J. Noncommut. Geom. 9 (2015), 161-184 Journal of Noncommutative Geometry
DOI 10.4171/JINCG/190 © European Mathematical Society

The Dolbeault dga of the formal neighborhood of the diagonal

Shilin Yu*

In memory of my mother

Abstract. A well-known theorem of Kapranov states that the Atiyah class of the tangent
bundle TX of a complex manifold X makes the shifted tangent bundle 7X[—1] into a Lie
algebra object in the derived category D(X). Moreover, he showed that there is an Loo-
algebra structure on the shifted Dolbeault resolution (A;(_1 (TX).0) of TX and wrote down the
structure maps explicitly in the case when X is Kihler. The corresponding Chevalley—FEilenberg
complex is isomorphic to the Dolbeault resolution (.A())("(J ) ) of the jet bundle 7 ¢ via
the construction of the holomorphic exponential map of the Kihler manifold. In this paper,
we show that (A%*(7°),d) is naturally isomorphic to the Dolbeault dga (A*(X$ 1), 9)
associated to the formal neighborhood of the diagonal of X x X which we introduced in [15].
We also give an alternative proof of Kapranov’s theorem by obtaining an explicit formula for
the pullback of functions via the holomorphic exponential map, which allows us to study the
general case of an arbitrary embedding later.
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1. Introduction

In this paper, we continue the study of the Dolbeault differential graded algebra
(dga) of the formal neighborhood of a closed embedding of complex manifolds
introduced in [15]. One of initial motivations of the overall project is to give a
concrete description of this Dolbeault dga in terms of the differential geometry of
the embedding. As a starting point, the current paper provides a reformulation of the
work of Kapranov [10] on diagonal embeddings. Our new perspective will allow us
to deal with the general case later elsewhere.

In [15] we defined, for the formal neighborhood Y of a closed embedding of
complex manifolds i : X — Y, a Dolbeault dga A = (A*(Y),d). Following
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Foundation.
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the work of Block [4], we assigned to A a dg-category P4 and proved that, in the
case when X is compact, P4 serves as a dg-enhancement of the derived category
Dfo h(f’) of coherent sheaves over the formal neighborhood Y.

In order to construct explicitly certain objects we are interested in and compute
the hom complexes between them in the dg-category P4 (see the introductory part
of [15]), it is necessary to have a geometric description of the Dolbeault dga and,
in particular, its differential. This is the problem that we shall study here and in
subsequent papers.

In [10], Kapranov considered the case of a diagonal embedding A : X — X xX.
He argued that the holomorphic structure of the formal neighborhood X ;(O:?X of the
diagonal is encoded in the Dolbeault resolution (A%*(J%°), ) of the jet bundle 7. -
In [15], we generalized this observation to an arbitrary closed embedding i : X < Y
and defined a general notion of the Dolbeault complex (or dga) (A°* (IA’ ),d) of the
formal neighborhood Y. We shall show in Section 2.2 that our general definition
indeed gives the Dolbeault resolution of the jet bundle when specialized to the case
of a diagonal embedding.

Under the assumption that X is Kihler, Kapranov used the Levi-Civita connec-
tion to construct a fiberwise holomorphic exponential map

exp: Xoy — Xgoy (1.1)
between X (T";) the formal neighborhood of the zero section in the holomorphic
tangent bundle 7X, and X ;}’;’()X, regarded as nonlinear fiber bundles over X.
However, the exopnential map is not a biholomorphism and Kapranov described
the pullback of holomorphic structure on X ;("f()x to X }";) via exp using the Atiyah
class of 7X. Algebraically, the pullback map via exp gives rise to an ismorphism of
dgas

exp* 1 (AY"(TR). 8) = (AR (S(T*X)), D), (1.2)

where § (T*X) is the completed symmetric algebra of the cotangent bundle 7*X
and can be thought of as the pushforward of & () via the natural projection
TX

X (T°§) — X. The differential D encodes the pulled back holomorphic structure
on 7X and it is not the same as the ordinary donS (T*X) induced from that of
T*X. Kapranov showed that one has to correct the usual F] by the curvature and its
higher covariant derivatives. Let V be the (1, 0)-part of the Levi-Civita connection
and define

Ry = R =[0,V] € AL (Hom(S*TX,TX))

and
Ry, = V" 2R € A} (Hom(S"TX,TX)), n>2,

so that R, = R is a Dolbeault representative of the Atiyah class ary €
Extﬁ( (S2TX,TX) of the tangent bundle ([2]). Kapranov obtained an explicit
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formula for D:
D=0+ Z}én, (1.3)

where R, is the derivation on AO"(S’ (T*X)) induced by R,, regarded now as
elements in A% (Hom(T*X, S"T*X)).

Kapranov’s construction of the exponential map and proof of the formula (1.3)
for the differential D is based on the formal geometry developed by Gelfand,
Kazhdan and Fuchs (see [8], [9]). Nevertheless, we will give a very simple formula
(3.8) for the pullback map exp* in Section 3.2 and we will use it to give an algebraic
proof of Kapranov’s theorem. This formula is handy for explict computation and
later generalization to the case of general embeddings.

As an interesting application of our formula for exp* (with slight adjustment), we
will show in Section 3.3 that the Atiyah class is the only obstruction for the existence
of an isomorphism between the O’y -sheaves [J¢° and S(T*X) respecting the natural
filtrations on both sides (Theorem 3.3), for an arbitrary complex manifold X without
the Kihler assumption. Note that it is not even obvious from Kapranov’s formula
(1.3) of D in the Kihler case, since the curvature R does not necessarily vanishes on
the nose even when its corresponding cohomology class ary € Ext& (S2TX,TX)
is zero.

This little yet somewhat surprising fact has intimate connection with the work
of Arinkin and Céldararu [1] and Calaque, Cilddraru and Tu [6], which is best
understood in the language of derived algebraic geometry in the sense of Lurie [13].
We would also like to mention the recent work of [7] of Chen, Stiénon and Xu and
the work of Calaque [5]. They considered the general case of a inclusion of Lie
algebroids A C L, which is specialized to our case when L. = TX ® C is the
complexified tangent bundle of a complex manifold X and A = T%1'X is the (0, 1)-
part of L. In particular, Theorem 3.3 can be regarded as the Koszul dual’ of the
Theorem 1.1 in [5]. However, we will not explore in details these relations in this
paper.

To get ride of the Kéhler assumption, Kapranov introduced the bundle X,,, of
formal exponential maps on X (which he denoted as ®(X)). Any smooth section o
of Xexp gives a exponential map of the form (1.1) and the corresponding pullback
map (1.2), where the differential D can be characterized by a formula similar to (1.3)
containing analogues of R, which measure the failure of o to be holomorphic. We
will review in Section 4 the construction of Xy, and show that it can be naturally
identified with another bundle X, of jets of holomorphic connections which are
flat and torsion-free, which is more related to our formula for the pullback map
exp*. The discussion will make it clear that our construction of the exponential map
is equivalent to Kapranov’s construction in the Kihler case.

The paper is organized as follows. In Section 2, we review the definitions and
basic properties of the Dolbeault dga from [15] and show that, in the case of a
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diagonal embedding, the Dolbeault dga is isomorphic to the Dolbeault resolution
of the jet bundle considered in [10]. In Section 3, we state and prove our version
of Kapranov’s theorem. We will discuss the application mentioned above and make
more comments about its relation with other works. Section 4 is devoted to setting
up the language of formal geometry adopted in the paper. We mainly follow the nice
approach of Bezrukavnikov and Kaledin [3]. At the end, we argue that our version
of the holomorphic exponential map coincides with Kapranov’s original one.

Acknowledgements. We would like to thank Jonathan Block, Damien Calaque,
Andrei Céldararu, Nigel Higson, Mathieu Stiénon, Junwu Tu and Ping Xu for helpful
discussions.

2. Dolbeault dga of a formal neighborhood

2.1. Definitions and notations. Let Y be a complex manifold and X be a closed
complex submanifold in Y. We denote by i : X < Y the embedding, by Ox and
Oy the structure sheaf of germs of holomorphic functions over X and Y respectively,
by .7 the ideal sheaf of Oy of holomorphic functions vanishing along X. Then we
can define the r-th formal neighborhood Y " of the embedding as the ringed space
(X, O ) of which the structure sheaf is

ﬁ?(r) = ﬁY/jr+1'
The (complete) formal neighborhood Y = Y is defined to be the ringed space
(X, Oy ) where

ﬁ? = Lil]ﬁ)}(r) = LiLnﬁx/fH_l.

r r
We will also write X;>° and X, instead of Y and Y to emphasize the
submanifolds in question.

We review the notion of Dolbeault differential graded algebra (dga) of the

embedding i : X < Y from [15]. Let (A%*(Y),d) = (/\'Q(;;l, d) denote the
Dolbeault dga of Y, with multiplication being the wedge product and the differential

9: A% (Y) > A% YY)

being the (0, 1)-part of the de Rham differential. For each nonnegative integer r,
we set af to be the graded ideal of .A%*(Y) consisting of those forms w € A%*(Y)
satisfying

i*(Lv, Ly, - Ly,w) =0, V1<j<I, (2.1)

for any collection of smooth (1,0)-vector fields Vi, Va,...,V; over Y, where
o<l<r.
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Proposition 2.1 ([15]). The ideal ay is invariant under the action of 9, hence is a
dg-ideal of (A%*(Y), ).

Definition 2.2. The Dolbeault dga of Y is the quotient dga
AS(Y D) := A% (Y)/al.

In particular, A*(Y©) = A%*(X). Moreover, there is a descending filtration of
dg-ideals
agDa}jdayD---,

which induces an inverse system of dgas with surjective connecting morphisms
AM(X) = A ?) AT V) « AT P) « -
The Dolbeault dga of Y is defined to be the inverse limit

AT () = AP () = lim A*(F ).

p
We will write A(Y) = A%(Y) and A(Y ") = A°(Y ) for the zeroth components
of the Dolbeault dgas.
By Remark 2.4., [15], we have the following alternative description of (A®*(Y), 9).
Proposition 2.3. The natural map
.A°’°(Y)/ az > A°(F) 2.2)
reN

induced by the quotient maps
A% (Y) > A (Y, reN,

is an isomorphism of dgas.

In [15], we sheafified the Dolbeault dgas .A*(Y ) and A®*(Y) to obtain sheaves
of dgas o/ *(Y™) and *(Y) respectively over X. Similarly, a; induces a sheaf
of dg-ideals 71;. Moreover, there are natural inclusions of sheaves of algebras
Opy = &/ (Y)and Oy — /(Y). The following result was proved in [15].

Theorem 2.4. For any nonnegative integer r or r = 0o, the complex of sheaves

F) ] )
A 0 1 .« e m
0— Op¢) — Mfm) — ,fo,(r) —> > fng?(r) -0

is exact, where m = dim X. In other words, (<7, f; ) is a fine resolution of O% -

r)’
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As the completion of A%*(Y') with respect to the filtration a?, the dga A* (Y) is
itself filtered and its associated graded dga is

gr A*(Y) = (A% (Y)/a5) & P a7 /a} .

r=0

Note that A%*(X) ~ A%*(Y)/a§ and a}/a?, ; are dg-modules over (A%*(X), d).
We define, for each r > 0, a ‘cosymbol map’ of complexes

T (as/asy ) — ARN(STTINY), (2.3)

where S”TINV is the (r + 1)-fold symmetric tensor of the conormal bundle N
of the embedding. Given any (r + 1)-tuple of smooth sections w1, ..., Ur4+1 Of
N, we lift them to smooth sections of 7Y |y and extend to smooth (1,0)-tangent
vector fields fi1,..., fi,+1 on Y (defined near X). We then define the image of
w +ay,, € a;/ay,; under T for any w € a7, thought of as linear functionals on
(N)®C+D by the formula

@+t ) ® @ prg1) =1Ly Ly, -+ L, 0. (2.4)

The map t, is well-defined and is independent of the choice of the representative w
and fi;’s. Moreover, the tensor part of 7, (w + a;, ;) is indeed symmetric.

Proposition 2.5. The map t, in (2.3) is an isomorphism of dg-modules over

(A%*(X),d).

Corollary 2.6. We have a natural isomorphism of dgas

gr A°(Y) ~ @AY (S"NY).

n=0

Remark 2.7. Since ﬁf, is defined as an inverse limit sheaf, it has a natural

descending filtration and so Y should be regarded not only as a ringed space but
also as a topologically ringed space. Similarly, defined as an inverse limit, the
Dolbeault dga A®*(Y) is a filtered dga. Moreover, since A%*(Y) is a Fréchet dga
and all ideals ay are closed, the inverse limit A° (Y) can be made into a Fréchet
dga equipped with the initial topology (which concides with the quotient Fréchet
topology via the quotient map (2.2)). One can recover the formal neighborhood Y
from the topological dga A*® (I? ). The topology or the filtration would matter when
one wants to consider morphisms between two such dgas or dg-modules over the
Dolbeault dgas (see [15]). However, these are not among the topics of the current
paper. The reader only needs to keep in mind that in this paper every morphism
between two filtered dgas will preserve the filtrations.
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2.2. Diagonal embeddings and jet bundles. We consider the case of diagonal
embeddings. Let X be a complex manifold and let A : X < X x X be the
diagonal map. For convenience, the associated formal neighborhoods are denoted
as A = X¢I and AV = Xgi x throughout this section. We denote by
pry,pr, © X X X — X the projections onto the first and second component of
X x X respectively. From the algebraic perspective, the jet bundle Jy of order r
(r > 0) can be viewed as the sheaf of algebras

Tx =Pl O,
and similarly for the jet bundle [J¢° of infinite order,
Jx° = Pris Opcco.

Moreover, they are sheaves of &'y-modules where the Oy -actions are induced from
the projection pry. Analytically, the Ox-modules J§ can be regarded as finite
dimensional holomorphic vector bundles, while [7¢° is a holomorphic vector bundle
of infinite dimension and is the projective limit of 7y ’s. Fiber of Jy (resp. J¥°) at
each point x € X can be naturally identified with the algebra of holomorphic r-jets
(resp. co-jets) of functions at x. Thus we can form the sheaf of Dolbeault complexes
of Ty,

(7 **(J3).0) = (T Qoy Ay 10 0).
where (., O ) is the sheaf of Dolbeault complexes over X . Moreover, (.27 %*(7. %) 9)
is also a sheaf of dgas, such that the multiplication is induced by that of 7y and the
wedge product of forms. The sheaf of Dolbeault complexes of [J¢° is defined to be

A ONTF) = lim /O (T) = limAy” @y Ty

which is also a sheaf of dgas. We also denote the global sections of the sheaves by
A (Tp) =T (X (Jg)).  A™(TF°) = T(X.. /" (JR).

The Dolbeault dga (A®*(AT),d) is also an (A%*(X),d)-dga. The A%*(X)-
action is given by the compositions of homomorphisms of dgas

A% (x) B 400 (X x X) > A*(AD).
Similarly, we have natural homomorphisms of dgas

(A (X), ) — (A°(A), ),
(. 0) — (mf&(m),g), (. 0) - (%A'(rﬁ),
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which are all induced by pr,. The natural inclusion Oyt < @5 can be regarded
as the Oy -linear morphism

Ty > D),

which extends to an (&7, 9. 9)-linear morphism of sheaves of dgas
I : AO°(Ty) = g @y Ty — A (2.5)

By letting r vary and passing to the inverse limit, we obtain an (7, ol 9)-morphism
of sheaves of dgas

Ioo : VNTR°) = Dy (2.6)
We use the same notations for maps induced by 7, and I/, on the global sections.
Proposition 2.8. The homomorphisms
It A% (Tf) S A(A”)

~

and I : A (TP) — A®(A).

are isomorphisms of (A%*(X), 5)-dgas. Similar results hold for the corresponding
sheaves.

Proof. We prove the proposition by induction on r > 0. When r = 0, both
A%*(J7) and A*(A®) can be identified with A%*(X) and I, is an isomorphism.
Now assume that I, is an isomorphism. We have for any k > 0 a natural
isomorphism % k B4 k+1 ~ SkT*X of sheaves of &x-modules similar to 7, in
(2.3) and hence a short exact sequence

0— SkT*x — gk - g8 0.
Now there is a commutative diagram

0 —= A®(S"HITTX) — AT — AM(Tg) —> 0

lfr_l llr-i—l llr

0 —— af/afy, AT (ATHD) —= A*(A7) —= 0

of two rows of short exact sequences. The leftmost vertical map is exactly the inverse
of 7, in (2.3), where the conormal bundle of the diagonal is identified with the
cotangent bundle of X. The rightmost vertical map is /,, which is an isomorphism
by the inductive hypothesis. Therefore, by the five lemma, I, in the middle is also
an isomorphism. O
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3. Kapranov’s theorem revisited

3.1. Conventions on the symmetric algebra. We recall a basic yet useful observ-
ation from [1]. Let V be a finite dimensional vector space. The free coalgebra
TC(V) = EBkZoV‘X’k generated by V is equipped with a commutative algebra
structure, give by the shuffle product

V®-® vp) . (vp+1 K& Up+1) = Zva(l) R Q Vg(p+q)>
oeSh(p,q)

where Sh(p, ¢) is the set of all (p, g)-shuffles.
The symmetric algebra S(V) = @x>0S kV is naturally a subalgebra and quotient
algebra of T¢(V) via the inclusion

S(V) — TC(V), ViVp - Vg Z Vg (1) %) Vg (2) (o2« JEI ] Vo (k) (3.1
gEX

and the surjection

1
T°(V) — S(V), VI ® V2 ® - ® Vg > VIV Vg (3.2)

Both are homomorphism of commutative algebras and moreover the composition
SWV)—=>TWV)—> SV)

is the identity. The same discussion applies to the completions T7¢(V) and S V)
with respect to the natural gradings. From now on, we will always think of S (V) as
a subalgebra of 7¢ (V) via the inclusion defined above.

3.2. Kapranov’s theorem and holomorphic exponential map. We now refor-
mulate and provide an alternative proof of Kapranov’s theorem on the concrete
description of the formal neighborhood of a diagonal embedding in terms of the
Atiyah class. Suppose that X is equipped with a Kihler metric #. Let V be the
canonical (1, 0)-connection in 7X associated with /4, so that

[V,V] = 0in A}’ (End(TX)). (3.3)

and it is torsion-free, which is equivalent to the condition for / to be Kahler.
Set V.=V + 9, where 9 is the (0, 1)-connection defining the complex structure.
The curvature of V is

R =[3,V] € A} (End(TX)) = A} (Hom(TX ® TX,TX)). (3.4
In fact, by the torsion-freeness we have

R € A} (Hom(S?TX, TX)).
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We have the Bianchi identity
dR = 0in A}*(Hom(S*TX, TX)).

Thus R defines a cohomology class in Ext%X (S2TX,TX), which is the Atiyah
class ary of the tangent bundle ([2]). It is the obstruction for the existence of a
holomorphic (1, 0)-connection on 7X.

Now define tensor fields R,, n > 2, as higher covariant derivatives of the
curvature:

Ry € A} (Hom(S2TX ® TX®" TX)), Ry:=R, Ris+1=VRi. (3.5
In fact R, is totally symmetric, i.e.,
R, € A} (Hom(S"TX, TX)) = A} (Hom(T* X, S"T* X))

by the flatness of V (3.3). Note that if we think of V as the induced connection on
the cotangent bundle, the same formulas (3.4) and (3.5) give —R,,.
Kapranov observed that one can define a differential

D :5+Zl§n (3.6)

n>2

on the graded algebra Agg' (S(T*X)), where R,, is the odd derivation of Ag;'(S' (T*X))
induced by R, € A(;(’l (Hom(T*X, S"T*X)). (Note that in [10] Kapranov used the
notation R;.) By purely algebraic properties of R,,’s, it was shown that D? = 0. In
other words, (.Agg' (S(T*X),D)is a dga. Kapranov gave a geometric intepretation
of this dga (following the suggestion by Ginzburg). Namely, he constructed a
‘holomorphic exponential map’

exp: X5y — Xy

(00)

using the Levi-Civita connection of X, where Xy is the formal neighborhood of
X (regarded as the zero section) in the total space of TX. The exponential exp is
a fiberwise holomorphic morphism between (nonlinear) holomorphic fiber bundles,
but it is not holomorphic when the base point on X moves around. If we think of
S (T*X) as sheaves of functions on X (T°§) then D? = 0 means that D defines a
new holomorphic structure on X (T";’ which is exactly the holomorphic structure on
X §(Of<)X pushed forward via exp. In other words, the pullback map via exp induces an

isomorphism of dgas
exp” : (AF"(TR). 0) = (AF"(S(T*X)). D). (3.7)

As mentioned in the Introduction, we will provide an alternative proof of
Kapranov’s theorem by writing down directly a formula for the pullback map exp™.
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The reason why it coincides with Kapranov’s original construction of the exponential
map will be clear in Section 4.

Since we have shown in Section 2.2 that our Dolbeault dga (A®(X §(Of<)x)’§) is
isomorphic to (A%' (I, ), we can work with the former. Define

exp* t AT (X oy = .A(;(" (S(T*X))

by
exp*([Noo) = (A*n, A*Vn, A*V?p, .- A*V"y,.-), (3.8)

where n € A%*(X x X) and [n]e is its image in A®(X 7y ). Here V is understood
as the pullback of the original V of T*X to X x X viapr, : X x X — X.
In other words, it is now a constant family of connections on the trivial fiber bundle
pr; : X x X — X which act only in the direction of the fibers (i.e. the second factor
of X x X). By Vi we mean the (1, 0)-differential d>7 of 1 in the direction of the
second factor of X x X and V" = V" 19,7.

The map exp* is an isomorphism of filtrated graded algebras since it induces the
identity map on the associated graded algebras (both equal to Agg' (S(T*X))).

Remark 3.1. The reader might think that we should add the factor 1/k! in each
component of the formula (3.8) so that it will look the same as the usual Taylor
expansion. Yet what is really going on here is that a priori (A*V¥n)i=o belongs
to Agg'(f“c(T*X )), then by the torsion-freeness and flatness of V we know it
actually lies in the symmetic part of A%'(f‘(T*X )). To extract it as an element
in .A%' (S(T*X)) we apply the quotient map (3.2) in Section 3.1 to T¢(T*X) part
and the factors 1/k! arise exactly from there. In particular, when X = C” with the
flat Kihler metric, we get the usual Taylor expansions. We will not repeat this point
when similar situations appear later.

Theorem 3.2 (compare with Theorem 2.8.2, [10]). Assume that X is Kdhler. The
map B
exp® 1 (A"(XYy), 8) = (AY"(S(T*X)), D)

is an isomorphism of dgas, where D is as defined in (3.6). In particular, D*> = 0.

Proof. We need to show that

doexp* —exp*od = —(Z R,) o exp*. 3.9
n>2
Let 3
= [0, V] € A}L y (Hom(prs T* X, S" (pr T*X)))
and

T e A%L , (Hom(S*(prs T*X), $*F! (pr} T*X)))
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the derivation on .Ag(’; X(S’ *(pr; T*X)) induced by Y which increases the degree

on S* by 1. Here again by V we mean the pullback prj V acting on the cotangent
bundle. But it is constant in the direction of the first factor of X x X. So if we
decompose d = d; + d according to the product X x X, we get

Y = [9, V] = [02, V] = pr3(—R).
For any [n]eo € A*(X 7y ), we have
V" =09V —Y VioToV/np
i+j=n—2
By evaluating Y and expanding the action of V* via the Leibniz rule, we find

n—-1
Vngn — 5vnn _ Z VkT o Vn_k_ln,
k=0

where VXY is the derivation induced by V¥ Y. Finally by applying A* on both sides
we obtain (3.9), since A*VKT = A* pr5(—Rk) = —Ry. O

3.3. An application. As an application of the formula (3.8) (yet in a more general
context), we prove the following result claiming essentially that the Atiyah class

(c0)

is the only obstruction for the existence of a biholomorphism between X 7'y and
X }";), which might look surprising at first sight.

Theorem 3.3. Let X be an arbitrary complex manifold (not necessarily Kihler).
Then there exists an (A%*(X), d)-linear isomorphism of dgas

(A" (X$24), ) = (A% (S(T*X)), D)

preserving the natural filtrations on both sides and inducing the identity map on the
associated graded algebras (both equal to .Ag;‘ (S(T*X))), if and only if the Atiyah
class aryx of TX vanishes.

Proof. Assume such an isomorphism exists. In particular, it gives a holomorphic
splitting of the short exact sequence

O—>S2T*X—>j§—>j)}—>0
and hence a holomorphic splitting for
0> S’T*X - F/) .93 > 7/ 72 =T*X — 0,

where . C Oxxx is the ideal sheaf of functions vanishing along the diagonal.
Therefore the Atiyah class vanishes by Proposition 2.2.1., [10].
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On the other hand, if the Atiyah class of TX, or equivalently, of 7*X vanishes,
then there exists a holomorphic connection V on T*X (cf. [2]). We define a
map from A’(X;f‘;’x) to the Dolbeault resolution of the sheaf of completed free

coalgebras T¢(T*X) = [Tiso(T*X)®*,
I:A X)) = AYN(TE(T*X)
by the formula
I(nloo) = (A*VEp)zo € A (T(T* X))

which is similar to (3.8) and V here is again understood as acting on the second
factor of X x X, etc. I is a morphism of graded commutative algebras if we equip
YA“C(T*X ) with the shuffle product. Moreover, it commutes with the d-derivation on
both sides since [3, V] = 0. Thus / is a morphism of dgas.

The image of I is no longer guaranteed to lie in the symmetric algebra since we
do not have additional assumption on V as before. Yet we can compose / with the
quotient map (3.2) to get another morphism of graded algebras

[iA (X2 S A% (Te(T* X)) — A (S(T* X)),

Since the quotient map T¢(T*X) — 3‘(T*X ) is essentially the symmetrization
map, it commutes with the 9d-derivations on both sides induced by that of 7*X and
hence I is a morphism of dgas. It also preserves the filtrations and its induced map
on the associated graded algebras is the identity map, since symmetrization does not
affect the symbols of the differential operators VX. Therefore / fullfills the required
conditions. O

Digression. The result of Theorem 3.3 is parallel to the work of Arinkin and
Céldararu [1]. They showed there that, for a closed embedding i : X < Y of
schemes, there exists an isomorphism

i*i.O0x ~ A N[K]
k

of algebra objects in the derived category D(X) of X, where NV is the conormal
bundle, if and only if a certain class ey € Ext} (A2N, N) = Exty (S2(N[-1]), N[-1])
(which they called the HKR class) of the embedding vanishes. ay can be thought
of as a relative version of Atiyah class of the tangent complex of the embedding,
which is N[—1]. Moreover, they showed that oy is the obstruction class for the
existence of a holomorphic extension of the normal bundle N to the first-order formal
neighborhood X ;,'). From the viewpoint of derived algebraic geometry (in the sense
of Lurie [13]), i *i«Ox can be regarded as the structure complex of the derived self-
intersection X x§ X.
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In the context of Theorem 3.3, the corresponding morphism of spaces behind
the scene is X — Xgr. Xgr = (X, Q%) is the de Rham space of X, which is X
equipped with the sheaf of de Rham complex %, regarded as a dg-manifold. The
canonical map X — Xgp arises from the quotient map Q% — Ox. The derived
fiber product X x§dR X is exactly X ;(C’f()X. The candidate for the ’first-order formal

neighborhood’ in this case seems to be X él R= (X, Q;l), where Q}S(l is the truncated

de Rham complex Ox i Q}( The tangent complex of the map X — Xyg is
nothing but 7X and the existence of an extension of the vector bundle 7X to X/, .
is clearly equivalent to the existence of a holomorphic connection of 7X and hence
equivalent to the vanishing to the usual Atiyah class of 7X.

The comparison between these two situations suggests that there should be an
alternative proof of Theorem 3.3 which is parallel to that in [1]. This was done
in the paper of Calaque [5] in a more general context of an inclusion A C L of
sheaves of Lie algebroids over a space X with a sheaf of algebras R, first considered
by Chen, Stiénon and Xu [7]. The Chen-Stiénon-Xu class a4 € Exty ((L/A) ®&
(L/A), L/A) defined in [7] recovers in particular the Atiyah class when L = TXg®
C is (the sheaf of smooth sections of) the complexified tangent bundle of a complex
manifold X and A = T%!X. Calaque then defined for such an inclusion the first
formal neighborhood AW as certain quotient of the free algebroid FR(L) generated
by L (after Kapranov [11]), and showed that the following statements are equivalent:

(1) The Chen-Stienon—Xu class a7 /4 for (L, A) vanishes.
(2) The A-module structure L /A lifts to an AWM _module structure.

(3) U(L)/U(L)A is isomorphic, as a filtrated A-module, to Sg(L/A), where U(L)
is the universal enveloping algebra of L and Sg(L/A) is the sheaf of symmetric
algebras generated by L/A.

In our situation where R = Ox, L = TXg ® C and A = T%1X, the sheaf
U(L)/U(L)A in the third condition above is nothing but the universal enveloping
algebra U(T'°X) = U(TX) of the Lie algebroid T!'°X = TX of smooth
(1,0)-vector fields, with the A-module structure being the one induced by the
holomorphic structure. ~Since Jg¢° 2~ Homg, (U(TX),O0x) and S (TX) =~
Homgy, (S(TX), Ox), the equivalence between conditions (1) and (3) is essentially
the same as our Theorem 3.3. Also one can think formally of the first formal
neighborhood A in this case as the ‘Koszul dual’ of the somewhat naive dga Q)S(I.

4. Formal geometry

In this section, we will review basics of formal geometry developed by Gelfand,
Kazhdan and Fuchs (see [8], [9]). We will follow [3] and base our constructions of
various jet bundles by applying Borel construction to the bundle X4, of formal
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coordinates (which also appears in the context of deformation quantization, see,
e.g., [12], [3], [14]), thought as a torsor over some proalgebraic group G©. In
particular, we obtain the bundle X., of formal exponential maps used in [10] and
show that it can be naturally identified with a new defined bundle X, of jets of
holomorphic connections that are flat and torison-free. This reinterpretation of Xy,
gives a geometric meaning of the formula (3.8) in 3.2, which is close to Kapranov’s
original approach, and allow us to work in general without the Kéhler assumption.

We should mention that this section overlaps a lot with the corresponding
discussions in [10], though we are working in the Dolbeault picture, and we claim
no novelty except for the definition of X 4y y.

4.1. Differential geometry of formal discs. Fix a complex vector space V' of
dimension n. Consider the formal power series algebra

F=C[v*=8w"=]]sv

i>0

that is, the function algebra of the formal neighborhood of 0 in V. It is a complete
regular local algebra with a unique maximal ideal m consisting of formal power
series with vanishing constant term. The associated graded algebra with respect to
the m-filtration is the (uncompleted) symmetric algebra

g F=SV*)=Psv

i>0

Since we are in the complex analytic situation, we endow JF with the canonical
Fréchet topology . In algebraic setting, one need to use the m-adic topology on F.
However, the associated groups and spaces in question remain the same, though the
topologies on them will be different. Since our arguments work for both Fréchet and
m-adic settings, the topology will not be mentioned explicitly unless necessary. We
also use V = Spf F to denote the formal polydisc, either as a formal analytic space
or a formal scheme.

Following the notations in [10], we denote by G = G (V') the proalgebraic
group of automorphisms of the formal space V, and by J© = J© (V) the normal
subgroup consisting of those ¢ € G with tangent map do¢p = Id at 0. In other
words, J© (V) is the kernel of dy : G — GL, (V). Let g = g (V) and
j© = j©(V) be the corresponding Lie algebras. The Lie algebra g can also be
interpreted as the Lie algebra of formal vector fields vanishing at 0, while j© is the
Lie subalgebra of formal vector fields with vanishing constant and linear terms. We
have decompositions

g =[]V e®s'V*=]]Hom(V* s'V*

i>1 i=1
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and
=[]V ®s'Vv*=]]Hom(V* 5'V*).
i>2 i>2
Elements of g and j© acts on F = [[;.,S'V* as derivations in the obvious
manner. -
There is an exact sequence of proalgebraic groups

1 - J®® =G> = GL,(V) = 1 4.1)

which canonically splits if we regard elements of GL, = GL» (V) as jets of linear
transformations on V. In other words, G is a semidirect product:

G = J© x GL,.
So we have a canonical bijection between sets
g:J = G /GL,. 4.2)
Moreover, there is a natural left G °-action on J© given by
(@, T)-¢ = poTopoT ", V($,T)€JxGL, = G, Vg e J, 43)
or equivalently,

v-p=vogo(dy), YYeG™ VpeJ, (4.4)

which makes ¢ into a G > -equivariant map. Moreover, an automorphism ¢ in J
can also be interpreted as a bijective morphism ¢ : Y{OT/ — V, where 7{07/ is the
completion of the tangent space To V' at the origin, which is naturally identified with
V itself. In addition, ¢ should induce the identity map on tangent spaces of two
formal spaces at the origins (which are both equal to V). We call such a map ¢ as a
formal exponential map since it satisfies analogous properties of exponential maps in
classical Riemannian geometry. The above G °-action on J° then has a clearer
meaning: think of ¥ € G as a change of formal coordinates on V and the image
of ¢ under this transformation is ¢ composed with ¢ : V —> V and precomposed
with the inverse of the linearization of w on TOV In other words, J© is the set
of all formal exponentlal maps @ : TOV — V on which the action of G comes
from those on V and To V' with the latter being induced from the ‘linearlization map’

G — GL,.

To avoid confusion, we denote by

Fr:=S((ToV)*) = S(V™)

the algebra of functions on T,V and by mr its maximal ideal, though it is just another
copy of F. Having a formal exponential map ¢ : ToV — V is the same as having
an isomorphism of algebras

*  F—>Fr 4.5)



The Dolbeault dga of the diagonal embedding 177

whose induced isomorphism between the associated graded algebras, which are both
equal to S(V*), is the identity. As before, we want to set the G -action on
JFr as the one induced from the linear action of GL, on Fr and the projection
G — GL,.

Now we give a another interpretation of J > as a G©-space. Define Conn to
be the space of all flat torsion-free connections on ?

VTV > T*VRu TV =V*QTV,
14

where TV = S(V*)® V and T*V = S(V*) ® V* are (sections of) the tangent
bundle and cotangent bundle of V' respectively. Most of time we also write V for the
induced connections on the cotangent bundle and its tensor bundles, e.g.,

VTV > T*V®s T*V.
14

We identify T*V ®ﬁ/\ T*V with S(V*)®V*®V*, of the latter the first and second

V* come from the ﬁrst and second T*V of the former respectlvely For any complex
vector space V/, there is a standard Euclidean connection V¢ on v (acting on T* V)

Ve:[[s"V*ev: =TS VeV eV
n>0 n>1

determined by its components
(Ve)n : S"V*QV* - SVl v @ V*
defined by

(Ve)n(viva-- v, @ u) = Zvl U, @ Vi @ UL
i=1

Using Ve we can rewrite the components of f in the decomposition F =
[Tiso S'V* as

f = (VEflo)kso = (f(0), Ve flo, VEflo.-++) € F, (4.6)

where Ve f = df e T* V is the usual differential of functions and V]é f = V]é_ld f
(k > 2) while |y means restriction of the tensors at the origin.

As in classical differential geometry, for each connection V € Conn on the formal
space V we can assign an formal exponential map expy : fOT/ — V, which is
defined to be the unique map in J© such that it pulls back V into the Euclidean
connection V¢ on the completed tangent space, i.e.,

expy V = Ve. 4.7
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To be more explicit, we define expy by defining its pullback map of functions expy, :
F — .FTZ

exp5(f) = (V' flodizo = (f(0).V.f1o. V2 flo.---) € [ [ S(ToV)* =
i>0
- (4.8)
which is analogous to (4.6). Here again V f = df and V' f = Vi=ldf fori > 2.
Note that to make sure the terms in the expression lie in symmetric tensors one has
to resort to the torsion-freeness and flatness of V.
On the other hand, any ¢ € J ) pushs forward the Euclidean connection Ve
on ToV to a flat torsion-free connection V = ¢« Ve on V. Thus by the discussion
above we obtain a bijection

exp : Conn — J©, (4.9)

Note that G naturally acts on Conn from left by pushing forward connections via
automorphisms of V. Recall that we also have a G action on J defined by
(4.4).

Lemma 4.1. The map exp : Conn — J© defined above is G ° -equivariant.

Proof. One only needs to notice the following commutative diagram of spaces
equipped with connections

(TOV 8) (TOV d)
expvl lexpw*
V.V) —= (V.g.V)
which corresponds exactly to (4.4). O

All the arguments remain valid for V) = Spf F/m”, the r-th order formal
neighborhood of V', where m is the maximal ideal of the local algebra F. One can
also define G, J ™ etc., and state similar results about them.

4.2. Bundle of formal coordinates and connections. We now introduce the
bundle of formal coordinate systems p : X.oor — X of a smooth complex manifold
X. By definition (§4.4., [10]), for x € X the fiber X ,,rq,x 15 the space of infinite
jets of biholomorphisms ¢ : V >~ C" — X with ¢(0) = x. Hence X ,0, is a natural
a holomorphic principal G -bundle (or a G -torsor).

We have a canonical isomorphism between sheaves of algebras

Xecoor Xx \.7)?0 >~ Xcoor X F. (4.10)

over Xcpor. Thus X.por can also be characterized by the following universal
property (see [3], [14]): given any complex space S, a morphism 1 : § — X and an
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isomorphism ¢ : n* 7L ~ Os®F of sheaves of topological algebras over S, there
is a unique morphism 7' : § — X o0r such that n = p o n’ and ¢ is induced from
the isomorphism (4.10). Note that such ¢ does not necessarily exist for arbitrary
n:S — X, but always does for those S which are Stein.

One can obtain various canonical jet bundles on X by applying the associated
bundle construction on principal G©-bundle X;,,,. For example, F is naturally a
left G°-module and the corresponding sheaf of algebras associated to the G-
torsor Xy, coincides with the jet bundle of holomorphic functions J¢°:

Xcoor X G (o0) F ~ j;o

To get the natural flat connection on [J¢°, one could adopt the language of Harish-
Chandra torsors as in [3]. We omit it since this connection will not be used in this
paper. Other jet bundles, such as 7Ty, the jet bundle of the tangent bundle, and
J T, the jet bundle of cotangent bundle, can be obtained in a similar way. Again
we refer interested readers to [3].

Another related space which is at the very core of our discussions is the bundle
of formal exponential maps introduced in [10], which we denote by X, (some
literatures use the notation X, rr). Each fiber Xy, x of Xy, at x € X is the space
of jets of holomorphic maps ¢ : Ty X — X such that ¢(0) = x, do¢p = Id. We have
a map

Xcoor = Xexp’ oo (d0¢)_1

which induce a biholomorphism
Xeoor/GLn = Xexp (4.11)
On the other hand, we can define the bundle of jets of flat torsion-free connection
Xconn = Xcoor Xg(eo) Conn

whose fiber at a given point x € X consists of all flat torsion-free connections on
the formal neighborhood of x. By combining the G °”-equivariant bijections (4.2),
(4.9) and (4.11), we get

Xeonn = Xecoor X G (c0) J© ~ Xcoor X G (o) G(Oo)/GLn ~ Xexp~ 4.12)

In other words, we can naturally identify jet bundle of flat torsion-free connections
with the jet bundle of formal exponential maps. From now on, we will not distinguish
between these two jet bundles and denote both by X4, 5, though both interpretations
will be adopted in the rest of the paper.

4.3. Tautological exponential map. By definition of X.,,,, there is a tautological
flat and torsion-free connection over X;onn,

vtau . JT*jooT*X _ T[*jooT*X ®:rr*j§° ﬂ*jooT*X,
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which is O, -linear yet satisfies the Leibniz rule with respect to the differential

d° - Iy >t JCT*X
that is the pullback of
A . gL — J*°T*X.

Here d® is the O -linear differential obtained by applying the Borel construction
with X ;00 and the differential d : ﬁ?/\ — T*V on the formal disc.

On the other hand, since X.,,, can also be interpreted as the bundle of formal
exponential maps, we have a tautological isomorphism between sheaves of algebras
over Xconn,

EXP* : ”*(Xcoor X G (c0) f) - ﬂ*(Xcoor X G (c0) -FT)s (4.13)

induced from exp* in (4.8) via the Borel construction. The domain of Exp* is
identified with 7*7¢° or 7* & () s while for the codomain we have
XxX

Xecoor X G (c0) Fr =~ Xcoor X G (c0) GL, XGL, Fr >~ Xcoor/J(OO) XGLjy Fr

by our definition of the G -action on Fr. But the principal GL,-bundle
Xcoor/J ¢ is exactly the bundle of (Oth-order) frames on X, so

Xcoo,-/.](oo) XGLj, V ~TX.

Since the GL,, action respects the decomposition Fr = [];5o S TV*, we get

Xeoor/J ™ XL, Fr = [[S'T*X = S(T*X),
i>0

(00)

which is the structure sheaf of X;3’, the formal neighborhood of the zero section of
TX. In short, we have a tautological exponential map

(c0)

Exp : Xconn Xx X3 — Xconn Xx X5ox
or equivalently, an isomorphism of bundles of topological algebras
Exp* : 7% 0 (o0 YO 0.
X O, = Oy
which we might call as the rautological Taylor expansion map. Moreover, the map
induced by Exp* between associated bundle of graded algebras

grExp* 1 ¥ gr Oy 0 =" S(T*X) — n*S(T*X)
XxX
is the identity map. In virtue of (4.8), Exp* can be written in terms of V;4y,:

Exp™(f) = (Vigu [ 10)iz0 = (f(0). Veauflo. Vigy flo.++) € 7*8(T*X)
(4.14)
where the ’restriction to the origin’ map 7*S* 7®°T*X — n*S'T*X comes from
the local restriction map T*V — TO*/I} = I/* by applying Borel construction with
Xcoor and then pulling back to X;o,, via . Again Vyg,, f means d° f and so on.
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Remark 4.2. Note that there is no natural G- or J“-action on Xexp = Xcoor-
Yet it is a torsor over the proalgebraic group bundle J (T X), whose fiber over
x € X is the group of jets of biholomorphisms ¢ : T,y X — TxX with ¢(0) = 0,
dop = 1d. Indeed, consider the proalgebraic group Autg ToV of automorphisms of
ToV whose tangent maps are the identity. Autg ToV can be identified with J© as
sets, yet we endow it with a different G -action which is the conjugation of the
one on ToV induced from G — GL,. AutyToV acts on J© from right by
precomposition and the action is compatible with the G °-actions. Finally, notice
that
JO(TX) = Xeoor X o) Autg ToV .

Let j(TX) be the bundle of Lie algebras associated to J©(TX). We have a
natural splitting

j(oo)(TX) — HHom(SiTX, TX) = HHOIII(T*X7 SiT*X). (4.15)

i>2 i>2

Remark 4.3. All the jet bundles we are discussing here are holomorphic and
although in general they might not admit global holomorphic sections, there always
exist global smooth sections. For example, let us consider the fiber bundle 7, :
Xe('g, (X) — X of ‘n-th order exponential maps’, cf. §4.2., [10]. By definition, for
each x € X the fiber Xe(g,,x is the space of n-th order jets of holomorphic maps
¢ : TxX — X such that ¢(0) = x, do¢p = Id. Thus we we have a chain of
projections

X <« X® « x® ... (4.16)

exp exp

Each X e(ﬁ;,"l) is an affine bundle over X 6(2, whose associated vector bundle is
7 Hom(S" M TX, TX),

so any section of Xe(',g, can be lifted to a smooth section of the next bundle in the
diagram. The inverse limit of the diagram is exactly the bundle 7 : X.x, — X. Thus

Xexp admits global smooth sections. Note that in picture of connections, Xe(,zci, =

X 6(53, » can be regarded as the bundle of torsion-free connections (see Section 2.2.,

[10D).

4.4. Kapranov’s theorem revisited. We now show how to implement the formal
analysis from previous sections to prove Kapranov’s theorem, in a more general
form. Given any smooth section o of X4y, it induces a smooth homomorphism
via the tautological Taylor expansion map Exp*:

exp, : Iy — ﬁ(T*X),

between Fréchet bundles of algebras over X. It is holomorphic if and only if o
is holomorphic. Conversely, X.onn satisfies the universal property similar to that
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of X¢oor. Namely, given a holomorphic (resp. smooth) map n : § — X, any
holomorphic (resp. smooth) isomorphism ¢ : n*J7g° — n*S(T*X) of sheaves of
O’s-modules, which induces the identity map on the associated graded algebras

gar J® = S(T'*X) = gr S(T*X),

arises from Exp* and a unique holomorphic (resp. smooth) section ' : S — Xconn
such that n = o 1y'.

In particular, global smooth sections of X,,,, correspond in a 1 — 1 manner to all
possible smooth isomorphisms between [J¢° and S (T* X) which induce the identity
map on the associated graded algebras. As a holomorphic principle J (T X)-
bundle (see Remark 4.2), X.onn carries a flat (0, 1)-connection d, such that for any
given smooth section o of X4y, its anti-holomorphic differential

wy :=do € A% (§(TX)) (4.17)

is well defined and satisfies the Maurer—Cartan equation
= 1
dwg + z[wg,a)g] =0. (4.18)

Decompose w as in (4.15), we get (0, 1)-forms
o € AR (Hom(S"TX, TX)) = A} (Hom(T* X, S"T*X)).

Moreover, one can extend the map exp}; linearly with respect to the A%*(X)-actions
to a homomorphism between graded algebras

expl 1 AR (T) — AY(S(T*X)). (4.19)

In light of Proposition 2.8, we abuse our notations and still use exp, for the
composition exp}; o(Is)™ 1, so that we have

expl 1 A(XE2y) — ARN(S(T*X)). (4.20)

However, the map (4.20) does not need to commute with the d-differentials on both
sides. The deficiency is measured exactly by wy, that is,

we = (dexpy) o (exp}) ", 4.21)

where 5exp; = [a, exp,|. This suggests that we can correct the usual holomorphic
structure on S (T*X) to make exp} into a map of dgas. Let @ and &’ be the odd
derivations of the graded algebra AO"(S‘ (T*X)) induced by @ and o respectively.
Define a new differential Dy, = 0 — @ = 0 — Y n-n 0, then Dg = 0, which
is equivalent to then the Maurer—Cartan equation (4.18). We have the following
generalization of Theorem 3.2:
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Proposition 4.4. The Taylor expansion map with respect to any given smooth section

0 of Xconn _ R
expy : (A*(XYx). 0) = (A% (S(T*X)). Do)

is an isomorphism of dgas.

If we denote the value of o at each point x € X as V,, where V4 is a flat
torsion-free connection of 7* X on the formal neighborhood of x in X, then the map
exp,, regarded as a homomorphism between sheaves of smooth sections of Jg° and

S (T*X) can be formally expressed as
exp*([f]oo)|x = (flx, Of)x, (V)%f”xs , (V;lf)|xv"')v (4.22)

where |, means taking the value at x of the formal tensors fields on the formal
neighborhood of x. We can also write down formula for each « of similar form
as that of R, in Theorem 3.2. Namely, if we regard o as a section of the affine
bundle XC%},,, via the projection Xconn — XC%Z,,,, then ap, = do and the values of

a” (n > 2) at each point x is given by
Unlx = (V£_2a2)|x-

Remark 4.5. If X is Kihler, we can take o to be the holomorphic jets of the
canonical (1, 0)-connection V. The resulting map exp); from (4.22) is exactly the
pullback map of Kapranov’s exponential map. One should compare (4.22) with
(3.8) which we used to prove Theorem 3.2 and notice that the symbols V in these
two formulae have different meanings! The V in the former means the holomorphic
jets of the actual connection, which are holomorphic on the formal neighborhood
of each point x € X, while in the latter the actual connection is used but it is not
holomorphic. In fact, however, (3.8) only cares about the holomorphic jets of the
actual connection V, since it is a (1, 0)-connection! So the two pullback maps exp*
are the same, yet not for the wrong reason that they look like the same.
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