I)f € K(L*(X,Ev)), (A§Ao —I)f € K(L*(X, Eo)), ;

o Af — fA € K(LA(X, E));

e Ag—g-Ag e K(L*(X,Ey),L*(X,E;y)) forall g € G.
Hence A represents an element in the K-homology group K g (Co(X)).

Topologically, the K-theoretic index of [A] € Kg (Co(X)), according to [16], is
defined by

Ind; A = [p] ®c*(6.cox)) 1 ¢ ([A]) € Ko(C*(G)),

which is the image of [A] under the descent map
Jj¢: KKO(C, Co(X)) — KK(C*(G). C*(G, Co(X)))
composed with the intersection product with [p] € KK(C, C*(G, Cy(X))),

[P1®c+(6,cox)) 1 KK(CH(G, Co(X)), C*(G)) — KK(C, C*(G)).

Here p = (c - g(c))% is an idempotent in C.(G, Co(X)), being the image of
1 under the x-homomorphism C — C*(G, Co(X)) and defining an element in
Ko(C*(G. Co(X))).

Analytically, the K-theoretic index of A is constructed explicitly as follows [17].
First of all, embed C.(X, E) in a larger Hilbert C*(G)-module C*(G, L?(X, E))
and after completion under the norm of the Hilbert module, we obtain a C*(G)-
module & containing C.(X, E) as a dense subalgebra. Note that & is a direct
summand of C*(G, L?(X, E)) and is obtained by compressing the C *(G)-module
C*(G, L*(X, E)) with the idempotent p.

Then the operator

A= Av(cA): C.(X,E) » C.(X,E)

in lllg,p(X; E, E) extends to two bounded maps A: L?(X, E) — L*(X, E) and
A: & — & with ||A]g < ||/T||L2(X,E). Denote by B(&) the C*-algebra of all
bounded operators on & having an adjoint and being C*(G)-module maps. Then
A: & — & defines an element in B(&) according to [18]. On the Hilbert C*(G)
module &, for e, ey, e, € C.(X, E), a rank one operator is defined by

eel,ez(e)(x) = 61(62, e)(x) = /;( (L 9g(e1)(x),g(ez)(y)dg)e(y)dy
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for all x € X. The closure of the linear combinations of the rank one operators under
the norm of B(&) is the set of compact operators, denoted by K (&). The elements
of K (&) can be identified with the integral operators with G-invariant continuous
kernel and with proper support. The following proposition indicates some features
of elements from B(&), K (E).

Proposition 4.1. [18] If the symbol of the G-invariant properly supported operator
P of order 0 is bounded in the cotangent direction by a constant, then the norm of
P in B(8)/K(8) does not exceed that constant. The operator P is compact, i.e.,
P € K (8), if the symbol of P is 0 at infinity (in the cotangent direction).

Since A is elliptic, which means that log(x,6)> = 1| > 0as§ — 0, x €
K, uniformly for any compact set K C X, according to Proposition 4.1 we have

A? —1d € K(). Letusset A = (2 Ag ). Then [Ao] € K1(B(E)/K(€)). The
analytical K-theoretic index, Ind, A, isOthe image of this class in the K-theory of the
quotient algebra under the boundary map 9: K. (B(€)/K(E)) = Kxt+1(K(&)) of
the six term exact sequence associated to the short exact sequence 0 — K (&) —

B(E) — B(E)/K(E) — 0.

Remark 4.2. The set of finite rank KX (&)-valued projections forms a finite gener-
ated projective C*(G)-module. Then Theorem 3 of Section 6 in [15] implies that
K« (K(8)) ~ K«(C*(G)). Hence, Ind, A € Ko(C*(G)).

As a generalization of the Atiyah—Singer index theorem, Kasparov proved that
Ind, and Ind; coincide [16], [18]. We will simply use Ind to denote the K-theoretic in-
dex. In summary, under the homomorphism Ind: K g (Co(X)) = KK(C, C*(G)) ~
Ko (K (&)) the K-theoretic index is calculated by

[(L*(X. E). A)] = [(€. A)]
A Ad AoyJ1— A% Ao [(1 o)} 4.1
— —— o o ol |-
V1 —AjAoAg 1 — AgAo
Note that the second arrow is the Fredholm picture of KK(C, C*(G)) via boundary
map.

Given the K-theoretic index Ind A € Ky(K(&)), we will define the a homo-
morphism Ko (K (&)) — R. To do this we find a dense subalgebra $ (&) of K (&)
on which a “trace” can be defined and which is closed under holomorphic func-
tional calculus. Since K (&) is generated by G-invariant operators with continuous
and properly supported kernel, we define S (&) to be the subset of the bounded G-
invariant operators with smooth kernels. Let §: C°(X, E) — C°(X, E) be a
G-invariant smoothing operator. Extend S to an operator S € B(&), then S € §(&).

Define the trace on S € $(&) by trg(S) and still denote by trg. The trace is well
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defined for all the elements of § (&). An element of § (&) is viewed as matrices with
C*(G)-entries. The trace on such a matrix is the Breuer von Neumann trace [7] on
the image of the following map $(8) > S (€ ®c+) R(L*(G))) C R(L*(X, E)).
Here $(6 ®c+() R(L?(G))) is a subset of all G-trace class operators and its ele-
ments are represented as matrices with R(L?(G))-entries. Recall (Remark 3.7) that
trg is defined on a dense subset of the G-invariant operators on L?(X, E),which can
be represented as elements of

R(L*(G)) ® (&:,;B(L*(U;, E), L*(U;, E)),
and an element of this set can be expressed in terms of a R(L?(G))-valued matrix.

Proposition 4.3. We have a canonical isomorphism Ko(K(8)) >~ Ko(S(&)).
The G-trace trg on § defines a group homomorphism

trg«: Ko(K(8)) — R.

Proof. Proposition 3.4 (4) shows that § (&) is an ideal of B(&). Since S (&) contains
the rank one operators, K (&) is the C*-closure of § (€). Let J = K (&), Jo = $(€)
and let J, Jy be obtained by adjoining a unit. Note that J/ = B(&). We claim that
Jo is stable under holomorphic functional calculus. To show the claim we essentially
need to prove thatif a € fo is invertible in f, thena™! € fo [8]. Leta™! = Al +r,
where A € C, I isthe unitand r € J. Choose an s € Jg such that la=! —AI —s|| <
min{m, 1}. Then ||1 — Aa — as|| < 1 implies that a(Al + s) is invertible. Thus

Al + s is also invertible and so a™" = (Al + s)[a AL+ 9] 1. Since J is an ideal
of J, we only need to show that [a(/U + 9] € Jo. Let x = a(Al + 5) € Jo.
Then ||[1 —x|| < landsox™! = [l — (1 —x)]7! = 332,(1 —x)’ € Jo. The claim
is proved. Hence $(&) is a dense subalgebra of K (&) closed under holomorphic
functional calculus, which implies that K (K (&)) = K«(S(8)).

An element of K¢(S(&)) is represented by projection matrix with entries in § (&),
on which there is a natural trace consisting of the composition of the matrix trace with
the G-trace on $(&). Note that if the element was represented by the difference of
two classes of matrices with entries in $ (&)™, the algebra defined by adding a unit.
Then we define the trace of this extra unit to be 0. Hence we obtain a homomorphism
trg«: K«(S(8)) — R by the properties of the trace trg. O

Composing with the K-theoretic index, P has a numerical index given by the
image of the map

K-theoretic index UG«

K3(Co(X)) % Ko(8) 295 R,

and this number depends only on the symbol class and the manifold according to
Kasparov’s K-theoretic index formula (Theorem 5.1). We show that this number is
in fact the L2-index.
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Proposition 4.4. Ler P € W¢, (X; E, E) be elliptic. Then its L*-index coincides
with the trace of its K-theoretic index, i.e., ind P = trg ,(Ind[P]).

Proof. Let P = A. Then P = A = Av(cA) in (4.1). Then

Ind P = [( Pols , Fou 1_*P°*P°)] ~ [(1 O)].
V1= Py PP, 1 —P§ Py 0 0
We shall alter the matrix representatives without changing the equivalence class, so
that we may apply trg to the 2 x 2-matrices.
Given Py € g, (X; Eo, E1) and using Proposition 2.7, thereisa Q € W¢,  such
that 1 — QPy = Sp, | — PoQ = S;. According to the boundary map construction
in [10], Section 2, we lift (190 _OQ), which is invertible in M, (B(8)/S(&)), to an

invertible element u = (f,g _(l”ng)Q) in M,(B(&)) such that

wor< o6 G -5 46 ]

Therefore, trg«(Ind P) = trg(SZ) + trg(1 — S2) — trg (1) = trg(SZ) — trg (S?).
Choose another Q' = 20 — QPyQ, then 1 — Q'Py = 52,1 — PoQ' = S? with
Sg, Sl2 being smoothing operators. Then using Proposition 3.11, we conclude that
trg(SZ) — trg(S#) = ind P. Hence trg«(Ind P) = ind P. O

Remark 4.5. Let X = G/H be a homogeneous space of a unimodular Lie group
G (where H is a compact subgroup). In [9], Section 3, it was shown directly that
the L2-index depends only on the symbol class [op] of P in Kg; (Co(T*X)). In
addition, there exists a homomorphism i : KOG (Co(T*X)) — R such that i[op] =
ind P. Note that the Poincaré duality between K-homology and K-theory gives rise
to KOG (Co(T* X)) ~ Kg (Co(X)). So L?-index essentially gives a homomorphism

ind: K2(Co(X)) — R.

Remark 4.6. In this section we work on the cycles in K g (Co(X)) determined by
odd self-adjoint elliptic pseudo-differential operators on X. If Y is another proper
cocompact G-manifold and if E is a G-bundle where L2(Y, E) admits a Co(X)-
representation such that [(L*(Y, E), Q)] € K&(Co(X)) with Q € lIfg’p(Y; E.E),
we may carry out similar constructions to define the L2-index of Q. However, it is
not clear how to define L2-index for an arbitrary representative (A, F) in a general
representing cycle [(4, F)] € Kg (Co(X)), where A is a Co(X)-algebra and F is a
general elliptic operator. The reason is that we do not know the way to define pseudo-
differential calculus for the C *-algebra A and we do not have Proposition 2.7 for F,
which is essential for calculating the L2-index. But it should be possible to find a
proper cocompact G-manifold ¥ and pseudo-differential operator Q on Y such that
[(4, F)] = [(L*(Y. E). Q)] € Kg(Co(X)).
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5. Reduction to the L2-index of a Dirac type operator

We shall show in this section that for any elliptic operator P € \Ilg » (X; E, E), there

is a Dirac type operator D satisfying ind P = ind D. To do this, we show that P and
D have the same K-theoretic index and then apply Proposition 4.4.

Theorem 5.1 ([16], [18]). Let X be a complete Riemannian manifold and let G
be a locally compact group acting on X properly and isometrically. Let P be a
G-invariant elliptic operator on X of order 0. Then

[P] = [oP] ®cy(r*x) [P] € KG(Co(X)), (5.1

where [ D] is the equivalence class defined by the Dolbeault operator on T*X.

0
0 apg
opg 0

KK (Co(X), Co(T*X)). In fact, using the Hermitian structure on E = Eo & Eq,
we obtain Co(T* X, n* E), a Hilbert module over Co(7T* X), and the set of “compact
operators” is Co(T* X, Hom(x*E, n*E)). Also Co(X) acts on Co(T* X, n*Eg &
7* Ey) by pointwise multiplication. Hence for all f € Co(X), (63 — I)f is com-
pactby (2.5) and [op, f] = 0. Therefore, the symbol op : 7*E — 7*E defines the
following element in KK-theory:

Remark 5.2. In (5.1), the ellipticity of P = (°0 Pg 0) € Wg ,(X; E, E) (Defini-

tion 2.6) implies that the symbol op = ( ) defines an element of

[(Co(T* X, 7*Eqg @n*El),(G "Po))] € KKG(Co(X), Co(T*X)).

In (5.1), the Dolbeault operator D 1is a first order differential operator D =
V/2(3 + 9*) acting on smooth sections of A%*(T*(T* X)), where § = az = 2(ag

ﬁ). Denote by H the Hilbert space of L2-forms of bi-degree (0, *) on 7*X graded
by the odd and even forms. Then D is an order 1 essentially self-adjoint operator on
H . The C*-algebra Co(T* X) acts on H by point-wise multiplication. The Dolbeault
element is the K-homological cycle given by

[(H. 2551 € Kg(Co(T* X)) = KK (Co(T*X), C).

Remark 5.3. Theorem 5.1 says that [ P] is given by the index pairing of the symbol
with some fundamental (Dolbeault) operator on 7*X. This is the essence of the
Atiyah-Singer index theorem. When X is compact with trivial group action, apply
the map

c*: K°CX)) — K°0)

induced by the constant map C : C — C(X) to both sides of (5.1). The left-hand side
of (5.1) is then the Fredholm index of P and the right-hand side is the intersection
product of [op] € Ko(Co(T*X)) with [D] € K°(Co(T*X)). It is classical fact that
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[op] is viewed as some equivalence class of a vector bundle V. Then the intersection
product is the well-known Fredholm index of the Dirac operator D with coefficients
inV.

The following K-theoretic index formula serves as an important corollary to The-
orem 5.1.

Theorem 5.4 ([16]). Let X be a complete Riemannian manifold, on which a locally
compact group G acts properly and isometrically with compact quotient. Let P be a
properly supported G -invariant elliptic operator on X of order 0. Then

Ind P = [p] ®c*(G,co(x)) (V)
= [p] ®c+(6.cox) J ¢ ([6P]) ®c*6.corx)) JC (D)) € Ku(C*(G)).

Here p is the idempotent in C*(G, L*>(X, E)) defined by p = (c - g(c))% and [D] is
the Dolbeault element.

Analogous to the vector bundle construction mentioned in Remark 5.3 (see also
[2], Section 7), we define a G-bundle V(op) using the symbol op as follows. Let
B(X) C T*X be the unit ball bundle with its boundary, that is, the sphere bundle
S(X) C T*X. A new manifold XX is obtained by gluing two copies of B(X) along
their boundaries:

XX = B(X) Usx) B(X).
The action of G on 7* X extends naturally to ¥ X because G acts on X isometrically.
The ellipticity of P implies the invertibility of op | s(x), the symbol restricted to S(X).
Define a G-vector bundle over ¥ X by the gluing map op on the boundary, that is,

V(op) = 7 E|px) Yop|sx) T ElBX)- (5.2)

Here V(op) defines an element in RKKZ (X; Co(X), Co(£X)), the representable
KK-theory. V(op) is Z/27Z-graded and is the direct sum of two bundles: V(op,) =
7" EolBx) Uspy 15cx) 7 E1lB(x) and V(opg) = 7" E1|pcx) U“Pg s ™ EolB)-

There is a natural homomorphism
RKKG (X: Co(X). Co(EX)) — KK (Co(X), Co(EX)).

Let [V (op)] be the equivalence class of V(op) either in RKK% (X;Co(X),Co(2X))
and or in KK¢ (Co(X), Co(XX)). We shall not distinguish the notations when it is
clear from the context. In the proof Proposition 5.6 we shall see that as a KK-cycle,

[V(op)] = [(Co(2X. V(ap)).0)] in KK (Co(X), Co(2X)).

Remark 5.5. When X is compact and when G = {e}, the inclusion C — C(X) fur-
therreduces op to an element of KK(C, Co(T* X)) by “forgetting” the action of C(X)
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on the Hilbert-C(X) module Co(T*X). Therefore, [op] € KK(C, Co(T*X))) ~
Ko(Co(T* X)) maps to a vector bundle, trivial at infinity in 7*X. The bundle is
constructed by gluing 7* E|p(x) and n* E|7+x_p(x)° along the boundaries using
the invertible map op|s(x) and is the restriction of V(op) to T*X.

Proposition 5.6. The homomorphism

KK%(Co(X), Co(T*X)) = KK (Co(X), Co(EX)),
[(Co(T*X.7*E),0p)] = [(Co(SX, V(op)),0)],

is induced by the inclusion map i : Co(T*X) — Co(ZX).

Proof. The cycle (Co(EX, V(op)). 0) defines an element of KK (Co(X), Co(E X))
because f - (0% — Idc,(sx.v(ep)) 18 compact in the Hilbert-Co(X X )-module
Co(Z X, V(op)). Here, the compactness of the fiber of XX over X is important. The
argument fails when replacing ¥ X by T* X. Forexample, (Co(T* X, V(op)|r*x),0)
does not define an element in KK (Co(X), Co(T*X)).

Without loss of generality, we may assume op satisfies that

03 =1onS(X) and |op| <1.
Using the standard boundary map construction in the exact sequence of K-theory,

—./1— 2
we obtain the following projection Q using the unitary ¥ = ( op \/TP) .

,/1—0% op

Mg(CO(T*X, JT*E))I

o=u(l 2

Recall that the bundle V(op)|r+x glued by op is given by the image of the
projection Q on n*E @ n* E, that is,

Co(T*X,V(op)|r*x) = OCo(T* X, n*E ® n*E).

Letw = uxu™ = u("P (1)) . Then QwQ =w,(1—Q)w(l—-Q)=1-Q, and
OQw(l—-0)=(1—-0)wQ =0. Then
[(Co(T* X, 7" E),0p)] = [(Co(T* X, 7" E),0p)] + [(Co(T* X, 7" E), 1)]
= [(Co(T*X, 7" E @ " E), (°f D] = [(Co(T*X, 7" E & 1" E), w)]
=[(QC(T* X, n*E® n*E), )|+ [(1 — Q)Co(T*X, 7*E ® n*E), 1 — Q)]
= [(QC(T*X,n*E & n*E), x)]
— [(Co(2X., V(op)), ¥)] = [(Co(EX,V(ap)).0)].
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Here, the arrow in the last line comes from the following fact. The Hilbert Co (7T * X)-
module Co(T* X, V(op)|r*x) maps to the Hilbert Co(Z X )-module Co(Z X, V(op))
under the map iy: KK%(Co(X),Co(T*X)) — KK%(Co(X),Co(XX)) induced
from the inclusion i. The last equality follows from the operator homotopy ¢ —
tx and the observation that (Co(Z X, V(op)), tX) is a Kasparov (Co(X), Co(ZX))
module for all ¢ € [0, 1]. The proof is complete. O

The Dolbeault operator on 7* X extends to the proper cocompact G-manifold X,
which also has an almost complex structure. We just glue two Dolbeault operators on
B(X) C T*X along the boundary (the normal directions of S(X) in B(X) need to
switch signs on different pieces). The new Dolbeault operator D is clearly G -invariant
and defines an element

N1 0,% /% D
[D] = [(L>(ZX. \"*(T (EX)))’—W)] (5.3)

in KK%(Co(XX),C). (In Section 6 we shall not distinguish [D] and [D].) The
following proposition is obvious.

Proposition 5.7. The inclusioni: Co(T*X) — Co(ZX) induces the natural map

i*: KK(Co(ZX),C) - KK®(Co(T*X),C), [D]+ [D].
Corollary 5.8. Assuming the same notations and conditions in the K-homological
formula in Theorem 5.1, we have:

(1) The elliptic pseudo-differential operator P is in the same K-homology class as
the intersection product [V (op)] ® [D] in the image of the map

KK (Co(X), Co(2X)) x KKC(Co(2X),C) - KK (Co(X), C).

(2) The operator P relates to a Dirac type operator EV(UP), that is, the Dolbeault
operator D on £ X twisted by the bundle V(op) over £X in the sense

[P] = j*[Dv(op)),
where j*: KK%(Co(2X),C) — KK (Co(X), C) is induced by the inclusion
Jj:Co(X) = Co(ZX).

Proof. The first statement is a result of Theorem 5.1 as well as the functorality of
intersection products
[P] = [oP] ®cy(Tx) [D]
= [op] ®co(rx) i *[D]
= ix[or] ®cy(zx) [D]

= [V(or)] ®cy(zx) [D].
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To prove the second statement, we calculate

[V(op)] ®cyzx) [D]

5.4)
= [(Co(EX, V(0)), $1,0)] ®co(mx) (L (EX, \**(T*(£X))), ¢2, F)],

where F = —2 = We denote by [(H, 1, )] the KK-product appeared in (5.4).
1+
According to the definition of KK-product,

H = Co(TX, V(0p)) ®cyzx) L2 (SX, \**(T*(2X))),

and the operator I needs to satisfy the following two conditions [29]:
(1) I is an F-connection,;
(2) I has the property 1(a)[0 ® 1, I1n(a) > 0 modulo KX (H).

By Kasparov’s stabilization theorem, there is a Co(X X )-valued projection Q such
that Co(2X, V(op)) = Q(B°Co(XX)). Therefore,

H = 0(®FCo(2X)) ®cyzx) LA2(EX, \**(T*(2X)))
= $2(Q) (BT L (ZX. \**(T*(2X))).

where, ¢, (Q), by definition, acts by matrix multiplication and point-wise multipli-
cation.
We claim that

I'=$2(0)(@7° F)g2(0Q) (3.5)

The statement is proved if (5.5) is true. In fact, one needs only to observe that
H = $2(Q)(@FL*(EX, N\ (TH(EX)) = LX(EX, N\ (T*(£X)) ® V(op))

and
$2(Q)(@7°D)¢2(Q) = Dy(op) on H.
To prove the claim (5.5), it is sufficient to show the following observations.
(I —Dn(f) € K(H) forall f € Co(X);
[Z.n(f)] € K(H) forall /€ Co(X);
[fg, Folle X(L>2(TX,\"(2X)) ® H) forall § € Co(ZX, V(op)),
where fg = (;,)é TOS*) € B(L2(ZX, \>*(T*(=X)) ® H) and

Te € B(L2(ZX, \>*(T*(£X)), H) is defined by Tz (n) = £ & n € H. O

Proposition 5.9. Let P be a properly supported G -invariant elliptic pseudo-differen-
tial operator of order 0, D be the Dolbeault operator on ©X defined in (5.3) and
V(op) be the G-vector bundle over XX defined in (5.2) Then P and Dy s) have
the same L?-index, that is,

ind P = ind DV(O'p)'
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Proof. In view of Corollary 5.8, the cycle
[(L2EX. A" (T*(2X)) ® V(op)). Dy(op)]

represents as the intersection product [V(op)] ® [D], which is the same as
[(L*(X,E). P)] in K&(Co(X)). This implies that Ind P = Ind Dy (s, and the
statement is proved by taking the trace of the K-theoretic indices. O

6. Local index formula

6.1. L2-index of Dirac type operators. Using Proposition 5.9, to find a coho-
mological formula for the L?%-index of P, it is sufficient to figure out a formula
for Dirac type operators. Let M be an even-dimensional (dim M = n) proper co-
compact G-manifold with a G-Clifford bundle V, which is a CI(T*M)-module
via Clifford multiplication. Here CI(T*M) = CI(T*M) ® C is the complex
Clifford algebra generated by T*M. We construct D, a Dirac type operator act-
ing on sections in V. Let V be the G-invariant Levi-Civita connection on TM
which can be extended to C1(T*M). Let V¥ be the G-invariant Clifford connec-
tionon V, ie., [VV,c(a)] = ¢(Va),a € CX(M,CI(T*M)). A Dirac operator
D: CP(M,V) — CX(M,V) is defined as the composition of the connection V"
and the Clifford multiplication ¢: C(M,T*M x V) — C°(M, V) by

D=>" c(ei)Ve‘j,
i

where {e; } forms an orthonormal basis of the bundle M and {e’} is the dual basis of
T*M. Here, V = Vy @ Vy is Z/27Z graded and D is essentially self-adjoint with an
odd grading, in particular, D = (9;’0 ”306‘) : L2(M,V) — L*(M,V). The L%-index
of D is expressed by the McKean-Singer formula (3.1), which is independent of ¢:

indD = strg(e™'?%).

Here strg ((¢ 5)) = trg(a) — trg(d) and D* = (3330930 930093;)'

Let RV = (V¥)2 € A*(M,Hom V) be the curvature tensor of the Clifford
connection VY. Then

D? = —Z(ng)2 + nge,-ei + X c(e)c(e?)RY (e, e)

i<j

AV + 3 c(e)e(e/)RY (ei, e))

i<j

is a generalized Laplacian. Let S be the spinor (irreducible) representation of
CHT;M). Itis a standard fact that HomS = S ® S* = CI(T;yM). The fiber
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of the Clifford module V at x has the decomposition Vy = S ® W. Here W is the
set of vectors in Vy that commute with the action of CI1(7,f M). Therefore on the
endomorphism level we have

Hom V, = CI(T;y M) ® Hom W. 6.1)

Here Homg (7 pr)(Vx) = Hom W is made of the transformations of Vy that commute
with CI(T}} M). According to [5], Proposition 3.43, the curvature RY decomposes
under the isomorphism (6.1) into

RV — RS +FV/S,

where RS (e;,ej) = %Zkl (R(ei,ej)ek,el)ckcl is the action of the Riemannian
curvature R = V2 of M on the bundle V and FV/S € /\Z(M, Homg, V) is the
twisting curvature of the Clifford connection VV. According to the Lichnerowicz
Formula, [5], Proposition 3.52, the generalized Laplacian is calculated by

n
D? = — Z(Ve‘;)2 +>; V%’e‘ei + 3rm + Y F"/S(ei ep)c(ei)ee;),  (6.2)
i=1 i i<j
where FV/5(e;, e i) € Homg; V are the coefficients of the twisting curvature F VIS,
Let the heat kernel k, be the Schwartz kernel of the solution operator e~ D% of the
heat equation a%u(z, x) +D?u(t,x) = 0. Itis a smooth map M x M — Hom(V, V)

satisfying e’ f(x) = [, ke(x,y)f(y)dy. Hence
indD = / c(x)strk;(x, x)dx.
M
We have the following properties of the heat kernel.

Lemma 6.1. (1) For f(x) € L2(M), e='2* f is a smooth section;
(2) The kernel k;(x, y) ofe_tD2 tends to the § function weakly, i.e., e_tDzs(x) =
Jag ki (x. x0)s(x0)dxg — s(x) uniformly on a compact set in M ast — 0.

tD

Proof. We have proved that the Schwartz kernel of ce™ ? is smooth in Lemma 3.13.

So
—tD2 _
@ f)(x) = /G

where hg(x) = [;, (g7 x)k:(x, y) f(y)dy is smooth in x € M for fixed g € G.
Using the fact thate™ 2? is abounded operator and that ¢ (x) is smooth and compactly
supported, we conclude that /1,4 (x) depends smoothly on g € G . Let K be any
compact neighborhood of x. Then by the properness of the group action, the set

c(g™ ke (. ) f()dydg = / e (1)dg.
M G

X

Z={geG|lc(g'x)#£0,xeK, geG}
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is compact and so (e~! D2 f)(x) = [, he(x)dg is smooth for x € K. Therefore the
first statement is proved.

To prove the second one, suppose that u is a smooth function with norm 1. Then
(e=1P%u,u) = f/\ésp(‘D) e‘“zdPu,u, where sp(D) means the spectrum of D. Since
the set of integrals for 0 < r < 1 is bounded by 1, by the dominated convergence

theorem,

(e_tDzu,u) — 1dP,, = (u,u) ast — 0.
Aesp(D)
O
2 . .
The heat kernel on R” of u, — Y 7_, azz’—xi = 0, which is
L ey ar
pe(x,y) = e : (6.3)

(4mt)n/2

suggests a first approximation for the heat kernel on M. The small time behavior of
the heat kernel k; (x, y) for x near y depends on the local geometry of x near y. This
is made precise by the asymptotic expansion for k;(x, y).

Definition 6.2 ([26]). Let B be a Banach space with norm || - || and f: R — B,
t — f(1), be a function. A formal series > po ax(t) with ax (1) € E is called an
asymptotic expansion for f, denoted by f(t) ~ Y 72 ax(t), if for any m > 0, there
are My, and €,, > 0. So that for all [ > M,,,t € (0, €,,], we have

/
If(t) = > ax @) = Ct™.
k=0
When M is compact and when B = C°(M,Hom(V, V)) has C%-norm || f| =

sup,epr | f(x)], it is the standard fact that the heat kernel k;(x, x) of e~ D2 has an
asymptotic expansion

|
k[(X,X) ~ W Zt‘]aj(X),
j=0

where a;j(x) € Hom(Vy, Xx),x € M are smooth sections ([26], Theorem 7.15). In
our case, this theorem is formulated as follows.

Theorem 6.3. Let M be a proper cocompact Riemannian G-manifold and D be an
equivariant Dirac type operator acting on the sections of a Clifford bundle V, and
let k; be the heat kernel of D. There is an asymptotic expansion for c¢(x)k;(x, x)
under the C°-norm || f|| = sup,eps | f(X)] :

1 >,
c(X)ks(x, x) ~ c(x)W;)ﬂaj (x) (6.4)
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whereaj € C°°(M,Hom V') and a;j(x) depends only on the geometry at x (involving
metrics, connection coefficients and their derivatives). In particular ag(x) = 1. The
asymptotic expansion works for any C!-norm forl > 0. (We only need and prove the
case when [l = 0.)

To prove Theorem 6.3 we construct an “approximating heat kernel”. The proof is
a modification of the case of operators on compact manifold ([26], Theorem 7.15, or
[5], Chapter 2). Now k;(x, y) satisfies the heat equation:

9
ke (6 9) + D2 (x, y) = 0.ko(x, y) = 8y (x) (6.5)

where D operates on the x-coordinate only. We fix y and denote it by x( and solve
this equation locally on a coordinate neighborhood Oy, of xo with x € O,. We
approximate the heat kernel k;(x, xg),x € Oy, locally by looking for a formal
solution

pe(x,x0) Y- t'bi (x) (6.6)
i=0

2

to the equation (6.5), where p;(x, xo) = a 1)% e~ 4 withr = |x| = d(x, x¢) is the
wt

heat kernel on Euclidean space (6.3). Denote by s;(x, X0) = Y iep t'b; (x) in (6.6)

and so the heat kernel writes

kt(X,XO) = Pt(X,XO)St(X,XO)- (67)
According to [26], eq. 7.16, D? in (6.2) on Oy, is calculated by

d ad r dg 1
— +D? = —+D>+ —2 4 -V } 6.8
|:81 + }(ptst) p,[at +D* + 4gt or + Ve |t (6.8)

when operating on (6.7), where r = |x|, g = det(g;;) and (g;;) is the Riemannian
metric on M. To find the formal solution (6.6), set the right—handvside of (6.8) to

be 0. Then the comparison of the coefficients of terms containing ¢* for eachi > 0
enables us to find b; inductively via [26], eq. (7.17):

Vo (rigibi(x)) =1 . ’ 6.9
3 (r8%bi(x)) {_rl—lgiﬂazbi_l(x), i > 0. 69

(1) (Solve bo(x)) It is trivial to see that p;(x,xq) =

uniformly as # — 0+. From Lemma 6.1, k;(x, xg) — 8x,(x) uniformly as t — 0+
for all x € K, where K C X is any compact subset. Therefore bg(xg) = 1

necessarily. The first line in (6.9) indicates that g%bo (x) = g(xo)%bo (xo) =1, and
then bg(x) = g_% (x) is determined by bo(x¢).
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(2) (Solve b;(x),i > 0) Inductively the smoothness of b; implies the uniqueness
of the smooth solution b; 1. In fact, when solving the equation in (6.9), the constant
term has to be 0 otherwise b, is not smooth at r = 0. Then b; 1 is smooth except
that it may blow up at 0. But by setting » = 0 in the second line in (6.9) we have
bi+1(x0) = —%(Dzbi)(xo) which makes sense if b; is smooth. Therefore, there
exists a sequence of smooth sections {b; (x)} in Hom(V,, V) uniquely determined
by bo (X()) = 1.

Note that b; s are defined on a coordinate neighborhood Oy, and depend smoothly
on the local geometry around x¢. For example, b (x) = ék(x) — K(x), where k is
scalar curvature and K satisfies D?> = A + K.

Denote b;(x) by bi(x,x9),x € Ox,. Now for any xo = y € M, we obtain
a formal solution b; (x, y) which smoothly depends on both x and y for x € Oy.
Choose 0" C M x M such that {(x,x) | x € M} C O" C |U,ep Oy and choose

1, (x,y)e O,

¢(x,y) € C®°(M x M) such that ¢(x, y) = {O o) ¢ U o
) ) yem Uy-

This definition is based on a cutoff function used to define the approximate heat kernel
in [5], Definition 2.28.

Definition 6.4. Let (6.7) be the true heat kernel. The approximating heat kernel is

h}(x,y) = p:(x,y) Z tra;(x,y), (6.10)

1=

where a; (x,y) = ¢(x, y)bi(x,y) € C®°(M x M), supported in a neighborhood of
the diagonal.

With the previous set up we may state the following lemma, which implies The-
orem 6.3 when setting x = y.

Lemma 6.5. Let k;(x,y) be the heat kernel and h'} (x, y) be the one in (6.10). Let
¢ € CX(M) be a cutoff function of the proper cocompact G-manifold M. Choose
¢ € C°(M) satisfying c(x)c(x) = c(x), x € M. Forallm > 0, there is N, such
that

le@ht (x. )E) = ek (e PEW < C1™
foralll > Ny andt € (0, 1], where || f || = supy yepr | f(x, ¥)I.

Proof. For all m, let N,,, > max{n + 1,m + %}, where n = dim M. By definition
h?’ " (x, y) approximately satisfies the heat equation in the sense that

(2 + DHm = tNm p(x, y)Dan,, (x.y) + O¢™®) = r(x,y),  (6.11)
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where the first term in (6.11) comes from the calculation of the formal solution. In
fact, using (6.8) and (6.9), it follows that (£ + D?)[p,(x, y) ZJNSO t'b;i(x,y)] =
tNm p,(x,y)D?by,, (x,y). O(t™®) is of order > because this term contains the
derivatives of ¢, which are of 0-value for x near y, and p;(x,y), x # y, which
decreases faster than any positive power % as t — 0+. r;(x, y) has the following
properties:

(1) The remainder r;(x, y) is smooth for any fixed ¢ > 0. This is because p;(x, y)

in (6.3) and a; (x, y)s in Definition 6.4 are smooth functions, for all # > 0.

(2) Denote the k-th Sobolev norm on C"(M x M) by || - ||x. Then

lle@)re (e, y)e(») Ik

exists for all fixed ¢ > 0 and for all k. This is because c(x)r;(x, y)c(y) is
smooth and compactly supported on M x M.

(3) We have the estimate

lle(e)re(x, J’)C_’(J’)H%H <Ct"

uniformly for all ¢t € (0,1]. In fact, in the first term of c(x)r:(x, y)c(y),
c()tNm p,(x, y)(D2ay,, (x, y))é(y), only V7 p,(x, y) depends on 7 it is suf-
ficient to know the order of 7 in the k-th derivative (in x or y) of 1V p;(x, y),
where k < % + 1. Ttis tNmp=517% = {Nm=3-k go

7+1 ;
le ()™ pi(x, y)(D?an,, (x, YN g41 < Y cxtNm= 27k,
k=0

Since N, > n 41, there are no terms of non-positive order in ¢ on the right-hand
side. In addition, since N,, > % + m, for all ¢t € (0, 1] there is a constant C
such that

le@)e™ pi(x, y)(D2an,, (x, )EW) 341 < CitV" ™3 < C™,

The derivatives of ¢(x)O(¢°°)c(y) do not have any terms containing negative
power of £ 50 [|c(x) O (1%°)¢(y) || 3 +1 < Cat™ forall 7 € (0, 1]. So property (3)
is proved.

Next we use r;(x, y) to relate k;(x, y) and hivm (x, ) in the following claim:
Claim: There is a unique smooth solution for the equation

{<a% + D (x.y) = re(x. ). (6.12)

uo(x,y) =0.

Here u,(x, y) is regarded as a function of # and x.
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. .. 2 .
In fact, It is trivial to check that u; = fé e~ =D (x, xo)dr is smooth and
satisfies the equation. If u; is another smooth solution, then u = u; — u, satisfies
(% + D?)u = 0,up = u(t = 0) = 0. Hence

d d
a;HMHfz== a;(uyu)==-—(u,932u)-(932u,u)==-—2H93uHiz
implies that ||u||? is non-decreasinginz, and so ||u(t = 0)|| = Oforcesu = u;—u, =
0. So the claim is proved.

Since hﬁv'” (x,y)—k:(x, y)is also a solution to the equation (6.12), by the unique-
ness of solution we have that hiVM (x,y)—ki(x,y) = fé e~ (t=D)D? r:(x, y)dz. Then
forall ¢t € (0, 1],

le GOk (x, )E() — (Y™ (x, )E) 341
< tsup{fle()re(x, Y)EW)Ig+110 = T <1} < C1™,

where the second inequality is because of property (3).
By the Sobolev embedding theorem, for all p > %, |u|| < Collu|, foru € H?,
where || - || is the C° sup norm and || - ||, is the Sobolev p-norm. Therefore,

lle (x)ke (x, )E(Y) — c(x)hY™ (x, »)E)
< C'le(@)k; (x, )E(Y) — c(x)h™ (x. )EW) || 341 < C'CL™,

In fact, since c(x) and ¢(xo) are compactly supported, the function in the norm
is supported in a compact set in M x M, where the embedding theorem can be
applied. O

Remark 6.6. From (6.4) it follows that
1 Lo
IEI&_ c(x)strk,(x,x) = 12%14- C(X)W X(:) t! straj(x)
i=

for sufficiently large /. Here, a;j(x) = a;(x, x). To calculate the left-hand side it is
sufficient to investigate a;s on the right-hand side.

If @ € Hom Vy, then a has a decompositiona = b ® ¢, b € C T M), c €
Hom W as in (6.1). The super-trace stra is then calculated by str(b ® ¢) = ©(b) -
strV/S (c) where str”/S is the super-trace on C-linear endomorphisms of W under the
identification Homg(r pr)(Vx) = Home (W) and 7, is the super-trace on Hom § =
S®S* = CI(T}M). The super-trace 7, on C1(7F M) is explicitly calculated by [5],
Proposition 3.21. Let ¢ = Zcilizn_ikeileiz ...e'x be an element in CT;M) =
Hom(S), where ¢;iy..ij, | < i1 < ip < -+ < ix =< n, is the coefficient of the
element e’le’2 ... e'* in CI(T,;) M). Then

75(c) = (=2i)2¢12. 0. (6.13)
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The Clifford algebra CI(T M) is a filtered algebra, more specifically, CI(Ty M) =
CI(R") = J;_, Cl;. Here CJ; is the linear combination of e/t ...e/k k < i. In
proving Theorem 6.3, the following lemma is obtained as a corollary.

Lemma 6.7. Let a;(x) be the i-th term in the asymptotic expansion. Then
a;i(x) € Cly; ® Homg(rzar)(S). (6.14)

Proof. We defined a; (x) = a;(x, x) to be b; (x, x). We need to show that b; (y, y) €
Cly; ® Homg;(Vy). Put x = y in (6.9). Then

bo(y.y) =1 and b;(y,y) = —5(D?hj-1)(y. ).

with bo(y,y) = 1 € Clp ® Homg(Vy). Inductively, the fact that D? contains the
factor c(e;)c(ej), makes sure that the degree of b; (x) does not increase by more than

2 compared to that of b;_; (x). O

Remark 6.8. As a consequence of (6.13) and (6.14) we have stra;(x) = 0 for

i < 5. Therefore indD = m 1)% diznl Jag ¢(x)str(a; (x))dx. Furthermore,
wt -

since the index is independent of ¢ and n is even, we have the following theorem.

Theorem 6.9. The index of the graded Dirac operator D is equal to

indD = ! n/ c(x)str(an/2(x))dx. (6.15)
)2 Jm

(4m)2

The element str(az (x)) in (6.15) can be calculated analytically in terms of differ-
ential forms on M. To calculate str(a,/,(x)) € Hom(Vy), we localize the operator
D and the heat kernel k;(x, y) at a point x. Because the local calculation is irrel-
evant to M being compact or not, we use the classical calculation of straz on a
compact manifold without modification. Therefore, str(a%(x)) is the n form part

of det? (Sinﬁf/z) tr’/S (e~ F). For details, please refer to [5], Chapter 4. Finally we

obtain the following main theorem of this subsection.

Theorem 6.10. Let R be the curvature 2-form with respect to the Levi-Civita con-
nection on the manifold (on TM'). Then

indD:/ c(x)A(M) - ch(V/S),
M

where /i(M) =det? (mﬂz%) is the A-class of TM andch(V/S)=t"/S (e_FV/S)

is the relative Chern character, i.e., Chern character of the twisted curvature F v/s
of the bundle S.
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6.2. Conclusion. In this subsection we will figure out ind Dy (4,) where D is the
Dolbeault operator on XX, and where V(op) is a bundle over XX. Dy(;p) is a
generalized Dirac operator and we calculate the case when D = Dy (5,), M = £X
in the previous subsections. Firstly we have the following proposition, as a corollary
to Theorem 6.10.

Proposition 6.11. Let G be a locally compact unimodular group and let M be
proper cocompact G-manifold of dimension n having an almost complex structure,
curvature R, a cutoff function ¢ € CX°(M) and a G-bundle E with curvature F.
Let D: L2(M, \>* T*M) — L2(M, \>* T*M) be the Dolbeault operator on M.
Then the L?-index of the twisted Dirac operator D g is

ind D = / ¢ Td(M) ch(E),
M

where Td(M)) = det(;2%) and ch(E) = try(e™F).

Both Td(M) and ch(E) are G-invariant forms. So the integral does not depend
on the choice of the cutoff function. If M = X X, then the cutoff function on M can
be obtained from the cutoff function on X by setting the values of the elements in the
same fiber to be the same. The following index formula is immediate assuming the
proposition.

Theorem 6.12. Let X be a complete Riemannian manifold where a locally compact
unimodular group G acts properly, cocompactly and isometrically. If P is a zero
order properly supported elliptic pseudo-differential operator, then the L? index of
P is given by the formula

ind P = [T . c(x)(A(X))?ch(op).

Proof. Set M = XX,V = V(op). Clearly, M has an almost complex structure. By
Proposition 5.9 and Proposition 6.11,

ind P =/ c(x)Td(EM) ch(Vyp) = f c(x) TdA(TX ® C)ch(op).
X TX

The statement follows from Td(TX ® C) = (A(X))2. O

Proof of Proposition 6.11. Let J be an almost complex structure on M. Say x;, y;,
1 <i < m, form a local frame of TM and J(x;) = y;, J(yi) = —x;. Now J
extends C-linearly to TM ® C = TM'° @ TM%!, where TM'° = {v —iJv |
v € TM} is the set of holomorphic tangent vectors of the form z; = x; — iy;
and TM%! = {v +iJv,v € TM} is the set of anti-holomorphic tangent vectors
of form Z; = x; + iy;. We have real isomorphisms 71%: TM — TM' v
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v =1(w—iJv),and n%': TM — TM!, v > v®! = (v +iJv). Therefore
(TM, J) ~ TM"® ~ TMO as an almost complex bundle.

In the same way, the complexified cotangent bundle decomposes into T*M &
C=T*M"O0pT*M"° where T*M'* = {n € T*M ® C | n(Jv) = in(v)},
consisting of covectors of form z/ = x/ 4 iy/, is the C-dual of TM -° (notation:
X (xi) = 8ij, y/ (i) = §i) and T*M®' = {n € T*M ® C | n(Jv) = —in(v)},
consisting of covectors of form z/ = x/ — iyj, is the C-dual of TM %1,

Let Q* M be the set of smooth sections of A* M, which splits into types (p, ¢) with
ANPAT*M = (NP T*M V0@ (N T*MOY). Ifa € QP9 (M), then the differential
decomposes into da = Zp+q+1(da)i’p+q+l_i and set do = (do)?t14, 9o =
(der)P4F1. The Dolbeault operator 9: Q%4 — Q04+ ig the order 1 differential
operator given by 9= ay +i a in the local coordinate (x, y) € M. If we incorporate

the grading, the Dolbeault operator is d + 3* on Q%* M.

The Dolbeault operator “is” the canonical Dirac operator on M in the sense
that they have the same symbol. The canonical Dirac operator on M is defined as
follows. The bundle S = A%* T*M has an action of the cotangent vectors via
Clifford multiplication:

c(ms = V2e®H(s) —t(n™%)s), neT*M, s e \>* T*M.

Here, c(x?) = \/LE(E(E) — 1(2)), c(xM)e(x’) + e(x/)e(x') = —2§;; and € is the
exterior multiplication and ¢ is the C-linear compression by a vector.

The canonical Dirac operator is definedtobe D = ) c(ei)VeI; where {e; } forms
a local orthonormal basis of TM and V% is the Levi-Civita connection on S. Now if
there is an auxiliary complex G-vector bundle £ — M, with a G-invariant Hermitian
metric and G-invariant connection V£, the Dolbeault operator D g acting on V =
S ® E with coefficients in £ can be represented by (up to a lower order term):

Dg =Zc(e,-)VZ, where VV = Vi@ 1+ 1@ VE.

Let V be the Levi-Civita connection on M (on (TM)%!, being more precise)
and let R = V2 € A*(M,s0(TM)) be the Riemannian curvature, the matrix with
coefficients of two-forms representing the curvature of M,

R(X,Y)=vay—VYVX—V[X,Y], X,YECOO(M,TM).
In the orthonormal frame e; of TM, R(e;j,ej) = — Y r;(R(e;. ej)ey, er)ek Ael,
where we identify so(7M) with the bundle of two-forms on M. Now we have a
Clifford module S, where C1(T*M) = Hom(S), on which T*M acts by Clifford
multiplication. On S there is a Clifford connection V° such that the Clifford multipli-
cation by unit vectors preserves the metric and VS is compatible with the connection
on M. Let RS = (V5)2 be the curvature associated to V5. It is well known that the
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Lie algebra isomorphism spin, >~ so, given by %[v, w] = v A w implies that

RS (e;.e)) = Z(R(el,e,)ek erclex)cler) = — Z(R(el,e,)ek er)e(ex)c(er).

k<l

On S, there is also a Levi-Civita connection, denoted by VZ. The associated
curvature RL = (V)2 € Hom S is written in the form

RL=RS+F,

where RS (-.) = 1 Y, (R(. )7 2)e(@)e(z)+2 Yoy (RC.)ze. Z)e(z)e() €
CI(TM) and F € Homc; V is the twisting curvature.

Recall that the curvature of the Levi-Civita connection on AV * is the derivation
of the algebra AV* which coincides with R(e;, ej) on V and is given by the formula

>o(€*, R(ei,e)er)elex)ue!) = I;(R(ei’ej)ez, ex)e(e)i(e).

k.l

Let R~ be the curvature of the Levi-Civita connection on 7%1 M. Note that R = R™.
Then the curvature of VX on S is given by

= L Rz e =~ YR )z e e,
i,j iJ

Using the fact that ¢(z;)* = 0,¢(Z)? = 0,¢(z;)e(Z}) + c(Z))e(zi) = —48;;,
where ¢(z) = c¢(x) +ic(y),c(Z) = c¢(x) —ic(y). We have

1 1
FV/S = RE — RS+FEZE;(Rzk,z})+FE:ETrR+FE

and a direct calculation shows that

R/2 LTR FE R FE
" p2lr :dt
smh k2@ ) =det )

= Td(M) Tr(e F"). O

FV/S

A(M)e = det

The following theorem is an immediate corollary to Theorem 6.12.

Theorem 6.13 (Atiyah’s L2 index theorem). Let D be an elliptic operator on a
compact mamfold X and D be the 11 (X)-invariant operator defined on the universal
cover space X as the lift of D. Then ind D = ind D.
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6.3. L2-index theorem for homogeneous spaces of Lie groups. Let G be a uni-
modular Lie group and H be a compact subgroup. Consider the homogenous space
M = G/H of left cosets of H in G, a G-bundle E over M and a G -invariant elliptic
operator D on E. The fiber of E at eH, denoted by E = E|.g, is an H-space,
sothat E = G xy E. Similarly, set V.= TogM, then TM = G xg V. Let
Qe NA(TM)* ® gl(TM) be the curvature of M, associated to the G-invariant
Levi-Civita connection on 7M. Then we have the G -invariant A-class

Q/4mi

~ 1
AM) = detz ———.
(M) ¢ sinh Q /4mi

LetQE e A\? (EM)*®gl(V(op)) be acurvature form associated to some G-invariant
connection on V(op) over XM . Then

ch(op) = Tre®" |y

is the Chern character of V(o4) restricted to TM . Let Qy be the curvature tensor €2
restrictedto V = T,y M and Q{f be the curvature tensor Q£ restricted to V. Then

we define the corresponding A-class and Chern character by

Qy/2

E
d ch = Trev.
snhqy 2 d chp)y =Tre

AM)y = det?

We have as a corollary the L2-index theorem for homogeneous spaces.

Corollary 6.14. The L2-index of a G-invariant elliptic operator D : L>(M, E) —
L*(M,E) is

ind D = [ A%(M)y ch(op)y. (6.16)
14
Proof. The L?-index theorem of D says that
ind D = / cA*(M) ch(op).
™
Since TM = G xg V, the integration of the form c A2 (M) ch(o4) on TM can be
computed by lifting to an H -invariant form on G x V, by integrating over the group
part and then the tangent space at eH . Since A%(M)ch(op) is G-invariant, at any

g € G the form will be the same as its value at the unit e of G: A2 (M)y ch(oq)y.
Hence,

/ c/fz(M)ch(oD)zf /fz(M)Vch(UD)V/ c(g”v)vol
™ 14 G

- /V 2(M)y chop)y.

where vol is the volume form on G. O
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Remark 6.15. The formula (6.16) is essentially the L2-index formula in [9]. We
shall compare the two formulas as follows. On the Lie algebra g of G there is an H -
invariant splitting ¢ = § @ m where }) is the Lie algebra of H and m is an H -invariant
complement. V = T,y (G/H) is a candidate for . There is a curvature form on
m defined by O(X,Y) = —%9([X, Y]), X,Y € m where 6 is the connection form
given by the projection 6: g — §). ® composed with r: ) — gl(E), the differential
of a unitary representation of H on some vector space E, is an H -invariant curvature
form ©,(X,Y) =r(®(X,Y)), X,Y € m. Then

ch: R(H) - H*(g. H), r > Tre®

is a well-defined Chern character ([9] page 309). Also, compose the curvature form
(6.15), with h — gl(V), the differential of the H-module structure of V. And a
curvature form Oy € A* m* @ gl(V) on V is constructed and the A-class is defined
as

N Op/2
Ala. H) = dett 2712
sinh @y /2
The L2-index formula of D in [9] is
ind D = / ch(a)A(g, H), (6.17)
14

where a is an element of the representation ring R(H ), specifically a is the pre-image
of V(op)|y+ under the Thom isomorphism R(H) — Kg (V). Here, V' is the space
built from V' by adding one point at infinity. It is the ball fiber in XM at eH. Note
that the Thom isomorphism exists only for the case when the action of H on V, lifts
to Spin(V'). The general case was done by introducing a double covering of H and
by reducing the problem to this situation [9], p. 307.

To see that (6.16) and (6.17) are the same formula, we prove the following asser-
tions.

(D) AM)y = A(g, H).

In fact, since TM = G xg V is a principal G-bundle over V/H and V is a
principal H-bundle over V/H by [19], II, Prop. 6.4, the connection form on TM
restricted to V is also a connection form. Also, on G/H the restriction of any G-
invariant tensor on TM to V is an H -invariant tensor on V. Therefore Qy is an
H -invariant curvature form on V ‘and the restrlctlon A (M)y is the A-class defined
by curvature Qy. By definition A(g H) is the A-class of the curvature Oy on v,
A-class of another connection on the same V. The statement is proved because Ais
a topological invariant and is independent of the choice of connection on V.

(2) ch(op)y = ch(a).
Similarly to the last proof, Q‘b; is an H -invariant curvature form of V(op)|y+

restricted to V. Recall that V(op) is glued by the G -invariant symbol op and therefore
it is determined by its restriction at the ball fiber, V™. By definition V(op)|y+ is
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glued two copies of BV x E on the boundary by op|sy. Note that the evaluation of
oplsy até € SVisop(eH, &) € GL(E), & € V, ||€|| = 1. We have an H -bundle
V(op)lyv = V xg E where a is the associated representation of H in E. Hence
the curvature QE is a composed with some curvature form on V. The statement
follows from the fact that ch(a) is independent of the connection and the choice of
the H -invariant splitting of G.
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