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Abstract. We consider a model of modified gravity based on the spectral action functional, for a
cosmic topology given by a spherical space form, and the associated slow-roll inflation scenario.
We consider then the coupling of gravity to matter determined by an almost-commutative
geometry over the spherical space form. We show that this produces a multiplicative shift of
the amplitude of the power spectra for the density fluctuations and the gravitational waves, by a
multiplicative factor equal to the total number of fermions in the matter sector of the model. We
obtain the result by an explicit nonperturbative computation, based on the Poisson summation
formula and the spectra of twisted Dirac operators on spherical space forms, as well as, for
more general spacetime manifolds, using a heat kernel computation.
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1. Introduction

Models of gravity coupled to matter based on Noncommutative Geometry are usually
obtained (see [35], [5], [8], [11]) by considering an underlying geometry given by
a product X � F of an ordinary 4-dimensional (Riemannian compact) spacetime
manifold and a finite noncommutative space F .

The main purpose of the paper is to show how the slow-roll inflation potential
derived in [20], [21] is affected by the presence of the matter content and the almost-
commutative geometry. We first consider the case of spherical space forms using
the Poisson summation formula technique and the nonperturbative calculation of
the spectral action, and then the case of more general spacetime manifolds using
a nonperturbative heat kernel argument, to show that the amplitude of the slow-
roll potential is affected by a multiplicative factor N equal to the dimension of the
representation, that is, to the total number of fermions in the theory.

In terms of identifying specific properties of this modified gravity model based
on the spectral action, which set it apart from other models, the dependence of the
amplitude of the inflation potential on the number of fermions in the particle physics
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sector of the model is so far the most striking feature that distinguishes it from other
known slow-roll inflation models.

1.1. Spectral triples. Noncommutative spaces are described, in this context, as
a generalization of Riemannian manifolds via the formalism of spectral triples in-
troduced in [10]. An ordinary Riemannian spin manifold X is identified with the
spectral triple .C1.X/; L2.X; S/; =D/, with the algebra of smooth functions acting
as multiplication operators on the Hilbert space of square integrable spinors and the
Riemannian metric reconstructed from the Dirac operator =D.

More generally, for a noncommutative space, a spectral triple is a similar set
.A;H ;D/ consisting of a �-algebra represented by bounded operators on a Hilbert
space H , and a self-adjoint operator D with compact resolvent acting on H with a
dense domain such that the commutators ŒD; a� extend to bounded operators on all of
H . A finite noncommutative space is one for which the algebra A and Hilbert space
H are finite dimensional.

A recent powerful reconstruction theorem ([12], see also [29]) shows that com-
mutative spectral triples that satisfy certain natural axioms, related to properties such
as orientability, are spectral triples of smooth Riemannian manifolds in the sense
mentioned above.

In the models of gravity coupled to matter, the choice of the finite geometry
F D .AF ;HF ;DF / determines the field content of the particle physics model. As
shown in [8], the coordinates on the moduli space of possible Dirac operatorsDF on
the finite geometry .AF ;HF / specify the Yukawa parameters (Dirac and Majorana
masses and mixing angles) for the particles. A classification of the moduli spaces of
Dirac operators on general finite geometries was given in [3].

1.2. The spectral action. One obtains then a theory of (modified) gravity coupled
to matter by taking as an action functional the spectral action on the noncommutative
spaceX�F , considered as the product of the spectral triples .C1.X/; L2.X; S/; =D/

and .AF ;HF ;DF /.
The spectral action functional introduced in [5] is a function of the spectrum of

the Dirac operator on a spectral triple given by summing over the spectrum with a
cutoff function. Namely, the spectral action functional is defined by Tr.f .D=ƒ//,
where ƒ is an energy scale, D is the Dirac operator of the spectral triple, and f is
a smooth approximation to a cutoff function. As shown in [5] this action functional
has an asymptotic expansion at high energies ƒ of the form

Tr.f .D=ƒ// �
X

k2DimSp

fkƒ
k

«
jDj�k C f .0/�D.0/C o.1/;

where the fk are the momenta fk D R 1
0
f .v/vk�1dv of the test function f , for k

a non-negative integer in the dimension spectrum of D (the set of poles of the zeta
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functions �a;D.s/ D Tr.ajDj�s/) and the term
ª jDj�k given by the residue at k of

the zeta function �D.s/.
These terms in the asymptotic expansion of the spectral action can be computed

explicitly: for a suitable choice of the finite geometry spectral triple .AF ;HF ;DF /

as in [8], they recover all the bosonic terms in the Lagrangian of the Standard Model
(with additional right-handed neutrinos with Majorana mass terms) and gravitational
terms including the Einstein–Hilbert action, a cosmological term, and conformal
gravity terms; see also Chapter 1 of [13]. For a different choice of the finite geometry,
one can obtain supersymmetric QCD, see [35].

The higher order terms in the spectral action, which appear with coefficients
f�2k D .�1/kkŠ=.2k/Šf .2k/.0/ depending on the derivatives of the test function and
involve higher derivative terms in the fields, were considered explicitly recently, in
work related to renormalization of the spectral action for gauge theories [36], [37] and
also in [6]. In cases where the underlying geometry is very symmetric (space forms)
and the Dirac spectrum is explicitly known, it is also possible to obtain explicit non-
perturbative computations of the spectral action, computed directly as Tr.f .D=ƒ//,
using Poisson summation formula techniques applied to the Dirac spectrum and its
multiplicities; see [6], [20], [21], [34].

1.3. Almost-commutative geometries. It is also natural to consider a generalization
of the product geometry X � F , where this type of almost-commutative geometry is
generalized to allow for nontrivial fibrations that are only locally, but not globally,
products. This means considering almost-commutative geometries that are fibrations
over an ordinary manifold X , with fiber a finite noncommutative space F . A first
instance where such topologically non-trivial cases were considered in the context of
models of gravity coupled to matter was the Yang–Mills case considered in [1].

In the setting of [1], instead of a product geometry X � F , one considers a
noncommutative space obtained as an algebra bundle, namely where the algebra of the
full space is isomorphic to sections�.X;E/of a locally trivial �-algebra bundle whose
fibers Ex are isomorphic to a fixed finite-dimensional algebra AF . The spectral triple
that replaces the product geometry is of the form .C1.X;E/; L2.X;E ˝ S/;DE/,
where the Dirac operator DE D c B .rE ˝ 1 C 1 ˝ rS / is defined using the spin
connection and a hermitian connection on the algebra bundle E (with respect to an
inner product obtained using a faithful tracial state �x on Ex). The spectral triple
obtained in this way can be endowed with a compatible grading and real structure
and it is described in [1] in terms of an unbounded Kasparov product of KK-cycles.
In the Yang–Mills case, where the finite-dimensional algebra is AF D MN .C/, it is
shown in [1] that this type of spectral triples describes PSU.N /-gauge theory with a
nontrivial principal bundle and the Yang–Mills action functional coupled to gravity
is recovered from the asymptotic expansion of the spectral action.

Even more generally, one can define an almost-commutative geometry with base
X , by a spectral triple of the form .A;H ;D/, where H D L2.X;V/ for V ! X a
self-adjoint Clifford module bundle, A D C1.X;E/ for E ! X a unital �-algebra
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subbundle of EndC
Cl.X/

.V/, and D a symmetric Dirac-type operator on V ; in this
context, the compact Riemannian manifold X is no longer required to be spin. A
reconstruction theorem for almost commutative geometries (defined in this more
general topologically nontrivial sense was recently obtained in [4] as a consequence
of the reconstruction theorem for commutative spectral triples of [12]. There the
above concrete definition was shown to be equivalent to an abstract definition of
almost-commutative geometry with base a commutative unital �-algebra, analogous
to the abstract definition of commutative spectral triple.

1.4. Cosmic topology and inflation. The asymptotic expansion of the spectral ac-
tion naturally provides an action functional for (Euclidean) modified gravity, where
in addition to the ordinary Einstein–Hilbert action with cosmological term one also
has a topological term (the Euler characteristic) and conformal gravity terms like the
Weyl curvature and a conformal coupling of the Higgs field to gravity. It also pro-
duces the additional bosonic terms: the action for the Higgs with quartic potential and
the Yang–Mills action for the gauge fields. Thus, it is natural to consider the spectral
action as a candidate action functional for a modified gravity model and study its
consequences for cosmology.

Cosmological implications of the spectral action, based on the asymptotic expan-
sion, were considered in [17], [19], [22], [23], [24], [25]. For recent developments
in the case of Robertson–Walker metrics see [7].

In [20] and [21] the nonperturbative spectral action was computed explicitly for
the 3-dimensional spherical space forms and the flat 3-dimensional Bieberbach man-
ifolds, via the same type of Poisson summation technique first used in [6] for the
sphere case. The spectral action for Bieberbach manifolds was also computed in
[28]. In these computations one considers the spectral action as a pure gravity func-
tional (that is, only on the manifold X , without the finite geometry F ). It is shown
that a perturbation D2 C �2 of the Dirac operator produces in the nonperturbative
spectral action a slow-roll potential V.�/ for the scalar field �, which can be used as
a model for cosmic inflation.

While in [6] the computation of the potential V.�/ is performed in the model the
case of the Higgs field, we do not assume here (nor in [20], [21]) that � is necessarily
related to the Higgs field and we only treat D2 C �2 as a scalar field perturbation of
the Dirac operator. In particular, in the noncommutative geometry models of particle
physics the Higgs field arises because of the presence of a nontrivial noncommutative
space F and an almost commutative geometry X � F (the product of the spacetime
manifold X and F , or more generally a nontrivial fibration as analyzed in [4]). The
Higgs field is described geometrically as the inner fluctuations of the Dirac operator
in the noncommutative direction F . On the other hand, more general fluctuations of
the formD2 C�2 are possible also in the pure manifold case (the pure gravity case),
in the absence of a noncommutative fiber F . These are indeed the cases considered
in [20], [21]. It is worth pointing out that if one assumes that the field � is related to
the Higgs field, then there are very strong constraints coming from the CMB data, as
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recently analyzed in [2], which make a Higgs-based inflation scenario, as predicted
by this kind of NCG model, incompatible with the measured value of the top quark
mass. However, these constraints do not directly apply to other scalar perturbations
�, not related to the Higgs field.

In this paper we focus on the same topologies considered in [20], [34] and [21].
These include all the most significant candidates for a nontrivial cosmic topology,
widely studied in the theoretical cosmology literature (see for example [27], [30],
[31]). We refer the reader to [20] and the references therein for a more detailed
overview of the specific physical significance of these various topologies.

In [20], [34] and [21] the nonperturbative spectral action is computed for all the
spherical space forms S3=� and for the flat tori and for all the flat Bieberbach 3-
manifolds (for the latter case see also [28]). These two classes of manifolds provide a
complete classification of all the possible homogeneous compact 3-manifolds that are
either positively curved or flat, hence they encompass all the possible compact cases
of interest to the problem of cosmic topology (see for instance [30], [31]). It is shown
in [20], [34] and [21] that the nonperturbative spectral action for spherical space
forms is, up to an overall constant factor that depends on the order of the finite group
� , the same as that of the sphere S3, hence so is the slow-roll potential. Similarly,
the spectral action and potentials for the flat Bieberbach manifolds are a multiple of
those of the flat torus T 3. In particular, for each such manifold, although the spectra
depend explicitly on the different spin structures, the spectral action does not. These
results show that, in a model of gravity based on the spectral action functional, the
amplitudes and slow-roll parameters in the power spectra for the scalar and tensor
fluctuation would depend on the underlying cosmic topology, and hence constraints
on these quantities derived from cosmological data (see [18], [32], [33]) may, in
principle, be able to distinguish between different topologies.

Here we discuss a natural question arising from the results of [20] and [21], namely
how the presence of the finite geometry F may affect the behavior of the slow-roll
inflation potential. As a setting, we consider the case of the spherical space forms
S3=� as the commutative base of an almost commutative geometry in the sense of
[4], where the Clifford module bundle V on S3=� is the spinor bundle twisted by a
flat bundle corresponding to a finite-dimensional representation ˛ W � ! GLN .C/ of
the group � . As the Dirac operator on the almost commutative geometry we consider
the corresponding twisted Dirac operator D�

˛ on S3=� . From the point of view of
the physical model this means that we only focus on the gravity terms and we do not
include the part of the Dirac operatorDF that describes the matter content and which
comes from a finite spectral triple in the fiber direction.

Our main result is that, for any such almost commutative geometry, the spectral
action and the associated slow-roll potential only differ from those of the sphereS3 by
an overall multiplicative amplitude factor equal toN=#� . Thus, the only modification
to the amplitude factor in the power spectra is a correction, which appears uniformly
for all topologies, by a multiplicative factor N depending on the fiber of the almost
commutative geometry. In terms of the physical model, thisN represents the number
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of fermions in the theory. We obtain this by computing the spectral action in its
nonperturbative form, as in [6], [20], [21], [34], using the Poisson summation formula
technique and the explicit form of the Dirac spectra derived in [9].

More generally, one can consider a finite normal Riemannian cover � ! zM !
M together with a finite-dimensional representation ˛ W � ! U.N/, and compare
the spectral action and slow-roll potential on a �-equivariant almost commutative
geometry over zM , with the spectral action and slow-roll potential on the quotient
geometry twisted by ˛, an almost commutative geometry over M . Using a nonper-
turbative heat kernel argument, we find that the spectral action and slow-roll potential
overM differ from those over zM , up to an error of orderO.ƒ�1/ asƒ ! C1, by
an overall multiplicative amplitude equal to N=#� , recovering both our result above
for spherical space forms, as well as the relations obtained in [20], [21] and [34]. We
also obtain the analogous result for the perturbative spectral action.

1.5. Basic setup. We recall the basic setting, following the notation of [9]. Let
� � SU.2/ be a finite group acting by isometries on S3, identified with the Lie group
SU.2/with the round metric. The spinor bundle on the spherical form S3=� is given
by S3 �� C2 ! S3=� , where � is the representation of � defined by the standard
representation of SU.2/ on C2.

A unitary representation ˛ W � ! U.N/ defines a flat bundle V˛ D S3 �˛ CN

endowed with a canonical flat connection. By twisting the Dirac operator with the flat
bundle, one obtains an operatorD�

˛ on the spherical form S3=� acting on the twisted
spinors, that is, on the �-equivariant sections C1.S3;C2 ˝ CN /� , where � acts by
isometries on S3 and by � ˝ ˛ on C2 ˝ CN ; these are the sections of the twisted
spinor bundleS3 ��˝˛ .C2 ˝CN / ! S3=� . Thus,D�

˛ is the restriction of the Dirac
operator D ˝ idCN to the subspace C1.S3;C2 ˝ CN /� � C1.S3;C2 ˝ CN /.

This setup gives rise to an almost commutative geometry in the sense of [4],
where the twisted Dirac operator D�

˛ represents the “pure gravity” part of the re-
sulting model of gravity coupled to matter, while the fiber CN D HF determines
the fermion content of the matter part and can be chosen according to the type of
particle physics model one wishes to consider (Standard Model with right-handed
neutrinos, supersymmetric QCD, for example, as in [8], [35], or other possibilities).
Since we will only be focusing on the gravity terms, we do not need to specify in full
the data of the almost commutative geometry, beyond assigning the flat bundle V˛

and the twisted Dirac operator D�
˛ , as the additional data would not enter directly in

our computations.
We later generalise this above setup as follows. Let � ! zM ! M be a finite

normal Riemannian covering with zM andM compact, let zV ! zM be a�-equivariant
self-adjoint Clifford module bundle, and let �-equivariant symmetric Dirac-type op-
erator zD on zV ; let ˛ W � ! U.N/ be a unitary representation. We can then define
a self-adjoint Clifford module bundle V˛ on M by . zV ˝ CN /=� , and a symmetric
Dirac-type operator D˛ on V˛ as the image of zD ˝ 1N acting on zV ˝ CN . Again,
since we will be focusing on the gravity terms, and since our results will allow for
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suitable equivariant perturbations of zD, we do not need to specify algebra bundles
for zV or for V˛ .

As it is customary when using the spectral action formalism, the computation in
the 4-dimensional case that determines the form of the inflation potential V.�/ is
obtained in Euclidean signature, on a compactification along an S1

ˇ
, of size ˇ. For

a detailed discussion of this method and of the significance of the parameter ˇ, we
refer the reader to §3.1 of [21].

This paper, as well as the previous two parts [20] and [21], are aimed at developing
the mathematical aspects of these noncommutative geometry models of cosmology,
hence they focus primarily on computing the non-perturbative form of the spectral
action for a relevant class of spaces, and showing how one can derive from it a
slow–roll inflation potential and the dependence of this potential from parameters of
the model (in the present paper, especially the dimension N of the representation).
This paper also focuses on comparing two different methods for computing the non-
perturbative spectral action, respectively based on the Poisson summation formula
and on heat kernel techniques. As such, it is addressed primarily to an audience of
mathematicians and mathematical physicists. Ultimately, the success of such models
in cosmology will inevitably depend on the more strictly cosmological aspects of
this project, namely a direct comparison between the model and the current CMB
data. This is indeed the aim of our ongoing collaboration with the cosmologist Elena
Pierpaoli and will be addressed elsewhere, as appropriate.

2. Poisson summation formula

Following the method developed in [6] and [20], [34], we compute the spectral action
of the quotient spaces S3=� equipped with the twisted Dirac operator corresponding
to a finite-dimensional representation ˛ of � as follows. We define a finite set of
polynomials labeled PC

m and P�
m that describe the multiplicities of, respectively, the

positive and negative eigenvalues of the twisted Dirac operator. More precisely, the
index m takes values in the set of residue classes of the integers modulo c� , where
c� is the exponent of the group � , the least common multiple of the orders of the
elements in � . For k � m mod c� , k � 1, and

� D �1=2˙ .k C 1/; (2.1)

Pṁ .�/ equals the multiplicity of �.
The main technical result we will prove is the following relation between these

polynomials:
c�X

mD1

PC
m .u/ D

c� �1X
mD0

P�
m .u/ D Nc�

#�

�
u2 � 1

4

�
: (2.2)

Since the polynomial on the right-hand side is a multiple of the polynomial for the
spectral multiplicities of the Dirac spectrum of the sphere S3 (see [6]), we will obtain
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from this the relation between the non-perturbative spectral action of the twisted Dirac
operatorD�

˛ on S3=� and the spectral action on the sphere, see Theorem 2.1 below.
Furthermore, we shall show that the polynomials PC

m .u/match up perfectly with
the polynomials P�

m .u/, so that the polynomials PC
m .u/ alone describe the entire

spectrum by allowing the parameter k in eq. (2.1) to run through all of Z. Namely,
what we need to show is that

PC
m .u/ D P�

m0.u/; (2.3)

where for eachm,m0 is the unique number between 0 and c� �1 such thatmCm0 C2
is a multiple of c� , or more precisely,

m0 D

8̂<̂
:
c� � 2 �m; if 1 	 m 	 c� � 2;
c� � 1; if m D c� � 1;
c� � 2 if m D c� :

Define
gm.u/ D PC

m .u/f .u=ƒ/:

Now we apply the Poisson summation formula to obtain

Tr.f .D=ƒ// D
X

m

X
l2Z

gm.1=2C c� l CmC 1/

D N

#�

X
m

cgm.0/CO.ƒ�1/

D N

#�

� Z
R
u2f .u=ƒ/ � 1

4

Z
R
f .u=ƒ/

�
CO.ƒ�1/

D N

#�

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
CO.ƒ�1/;

and so we have the main result.

Theorem 2.1. Let � be a finite subgroup of S3, and let ˛ be a N -dimensional
representation of � . Then the spectral action of S3=� equipped with the twisted
Dirac operator is

Tr f .D=ƒ/ D N

#�

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
CO.ƒ�1/;

where Of .2/ denotes the Fourier transform of u2f .u/.

Similar computations of the spectral action have also been performed in [20], [21],
and [34]. In the sequel we describe how to obtain eq. (2.2), by explicitly analyzing
the cases of the various spherical space forms: lens spaces, dicyclic group, and binary
tetrahedral, octahedral, and icosahedral groups. In all cases we compute explicitly
the polynomials of the spectral multiplicities and check that (2.2) is satisfied. Our
calculations are based on a result of Cisneros-Molina, [9], on the explicit form of the
Dirac spectra of the twisted Dirac operators D�

˛ , which we recall here below.
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2.1. Twisted Dirac spectra of spherical space forms. The spectra of the twisted
Dirac operators on the quotient spaces are derived in [9]. Let us recall the notation
and the main results.

Let Ek denote the k C 1-dimensional irreducible representation of SU.2/ on
the space of homogeneous complex polynomials in two variables of degree k. By
the Peter–Weyl theorem, one can decompose C1.S3;C/ D L

k Ek ˝ E�
k

as a
sum of irreducible representations of SU.2/. This gives that, on C1.S3;C2 ˝
CN / D L

k Ek ˝ E�
k

˝ C2 ˝ CN , the Dirac operator D ˝ idCN decomposes
as

L
k idEk

˝ Dk ˝ idCN , with Dk W E�
k

˝ C2 ! E�
k

˝ C2. Upon identifying
C1.S3;C2 ˝ CN /� D L

k Ek ˝ Hom�.Ek;C
2 ˝ CN /, one sees that, as shown

in [9], the multiplicities of the spectrum of the twisted Dirac operator D�
˛ are given

by the dimensions dimC Hom�.Ek;C
2 ˝ CN /, which in turn can be expressed in

terms of the pairing of the characters of the corresponding �-representation, that is,
as h	Ek

; 	�˝˛i� . One then obtains the following:

Theorem 2.2 (Cisneros-Molina, [9]). Let ˛ W � ! GLN .C/ be a representation of
� . Then the eigenvalues of the twisted Dirac operatorD�

˛ on S3=� are

�1
2

� .k C 1/ with multiplicity h	EkC1
; 	˛i�.k C 1/ if k � 0;

�1
2

C .k C 1/ with multiplicity h	Ek�1
; 	˛i�.k C 1/ if k � 1:

Proposition 2.3 (Cisneros-Molina, [9]). Let k D c� l Cm with 0 	 m < c� .
(1) If �1 2 � , then

h	Ek
; 	˛i� D

´
c� l
#�
.	˛.1/C 	˛.�1//C h	Em

; 	˛i� if k is even,
c� l
#�
.	˛.1/ � 	˛.�1//C h	Em

; 	˛i� if k is odd.

(2) If �1 … � , then

h	Ek
; 	˛i� D Nc� l

#�
C h	Em

; 	˛i� :

2.2. Lens spaces, odd order. In this section we consider � D Zn, where n is odd.
When n is odd, �1 … � , which affects the expression for the character inner products
in Proposition 2.3.

For m 2 f1; : : : ; ng, we introduce the polynomials,

PC
m .u/ D N

n
u2 C .ˇ˛

m � mN

n
/uC ˇ˛

m

2
� mN

2n
� N

4n
;

where
ˇ˛

m D h	Em�1
; 	˛i�

and m takes on values in f1; 2; : : : ; ng.
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Using Theorem 2.2 and Proposition 2.3, it is easy to see that the polynomials
PC

m .u/ describe the spectrum on the positive side of the real line, i.e., PC
m .�/ equals

the multiplicity of
� D �1=2C .k C 1/; k � 1;

whenever k � m mod n.
For the negative eigenvalues, the multiplicities are described by the polynomials

P�
m .u/ D N

n
u2 C

�
2N

n
C mN

n
� 
˛

m

�
uC 3N

4n
C mN

2n
� 
˛

m

2
;

m 2 f0; 1; : : : n � 1g, i.e., P�
m .�/ is equal to the multiplicity of the eigenvalue

� D �1=2 � .k C 1/; k � 0;

whenever k � m mod n; here 
˛
m is defined by


˛
m D h	EmC1

; 	˛i� :

Let us denote the irreducible representations of Zn by 	t , which sends the gen-
erator to exp

�
2�it

N

�
for t a residue class of integers modulo n.

For the sake of computation, we take Zn to be the group generated by

B D
"
e

2�i
n 0;

0 e� 2�i
n :

#

Then in the representation Ek , B acts on the basis polynomials Pj .z1; z2/, j 2
f0; 1; : : : kg as follows.

B 
 Pj .z1; z2/ D Pj ..z1; z2/B/

D Pj .e
2�i

n z1; e
� 2�i

n z2/

D .e
2�i

n z1/
k�j .e� 2�i

n z2/
j

D e
2�i

n .k�2j /Pj .z1; z2/:

Hence, B is represented by a diagonal matrix with respect to this basis, and we have

Proposition 2.4. The irreducible characters 	Ek
of the irreducible representations

of SU.2/ restricted to Zn, n odd, are decomposed into the irreducible characters 	Œt�

of Zn by the equation

	Ek
D

j DkP
j D0

	Œk�2j �:

Here, Œt � denotes the number from 0 to n � 1 to which t is equivalent mod n.



Coupling to matter, spectral action, cosmic topology 483

In the case where �1 … � , that is to say, when � D Zn where n is odd, by
equating coefficients of the quadratic polynomials PC

m and P�
m0 , the condition (2.3)

is replaced by one that may be simply checked.

Lemma 2.5. Let� be any finite subgroup of SU.2/ such that �1 … � . Then condition
(2.3) is equivalent to the condition

ˇ˛
m C 
˛

m0 D
´
	˛.1/; if 1 	 m 	 c� � 2;
2	˛.1/; if m D c� � 1; c� ;

where ˛ is an irreducible representation of � . Furthermore this condition holds in
all cases.

Using Proposition 2.4, it is a simple combinatorial matter to see that

nX
mD1

h	Em�1
; 	˛i� D N

nC 1

2
;

for any representation ˛ of Zn

For the argument to go through, one also needs to check the special case

PC
c�
.1=2/ D 0:

By direct evaluation one can check that this indeed holds.
For the negative side, we see that

nX
mD1

h	EmC1
; 	˛i� D N

nC 3

2

for any representation ˛ of Zn. Thus we obtain:

Proposition 2.6. Let � be cyclic with #� odd, and let ˛ be a N -dimensional repre-
sentation of � . Then

nX
mD1

PC
m .u/ D

n�1X
mD0

P�
m .u/ D Nu2 � N

4
:

Note that in the statement of Theorem 2.2, the first line holds even if we take k D
�1 since the multiplicity for this value evaluates to zero. Therefore, we automatically
have

P�
c� �1.�1=2/ D 0;

which we still needed to check.
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2.3. Lens spaces, even order. When n is even, we have �1 2 Zn. When �1 2 � ,
from Theorems 2.2 and 2.3 it follows that the multiplicity of the eigenvalue

� D 1=2C lc� Cm; l 2 N;

is given by

PC
m .u/ D 1

#�
.	˛.1/C .�1/mC1	˛.�1//u2

C
�
ˇ˛

m � 1

#�
.m.	˛.1/C .�1/mC1	˛.�1//

�
u

C 1

2
ˇ˛

m � 1

4#�
.	˛.1/C .�1/mC1	˛.�1//

� 1

2#�
m.	˛.1/C .�1/mC1	˛.�1///;

m 2 f1; 2; : : : ; c�g. The one case that is not clear is that of � D 1=2, which is not an
eigenvalue of the twisted Dirac operator. It is not clear from Theorems 2.2 and 2.3
that

PC
c�
.1=2/ D 0; (2.4)

and this needs to hold in order for the argument using the Poisson summation formula
to go through. However, by evaluating eq. (2.4) we see that one needs to check that

h	Ec� �1
; 	˛i D c�

#�
.	˛.1/C .�1/c� C1	˛.�1//;

so that eq. (2.4) indeed holds for each subgroup � and irreducible representation ˛.

Proposition 2.7. For any subgroup � � S3 of even order, the sum of the polynomials
PC

m is

c�X
mD1

PC
m .u/ D c�

#�
	˛.1/u

2 C
�

� c2
�	˛.1/

2#�
� c�.	˛.1/ � 	˛.�1//

2#�
C

c�X
mD1

ˇ˛
m

�
u

� c�	˛.1/

2#�
� c2

�	˛.1/

4#�
C c�

4#�
	˛.�1/C 1

2

c�X
mD1

ˇ˛
m:

Since the coefficients of the polynomial are additive with respect to direct sum, it
suffices to consider only irreducible representations.

In the case of lens spaces, c� D #� and	t .�1/ D .�1/t . As a matter of counting,
the following holds:

Proposition 2.8.
c�X

mD1

ˇt
m D

´
nC2

2
if t is even,

n
2

if t is odd.
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Putting this all into the expression of Proposition 2.7, we have, for an N -dimen-
sional representation ˛,

c�X
mD1

PC
m .u/ D N

�
u2 � 1

4

�
:

The negative eigenvalues are described by the polynomials

P�
m .u/ D 1

#�
.	˛.1/C .�1/mC1	˛.�1//u2

C
�
2Cm

#�
.	˛.1/C .�1/mC1	˛.�1// � 
˛

m

�
u


 3C 2m

4#�
.	˛.1/C .�1/mC1	˛.�1// � 1

2

˛

m

for m 2 f0; 1; : : : c� � 1g. So we have the following result.

Proposition 2.9. For any subgroup � � S3 of even order, the sum of the polynomials
P�

m is

c�X
mD1

P�
m .u/ D c�

#�
	˛.1/u

2

C
�
	˛.1/c

2
�

2#�
C 3	˛.1/c�

2#�
C 	˛.�1/c�

2#�
�

c� �1X
mD0


˛
m

�
u

C 	˛.1/c�

2#�
C 	˛.1/c

2
�

4#�
C 	˛.�1/c�

4#�
� 1

2

c� �1X
mD0


˛
m:

By counting, one can see that

c� �1X
mD0


 t
m D

´
nC4

2
if t is even,

nC2
2

if t is odd.

To complete the computation of the spectral action one still needs to verify the
condition (2.3). We have the following lemma, obtained by equating the coefficients of
PC

m andP�
m0 , that covers the cases of the binary tetrahedral, octahedral and icosahedral

groups as well.

Lemma 2.10. Let � be any finite subgroup of SU.2/ such that �1 2 � . Then the
condition (2.3) is equivalent to the condition

ˇ˛
m C 
˛

m0 D

8̂<̂
:
	˛.1/.	˛.1/C .�1/mC1	˛.�1// if 1 	 m 	 c� � 2;
2	˛.1/.	˛.1/C 	˛.�1// if m D c� � 1;
2	˛.1/.	˛.1/ � 	˛.�1// if m D c� ;
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where ˛ is an irreducible representation of � . Furthermore this condition holds in
all cases.

2.4. Dicyclic group. The character table for the dicyclic group of order 4r is, for r
odd,

Class 1C 1� 2l r0 r1
 t 2 2.�1/t �lt

2r C ��lt
2r 0 0

	1 1 1 1 1 1

	2 1 �1 .�1/l i �i
	3 1 1 1 �1 �1
	4 1 �1 .�1/l �i i ,

and for r even,

Class 1C 1� 2l r0 r1
 t 2 2.�1/t �lt

2r C ��lt
2r 0 0

	1 1 1 1 1 1

	2 1 �1 .�1/l i �i
	3 1 1 1 �1 �1
	4 1 �1 .�1/l �i i

Here �2r D e
�i
r , 1 	 t 	 r � 1; 1 	 l 	 r � 1. The notation for the different

conjugacy classes can be understood as follows. The number indicates the order of
the conjugacy class, while a sign in the subscript indicates the sign of the traces of
the elements in the conjugacy class as elements of SU.2/.

For the dicyclic group of order 4r , the exponent of the group is

c� D
´
2r if r is even,

4r if r is odd.

One can decompose the characters 	Ek
into the irreducible characters by inspec-

tion, and with some counting obtain the following propositions.

Proposition 2.11. Let � be the dicyclic group of order 4r , where r is even. Then

c�X
mD1

ˇ˛
m D

8̂<̂
:

r
2

if 	˛ 2 f	1; 	2; 	3; 	4g,
r if 	˛ D  t , t is even,

r C 1 if 	˛ D  t , t is odd;

c� �1X
mD0


˛
m D

8̂<̂
:

r
2

C 1 if 	˛ 2 f	1; 	2; 	3; 	4g;
r C 2 if 	˛ D  t , t is even,

r C 1 if 	˛ D  t , t is odd.
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Proposition 2.12. Let � be the dicyclic group of order 4r , where r is odd. Then

c�X
mD1

ˇ˛
m D

8̂̂̂<̂
ˆ̂:
2r if 	˛ 2 f	1; 	3g;
2r C 1 if 	˛ 2 f	2; 	4g;
4r if 	˛ D  t , t is even,

4r C 2 if 	˛ D  t , t is odd;

c� �1X
mD0


˛
m D

8̂̂̂<̂
ˆ̂:
2r C 2 if 	˛ 2 f	1; 	3g;
2r C 1 if 	˛ 2 f	2; 	4g;
4r C 4 if 	˛ D  t , t is even,

4r C 2 if 	˛ D  t , t is odd.

2.5. Binary tetrahedral group. The binary tetrahedral group has order 24 and
exponent 12. The character table of the binary tetrahedral group is as follows:

Class 1C 1� 4aC 4bC 4a� 4b� 6

Order 1 2 6 6 3 3 4

	1 1 1 1 1 1 1 1

	2 1 1 !2 ! ! !2 1

	3 1 1 ! !2 !2 ! 1

	4 2 �2 1 1 �1 �1 0

	5 2 �2 !2 ! �! �!2 0

	6 2 �2 ! !2 �!2 �! 0

	7 3 3 0 0 0 0 �1

Here, ! D e
2�i

3 .
For the remaining three groups, we can use matrix algebra to decompose the

characters 	Ek
.

Let 	j , xj , j D 1; 2 : : : ; d , denote the irreducible characters and representatives
of the conjugacy classes of the group � , respectively. Then, since every character
decomposes uniquely into the irreducible ones, we have a unique expression for 	Ek

as the linear combination

	Ek
D

dP
j D0

ck
j 	j :

If we let b D .bj / j D 1; : : : ; d be the column with bj D 	Ek
.xj /, and letA D .aij /

be the d � d matrix where aij D 	j .xi / and let c D .ck
j / j D 1; : : : d be another

column, then we have
b D AcI

but A is necessarily invertible by the uniqueness of the coefficient column c, and so
c is given by

c D A�1b:

By this method, we obtain the following proposition.
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Proposition 2.13. Let � be the binary tetrahedral group. Then

c�X
mD1

ˇ˛
m D

8̂<̂
:
3; if 	˛ 2 f	1; 	2; 	3g;
7; if 	˛ 2 f	4; 	5; 	6g;
9; if 	˛ D 	7I

c� �1X
mD0


˛
m D

8̂<̂
:
4; if 	˛ 2 f	1; 	2; 	3g;
7; if 	˛ 2 f	4; 	5; 	6g;
12; if 	˛ D 	7.

2.6. Binary octahedral group. The binary octahedral group has order 48 and ex-
ponent 24. The character table of the binary octahedral group is as follows:

Class 1C 1� 6C 60 6� 8C 8� 12

Order 1 2 8 4 8 6 3 4

	1 1 1 1 1 1 1 1 1

	2 1 1 �1 1 �1 1 1 �1
	3 2 2 0 2 0 �1 �1 0

	4 2 �2 p
2 0 �p

2 1 �1 0

	5 2 �2 �p
2 0

p
2 1 �1 0

	6 3 3 �1 �1 �1 0 0 1

	7 3 3 1 �1 1 0 0 �1
	8 4 �4 0 0 0 �1 1 0

Proposition 2.14. Let � be the binary octahedral group. Then

c�X
mD1

ˇ˛
m D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

6; if 	˛ 2 f	1; 	2g;
12; if 	˛ D 	3,

13; if 	˛ 2 f	4; 	5g;
18; if 	˛ 2 f	6; 	7g;
26; if 	˛ D 	8I

c� �1X
mD0


˛
m D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

7; if 	˛ 2 f	1; 	2g;
14; if 	˛ D 	3,

13; if 	˛ 2 f	4; 	5g;
21; if 	˛ 2 f	6; 	7g;
26; if 	˛ D 	8.

2.7. Binary icosahedral group. The binary icosahedral group has order 120 and
exponent 60. The character table of the binary icosahedral group is as follows:
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Class 1C 1� 30 20C 20� 12aC 12bC 12a� 12b�
Order 1 2 4 6 3 10 5 5 10

	1 1 1 1 1 1 1 1 1 1

	2 2 �2 0 1 �1 � � �� ��
	3 2 �2 0 1 �1 �� �� � �

	4 3 3 �1 0 0 �� � �� �

	5 3 3 �1 0 0 � �� � ��
	6 4 4 0 1 1 �1 �1 �1 �1
	7 4 �4 0 �1 1 1 �1 �1 1

	8 5 5 1 �1 �1 0 0 0 0

	9 6 �6 0 0 0 �1 1 1 �1
Here, � D

p
5C1
2

, and � D
p

5�1
2

.

Proposition 2.15. Let � be the binary icosahedral group. Then

c�X
mD1

ˇ˛
m D

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

15; if 	˛ D 	1;

31; if 	˛ 2 f	2; 	3g;
45; if 	˛ 2 f	4; 	5g;
60; if 	˛ D 	6;

62; if 	˛ D 	7;

75; if 	˛ D 	8;

93; if 	˛ D 	9I

c� �1X
mD0


˛
m D

8̂̂̂̂
ˆ̂̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂:

16; if 	˛ D 	1;

31; if 	˛ 2 f	2; 	3g;
48; if 	˛ 2 f	4; 	5g;
64; if 	˛ D 	6;

62; if 	˛ D 	7;

80; if 	˛ D 	8;

93; if 	˛ D 	9.

2.8. Sums of polynomials. If we input the results of Propositions 2.8, 2.11, 2.12,
2.13, 2.14, 2.15 into Propositions 2.7, 2.9, and also recall Proposition 2.6, we obtain
the following.

Proposition 2.16. Let � be any finite subgroup of SU.2/ and let ˛ be an N -
dimensional representation of � . Then the sums of the polynomials PC

m and P�
m

are given by
c�X

mD1

PC
m .u/ D

c� �1X
mD0

P�
m .u/ D Nc�

#�

�
u2 � 1

4

�
:
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3. A heat kernel argument

It may at first seem surprising that, in the above calculation, using the Poisson summa-
tion formula and the explicit Dirac spectra, although the spectra themselves depend
in a subtle way upon the representation-theoretic data of the unitary representation
˛ W � ! U.N/, through the pairing of the characters of representations, the resulting
spectral action only depends upon the dimension N of the representation, the order
of � and the spectral action on S3.

This phenomenon is parallel to the similar observation in the Poisson formula
computation of the spectral action for the spherical space forms and the flat Bieberbach
manifolds in the untwisted case [20], [21], [34], where one finds that, although the
Dirac spectra are different for different spin structures, the resulting spectral action
depends only on the order #� of the finite group and the spectral action on S3 or T 3.

In this section, we give a justification for this phenomenon based on a heat kernel
computation that recovers the result of Theorem 2.1 and justifies the presence of the
factor N=#� .

3.1. Generalities. We begin with some background on the spectral action for almost
commutative spectral triples. In what follows, let L denote the Laplace transform,
and let �.0;1/ D f� 2 �.R/ j �.x/ D 0; x 	 0g.

Theorem 3.1. Let .A;H;D/ be a spectral triple of metric dimension p, and let
f W R ! C be even. If jf .x/j D O.jxj�˛/ as x ! 1 for some ˛ > p, then
f .D=ƒ/ D f .jDj=ƒ/ is trace-class for any ƒ > 0. If, in addition, f .x/ D
LŒ��.x2/ for some measurable � W RC ! C, then

Tr.f .D=ƒ// D
Z 1

0

Tr.e�sD2=ƒ2

/�.s/ds:

Proof. Fix ƒ > 0. Let �k denote the k-th eigenvalue of D2 in increasing order,
counted with multiplicity; since .A;H;D/ has metric dimension p, .�k C1/�p=2 D
O.k�1/ as k ! 1, and hence for k > dim kerD, ��1

k
D O.k�2=p/ as k ! 1.

By our hypothesis on f , then, for k > dim kerD,

jf .�1=2

k
=ƒ/j D O.k�˛=p/; k ! 1I

since 2˛=p > 1, this implies that
P1

kD1 f .�
1=2

k
=ƒ/ is absolutely convergent, as

required.

Suppose, in addition, thatf .x/ D LŒ��.x2/ for some measurable� W Œ0;1/ ! C.
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Then

Tr.f .D=ƒ// D
1X

kD1

LŒ��.�k=ƒ
2/

D
1X

kD1

Z 1

0

e�s�k=ƒ2

�.s/ds

D
Z 1

0

h 1X
kD1

e�s�k=ƒ2
i
�.s/ds

D
Z 1

0

Tr.e�sD2=ƒ2

/�.s/ds;

as was claimed.

The above result raises the question of when a function � W RC ! C defines a
function f .x/ D LŒ��.x2/ such that f .D=ƒ/ is trace-class; a sufficient condition is
given by the following lemma.

Lemma 3.2. If � 2 �.0;1/, then LŒ��.s/ D O.s�k/ as s ! C1 for all k 2 N.

Proof. Since � 2 �.0;1/, �.k/ is a bounded function with �.k/.0/ D 0 for all
k 2 N, and hence snLŒ��.s/ D LŒ�.n/�.s/ too is bounded, as required.

As a corollary of the above results, together with the asymptotic expansion of the
heat kernel of a generalised Laplacian, we obtain the following basic result on the
spectral action for almost commutative spectral triples:

Corollary 3.3 (cf. [26], Theorem 1). Let V be a self-adjoint Clifford module bundle
on a compact oriented Riemannian manifoldM , and letD be a symmetric Dirac-type
operator on V . Let f W R ! C be of the form f .x/ D LŒ��.x2/ for � 2 �.0;1/.
Then for ƒ > 0, f .D=ƒ/ is trace-class with

Tr.f .D=ƒ// D
Z 1

0

� Z
M

tr.K.s=ƒ2; x; x//d Vol.x/
�
�.s/ds;

whereK.t; x; y/denotes the heat kernel ofD2, and Tr f .D=ƒ/admits the asymptotic
expansion

Tr.f .D=ƒ// �
1X

kD� dim M

ƒ�k�k

Z
M

akCdim M .x;D
2/d Vol.x/;

as ƒ ! C1, where an.x;D
2/ is the n-th Seeley–DeWitt coefficient of the gener-

alised LaplacianD2, and the constants �n are given by

�n D
Z 1

0

�.s/sn=2ds:
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Proof. The first part of the claim follows immediately from the fact that

Tr.e�tD2

/ D
Z

M

tr.K.t; x; x//d Vol.x/; t > 0;

while the second part of the claim follows immediately from the asymptotic expansion

tr.K.t; x; x// � t� dim M=2

1X
kD0

tk=2ak.x;D
2/; t ! 0;

together with the assumption that � has rapid decay, so that, in particular, the �n are
all finite.

In fact, since an. 
 ;D2/ D 0 for n odd [15], Lemma 1.7.4, one has that the
asymptotic form of Tr .f .D=ƒ//, as ƒ ! C1, is given by´P1

nD0ƒ
2.m�n/�2.m�n/

R
M
a2n.x;D

2/d Vol.x/ if dimM D 2m,P1
nD0ƒ

2.m�n/C1�2.m�n/C1

R
M
a2n.x;D

2/d Vol.x/ if dimM D 2mC 1.

Note also that for n > 0,

��n D
Z 1

0

�.s/s�n=2ds D 1

�.n=2/

Z 1

0

f .u/un�1du:

The following result guarantees that the �k can be chosen at will:

Proposition 3.4. For any .an/ 2 CZ there exists some � 2 �.0;1/ such that

an D
Z 1

0

sn=2�.s/ds; n 2 Z:

In fact, this turns out to be a simple consequence of the following result by Durán
and Estrada, solving the Hamburger moment problem for smooth functions of rapid
decay:

Theorem 3.5 (Durán–Estrada, [14]). For any .an/ 2 CZ there exists some � 2
�.0;1/ such that

an D
Z 1

0

sn�.s/ds; n 2 Z:

Proof of Proposition 3.4. By Theorem 3.5, let  2 �.0;1/ be such that

an D 2

Z 1

0

snC1 .s/ds; n 2 Z:

Then for �.s/ D  .
p
s/ 2 �.0;1/,Z 1

0

sn=2�.s/ds D 2

Z 1

0

tnC1 .t/dt D an; n 2 Z;

as required.
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3.2. Non-perturbative results. We now give a non-perturbative heat kernel-theo-
retic analysis of the phenomenon mentioned above.

Let zM ! M be a finite normal Riemannian covering with zM and M compact,
connected and oriented, and let � be the deck group of the covering. Let zV ! zM
be a �-equivariant self-adjoint Clifford module bundle, and let zD be a �-equivariant
symmetric Dirac-type operator on zV . We can therefore form the quotient self-adjoint
Clifford modulebundle V ´ zV=� ! M D zM=� , with zD descending to a symmet-
ric Dirac-type operator D on V ; under the identification L2.M;V/ Š L2. zM; zV/� ,
we can identifyD with the restriction of zD to C1. zM; zV/� , where the unitary action
U W � ! U.L2. zM; zV// is given by U.
/
. Qx/ ´ 
. Qx
�1/
 .

Our first goal is to prove the following result, relating the spectral action of D to
the spectral action of zD in the high energy limit:

Theorem 3.6. Let f W R ! C be of the form f .x/ D LŒ��.x2/ for � 2 �.0;1/.
Then for ƒ > 0,

Tr .f .D=ƒ// D 1

#�
Tr

�
f . zD=ƒ/

	
CO.ƒ�1/; as ƒ ! C1. (3.1)

Remark 3.7. Theorem 3.6 continues to hold even when inner fluctuations of the
metric are introduced, since for A 2 C1.M;End.V// symmetric, D CA on V lifts
to zD C QA on zV , where QA is the lift of A to zV .

To prove this result, we will need a couple of lemmas. First, we have the following
well-known general fact:

Lemma 3.8. Let G be a finite group acting unitarily on a Hilbert space H , and let
A be a G-equivariant self-adjoint trace-class operator on H . Let H G denote the
subspace of H consisting ofG-invariant vectors. Then the restriction AjH G of A to
H G is also trace-class and

Tr.AjH G/ D 1

#G

X
g2G

Tr.gA/:

Proof. This immediately follows from the observation that 1
#G

P
g2G g is the orthog-

onal projection onto H G .

Now we can compute the heat kernel trace of D using the heat kernel for zD:

Lemma 3.9. For t > 0,

Tr.e�tD2

/ D 1

#�
Tr.e�t zD2

/C 1

#�

X
�2�nfeg

Z
zM
tr.�.
/. Qx
�1/ zK.t; Qx
�1; Qx//d Vol. Qx/;

where zK.t; Qx; Qy/ denotes the heat kernel of zD and � denotes the right action of � on
the total space zV .
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Proof. Let 
 2 � . Then

.U.
/e�t zD2

/
. Qx/ D U.
/

� Z
zM

zK.t; Qx; Qy/
. Qy/d Vol. Qy/
�

D �.
/. Qx
�1/

� Z
zM
. Qx
�1/ zK.t; Qx
�1; Qy/
. Qy/d Vol. Qy/

�
D

Z
zM
�.
/. Qx
�1/ zK.t; Qx
�1; Qy/
. Qy/d Vol. Qy/

for any 
 2 C1. zM; zV/, so that the operator U.
/e�t zD2
has the integral kernel

.t; Qx; Qy/ 7! �.
/. Qx
�1/ zK.t; Qx
�1; Qy/:

Since L2.M;V/ Š L2. zM; zV/� , we can therefore apply Lemma 3.8 to obtain the
desired result.

Finally, we can proceed with our proof.

Proof of Theorem 3.6. By Corollary 3.3 and Lemma 3.9, it suffices to show that for

 2 G n feg,Z 1

0

� Z
zM

tr.�.
/. Qx
�1/ zK.s=ƒ2; Qx
�1; Qx//d Vol. Qx/
�
�.s/ds D O.ƒ�1/;

as ƒ ! 1.

Now, since zM is compact and since the finite group � acts freely and properly,

inf
. Qx;�/2 zM��

d. Qx
�1; Qx/ D min
. Qx;�/2 zM��

d. Qx
�1; Qx/ > 0:

Hence, by [16], Proposition 3.24, there exist constants C > 0, c > 0 such that

sup
Qx2 zM

k zK.t; Qx
�1; Qx/k2 	 Ce�c=t ; t > 0;

for k
k2 the fibre-wise Hilbert–Schmidt norm, implying, in turn, that for every n 2 N
there exists a constant Cn > 0 such that

sup
Qx2 zM

k zK.t; Qx
�1; Qx/k2 	 Cnt
n; t > 0:
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Hence, for each n 2 N,ˇ̌̌̌ Z 1

0

� Z
zM

tr.�.
/. Qx
�1/ zK.s=ƒ2; Qx
�1; Qx//d Vol. Qx/
�
�.s/ds

ˇ̌̌̌
	

Z 1

0

Vol.M/. sup
Qx2 zM

k�.
/. Qx/k2/. sup
Qx2 zM

k zK.s=ƒ2; Qx
�1; Qx/k2/j�.s/jds

	 Vol.M/ 
 . sup
Qx2 zM

k�.
/. Qx/k2/ 
 Cn

Z 1

0

.s=ƒ2/nj�.s/jds

D .Vol.M/ 
 . sup
Qx2 zM

k�.
/. Qx/k2/ 
 Cn 

Z 1

0

snj�.s/jds/ƒ�2n;

yielding the desired result.

Now let ˛ W � ! GLN .C/ be a representation of �; by endowing CN with a
�-equivariant inner product, we take ˛ W � ! U.N/. Since zM ! M is a principal
�-bundle, we form the associated Hermitian vector bundle F ´ zM �˛ CN ! M ;
since� is finite, we endow F with the trivial flat connection d . We can therefore form
the self-adjoint Clifford module bundle V ˝ F ! M , which admits the symmetric
Dirac-type operator D˛ obtained from D by twisting by d , that is,

D˛ D D ˝ 1C c.1˝ d/;

where c denotes the Clifford action on V ˝ F .
We now obtain the following generalisation of Theorem 3.6, which explains the

factor of N=#� appearing in Theorem 2.1 above:

Theorem 3.10. Let f W R ! C be of the form f .x/ D LŒ��.x2/ for � 2 �.0;1/.
Then for ƒ > 0,

Tr.f .D˛=ƒ// D N

#�
Tr.f . zD=ƒ//CO.ƒ�1/; as ƒ ! C1.

Remark 3.11. This result is again compatible with inner fluctuations of the metric,
insofar as if A 2 C1.M;End.V// is symmetric, then D˛ C A ˝ 1 on V ˝ F is
induced from zD C QA on zV , where QA is A viewed as a �-equivariant element of
C1. zM;End. zV//.

Proof of Theorem 3.10. On the one hand, consider the trivial bundle zF ´ zM �CN

over zM , together with the trivial flat connection d . Then for the action . Qx; v/
 ´
. Qx
; ˛.
�1/v/, zF is a�-equivariant Hermitian vector bundle, andd is a�-equivariant
Hermitian connection on zF . Then, by taking the tensor product of �-actions, we can
endow zV ˝ zF with the structure of a �-equivariant self-adjoint Clifford module
bundle, admitting the �-equivariant symmetric Dirac-type operator 
D˛ D zD ˝ 1C
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c.1˝ d/. As a vector bundle, however, we may simply identify zV ˝ zF with zF ˚N ,
in which case we may identify fD˛ with zD ˝ 1N .

On the other hand, by construction, the bundle F defined above is the quotient
of zF by the action of � . Hence, under the action of � , the quotient of zV ˝ zF is
the self-adjoint Clifford module bundle V ˝ F , with fD˛ descending to the operator
D ˝ 1C c.1˝ d/ D D˛ .

Finally, by Theorem 3.6 and our observations above,

Tr.f .D˛=ƒ// D 1

#�
Tr.f . 
D˛=ƒ//CO.ƒ�1/

D 1

#�
Tr.f . zD=ƒ/˝ 1N /CO.ƒ�1/

D N

#�
Tr.f . zD=ƒ//CO.ƒ�1/; as ƒ ! C1;

as was claimed.

One can apply these results to give a quick second proof of Theorem 2.1.

Second proof of Theorem 2.1. Recall that � � SU.2/ is a finite group acting by
isometries on S3, identified with SU.2/ endowed with the round metric, and that
˛ W � ! U.N/ is a representation. Since S3 is parallelizable and � acts by isome-
tries, the spinor bundle C2 ! �S3 ! S3 and the Dirac operator =DS3 are trivially
�-equivariant. Then, by construction, the Dirac-type operator D�

˛ on �S3 ˝ V˛ is
precisely the induced operator D˛ corresponding to zD D =DS3 , so that by Theo-
rem 3.10,

Tr .f .D˛=ƒ// D N

#�
Tr .f . =DS3=ƒ//CO.ƒ�1/; as ƒ ! C1.

However, by [6], §2.2, one has that

Tr.f . =DS3=ƒ// D ƒ3 bf .2/.0/ � 1

4
ƒ Of .0/CO.ƒ�1/;

where bf .2/ denotes the Fourier transform of u2f .u/. Hence,

Tr.f .D˛=ƒ// D N

#�

�
ƒ3 bf .2/.0/ � 1

4
ƒ Of .0/

�
CO.ƒ�1/;

as required.

3.3. Perturbative results. Let us now turn to the perturbative picture. In light of
Corollary 3.3, it suffices to compare the Seeley–DeWitt coefficients of zD2 with those
of D2 and D2

˛ .
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Proposition 3.12. Let zD and D be as above. Let � W zM ! M denote the quotient
map. Then for all n 2 N,

an.�. Qx/;D2/ D an. Qx; zD2/; Qx 2 zM;

and hence Z
M

an.x;D
2/d Vol.x/ D 1

#�

Z
zM
an. Qx; zD2/d Vol. Qx/:

Proof. By [15], Lemma 4.8.1, there exist a unique connection r and endomorphism
E on V such that D2 D r�r � E, and similarly a unique connection zr and endo-
morphism zE on zV such that zD2 D zr� zr. Since zD2 is the lift of D2 to zV , it follows
by uniqueness that zr and zE are the lifts of r and E, respectively, to zV as well.

Now, since the finite group � acts freely and properly on zM , let f.U˛; ‰˛/g be
an atlas for zM such that for each ˛, �jU˛ W U˛ ! �.U˛/ is an isometry. Hence, the
local data defining an. 
 ;D2/ on U˛ lifts to the local data defining an. 
 ; zD2/ on
��1.U˛/; since for P D r�r � E a generalised Laplacian on a Hermitian vector
bundle E ! X , each an. 
 ; P / is given by a universal polynomial in the Riemannian
curvature ofX , the curvature of r,E, and their respective covariant derivatives [15],
§4.8, it therefore follows that an. 
 ; zD2/ is indeed the lift to zM of an. 
 ;D2/, as was
claimed.

Proposition 3.13. Let zD andD˛ be as above. Then for all n 2 N,

an.�. Qx/;D2
˛/ D Nan. Qx; zD2/; Qx 2 zM;

and hence Z
M

an.x;D
2
˛/d Vol.x/ D N

#�

Z
M

an. Qx; zD2/d Vol. Qx/:

Proof. On the one hand, by [15], Lemma 1.7.5, an. 
 ; zD2 ˝ 1N / D Nan. 
 ; zD2/ for
zD2 ˝ 1N on zV˚N . On the other hand, zD2 ˝ 1N is the lift to zV˚N ofD2

˛ on V ˝ F ,
so that by Proposition 3.12, an. 
 ; zD2 ˝ 1N / is the lift to zM of an. 
 ;D2

˛/. Hence,
Nan. 
 ; zD2/ is the lift to zM of an. 
 ;D2

˛/, as required.

Let us now apply these results to the Dirac operator =DS3 on the round 3-sphere
S3, together with a finite subgroup � of SU.2/ acting freely and properly on S3 Š
SU.2/, and a representation ˛ W � ! U.N/. Since =D2

S3 D .rS /�rS C 3
2

by the
Lichnerowicz formula, it follows from [15], Theorem 4.8.16, thatZ

S3

a0.x; =D
2
S3/d Vol.x/ D

Z
S3

.4�/�3=2 tr.id/d Vol.x/ D
p
�

2
;Z

S3

a2.x; =D
2
S3/d Vol.x/ D

Z
S3

.4�/�3=2 tr
�
6

6
id � 3

2
id

�
d Vol.x/ D �

p
�

4
:
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Since the operatorD�
˛ is preciselyD˛ as induced by zD D =DS3 , it therefore follows

by Proposition 3.13 thatZ
S3=�

a0.y; .D
�
˛ /

2/d Vol.y/ D N

#�

Z
S3

a0.x; =D
2
S3/d Vol.x/ D N

p
�

.#�/2
;Z

S3=�

a2.y; .D
�
˛ /

2/d Vol.y/ D N

#�

Z
S3

a2.x; =D
2
S3/d Vol.x/ D �N

p
�

.#�/4
:

Finally, one has

��3 D 2

�.3=2/

Z 1

0

f .u/u2du D 2p
�

Z 1

�1
f .u/u2du D 2p

�

b

f .2/.0/;

��1 D 2

�.1=2/

Z 1

0

f .u/du D 1p
�

Z 1

�1
f .u/du D 1p

�
Of .0/;

where bf .2/ is the Fourier transform of f .u/u2. Hence,

Tr.f . =DS3=ƒ// � ƒ3��3

Z
S3

a0.x; =D
2
S3/d Vol.x/

Cƒ��1

Z
S3

a2.x; =D
2
S3/d Vol.x/CO.ƒ�1/

D ƒ3 bf .2/.0/ � 1

4
ƒ Of .0/CO.ƒ�1/

and

Tr.f .D�
˛ // � ƒ3��3

Z
S3=�

a0.y; .D
�
˛ /

2/d Vol.y/

Cƒ��1

Z
S3=�

a2.y; .D
�
˛ /

2/d Vol.y/CO.ƒ�1/

D N

#�

�
ƒ3 bf .2/.0/ � 1

4
ƒ Of .0/

�
CO.ƒ�1/;

which is indeed consistent with Theorem 2.1.

4. The inflation potential and the power spectra

It was shown in [20], [21] that for a 3-manifold Y that is a spherical space form S3=�

or a flat Bieberbach manifold (a quotient of the flat torus T 3 by a finite group action),
the non-perturbative spectral action determines a slow-roll potential for a scalar field
� by setting

Tr.h..D2
Y �S1 C �2/=ƒ2// � Tr.h.D2

Y �S1=ƒ
2// D VY .�/;
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up to terms of order O.ƒ�1/, where, in the spherical space form case the potential
is of the form

VY .�/ D �ƒ4ˇa3VY

�
�2

ƒ2

�
C �

2
ƒ2ˇaWY

�
�2

ƒ2

�
;

for h the test function for the computation of the spectral action on the 4-manifold
Y �S1, a > 0 the radius of the sphere andˇ > 0 the size of the circle compactification
S1. The functions VY and WY are of the form

VY .x/ D �Y VS3.x/ and WY .x/ D �Y WS3.x/;

where, for Y D S3=� , the factor �Y D .#�/�1, and

VS3.x/ D
Z 1

0

u.h.uC x/ � h.u//du and WS3.x/ D
Z x

0

h.u/du:

Thus, the potential satisfies

VY .�/ D �Y VS3.�/ D VS3.�/

#�
: (4.1)

The slow-roll potential VY .�/ can be used as a model for cosmological inflation.
As such, it determines the behavior of the power spectra Ps;Y .k/ and Pt;Y .k/ for the
density fluctuations and the gravitational waves, respectively given in the form

Ps.k/ � 1

M 6
P l

V 3

.V 0/2
and Pt .k/ � V

M 4
P l

; (4.2)

withMP l the Planck mass, see [32] and [21] for more details. Including second order
terms, these can be written also as power laws as in [32],

Ps.k/ � Ps.k0/

�
k

k0

�1�nsC ˛s
2 log.k=k0/

;

Pt .k/ � Pt .k0/

�
k

k0

�nt C ˛t
2 log.k=k0/

;

(4.3)

where the exponents also depend on the slow roll potentials through certain slow-roll
parameters. Since, as already observed in [20], [21], the slow-roll parameters are
not sensitive to an overall multiplicative scaling factor in the potential, we focus here
only on the amplitude only, which, as shown in [21], correspondingly changes by a
multiplicative factor. Namely, in the case of a spherical space form with the spectral
action computed for the untwisted Dirac operator, one has

Ps;Y .k/ � �Y Ps.k0/

�
k

k0

�1�n
s;S3 C ˛

s;S3

2 log.k=k0/

;

Pt;Y .k/ � �Y Pt .k0/

�
k

k0

�n
t;S3 C ˛

t;S3

2 log.k=k0/

;

(4.4)
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where, as above, �Y D 1=#� .
The amplitude and the exponents of the power law are parameters subject to

constraints coming from cosmological observational data, as discussed in [18], [32],
[33], so that, in principle, such data may be able to constrain the possible cosmic
topologies in a model of gravity based on the spectral action. To this purpose, it
is important to understand how much the amplitude and the slow-roll parameter are
determined by the model. A discussion of the role of the parameters ƒ, a, and ˇ is
included in [21], while here we focus on how the coupling of gravity to matter affects
these parameters.

By directly comparing the argument given in [20] proving (4.4) with the result of
Theorem 2.1 above, we see that, in our case, we obtain then the following version of
(4.4), modified by an overall multiplicative factorN , the total number of fermions in
the model of gravity coupled to matter.

Proposition 4.1. For a spherical space form Y D S3=� , consider the slow-roll
potential VY;˛.�/ determined by the nonperturbative spectral action

Tr.h..D2
˛;Y �S1 C �2/=ƒ2// � Tr.h.D2

˛;Y �S1=ƒ
2// D VY;˛.�/;

where D˛;Y �S1 is the Dirac operator induces on the product geometry Y � S1 by
the twisted Dirac operatorD�

˛ on Y . Then the associated power spectra as in (4.2),
(4.3) satisfy (4.4), with �Y D N=#� .

4.1. Inflation potential in the heat kernel approach. Let us now consider inflation
potentials on space-times of the form M � S1

ˇ
for M compact oriented Riemannian

and odd-dimensional, arising from general almost commutative triples over M .
LetD is a symmetric Dirac-type operator on a self-adjoint Clifford module bundle

V ! M , with M compact oriented Riemannian and odd-dimensional, and let =Dˇ

be the Dirac operator with simple spectrum 1
ˇ
.Z C 1

2
/ on the trivial spinor bundle

C ! �S1
ˇ

! S1
ˇ

. We may immediately generalise the construction of [6], §2.3,

to obtain an odd symmetric Dirac-type operator DM�S1
ˇ

on the self-adjoint Clifford

module bundle .V ��S1
ˇ
/˚2 ! M �S1

ˇ
. Hence, we may define an inflation potential

VM W C1.M � S1
ˇ
/ ! R by

VM .�/ ´ Tr.h..D2

M�S1
ˇ

C �2/=ƒ2// � Tr.h.D2

M�S1
ˇ

=ƒ2//;

where h D LŒ � for  2 �.0;1/; note that D2

M�S1
ˇ

C �2 has heat trace

Tr.e
�t.D2

M�S1
ˇ

C�2/

/ D 2Tr.e�t =D2
ˇ /Tr.e�tD2

/e��2t

for � locally constant.
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Let � ! zM ! M , zV ! zM , V ! M , zD, D, ˛, F ! M and D˛ be defined
as in Subsection 3.2, with M and zM odd-dimensional, generalising the discussion
above of � ! S3 ! Y . On the one hand, we may form odd Dirac-type operators
zD QM �S1

ˇ
, DM�S1

ˇ
, and D˛;M�S1

ˇ
from zD, D and D˛ , respectively, as above. On the

other hand, if one trivially extends the action of � on zM to zM � S1
ˇ

and the action

on zV ! zM to .V � �S1
ˇ
/˚2 ! M � S1

ˇ
, then D zM�S1

ˇ
becomes a �-equivariant

Dirac-type operator on .V � �S1
ˇ
/˚2, and the constructions of Section 3.2 applied

to the �-equivariant Dirac-type operatorD zM�S1
ˇ

reproduce precisely the Dirac-type

operators DM �S1
ˇ

, and D˛;M�S1
ˇ

.

Now let V zM , VM and VM;˛ denote the inflation potentials corresponding to QD,
D and D˛ , respectively, which we all view as nonlinear functionals on C1. zM �
S1

ˇ
;R/� Š C1.M � S1

ˇ
;R/. Then, since we also have that D2

zM�S1
ˇ

C �2 is the lift

ofD2

M�S1
ˇ

C�2 and .D2
zM�S1

ˇ

C�2/˝1N is the lift ofD2

M�S1
ˇ

;˛
C�2, Theorems 3.6

and 3.10, mutatis mutandis, therefore imply the following result:

Proposition 4.2. Let � ! QM ! M , QV ! X , QD and ˛ W � ! U.N/ be as above,
and define V , D, V˛ and D˛ as above. Let V QM , VM and VM;˛ be defined as above.
Then

VM .�/ D 1

#�
V zM .�/CO.ƒ�1/; as ƒ ! C1

and

VM;˛.�/ D N

#�
V zM .�/CO.ƒ�1/; as ƒ ! C1:

This, therefore, explains the factor �Y in eqs. (4.1) and (4.3) and Proposition 4.1.
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[3] B. Ćaćić, Moduli spaces of Dirac operators for finite spectral triples. In Quantum groups
and noncommutative spaces, Aspects Math. E41, Vieweg Teubner, Wiesbaden 2011, 9–
68. Zbl 1262.58017 MR 2798433
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