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Duality functors for quantum groupoids

Sophie Chemla and Fabio Gavarini

Abstract. We present a formal algebraic language to deal with quantum deformations of
Lie—Rinehart algebras — or Lie algebroids, in a geometrical setting. In particular, extending
the ice-breaking ideas introduced by Xu in [34], we provide suitable notions of “quantum
groupoids”. For these objects, we detail somewhat in depth the formalism of linear duality; this
yields several fundamental antiequivalences among (the categories of) the two basic kinds of
“quantum groupoids”. On the other hand, we develop a suitable version of a “quantum duality
principle” for quantum groupoids, which extends the one for quantum groups — dealing with
Hopf algebras — originally introduced by Drinfeld (cf. [8], §7) and later detailed in [12].
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1. Introduction

The classical theory of Lie groups, or of algebraic groups, has a quantum counterpart
in the theory of “quantum groups”. In Drinfeld’s language, quantum groups are
suitable topological Hopf algebras which are formal deformations either of the
algebra of functions on a formal group, or of the universal enveloping algebras of
a Lie algebra. These deformations add further structure on the classical object: the
formal group inherits a structure of Poisson formal group, and the Lie algebra a
structure of Lie bialgebra. Linear duality for topological Hopf algebras reasonably
adapts to quantum groups, lifting the analogous duality for their semiclassical limits.
On the other hand, Drinfeld revealed a more surprising feature of quantum groups,
later named “quantum duality”, which somehow lifts the Poisson duality among
Poisson (formal) groups. Namely, there exists an equivalence of categories between
quantized enveloping algebras and quantized formal groups, which shifts from a
quantization of a given Lie bialgebra L to one of the dual Lie bialgebra L*.
Another extension of Lie group theory is that of Lie—Rinehart algebras (some-
times loosely called “Lie algebroids”), developed by Rinehart, Huebschmann and
others. The notion of Lie—Rinehart algebra (L, [, 1 a)) over a commutative ring A
lies inbetween A-Lie algebras and k—Lie algebras of derivations of the form Der(A).
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Well-known examples come from geometry, such as the global sections of a Lie
algebroid, for example the 1-forms over a Poisson manifold (cf. [7], [15], [10]).

The natural algebraic gadgets attached with a Lie—Rinehart algebra are its
universal enveloping algebra V(L) and its algebra of jets J” (L), which are in
linear duality with each other. Any Lie—Rinehart algebra L can also be seen as a
right Lie—Rinehart algebra: thus one can also consider its right enveloping algebra,
call it V" (L), anti-isomorphic to V¥(L), and its dual J¢(L).

All these algebraic objects — V¢(L), V7 (L), J" (L) and J*(L) — are (topologi-
cal) bialgebroid — left ones when a superscript “0” occurs, and right when “r” does.
Indeed, they also have an additional property, about their Hopf—Galois map, such that
these left/right bialgebroids are actually left or right Hopf left/right bialgebroids —
an important generalization of Hopf algebras.

Linear duality for (left/right) bialgebroids is twofold: any (left/right) bialgebroid
U is naturally a left A-module and a right A—-module, thus one may consider its left
dual U, as well as its right dual U*. Under mild conditions, U* and U, are naturally
(right/left) bialgebroids (see [17]). The (Ve L), Jr (L)) is tied together by such a
linear duality, and similarly for (V" (L), J*(L)).

When looking for quantizations of Lie—Rinehart algebras, one should consider
formal deformations of either V¢/7(L) or J™/¢(L), among left/right (topological)
bialgebroids: these deformations automatically inherit from their semiclassical limits
the additional property of being lefi/right Hopf left/right bialgebroids. We shall
loosely call such deformations “quantum groupoids”.

The first step in this direction was made by Ping Xu (cf. [34]): he introduced
a notion of quantization of V*(L), called quantum universal enveloping algebroid
(LQUEA in short). Then he noticed that any such quantization endows L with a
richer structure of Lie—Rinehart bialgebra. This is a direct extension of the notion
of Lie bialgebra, in particular, it is a self-dual notion, so if L is a Lie-Rinehart
bialgebra then its dual L* is a Lie-Rinehart bialgebra as well (see [20]). Finally,
Xu also provided an example of construction of a non-trivial LQUEAd Dy [[A]]”,
by “twisting” the trivial deformation Dx [[4]] of Dx := V(' (TX)), where X is a
Poisson manifold.

The purpose of this paper is to move some further steps in the theory of “quantum
groupoids”. After recalling some basics of the theory of Lie—Rinehart algebras and
bialgebras (Sec. 2), we introduce also some basics of the theory of bialgebroids
(Sec. 3): in particular, we dwell on the relevant examples, i.e. universal enveloping
algebras and jet spaces for Lie—Rinehart algebras.

We then introduce “quantum groupoids” (Sec. 4). Besides Xu’s original notion
of LQUEAJ, we introduce its right counterpart (in short RQUEAJ): a topological
right bialgebroid which is a formal deformation of some V' (L). Similarly, we
introduce quantizations of jet spaces; a topological right bialgebroid which is a
formal deformation of some J" (L) will be called a right quantum formal series
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algebroid (RQFSAd in short); similarly, the left-handed version of this notion gives
rise to the definition of left quantum formal series algebroid (LQFSAd in short).
Altogether, this gives us four kinds of quantum groupoids; each one of these induces
a Lie—Rinehart bialgebra structures on the original Lie—Rinehart algebra one deals
with, extending what happens with LQUEAd’s.

As a next step, we discuss linear duality for quantum groupoids (Sec. 5). The
natural language is that of linear duality for bialgebroids, with some precisions. First,
by infinite rank reasons we are lead to consider topological duals. Second, both left
and right duals are available, thus taking duals might cause a proliferation of objects.
Nevertheless, we can keep this phenomenon under control, so eventually we can
bound ourselves to deal with only a handful of duality functors.

In the end, our main result on the subject claims the following: our duality func-
tors provide (well-defined) anti-equivalences between the category of all LQUEAd’s
and the category of all RQFSAd’s (on a same, fixed ring Ap), and similarly also
anti-equivalences between the category of all RQUEAd’s and the category of all
LQFSAd’s (on Ay again). In addition, if one starts with a given quantum groupoid,
which induces a specific (Lie—Rinehart) bialgebra structure on the underlying Lie—
Rinehart algebra, then the dual quantization yields the same or the coopposite Lie—
Rinehart bialgebra structure — see Theorems 5.1.5 and 5.2.2 for further precisions.

Finally (Sec. 6), we develop a suitable “Quantum Duality Principle” for quantum
groupoids. Indeed, we introduce functors “a la Drinfeld”, denoted by ()" and
()’, which turns (L/R)QFSAd’s into (L/R)QUEAAJ’s and viceversa, so to provide an
equivalence between the category of LQFSAd’s and that of LQUEAA’s, and a similar
equivalence between RQFSAd’s and RQUEAd’s. In addition, if one starts with a
quantization of some Lie—Rinehart bialgebra L, then the (appropriate) Drinfeld’s
functor gets out of it a quantization of the dual Lie-Rinehart bialgebra L*.

For the functor ()", Drinfeld’s original definition for quantum groups can be
easily extended to quantum groupoids. Instead, this is not the case for the functor
()': therefore we have resort to a different characterization (for quantum groups) of
it, and adopt that as a definition (for quantum groupoids): this requires linear duality,
which sets a strong link with the first part of the paper.

It is worth remarking that linear duality for quantum groupoids interchanges
“left” and “right”; instead, quantum duality takes either one to itself: at the end of the
day, this means that if one aims to have both linear duality and quantum duality then
he/she is forced to deal with all four types of quantum groupoids that we introduced
— none of them can be left apart.

At the end (Sec. 7) we present an example, just to illustrate some of our main
results on a single — and simple, yet significant enough — toy model.

Acknowledgements. The authors thank Niels Kowalzig for his valuable comments
and hints.
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2. Lie—Rinehart algebras and bialgebras

Throughout this paper, k will be a field and A will be a unital, associative k—
algebra; we assume k to have characteristic zero (though for most definitions and
constructions this is not necessary). Moreover, for all objects defined in this section
we assume in addition that A4 is also commutative.

2.1. Lie-Rinehart algebras. To begin with, we introduce the notion of (left) Lie—
Rinehart algebra ( or “Lie algebroid”).

Definition 2.1.1. A (left) Lie—Rinehart algebra (see [30]) is a triple (A, L, w) where:
L is a k-Lie algebra, L is an A-module, and w is an A-linear morphism of
Lie k—algebras from L to Der(A), called anchor (map), such that the following
compatibility relation holds:

VD.D'e€ L, ¥VfeA, [D,fD']=wD)f)D' + f[D.D']

In particular, if L is finitely generated projective as an A—module, then (4, L, w)
will be called a finite projective Lie—Rinehart algebra.

Notation. When there is no ambiguity, the Lie—Rinehart algebra (A4, L, ®) will be
written L.

Examples 2.1.2. Any Lie algebra over A4 is a Lie—Rinehart algebra whose anchor
map w is 0 (and conversely). On the other hand, (A, Der(A), id) is a Lie—Rinehart
algebra too. Another example is the A—module D 4 of Kéhler differentials on any
Poisson algebra A (see [15]).

In the setup of differential geometry, natural examples of Lie—Rinehart algebras
arise as spaces of global sections of Lie algebroids; for instance, such an example
(of Lie algebroid) is given by the vector bundle Q}D of differential forms of degree 1
on a Poisson manifold P (see, e.g., [7]).

2.1.3. Differentials for Lie—Rinehart algebras. Given a finite projective Lie—
Rinehart algebra (A4, L,w), it is known that A\, L* = &, A L* admits a
differential dy that makes it into a differential algebra. Here d : /\':1 L* —
/\fflJrl L* is defined as follows: forall A € Ay L* and for all (X1, X2, ..., Xn41) €
L"*! one has

n+1
L) X1ses Xn) = ) (DT o) AKX X Xar1)

i=1

+Y DX XL X X X X))

i<j

In the case where L = TX, the differential d; coincides with the de Rham
differential.
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Definition 2.1.4. Let (A, L, w) be a (left) Lie—Rinehart algebra. The (left) universal
enveloping algebra of L is the k—algebra VY(L) := Tk+ (A & L)/I where
TkJr (A @ L) is the positive part of the tensor k—algebra over A @ L and [ is the
two-sided ideal in T,:r (A & L) generated by the elements

a®b—ab,a®§—af, §@n-—n®E—-[5n], E®a—a®§—w()(a)
Ya,be A, &, ne L.

Remarks 2.1.5. (a) Note that V¢(L) is a filtered ring, its (increasing) filtration
{VE(L)}, o being defined by Vi (L) := A, V., | (L) := V;E(L)+V,S(L)-L (n € N).
We denote by Gr(VZ(L)) the associated graded algebra. It is known (cf. [30])
that if L is projective as an A-module, then Gr(VZ(L)) ~ S4(L). Moreover,
14: A— VYL)and(y : L — V*(L) are monomorphisms.

(b) The Lie-Rinehart algebras L = (L, A, [, ],w) and L = (L, A,—[, ], —w)
are isomorphic via the isomorphims F defined by F(D) := —D for all D € L and
F(a):=aforalla € A.

(c) If X is a (smooth) manifold and A = C*°(X), then V*(Der(A)) for the Lie—
Rinehart algebra (A,Der(A), id) is the k—algebra of global differential operators
on X.

2.1.6. From a finite projective Lie—Rinehart algebra to a free Lie—Rinehart
algebra. Most of the time, we will work with finite projective Lie—Rinehart algebras.
This is a reasonable hypothesis as Lie—Rinehart algebras coming from the geometry
are finite projective. Several times in this article, we will prove results for (finite)
free Lie—Rinehart algebra and then extend them to finite projective Lie—Rinehart
algebras. We now explain the key step for this.

Let L be a finite projective Lie—Rinehart algebra. There exist a finite projective
A-module Q such that F = L & Q is a finite rank free A-module. We can
endow F with the following Lie—Rinehart algebra structure: for all D, Dy, D, € L,
E,E{, E; € Q, we set

wr(D + E) := wr (D), [D1 + E1, Dy + E3] :=[D1, D3]

that is, the structure of L is extended trivially to F = L @& Q. Then V{(F) =
VHL) ®4 S(Q).

The A-module Lo =L P O0DPLPO P - =FPFPF P isafree
A-module. Define R = Q@ LPH QDL SD---;then R is afree A-module such that
Lo = L @ Ris afree A-module (cf. [14]). We set on Lo the Lie-Rinehart algebra
structure (for all D, Dy, D, € L, B, B;, B, € R)

a)LQ(D+B) = Cl)L(D), [Dl +BI,D2+Bz] = [D],D2]

in other words, the Lie—Rinehart algebra structure of L is extended trivially to
LQ =L ®R.
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Definition 2.1.7. Let an A-basis {b1, ..., b,} of F be given. Then one can construct
a basis {v;},cr of R and an A-basis {e;},cr of Lo both indexed by 7" := N x
{1,...,n}. Any such basis for Lo will be called a good basis. For later use, if
i = (i1,ip) € T weset w(e;) := 1.

WesetY = @_ kb and Z = @rerhkv, Y @Y @Y --- sothat F = AQ;Y
and R = A ®; Z. We have then V¥(Lg) = V¥(L) ®; S(2).

2.1.8. Right Lie-Rinehart algebras. For the sake of completeness, we have to
mention that one can also, in a symmetric way, consider the notion of right Lie—
Rinehart algebra, as follows:

Definition 2.1.9. A right Lie—Rinehart algebra is a triple (A, L, w) where L is a k—
Lie algebra, L is aright A-module, and w is an A-linear morphism of Lie k—algebras
from L to Der(A), called anchor (map), such that the following compatibility
relation holds:

VD,D'eL, VfeA, [D.D'-f]=D-oD)(f)+[D. D] f

Remark 2.1.10. As A is commutative, a Lie—Rinehart algebra can be considered as
aright Lie—Rinehart algebra and viceversa. However, the enveloping algebra defined
by the notion of right Lie—Rinehart algebra is different from that defined by a (left)
Lie—Rinehart algebra.

Definition 2.1.11. Let (A, L,w) be a right Lie-Rinehart algebra. The (right)
universal enveloping algebra of L is the k—algebra V" (L) := Tk+ (A L) / I where
Tk+ (A & L) is the positive part of the tensor k—algebra over A @ L and [ is the
two-sided ideal in Tk+ (A & L) generated by the elements

a®b—ab, t®a—-£-a, EQn-—nE-[En], t®a—-—a®&—w’)(a)
Ya,be A, &E,ne L.

Next result clarifies the link between left and right enveloping algebras of a single
Lie—Rinehart algebra L. Hereafter, L°” denotes the “opposite” Lie—Rinehart algebra
to L — cf. Remarks 2.1.5 — while 2?? denotes the opposite of any (associative)
algebra 2.

Proposition 2.1.12. For any Lie-Rinehart algebra L, the algebras V' (L)°P and
VE(LOP) are equal, and there is an algebra isomorphism 8 : V(L) — V" (L),
ara, D— —D (foralla € A, D € L).
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2.2. Lie-Rinehart bialgebras. We are now ready to introduce the notion of Lie—
Rinehart bialgebra (cf. [26], [20], [16]).

Definition 2.2.1. A Lie—Rinehart bialgebra is a pair (Ll, L2) of finitely generated
projective A—-modules in duality — thatis, L; = L3 and L, =~ LT — each of them
being endowed with Lie—Rinehart algebra structures such that the differential d; on
/\ 4 L1 arising from the Lie-Rinehart structure on L, = L7 is a derivation of the Lie
bracket of L1, that is

di([X,Y]) = [di(X), Y]+ [X,di(Y)] forall X,Y € L;.

In general, if L is a finitely generated projective A—module, then its linear dual
L* (as an A-module) is finitely generated projective as well: in this case, in the
following we shall say that “L is a Lie—Rinehart bialgebra” to mean that (L, L*) has
a structure of Lie—Rinehart bialgebra, and we shall denote the differential of /\ 4L
mentioned above by dp = or 8.

Remarks 2.2.2. (a) The conditions of Definition 2.2.1 do not change if one switches
Ly and L (cf. [20]).

(b) It follows from the definition that the differential §;, of L in a Lie-Rinehart
bialgebra (L, L*) is uniquely determined by its restriction to A and L — the degree 0
and degree 1 pieces of /\ 4 L.

(o) If (L, L*) is a Lie—Rinehart bialgebra, we can read off the explicit relation
between the Lie-Rinehart structure of L* — its anchor map wy = and its Lie bracket
[, ]+ — and the differential §;, of L as follows: if D*, E* € L*, X € L,a € A,
then

wr+(D*)(a) = (8.(a). D¥),
(X, [D*, E*]p+) + (60(X). D*AN E*) = wr+(D*)((X. E*)) — wr+(E*)({X, D*)),

where (, ) denotes the natural pairing between L and L*. Indeed, one can use these
formulas either to deduce wy+ and [, |, « from §y,, or to deduce the latter from wp =
and [, |7«

(d) Let (L, L*) be a Lie-Rinehart bialgebra. Denote by d the differential on
A\ 4L* arising from the Lie-Rinehart structure on L and d«(= 1) the differential
on /\ 4L coming from the Lie-Rinehart structure on L*. Then A inherits a Poisson
algebra structure by { f, g} := (df, d*g) for all f, g € A. (see [20], [33]); moreover,
one has [df.dg] = d{f. g} and du{ f. g} = —[d« /. dxg].

(e) If (L, L*) is a Lie-Rinehart bialgebra, then (L”p, L*), (L, (L*)”p) and
(L, (L*)) are Lie-Rinehart bialgebras too. Identifying any Lie-Rinehart bial-
gebra, as a pair, with the left-hand of the pair, say L = (L,L*), we write
L% = (L, L*) — the “opposite” to L; (L, (L*)”) = Loy — the “coopposite”;
and L¢pop = (L7, (L*)”) — the “opposite-coopposite”.

(f) By means of the so called r—matrices one can introduce the class of
coboundary Lie-Rinehart bialgebras, and among them the triangular ones: we refer
the interested readers to [34].
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3. Left and right bialgebroids

Let again k be a field, and A4 a unital, associative k—algebra. We define A¢ := A Q@ A.

3.1. A-rings, A—corings. We begin this section introducing the notions of A—
ring and A—coring, which are direct generalizations of the notions of algebra and
coalgebra over a commutative ring.

Definition 3.1.1. Let A be a k—algebra as above. An A-ring is a triple (H,mpg,t)
where H is an A°~module, myg : H ® 4 H — H and(: A — H are A°~module
morphisms such that

mygo(myg ®idy) = mygo(idg®mpyg), mpgo(Ridy) =idyg = mygo(idy ®t)

where in the second set of identities we make the identifications H ® 4 A =~ H and
A®qa H = H.

It is well known (see [4]) that A-rings H correspond bijectively to k—algebra
homomorphisms ¢ : A —> H. With this characterization, the A°~module structure
on H can be expressed as follows: a - h-b = (a)hit(b) fora,b € A, h € H. The
dual notion (“A—coring”) is the following:

Definition 3.1.2. An A—coring is a triple (C, A, €) where C is an A°~module (with
left action L 4 and right action R4), A : C — C ®4 C ande : C —> A are
A®—module morphisms such that

(AQidc)oA = (idc @ A)oA, Lyo(e®idc)oA =idc = Rqo(idc ®€)o A

As usual, we adopt Sweedler’s X—notation A(c) = ¢(1) ® ¢(z) or A(c) = Ve
c@ forcecC.

Let A be as above, and consider now A€ as base k—algebra. An A°-ring H
can be described by a k—algebra morphism ¢ : A° — H. Let us consider its
restrictions s¢ := ((— ¢ 1,,):A— H, tt = t(1,, ®k-): A— H, which are
called respectively source and target maps. Thus an A°-ring H carries two (left) A—
module structures and two (right) A% —module structures: for alla,a’ € A, h € H,
we write

avh<a:=s‘@)t@h, awh<4a:=ht'(a)s*@a
As usual, the tensor product of H with itself (as an A-bimodule, i.e. an A°~module)
is defined as
H4(§>H = H ®k H/{(u < a) ® M/ —u® (Cl > u,)}aeA,u,u’GH

Now we define the left Takeuchi product (of the A®-ring H with itself)

H<1>21>H C Hi®-H
A
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By construction, quDH has a natural structure of A°~module, induced by that

of Hqy® H. Even more, H<,§>H is an A°-ring, via factorwise multiplication, with
A

unit element 1,, ® 1,, and with tg_x . g(a ® a) := st(a) ® tY(@). Note that this
A
instead is not the case for H,®, H.
A

3.2. Left bialgebroids. We introduce now the notion of left bialgebroid, as well
as some related items (see [32], [25], [34], [4] and [22], Chapter 2, for a detailed
history of this notion). We begin with the very definition:

Definition 3.2.1. A left A-bialgebroid is a k—module H that carries simultaneously
a structure of an A°—ring (H, s*, t%) and of an A—coring (H, Ay, €) subject to the
following compatibility relations:

(i) TheA®—module structure on the A-coring (H, Ay, €) is that of , Hq, namely
(foralla,a € A,he Hyavh<a := si(a)té(d)h.
(ii) The coproduct map A’ is a unital k—algebra morphism taking values in

H x.H.
A

(iii) The (left) counit map ¢ has the following property: for a,a € A, u,u’ € H,
one has
(s (@)t (@u) = ae(u)a,

e(uu') = e(us‘(e())) = e(ut“(e))),
e(l) =1.

Remarks 3.2.2. A left bialgebroid H over A has the following properties (fora € A,
ueH):
(a) Ag(a >u <l&) = (a > u(l)) (%) (u(z) < &),

Ag(a»u €a) = (ug) €4d) ® (a » up)

(using X—notation A(u) = u(1) ® u(z) as usual, cf. Definition 3.1.2)

(b) H acts on A on the left (cf. [22]) by u.a = e(usé(a)) = e(ute(a)); we
shall also use the notation u(a) := wu.a, and call this the left anchor of the
left bialgebroid H (cf. [34]).

(©) te(e(x)) ®1= te(e(x(l))) ® se(e(x(z))) =1Q® sé(e(x)) forallx € H.

(d) as a matter of notation, if (H,A,sé,te, A,e) is a left bialgebroid, we set
H™ := Ker(e).

Definition 3.2.3. Let H = (H, A,s, 1%, A,e) and H = (H, A,5%,#%, A, €) be two

left bialgebroids. A morphism of left bialgebroids from # to Hisa pair (f, F)
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where f 1 A — Aisa morphism of algebras, F : H — Hisa morphism of
rings and of corings, and F o s* = §to f, Fott =1to f.

We denote by (LBialg) the category of left bialgebroids, whose objects are
left bialgebroids and morphisms are defined as above. Inside it, (LBialg,) is the
subcategory whose objects are all the left bialgebroids over A, and whose morphisms
are all the morphisms in (LBialg) of the form (id, F).

3.2.4. Twistors of left bialgebroids. Let H be a left bialgebroid. Given F =
Yixi ® yi € Ho®u H (with x;, y; € H), define s% : A — H by s%(a) :=
A

3t (xi(a))yi and tt 1 A— Hbytt(a) = Zite(yi (a))x;. Moreover, for any
a,b e Asetaxzb:=s%(a)(b) =3 ,xi(a)y:(b).

Proposition 3.2.5. (cf. [34]) Assume that F € H®H satisfies the following

A
conditions:

@) (A®id)(F)-Fip = (id ® A)(F) - Fa3 inside H®,H®, H

(i) m((e ®id)(F)) = 1,;. m((id® €)F) =1,
Where}_l,z = ‘7:®1H S H®AH®AH and}'z,3 = 1H RF € H®AH®AH‘

Then one has F - (t4(a) ® 1,, — 1,, ® s%-(a)) = 0 inside H ®,H (foralla € A).
Moreover, if F satisfies (i) and (ii) above, then

(a) (A, *z) is an associative algebra, denoted Ar, anda *x 1 = a = 1 xz a for all
ac A,

(b) sé : A —> H is an algebra morphism and lﬁ : A —> H is an algebra
antimorphism.

Now let M be a module over H (as an algebra): then M has also a natural 4A°—
module structure. If F is a twistor of H, then M has also a natural A%—module
structure. Consequently, if M; and M, are two H-modules, the tensor products
M1<(§)>M2 and Mlqgg) » M> are well defined.

F

Corollary 3.2.6. (cf. [34]) Let My and M> be two left H—modules. Then there

exists a well defined k—linear map F* : M1 4 ®sM> — M| ®sM, given by
Az A

R

my @ my = F - (m; @ my).

We say that F is invertible if F* is a k—vector space isomorphism for any choice
of My and M,. In this case, taking M; = M, = H we get a k-linear isomorphism
FPH®, H— H®H.

Definition 3.2.7. An element F € HQ®H is called a rwistor (of H) if it satisfies
A

equations (i) and (ii) in Proposition 3.2.5 and it is invertible (in the just explained
sense).
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Let now F be a twistor of H. Then we may define a new coproduct A : H —
H ®, H of H by the formula Az (x) := (.7-"#)_1 (A(x) - F). The key result is then
the following (see [34]):
Theorem 3.2.8. Let (H, A,s*,t“,m, A, €) be a left bialgebroid.
Then (H, Ar, sg_-, té, m,Ar, 6) is a left bialgebroid as well.

3.2.9. Left bialgebroid structures on universal enveloping algebras V¢(L).
Given a Lie—Rinehart algebra L, there is a standard left bialgebroid structure on
VE(L).

Source and target maps are equal and given by 14 : A — V¥(L). Then the
A¢—module structure , V(L) is given by a > u <@ := adu. The coproduct Ay :
VHL) — Ve(L)<§)> V(L) and the counit map € : V¢(L) —> A are determined

by

Apa)=a®1l, A X)=X®1+1®X, €@ =a, €X)=0
Vae A, X L.

Note that the anchor map w endows A with an obvious left V4(L)-module structure,
given by u.a := w(u)(a) forue V*¢(L), a € A, that coincides with the anchor of the
left bialgebroid V¢(L); cf. Remarks 3.2.2(b).

More in general, left V*(L)—module structures on A correspond to left bialge-
broid structures on V¢ (L) over A (see [22]). Finally, one can recover the anchor of
L from the left bialgebroid structure of V*(L) as follows: wz (X)(a) = €pe,(Xa)
forall X € L,a € A.

Remark 3.2.10. Let (4, L) and (A4’, L) be two Lie-Rinehart algebras. Endow
VE(L) and V(L) with their standard left bialgebroid structure. A Lie—Rinehart
algebra morphism from (A4, L) to (A’,L’) as it was defined in [15] — see also
“morphisms of Lie pseudo-algebras” as they are defined in [13] — gives rise to a
left bialgebroid morphism from V*(L) to V¢(L').

Our next theorem is a suitable version for left bialgebroids of the well-known
Cartier—Milnor—Moore theorem (for Hopf algebras). A similar result is given in
[28], yet in this paper we do need (later on) that kind of result exactly as stated here
below.

Theorem 3.2.11. Assume that A is a unital commutative algebra over the field k.
(a) Let (U, A, s*,t%, Ay, €) be a left bialgebroid such that s* = t*. Set
PU)={ueclU|Aw)=u®1+1®u}

(the set of “left primitive elements” of U). Then the pair (A, P[(U)) is a Lie—
Rinehart algebra.

(b) Assume in addition that P*(U) is projective as an A—module, and that P*(U)
and s* (A) generate U as an algebra. Then U is isomorphic to vt (PK(U)) as a left
bialgebroid.
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Proof. (a) On PY(U) we set the following A-module structure: a - D := s*(a)D
foralla € A, D € PY(U). Moreover, if D, D' € PY(U) then [D,D'] := D - D' —
D’- D e PY(U), by direct check: this defines a Lie bracket on P¢(U). Finally, we

define w : PY(U) —> Der(A) by D (bﬂe(Dse(b))). It is proved in [22]
(Proposition 4.2.1) that (A, PYU), a)) is a Lie—Rinehart algebra.

(b) By assumption, the natural algebra morphism from T} (A ® PYU )) to U is
surjective and it induces a surjective algebra morphism f : vt (PZ(U )) — U. As
PY(U) and s%(A) generates VZ(PZ(U)) as an algebra, this map is also a morphism

of corings. By the same argument as in [27], Lemma 5.3.3, one shows that f is also
injective because f | PLU) is injective (which is obvious). O

3.3. Right bialgebroids. Just like for left bialgebroids, one can consider the notion
of right bialgebroids (cf. [17] and [4]). We will need a second type of “Takeuchi
product”. In order to distinguish it from the previous one, we shall now denote the
base k—algebra by B instead of A. Hereafter, B is a (unital, associative) k—algebra,
and we use notations as in § 3.1. Let H be a B®-ring given by a k—algebra morphism
n": B¢ — H,asourcemaps” :=n"(-®1) and a target map 1" := " (1 ®-). We
consider now the right B¢~module structure on H given by 1-(b®b) := h-n" (b®D),
for b,b € B, h € H. Then the tensor product of H with itself (as a B—bimodule,
i.e. a B¢—module) is defined as

H,%),H =H®cH/{u4b)@u —u®@b» u’)}beB,u,u,eH

Now we define the right Takeuchi product (of the B®—ring H with itself) H ¢ ;, H C
H®yH
B

B
H<§,H = {Ziu,- Qu; € He®@p H|Y ;(a>uj)) Qu; =Y ;u; @ (u; <1a)}

Definition 3.3.1. A right B-bialgebroid is a k—~module H that carries simultane-
ously a structure of a B¢-ring (H,s",t") and of a B—coring (H, A,, d) subject to
the following compatibility relations:

(i) The B®~module structure on the B—coring (H,s", ") is that of ). H ¢, namely
(forallb,be B,he H)bw» h 4 b :=hs"(b)t"(b) = hn(b ® b).

(i) The coproduct map A, is a unital k—algebra morphism taking values in
B
H Xy H.
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(iii) The (right) counit map d has the following property: for all b,15 € B,
u,u’ € H, one has

d(us"(b)t" (b)) = bd(u)b,
duu’) = (s (d(u))u’) = (" (3u))u’).
) =1

Remarks 3.3.2. (a) The definition of a right bialgebroid is obtained from the
definition of a left bialgebroid by exchanging the role of black triangles (», <)
and white triangles (>, <). Consequently, the properties of a right bialgebroid are
obtained from those of a left bialgebroid — see Remarks 3.2.2 — by exchanging the

roles of black triangles and white triangles.

(b) (cf. [22]) The “opposite” of a left bialgebroid U = (U, A, se, te, Ay, e) is
definedas U := (U””, A, te, se, Ay, e): this can be shown to be a right bialgebroid.
The “coopposite” is given by Uy := (U, A ¢ st A?wp, 6) with A;‘mp U —
>U @ g0 Uq, u = u(2) @ u(y); this is still a left bialgebroid. As a consequence,UCO(f:,p
is a right bialgebroid.

The definition of a right bialgebroid morphism is analogous to that of a left bial-
gebroid morphism. We denote by (RBialg) the category of right bialgebroids, whose
objects are right bialgebroids and morphisms are defined mimicking Definition 3.2.3.
Inside it, (RBialg) 4 is the subcategory whose objects are all the right bialgebroids
over A and whose morphisms are all those in (RBialg) of the form (id, F).

3.3.3. Right bialgebroid structures on universal enveloping algebras '"(L).
Given a Lie-Rinehart algebra L, now considered as a right one, its right universal
enveloping algebra V"(L) bears a natural structure of right bialgebroid over A
obtained by pulling-back the left bialgebroid structure of V*(L) via the isomorphism
V(L) = VEL)”. More explicitly, the A°~module structure ,. V" (L) ¢ is given by
a » u 4 a:= uad; the coproduct A, : V'(L) — V’(L),(%,V’(L) and the

counit d : V" (L) —> A are determined by

Ar(@)=a®l, AX)=X®1+1®X, 0da)=a, dX)=0
Vae A, X eL.

Finally, one can recover the anchor map of L from the right bialgebroid structure
of V'(L) as wr(X)(a) = —0yry(@aX) forall X € L,a € A.
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We also have an analogue for right bialgebroids of Theorem 3.2.11 (with similar
proof):
Theorem 3.3.4. Assume that A is a unital commutative algebra over the field k.
(a) Let (W, A,s",t", Ay, 0) be a right bialgebroid such that s" = t". Set

PT(W):={we W|Ar(w) =w®l+1Quw}

(the set of “right primitive elements” of W ). Then the pair (A, P’(W)) is a right
Lie—Rinehart algebra for the following right action and anchor map

w.a:=ws"(a), w(D)(a):=-0(s"(a)D), Ywe W, VD e P"(W),Vaec A

(b) Assume in addition that P" (W) is projective as an A—module, and that P" (W)
and s" (A) generate W as an algebra. Then W is isomorphic to V" (Pr(W)) as a
right bialgebroid.

Remark 3.3.5. The previous result improves a bit as follows.

Let (W, A,s",1", A,,d) be a right bialgebroid for which A is commutative and
s" =1". Let Q C P"(U) be aright Lie-Rinehart subalgebra of P" (W) such that
(i) Q is a projective A—module and (ii) Q and A generate W as an algebra. Then W
is isomorphic to V" (Q) as a right bialgebroid, and 0 = P"(W).

An entirely similar remark also applies to Theorem 3.2.11.

3.4. Duals of bialgebroids. We shall now consider left and right dual of (left and
right) bialgebroids, and investigate their main properties. We begin with dual of left
bialgebroids, then we pass on to dual of right ones.

Definition 3.4.1. (a) Let U be a left A-bialgebroid, with structure maps as before.
The left dual and the right dual of U respectively are the spaces

Ui ={¢:U — Alp@' +u") = p@) + "), ¢(s*(@)u) = agu)}
= HomA(DU,AA)

U ={p: U — Alp@’ +u") = o) + "), ¢ (1 (0)u) = $p(w)a}
= HomA(Uq,AA)

(b) Let W be a right A-bialgebroid, with structure maps as before. The left dual
and the right dual of W respectively are the spaces

o= {y W Ay +w") =y @) + v "), ¥ (wi' (@) = ay(w)}
=H0mA(>W,AA)

Wo={y:W— Ay +w") =y + v, ¥(ws' (@) = ¥(w)a}
=H0mA(W<,AA)
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3.4.2. Bialgebroid structures on dual spaces. Let U be a left A-bialgebroid as
above. We shall now introduce on its dual spaces U, and U* a structure of right
A-bialgebroid; most of the structure is well-defined in general, but for the coproduct
we need an additional assumption, namely U as an A-module (on the left, or the
right, see below) has to be projective.

Product structure. First we recall (see [17], and also [22]) that U, and U™ can
be equipped with a product, for which the counit map € is a two-sided unit. For
¢, ¢ €U, v,y e U*, uelU,set

(#0) @) =mu, (6 © ¢') ) = ¢/ (muw(id & (* 0 $))(Acw) )
= ' (1" () - uq))

W) @) = mu= (¥ @ ¥)w) =¥/ (mo (s 0 ¥) @ id) (A w)))
= V' ("W uw) u)

A-module structures. For the left dual space Uk, the left dual source map s’
A —> Uy and the right dual target map ¢] : A —> U, are defined as follows:

(sh(a))(u) := e(te(a)u) =ea, (tL(a)(u):= e(ute(a)) Ya € A,u e U.

Then one has, in the usual way, two left and two right actions of A on U, given by

(av>)(w) = (sp(@)p) ) = (1" (@)u),
(¢ <a)@) = (t(@)¢)(u) = ¢ (ur(a))
(@» ¢)(w) := (p11(@) () = ¢ (us*(a)),
(@ €a)w) := (¢sp(@)) () = $p(u)a

Similarly, for the right dual U* the source s : A — U™ and the target
tf:A— U* are

(57 (@) () = e(usz(a)), (15 (@) (u) = e(sz(a)u) =ae(u) Yae€ Auel.

Then one has, like before, two left and two right A—actions on U *, given by

(@> )W) = (sf@y)w) = ¥ (us‘ (@),
W 2a)@) = (¥ (@y) @) = ¥ (s“(@)u)
(@ > Y)() = (Yt} @) W) = ay ),

(v <4a)w) = (¥sF(@) W) = v (ur‘(a))
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Coproduct structure. Now assume that U as an A—module be projective. Then
we now endow the left dual U, with a coproduct A, which, eventually, makes it into
a right bialgebroid.

Consider the injective map y : Usq® pUsx —> Hom4 ) ([>(U<® »U), AA)
given by

bR - 1(p @) (uRu > 19 @)U u) = ¢ (us (B)))

Now, if U is finite projective (as an A—module) then the previous map is even an
isomorphism. If instead U is projective but not finite, one can endow U, ® p Usx
with a suitable topology (typically, the “weak” one), and denote by U, ®p U the
corresponding completion: then the above map extends — by continuity, using
the notion of basis for a projective module (cf. [2]) — to an isomorphism from
Us«®p Uy 10 Homq,—y(-(U{® »U), 4A). This allows us to define a coproduct
A, on U, as the transpose of the multiplication on U, namely

Ay : Uy —> Homa—)(>(Uq® »U), 4A) = Us«®p Us,
=

¢ Ar(9)(u@u' > d(un'))

This coproduct makes U, into a (topological) A—coring, with counit 7, : Ux —> A,
N«(¢) := ¢(1). Similarly, if Uq as an A—module is projective, then for its right dual
U™ a coproduct is defined as follows. Consider the injective map ¢ : Uq® U™ —>
Hom(_ 4)((Us® ,U) ., A4) given by

y ey -3y ey) (e 3y ey)uev) =iy w))

Again, if U is finite projective (as an A—module) then this map is an isomorphism.
If instead U is projective but not finite, one can endow U*q ® ,U* with a
suitable topology (like the weak one), and denote by U*(®y U* the corresponding
completion: then the above map extends — by continuity — to an isomorphism ¢
from U*¢®y U* to Hom(_ 4)((Us® . U) 4, A4). Thus we can define a coproduct
A, on U™ as the transpose of the opposite multiplication on U, namely

AU — Hom(_,A)((Uq(X) >U)<],AA) 5%1 U*<®>U*7
v A () (u @ u' > v (u'u)

This makes U™ into a (topological) A—coring, with counit d, : U* — A given by

Ix(¥) := ¥ (D).

Conclusion. If U is any left bialgebroid over A, projective as an A—-module, then U
and U™* with the structures introduced above are both (topological) right bialgebroids
over A.
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Similarly, we consider the case of a right A-bialgebroid W, and we introduce
canonical structures of (topological) left A-bialgebroids on its left and right dual
spaces W and *W: indeed, everything is strictly similar to what occurs in the
previous case for U, so we skip details.

Notation. In the following, if v is an element of some (left or right) A—module, and
¢ is an element of the (left or right) dual of that module, we shall write (d), v) = ¢ (v)

or (v, q’)) = ¢ (v).

Remark 3.4.3. If U is a left bialgebroid which is projective of finite type as an A—
module, then it is isomorphic to *(Uy) and to «(U*) — as a left bialgebroid. This
follows from the equalities

(u,pst(a)) = (., p)a, (u. vt (@) =alu,y) Vaec AuecU¢eUs,yeU*

We introduce now the natural vocabulary of “pairings”, which we shall use in
computations.

Definition 3.4.4. (a) Let (U, Sg, tg) and (W, st ) be two A°—modules. An A¢-left
pairing is a k—bilinear map ( , ) U X W — Asuchthat, foranyu e U,w e W
and a € A, one has

(w.a > w) = {u,s"(@w) = {tl@u, w) = {uaa,w)
(u, w<aa) = {u, " @w) = (ute(a), w) = {a » u, w)
(.0 > w) = {u, wi"(@)) = (use(@), w) = (u «a,w)
(u,w «a) = (u,ws"(@)) = (u, w)a
a >, w) = {s (@), w) = alu, w)
Then there exist natural morphisms of 4°~modules W —> U, and U —> *W.

The pairing is non degenerate if the left and right kernels of this pairing are trivial,
that is to say

(u,w)zO,VwEW:u:O, (u,w)zO,VueU:>w:0

In other words, the pairing is non degenerate if and only if the above maps W — U,
and U — *W (which are morphisms of A°~modules) are injective.
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(b) Let (U, st t[) and (W, S, tr) be two A°—modules. An A°-right pairing is a
k-bilinear map ( ) :U x W — Asuchthat, foranyu € U, w € W anda € A,
one has

(. w <a) = (u. 1 (@)w) = (s @) w) = {a > u, w)

(u,avw) = (u, s (@w) = (us*(a), w) = (u <a,w)

(u, w «a) = (u, ws,; (@) = (ut(a), w) = {a » u,w)
(1, a » w) = (uwi, (@) = alu, w)

(u da, w) = (te(a)u, w) = (u w)a

Then there exist natural morphisms of A°~modules W — U* and U —> W.
The pairing is non degenerate if the left and right kernels of this pairing are trivial,
that is to say

(u,w)zO,VweW:>u=O, (u,w)zO,VueU:>w=0

In other words, the pairing is non degenerate if and only if the above maps
W — U* and U — W (which are morphisms of A°~modules) are injective.
Definition 3.4.5. (a) Let (U, Se,te, A, 6) be a left A-bialgebroid and (W, sTtT, A, 77)
be a right A-bialgebroid. A bialgebroid left pairing is a non degenerate A°—left
pairing( , ) : U x W —> A such that

e w) = . weyt” (' wen)) = (use (' wen)). we). — (1.w) = nw)
(i, ww') = (4 (. w)ueay, w') = (uay, - (ey whw'), 1) = )

for any u, u’ € U and any w, w’ € W. In other words, the natural maps W —— U,
and U —— *W are (injective) morphisms of right and left bialgebroids respec-
tively.

(b) Let (U, se, ttA, 6) be a left A—bialgebroid and (W, Srotr, A, n) be aright A-
bialgebroid. A bialgebroid right pairing is a non degenerate A°—right pairing ( , ) :
U x W — A such that

(uu’, w) = <Mlg ((u', w(z))), w(1)> = <u, we)s” ((u’, w(z)))>, (1, w) = n(w)
(i, ww') = (s (ueay, ey, w') = (ue tr (- whw'). 1) = e

for any u, u’ € U and any w, w’ € W. In other words, the natural maps W —— U™
and U —— W are (injective) morphisms of right and left bialgebroids respec-
tively.
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Remarks 3.4.6. (a) If U is a left bialgebroid, then the couple (U, U *) bears a
bialgebroid right pairing, whereas (U, U*) bears a bialgebroid left pairing.

(b) Let U be a left bialgebroid. Then the left bialgebroids (U*)ch,p and «(Ucaop
are isomorphic: indeed, the right A°—pairings between U and U* and between
«(Uctop) and U,y give rise to the same formulas. Similarly, the left bialgebroids
(Ux)?%, and * (Ucap) are isomorphic.

coop

3.5. The jet space(s) of a Lie-Rinehart algebra.

3.5.1. Bialgebroids of jets: the right version. Let (L, A) be a Lie-Rinehart
algebra, projective as an A-module. Consider its enveloping algebra VZ(L)
endowed with its standard left bialgebroid structure and define the right jet space
of the Lie—Rinehart algebra L as

JT(L) := VYL)" = Hom 4 (VE(L) o Aa)

Asin §3.4.2, amultiplication in J” (L) can be given by (¢¢') (1) = ¢(u(1))9’ (u(2))
for ¢, ¢’ € J"(L), u € VE(L). In particular, this multiplication is commutative, and
the counit map of V¢(L) is the unit element of J"(L). Also, the map d = 9, :
J'(L) — A, ¢ = () := ¢(1,¢,,), will play the role of counit map of J"(L);
hereafter, we write J;r ., := Ker(d,r ). Moreover, we have a structure of A¢—ring
on J' (L), whose source and target maps are given — forall a € A, u € V¥(L) —
by the formulas (s”(a)) (1) := €(us*(a)), (1" (@))(u) := €(s*(a)u) = ae(u). Note
that J" (L) is complete for the J,r;,-adic topology.

To define a coproduct on J” (L) := V¢ (L)* we adapt the construction in §3.4.2
(cf. also [22], [24], [6]). Consider the injective map ¢ : J'(L) ( ®, J'(L) =
VALY ®, VAL — (VL) ®, VL))" given (as in §3.4.2) by ¥ @ ¥’ >
Hy ® 1//’)<u Qu >3y Y )(ueu) = w(u’te(w’(u)))).

Consider in J'(L) (®, J'(L) the Jg—adic filtration, with Jg = Jsrz) ®
J'(L) 4+ J(L) ® Jsrry = Ker(d,r 1) ® 3,71, and the corresponding topology
defined by it in J" (L) ( ®, J"(L); then denote by J" (L) (®,J" (L) the Jg—adic
completion of J" (L) ( ®, J"(L). The completion of i}, 9 Jr(L)<§>J’(L) —>
(Ve (L)(®, vt (L))*, is an isomorphism. Therefore, we can complete the procedure
explained in §3.4.2 and define a coproduct A : J"(L) — J'(L) (®, J" (L)
on JT(L) := VL) as A := 91 oV where V : J'(L) := V{L)" —
(VEL) (@, VEL)) is given by V : ¢ > V) (u @ u' + y(u'u)) for all
Y e JT(L), u,u’ € VE(L). As an outcome, we have

AW) = ¥y ® Yoy € J (L) (B J (L) with ey (ut* (Vo)) = v (uw)

This A makes J"(L) into a (topological) A—coring, with counit map 0 = 9, :
J'(L) — A given as above by ¢ — d(¢) := ¢(1,¢,,). Allin all, this makes
J'(L) into a right bialgebroid over A.
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Remarks 3.5.2. We have to mention some extra features of the right bialgebroid
J'(L) := VYL)", namely the following:
(a) as J" (L) is commutative, it is equal to J (L) hence it is also a left bialgebroid,;
(b) it is known that J" (L) is a Hopf algebroid (see [22], [6], [29]): in particular,
there exists a standard right bialgebroid isomorphism — called the “antipode”
—from J" (L) to J"(L)
3.5.3. Bialgebroids of jets: the left version. Let again L be a Lie—Rinehart algebra
over A, again projective as an A-module. Considering now L as a right A—module,
we look at its right enveloping algebra V" (L), endowed with its natural structure of
right bialgebroid (cf. §3.3.3).
We define the left jet space of the Lie—Rinehart algebra L as the left dual space

coop*

JEL) := V(L) = Hom— 4y(V" (L) ¢, A4)

Again from §3.4.2 we have a multiplication in J¢(L) given (for v, ¥’ € J¢(L),
u € V' (L) by (yy¥')(u) = ¥ (uw))¥'(u@); in particular this multiplication is
commutative in J¢(L), and the unit element of J (L) is the counit map of V" (L).
Moreover, the map € = €,¢,, : JYUL) — A, ¥ — e(¥) := Y (1yr,), works as
counit map of J¢(L); in the sequel we write Jse, = Ker(e, e, ).

Still from §3.4.2 we get a structure of A°—ring on J¢(L), with source and target
maps given by (sz(a))(u) = B(au), (te(a))(u) = d(u)a, —foralla € A, u €
VT(L).

Finally, we can also endow J¢(L) with a suitable (topological) coproduct,
just adapting the recipe given in §3.4.2. Eventually, all this makes J(L) into a
(topological) left bialgebroid.

Remark 3.5.4. As J¢(L) = J"(L")? . it follows from Remarks 3.5.2 (b) that our

coop’
JYL) := V" (L) is also a Hopf algebroid: in particular, there exists a standard right
bialgebroid isomorphism — the “antipode” of J (L) — from J¢(L) to J Z(L)wop.
3.5.5. Further jet spaces, and comparison. Besides the jet spaces J”" (L) and
JY(L), further possibilities exist. All in all we can consider four different types of
“jet bialgebroids”, namely

VALY = J7(L), V(L) =:JYL), VL), =:"J(L), *V'(L)=:Y(L)

One can also establish some relevant links among all these bialgebroids of jets:
for instance, we have already noticed that that J¢(L) 2= J" (L°P Yeoop = I (L) coop
(cf. also Remark 3.4.6). We also saw above that V¢(L), = (V‘(L)*)C(mp =
I (L) ooy = J'(L) (cf. Remarks 3.5.2) and *V"(L) = (« V’(L))mop =
JY(L) ooy = JY(L) (cf. Remark 3.5.4). Thus, in the end, jet bialgebroids of type
J7(L) or J¢(L) are enough to consider all possible situations, for every possible L.
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We introduce now suitable “topological duals” for jet bialgebroids J”" (L) and
JE(L):

Definition 3.5.6. Let K = J" (L) be a right jet bialgebroid, for some Lie-Rinehart
algebra L. Set I := {1 € J"(L)|(1,A) = 0} = Ker(d,r,) — which is a (two-
sided) ideal in J" (L), as one easily sees. Then we introduce the following subsets
of *K and + K:

*K:={ue*Ku(I") =0¥n >0}, .K:={uc.Klu(I")=0Vn>0}
Similarly, if K := J¢(L) is a left jet bialgebroid, and I := Ker(d,¢,,), we define
K*:={u e K*|u(I") =0¥n > 0}, K.:={ue K,u(I")=0¥n > 0}

It should be clear by the very definition that, in the first case, * K, resp. . K, is
nothing but the subset of those functions in * K, resp. in « K, which are continuous
with respect to the /—adic topology in * K, resp. in « K, and the discrete topology in
A. Similarly for K* and K, in the second case. The key reason of interest for these
objects lies in the following, well-known result:

Theorem 3.5.7. Let L be a Lie—Rinehart algebra which, as an A—module, is finite
projective.

(a) Consider the right bialgebroid J" (L) = V¢ (L)*. Then .J"(L), as
a left bialgebroid, is isomorphic to VK(L): more precisely, the canonical map
VHL) —> *(VZ (L)*) = J" (L) given by evaluation is an isomorphism of left
bialgebroids.

Similarly, replacing J" (L) := Ve(L)* with the right bialgebroid V*(L), one
has a corresponding isomorphism of left bialgebroids V*(L) —>*(Ve (L)*) still
given by evaluation.

(b) Consider the left bialgebroid J*(L) = V"(L). Then JZ(L)*, as a
right bialgebroid, is isomorphic to V' (L): more precisely, the canonical map
V(L) — (* V’(L))* = Jé(L)* given by evaluation is an isomorphism of right
bialgebroids.

Similarly, replacing J*(L) 1= V' (L) with the left bialgebroid *V' (L) one
has a corresponding isomorphism of right bialgebroids V" (L) —>(* vr (L))* still
given by evaluation.

Remark 3.5.8. The standard isomorphism between J’(L) := V¢ (L)* and J"(L) .o,
= V4(L), (see Remarks 3.5.2 (b)) induces an isomorphism "((VZ (L)*) ~ VE(L).
Similarly, we have also an analogous isomorphism (*V’ (L))* ~ V"(L).

Remark 3.5.9. Let L be a finite projective Lie—Rinehart algebra and Q be a (finite

projective) A—module such that L & Q = F is a finite rank free A-module. We
resume notation of §2.1.6: so we take an A-basis {b;,...,b,} of F, and we set
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Y =kbi ®---@®kb,,sothat F = A ®; Y; moreover, Lo = L ® (A®k Z)isa
Lie—Rinchart algebrawith Z =Y @Y @ Y & ---. One has S(Y)®® := S(Z) =
SY)® S(Y)® --- (recall that elements of an infinite tensor product of algebras
are sums of tensor products with only finitely many factors different from 1). For
T e{Y,Z}, welete : S(T) — k — the counit map of S(7) — be the unique
k-algebra morphism given by S(¢) := 0 fort € 7; and we set S(T) " := Kir(e).
For any n, denote by J}’n (Lg) = VE(LQ)f’n the subset of VE(LQ) whose

elements are all the A € Ve(LQ)* such that A|V4(L)®S(Y)®" + = 0 and set

®S(Z)
JJ’,(LQ) = VZ(LQ)f = QHGN J]’,’n(LQ). Then one can describe J]’,’n(LQ) as
J}’n(LQ) = J(L)YRSY*®"®IRIR---, where S(Y*) denotes the completion

of § (Y *) with respect to the weak topology; so we have also

JiLo) = Y et fuLo) = Ypent (L) B S BIDIE---

This J } (L) is a sub-bialgebroid of J” (L ): indeed, its right bialgebroid structure
is described by

sriA—Ji(Lg), ars(@®1, tr:A—Ji(Lg), artr(a)®1

@®35)(¢'®5):=0¢ ®s5', Alp®5):= (d0) ® 5(1)) ® ($2) ® 52)).
A ®5) == d(p)e(s)

foralla € A, ¢.¢' € J'(L), s.5" € ¥y SYHE BIRIB -+ (n € N).
Last, let */J } (L) be the subset of all § € *J ]’, (L @) such that

iJ’(L)’é'S(Y*)g”?és(z*)“L -

for n > 0. It is easy to see that *fJ} (L) is a left sub-bialgebroid of *J} (Lo),
isomorphic to V¢(L 0)-

4. Quantum groupoids

In this section we introduce quantum groupoids — i.e. topological bialgebroids
which are formal deformations of those attached to Lie—Rinehart algebras. Then
we show that taking suitable “(linear) duals” we get an antiequivalence among the
categories of objects of these two types.

4.0.10. The h-adic topology. If V is any k[[h]]-module, it is endowed with the
following decreasing filtration: V 2 hV D h?V D ... D h"V D h" TV D ... D,
Then V is also endowed with the h—adic topology, which is the unique one for which

V is a topological k[[h]]-module in which {hmV}m <y 18 @ basis of neighborhoods
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of 0. Indeed, V is then a pseudo-metric space, as the h—adic topology is the one
induced by the following pseudo-metric:

dx,y):=|x—y|=2"" with m:=sup{se N\(x—y) eh’'v}
Vx,yelV.

The topological space V' is Hausdorff if and only if the pseudo-metric d is a metric:
in turn, this occurs if and only if (), A™V = {0}, which means that each point in
V forms a closed subset.

4.1. Quantum groupoids. In this subsection we introduce the notion of “quantum
groupoids”: these are special “quantum bialgebroids”, namely (topological) bialge-
broids which are formal deformations of those of type V¢(L), V"(L), J"(L) or
J e(L). We begin with the ones associated with the first two cases:

Definition 4.1.1. A left quantum universal enveloping algebroid (=LQUEAJ) is a
topological left bialgebroid (Hy. Ap, sy, tf. mp, Ap, €5) over a topological k[[h]]-
algebra Ay, such that:

(i) Ay is isomorphic to A[[h]] as a topological k[[#]]-module, for some k-
algebra A, and this isomorphism induces an algebra isomorphism Ay, / hAy =
Al[R]1/hA[[R] = A

(ii) Hj, is isomorphic to V¢(L)[[h]] as a topological k[[A]]-module where V(L)
is the left bialgebroid associated with some Lie—Rinehart A—algebra L, as in
§3.2.9;

(i) Hp/hHy = VYL)[[A]/RVEL)IR] is isomorphic to VY(L) as a left A—
bialgebroid via the isomorphism Ay, / hAp = A[[h] / hA[[h]] = A mentioned
in (i);

(iv) denote by Hp4 ® » Hy, the completion of Hp, 4 ® Hj, with respect to the h—adic

topology, and deﬁne the (h—adically completed) Takeuchi product as
Hp X wHp =
hqj; >A1p

{Zi“i Quj € H;N/(? s Hp| Y i(a» u) @uj =Y u; ® (u) < a)}
h

then the coproduct Ay, of Hj, takes values in Hy R »Hp,.
Ap

In this setting, we shall say that H}, is a quantization, or a quantum deformation,
of V¢(L); we shall resume it in short using notation V*(L), := Hj.

In a similar, parallel way, we define the notion of right quantum universal
enveloping algebroid (=RQUEAJ) as well, just replacing “left” with “right” and
V(L) with V" (L), cf. §3.3.3.
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We define morphisms among left, resp. right, quantum universal envelop-
ing algebroids like in Definition 3.2.3; moreover, we use notation (LQUEAJ),
resp. RQUEAJ, to denote the category of all left, resp. right, quantum universal
enveloping algebroids. If Ay is a fixed ground k[[h]]-algebra, then we write
(LQUEAd)4,, resp. (RQUEAd)y, , to denote the subcategory — in (LQUEAJ),
resp. (RQUEAd) — whose objects are all the left, resp. right, quantum universal
enveloping algebroids over Ay, and whose morphisms are selected as in Defini-
tion 3.2.3.

Remarks 4.1.2. (a) U is a LQUEAd <= U, is a RQUEAd <= U” is a
RQUEAd.

(b) If (Ve (L), Ap, sﬁ, t;f, mp, Ap, eh) is any LQUEAG, then Ay, is a deformation
of the algebra A: then, as usual, one can define a Poisson structure on the base
algebra A as follows:

frxng —g *n f'

(fg}= ;

mod hA;, VfgeA

where f' € Ay and g’ € Ay, are suchthat ' mod hA, = fand g’ mod hA, = g.
The same observations makes sense if one has to do with a RQUEAd V" (L),,.

(c) The definitions given so far make sense for any Lie—Rinehart algebra L.
However, from now on we shall assume in addition that L, as an A-module, is
finitely generated projective.

The following theorem is proved in [34] (Theorem 5.16):
Theorem 4.1.3. Let (VY(L),, Ap.sf.t5, my. Ay, €x) be a LQUEAd. Define
’ ¢
,(a') — s;(a’)

8(a) = -~ mod hV4(L), Vae A

§(X):=AX), , —AllX) e Vi) ViL) VXelL
’ A
AM(X)-X'®1-1® X’
h
and  AMN(X), = Y Xp @ Xy i AN = Xy X © X

with All(x) =

mod h(V‘(L),,S@ VZ(L)h)

where X' € VY(L), is any lift of X (i.e. X' mod hVY(L), = X)and a' € Ay, is
any lift of a.

Thené(a) € L and §(X) € /\iL; this gives to L the structure of a Lie—Rinehart
bialgebra. Also, the Poisson structure on A induced by this Lie—Rinehart bialgebra
(cf- Remarks 2.2.2 (c)) coincides with the one obtained as the classical limit of the
basex—algebra Ay, (cf. Remarks 4.1.2 (b)).

Remark 4.1.4. In the above statement, we took formulas opposite to those in [34]:
indeed, this allows us to deduce the very last claim.
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Example 4.1.5. (cf. [34]) Let P be a smooth manifold, D the algebra of global
differential operators on P and A := C®(P). Let D|[[k]] be the trivial deformation
of D. Let

F=1®1+hB; +---€ (D ®4 D)[[h]] = D[[M]® gy D[]

be a formal series of bidifferential operators. It is easy to see that F is a twistor
(cf. Definition 3.2.7) iff the multiplication on A[[/]] defined by f x5 g = F(f. g)
forall f, g € A[[h]], is associative, with identity being the constant function 1, i.e. iff
%y, 1s a star product on P. The twisted bialgebroid structure on Dy, := D|[[h]] can be
easily described: A, = A[[h]] has the star product defined above, sf; . A, — Dy,

and t,f : Ay, —> Dy, are given by sfl(f)g = f *x g, tﬁ(f)g = gy f, for f,
g € A, the coproduct A, : Dy —> Dp®a, Dy is Ap(x) := F*1(A(x) - F) for
x € Dy.

In Section 7 later on we shall explicitly provide a specific example of this kind.

Theorem 4.1.3 has a natural counterpart for RQUEAJ’s as follows:
Theorem 4.1.6. Let (V'(L)h, Aps syt mp, Ap, eh) be a RQUEAd. Define

mod hV" (L), Ya € A
§(X) = AMX),  — Al X) e VI(L)QV'(L) VXel
’ A

A(X)-X'®1-1® X’
I
and  AM(X)y 1 =Y Xp @ Xy if AN = Y X ® X

with  Al(X) := mod h(V’(L)hS@ V’(L)h)
h

where X' € V" (L);, is any lift of X (i.e. X' mod hV" (L), = X) and a’ € Ay is
any lift of a.

Then §(a) € L and §(X) € /\124L; this gives to L the structure of a Lie—
Rinehart bialgebra. Moreover, the Poisson structure induced on A by this Lie—

Rinehart bialgebra structure is opposite to the one obtained as the classical limit
of the base x—algebra Ay, (cf. Remarks 4.1.2 (b)).

Remark 4.1.7. The previous result can be proved just like Theorem 4.1.3 in
[34]. Otherwise, one can deduce Theorem 4.1.6 from Theorem 4.1.3 applied to
VY(L);, := V" (L)}, which isa LQUEAd — cf. Remarks 4.1.2 (a). In particular, the
Lie—Rinehart bialgebra structure induced on L by the RQUEAd V" (L), is opposite
to that induced by the LQUEAd V(L) := V" (L)}.

We introduce now a second type of “quantum bialgebroids”, namely quantiza-
tions of jets:
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Definition 4.1.8. A right quantum formal series algebroid (=RQFSAJ) is a topolog-
ical right bialgebroid (Kp, Ap, Spolymp, Ap, 8;,) over a topological k[[/]]-algebra
Ap, such that:

(i) Ay, is isomorphic to A[[h]] as a topological k[[#]]-module, for some k-
algebra A, and this isomorphism induces an algebra isomorphism Ay / hAp =
Al[R]1/hA[[R]] = A;

(ii) Ky, is isomorphic to J” (L)[[A]] as a topological k[[/#]]-module where J" (L)
is the right bialgebroid of jets associated with some finite projective Lie—Rinehart
A-algebra L asin §3.5.1;

(iii) Ky /h Ky = J"(L)[[h]]/hJ " (L)[[h]] is isomorphic to J"(L) as a right A—
bialgebroid via the isomorphism Ay, /hAj, = A[[h]]/hA[[h]] = A mentioned in (i);

(iv) letting I, := {¢ € K;|d(¥) € hA,} — which is easily seen to be a two-
sided ideal in Kj — we have that K}, is complete in the I—adic topology;

(v) denote by K;N;{é » Kj, the completion of K}, E{) » Kj with respect to the

h h

topology defined by the filtration Z I I ; also, define the Takeuchi
ptq=n nen
product as

K;NZ » Kp = {Zi”i Qu; € Kh<§§ ,Kh‘zi(a Du) @up = 3 u; @ (u] <1a)}
h h

then the coproduct Ay, of K} takes values in K;NEZ » K.
h

In this setting, we shall say that Kj, is a quantization, or a quantum deformation,
of J"(L); we shall resume it in short using notation J" (L), := Kj,.

In a similar, parallel way, we define the notion of left formal series algebroid
(=LQFSAJ) as well, just replacing “left” with “right” and J” (L) with J¢(L).

We define morphisms among right, resp. left, quantum formal series algebroids
like in Definition 3.2.3; moreover, we use notation (RQFSAd), resp. LQFSAd,
to denote the category of all right, resp. left, quantum formal series algebroids.
If A is a fixed ground (topological) k[[/]]-algebra, then we write (RQFSAd)y,,
resp. (LQFSAd) 4, , to denote the subcategory — in (RQFSAJ), resp. (LQFSAd) —
whose objects are all the right, resp. left, quantum formal series algebroids over Ay,
and whose morphisms are selected as in Definition 3.2.3.

Remarks 4.1.9. (a) From the analysis in §3.5.5 we can argue that one could define a
RQFSAJ also as a deformation of the right bialgebroid vt (L)4,and aLQFSAd as a
deformation of the left bialgebroid * V" (L). On the other hand, the very conclusion
of §3.5.5 itself also tells us that it is enough to consider the notions of RQFSAd and
LQFSAd introduced in Definition 4.1.8 above.
(b) Kpis a LQFSAd <= (KZp )amp isa RQFSAd <= KZP is a RQFSAd.

4.1.10. Further “half Hopf” structures on quantum groupoids. By construction,
our quantum groupoids are just (left or right) bialgebroids, namely deformations of
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such (left or right) bialgebroids as V*/7(L) and J*/7(L). However, V*/"(L) and
JY7 (L) actually bear further structure, which “automatically inheriteld” by their
quantizations too. To explain it, we fix some terminology.

Let

,U/(lX) Uq:= U®U/Span<{(a >u)@v—u® (v <1a)}u veU)
op

for some left bialgebroid U over A; then define a “Hopf—Galois” map

»U® U<—>U<, ®[>U UR V> U QU@R)D.

Aop
Similarly, one can consider an analogous tensor product ., U ® U ¢ and a correspond-
Aop
ing “Hopf—Galois” map »U® U<—>U<1 ®>U U®Vv = vy ® V). On the

Aor
other hand, for a right bialgebroid W over B one consider sultable tensor products

,Wg@ W4 and DW]? W4 and Hopf-Galois maps ,Wg{) W<—>W< ® » W and
op op op

bW W<L>W< ® W involving them. Then U is called a left, resp. a right,
Bor
Hopf left blalgebrozd iff the map «y, resp. o, is a bijection; similarly, W is called a

left Hopf right bialgebroid, respectively a left, resp. a right, Hopf right bialgebroid,
iff the map By, resp. B, is a bijection (cf. [4], [22], [24], [23]).

It is known that V¢(L), resp. V7 (L), is both a left and right Hopf left, resp.
right, bialgebroid. The same holds for J¢(L) and J” (L) too — actually because
they have even stronger properties, namely they are Hopf algebroids, in the sense of
Bohm-—Szlachanyi (cf. [5], [3], [25], [19], [22]).

Any quantum groupoid has its own Hopf-Galois maps, whose semiclassical
specialization are the analogous maps for its semiclassical limit: e.g., the Hopf-
Galois map «y for any V¢(L), yields by specialization the same name Hopf—
Galois map for V¥(L). The latter map is bijective (since V(L) is a left Hopf
left bialgebroid) hence, by a standard argument, its deformation — the map o for
VE(L) , — 1is bijective too: thus in turn VE(L) 5, 1s a left Hopf left bialgebroid as
well! With similar reasonings, looking all types of quantum groupoids we find that
any V4(L),, and any J¢(L),, are both right and left Hopf left bialgebroids, while any
V" (L), and any J"(L);, are both left and right Hopf right bialgebroids.

4.1.11. Liftings in a (R/L)QFSAdJ. Let L be a Lie—Rinehart algebra which is finite
projective (as an A—module). Set J,r ) := Ker(ajr(u): then J,r(L)/Jir(L) >~ [*as
A-modules, by definitions. Given ® € L*, we shall call a [lift of ® in J" (L) any
¢ € J sy such that through the above isomorphism one has ¢ mod 33,( =92
Now let K, = J"(L); be a RQFSAd, deformation of J"(L). For any ® € L*, we
shall call a lift of ® in J" (L), any element ¢’ € J"(L);, such that ¢’ mod hJ" (L),

is a lift of ® in J"(L). In short, this means ® = (¢’ mod hJ’(L)h) mod 33,

wy*
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Also, if a € A we call a lift of a in A, any a’ € Ay, such that @’ mod hAy, = a.

Changing “right” into “left”, similar remarks and terminology apply for defining
“lifts” of elements of J¢(L) in some associated LQFSAd, say J¢(L) I

The next result introduces semiclassical structures induced on a Lie—Rinehart
algebra L by quantizations of the form J” (L) or J¢(L). Indeed, this is the dual
counterpart of Theorem 4.1.3.

Theorem 4.1.12. Let J"(L); be a RQFSAd, namely a deformation of J" (L) as
above. Then L inherits from this quantization a structure of Lie—Rinehart bialgebra,
namely the unique one such that the Lie bracket and the anchor map of L* are given
(notation as above) by

[®, U] := (M mod hJ’(L)h) mod 33, ,,
o(®)(a) := (¢ r(a ) ;r(a )d) mod th(L)h) mod J,r,
=8(¢ r(a);r(a )('b) mod hAjp,

forall ®,¥ € L* and a € A, where ¢’ and ' are liftings in J" (L)}, of ® and ¥
respectively, a’ is a lifting in Ay of a € A, and finally r(a’) stands for either sy (')
ortl(a’).

h

Proof. First, it is easy to see that the maps [, ] and w as given in the statement
are well-defined, i.e. they do not depend on the choice of liftings, nor of the choice
of either of s} (a’) or 1] (a’) acting as r(a’). Moreover, by construction we have
[@. W] € J,r1)/F%r,, = L*. Also, again by construction we have (®)(a) €
J’(L)/CjJr(L); now the latter space identifies with 8(Jr(L)) = A, thus w(P)(a) €
A via these identifications, so that w(®) is a k—linear endomorphism of A.

Now, the definition of both [, ] and w is made via a commutator in J" (L);. As
the commutator — in any associative k—algebra — is a k—bilinear Lie bracket and
satisfies the Leibniz identity (involving the associative product), one can easily argue
at once from definitions that L* with the given bracket and anchor map is indeed a
Lie—Rinehart algebra (over A).

What is more demanding is to prove that with this structure the pair (L, L*)
of Lie-Rinehart A—algebras fulfills all constraints to be a Lie—Rinehart bialgebra.
Indeed, we shall not provide a direct proof for that: instead, we have recourse to a
duality argument, using the notions and results of Subsec. 5.1 later on. Indeed, there
we shall see that . J" (L), is a LQUEAd, hence by Theorem 4.1.3 we know that
(L, L*) is a Lie-Rinehart bialgebra. O
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The analogue of Theorem 4.1.12 for LQFSAd’s (with essentially the same proof)
is the following:

Theorem 4.1.13. Ler J¢(L) n be a LOFSAd, namely a deformation of J Y(L). Then
L inherits from this quantization a structure of Lie—Rinehart bialgebra, namely the
unique one for which the Lie bracket and the anchor map of L* are given (notation
as above) by

Y -y’
h
#r(@) (@)
h

(@, W] := ( mod th(L),,) mod 33,

o(®)(a) := ( mod th(L)h) mod J,r ;)

forall ®, ¥ € L* and a € A, where ¢’ and ' are liftings in J*(L),, of ® and ¥
respectively, a’ is a lifting in Ay of a € A, and finally r(a’) stands for either sy ()
ortf (a').

Remark 4.1.14. The result above can be proved like its analogue for RQFSAd’s,
i.e. Theorem 4.1.12. Otherwise, one can get the former from the latter applied to
J' (L), = JK(L)ZP, which is a RQFSAd — cf. Remarks 4.1.9(c). In particular, the
Lie-Rinehart bialgebra structure induced on L by the LQFSAd J¢(L) 5, 1s opposite-
coopposite to that induced by the RQFSAd J" (L), := J e(L)Zp.

4.2. Extending quantizations: from the finite projective to the free case. Let L
be a Lie—Rinehart algebra over A which is finite projective as an A—module. With the
procedure presented in §2.1.6, we can find a projective A—module Q (a complement
of L in a finite free A—-module F') and use it to build a new Lie—Rinehart algebra
Lo =L®(Q®LDPQSL® ) =L & R, which as an A-module is free.
Then we fix an A-basis {by,...,b,} of F from which we construct a good basis
{ei};er of Lo and a good basis {v; },c7 of R. SetY := él kb; sothat F = AQyY,
i=

T:=Nx{l,...,n},Z:= @ kv;,hence R=AQ(YBYD---) = AR®Z. Moreover,
teT

one has also V¢(Lg) = V(L) ®; S(Z) with S(Z) = S(Y) @ S(Y) ® ---.
4.2.1. Extending QUEAd’s. Let L be a finite projective Lie—Rinehart algebra, for
which we consider for it all the objects and constructions mentioned just above.

Let V¥(L), € (LQUEAd) 4 , be a (left) quantization of the left bialgebroid VE(L).
Consider

VE(L)p.y := h-adic completion of VY(L),®kS(Y)®kS(Y)®- -+ =: VE(L),®S(Z)

In order to describe it, for d € T®™ we set e4 := [Ler e,i(t) and w(i ) =

max {w(e,)|i(t) #+ 0} (cf. Definition 2.1.7);
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Proposition 4.2.2. Any element of V(L) .y can be written in a unique way as

Z le(ai)ei = lim tz(ai)ei

n—+oo
iGT(N) QGT(N)
\d |+ (d)<n
with lim |laq| =0 (notation of § 4.0.10).

|d|+w (d)—>+o00

Proof. 1t is obvious that any element of the given lies in V(L);y. Conversely, let
u e V(L)py. Write u = ug + huy +--- 4+ h"u, +--- withu; € V(Lp) forall i.
Now, for all i € N, each u; can be written as u; = deN(T) te(u%)eg where all but

. o A
a finite number of the u; s are zero. Setuy 1= ) ; h'u;,sou = ), uge®; we show

that lim HugH = 0. Pick n¢ € N; choosing 4 > max{ | o | —|—a)(g)|3i <
la|+ 7 (@) —>+o00
ng : u% #+ 0}, for any || + w () > A we have ||ug|| <270, O

Now, there exists a unique left bialgebroid structure on VZ(L)h’Y given as
follows:

17 A, — Vi Ly, a- @1, sl A, — Vi Lny, arsi@) @1
Ayewy,y (@ ®59) = (aq) ® sm) ® (a@) ® 5)
if Ap(a)=aq)®aw), Asz)(s)=s1)® s
en(a ®s) = ep(a)e(s), (@®s)(a' ®s') :=ad' ®ss’

where the right-hand side factor map € above is just the standard counit map
€ : S(Z) — k of the Hopf k—algebra S(Z), uniquely determined by €(z) = 0
for every z € Z. It is easy to see that

(@) VY(L),.y is a quantization of the left bialgebroid V*(Lo);

(b) 7y = idyey, ke © VEL)yy = VHL),8kS(Z) — VE(L), is an
epimorphism of left bialgebroids.

A similar construction is possible if we take a RQUEAd V' (L), instead of the
LQUEAd V*(L),.

4.2.3. Extending QFSAd’s. Let L be a finite projective Lie—Rinehart algebra, and
adopt again notations as before. Recall also that in Remark 3.5.9 we have introduced
Ji(Lo):=ViLg).

Let J"(L), € (RQFSAd)y, be a quantization of J"(L). Keeping notation as in
§4.2.1, consider

J"(L),y := h-adic completion of ZneNJr(L)hékS(Y*)@m RI1R1®1:---
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where J"(L),@S(Y*)®" @ 1@ 1® -+ isthe (S¥*)®) @ 1@ 1®1---)-adic
completion of J" (L), ® S(Y¥*)®" @ 1 ® 1 ® 1---. There exists a unique right
bialgebroid structure on J" (L), y

y A—J L)py, art@®1, s) Ay —J (L)py, ar>s(a)®1
(a®s)d' ®s'):=ad @ss', Ala®s):=(aq) ®sm) ® (ae) R 52)).
Op(a ® s) := dp(a)e™(s)

Then one easily sees that
(@) J"(L)py is a quantization of the right bialgebroid J} (Lo);

(b) n¥ = idjrr), ,®k € : J'(L)yy — J"(L)y is an epimorphism of right
bialgebroids.
An entirely similar construction is possible if J” (L), is replaced with a LQFSAd
JEL)y,
Remark 4.2.4. Let VY(L), € (LQUEAd)4, be a quantization of V*(L). We have
seen in §4.2.1 that V4(L),y := V¥(L),®kS(Z) is a LQUEAd which quantizes
VZ(LQ). Ifn e N, let S(Z2)t := Ker(e :S(Z) — k) be the kernel of the counit
of S(Z), and let VZ(L)Z'S}” be the subspace of VK(L)Z,Y given by Ve(L)Z;/}';” =
e VL), y | A (VEL), @k S(Y)®" @k S(Z)F) = 0}. Then set

vt (L)Z'S/ := h—adic completion of ), . pt (L);;f;”

Then VZ(L)Z”} is a right subbialgebroid of VZ(L)Z’Y, which is isomorphic to
the right bialgebroid (VZ(L)Z)Y. Note also that Ve(L)Z‘S," is isomorphic to
VL) @rS()®" @k 1 @k 1@ 1--.

In a similar way, one can define also the right bialgebroid (Vé(L)h,Y)*/_:
this is a right subbialgebroid of (Vé (L)h’Y)* isomorphic to the right bialgebroid
((VZ(L)h)*)Y'

Parallel “right-handed versions” of the previous constructions and results also
make sense if one starts with some V"(L), € (RQUEAd), instead of ViL), €
(LQUEAd)4,,: in a nutshell, one still finds that “extension commutes with dualiza-
tion”. Details are left to the reader.

5. Linear duality for quantum groupoids

In this section we explore the relationship among quantum groupoids ruled by linear
duality (i.e., by taking left or right duals). We shall see that the “(left/right) full
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dual” and the “(left/right) continuous dual” altogether provide category antiequiv-
alences between (LQUEAd) 4, and (RQFSAd)4, and between (RQUEAd),4, and
(LQFSAd) 4,

Essentially, we implement the construction of “dual bialgebroids™ presented in
Subsection 3.4, but still we need to make sure that several technical aspects do turn
round.

5.1. Linear duality for QUEAd’s. We begin with the construction of duals for
(L/R)QUEAD’s. In this case, we consider “full duals” (versus topological ones,
cf. Subsection 5.2 later on. Before giving the main result, we need a couple of
auxiliary, technical lemmas.

Lemma 5.1.1. Let VY(L), € (LQUEAd) 4, and u € V(L),,. Forany r € N, there
exists t, € N such that A" (u) = 8o + h8y + h?8y + -+ + K" 18,1 + hrS,( €

®1r . . .
vt (L), ) and, foranyi = 0,...,r—1, each homogeneous tensor in an expansion

of 8; has at least r factors equal to 1.

Proof. Forany w € V¢ (L)?s, we denote by W the coset of w modulo V¢ (L)?s.
We expand the given u as u = ug + huy + --- + h"u, + ---. Then there exists

t, € N such that (each homogeneous tensor in) A (up) contains at least r terms

equal to 1. We lift Ao (uo) to some §) € vt (L);?to containing (i.e., its homogeneous
tensors contain) at least 7 terms equal to 1. Then A% () = 89+ h8+ %83+ +
h"82 + --- for suitable elements §?,...,8° € VK(L);?IO.

Now we can find 7 € N such that (id0~' ® A"1)(5?) contains at least r
terms equal to 1. We lift (ialt()_1 ® A’{)(Sg) and (id’(/)_1 ® A’{)(S(l)) to elements

)+t . :
88,81 € VE(L), """ which both contain at least r terms equal to 1. Thus we

find A0+ (u) = 83 + h8} + h26} + -+ + h"8} + --- for suitable §},....5} €

vt (L)f?toﬂ1 . Iterating finitely many times, we complete the proof. O

Notation 5.1.2. Before the next lemma, we need some more notation: given
VY(L), € (LQUEAA),,, consider Kj, := V(L) and its subset /g, := {x €
Kh|(1V£(L)h’ ){) € hAh}

Remark 5.1.3. As V¥(L), is a left bialgebroid, by §3.4.2 we know that its right
dual K, := |78 (L)Z has a canonical structure of A¢-ring; then, with respect to this
structure, one easily sees that /g, is a two-sided ideal of Kj. Moreover A(l,) C
Ik, ® Kp + Kp ® I, Indeed, given any ¢ € Ig,, we write A(¢) = ¢1) ® ¢(2)
— a formal series (in X—notation) — convergent in the /¢ = —adic topology of
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K,QKj. Writing ¢(1) and ¢() as

¢ = o5 +5"(0n(dw)).  with ¢y = by — " (9n(d)) € I,
¢ = 955 + 1" (b)), with  ¢b) = b — 1" (9(d2)) € Ix,

we can expand A(¢) = ¢y ® P(2) as

A) = (5 ® by + 5" (Bn(¢m)) ® by + 5 (9n() ® 1
€ (Ik,®4,Kn + Kn® 4, Ik, + hs"(An)®4,1)

where we took into account the identity s” (35 (¢(1))) ® 1" (3r(P(2))) = " (3r(¢)) ® 1,
due to Remarks 3.3.2, and the fact that d;,(¢) € hAj, since ¢ € Ik, by assumption.

Lemma 5.14. Given VY(L), € (LQUEAd),, and K; := VY(L)}, consider the
two-sided ideal I, := {)( € Kh|(1V‘3(L)hv )() € hAh} of Ky, as well as its powers
II”(h (n € N). Then, for every u € VE(L)y, and every r € N, there exists t, € N such
that (u, I ) € h" Ap.

The same property holds if one considers the left dual K, = (VK(L)h)* of
VAL,

Proof. Thanks to the previous lemma, there exists #, € N such that

AT (u) = 8o + h81 + W28+ -+ W 18,1 + 6,

®1; .
for some elements &, ...,8, € V¥ (L), * such that &, ...,8,—; contain at least r
terms equal to 1. From this fact and the properties of the natural pairing ( , ) between

V(L) and its right dual K}, := V* (L)Z it is easy to see that (qb, u) € h" Ay, for all
pel t’h , whence the claim. O

We are now ready for our first important result about linear duality of “quantum
groupoids”. In a nutshell, it claims that the left and the right dual of a left, resp. right,
quantum universal enveloping algebroid are both right, resp. left, quantum formal
series algebroids.

Theorem 5.1.5. (2) I V4(L);, € (LQUEA),, then VE(L),, VE(L);, € (RQFSAd) 4,
with semiclassical limits (cf. §3.5.5)

VALY, JhVE(L), = VL) = J7(L)
and ~ VY(L)py [V (L), = VHL), = J7(L).

Therefore V'* (L)Z and V* (L)}, are quantizations of J" (L).
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Moreover, the structure of Lie—Rinehart algebra induced on L* by the quantiza-
tion V* (L)Z of J" (L) — according to Theorem 4.1.12 — is the same as that induced
by the quantization V(L) nof V4(L) — according to Theorem 4.1.3; therefore, the
structure of Lie—Rinehart bialgebra induced on L is the same in either case.

On the other hand, the structure of Lie-Rinehart algebra induced on L*
by the quantization VK(L)h* of VH(L), = J"(L) is opposite to that induced
by the quantization V*(L) n of VE(L). Thus the structures of Lie—Rinehart
bialgebra induced on L in the two cases are coopposite to each other: vt (L),
provides a quantization of the Lie—Rinehart bialgebra L, while vt (L), . provides
a quantization of the coopposite Lie—Rinehart bialgebra Lo, — cf. Remarks 2.2.2
(e).

®) If V' (L), € (RQUEAQ) 4, , then « V" (L), *V" (L), € (LQFSAd)y,, with
semiclassical limits (cf. §3.5.5)

I

V(L) = JYL)
V(L) = JYL)

V(LY RV (L)
and  *V'(L),/h *V"(L),

I

Therefore « V" (L), and *V7 (L), are quantizations of J*(L) := « V" (L).

Moreover, the structures of Lie—Rinehart algebra induced on L* by the quan-
tization «V" (L), of JY(L) — according to Theorem 4.1.13 — is the same as that
induced by the quantization V" (L), of V" (L) — according to Theorem 4.1.6.

On the other hand, the structure of a Lie—Rinehart algebra induced on L*
by the quantization *V'(L), of *V'(L) = J Y(L) is opposite to that induced
by the quantization V' (L), of V"(L). Thus the structures of Lie—Rinehart
bialgebra induced on L in the two cases are coopposite to each other: vt (L),
provides a quantization of the Lie—Rinehart bialgebra L, while *V' (L), provides a
quantization of the coopposite Lie—Rinehart bialgebra Lc.op — cf. Remarks 2.2.2 (e).

Proof. (a) We shall start by proving that if V(L) n € (LQUEAd),,, then
VE4(L), € (RQFSA) 4.

As we saw in §5.1.2, the right dual K, := V¢ (L)Z of V* (L)}, has a canonical
structure of A¢—ring. Moreover, it is endowed with a map 9y, : V¢ (L)Z —> Ay, ( X
(IVZ( L)y )()) which has all the properties of a “counit” in a right bialgebroid and
defines the two-sided ideal /g, := 8;1 (hA h). What we still have to prove is that

e K=Vt (L)Z is complete for the /g, —adic topology;

e there exists a suitable coproduct Ay : Kj := Ve(L)Z — Kh@AhKh =
VZ(L)ZéAhVZ(L)Z, which makes K, := V* (L)Z into a topological right
bialgebroid;

° Kh/hKh = Ve(L)Z/hVe(L)Z is isomorphic to VZ(L)* as topological right
bialgebroid.
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We begin by looking for an isomorphism VZ(L)Z/h V‘(L)Z ~ Ve(L)*. For
this, we distinguish two cases, the free one and the general one.

Free case: L is a free A—module of finite type.

In this case, let us fix an A-basis {eq,...,e,} of the A—module L; then we lift
each ¢; to some e; € V¢(L),. Then any element of V¢(L), can be written as the

h—adic limit of elements of the form Y, »\n t1(cq, vman)€l' - en” in which
almost all ¢4, ,... 4, ’s are zero.

s L * - . =ai =an P

For a given A € V*(L) , set W4, 4, = )L(el ---en) € A forall g :=

(ai,...,an) € N'. We lift each @, 4, to some o4, a4, € Ap, With the

assumption that if &4, .. 4, = O then we choose oy, ,....q, = 0. Now we set

ar . an\ .
A(Z(al,...,an)eN"tl(cal,.--,an)el €n ) = Z(al,...,an)eN"Cal,-n,anaal,.--,an

This defines a map A from the right Aj—submodule of V¢ (L)}, spanned by
all the monomials ei” ..vep” to Ap: as the h—adic completion of this submodule
is nothing but vt (L), this map uniquely extends (by continuity) to a map A :
VK(L)h —> Ayp. By construction, we have A € VE(L)Z, and A is a lifting
of A, that is A mod hVe(L)Z = A. This guarantees that the canonical map
yt (L)Z/h Ve(L); — vt (L)*, which is obviously injective, is also surjective.

General case: L is a projective A—module of finite type.

As in §2.1.6, we introduce a projective A-module Q such that L § Q = F
is a finite free A—module. Fix an A-basis {by,...,b,} of F, and set Y = kb; &
kby---@®kby,,sothat F = AQ®y Y. The basis {bq, ..., b,} also defines a good basis
{€itier:=nx{1,..ny of Lo.

Now let A € V(L)*. We extend A to some A’ € V(Lg)" by setting
A |V( Les@z)t = 0. Now we can adapt the arguments of the free case to construct
a lifting A’ € V(L)py* of A'. Then A := A’ € V(L) is a lifting of A as
required.

Thus one sees again that the canonical map V¢ (L)Z/h vt (L)Z — vt (L)* is a
bijection.

On V¢ (L)Z we have already considered an algebraic structure of “A¢—ring with
counit”: the same structure then is inherited by its quotient V¢ (L)Z / hvt (L)Z On
the other hand, V¢ (L)* is a right bialgebroid, hence in particular it is an “A¢-ring
with counit” as well. The canonical bijection V* (L)Z / hvt (L)Z — it (L)* above
is clearly compatible with this additional structure. In particular, this implies that
Ker(dp) mod hKy = Ker(dy () =: Jpeyt

| V(L)

Now consider /g, := a,;l(hA,,), which can be written as /x, = Ker(dp) +
hKjp. As we know that VZ(L)* is JVK(L)*—adically complete (cf. §3.5.1), from
Ker(dp) mod hKjy = Jy¢;y+ and Ik, = Ker(dy) + hKj, we can easily argue that
Ky =Vt (L)Z is I g,—adically complete.
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Now we look for a suitable coproduct. To this end, we shall show that the
natural “coproduct” given by the recipe in §3.4.2 does the job. The problem
is to prove the existence of an isomorphism from VZ(L)Z<3€5, VK(L)Z — the
completion of VZ(L)Z ® Ve(L)Z with respect to the topology defined by the

filtration Z I}f ® I}? — to Hom(_,Ah)((VK(L)M@,VK(L)h)q,Ah).
ptq=n neN
More precisely, there exists (cf. §3.4.2) a natural map y from V¢ (L)Z Wt (L)Z to
Hom(_,Ah)((VZ (L),«®, V* (L)h)q, Ah); we now show that this y actually extends
to a (continuous) map — which we still denote by y — from V¢ (L)Z<@5, yt (L)Z
to Hom(— 4,y (VH(L)p«®» VE(L)1) . Ap)-
To begin with, fix u € V¢(L),,. For every r € N, there exists #, € N such that
A" (1) expands as A (u) = 8o + h8y + h?8, + --- + h'§, as in Lemma 5.1.1: in
particular, every §; € V¢ (L)thr with 0 < i < r — 1 contains at least r terms equal
to 1. As the canonical evaluation pairing between V¢ (L), and K, := yt (L)Z isa
bialgebroid right pairing — in the sense of Definition 3.4.5 — the formulas for such
pairings imply at once (by induction) that (u, 1 Itﬁ) C h" Ay, for all t > t,.. By the
same arguments, given v, w € 1743 (L), we see that, for every r € N, one has

(vew Ik, ®Ik ) S h Ay forallt +1" >0 (5.1)

Now let A € V* (L)Z<§, vt (L)Z. Then A is the limit of a sequence (Ay), ey
— with A, € VZ(L)Z<®> VZ(L)Z for all n — for the topology defined by the

filtration Z 1 }f’ 1 ;l] ; in particular, for each ¢ € N one has
prq=n neN
(A —Aw) e Y I}éh@) I}(/; foralln’,n” >0 (5.2)

v+t =t
By (5.1) and (5.2) together we get that for all € N one has
(X(An’)_X(An”))(U®w) = X(An’_An”)(U®w) = <U®wa An _An”) Ch" Ay

for all n’,n” > 0; in other words, {)((An)(v ® w)}nEN is a Cauchy sequence for

the h—adic topology in Ay; as the latter is h—adically complete (and separated), there

exists a unique, well-defined limit lim )((An)(v ® w) € Ay. In the end, we can set
n—>oo

)((A)(v Qw) := lim )((A,,) (v ® w); this defines a (continuous) map extending the
n—>o0
original one, namely
1 VAL «@w VALY, — Home )y (VL)@ VEWLR) - 4n) - (53)

To complete our argument, we need a few more steps. In order to ease the
notation, we shall write X \ heo =X / hX for every k[[h]]-module X.
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First, with the same arguments used to prove that Hom_ 4,)(V4(L);. Az) ‘h =

vt (L)Z ‘h . has a canonical bijection with Hom__y4) (VZ (L), A) =: vt (L)* we can
also prove that

Home_ap ((VE(L) s VEL)L) Ah)‘h:o =~ Home_ o (VE(L) ® VE(L). A)
(5.4)
Similarly, the same arguments once more can be adapted to prove that

= VYL BVEL) (=T (L)®J7(L),cf. §3.5.1)
(5.5
Finally, by construction the reduction modulo / of the map y in (5.3), call it ¥,
is nothing but the map

* o~ *
VL@ VL,

I (L) (@, (L) = VEL) &, VAL — (VL) @, VL))

considered in §3.5.1. Therefore — since Hom_ 4 (VZ (L) ® VYL), A) =:
(Ve(L)<1®>VZ(L))*, and taking into account the isomorphisms in (5.4-5) — as
7= ¥ is a k—linear isomorphism we can deduce that y is an isomorphism as well.

The outcome now is that K = V* (L)Z endowed with the previously
constructed structure — including the coproduct map given by the recipe in §3.4.2 —
is a topological right bialgebroid, complete with respect to the /,—adic topology. In
addition, the bijection V¢ (L)Z / hvt (L)Z — (L)* found above by construction
happens to be a right bialgebroid isomorphism.

Our next task is the following. Denote by (L*.[, |',@’) and (L*,[, ]", ®") the
structures of Lie—-Rinehart bialgebras induced on L* respectively by Theorem 4.1.12
—for J7(L) :== V* (L)Z — and by Theorem 4.1.3 — applied to V¢(L);,. We must
prove that o’ = @” and [, |' = [, ]”. To this end, recall that, by Remarks 2.2.2(b),
o and [, ]” are uniquely determined by the conditions

0" (®)(a) = (§(a). @),
(©,[9,9]") = 0" (@) ({0, ¥)) — " (V) ((0, D)) — (§(0), P ® ¥)

(for all®, ¥ € L*, ® € L, a € A), where d7(a) and 67(0) are defined by the
formula for § in Theorem 4.1.3. Therefore, it is enough for us to prove that (for
alld, W e L*,® e L,a € A)

o' ()(a@) = ($1(a), ),
(©,[0,9]') = 0" (®)(©, ¥) — " (¥)((©, D) — (54(0), & ¥) (5.6)

In order to prove (5.6), we choose liftings ¢', ' € J" (L), := Ve(L)Z, with
the additional condition that ¢',y" € J,r ), = Ker(ajr(L)h) (such a choice is
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always possible), a lifting & € V*(L),, of ® and a lifting a’ € A, of a. Now direct
computation gives

@' (®)(a) =
= ((h‘l(dftr (@) —tr(a’)¢’)) mod hJ’(L)h) mod 3z,

_ awh(d’,t’ &)t (a/)"y) mod hAy

_ <1, Pt (@) ;t’ (al)¢/> mod iy = L2 —ﬁll,t,(a’)qS’) mod A,
_ (1) - ﬁll,zr(a’)w) mod hid, — (t“(a’),¢’);(s‘(a/),¢’) mod A,
— <w,¢/> mod hA, = (8§1(a), )

where ( , ) denotes the natural evaluation pairing between V*(L), and its right

dual V* (L)Z, we exploited the fact that this pairing is a right bialgebroid pairing
(cf. Definitions 3.4.4 and 3.4.5) and the fact that (1, ¢,,,,¢") = d;r(1),(¢') = 0

because ¢’ € Jyr (1), = Ker(d; r(r),) by assumption. Thus the first identity in
(5.6) is verified.

As to the second identity, we write A(0) = 0(1) ® ) as A(0) =01 +1R60 +
h Z[G] 0[1] ® 02 so that (Z[B] O ® 9[2]) mod hVe(L),N?D VZ(L)h =: A[l](®)
— notation of Definition 4.1.3. Then by direct computation we find

<®, [®, \p]’> -

_ [, PV 'Y
BRLE

= (Lt (. 8D ) (11 ((8.9)#)) mod
+ Yo ({0211 (01 ) V') = (Opa1. 1 (61 ¥/))¢')) mod

= 7 (0 ). )~ (5. ) 1)) mod it
+ X0 (( (6111, ¢')) Op2. ') — (Sz((e[l],w/))e[z],qs/)) mod hAj,

:( < (16.47) ~ (8.9, ‘/’/>_h_1<sz((9"ﬂ/))—14((9%’)),4)’)) mod hAj,
+ S (1 (600 ) ') = (0 (6 ')y 1)) mod

> mod hA, = h—l((9,¢/w’) (o, «p’qs’)) mod A,
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_ (<s£<<e, il el (L), v)- <sf<<9, V) — ey ) mod ha,

h
+ 210 ((9[21,10/)(9[1]’05) 021901y /)) mod hAj,

(
—(82((©. @)). ¥) + (8((0. W)). ©) + (A“]@) Al©),,, 2@ ¥)
= 0" (®)(0,¥) — " (¥)(0, ) — (§.(0). P ® V)

’

where we exploited the properties of a right bialgebroid pairing — in particular, the
identity (tl(a), X’) = (1,)(/)01 — the fact that (1,¢’) = 0,71, (¢’) =0, (1, W’) =
dsr Ly, (W) = 0, the fact that s*(k) = t*(k) mod hV*(L), and the fact (already
proved) that @” = w’. This proves the second identity in (5.6).

Finally, we have to deal with V¢(L) 1« Acting much like for yt (L)Z, one proves
that V¢ (L), is indeed a topological right bialgebroid, whose specialization modulo
his just V4(L), = JY(L), hence we can claim that V¢(L),, € (RQFSAd),, is a
quantization of J¢(L).

As to the last part of claim (a), concerning the two Lie—Rinehart algebra
structures induced on L*, we can again proceed like for V¢ (L)Z: the difference in
the outcome — a minus sign — now is due to the fact that the natural pairing (given
by evaluation) among the left bialgebroid V' ¢(L), and the right bialgebroid V*(L),,
is a left bialgebroid pairing (cf. Definitions 3.4.4 and 3.4.5) — whereas in the case
of V(L) , and vt (L)Z it is a right bialgebroid pairing. Full detail computations are
left to the reader.

(b) The proof given for claim (a) clearly adapts to claim (b) as well, by the
same arguments. Otherwise, one can deduce claim (b) directly from claim (a) using
general isomorphisms such as «(Ucap) = (U*)chop and *(Usnp) = (U, (see
Remark 3.4.6).

O

5.2. Linear duality for QFSAd’s. Much like for their classical counterparts, the
duals for QFSAD’s have to be meant in topological sense. Indeed, we introduce now
a suitable definition of “continuous” dual of a (R/L)QFSAd:

Definition 5.2.1. Let Kj, € (RQFSAd) 4, . Let [j, := {1 € K;,|9, (1) € hA}.

We denote by . K}, the k[[h]]-submodule of . K} of all (left A,—linear) maps
from Kj, to Ay which are continuous for the I—adic topology on K and the h-adic
topology on Ay.

We denote by * K}, the k[[h]]-submodule of * K}, of all (right A,—linear) maps
from K}, to Ay which are continuous for the I,—adic topology on K} and the s—adic
topology on Aj,.

In a similar way, we define also “continuous dual” objects Kh*( C Kp *) and
K,j(g K;:) for every Kj, € (LQFSAd) 4, -
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It is time for our second result about linear duality of “quantum groupoids”.
In short, it claims that the left and the right continuous dual of a left, resp. right,
quantum formal series algebroid are both right, resp. left, quantum universal
enveloping algebroids.
Theorem 5.2.2. (a) If J" (L)), € (RQFSAd) 4, , then . J" (L), *J" (L), € (LQUEAd),,,
with semiclassical limits (cf. Remark 3.5.8)

(L)l T (L) = J7 (L) = V(L)
and  *J"(L), /h*J" (L), = *J"(L) = V(L)

12

Therefore J" (L), and *J" (L),, are quantizations of V*(L) = ,J"(L).

Moreover, the structure of Lie—Rinehart bialgebra induced on L by the quantiza-
tion «J" (L), of VY(L) — according to Theorem 4.1.3 — is the same as that induced
by the quantization J" (L)}, of J" (L) — according to Theorem 4.1.12.

On the other hand, the structure of Lie—Rinehart algebra induced on L* by
the quantization *J" (L), of yt (L) is opposite to that induced by the quantization
J"(L)y of J'(L). Therefore, the structures of Lie—Rinehart bialgebra induced on
L in the two cases are coopposite to each other: in short, J"(L); provides a
quantization of the Lie—Rinehart bialgebra L, while *J" (L), provides a quantization
of the coopposite Lie—Rinehart bialgebra Lo, — cf. Remarks 2.2.2 (e).

() If JYL), € (LQFSAd),,, then J4(L);, J4(L),, € (RQUEAd),, with
semiclassical limits (cf. Remark 3.5.8)

JELY, JhIHL), = T5L) = V(L)
and  JE(L),, [hIS(L),, = J4L), = V(L)

Therefore JZ(L),: and JK(L)h* are quantizations of V' (L) = JZ(L)*.

Moreover, the structure of Lie—Rinehart bialgebra induced on L by the quantiza-
tion JZ(L);L of V' (L) — according to Theorem 4.1.6 — is the same as that induced
by the quantization JK(L)h of JY(L) — according to Theorem 4.1.13.

On the other hand, the structure of Lie—Rinehart algebra induced on L* by
the quantization J*(L) n, of V7' (L) is opposite to that induced by the quantization
JY(L), of JE(L). Therefore, the structures of Lie—Rinehart bialgebra induced on L
in the two cases are coopposite to each other: in short, J*(L) , provides a quantiza-
tion of the Lie—Rinehart bialgebra L, while J é(L) n, provides a quantization of the
coopposite Lie—Rinehart bialgebra L oo, — cf. Remarks 2.2.2 (e).

Proof. (a) To simplify notation set K := J"(L);. We begin dealing with , Ky, in
several steps.

The main point in the proof is the following. By definition, . K} is contained
in « Kjp: by the recipe in §3.4, the latter is “almost” a left bialgebroid over Ay, as it
has a natural structure of A} -ring with “counit”, and also a “candidate” as coproduct.
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Then the natural pairing among « Kj and K}, (given by evaluation), hereafter denoted
(, ), isan Aj-right pairing (cf. Definition 3.4.4), and also a bialgebroid right pairing
(cf. Definition 3.4.5) — as far as this makes sense. Basing on this, we shall presently
show that this structure on , K, — which makes it an A} -ring and even “almost a left
Aj -bialgebroid”, actually does restrict to K, making it into a left Aj-bialgebroid.
Also, the evaluation will then provide a natural bialgebroid right pairing between
«Kj and Kj,.

Along the way, we shall prove also that , K, has semiclassical limit V¢(L), and
finally that the Lie—Rinehart bialgebra structure on L induced by it is the same as
that induced by Kj := J"(L),.

(1) First we prove that the source and target maps of « K (as given in §3.4)
actually map into . K}, that is s£(A4;) € + K}, and t£(Ay) € . Kj,. We shall prove it
by showing that, for any @ € Ay, one has (sﬁ(a), I;l’) C h" Ay, (tf(a), I}:‘) C h*Ay,
foralln € N.

For 1, if ¢ € Iy, then (ti(a). ) = (1.¢)a € hA, = h'Ay; thus (tf(a), I}) €
h'Ay,.

Now assume by induction that (tf(a), I,:”) C h™Ap. Lety € I and y € Ip;
then

(ti@). vx) = (Lyx)a = (sL((1.¥))1. x)a

thus by the induction hypothesis and the case m = 1 we see that (lf (a), ¥ )() €
hm+1 A h

The case of sf — being totally similar — is left to the reader.

(2) Let us show that if w, @’ € K}, then ww’ € +Kj. Givenn € N,let p,g € N
be such that (a),l}f’) € h" Ay, and (a)/, I;f) € h" Ay. Now take n € I:Jrq. Then the
identity

(0o’ 1) = (01 ({0, 1)), n1) = (@, nys- (@ 1))

taking into account that A(I}f’ﬂ) S X Iy ®, Ijbecause A(ly) € Kp ®,,
r+s=p+q

Iy + Iy, ®y, K}, proves that (a)a)’, I}f’+q) € h™ Ay,. Thus , Ky, is a subring of « Kp —
even an Aj—subring, by (1).

(3) Let us show that , K}, is topologically free. First we prove that it is complete
for the h-adic topology. Indeed, as K} is topologically free (for its own h—
adic topology), so is Homyn))(Kp, Ap) as well. Now let (1,),cy be a Cauchy
sequence of elements in . Kj; then this sequence converges to a unique limit
A € Homyp))(Kp, Ap). Then it is easy to see that A € Hom g, (Ky, Ap).

Now we show that A € ,K;. Given n € N, there exists n; € N such that
An, — A takes values in h"Ay. As A,, € .Kj, there exists n, € N such that
()Lnl , I;llz) € h"Ay. But then we have (k, 122) € h"™ Ay and so we conclude that
A€ «Kp.
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Finally, as . K} is complete for the h—adic topology and without torsion, it is
topologically free.

(4) Now we show that . Ky, /h. Ky, = , (Kp [hKy) = . J"(L) = VE(L).

Let A € .Kp, so that A as a map from K (with the Ij—adic topology) to
Ay, (with the h-adic topology) is continuous. Then A induces (modulo /) a map
A:J"(L) — A which is 0 on 3" for n > 0, where J = Ker(d,r,)). We
claim that the kernel of the map y : A +— A is h,Kj: indeed, it is obvious
that 1. K, C Ker(y), and the inverse inclusion follows from the fact that Ay
is topologically free. Therefore we have an injective map ¥y : .Kp / heKp, —
N (Kh /hK;,) = ,J"(L) = V¥(L) induced by y (modulo %), and we are left to show
that 7y is surjective too.

We distinguish two cases:

Finite free case: Assume that L as an A-module is free of finite type. Let
{eq,...,e,} be an A-basis of L. Then{zg = E‘f‘ ---Z‘,’l‘”‘g = (a1,...,Q,) € N”}
is a basis of VE(L), by the Poincaré—Birkhoff-Witt theorem. Define Ei e K =
J"(L) by (5;‘15‘:1 ---?fi”) = H;l'=1 Sor; 57,

Let & € Kj be a lifting of E,- such that d5(&;) = 0. We denote (ordered)
monomials in the &;’s or in the &s by Eg = ETI Ej” and £% := g1 &
respectively. Note that £% € I}llgl, where |a| 1= Y7 a;. Let A € (Kj/hKp) =
«J7 (L) = V(L) be given: we write Gy := ()L , EQ) € A, and note that all but finitely
many of the @,’s are zero. Let a, € Ay, be any lifting of G, (for all @ € N*), with
the condition that whenever a, = 0 we take also a, = 0. Now we define A € K},
by setting (A, §%) := aq. As I" = Y h*E%,(Ay), it is easy to check that if

let|+s>m
n € N then (A, I,’l") C h" Ay, form > 0. Hence A € . K}, and by construction 7(A
mod h*Kh) = A, so that the map Y is onto, g.e.d.

General case: By our overall assumption, L as an A-module is projective of
finite type. Then we resume the setup and notation of in §2.1.6: there exists a finitely
generated projective A—module Q such that L & Q = F is a finite free A—-module,
and we consider the free A-module Lo := LEB(A@kZ) withZ :=Y®YpYPH---.
From an A-basis {b1,...,b,} of Y we get a “good basis” of elements e, indexed by
T :=Nx{l,...,n},ie. Lg = @Tkét. Fixing on T any total order, the PBW

te

theorem yields {éﬁ = [Ler ;" \g = (®)ser € T(N)} is an A-basis of VK(LQ).
L_et §j be the element of J}(LQ) defined by (gj,éﬁ) = lifa = (& =6,)ep>
(&, 2%) = 0 otherwise. If A[[{X,}teT]]f = U Al[lXi,,...,X,]], then one has

_ i] <---<in
Ti(Lo) = A[[{&:},er]] /-
Now consider the quantization Kj y of J} (Lg) —cf. §4.2.3. Recall (cf. §4.2.3)
that

~

Kp.y 1= h-adic completion of ¥, (x K @i S @ 1@1®1---
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where K3 Qx S(Y*)®"@1®1--- is the ((S(Y*)®")+® 1®1---)-adic completion
of K; ®p 5;(Y*)®” ® 1 ® 1---. By construction, every £; belongs to some
KRrS(Y*)®" @ 1 @ | @k - (n; € N). Let & be any lifting of £; in
Kn®rS(Y*)®" @1 1 ®k 1 ® -+ such that (8;, ® Es(z*))(éi) = 0. Givena € Ay,
we denote again by a the element " (a) € t"(Ap) € Kj,. Letalsoo : A — Apbea
section of the natural projection map from A, to A, let 3z y := Ker(9p) = 3;1 ({0})
and Iy := 9;'(hAp): taking into account that t"(A) = A and t"(Ay) = A},
one has

P, € [[{Xt}teT]]onp}

P, € [[{Xt}teT]]fAZp}

Kny = {ZneNthr?(g)
= {ZneNhn Py (§)

Ih,Y = (hv{‘i:t}tET)7
Jh,Y = ZzeTgt Kh,Y

where round braces stand for “two-sided ideal generated by”, and [[{X ,}teT]] fA,

respectively [[{X ,},eT]] fAh, denotes the ring of formal power series with coeffi-
cients on the right chosen in A, respectively in Ay, each one involving only finitely
many indeterminates Xj;.

Now, Lo as an A-module is free but not finite; however, J } (Lg) and its
quantization Kj y have enough “finiteness” behavior as to let the arguments for the
finite free case apply again. In other words, the analysis we carried on for the finite
free case can be applied again in the present, general context working with Kj y.
Indeed, let us remark that

Iy := h—adic completion of

(Zlh§5(y*)5k"§1<§>---+

neN k

— =+
ZKh®(S(Y*)®k”) ®1®---)
neNy K k Kk

while on the other hand VE(LQ) =ViL)® (VE(L) O S(Z)+). Now let K :=

~ St
Jr(L)and X € \K. As 7 (Lo) = K@Y ,cn, K&k (S(Y*)®") @k 1®---, we

- —
can extend A to an element u € *Jf (L) by M|ZneN+ KB (STH® ) 1@ 0

and ,u| K = A. By the arguments used in the finite free case,  can be lifted to an
element M € .  Kpy;then A = M |Kh € . Kj, is alift of A. So the (injective) map
7 wKn/h Ky — (Kp/hKy) = .J"(L) = V¥(L) is surjective.

(5) Let us now show that A(,Kh) C K; ®Ah*Kh for the “coproduct map” A
given by the transpose map of the multiplication in K.

Let A € .Kj. We know that modulo /& one has m € .K ®,«K. Now

write A(A) = Y. A @ 1@ (a finite sum) with AV, 1@ € , K, and let A;ll)
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and Aglz) in , K}, be liftings of A and A i.e. A;l) = 1M and A;lz) = 1®: then
AAD) =L AP @AY € h(uKn&, «Kn), so that i (A(AR) — L AP @A) €
*Kh®Ah*Kh' In addition, whenever p + ¢ >> 0 one has also (A(Ah) -3 A,(:) ®
Af), I @ I') € h? Ap; therefore we find that

YA =Y AP ®AP) e K ®,.K

We can carry on this argument and eventually show that A(Ap) € Kj ® A, > Ky,
g.e.d.

(6) Altogether, the steps (/)—(5) above prove that ,Kj is a LQUEAd (over Ay),
whose semiclassical limit , K, / h« Kj, is exactly isomorphic (as a left bialgebroid
over A) to V¢ (L). Now we show that the structure of Lie—Rinehart bialgebra
induced on L by the quantization , Kj of vt (L) is the same as that induced by
the quantization Ky of J"(L). To this end, let [, |’, w’, be the Lie bracket and the
anchor map on L* induced by Ky, and [, |”, w”, those induced by Kj.

We proceed like in the proof of Theorem 5.1.5. Our goal is to prove that ' = w”
and [, ] = [, ]”; thus recall that (cf. Remarks 2.2.2 (b)) @’ and [, ]’ are uniquely
determined by

@' (®)(a) = (8(a), D),
(@, (@, \l']/) =o' (9)((0,¥)) — o' (V)((0, D)) — (8L(®), P ® \IJ)
(for all ®,¥ € L*, ® € L, a € A), where §7(a) and §1(©) are defined by the
formula for § in Theorem 4.1.3. Thus it is enough to prove that (for all ®, W € L*,
®el,ac A
o' (®)(a) = (3(a). @),
(0,2, 9]") = o' (@)(0, V) — ' (¥) (0, ) — (§(0), P ® V) (5.7)
To prove (5.7), choose liftings ¢’, ' € J" (L), =: Kp, with the additional
condition that ¢/, ¥ € J,r(), = Ker(d;r(1),) (this is always possible), a lifting
0 e VZ(L)h = ,J" (L), of ® and a lifting a’ € A} of a. Now direct computation
gives
@' (®)(a) = (§1(a), D)
“Nek(a') — st(a’). ¢') mod hAy,
_l(l,d)/s,(a’) —sr(a’)¢’) mod hAy

’ N _ APV,
_ (¢S’(a) sl @) o hKh) mod 3,7z,
w

h
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where we exploited the fact that the involved pairing a right bialgebroid pairing
(cf. Definitions 3.4.4 and 3.4.5). Thus the first identity in (5.7) is verified.

As to the rest, we write A(0) = 0(1)®0(2) as A(0) = 0@ 14+1Q0 +h0;11® 02,
so that (6] ® 0fz) mod hV‘(L)M;;DV‘(L)h =: A(©), as in Definition 4.1.3.

Moreover, let us set ¢ := ¢’ mod hJ" (L), ¥ := ¥’ mod hJ" (L), which are lifts
of ® and ¥ in J" (L), and actually belong to J;r(,,. Then direct computation gives

Y — Y'Y

(0.1, 91") = (0. 19, v}) = <0, -

> mod hAjy

Now, in the proof of Theorem 5.1.5 — namely, to prove the second part of (5.6) —
we saw that

<9, M> mod hAy = o ()(0., V) — ' (V) (6. ) — (5(0),  ® W)

so that the second identity in (5.7) is proved.

At last, let now cope with the case of * Kj,. Clearly, we can proceed much like
for . Kj: one proves that *K;, = *J"(L),, is a topological left bialgebroid, whose
specialization modulo % is *J7 (L) = V*(L), hence we can claim that *J" (L), €
(LQUEAd) 4, is a quantization of vt (L).

A difference arises about the last part of claim (a), concerning the two Lie—
Rinehart algebra structures induced on L*: indeed, the difference in the outcome
— a minus sign — is due to the fact that the natural pairing (given by evaluation)
among the left bialgebroid *J" (L), and the right bialgebroid J"(L); is now a
left bialgebroid pairing (cf. Definitions 3.4.4 and 3.4.5) — while for .J" (L), and
J" (L), it is a right one. Explicit computations are (again) much like those in the
proof of Theorem 5.1.5 (for the very last part of claim (a)), just as it occurs for
«Kn = J (L)

(b) The arguments used to prove claim (a) clearly adapt to claim (b) as well.
Otherwise, one can deduce (b) directly from claim (a) using general isomorphisms
such as , (Uctop) = (U*)cbop and *(Ulop) = (UL, — see Remark 3.4.6. O

coop

5.3. Functoriality of linear duality for quantum groupoids. The results in
Sections 5.1 and 5.2 about the duality constructions for quantum bialgebroids can be
improved. Indeed, they can be cast in the following, functorial version (cf. Definition
4.1.1 and 4.1.8 for notation), which is the main outcome of this section:
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Theorem 5.3.1. Left and right duals yield pairs of well-defined contravariant
Jfunctors

(LQUEAd) 4, —> (RQFSAd)4,. Hj, + Hy,
(RQFSAd)4,—> (LQUEAd),, Kj > +Kp,

(LQUEAd)4,—> (RQFSAd)4,, Hy + Hy,,
(RQFSAd) 4, — (LQUEAd)4,, Kj + *Kp

(RQUEAd) 4, — (LQFSAd)4,, Hy + *Hp,
(LQFSAd)4,—> (RQUEAd)4,, K+ Kp,

(RQUEAd)4,—> (LQFSAd)4,, Hj + +Hp,
(LQFSAd)4,— (RQUEAd),,, K, — K}

which are (pairwise) inverse to each other, hence yield pairs of antiequivalences of
categories.

Proof. Itis clearly enough to present the proof for just one pair of functors, say those
in first line.

Let H, = VZ(L)h € (LQUEAd)4,. Forany A € H; and any n € Hj, let
evy(A) := A(n), and consider the map H, — . (H}:‘) given by 1 — ev,; note that
a priori this map takes values in «(H,"), but Lemma 5.1.4 actually proves that every
ev, belongs to . (H™).

Now, this map is an isomorphism in (LQUEAJ) 4, because it is an isomorphism
modulo /. The other points can also be proved, by standard arguments, in a similar
way. 0

6. Drinfeld’s functors and quantum duality

In this section we present the main new contribution in this paper, namely the
definition of Drinfeld’s functors and the equivalences — instead of antiequivalences!
— of categories established via them among (left or right) QUEAd’s and QFSAd’s.

6.1. The Drinfeld’s functor ()".

Definition 6.1.1. Let K; € (RQFSAd)y,. We set I := le(hAh) and
Jn = Ker(dp), where 0 is the counit of Kj; then one has I, = J + hKjp.
We define

K= () + X 0 =5 () + X ST (A3,
neNy neNy
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which is a k[[h]]-submodule of Kr := k((h)) ® K}, and we denote by K, the
kIR

h—adic completion of the k[[#]]-module K °.
Moreover, in an entirely similar way we define K }Y for any K € (LQFSAd) 4, .

Remarks 6.1.2. (a) Note that Jj, is not an (A, Ay )—subbimodule of K, in general.
Indeed, if a € Ay, and ¥ € Jy, it is clear (from the properties of the counit of a right
bialgebroid) that Vs, (a), ¥t (a) in Jz; but we cannot prove in general that s, (a)y
and 7, (a)y belong to J5. On the other hand, one has that [, instead is definitely an
(Ap, Ap)—subbimodule. For this reason, it is better to (define and) describe K ;l‘ and
K}/ using Iy than using J.

(b) Let K be a LQFSAd, respectively a RQFSAd. Then (Kj)?% is a RQFSAd,

coop
respectively a LQFSAd. It easily follows from definitions that ((Kh)‘c’fjgp)v =
(K;I/)CSOp'

6.1.3. Description of K,’. Directly from its very definition, we can find out a
description of K}\l/. This is very neat in the case when the Lie—Rinehart algebra
L — such that K}, is a quantization of J” (L) or J*(L) — is of finite free type (as
an A-module), and can be reduced somehow to that case when L instead is just of
finite projective type. Thus we distinguish these two cases.

(a) Finite free case: Let us assume that L (as an A—module, of finite type) is free.
Then we can explicitly describe K;’, as follows. Fix an A-basis {e1,...,e,} of L,
and let & be the element of Hom(V[(L), A) = VZ(L)* = J" (L) defined (using
standard multiindex notation) by

(giygg> = (?w?i” ---E‘,’,‘") = 5a1,0"'5ai,1 a0 Ya=(o,...,0p) €N"
Let & be an element of K, lifting & and such that d,(§;) = 0. If a € Ay, we shall
write again a to denote the element t" (a) € Kj. We have the following descriptions

d 0
Kn = {Ygantl - Emaglag € AT Vd € N*} = A[[X1..... Xq]l[[A]]
Ih = (h’gla e ,gn)’
In = Xiz&iKn
where the first line item is a (right) A(;lp —module of formal power series (convergent
in the /,—adic topology) and the last isomorphism is one of topological k—modules,
while round braces in second line stand once again for “two-sided ideal generated

by”. By this and the very definition it follows that, writing éi := h~'&;, one has (the
last isomorphism being one of topological k—modules)

Ky = Syt HOE] - Eray|ay € AT Wb} = a[Xy.... X, (18]

where the sum denotes formal series which are convergent in the s—adic topology,
and then also

3=k, = Y& K,/ = right ideal of K, generated by the E’s
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(b) Finite projective case: Assume now that L (as an A-module) is just
finite projective (as usual in this work). Like in Subsection 4.2, we fix a finite
projective A—module Q such that L & Q = F is a finite free A-module, we
write F = A ® Y where Y is the k—span of an A-basis of F, and we construct
the (infinite dimensional) Lie-Rinehart algebra Lo = L & (A [(2J3 Z) with
Z=Y®Y®Y ®---. Then, for J" (L), := Kp, we can introduce the right
bialgebroid Ky y := J" (L) y as in §4.2.3: namely (with notation as in §4.2.3),
we recall that

Kpy := h—adic completion of ZneNKh@kS(Y*)(gn RIR®I®I1---

(S(¥™)®") * being the kernel of the natural counit map of S(Y *)®" and K, QS (Y *)®"

®1--- the ((S(Y*)®")+®1®1-.-)—adic completion of K; @ S(Y*)®" @11 ---.
Furthermore, let 5, be the counit of K y,and I,y := 8;1 (hA h). Then we have
also

Ip.y := h—adic completion of

(Zlh§S(Y*)§r®l®...+ ZKhé(S(Y*)§S)+®1®---)

reN k seN k

Basing upon these remarks, we can define K, and describe it as above: namely,
one has

~ = 4.5
K}y = h-adic completion of 3~ Y AT"J @k ((SX*®") ) ® 1@ 1®--

n.mr+s=n

= K/ ®S(Z*)

where Z*/ =Y*®Y*QY*®---.

Let now {e;};er.=nx{1,....ny D€ @ good basis of the A-module Lg. From the
proof of Theorem 5.2.2 (step (4) for the general case) we can select elements & €
Kpy(t € T) such that

Kpy = {ZneNth”({ét}tET)

Ih,Y = (h7{$t}tET)’
3h,Y = ZteTEtKh,Y

Py € [Xeher |1, 47} = A[[(X)er]] L0011

where [[{Xt}teT]] fAh is the ring of formal power series with coefficients on the
right chosen in Ay, nvolving only finitely many indeterminates X;. One easily finds,
letting & := h™ &, that

Kily = {Suerh" Pal(Es) ) | Po € [{E},er ] AT ¥n € N} = A[{X0), o 000D
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where the sum denotes formal series convergent in the h-—adic topology, and
[{X:},er | A} denotes the ring of polynomials with coefficients on the right chosen
in A}”. We find also

Iy =h"Iny = ZteT;?,K,ZY = right ideal of K}, ; generated by the E’s ©

It is time for the main result of this subsection. In short, it claims that the
construction K — K’, starting from a quantization of L — of type J" /e (L) —
provides a quantization of the dual Lie-Rinehart bialgebra L* — of type V'/¢(L*);
moreover, this construction is functorial.

Theorem 6.1.4. (a) Ler J"(L); € (RQFSAd) 4 »» Where L is a Lie-Rinehart algebra
which, as an A—module, is projective of finite type. Then:

alJ' (L)) € (RQUEAQ) 4,, with semiclassical limit J’(L)Z/h]’(L)Z ~
VT(L*). Moreover, the structure of Lie—Rinehart bialgebra induced on L* by the
quantization J" (L), of V" (L*) — as in Theorem 4.1.6 — is dual to that induced on
L by the quantization J" (L), of J" (L) — as in Theorem 4.1.12;

a.2 the definition of J" (L), + J" (L), extends to morphisms in (RQFSAd),
so that we have a well defined (covariant) functor () : (RQFSAd) — (RQUEAJ).

(b) Let JZ(L)h € (LQFSAAQ) 4,, where L is a Lie—Rinehart algebra which, as an
A-module, is projective of finite type. Then:

b.1 JY(L), € (LQUEAA),, with semiclassical limit J*(L), /hJ4(L);, =
vt (L*). Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the
quantization J e(L)Z of VE(L*) — as in Theorem 4.1.3 — is dual to that induced on
L by the quantization Je(L)h of J*(L) — as in Theorem 4.1.13;

b.2 the definition of J*(L) nJ Z(L)Z extends to morphisms in (LQFSAQ),
so that we have a well defined (covariant) functor ()" : (LQFSAd) — (LQUEAAJ).

Proof. (a) In order to ease notation, let us write K := J"(L).

By definition, K is the unital k[[/]]-subalgebra of (Kh)F = k((h)) Qkqny Kn
generated by A~ 11, and s”(Ay): thus it is automatically a unital k[[/]]-algebra.
It follows that K’ is a unital k[[/]]-algebra too, complete in the ~—adic topology.
Moreover, Iy is an (Ay, Ap)-subbimodule of Kj: this implies at once that K ;l‘
and K}\l/ are (A, Ap)-bimodules too. As (Kh)F is torsionless, so are K;l‘ and its
completion K,’; also, K, is separated and complete, so it is topologically free.

Let us now see that the coproduct in K induces a coproduct — in a suitable, 71—
adical sense — for K’ as well. Given any ¢ € Ij,, we write A(¢) = ¢(1) ® p2) —a
formal series (in £—notation) — convergent in the /;—adic topology of Kj. Writing

¢ and ¢(z) as

¢ = ¢ +5 (0 (0m)). o) =5 + 1" (31 (d2))
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we have seen that A(¢) = ¢(JB ® P2y + 5" (3n (¢(1))) ® gb(;; + sr(ah(qb)) ® 1 be-
longs to the space (Ithh K, + Kh@Ah Iy + hs’(Ah)géAh 1). All this implies
A(h™'¢) € KY®4,K) .

In addition, we must observe the following. Every ¢ € [ expands as an
Ip—adically convergent series ¢ = ZneN+ ¢n with ¢, € I for all n € Ny;
but then ¢, € I} = h" (h=11;,)" for every n and so h~'¢ expands as a series
h=l¢ = D neny h"=1(h~11,)" which is convergent in the h-adic topology of K.
As a byproduct of this analysis, we can apply the same argument to A(h_lgb) and
thus realize that it is actually a well defined element of K ,Y ® a4, K ,\l’ , the h—adic
completion of K}’ ® 4, K. Finally, it is clear that in fact A(h~'¢) even belongs to
the Takeu’c\l}i product inside K’ ® 4, K}/, as the parallel property is true for A(¢)
inside Kh®AhKh-

As K* is generated — as an algebra — by A~ '1}, and s"(4}), and K} is its
h—adic completion, we finally conclude that the coproduct of K} does provide a well
defined coproduct for K, making it into a (topological) right bialgebroid over Ay,.

Moreover, by construction K,” is isomorphic (as a k[[h]]-module) to
(K}Y/hK;)[[h]].

What we are left to prove — for claim (a.1) — is that K_,;/ = K}/ /hK , be
isomorphic to V" (L’) for some Lie-Rinehart bialgebra, and that such L’ — with
its structure of (Lie—Rinehart) bialgebra induced by this very quantization — is
isomorphic to L* with its structure of Lie-Rinehart bialgebra dual to that induced
on L by the quantization Kj, := J" (L), we started from.

We follow the strategy in [12] and [9]. So far we saw that K}‘l’ is a deformation
of the right bialgebroid K }Y / hK }Y : then we shall apply Proposition 3.3.4 (and the
remarks after it) to show that the latter is indeed of the form V" (L), with L’ =~ L*.
For computations hereafter we fix some notation: J; := Ker(dy), K := Kj, / hKj
and J := Ker(9) for d := dg. Also, from Theorem 5.2.2 (a) we consider V(L), :=
«Kp = .J7(L);, € (LQUEAd) 4, so that J” (L), = VE(L);,.

We proceed in several steps.

e Foralla € Ay, we have s,(a) = t,(a) mod hK}/. Indeed, one has (s’(a)—
1"(a)) € Jp S I = hh™'1}, € hK}/, whence the claim.

e The set P”" (K_Z) of (right) primitive elements of K_,\z/ = K)/hK) —
cf. Proposition 3.3.4 — has a natural structure of right Lie—Rinehart algebra, induced
by specialization from K }Y .

Indeed, this is entirely standard. Both the Lie bracket [ , | and the anchor
map  are recovered as semiclassical limits of commutators from the multiplicative
structure and source/target structure of the “quantum right bialgebroid” K. Namely,

for any x,y € P’(KZ) and a € A, choose any lifts x’, y’ € K}/ and a’ € A} of
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them: then defining

ax:=x's"(a") mod hK), [x,y]:=x"y'—yx" mod hK)
w(x)(a) := 3 (x's"(a’) — s"(a')x") mod hAy,

it is a routine matter to check that P”" (K;l/) is made into a Lie-Rinehart algebra over
A.
e SetJY = h7'3,(<S K)) and ‘ﬁ := J) mod hK)'; then \ﬁ is a Lie—
Rinehart subalgebra of P” (K_}Y)
Indeed, let ¢ € Jj, and set ¢V := h~'¢ € J). Then acting as in the first part of
the proof (with notation introduced therein) we get

AP =¢R1+10¢+¢ @5 €d @1+ 10 ¢+ In®a,3n

thanks to the assumption ¢ € Jj (and to several identities holding true in any right
bialgebroid). As J, = hh™'J, = hJ) € hK)', we end up with A(¢") = ¢V @1+
1®¢Y + h(K)®a4,K)), so that §¥ := ¢V mod hK) is primitive in K,'. This
proves that ﬁ Cc P (K_hv)

Finally, f; is a Lie—Rinehart subalgebra of P” (K_f\;/) if and only if it is a (right)
A-submodule, closed for the Lie bracket. Now, by definition J is a right ideal in
K}, and this implies — by construction — that J; is a (right) A—submodule. As to
the Lie bracket, if x, y € ‘ﬁ we have by definition [x, y] := x'y" — y’x" mod hK}/
for any choice of liftings x’, " € K,/ of x and y. On the other hand, we can clearly
choose x',y’ € "]Z, sothat x’ = h=ly, y' = h™lp, for some y,n € Jp; then we
have

X'y =y'x' = h2m—np) € 2 (QnNhKy) = h2h3n = h™'3n = ),
since Jp is a right ideal and Kj, / hKjp =~ J"(L) is commutative. It follows that
[x,y] € 3, qed

o We will now show that 3Y(ViKY = 35, + 33 = h3) + h(3)).

Indeed, the second identity in the claim is a trivial consequence of 3,\1’ = h71g,.
As to the first one, as K; = J"(L),, we distinguish two cases: either L is free (as
an A-module), or not.

If L is free, then the identity J;(hK; = Jn + J;Jn is an easy, direct
consequence of the description of JZ given in §6.1.3 here above in the free case
— i.e. part (a).

If instead L is not free, then we proceed as follows. First consider K y and Jp.y,
and construct from them K}Y,Y and 3}; y- In this case, the description of JZ’ y givenin
§6.1.3, part (b), implies again easily the identity Jh,YﬂhK}\L/,Y =Jny + 3;1/,1/3},’1(.
Now consider the map 7" : Kj y —> K}, introduced in §4.2.3 (b), for J" (L), :=
Ky and J" (L), y = Kp,y: this is a an epimorphism of right bialgebroids, thus
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in particular 7Y (J h,y) = J. Then it follows at once that 7¥ canonically induces
another epimorphism of right bialgebroids 7” : K, —> K’ such that #¥(J) ;) =
J),. But then, using 7" and 7 and the identity J; , (2K}, = Jn,y + 3}, yIny
we easily deduce the identity 3, (2K, = Jp + J, I we were looking for.
e There exists an A-linear isomorphism v : J)/ / (hJZ + h(ﬁ;{)z) ~ ‘ﬁ _

hence hereafter we shall identify 3 and 3,/ / (hsz + h(fj;l’)2> via ¢ and v~

Indeed, the natural projection map K, —» K_,\z/ := K’ /hK}/, whose kernel is
hK)/, yields by restriction a similar map J, —» ‘ﬁ = ”Z/(ﬁ;l/ N K}) whose
kernel is (3;1’ N hK;l’). By the previous step, we have JZﬂhK}Y = hJZ + h(fj;l’)z,
whence we get an A-linear isomorphism.

e There exists an A-linear isomorphism o : ‘ﬁ = 3, / (hJZ + h(fj;{)2> o~

3/32 =: L*, where J = Jyr(1) := Ker(ajru_)), given by =1y a(h_ly) =7y
mod J2.

Indeed, there exists a natural projection map ¢” : J, —» Jn / hp, = 3§ —
3/32 =: L*, whose kernel is (hfjh + 3%) Then o’ : JZ = h71g, — 3/32 =:
L*(h™'y = o'(h7'y) := ¢”(y)) is a well defined k-linear map, whose kernel is
@n+07137) = (h3z + h(ﬁ,\l’)z). Therefore o’ canonically induces a k—linear
isomorphism o : ﬁ ~ 3;/(h3,f + h(g}:)2>i»3/32 =: L* givenby h— 1y >
a(h_l y) := 0 (y); also, it is straightforward to check that this is A-linear too.

e We have K_}\l’ € (RQUEAAJ) 4, , namely K_;l’ ~ Vr (L/ ) for the Lie—Rinehart
A-algebra L' := ‘ﬁ (with the Lie-Rinehart structure mentioned above).
Indeed, what we proved so far shows that L" := Z is a Lie—Rinehart subalgebra

of P" (K;l’) which together with A generates K, (as an algebra) and is finite
projective as an A-module (since it is isomorphic, as an A-module, to L*, see
above). Therefore, all conditions in Remark 3.3.5 are fulfilled, so it applies and
gives K/ = V" (L') for L' := 3} = P"(K}).
e There exists on the Lie-Rinehart algebra L’ a unique structure of Lie—
Rinehart bialgebra, canonically induced from the quantization K’ of V" (L’ )
In fact, this is just a direct consequence of Theorem 4.1.6.
e The A-linear isomorphism o : ‘ﬁ o 32’/(%13;{ + h(fj;l’)2> o 3/32 =: L*
is actually an isomorphism of Lie—Rinehart bialgebras over A.
In order to prove this, we must show that o preserves the Lie bracket, the anchor
map and the differential § (cf. Definition 2.2.1) on either side.
For the Lie bracket, let x,y € ﬁ: given y,n € Jp such that x = h_l)(, y =
h~'n, we have

[x,y] =h2(xn—ny) mod hK; = h~>ht mod hK} = h~'¢ mod hK)/
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for some ¢ € J;. But then also ¢ := ¢ mod hK; =: {7,ﬁ} — where @ =
a mod hKy for all « € K; — by Theorem 4.1.12. Now the Poisson bracket of
Ky / h Ky, restricted to J; pushes down to the Lie bracket of Jj, / Ji =: L*; thus
setting X := ¥ mod 32, Y := 7 mod J*( € J/J* =: L*), we have [X,Y] =
{7, ﬁ} mod J? = Z. Now, by construction we have X = o(x), Y = o(y), and the
previous analysis eventually gives also 0([x,y]) =7Z=[X,Y]= [a(x),a(y)].

For the anchor map, let x € ‘ﬁ X €Jdn, X € 3/32 = L* as above, and take
a € Aand a’ € Ay such that @’ mod 2 A, = a. Then direct computations give

w(x)(a) = 0p(h~" xs" (@) —s"(a)h ™" x) mod hA,,
- 8<h_1()(s’(a’) —s"(d')y) mod hKh> — w(X)(a)

which means w(x) = @(X) = w(0(x)), that is o preserves the anchor, g.e.d.

Finally, in order to compare the two differentials on ‘ﬁ and L*, respectively
denoted &' and 8", recall that in any Lie-Rinehart bialgebra (£, .A) — in the present
case (L*, A) — the differential § is related with the Lie bracket and the anchor map
by the identities

(f.8c(a)) = wex(A)(a),
(F® 1. 6.(x)) = we(D)((m. x) — wp=(m) (. x)) — {[f. m] - . x)

forall x € £, fm € L* a € A — see Remarks 2.2.2 (b). We apply this to
(L. A) = (L*, 4).

For the differential on A, we must prove that o(§'(a)) = §”(a) for all a €
A, which amounts to showing that (f, 0’(5/(61))) = (f, 8”(a)) for all @ € A and all
f € L. For this comparison, recall that V¢(L), := ,J" (L), € (LQUEAd) 4, 18 @
quantization of V¢(L), by Theorem 5.2.2 (a); moreover, the natural pairing between
VE(L), and J" (L), (given by evaluation) is a right bialgebroid pairing. Now choose
alifting a’ € Ay of a € A and alifting f/ € Ve(L)h of f € L: more precisely, we
choose [’ € Ker(evz( L)h)‘ Then direct computation gives

(t.o(8'@))=h-({f".8@) modhA,=(f" s"(a")—1"(a’)) mod hAy
=(f's"(a’) —s*(a’) /', 1) mod hA,,
= (f’se(a') - te(a’)f’, 1) mod h4y
=(f's%(a’),1) mod hAy
=€yt (fa) = wp(f)(a) = (f.6"(a))

(cf. §3.2.9 for the last but one identity). This proves that o (§'(a)) = §”(a) for all
aeA. o

For the differential on L*, consider x := )(_ = hly e 3;{, with y € Jp;
then we have o(x) := y mod 3% =: X ¢ 3/32 = L*. Our goal is to prove that

(0 ®0)(5'(x)) = 8" (o (x)).
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Write A(y) = yq) ® x@ as A(y) = y®1+1® x + Z[e] X[ @ X[2]
then we have A(xY) = ¥ @ 1+ 1® xV +h 206 )([Vl] ® )([Vz] — where )(E] =
h_l)([i], fori € {1,2} — so that §'(x) := _2[6] Xn ® xpz1 + 2[0] X[2] ® X[1]
with xp;) = m fori € {1,2}. In all this, ¥ := h~ !y is a lifting of x € L’ in
VT (L"), := J" (L)), and y is alifting of X := o(x) in J"(L)p; in addition, we can
assume that d,(y) = 0. We adopt similar remarks, and notation, for x[;}, x[;] and
X1 := o(xp1) with i € {1,2}. Now for f,m € L and liftings f’,m’ € V¥(L), of
them, direct calculation yields

(f®@m,§"(o(x))) = (f®m,§" (X))

= eVz(L)(f(m, X)) — eVg(L)(m(f, X)) — (fm — mf, X)

= (L7 e (om'0) 1) = (- (0 5 20) 1)
—(f'm'=m'f",7)) mod hay
= (L7 e (om'20) 1) = (-1 (0 5 20) 1)
— (" (S x@))s xw)
+ (' x@))s ) mod hd
= ((m/-l£(<f/,)([2]>),)([1])
{7’ 2)- ) mod kA
= ((m' xs” (U5 xen))
= (" xms” (', X[z])))) mod 14,
- ((M' xmt (s x))
—(f", xt” (' 2))) - mod hay
= ({0l 22 = (£ xn)om' xg)) - mod By

= (m, o (xp) {f. o (xp21)) — (£, 0 (xpa) fim, o (xp21))
= (f® m, (0 ® cr)(A[l](x)z’1 — A[l](x)))
=(fom, (0 ®0)(8'(x)))

Here above we used the fact that s’((f/, )([2])) — t’((m/, )([2])) belongs to Jj, so

that we have iy (s" ({7, xp1)) =" (/. X)) € 35 and (m’, xny(s" (/" x121)) =
t"((f. x21)))) = 0 mod hAy. Thus (f® m, 8" (0(x))) = (f®m, (0 ®0)(8'(x)))
forf,m € L,s08"(0(x)) = (0 ® 0)(8'(x)).

In the end, all the above eventually completes the proof of claim (a.1).
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As to claim (a.2), let (Kj, Ans sk, 1k, A, dk,) and (I, By, ST, 15,5 A, ar,)
be two RQFSAAd’s, and let (f,¢) : K —> [} be a morphism between them
in (RQFSAd). The very definition of morphism in (RQFSAd) imply at once that
¢(s}<h(Ah)) C sT,(By) — because ¢ o sk = s}, o f — and ¢(Ix,) < Ir,
— because dpj, 0 ¢ = dk, — hence also ¢(h~'Ik,) € h~'Ip, for the natural
k((h))—linear extension of ¢ : K —> I, to ¢* : (Kp)p —> (I') p. By construc-
tion, this implies that ¢ defines by restriction a morphism ¢* : K;* — I*, and
this in turn extends by s—adic continuity to a well defined morphism ¢" : K,/ —> I',”
in the category (RQUEAJ).

(b) A direct proof of (b) can be given mimicking that of (a). Otherwise, it can be
deduced from (a) (and, clearly, the roles of the two results in this deduction can be
reversed) as follows.

If I, .= JYL) n € (LQFSAd) 4, , then (Fh);’gop € (RQFSAd) 4, ; thus by claim

(a) we have that ((I%), )V € (RQUEAd) 4, . Now, by construction ((1})? )V =

coop coop

(F hV)OP , hence we deduce that ;" € (LQUEAJ) 4, . All other aspects of the claim

coop |
also follow from this argument. O

6.2. The Drinfeld’s functor(s) ()’ = (). We introduce now a second type of
Drinfeld’s functor, denoted H — H'. Just like for the functor H — HV, this also
is inspired by the similar notion introduced for “quantum” Hopf algebras (see [12]);
nevertheless, in this case we must be more careful, as we shall presently explain.

Let Hy, be a left (or a right) bialgebroid. If s,‘; = t,f = tfl, then we can define
H'’ as in the “classical” framework of quantum Hopf algebra deformations. Let us
shortly recall it. Set 8, = (idg —s*o e)®n o A", where (idg — st o e)®n is the
projection of H®" onto J®” defined by the decomposition H = J @ s¢(A), with
J := Ker(e): then we define

H':={a e H|8,(a) € "H" VYn e N} C H.

If instead s and ¢ do not coincide, then the projection of H®" onto J®” is
not defined, because the (Ah ® AZP )—module Jp does not have a complement in

Hj,. Therefore, as s* and ¢ do not necessarily coincide, we adopt the following
definition:

Definition 6.2.1. As above, we use notation (Hy) g := k((h)) ®kiny Hh-
() If Hp € (LQUEAd),4,,, we define

Hj = {n <€ (Hyp|n.(H)*) € Ap}. 'Hp:={n € Hp)r|n.(Hp)+)") € An}
Mb) If Hy € (RQUEAd)Ah , we define

H; = {n <€ (Hy)r|(n. CHp)*) € An}, 'Hp:={n e (Hp)p|(n. («(Hp))) € An}
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Proposition 6.2.2. Let H, € (LQUEAAd)4,. Then

(a) Hj, C Hy, 'Hp C Hy
Hy = ((H)") = «((H)Y), Hy="(Hp)) ="((Hn).)
Hy ={A: Hy — Ap|A(u +u') = L(u) + A("),
Aut"(a)) = ar(u), A( I’fI;:) - h"AhVn}

'Hy = {)k Hp— Ah|/\(u +u') = Au) + A@),
Aus” (a)) = /\(u)a,)t(ll'flh*) C h" ApVn}

(b) The analogous results hold if H, € (RQUEAd), .
Proof. The proof is the same as in [12], hence we do not need to reproduce it. [

Remark 6.2.3. If H; € (LQUEAA), , then ((Hh)ggop)’ = ('Hy )"” This follows
from the following three remarks:

— if U is any left bialgebroid, then (Us)epop == *(Ucnnp) as left bialgebroids;
— if W is any right bialgebroid, then (* W)wop o~ (Wc,m,,) as right bialgebroids;

— the functor ()" commutes with the functor ()¢hp.
Similarly, one has '((Hp)?,,) = (H, )0” Finally, in the same way one finds also

the parallel identities ((Hj)%,,)" = (/Hh)wop and '((Hp)Zp,,) = (Hy)2h, for every
Hy, € (RQUEA) 4,

6.2.4. Explicit description of 'H;. For a given H;, € (LQUEAd)y,, we can
describe 'Hj, quite explicitly. Write Hy, = J5 @ s¢(Ay), and let 75 be the projection
of Hj, onto Jp: this is not a morphism of (A, ® Ay )-modules. We need another
lemma, whose proof is left to the reader:

Lemma 6.2.5. Foranyu € Hy and a € Ay, one has 7 (se(a)u) = st(a)my(u).

If in addition t*(a) — s*(a) = hj for some j € 3, then ns(te(a)u) =
st(a)ms(u) + hrg(ju).

The operator ns®” isnotdefinedon H,® 4, Hy® 4, ® 4, Hp. fu1 ®---Quy, €
Hy, ®a4, Hy ®Ah <+ ®4a, Hp, then ws(u1) @ --- ® ms(u,) depends on the way of
writing of u; ® -+ ® u,. We will say that the component of > u; ® -+ ® uy,
in 3?” is defined up to h””®” ifYu @ - Quy = Y v; ® -+ ® v, implies
Yo ms(uy) ® - ®7Ts(un)_2ns(vl)®"'®7T5(vn) Ehn3®n-

Lemma 6.2.6. Letu € Hy andn € N. If the component of A" (u) inJ ”®" is defined

up to hJ ”®" and belongs to h”fjf?", then the component of A"t (u) is deﬁned up to

h”"'l”;?(nH) hence it makes sense to say that it belongs to h”+1”®("+1)
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Proof. If the component of A”(u) in 3?” belongs to h”‘”jf’", then A”(u) can be
written as

A"(u) =) h"p1 @ -+ ® ¢ + other terms

where all the ¢;’s are in J; and “other terms” stands for a sum of homogeneous
tensors containing (as tensor factors) elements of s¢(Ay) which do not occur in the
computation of the component of A"*!(u) in J;*'. Assume that A"*!(u) can be
written, for some a € A, as

A ) = Y0 @ @ 1Y@) )i ® Jiv1 ® -+ ® Yut1 + other terms
or A"Mu) =Ry ® - ® xi ® 5 (@) i1 ® - ® Yns1 + other terms

and let us compute N?OH—I)(An—H (1)) in both cases.

In the second case, 72TV (A™*1(u)) can be written as

@D (A" (w)) = S h" 7, (1) @+ @75 (i) ®5¢(@) s (i41) ®+ @7y (Ynt1)

In the first case, if we write t(a) — s¢(a) = hj (with j € Jj) and use the previous
lemma, we get

@D (AMT W) = Y h s (11) @ -t (@) 75 (1) @705 (i 1)@+ - @75 (Yn+1)
+Zhnns(X1)®' : '®77s()(i—1)®h(_j”s(Xi)+7fs(in))®7Ts(Xi+l) @75 (Yn+1)

Taking the difference between the two computations we find

s (x1) ® -+ ® ws(Yi—1) ® h( — Jms(xi) + ”s(j)(i)) ® s (Xi+1) @ s (Xn+1)
which does belong to /"1 J®+D ge.d. O

Notation. If the component of A" (u) in 3;‘?" is defined up to h/*J®", we shall write
it as §” (u). Then the condition §" (u) € h"J®" perfectly makes sense. Hereafter we
shall write §” () € h"J®" to mean that §” (u) is well defined — i.e., the component
of A"(u) in J®" is well defined — up to h"J®" and it belongs to h*J®". For the

rest of the discussion, we introduce the notation
8s(Hp) := {u € Hp|87(u) € A"I2" ¥n € N1}

We need again a couple of technical results:

Proposition 6.2.7. Let u € §;(Hy). Then A(u) can be written as

Au)=u®l+ Zu/(l) ® u/(z) with ”/(1) € 8s(Hyp) and u/(z) € hp
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Proof. First case: L is a finite free as an A—module.
Let {El ,e2, ... ,En} be a basis of the A—-module L: we lift each e; to an element
e; € Hy suchthate(e;) = 0. Letu € 6°(Hy). We write A(u) as

Aw) =u' @ 14+ Yy yie ® e with  lim || uy ||=0.

|| —>+o00

for suitable u’, uy € Hy,. The relation m,, ((sz o€)®id)(A(u)) = u givesu’ = u.
Thus we have
A(H) =uQ 1 + ZQEN"\{Q}ME ® eg

The relation m;, ((s¢ o €) ® id)(A(u)) = u yields the identity

del\m\{g}se (e(ug))eg =u—st (e(u))

As u € 85(Hp), one has u — st (e(u)) € hJp,, which implies that s* (e(ug)) € hHy;
hence sﬁ(e(ug)) = ﬂ(e(ug)) =0 € Hh/hHh. As §¢ is injective, we get
€(ug) = 0,i.e. e(uy) € hAp.

If n > 1, one has

85 (u) = deN"‘s?_l(ug) ® % e h"Jo"

which implies 8771 (uy) € h"J®" D and uy € 85(Hyp). Let Uy = ms(uy) =
ug — s*(e(uq)). For all n > 1, one has 87 (ily) = 8" (ug) € A"T1J". In particular
forn = 1 we getuy, = hw, for some wy € 65(Hp). The element uy can be written
as uy = h(wg + s(h~e(uq))) € hs(Hy).

Second case: L is finite projective as an A—module.

Just as in Subsection 4.2, we fix a finite projective A-module Q such that
L & Q = F is a finite free A-module. We fix an A-basis B := {eq,...,e,} of
F': then we call Y the k—span of B, so that we can write F' = A ®; Y. Moreover,
we construct the (infinite dimensional) Lie—Rinehart algebra Lg = L & (A Qi Z ),
withZ =Y @Y @Y @---, which has a good basis {¢; };c7.—nx{1,... »} defined by B.
And as in §4.2.1, we can define Hy y and 8,(Hj,y). Now given u € 8,(Hpy), we
can write A(u) as follows:

AW) =u® 143 yermngoytte ®e*  with aprB L |ue| =0
Then the same reasoning as above shows that the proposition is true for Hj, y in the
role of Hy,.

Recall (cf. §4.2.1) that Hyy = Hj ® (Hy®kS(Z)") where H,®:S(Z)"
is the h—adic completion of H, ®; S(Z)Y, with Z = Y @Y &Y @ ---; the
natural projection mwy : Hpy — Hpy is then a morpism of left bialgebroids.
Moreover, if Jpy is the kernel of the counit of Hyy, we have Jpy = Jp @
(Hh<§>kS(Z)+). Now it is easy to see that, if v € §5(Hp,y ), then 7y (v) € 6,(Hp).
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Now let u € §5(H}y). By the result for Hj y, we know that A(u) can be written
as

Aw) =u® 1+ uy ®upy, with ugy) €8(Hpy) and  ug,) € hiny
As my (1) = u, applying 7y ® 7y to the previous identity we get
A(“) =u®l+ ZEY(M/(l)) b2 ﬂY(ul(z))

with 7y () € 7y (85 (Hpy)) = 85(Hp) and 7y (uz) € hy (3n,y)) = hdp. O
Lemma 6.2.8. s°(A4y,) - 8,(Hy) € 85(Hy) and t*(Ay) - 85(Hy) C 8(Hp).
Proof. Let u € 85(Hy) and a € Ap. The properties s(a)u € 8;(Hy) follows
from the following properties: 7 (se(a)u) = s'a)my(u) and A" (sg (a)) =
s%a) ® 1 ® --- ® 1. Let us now show that 4 (ti(a)u) € h"3®" foralln € N.
Write t¢(a) — s%(a) = hj with j € Jj.

Forn = 1, by Lemma 6.2.5 we have 7 (Zz(a)u) = st(a)my(u) + hng (]u) € hyg.

Forn > 1, let us show that §7 (t*(a)) € h"3®". Set A(u) = u ® 1 + Uy ® Uy
with u(,, € 85(Hp), u(,, € hJy (cf. Proposition 6.2.7). Then A(r*(a)u) = u ®
t(@) + ufy) ® 1(@)u(y), hence &7 (1 (@)u) = 8§71 () @ 75 (1(@) + 857 () @
T (te(a)u’(z)), thus 8 (t4(a)u) € h"3®". O

We are now ready for the first key result of this subsection:

Theorem 6.2.9. With assumptions and notation as above, we have
'Hy = {u € Hp|8] (u) € h"I" Vn € Ny} =: §5(Hp)

Proof. To begin with, we show that §;(Hy) € 'Hj. To this end, we prove that for
any u € 6s(H) we have (u I(th)*) C h" Ay, for all n € Ny, using induction on 7.
Take n = 1. As u € 83(H), note that §'(u) € hJy implies u = hj + se(e(u))

with j € Jz. Then one has
(u’ IHh*) = h(-]’ IHh*) + E(M)(l, IHh*) € hAh

Now assume n > 1. For our u € 8,(H), set A(u) = u® 1 + “/(1) ® “/(2) with
”/(1) € 85(Hp) and ”/(2) € hJp as in Proposition 6.2.7. Let o € I}, be of the form
a = ajay withay € Iy, and ay € I;‘I;i: then, as the pairing { , ) between Hj,
and Hy, is a left bialgebroid pairing, we have

s ra) = {1 (g )y )+ (1 (1,0 ) < 1

by the induction hypothesis and the case n = 1 (also using the two previous lemmas).
Conversely, let us now show that 'H, < §5(Hj). To this end, we prove (by
induction on n) that for any u € 'Hy, one has §7 (u) € h"fjf?n foralln e N.
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Forn = 1. Asu € '"Hj, we have (u IHh*) C hAy; on the other hand, 8}(u) =
u — s(e(u)) by definition. Then we have (§}(u), 1) € hAy, if A € I, because

(u — sz(e(u)),)t) = (u,)&) — (se(e(u)),k) = (u,/\) — e(u)(l,)&)
= (u,A) —e(u)d(A) € h4,

On the other hand, clearly §! (u) = u—se(e(u)) € Jn, hence 81 (u) € Jp N hHy = hJy,.
Let now n > 1, and assume by induction that §7~'(u’) € h"~13®"=D for all

u' € "Hy. For our u € 'Hy, write A(u) = u@y ® up) with uqg), up) € 'H. As

A"(u) = A" Muq)) ® ug), we get 87(u) = 8" (uq)) ® 8i (ue)) € h"I®" by

the induction hypothesis and the case n = 1. O

6.2.10. Explicit description of //,. We shall now give an explicit description of H,:
this will be entirely similar to that for 'Hy,, thus we shall only outline the main steps,
without dwelling into details — which can be easily filled in by the reader.

Write Hy, = 3, ®t;(Ap), and let 7 be the projection of Hj, onto J;: once again,
this is not a morphism of (Ah ® AZP )—modules. The operator 72" is not defined on
Hy®a4, Hy®4,, - ®u4, Hp: indeed, if u1 ®---Qu, € Hy @4, Hy ® 4,,- - 4,, Hp,
then 7 (11) ® - - - ® ¢ (U, ) depends on the way of writing u; ® - - - ® u,,. We say that
the component of Y u; ®- - -®Qu,, in 3;?” is defined up to h”ﬁ;?” it u1®-Qu, =
Y U1® @y yields Y. (uy) ® - @7y (Un) — Y. 7 (V1) @+ @7, (vy) € A"ID".

The following lemma is the parallel of Lemma 6.2.6, with similar proof. Note
that the statement is formally the same, but actually the “components” to which one
refers in the two claims are defined with respect to different projectors — namely

7®" or 12" — in the two cases.

Lemma 6.2.11. Let u € Hy. If the component of A"(u) in Jff’" is defined up

to h”fjf?" and belongs to h”fj?”, then the component of A"T1(u) is defined up to

h”“fj;?(nﬂ) — hence it makes sense to say that it belongs to h"“ﬁf(nﬂ).

Notation. If the component of A" (1) in fjf’" is defined up to 4*J®" (in the above

sense), we shall write it as §7(u). Then the condition 87 (u) € h"J®" perfectly
makes sense. Thus we shall write §7 (1) € h"J®" to mean that 8 (u) is well defined
(i.e., the component of A”(u) in J®”, in the above sense, is well defined) up to
h"3®"and it belongs to /" J®". Also, we set

8:(Hp) == {u € Hh|8;‘(u) € h"fjf’”‘v’n €Ny}

Arguing as for 'Hy,, we can then prove the following, analogous characterization
of Hy:

Theorem 6.2.12. With assumptions and notation as above, we have

Hj = {u € Hy|8] (u) € W"3®" Vn e Ny} =: 6,(Hy)
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Remark 6.2.13. The study of 'Hj, and H; we have done for LQUEAd holds for
RQUEAd as well. One can check it directly (via the same arguments) or, by deducing
the results for RQUEAJ’s from those for LQUEAGJ’s in force of the general identities

(H}/t)i[o)op = ((Hh)f's()p) :

Thanks to the characterizations in Theorem 6.2.9 and Theorem 6.2.12 we can
eventually prove the following remarkable result:

Theorem 6.2.14. Let Hy, be a LQUEAd or a ROUEAd. Then H! = 'Hy,.

Proof. We begin with Hj, being an LQUEAd. We show, that for any u € §;(Hp) we
have 8 (u) € h"J®" for all n € N, by induction on 7.
For n = 1, one has

8 (u) =u—1(e)) =u—sg(e(w)) + se(e)) — te(eu))

As st —1* =0 mod h, one has s* (e(u)) —te(e(u)) € hAj. Moreover, we have also
e(se (e(u)) —te(e(u))) = 0, so that s* (e(u)) —te(e(u)) belongs to J, NhA, = hyp.
Thus 8,1 (u) € h3pn, q.e.d.

For n > 1, let us write A(u) = u ® 1 + ”/(1) ® “/(2) with “/(1) € 8;(Hp) and
U(y, € hJp as in Proposition 6.2.7. Then one has 87 (u) = 8" (u(y)) ® & (u(y)),
which is an element of 2" J®" thanks to the induction hypothesis.

By the above we have proved the inclusion 65(Hy) < 8;(Hp); the reverse
inclusion can be shown in the same way, so to give 6s(Hp) = 6&;(Hp). By
Theorem 6.2.9 — giving 'Hj, = 6;(Hj) — and Theorem 6.2.12 — giving H; =
8s(Hp) — this eventually implies H;, = 'Hyp,.

For Hy, a RQUEAJ, we can provide a direct proof by the same arguments used
for a LQUEAJ; otherwise, we can deduce the result for RQUEAd’s from that for
LQUEAAJd’s, as follows.

If Hj, is a RQUEAJ, then (Hp)g,,, is a LQUEAJ; then we have the chain of

identities (H})” = "((H»®,,) = ((H)?,,) = (Hp)" . whence H, = Hj

coop coop coop coop
follows too. 0

We are now ready for the main result of this subsection. In short, it claims that
the construction Hjy + 'Hy = Hj, starting from a quantization of L — of type
V47 (L) — provides a quantization of the dual Lie—Rinehart bialgebra L* — of
type J /7 (L*); moreover, this construction is functorial.

Theorem 6.2.15. (a) Let vt (L), € (LQUEAd),,, where L is a Lie—Rinehart
algebra which, as an A—-module, is projective of finite type. Then:
I !/ I
(a.1)'Vi(L), = VX(L), € (LQFSAd)4,, with semiclassical limit V*(L), /hV*(L),,
~=J e(L*). Moreover, the structure of Lie—Rinehart bialgebra induced on L* by the
quantization V'* (L);, of JY(L*) is dual to that on L by the quantization V(L) nof
VZ ( L),'



348 S. Chemla and F. Gavarini

(a.2) the definition of V4(L), ~ 'V&(L), = V* (L);, extends to morphisms
in (LQUEAA), so that we have a well defined (covariant) functor '() = () :
(LQUEAd) — (LQFSAJ).

(b) Let V" (L), € (RQUEAd)y,, where L is a Lie-Rinehart algebra which, as
an A-module, is projective of finite type. Then:

(b.1) 'V'(L), = V'(L), € (RQFSAd)y4,, with semiclassical limit
Vr(L);q/h V(L)) = J"(L*). Moreover, the structure of Lie—Rinehart bialgebra
induced on L* by the quantization V" (L)}, of J"(L*) is dual to that on L by the
quantization V" (L), of V' (L);

(b.2) the definition of V" (L), + 'V"(L), = V" (L)}, extends to morphisms
in (RQUEAJ), so that we have a well defined (covariant) functor '() = () :
(RQUEAd) —> (RQFSAA).

Proof. (a) Given V4(L), € (LQUEAd),,, we know that J7 (L), = V&(L), €
(RQFSAd)y,, by Theorem 5.1.5(a); then V" (L*),, := J'(L)) € (RQUEAd)y,, is
a quantization of V" (L*), by Theorem 6.1.4. By Proposition 6.2.2, (V'* (L)h)/ =
* (J’(L)},/) is a quantization of J¢(L*), by Theorem 5.1.5. In all this, L* stands for
the A-module dual to L endowed with the Lie—Rinehart bialgebra structure dual to
that defined on L by the quantization V¢(L), — according to Theorem 4.1.3. This
completes the proof of (a.1).

As to (a.2), let H, = VZ(LA)h be a LQUEAd over Ay, and [}, = VZ(LB)h a
LQUEAd over By, and let ¢ := (f, F') be a morphism of left bialgebroids among
them. Set Jy, := Ker(ey,) and Iy, := Ker(er,). Then F(Ju,) S I, by
the property €, o F' = f o€y, of a morphism of bialgebroids. Similarly, one
has F®" o Ay, = A;@: oF and F o sf{h = sfih; from this, one easily sees that
87 (F(u)) = F®"(8"(u)). From all this we get F(H;) < I}, so the restriction
of the morphism ( f, F) between Hj, and I}, provides a morphism in (LQFSAJ)
between H; and I;.

(b) A direct proof for claim (b) can be given by the same arguments used for (a).
Otherwise, we can deduce (b) from (a) as follows.

If H, € (RQUEAAJ), then (Hj)?,, € (LQUEAJ) and ((Hp)?, )’ = ('Hy)

coop coop

op
coop’
so that H] = '"Hy = (((Hp), )/):ZOP. From this we can easily deduce claim (b)

coop
from claim (a). ]

6.2.16. Description of V¢ (L);, when L is a (finite type) free A—-module. Let L be
a Lie-Rinehart algebra which, as an A-module, is free of finite type. Let V¢(L) n €
(LQUEAd) 4, be a quantization of VE(L); by the freeness of L, we can provide an
explicit description of V¢ (L);l, much like that given in [12] for the similar case of
quantum universal enveloping algebras.

First of all, consider K = V* (L)Z = J'(L), € (RQFSAd)y,, which
(cf. Theorem 5.1.5) is a quantization of J”(L). From Proposition 6.2.2 we have
VEL), = «(KY).
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Let {€;};cf1,.. ny be a basis of the free A-module L. Then (by the Poincaré-

Birkhoff—Witt theorem) the set of ordered monomials {Eg}a enn 18 an A-basis of
V4(L), where e := ! -..¢%", -

Let §; € Hom(V4(L), A) = S4(L*) be defined by (£;,e%) = Say.0-+-Sar1 -+
8a,,,0- Then the ordered monomials O%EQ (with ¢! := 1! - - ot !) is a pseudobasis —
i.e., a basis in topological sense — of the A—module J”" (L) dual to the PBW basis

{EQ}QGN” :
then {éég}a e 18 @ topological pseudo-basis of J"(L), = K. Let {02}0{ <yn D€
the topological basis of V*(L), dual to {ééﬁ}gew; then {01}g o 18 a lift of the
PBW basis {Eg}a enn Of V¥(L). Using these tools, a straightforward analysis shows
that a /

VALY, = {1 (@a)h® 0 |ag € An)

where the summation symbol denotes i—adically convergent series.

6.3. Quantum duality for quantum groupoids. We consider now the composition
of two Drinfeld’s functors. We shall prove that the functors ()¥ and () = /()
are actually inverse to each other, so that they establish equivalences of categories
(RQFSAd) =~ (RQUEAJd) and (LQFSAd) =~ (LQUEAd). Our result reads as
follows:

Theorem 6.3.1.
(a) If K € (RQFSAA), then (K,
(b) If Ky, € (LQFSAA), then (K
(c) If Hy € (LQUEAA), then (H;)" = Hj, =
(d) If Hy € (RQUEAA), then (H})' = Hy = (‘Hy)".

(e) The functors ()" : (RQFSAd) — (RQUEAd) and ()’ ='() : (RQUEAd) —
(RQFSAAJ) are inverse to each other, hence they are equivalences of cate-
gories. Similarly for the functors ()¥ : (LQFSAd) — (LQUEAJ) and
() ='() : (LQUEAd) — (LQFSAJ).

Proof. Clearly, claim (e) is just a consequence of the previous items in the statement.
We begin by focusing on claim (a): we assume that K € (RQFSAd) 4, and we shall
prove that (K,Y)/ = Kj.

Let us show that Kj C (K,\I/)/.

Given A is in K}, consider its n—th iterated coproduct A" (1) = A1) @ - @ A(n);
if we write every A¢y as Ay = )V(i) + A’(/l.) with A’(i) = A — ), (8(/\(,-))) €y =
Ker(dk,) and /V(’l.) =5} (0(hqy)) € s;.(Ap), then expanding again A”(1) we can
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write it as a sum A" (1) = ZA‘(’I) R ® )L‘(’n) in which A7 € Jj, or A} € s} (Ap) for
everyi =1,...,n.
Now let oy, ... 0n € [ gy = e_(lKv)(hAh). As every o belongs to*(K;l’), it
*\h
defines a map from Jj to hAy. Hence (ai,kj) € hAj, and one has (al Oy, /\) €

h"™ Ay,. Thus, for any n € N, we have that A defines a map A, : h_”I'ZKV) — Ay
By

Clearly all these A,’s match together to define an element A € ((*(K M ))V) =
(K,Y)/; thus we end up with a natural map K; — (Khv)/(k + A), which is clearly
injective. This yields the inclusion K C (K;l’)/.

To prove the converse inclusion K; 2 (K}\l/)/, one proceeds exactly like in [12]
— we leave the details to the reader. Similarly, we leave to the reader the proof of

(b), analogous to that of (a).
To prove claim (c), consider H, € (LQUEAd). We have K; := H,:‘ €

(RQFSAA), and Hj = ,((H;)") = .(Ky) by Proposition 6.22 (a). Now
Iy := K € (RQUEAd) by Theorem 6.1.4, and then T}, = ((+I%)")" by
Proposition 6.2.2 (b), which implies . (1T%) = *(((*Fh)v)*) = (+I7})". Altogether
— also exploiting claim (a) — this gives

\"2

(H7) = (KD = @I = (Th) = (1) =
((&3)) = oK = o (H}) = iy

This proves (c), and the proof of (d) is entirely similar again. O

7. An example

In this last section we apply the main construction of the paper — duality functors
and Drinfeld’s functors — to a toy model, namely a simple (yet non trivial!) quantum
groupoid.

We consider the two dimensional Lie k—algebra g = ke; @ ke, with Lie bracket
[e1,e2] = ey. Itis known that g* is a Poisson manifold: we consider e, and e, as
coordinates on g*, denoting them by x; and x; respectively. The Poisson structure
on g* is determined by {x1, x2} = [e1, e2] = e;.

Let us introduce the Lie k[[/]]-algebra g := k[[h]]e1 @ k[[h]]e2 with non-zero
Lie bracket [e;, e2], := he;. The h-adic completion of the enveloping algebra of
gn, namely A = @), is a quantization of the Poisson algebra of polynomial
functions on g*, namely A = S(g).

We write D for the ring of polynomial differential operators on g*, with

0
d; = FIe i = 1,2. It is the enveloping algebra of the Lie—Rinehart algebra
Xi
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(S(g). Der(S(g)). id). We endow it with the standard left algebroid stucture and
denote by D[[/]] the trivial deformation of this structure.

Proposition 7.0.2. Fix notation 61 :=x101. Then

© pn "
f::n; (6@ 02— 0.0 6))

is a twistor — cf. Definition 3.2.7 — for D[[h]].

Proof. It is a straightforward computation. O

We will now denote by Dj, the twist of D[[h]] by F. As an algebra, Dy, is
isomorphic to (S(g) ® S(g*))[[#]]. The deformation of A = S(g) defined by F

is Ay = @ ), the h—adic completion of the universal enveloping algebra U(gy) of
gn. The source map sz (an algebra morphism) is determined by

[ele] n

st =Y —,2—nX13'2’, s%5(x2) = x2 — hx19,
n=0M:

The target th (an algebra antimorphism) the coproduct A r and the counit € are
determined by

¢ o (D"
t(x) =Y N, 15(x) = Xa + hxi s
n=0 '

Ar(X) = FH A F), e(xagraftol) = xiagzalt ol )

(cf. Theorem 3.2.8). Explicitly, F can be lifted to an element Fe (D @« D)[[h]]
defined by

this element F is invertible in (D b2 D) [[/]] and one has

F_ exp(_ g(el - ® el)) & (D & D)[[A]

In turn, the element ! defines an element G € D[[h]]® 4, D[[h]], namely

© 9 " _
G= % 1"5 (91 ® 3 7 © 91) € D[[h)|® 4, DI[h]]
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Now the map
F*: D([h]®45DI[h]] — DIANSAD[[A]],  h1 ® ha > F - (h1 ® h2)
is indeed invertible, its inverse being
F*1 D@ DI — D& DIh]l.  hi @ ha > G- (h1 ® h2)
We will compute now the dual bialgebroids (Dh)* and (Dh)*.

Computation of (’Dh)*. We shall use the isomorphism
(Di)w —> Hom(D, A)[[Al, A+ (8505 > (2, 0405))
Letdey, de; € (Dy), be such that
(de1,8105) = 81,480, (dea, 3905) = S0.481,5-
Similarly, let e, e; € (Dh)=k be such that
(e1,8905) = x180,a805, (€2, 3905) = x280,480.5-

A direct computation shows that

0 if a=>2 or b>2
(dey -y dea, 3505) = ;l if a=1 and b=1

2 if a=1 and b=

0 if a=0 and b=

Similarly

0 if a>2 or b>2
(dey-n dey,d503) = ;11 if a=1 and b=1
2 if a=1 and b=0
0 if a=0 and bH=1

Hence dey -, de, — dey -, dey = —hdey. Set de; :== h™'de;. This equality can be
written as
dé’l ‘h dé’z — dé’z ‘h de1 = —d€1
Similarly, the following equalities can be established:
d;«’l ‘h €2 — €2 dvel =—ey, e1-ex—ex-pe = hey,
dey-pe;r =er-pder, deypes=eypdes, dexy-pe;—er-pder=ey,

si(e)) =e;i, ti(e) =e + ha’ve,-
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From the properties of the coproduct, one gets A(e;) = 1 ® e;, A(ei + hde,) =
(e; + hde ez) ® 1, from which we deduce A(d ej) = de; ®1+1®de;. The coproduct
on ((Dh)*) is now determined.

Let us also point out the counit of ((Dh)*)v: it is given by 8(dvei) = 0 and
8(6,’) = ¢€;.

Remark 7.0.3. Let us introduce the Lie algebra g; such thatg; >~ g = kdvel éBkd;zz
(as a k—vector space) and [, ]; := —[, ];. Then g; acts on g, = k[[h]]e1 ® k[[h]]e2
by derivations, via

v e] — 0 v €r — 0
g —> Der(gp), dey — , dey—~ .
€y = —eq e — ep

We may perform the semi direct product g; X gz and ((Dh),,s)V is isomorphic to
U(gy X gp) as an algebra but not as a bialgebroid.

Let us now compute "Djy,. We proceed in several steps.
e Let us show that hd, € 'Dy,.

We shall show that (hd>, de{'de3?) = 0 if (ay,a2) # (0.1). We have three
cases:

First case: a, = 0. In this case it is obvious that (3>, de]') = 0.

0 if a1 #0

1 if a=0
Third case: a, > 1. In this case the summands in A ;(82) that might bring a

non zero contribution to (82, de; 41g 632) are those of the form

Second case: a, = 1. In this case we have (82, a’e‘fl d€2) =

” _
a2+a2 ( 1)a2 ha2 1
aslay! 242~1

@ a2+a2( l)a/z/ Ja2—1 B
but > 0 ®06) il 2T =

95 ® 0,

with a5 +ajy =a» —1;

/ " _
as+tas=az—1

so we find again (hd,, de{'de3?) = 0.
e Let us show that 79, € "Dj,. We will show that (hdy, de}'de3?) € h91192 A
We start by computing (6, de{' de3?).
if =1
First case: a, = 0. It is easy to check that (91, (del)‘”) o R a1.
0 otherwise

Second case: a > 1. The summands in Ax(d,) that might bring a non zero
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contribution (6, dej' de3?) are those of the form

ay+af+1(— 1)“2 h42

95 ® 6] Tl 25 with a) + a) = ay;
as al+af+1 (— l)aZ he2 o
but > 26 PATAE) =0,

’ "
ay+ay=as

hence in the end (81, (dey)*! (dez)”2) =0.
if , = (1,0
In conclusion, we find (01, (de1)?! (de2)?2) = ot (a.l a2) = (1,0) .
0  otherwise
Let us now compute (81 ,d e‘lll d 632). Again we have several cases to consider.
1 if a=1

First case: a, = 0. It is easy to check that (81, (del)‘“) = { 0 otherwi
otherwise

Second case: a, > 1. In this case one has

n

0= (91, (dey)™! (dez)az) = <s§(x1)81 Z 01 2],11 |3n (de)™! (dez)a2>

ar—1 hn
=x1<31,(d€1)a1(d€2)02>— > <912n ,3" (del)al(dez)a2>
n=1

haz
(015007 (e den) ),

For 1 < n < ap — 1, the unique summands in A ;(9183) that may bring a non zero
contribution to (91 05, (dey)*1(d ez)“2) are those of the form

8&2 0612 n+1h 27 n( 1)02
29271 cqlep!

ha2—n (_1)c2
but Z 8[12 9612 n+1 ( ) — 0

2“2 m ciley!

with ¢y + ¢, =a, —n;

c1+tcr=ar—n

ar—1 n
hence Z <01 2{2 'an (del)al(dez)a2> = 0.
n=1

Finally, we remark that (918;2, (dey)* (dez)“2) is zero if a; # 1. Hence, in any

ha2
case, we have <91 8;2 Ty (del)“l (dez)a2> c ha1+a2—1Ah.

In conclusion, we find that in all cases one has (81 ,(dep)™ (dez)”2) € hartaa=l g,
Now denote by {na,b} (@.b)eN? the topological basis of Dj, dual to the basis

det de}
a! b!

§(a,b) eN2
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We know that "D, = { Z(a,b)esté(aa,b)h“J“bna,b
hett329% modulo 4Dy, we have

Ugp € Ap } As ha+br]a,b =

D = { Camyeress@an)h* oo

Qgp € Ap }

Computation of (Dy,)*. We shall compute (Dy,)*, using the isomorphism
(Dw)* —> Hom(D, Y[}, %> (3135 1> (1, 9595))

Let dey,de, € (Dy)* be such that
(der, 8705) = 81,4800, (des, 8705) = 80.a61p -
Similarly, let ey, e2 € (Dy)* be such that
(e1,8905) = x180,4805 . (€2, 0905) = x280,480.5 -

Now set de; := h~'de; for i = 1,2. Then the following equalities can be
established:

e1-ey—er-per = —hey, dey-pdey—dey-pdey =dey
dei-pey—ex-deg =ey, dei-per =e;-pde;

dvez th €2 = €2 p dvez, dvez ‘h €1 — €1 °h dvez =€
Moreover, source and target are
s¥(x;) = e; + hde; . tF(xi)=e¢;.
From the properties of the coproduct, one has also
Al))=e¢; ®1, A(de)=de;®1+1Q@de; .

Finally, the counit of ((D)*)" is given by the formulas

Ide)) =0, de)=e;.
A right bialgebroid isomorphism ((’Dh) )V ((’Dh)*)v. From the above

analysis, one sees that there exists a unique isomorphism of right bialgebroids
¢ ((Dp)s ) ((Dp)* ) determined by ¢(e;) = e; +hde; and ¢(de;) = —de;.
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