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Introduction

In the last twenty years, a lot of research appears on Artin—Schelter regular graded
algebras arising from noncommutative projective algebraic geometry, and on Artin-
Schelter regular Hopf algebras/quantum groups. Brown and Zhang proved that a
noetherian Artin—Schelter regular Hopf algebra is rigid Gorenstein [BZ08], which
is called the twisted Calabi—Yau condition in this paper. Such a class of algebras
is called twisted Calabi—Yau algebra (see Definition 1.1). Van den Bergh duality
[VABI98] holds for any twisted Calabi—Yau algebra. A noetherian Hopf algebra is
Artin—Schelter regular if and only if it is twisted Calabi—Yau. In the noetherian con-
nected graded case, an algebra is Artin—Schelter regular if and only if it is graded
twisted Calabi—Yau. Associated to a twisted Calabi—Yau algebra, there is an auto-
morphism, called the Nakayama automorphism in general, which is unique up to an
inner automorphism. A twisted Calabi—Yau algebra is Calabi—Yau in the sense of
Ginzburg [Gin06] if and only if its Nakayama automorphism is inner. Calabi—Yau
algebra is an algebraic structure arising from the geometry of Calabi—Yau manifolds
and mirror symmetry. It has attracted much interest in recent years.

For any finite-dimensional Lie algebra g, Yekutieli constructed the rigid dual-
izing complex of U(g) [Yek00]. In the terminology now used, in fact he proved
that U(g) is Calabi—Yau if and only if tr(ad x) = O for all x € g. This result is
generalized to a more general situation — the PBW deformations of Koszul Calabi—
Yau algebras [WZ13]. The quantized enveloping algebra of a complex semisimple
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Lie algebra is always Calabi—Yau [Che04]. In [BZ08], Brown and Zhang also de-
scribed the Nakayama automorphism explicitly by using the homological integral
for any noetherian Artin—Schelter regular Hopf algebra. Recently, some people are
interested in quantum homogeneous spaces, which are right coideal subalgebras of
Hopf algebras satisfying some additional conditions. One question is to study when
quantum homogeneous spaces are Artin—Schelter regular or twisted Calabi—Yau. The
first-named and the third-named authors studied the twisted Calabi—Yau property of
the right coideal subalgebras of a quantized enveloping algebra [LW14]. A class of
right coideal subalgebras of a quantized enveloping algebra can be obtained by iter-
ated Ore extensions. This motivates us to study the Nakayama automorphism and the
twisted Calabi—Yau property of Ore extensions in this paper. Ore extensions are non-
commutative analogues of polynomial extensions. If £ = A[x; 0, §] is a graded Ore
extension with ¢ an automorphism and A is Artin—Schelter regular, then so is E. This
means the twisted Calabi—Yau property of a connected graded algebra is preserved
by (graded) Ore extensions. It is natural to ask whether Ore extensions preserve the
twisted Calabi—Yau property in general situations? The answer is positive when o is
an automorphism.

Let E = A[x; 0, §] be an Ore extension with ¢ an automorphism. There is a short
exact sequence of E°-modules (see Lemma 2.1)

0>Ex° ELSEQELESO

Then an E°-projective resolution of E can be constructed by using an A°-projective
resolution of A. In particular, taking the bar complex of A, the construction is nothing
but the construction given by Guccione—Guccione [GG97]. Using this construction,
we compute the Hochschild cohomology H*(E, E ® E) and obtain a family of short
exact sequences (Theorem 2.7).

Theorem 1. Let A be a projective k-algebra and E = A[x; 0, 8] be an Ore extension
with 0 an automorphism. Suppose that A admits a finitely generated projective
resolution as an A®-module. Then for anyn € N,

0> H'(ALEQE)— H"(AEQ® E"_l) — H""Y E,E® E)—0
is an exact sequence of E¢-modules.

We prove that Ore extensions preserve the twisted Calabi—Yau property and de-
scribe the relation between the Nakayama automorphisms of A and E (Theorem 3.3).

Theorem 2. Let A be a projective k-algebra and E = A[x; 0, §] be an Ore extension
with o an automorphism. Suppose that A is v-twisted Calabi—Yau of dimension d.
Then E is twisted Calabi—Yau of dimension d + 1, and the Nakayama automorphism
V' of E satisfies that V'|4 = o~ 'v and v'(x) = ux + b for some u, b € A with u
invertible.
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As an application, we focus on a class of Artin—Schelter regular algebras of dimen-
sion 5 which were investigated in detail by the second-named and the third-named
authors [WW12]. These algebras may be constructed by iterated Ore extensions and
their Nakayama automorphisms are given explicitly.

The paper is organized as follows. In Section 1, we recall the definitions of
twisted Calabi—Yau algebras and Ore extensions, and fix some notation. In Section 2,
following [GGI97], we study Hochschild cohomology on Ore extensions instead of
Hochschild homology. Some exact sequences are obtained and Theorem 1 is proved.
In Section 3, we prove the main result Theorem 2, that is, Ore extensions preserve
the twisted Calabi—Yau property if o is an automorphism. The relation between their
Nakayama automorphisms is also described. In Section 4, the main result is applied to
multi-parameter quantum affine spaces and a class of Artin—Schelter regular algebras
of dimension 5 which can be constructed by iterated Ore extensions.

1. Preliminaries

1.1. Twisted Calabi-Yau algebras. Throughout, k is a unital commutative ring
and all algebras are k-algebras. Unadorned ® means ®y and Hom means Homy.
Suppose that A is an algebra. Let A°P be the opposite algebra of 4 and A* = A ® AP
be the enveloping algebra of A. The term A®-modules is used for A-A-bimodules.

For any two k-modules M, N,lettyyn: M @ N — N ® M be the flip map. The
subscript is often omitted if there is no confusion. For any A®-module M and any
endomorphisms v, o of A, denote by "M the A°-module whose ground k-module
is M and the action is given by a - m - b = v(a)mo (b) foralla,b € Aandm € M.
If one of v and o is the identity map, then it is usually omitted.

Suppose that M and N are both A°-modules. It is easy to see that there are
two A°-module structures on M ® N, one is called the outer structure defined by
(a®b) —~ (m®n) =am @ nb, and the other is called the inner structure defined
by (m ® n) ~ (a ® b) = ma ® bn,foranya,b € A,m e M,n € N. Since A®
is identified with A ® A as a k-module, A ® A endowed with the outer (resp. inner)
structure is nothing but the left (resp. right) regular A°-module A°. Hence we often
say A® has the outer and inner A®-module structures. In the following definition,
the outer structure on A° is used when computing the homology Ext. (A4, A°). Thus
Ext}.(A4, A°) admits an A°-module structure induced by the inner one on A°.

Definition 1.1. An algebra A is called v-twisted Calabi—Yau of dimension d for some
automorphism v of A and for some integer d > 0 if

(1) A is homologically smooth, that is, as an A°-module, A has a finitely generated
projective resolution of finite length;

0, i#d,

AY, i=d,

2) Extge(A, A°) x~ { as A®-modules.
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Sometimes condition (2) is called the twisted Calabi—Yau condition. In this case,
v is called the Nakayama automorphism of A.

The Nakayama automorphism is unique up to an inner automorphism. A v-twisted
Calabi—Yau algebra A is Calabi—Yau in the sense of Ginzburg [Gin06] if and only if
v is an inner automorphism of A.

Graded twisted Calabi—Yau algebras are defined similarly. Condition (1) is equiv-
alent to that A, when viewed as a complex concentrated in degree 0, is a compact
object in the derived category D(A°) [NeeOl], i.e., the functor Homp 4¢)(4, —)
commutes with arbitrary coproducts.

1.2. Artin—Schelter regular algebras. In this section, k is a field.

Definition 1.2. Suppose that A4 is an algebra with an augmentation map €: A — k.
Then A is called left Artin—Schelter regular (for short, AS-regular) if

(1) A has finite left global dimension d,
(2) dimg Extj(A[k,AA) = 1land Eth(A[k,AA) =O0foralli # d.

Right AS-regular algebras are defined similarly, and A is called AS-regular if 4
is both left and right AS-regular. A noetherian Hopf algebra is AS-regular if and
only if it is twisted Calabi—Yau. One direction is proved in [BZ08], Lemma 5.2 and
Proposition 4.5, where they used the term rigid Gorenstein for twisted Calabi—Yau.
The other direction follows from next lemma, which we can not locate a reference.

Lemma 1.3. Suppose that A is an algebra with an augmentation map €: A — k. If
A is twisted Calabi—Yau, then A is AS-regular.

Proof. Since

k'®4 A’[-d] = k'®4 RHom4e (A4, A°)
=~ RHomye (4, A ® k)
=~ RHomy: (A4, Hom(k, A))
=~ RHomy (A ®4 k, A)
=~ RHomy (k, 4),

it follows that dimy Extlfl1 (u4k,44) =1 and Ext{"‘l(A[k,AA) =0 foralli # d. Simi-
larly we can prove that A is also right AS-regular. g

For a connected graded algebra A, A is left AS-regular if and only if it is right
AS-regular. By the same argument as in the above lemma, A is AS-regular if A is
twisted Calabi—Yau. On the other hand, if A is noetherian AS-regular, then A has a
rigid dualizing complex [VdB97], which implies that A is twisted Calabi—Yau.
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1.3. Ore extensions. Let A be a k-algebra, o be an endomorphism of A and § be a
o-derivation (i.e., §: A — A is a k-linear map such that §(ab) = §(a)b + a(a)d(b)
foralla,b € A). Then o, § uniquely determine a ring extension E /A satisfying

(1) E is a free left A-module with basis {1, x, x2,...},
(2) Foranya € A, xa = o(a)x + §(a).

The algebra E is denoted by A[x; o, 8] and is called the Ore extension of A associ-
ated to o and §. For graded algebras, graded Ore extensions are defined similarly.
However, the Koszul sign convention does not apply in this context.

If o is the identity map, A[x; o, §] is often simply written as A[x; §]; and if § = O,
as A[x;o]. The polynomial extension A[x] is a special Ore extension.

If o is an automorphism, then {1, x, x2,...} is also a basis for E as a free right
A-module. In this case, Ax* C Zf:o xiAandx'A C Zj‘:o Ax/ forany k,l € N.
Let p} be the k-linear map which is the sum of all the compositions 0107 . .. 05, with
o; being o or §, and o appearing i times in each composition. Then for any a € A
andn > 1,

x"a = i pr(a)x’. (1.1)
i=0

Similarly, let ¢ be the k-linear map which is the sum of all the compositions
0107 ...0, with 0; being 0~ or —§0 ™!, and 0! appearing i times in each compo-
sition. Then foranya € Aandn > 1,

ax" = i x'q"(a). (1.2)
i=0

Many ring-theoretic and homological properties are preserved by Ore extensions
under certain conditions. We list some of them as follows.

e If A is an integral domain and o is injective, then E is an integral domain.
e If Ais aprime ring and o is an automorphism, then E is a prime ring.

* If A has finite right global dimension and ¢ is an automorphism, then E has
finite right global dimension, in fact,

r.gldmA4 <r.gl.dimE <r.gl.dimA4 + 1.

e If k is a noetherian ring, A is (strongly) right noetherian and o is an automor-
phism, then E is (strongly) right noetherian.

For the details and other properties of Ore extensions, we refer to [MRO1], [GW04],
[ASZ99], etc.

Here are some examples of iterated Ore extensions: multi-parameter quantum
affine n-spaces Oq(k"), Weyl algebras A4, (k), enveloping algebras U(g) of finite-
dimensional solvable Lie algebras g, the Borel part of quantized enveloping algebras
U, (g) of complex semisimple Lie algebras g, and some classes of AS-regular alge-
bras.
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1.4. Notations. We fix some notation about complexes and graded modules.
Suppose that (P.,d) is a chain complex. The [-shift of P., denoted by P[/].,
is defined by P[l], = P,_; and d[l], = (=1)'d,—;. If (P!, d’) is another chain
complex and f: P. — P/ is a morphism of complexes, the mapping cone of f,
denoted by cone( f'), is defined by cone( /), = Pn—1® P, and the differential sending

(p. p') € cone(f)n to (=dn-1(p). dy(p') — fa—1(p)). Dually, suppose that (Q", d),
(Q",d’) are cochain complexes and g: Q° — Q" is a morphism of complexes.
The [-shift of Q°, denoted by Q[I], is defined by Q[I]* = Q"*! and d[I]* =
(=1)!d"**. The mapping cone, cone(g), is defined by cone(g)* = Q"' @ Q™
and the differential sending (g, ¢’) € cone(g)" to (—d"*1(q),d"™(q") + g"*'(q)).
If f: P. — P/isamorphism of A-module complexes and 4 M is an A-module, then
cone(Homy (f, M)) = Homy (cone( f), M)[1].

For any graded A-module M, the n-shift M(n) of M is defined by M(n); =
Mn+i .

We mainly refer to [Lod98] for Hochschild homology and cohomology.

2. Hochschild cohomology on Ore extensions

We investigate the Hochschild cohomology on Ore extensions in this section. From
now on, o is always required to be an automorphism.

Lemma 2.1. Let A be an algebra and E = A[x; 0, 8] be an Ore extension. Then the
sequence of E¢-modules

0> E®4° ESERELE—SO @.1)

is exact, where p(e ® ¢') = ex @ ¢’ — e ® xe’ and y is given by multiplication.

Proof. First of all, p is well defined since

p(1®0 @) =x®0 '(a) —1®x0" (a)
=xQ0 (a)—1®ax—1® 86 (a)
=xo )@l —a®x -8 a)® 1
=ax®l—-—a®x
=pla®1l).

Suppose that Y 7_ ) x' ®e; € Ker p. Then Y ' x' Tl ®@e; =Y 7 x' ®xe; = 0.
Note that x"*! ® e, is the unique term containing x"*! as the first tensor factor. It
follows that ¢, = 0 and so Z?:o x' ® e; = 0. Thus p is injective.
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Now suppose that Y 7_, x' ® e/ € Ker u with e}, # 0. Then
n . n .
YxI®e =1®e+ Y X' ®e]
i=0 i=1

n n n
=1Qey+ > x'®e,— Y x'Quxe] + Y x'7 ® xe]

n . n—1
I®ey+p(X X1 ®e) + 3 x' ®xefy,
i=1 i=0

n—1
=Y x*®e/ (mod Imp),
i=0

where e/ € E and e;_; # 0. By induction on 7, we obtain Ker u = Im p.
Therefore, the sequence (2.1) is exact. ]

Remark 2.2. The graded version of Lemma 2.1 is also true. If deg(x) = [, the short
exact sequence (2.1) should be modified by

05 E®4° EDLSEQELE o

For any A®-projective resolution P. of A with an augmentationmap ¢, £ ®4 P. ®4

o'E and E ®4 P. ®4 E are E°-projective resolutions of £ ®4 °"'Eand E ®q E
respectively. By the Comparison lemma, p can be lifted to a morphism of £°-module

complexes from £ ®4 P. ®4 o'Eto E®4 P.®4 E, say ¥. Then cone(y) is an
E¢-projective resolution of F via u(idg ®¢ ® idg).
Now we start to look at the Hochschild cohomology. Let P. be the bar complex
of A,
0 4®2 2 403 20 X qent1 B ent2 B

where b': A®" 2 5 A®"+1 5 the map

n .
b'ay® - Qant1) = > (—1)'ap® -+ ®aiait1-++ ® dnt1-
i=0

A lifting map of p is constructed in [GG97] as follows.
The two complexes E ®4 P.®A‘771E and E®4 P.®4E are (E®A®*®“71E, bl )
and (E @ A®* ® E, by.+)» respectively, where the differentials are

n—1 .
bin(ao® - ®ant1) = Y (=1)ag @ ®aiai+1 ® - ® apt1
i=0

+ (_l)naO R Qap—1 U_l(an)an-i—la

n .
bop(@o® - ®ant1) = ) (=1)'ao® - ® ajai+1 ® - @ an+1.
i=0
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The lifting map {¢/ : E ® A®" ® ° 'E — E ® A®" @ E},cy is defined by
V(1®a® - ®ay® 1)

=x®0 M a)® Q0 N a)®1-1®a;1 ® - Qa, x

n
Y 1®a1® - ®aj—1®80 (a;)®0 1 aj+1) ® - ®0c (an) ® 1.
Jj=1

By the above argument, we have

Lemma 2.3 ([GGY97], Propositions 1.1 and 1.2). Let A be an algebra and E =
A[x; 0, 8] be an Ore extension. Then

. big . bis . bl
EQRC E<~—EQRAR? E<~—EQA®2 R E<— "
iw(, lw; J/‘”é (2.2)
b{)!] b(/)gz b(/).3
EQE EQAQE EQ A®?Q FE

is a commutative diagram of E°-modules, and

cone(¥) 5 E =0 (2.3)

is an exact sequence. If further, A is flat (resp. projective) over Kk, then (2.3) is a flat
(resp. projective) resolution of E as an E®-module.

In the following statements, we sometimes write f(a;®---®ay) as f(ay,...,as)
for convenience.

Let M be an E°-module. Applying Homge(—, M) to (2.2), we have the commu-
tative diagram

-1, "0 —1, b1 _1. bl2
Hom(k, M° ) —> Hom(4, M° )HHOm(A®2,M0 )
¥ } » o
0.0 »0-1 p0.2

Hom(k, M) Hom(4, M) Hom(A®2, M) ——— """
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where the maps are given by, for any f € Hom(A®", M), f € Hom(A®", Mo ),
b (f)(ar. ... ant1)
=aif(az,....an41) + i:l(—l)if(al, s @i@ig, e A1)

1

+ (_1)n+lf(ala e ,an)an-l—l,
Y (f)(ar, ... ans1)

~ n .
=ayf(ay,....,ans1) + X (=1 f(a1,...,aiqit1,...,an+1)
i=1
+ (D" f(ars. a0 @),

0" (f)ar,....an)
= xf(o_l(al),...,o_l(an)) — flay,...,an)x

n
- fla,...,aj—1,807Ya;),07 Y aj+1), . ..,07 X an)).
j=1
Obviously, when M is viewed as an A®-module, the two rows in the diagram

(2.4) are the Hochschild complexes C*(A4, M "_]) and C*(A, M). In general, for

any A°-module M, the differentials of C*(A, M) and C*(A, M "71) are denoted by
b and b1, respectively, if there is no confusion. On the other hand, by Lemma 2.3,
we can compute H" (E, M) by using cone(y’) or cone(8).

Lemma 2.4. Let A be a projective k-algebra and E = A[x; 0, 8] be an Ore extension
and let M be an E°-module. For anyn € N, H"(E, M) = H" !(cone(9)).

Proof. By (2.3) and (2.4),

H"(E,M) = H"(Homge(cone(y'), M))
>~ H"(cone(8)[—1])
= H" (cone()). O

Now let M = E ® E. By the definition of mapping cones, there is a short exact
sequence of E°-module complexes

0— C*(A,E® E® ') — cone(d) — C*(A, E ® E)[1] — O,

where the £°-module structure on each complex is induced by the inner structure on
E ® E. It follows that

o= H"™ Y (C*(A,E ® E° ') — H" ! (cone()) — H" 1 (C*(A, E ® E)[1])
L H"(C*(A,E ® E°')) = H"(cone()) — H"(C*(A,E ® E)[1]) — ---
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is an exact sequence of E¢-modules. By Lemma 2.4, the above sequence becomes

o > H" WA, EQE’° ')— H'(E,E®E) — H"(A,E ® E)

A H'AEQE) > H"™"WE,E®E) > H" (A, EQE) — --- ,
2.5)

where the connecting homomorphism d = H”"(6).
Since, as A°-modules, E® FE =~ AQ AQK[x]®2, ax! @ xkb — a @b @x! @ x*,
and similarly

EQE’ ~A®A4  ®kx]®? ~A4® 4 k[x]®2,
there exist two canonical morphisms of k-module complexes

C*(A,A® A )@ K[x]®2 — C*(4, EQ E° ),
C*(A,A® A) @ k[x]®? - C*(4,E ® E).

where the differentials of the left two complexes are b,—1 ® id®?, b ® id®?, respec-
tively.

We hope to equip the left two complexes with suitable E°-module structures
such that the above are morphisms of E°-module complexes. To this end, for any
feCm"(A,A® A°""), define

x (fexexh)=feoxlexkt! forallk,l e N,

- k - ,
a-(fox'®x) =Y ¢ fox'®x foralac A4,
i=0
(fex'®@xk) x=f@x/T @k,
F oo ol o K Lo; ;
(fex'®@x)a=Y [ pla)®x' ®xF,
i=0
where pf and qlk are defined in (1.1) and (1.2) respectively, the actions qlk (a)- f and
f . pf (a) are induced from the inner structure on 4 ® A0

This makes C*(4, A® A° ') ®k[x]®2 be a complex of E¢-modules and similarly
for C*(4,A® A) ® k[x]®2.

Lemma 2.5. Suppose that A is a flat k-algebra and E = A[x;0,8] is an Ore
extension. Then there exists a morphism of E¢-module complexes

7 C*(A, A® A) @ K[x]®% = C*(4, 4@ A° ") @ K[x]®2
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such that the diagram

C*(A,A® A° ") Q k[x]®2 — C*(4, E® E° )

nT Ta 2.6)

C*(A,A® A) Qk[x]®? —C*(4,EQE)

is commutative.

Proof. Forany y € A® A°", we use Sweedler’s notation y =Yy ®y”. Forany
fextexkeC™(4,4® A) ® k[x]®?, let

[f,xl ®xk]: (ai,...,an) = Zf(al,...,an)’xl ®xkf(a1,...,an)”
be the corresponding element in C" (A, E ® E). Then
0" ([, x' ® x)(a1,....an)
= x([fx' ® 2 )07 an).....0 7 @n)) = (£.x' @ x*)(ar.....an))x

C S @ K@y 8071 (@), 0" @) 0 an)
=1

=Y xf(c Y ay),....o0 Y an))'x! ® x* f(o™(ay),....07(an))"
—Zf(al,...,an)/xl R xF flar,....an)"x

- Z[f, x'® xk](al, ... ,aj_l,80_1(aj),0_1(aj+1), .. .,U_I(an))

j=1
=Y o(fo M @ar).....oc 7 Ha))x" T @ x* (o7 (ar).....07 (an))"
+28(f(07 (ar).....o  (an))x' @ x* f(o7(ay).....07 (an))"
— 3 flay,....ap)'x' @ x*tlo 1 (f(a,....an)")
+3 f(ar,....an)x" @ xk6a (f(ay, ... an)")
=YXt @ Xk, .. aj1.807 (aj). 07 @4 1). ... 07 an)
= [(0 ®id) f(e™H®" X' @ xK|(ay, .. .. ay)
—[(d®c™) fixt @ x* (a1, ....an)
+[(6 ®id) f(e™H®" x! @ x|(ar, ... an)
+ [(d®so™) f.x! @ xF(ay. ... an)

n . .
— Y [fGd® @607 @ (67H®" ), x! @ x¥|(ay, ... an).
j=1
Thus 7 can be defined as follows, so that the diagram (2.6) is commutative. For
anyn € Nand f € C"(4,A® A),

(feoxex) = oxt e - oo + exexk @7
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with

fi:=(®id) fc™H)®" 2.8)
foi=(d®o™") f (2.9)
fr=0®id) f(c™H®" + (([d®sc ") f — i f(d® 1 ®sc! ® (671)® ),

j=1
(2.10)

It remains to check that " is E°-linear for all n. In fact, it is obvious that
- (f @ x! @ x%)-x) = x - " (f ® x! ® x¥) - x. Thus it suffices to show

"a-(felel)=a-"(f®1®1), 2.11)
"(fe®1el)-a)=1"(f®111)-a. (2.12)
By the definition of n,

n"a-(felel)=n"@ fe1al)
=@ fNx@l—(a-fne®l®x+(@ f)30111,

and

a-(fR1®N)=a-(/i®x®1— L ®1@x+ f381®]1)
:a-f1®x®l—0_l(a)-f2®l®x
+é07 M) L®1I®1+a- 501®]1
=a-f1®x®1—0_1(a)-f2®l®x
+ @0 Na)- fota )11
It is easy to verify that (a - f); =a- f1,(a- f)2 =0~ '(a)- f> and

= Y@ a0 @).0 7 @) 07 )
j=
=Y 8(f(0 " (a1)...., o Han)) ®@af(0 (a),..., o~ (an))"
+Y flai,..., a,) ® So Yaf(ay,..., an)")
=Y fa,..., aj—1,807 (a;),07 (@) +1), . ., o~ !(an))
=Y 8(f(c " (a)..... o Nan)) ®@af(0 (a)...., o (an))"
+2 flai,- .-, an) ® S0 N a)o ' (f(ai..... an)")
+> flai,..., a,) ® ado~(f(ay,..., an)”)
=Y i@ Har, ..., aj—1.807 (aj).0 " (aj41). . ... o~ (an))

=a-$®id) f(c~ " @).....0 an))
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+ 80 a) - G(d®c™Y) f(ay,....an)
+a-(d®sc™) flai,... an)
- i(a . f)(al,...,aj_l,Sa_l(aj),o_l(ajH),...,o_l(an))
j=1
=@o Na)- fata- f3)ai... an).

Thus (2.11) holds and (2.12) can be checked in a similar way. Therefore, 7 is
constructed as desired. O

Lemma 2.6. Suppose that A is a flat k-algebra and E = A[x;0,8] is an Ore
extension. Let f € C"(A,A® A) (n € N)and f1, f>, f3 be given by (2.8), (2.9),
(2.10). The following are equivalent:

(1) f isacocycle (resp. coboundary) in C"*(A, A ® A),

(2) fiis a cocycle (resp. coboundary) in C"(A, A ® A”il),

(3) f> is a cocycle (resp. coboundary) in C" (A, A ® A”il).
If the above conditions are satisfied, f3 is also a cocycle (resp. coboundary) in
C"(A,A® A° ).
Proof. Takel = k = 1in (2.7), then

b f 19D =0/ ®x®1—-(bf)2®18x+(bf);e1)1
=b1/1®Xx®1—=b,~1 21 ®x+b,~1 301 1.

It follows that
(bf) =(id)bf) e HE T =b i1 fi, (bf)2=({d®c (bf)=b,—1 f>

and (bf)3 = by-1 /5.

So f is a cocycle if and only if f7 is a cocycle, if and only if f5 is a cocycle. If
any one of f, f1 and f; is a cocycle, then f3 is also a cocycle.

If f is a coboundary, say f = bg, then f; = (0 ® id)(bg)(c~1)®" = b, -1g1,
f2 =bs-182 and f3 = b,-1g3. Thus f1, f> and f3 are all coboundaries.

If either f; = (0 ® id) f(0~1)®" or f» = (id®o~!) f is a coboundary, then f
is a coboundary. O

Theorem 2.7. Let A be a projective k-algebra and E = A[x; o, 8] be an Ore ex-
tension. Suppose that A admits a finitely generated projective resolution as an A®-
module. Then for anyn € N,

9 _
0 H" (A EQE)> H'(AE®E’ ') > H'"WE,EQE) >0

is an exact sequence of E°-modules.
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Proof. Since A admits a finitely generated projective resolution as an A°-module,
the two horizontal arrows in (2.6) are quasi-isomorphisms of E¢-module complexes.
Thus the sequence (2.5) becomes

> H' (A A® A) @ KX 5> H (A4, A® A7) @ K[x]®2
- H""YE E®E)— .-,

where 9 is induced by 9 and 3= H"(n).

It is sufficient to show 0 is injective.

Suppose that ) fl*@x! @ x*isacocyclein C*(A4, A® A) ® k[x]®2 such
that 5(2(1’,{) @ xt @ x*¥ + Im(b" ! ® id®?)) = 0. Then

" ( Zfl,k ® x! ® xk) = Zfll’k Q xItl @ xk — Zle,k ® x! @ xk+1
(k) (1,k) (1,k)

+ Y fAR Xl @xk (2.13)
(k)
€ Im(b!Z} ® id®?).

Endow IN? with the lexicographical order from right to left, that is, (a,b) > (c,d) if
b>dor(b=d,a> c). So the set consisting of all pairs (/, k) such that ¥ =0
is a totally ordered set with respect to the order. Pick the greatest index ([, ko) and
observe that le 0:k0 @ vlo @ xko+1 is the unique term in (2.13) containing x/0 ® xko+1
as its tensor factor. Therefore, leo’ko is a coboundary and so is f’ lo-ko 1t follows

that 3 is injective. O

3. Ore extensions preserve the twisted Calabi—Yau property

In this section, we will show that the twisted Calabi—Yau property is preserved by Ore
extensions. First of all, recall the short exact sequence (2.1). If A admits a finitely
generated A®-projective resolution of finite length, say P., and

V:E®@4P.®4° E—E®4P Q4E

is a morphism lifting p, then cone(y) is a bounded complex of finitely generated
E¢-projective modules. Thus the following proposition is concluded immediately.

Proposition 3.1. Let A be an algebra and E = A[x; 0, 8] be an Ore extension. If A
is homologically smooth, then so is E.

Next, we consider the cohomology H*(E, E ® E).
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Proposition 3.2. Let A be a projective k-algebra and E = A[x;0,8] be an Ore
extension. Suppose that

(1) A admits a finitely generated projective resolution as an A®-module,
(2) H(A,A® A) = Ounlessi = d for some d € N.
Then H'(E,E @ E) = Ounlessi = d + 1.
Let , o' and Q2 be the cohomology groups H4 (A, A® A), H% (A, A ®A°" ) and

HY*YY(E,E ® E), respectively. Then Q =~ o' ® k[x] and the E°-module structure
on @' ® k[x] is given as follows, forany a € A, [f] € o', k € N,

- k - .
av ([f1®x*) = _goqf‘(a)[f] ® x', 3.1)
x> ([f1®xF) = [flex* T, (3.2)
(f1® x5 <a =[fla ® x*, (3.3)
(f1®xF) ax =[] @ xF ! —[f5] ® x¥, (3.4)

where f = (607! ® id)f(a®d), f2 and f3 are given by (2.9) and (2.10).

Proof. Since Hi (A, A®A° ') =~ H'(A, AQ°A),by Theorem?2.7, H! (E, EQE) =
Oforalli # d + 1. And as E¢-modules,

HYAERE)~0®k[x]®?, HYAE®E" ') ~w &Kkx]®2
where the E°-module structure on o’ ® k[x]®? is given by

x-(flox' @ x5 =[flox' @ x¥T! forall[fle o, k.l €N, (3.5)

a-([f]®xl®xk):iq{‘(a)[f]@xl@xi foralla € A, (3.6)
i=0
(f1®x' @ x*)-x = [f]® x' ® x*, 3.7)
-~ [ .
(flex' ®@x*)-a= Y [flpla) ® x' @ x*, (3.8)
i=0

and the E°-module structure on w ® k[x]®? is given similarly. By the proof of
Theorem 2.7,
3
0—ow®kx]®? = o Kk[x]®?* - Q =0

is exact.
To show € =~ o’ ® k[x], it suffices to show that o’ ® Kk[x] is the cokernel of 9.
Now, for any cocycle f € C9(4, A® A7) et £ = (67! ®id) £ (0®9). Then,
by the definition of , f; = f and

foxtlexr=foxeox*"' - x' @x¥ (mod Imn?). (3.9)
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By Lemma 2.6, f, f3 are also cocycles. If, in particular, f is a coboundary, then so
are f», f3, and vice versa. It follows that forany /, k € N,

- / )
fextexk=>Y ge®1®x/t* (mod Imn?) (3.10)
j=0

for some cocycles g; in C4(4, A ® Ao ), and f is a coboundary if and only if all
of the g;’s are coboundaries.

Obviously, f = 0 if and only if f; = 0. It follows from (2.13) that 3 ; g; ®
1 ®x/ €Im r]d if and only if g; = 0 for all j. This implies that the cocycles g; in
(3.10) are unique. Hence there exists a bijection

D (0 ® [k[x]®2)/ImZ~) — o' ® k[x]
l
[f] @x' ®x¥+Imdr—> Z[gj] Q x/ Tk,
j=0
Therefore, Q =~ o’ ® k[x]. It follows from (3.5), (3.6), (3.8) that the induced
E°-module structure on o’ ® k[x] satisfies (3.1), (3.2), (3.3). By (3.9),

O1([fil®x®1+Imd) =[] ®x —[f3] ® 1. (3.11)
Then it follows from (3.2) and (3.7) that ([ ] ® x¥) < x = [f2] ® xkT1 — [ 3] ® x*,
1.e., (3.4) holds. ]

Theorem 3.3. Let A be a projective k-algebra and E = A|x; 0, 8] be an Ore ex-
tension. Suppose that A is v-twisted Calabi—Yau of dimension d. Then E is twisted
Calabi-Yau of dimension d + 1 and the Nakayama automorphism v' of E satisfies
thatv'|4 = o~ 'v and v'(x) = ux + b withu, b € A and u invertible.

Proof. We still use w, @’ and 2 as above. As @’ =~ °w and w =~ A", we may fix a
bimodule isomorphism ¢ : @’ — A",

It follows from Proposition 3.2 that 2 =~ o’ ® k[x] == 4" ® k[x]. The E ® A°P-
module structure on °A” ® k[x] is induced from (3.1), (3.2) and (3.3). Let us prove

94 @ k[x] = E° ¥ as E ® A°P-modules.
In fact, the composition

—1 i _ _ _
N @ kx] 2% 4TV @ K[x] S K[x] @ 47V goTY

denoted by @3, is an isomorphism of £ ® A°°-modules.
Clearly, @3 is bijective. Forany a’,a € Aand k € N,

®5((a' @ x¥) <a) = ®3(a'v(a) ® x¥)
= x*6 (@Yo v (a)

= 03(d’ ® x¥) - a,
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D3(x > (@' @ x¥)) = P3(a’ @ xF 1) = X671 (d)
= xxko™ V()

= x - P3(d’ ® x5).

Recall the maps q{‘ : A — Ain (1.2) such that ax¥ = Zf:o xiq{‘(a),

k
®3(a > (@ ® X)) = &3(Y o(gF(@)a’ ® x7)
i=0

k.
=) x’qlk(a)o_l(a’) = axko_l(a’)
i=0
=a-ds3(d ® xF).

So Q =~ E° "V as E ® A°-modules. There exists an endomorphism v’ of E
such that Q =~ E" as E¢-modules and v'|4 = o~ 'v. In such a way, ®s is indeed an
isomorphism of E°-modules.

Now we try to decide v/(x). Let &, = ¢ ® id: o’ ® k[x] — 74" ® k[x]. Since
' = °A" via @, there exists a cocycle f €eC4A,A® A“_l) such that

O, ([f1®1®14+Imd) =14 ® 1.

Define f,h € C4(A,A® A) by f = (07! ®id) f(0®¢) and h = (id®0) f,
respectively. Clearly, f = f1 = h,. Thus f and & are both cocycles. Then
V(x)=1g-x

= D30, ([f/1®1®1+Imd)-x

= 030,®([f]®x®1+1Imd) by ((3.7)

= 030,01([/1] ® x ® 1 + Im d)

= O3D5([ 2] ® x) — P3P ([ /3] ® 1) by (3.11)

= ®3(p([f2) ® x) = P3(e([fzD ® 1)

= xo'o([f2]) — o p([f3])

= o([fal)x + 807 o([fo]) — o ([ f3]).

Letu = ¢([f2]) and b = §o ' o([f2]) — 0 '¢([f3]). Then v'(x) = ux + b.
On the other hand,

x=x-D30,P1([f]®1®1+Imd) = P30,P;([h2] ® | @ x + Im d)
P3P, D1 (1] ®x @ 1 +1Imd) + P30,P;([h3] ® 1 ® 1 4+ Im d)

= O30,01([1]®1Q®1+1Imd)-x + P30,®([h3] ® 1 ® 1 + Im d)
=0 "o([h1]) - x + 0 o([h3)).
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Letv = o 'o([h1]), ¢ = 0~ @([h3]). Then
x=v-x+c=v(ux+>b)+c=vux+vb+c,

which implies vu = 14 and vb 4+ ¢ = 0.

Since V|4 is an automorphism and u is left invertible, x € Im’, namely, v’
is surjective. Suppose that v'(}_7_, x’a;) = 0. Then develop v'(}_7_,x'a;) =
Y oux 4+ b)o v(a;) to the form Y i, x’al. Itis easy to show that the leading
term is x"0 " (u)...0 " 2(u)o " (u)o " v(a,). So the coefficient is zero. Since u is
left invertible and o, v are automorphisms, @, = 0. Consequently, v’ is injective.

Finally, we prove that u is also right invertible. In fact, for any a € A, xa =
o(a)x + §(a). Under the action of v/,

(ux + b)o w(a) = u(w(a)x + o v (a)) + bo " v(a)
= o Yo(a)(ux + b) + o é(a).

Comparing the coefficients of x, we have 0~ 'vo(a)u = uv(a) foranya € A. In
particular, let a = o~ 'v~!o(v) and so u is also right invertible.

Therefore, by Propositions 3.1, 3.2, E is twisted Calabi—Yau of dimension d + 1
and the Nakayama automorphism v’ satisfies the required conditions. (|

Remark 3.4. By the definition of in (2.6), fi = f>ifo =1id,and f3 = 0if§ = 0.
Thus v/(x) = x + bif o = id, and v'(x) = ux if § = 0.

4. Applications

One motivation of studying the twisted Calabi—Yau property of Ore extensions is
studying the right coideal subalgebras of the positive Borel part of a quantized en-
veloping algebra and computing their Nakayama automorphisms [LW 14] by the first-
named and the third-named authors. Such algebras can be obtained by iterated Ore
extensions. In [LW14], a class of right coideal subalgebras (quantum homogeneous
spaces) C C U,(g) is proved to be twisted Calabi—Yau, and the Nakayama automor-
phisms are given explicitly in some cases.
In this section, the base ring k is assumed to be a field.

4.1. Quantum affinespaces. As statedin Section 1, multi-parameter quantum affine
n-spaces Oq4(k™) can be obtained by iterated Ore extensions. Their Nakayama auto-
morphisms can be computed by using Theorem 3.3. Of course, all the results in this
section are known and can be deduced in some other way.

Let n > 1 and q be a matrix (¢;; )nxn Whose entries are in k satistying g;; = 1
and g;;¢qj; = 1forall 1 <i,j < n. The quantum affine n-space Oq(k") is defined
to be a k-algebra generated by x1,. .., x, with the relations x;x; = g;;x;x; for all
1<i,j <n.
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Proposition 4.1. The quantum affine n-space Oy(k™) is twisted Calabi-Yau of di-
mension n, whose Nakayama automorphism v sends x; to ]_[;-1:1 qjiXi.

Proof. If n = 1, O4(k) = k[x1]. The conclusion is true.

If n > 1, we assume the conclusion holds forn — 1. Let ¢’ bean (n — 1) x (n — 1)
matrix obtained by deleting the n™ row and the n™ column of q, and q” by deleting
the first row and the first column of q. Now consider the following two quantum
(n — 1)-spaces

Oy K" = K(x1, ..., Xne1 | XjX; = qijxix;, 1 <i,j <n—1),

(9q//([k”_1) =k{xa,...,xn | XjX; = qijxix;, 2 <1i,j <n).

Clearly, Oq (k") = Oy (K"~ 1)[xn; 0'] where 6/ (x;) = gipx; for1 <i <n—1, and
Oq(k") = Ogr (K" 1)[x1;0"] where 0" (x;) = gi1x; for2 <i <n.
By the inductive hypothesis, Og (k") and Og~ (k") are both twisted Calabi—
Yau of dimension #n — 1 and their Nakayama automorphisms v’, v” are given by
n—1
V(X)) =[] gjixi, 1<i<n-—1,
j=1

n
v'(xi) = [ gjixi, 2<i<n,
j=2
respectively.
Since the invertible elements in @4 (k") are those nonzero scalars in k, the identity
map is the only inner automorphism of @4 (k™). By Theorem 3.3, O (k™) is twisted
Calabi—Yau of dimension n whose Nakayama automorphism v satisfies

n—1 n
v(xi) =0 ] gjixi) = [] gjixi. 1<i<n-—1,
=1 =1
n
vx) = 0" [Tiopgjixi) = T1 qjixi. 2<i <n.
j=1

Sov(x;) = [1j=; gjixi for 1 <i <n.
Therefore, the proposition holds for all n > 1. O

Remark 4.2. The same method can be applied to Weyl algebras A, (k), n > 1.
As a consequence, Weyl algebra A, (k) is Calabi—Yau of dimension 2n [Ber09],
Theorem 6.5.

4.2. A 3-dimensional AS-regular algebra. Let A be generated by x, y, z with three
relations

yx —xy —x%, zx—xz, zy—yz—2xz.

Then A is a 3-dimensional AS-regular algebra.
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Let B = k(x, y)/(yx — xy — x?) be the Jordan plane, which is an AS-regular
algebra of dimension 2. Obviously, B = k[x][y; ;] with §;(x) = x2. It follows
that B is twisted Calabi—Yau, but not Calabi—Yau, with the Nakayama automorphism
given by v(x) = x and v(y) = 2x + y.

On one hand, A = B]z; v] is an Ore extension of Jordan plane. Then A is twisted
Calabi—Yau with the Nakayama automorphism v’ such that v’ (x) = x and v'(y) = y.

On the other hand, A = k[x, z][y; §] where § is given by §(x) = x? and §(z) =
—2xz. So0,V'(z) = z.

It follows that A is Calabi—Yau, which was proved by Berger and Pichereau
[BP14].

4.3. A class of AS-regular algebras of dimension 5. Classifying quantum pro-
jective spaces P” — noncommutative analogues of projective n-spaces — is one of
the most important questions in noncommutative projective algebraic geometry. An
algebraic approach to construct a quantum P” is to form the noncommutative pro-
jective scheme Proj A [AZ94], where A is a noetherian connected graded AS-regular
algebra of global dimension n + 1. So the question turns out to be the classification
of AS-regular algebras.

Recently, the second-named and the third-named authors tried to classify quantum
P4s. In [WW12], AS-regular algebras of dimension 5, generated by two generators of
degree 1 with three generating relations of degree 4, are classified under some generic
condition. There are nine types of such AS-regular algebras in the classification list.
Among them, algebras D and G can be realized by iterated Ore extensions ((WW12],
Proposition 5.7 and Theorem 5.8).

In this section, we compute the Nakayama automorphisms of these two types of
algebras. Assume k is a field of characteristic zero. The algebras D and G are of the
form k{x, y}/(r1,r2,r3).

For the algebra D,

r= x>y + pxPyx + qxyx® — p2p* + q)yx’,
ra = x2y? = p(p?> + Q) yxyx —¢*y2x% + (¢ — pP)xy*x + (g — p*)yx?y,
r3 = xy> + pyxy® + qy*xy — p(2p* + q)y°x,
where p, ¢ € k \ {0} and 2p* — p%q + ¢ = 0.
For the algebra G,
ry = x3y + pxzyx + qux2 + syx3,
ra = x2y% + Lhxyxy + layxyx + L4 y*x? + Isxy*x + lsyx?y,
rs = xy> + pyxy> 4+ qy’xy + sy’x,

where

s’(gs—g) . p8(ps—4q?) g, _psitag

2 = — ) 3=39 ) 14 = 5
glgs +g) q(gs +g)

20 T gs+g
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with p, q, s, g € k\ {0}, ps®g + qsg?> +s° + g2 = 0, p3s = ¢3, ps # 4>,
g%s®> # g?and s° + g3 # 0.

It is proved that the algebras D and G can be obtained as an iterated Ore extension
by a unified process [WW12], Section 5.2. We give a sketch of the process here.

Let A = k[y] withdegy = 1. Leta, b € ksatisfyab(a+b)(a®>+b>)(a®>—b3) #
0.

Define A; = A[z1;01] to be the graded Ore extension of A with degz; = 3,
where

o1(y) = ay.

Define Ay = A1[z2; 02, 62] to be the graded Ore extension of A1 withdegz, = 2,

where

02(y) = by, o02(z1) = azy,
82(y) =z1, 6a2(z1) =0.

Define A3 = A,[z3; 03, §3] to be the graded Ore extension of A, with deg z3 = 3,
where

o3(y) =a"'b?y, o03(z1) = b3z, 03(z2) = aza,
83(y) = z3, 83(z1) = (a — b)z3, 83(z2) = 0.

Define A4 = As[x; 04, 84] to be the graded Ore extension of A3 with degx = 1,
where

04(y) = a"'b?y, o4(z1) = a b3z, 04(22) = bz, 04(z3) = azs,
a’—b3 a’—b3
) = 25, ) =— "~ 72§ = —73, § =0.
4(y) =22 4(z1) a(a+b)22 4(22) a(a—l—b)z3 4(z3)

Leta = p~3g%,b = —p~'q. Then A4 = D. Leta = s>g~!,b = —p~1q. Then
A4 = G. Both isomorphisms send the indeterminants x, y in A4 to the generators
x, y of D and G, respectively.

Now let us compute the graded Nakayama automorphism v of A4.

By Theorem 3.3, v(y) = o, 'o3 o5 oy H(y) = ab~Sy.

Observe that A4 can be also obtained as an iterated Ore extension along the
opposite direction, thatis, adding z3, 22, z1, y to k[x] successively. The corresponding
automorphisms and derivations are determined by o; and §; (1 < i < 4). We do not
give their concrete expressions but only the result v(x) = a~'h°x.

Return to the algebras D and G. For D, a~'b® = p3¢~2p~%¢% = p~3¢*, and
the Nakayama automorphism v is given by

v(x) = p3¢*x, v(y) = PPy
For G,a 'h® = s72gp~%¢® = g, and the Nakayama automorphism v is given by
v(x) = gx, v(y) =g 'y

Thus we have
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Theorem 4.3. (1) The algebra D is twisted Calabi—Yau with the Nakayama auto-
morphism v given by

v(x) = p~3¢*x v(y) = pPg 7ty
And D is Calabi-Yau if and only if that p, q satisfy the system of equations

p®=q*
2p* = p*q + 4> =0.
(2) The algebra G is twisted Calabi—Yau with the Nakayama automorphism v
given by
v(x) = gx, v(y) =g 'y
And G is Calabi—Yau if and only if g = 1.
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