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1. Introduction

Spectral geometry has played an important role in the development of metric aspects
of noncommutative geometry [6, 8, 10, 9]. After the seminal paper [12], in which the
analogue of the Gauss—Bonnet theorem is proved for noncommutative two tori ’]I%,
there has been much progress in understanding the local differential geometry of
these noncommutative spaces [15, 11, 16, 17]. In these works, the flat geometry
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of ']I% which was studied in [5] is conformally perturbed by means of a Weyl factor
given by a positive invertible element in C°°(T3) (see also [4] for a preliminary
version). The pseudodifferential calculus developed in [5] for C *-dynamical systems
is employed crucially to apply heat kernel techniques to geometric operators on ’]I%
to derive small time heat kernel expansions that encode local geometric information
such as scalar curvature. A purely noncommutative feature is the appearance of the
modular automorphism of the state implementing the conformal perturbation of the
metric in the computations and in the final formula for the curvature [11, 16].

In this paper we study the curved geometry of noncommutative 4-tori ’JI‘;‘. We
view these spaces as noncommutative abelian varieties equipped with a complex
structure given by the simplest possible period matrix. We use a Weyl conformal
factor to perturb the standard volume form and obtain the Laplacian that encodes
the local geometric information. We use the pseudodifferential calculus of [5] to
explicitly compute the terms in the small time heat kernel expansion of the perturbed
Laplacian which correspond to the volume and scalar curvature of 'H‘g. We establish
the analogue of Weyl’s law, define a noncommutative residue, prove the analogue
of Connes’ trace theorem [7], and find explicit formulas for the local functions that
describe the scalar curvature of Tg. We also study the analogue of the Einstein—
Hilbert action for these spaces and show that metrics with constant scalar curvature
are critical for this action.

This paper is organized as follows. In Section 2, we recall basic facts about higher
dimensional noncommutative tori and their flat geometry. In Section 3, we consider
the noncommutative 4-torus ’]I‘g with the simplest structure of a noncommutative
abelian variety. We perturb the standard volume form on this space conformally
(cf. [12]), and analyse the corresponding perturbed Laplacian. Then, we recall the
pseudodifterential calculus of [5] for Tg and review the derivation of the small time
heat kernel expansion for the perturbed Laplacian, using this calculus. In Section 4,
we prove the analogue of Weyl’s law for ’]Tg by studying the asymptotic distribution
of the eigenvalues of the perturbed Laplacian on this space. We then define a
noncommutative residue on the algebra of classical pseudodifferential operators
on T#, and show that it gives the unique continuous trace on this algebra. We also
prove a trace theorem for ’]I‘g by showing that this noncommutative residue and the
Dixmier trace coincide on pseudodifferential operators of order —4. In Section 5, we
perform the computation of the scalar curvature for T#, and find explicit formulas for
the local functions that describe the curvature in terms of the modular automorphism
of the conformally perturbed volume form and derivatives of the logarithm of the
Weyl factor. Then, by integrating this curvature, we define and find an explicit
formula for the analogue of the Einstein—Hilbert action for ’]I‘g. Finally, we show
that the extremum of this action occurs at metrics with constant scalar curvature (see
[3] for the corresponding commutative statement).

We are indebted to Alain Connes for several enlightening discussions at different
stages of this work. Also, F. F. would like to thank IHES for the excellent



Scalar curvature for noncommutative four-tori 475

environment and kind support during his visit in Winter 2012, where part of this
work was carried out.

2. Noncommutative tori

In this section we recall basic facts about higher dimensional noncommutative tori
and their flat geometry.

2.1. Noncommutative real tori. Let V' be a finite dimensional real vector space
equipped with a positive definite inner product (, ) andlet 8 : V® V — Rbe a
skew-symmetric bilinear form on V. Let A C V be a cocompact lattice in V. Thus
A is a discrete abelian subgroup of V' such that the quotient space V/A is compact.
Equivalently, we can describe A as A = Ze; + --- + Ze,, the free abelian group
generated by a linear basis ey, ..., e, for V.

By definition, the noncommutative torus C(Ty), attached to the above data, is
the universal unital C*-algebra generated by unitaries U,,a € A, satisfying the
relations

UpUp = e™0@PY, 5. a,BeA.

Leteq,..., e, be abasis for A over Z, and let U; = U,,. Then we have
UkUl =€2ni9k1UlUkv k,lzl’”_’n,

where 0;; = O(ex, e;).

Let A’ C V denote the dual lattice. Thus v € A’ iff (v,w) € 2xZ for all
w € A. There is a continuous action of the dual torus V/A’ on C(T}) by C*-
algebra automorphisms {A;}sey, defined by

As(Uy) = €' U,

The space of smooth elements of this action, namely those elements a € C(T})
for which the map s — Ag(a) is smooth will be denoted by C*(Tp). It
is a dense *-subalgebra of C(Ty) which plays the role of smooth functions on
the noncommutative torus Tj. It can be alternatively described as the algebra
of elements in C(Tj) whose (noncommutative) Fourier expansion has rapidly
decreasing Schwartz class coeflicients:

C>(Ty) = { ZaaUa; sup (Je|¥lae]) < o0, Yk € N}.
aeA a€A

There is a normalized faithful positive trace, i.e. a tracial state, g9 on C(T}) whose
restriction on smooth elements is given by

900( Z aaUa) = do.

aEZn
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The infinitesimal generator of the action A defines a Lie algebra map
§ 1 V — Der(C>(Ty), C*(Tp)). (2.1

where we have used the natural identification of the (abelian) Lie algebra of the torus
V/AN with V.

Let us fix an orthonormal basis ey, ..., e, for V. Then the restriction of the
above map § defines commuting derivations §; := §(e;) : C*(Ty) — C>(Tp),
i =1,...,n, which satisfy

§i(Uj) = 6 Ui, ij=1,...,n.

The derivations §; are analogues of the differential operators %3/ dx; acting
on smooth functions on the ordinary torus. We have §;(a*) = —§;(a)* for
J=1,....n, and any a € C*(Tp). Moreover, since g9 o §; = 0, for all j,
we have the analogue of the integration by parts formula:

¢o(ad;j(b)) = —po(Bj(a)b).  a.b e C(Ty).
Using these derivations, we can define the flat Laplacian
n
A =387 C®(Th — C®(Tp).
i=1

We note that the Laplacian A is independent of the choice of the orthonormal basis
€1,...,6€n.

2.2. Noncommutative complex tori. Let W be an n-dimensional complex vector
space and A C W be a lattice in W. Thus A is a free abelian group of rank 2n which

is discrete in its subspace topology. Given a basis ey, ...,e, of W as a complex
vector space and a basis A1,..., Ay, of A as a free abelian group, we can express
Al,..., Az, interms of ey, ..., e,. We obtain an n by 2n matrix M = (A, B) with

A, B € M,(C) with

n
AJ':ZMi.ieh j=1,...,2i’l.
i=1

Let Wk denote the realification of W. Note that A1,...,A,, is a basis for W
over R. Let dzy, ..., dz, denote the basis of W* = Hom¢ (W, C), dual to the basis
e1,...,ep, and let dxy, ..., dx,, denote the basis of W = Homg (W, R), dual to
the basis A1, ..., A>2,. Then we have fori = 1,...,n,

2n 2n
dZ,' = ZM,’jde, dfi = ZMijde.

J=1 Jj=1
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Now let 0 : Wk ® Wr — R be an alternating bilinear form and ']I‘g denote the
associated noncommutative torus. We further assume that Wg is equipped with an
Euclidean inner product. Using (2.1), we get the derivations

8 =8y, 1 C(Ty) — C(Tp), i=1,...,2n.

The above relations define the Dolbeault operators which will be denoted by
ai,éi,i = 1,...,11.

We have a decomposition Wg @ C = W(y,0) @ Wo,1) With W(;,9y = W and
Wo.1) = W with the bases ey, ..., e, for W(; gy and 1, ...,é, for Wo 1y. Let dz;
and dZ; denote the corresponding bases for dual spaces W(j o = Home (W(1,0), C)
and W>(k>,1 . Using this decomposition we can define a Dolbeault type complex for on
C>(Tp) as follows. Let

QP4 = C(Th) ® AW o) ® AT Wi 1y,
and define the operators
9; 1 QP4 — QPTLa 5, QP QPAT]
by
0i(adzr ndZy) =) di(a)dz; Adzp AdZy,

1

Oi(adzy ndZy) =Y di(a)dZ; ndzp AdZy.

Suppressing the obvious indexing, these operators satisfy the relations
¥ =0, 3*=0, 99+03=0.

Let $, C€ M,(C) denote the Siegel upper half space. By definition, a matrix
Q € 9, if and only if

QL =Q and ImQ > 0.

For n = 1, $, is the Poincaré upper half plane. The following two conditions are
known to be equivalent for a lattice A C W: i) The complex torus W/A can be
embedded, as a complex manifold, in a complex projective space PV (C); ii) There

exists a basis (e, ..., e,) of W, and a basis (A1, ..., A2,) of A such that the matrix
of (A1,...,Azy,) in the basis (eq, ..., ey,) is of the form
(Ak, R2),

where k = (k1,...,ky) is a sequence of integers k; € Z, Ay = diag(kq,...,ky)
is a diagonal matrix, and 2 € $,. A noncommutative torus T’g attached to
a pair (W, A) satisfying the equivalent conditions i) or ii) can be regarded as a
noncommutative abelian variety.
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3. Laplacian and its heat kernel

In this section we consider the curved geometry of noncommutative 4-tori and
analyse the corresponding Laplacian. We also recall the pseudodifferential calculus
of [5] for these spaces and review the derivation of small time heat kernel expansions
using this calculus.

3.1. Perturbed Laplacian on Tg. We consider the construction of Section 2 for
the noncommutative 4-torus Tg, the matrix Q2 = il,x, in the Siegel upper half
space 9., and k; = k, = 1. That is, we consider the complex structure on Tg

which is introduced by setting 9, 9 : C°°(']I‘g) — C°°(']I‘g) <) C°°('}I‘g) as
3=01®d, =20 &,
where

01 =8, —ids, 02 = 82 — 04,

d1 = 61 + 183, 0y = 85 + i64.
We consider the inner product
(a.b) = go(b*a),  a,be C(Ty), 3.1)

and denote the Hilbert space completion of C (Tg) with respect to this inner product
by Ho. Since the derivations §; are formally selfadjoint with respect to the above
inner product, we have
%0 = 87 + 85 + 83 + 87,

which is the flat Laplacian A introduced in Section 2. The reason for this coincidence
is that the underlying metric is K&hler when we have the non-perturbed standard
volume form ¢g. Therefore, the ordinary Laplacian and the Dolbeault Laplacian
agree with each other in this case.

In order to perturb the above Laplacian conformally, following [4, 12], we
consider a selfadjoint element 2 € C oo(’Ifg) and perturb the volume form ¢y by
replacing it with the linear functional ¢ : C (’]I‘g) — C defined by

o(a) = golae™"),  ae C(T}).

This is a non-tracial state which is a twisted trace, and satisfies the KMS condition
at § = 1 for the 1-parameter group {o; };er of inner automorphisms

o1 (a) = e*thge2ith, a € C(Tp).
The inner product associated with this linear functional is given by

(a,b)y = @(b*a), a,b € C(Ty).
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We denote the Hilbert space completion of C (’H‘g) with respect to this inner product
by H,, and write the analogue of the de Rham differential on ’]I‘;1 as

d=0®0:MH, > HLO @ HOV.

Here, we view d as an operator from H, to the corresponding Hilbert space
completion of the analogue of 1-forms, namely the direct sum of the linear span
of {adb;a,b € C®(T4)} and {adb:a,b € C=(T4)}.

Now we define the perturbed Laplacian

Ay = d*d,

which is an unbounded operator acting in H,. We will see in the following lemma
that A, is anti-unitarily equivalent to a differential operator acting in Ho, and
because of this equivalence, we identify these operators with each other in the sequel.

Lemma 3.1. The perturbed Laplacian A, is anti-unitarily equivalent to the
operator

ehéle_haleh + ehale_héleh + ehéze_hazeh + ehaze_hézeh,
acting in H.

Proof. It follows easily from the argument given in the proof of the following lemma.

O

Let ', h" € C OQ(T;‘) be selfadjoint elements, and H, Hy, H; respectively be
the Hilbert space completion of C (Tg) with respect to the inner products defined by

(@.b) = go(b*a), (a.b)o = go(b*ae™), (a.b)1 = go(b*ae™"),

forany a,b € C(Tg). We recall the operator d; = §; —id3 : H — H and its adjoint
31 =81 +i683.

Lemma 3.2. Let 09,1 be the same map as 01 viewed as an operator from Hy to H;.
Then its adjoint is given by

« 5 v\
do1(y) = 91(ye ™ )e",
and the operator 0§ 00,1 : Hy — Hy is anti-unitarily equivalent to

eh//zale_h//f_)leh//z :H — H,

where e e~ "' 12 qct by left multiplication.
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Proof. Right multiplication by e”'/2
we denote by Wy. Similarly, right multiplication by e
from H; to H, which will be denoted by W;. So we have

extends to a unitary map from H to Hy, which
" .
~h"/2 extends to a unitary map

W1001Wo = R,—n7/201 R /2.
Therefore, we have
WO* 83’1 Wl* |24 80,1 Wo = Reh//z 01 Re_h///z Re_h///zal Reh//z'
Thus 03 ;0,1 is unitarily equivalent to
R, 1201 R w72 R 177201 R 2.

Conjugating the latter with the anti-unitary involution J(a) = a*, one can see that it
is anti-unitarily equivalent to

eh//zale_h/,{_)leh//z. O

3.2. A pseudodifferential calculus for Tg. A pseudodifferential calculus was
developed in [5] for C *-dynamical systems. Here we briefly recall this calculus for
the canonical dynamical system defining the noncommutative 4-torus, and will use it
in the sequel to apply heat kernel techniques [19, 12] to the perturbed Laplacian A,
on Tj.

A differential operator of order m € Zx¢ on 'JI“;1 is an operator of the form

3 agst15i2583584,

[|<m

where £ = (£1,£,,03,44) € Z;O’ |€| =41+ 4y + 43+ Ly,ay € Coo(Tg) We
first recall the definition of the operator valued symbols, using which, the notion
of differential operators on ']I‘g extends to the notion of pseudodifferential operators

[5]. For convenience, we will use the notation d; for the partial derivatives % with
respect to the coordinates £ = (£1,...,£4) € R*, and for any £ € Z;O, we denote
0101308, by 01, F1ER2gla gl by 8 5819520554 by ot 511552553854 by 8¢, and
vhulubBulivy Ut

Definition 3.3. A smooth map p : R* — C W(Tg) is said to be a symbol of order

m € 7, if for any set of non-negative integers i, j € Zio, there exists a constant ¢
such that

1078 (o)l < (1 + )™V,

and if there exists a smooth map k : R* \ {0} — C C>o(T;‘,) such that

Jim A7"p(A8) =k(E).  §e R*\ {0}.
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The space of symbols of order m is denoted by S,. The pseudodifferential
operator P, : C °°(’]I‘g) —-C °°(']I‘§) associated to a symbol p € S, is given by

Py(a) = 2n)~* / / e p(E)as(a)dsdE,  a € C(TY),
where {o } cp4 1S the group of C *-algebra automorphisms defined by
as(UY = tUt, 1 ez?,

which was explained in more generality in Subsection 2.1. For example, the
differential operator Zaﬁz is associated with the symbol Zagge via the above
formula.

The pseudodifferential operators on Tg form an algebra and there is an asymp-
totic expansion for the symbol of the composition of two such operators. There
is also an asymptotic formula for the symbol of the formal adjoint of a pseudod-
ifferential operator, where the adjoint is taken with respect to the inner product
given by (3.1). We explain this in the following proposition in which the relation
o ~ Z?OZO pj for given symbols p, p; means that for any k € Z, there exists an
N € Zsq suchthat p— > _o pj € Sg foranyn > N.

Proposition 3.4. Ler p € S, and p' € Sy There exists a unique A € Sy Such
that
Py = PyPy.

Moreover,

he YD 508 6))

4
EGZEO

There is also a unique T € Sy, such that Py is the formal adjoint of P,, and

o Y S (p®)"

4
(eZZO

Elliptic pseudodifferential operators on ’]I‘g are defined to be those whose symbols
have the following property:

Definition 3.5. A symbol p € S, is said to be elliptic if p(§) is invertible for any
& #£ 0, and if there exists a constant ¢ such that

o) < e+ 1ED™,

when |£] is sufficiently large.

As an example, the flat Laplacian A = §2 + §2 + §2 + §2 is an elliptic operator
of order 2 since its symbol is p(§) = £ + &2 + €2 + £2, which satisfies the above
criterion.
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3.3. Small time asymptotic expansion for Trace(e *#¢). Geometric invariants of
a Riemannian manifold, such as its volume and scalar curvature, can be computed by
considering small time heat kernel expansions of its Laplacian. Pseudodifferential
calculus may be employed to compute the terms of such expansions (cf. [19]).
One can use the pseudodifferential calculus of [5] to apply similar heat kernel
techniques in order to compute geometric invariants of noncommutative spaces
[12, 11, 15, 16, 17]. Here, we briefly explain this method and derive the small time
asymptotic expansion for the trace of e~*#¢, where A, is the perturbed Laplacian
on ']I‘;1 introduced in Subsection 3.1. First we need to compute the symbol of this
differential operator.

Lemma 3.6. The symbol of A, is equal to a»(§) + a1 (§) + ao(§). where

4 4
a€) =e"Y . a(®) =) 8",
i=1 i=1

4

ao(§) = Y (87(e") = 8i(eMe "5 ().

i=1
Proof. It follows easily from the symbol calculus explained in Proposition 3.4. [

Using the Cauchy integral formula, one has

1
eTthe = /C e HMA,—N)TdA, (3.2)

2mi

where C is a curve in the complex plane that goes around the non-negative real axis
in such a way that

1
e = — e_m(s -7 tda, s> 0.
27i J¢

Appealing to this formula, one can use the pseudodifferential calculus to employ
similar arguments to those in [19] and derive an asymptotic expansion of the form

o0
Trace(e " 2¢) ~ 12 Z Bon(Ap)t" (t — 0).
n=0

That is, one can approximate (A, —A)~! by pseudodifferential operators B, whose
symbols are of the form

bO(Ev/\) + bl(i:’/\) +b2(57)") + - s

where for j =0,1,2,...,b;(§, 1) is a symbol of order —2 — ;.
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Therefore, we have to use the calculus of symbols explained in Subsection 3.2 to
solve the equation

(bo + by + by +---)((az —A) +ay +ap) ~ 1.

Here, A is treated as a symbol of order 2 and we let a), = a> — A, a} = ay,ay = ao.
Then the above equation yields

1 /
> Ea‘bj §4(a}) ~ 1.

j€Zso0,LeZl,
k=0,1,2

Comparing symbols of the same order on both sides, one concludes that

4 _
bo=ay"' =(a— 27" = (ehZSiz—)‘) 1’

i=1

and |

by=—Y_ Eafbj §%(ag)bo,  n >0, (3.3)
where the summation is over all 0 < j < n,0 < k < 2,¢ € Zéo such that
24 j + || —k = n. Similar to [19, 12] one can use these symbols to approximate
e~!8¢ with suitable infinitely smoothing operators and derive the desired asymptotic

expansion. We record this result in the following proposition.

Proposition 3.7. There is a small time asymptotic expansion

o0
Trace(e'4¢) ~ 172 Z Bon(Ap)t" @t —0),

n=0

where for eachn = 0,1,2,...,

1
Bon(By) = 5 / /C 0 (ban(E. 1)) d2 dE.

4. Weyl’s law and Connes’ trace theorem

A celebrated theorem of Weyl states that one can hear the volume of a closed Rie-
mannian manifold (M, g) from the asymptotic distribution of the eigenvalues of its
Laplacian A, acting on smooth functions on M. Thatis,if0 < Ao <Ay <Ay <---
are the eigenvalues of A, counted with multiplicity and N(1) = #{A; < A} is the
eigenvalue counting function then

Vol(M) /2

N~ e )

(A — 0),
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where n = dim M and Vol(M) is the volume of M. An equivalent formulation of
this result is the following asymptotic estimate for the eigenvalues:

_AaT(3+ D"

J VOI(M)Z/" (j — 00).

This readily shows that (1 + A g)_”/ 2 is in the domain of the Dixmier trace and

Vol(M)

Tro((1+ 8g) ™) = —— .
w( 4 ) 47Tn/21“(% + 1)

A generalization of this result is the trace theorem of [7] which states that the
Dixmier trace and Wodzicki’s noncommutative residue [22] coincide on pseudod-
ifferential operators of order —n acting on the sections of a vector bundle over
M. In the sequel we will provide more explanations about the Dixmier trace, the
noncommutative residue, and the trace theorem.

In this section, we establish the analogue of Weyl’s law for ']I‘g by studying the
asymptotic distribution of the eigenvalues of the Laplacian A,. We will then prove a
trace theorem for ’]I‘g. This is done by introducing a noncommutative residue on the
algebra of classical pseudodifferential operators on T§ and showing that it coincides
with the Dixmier trace on the pseudodifferential operators of order —4. We closely
follow the constructions and arguments given in [17, 18] for the noncommutative
2-torus, and because of similarities in the arguments, we provide essentials of the
proofs rather briefly.

4.1. Asymptotic distribution of the eigenvalues of A,. Let0 < A9 < A <
Ay < --- be the eigenvalues of Ay, counted with multiplicity. It follows from the
asymptotic expansion

o0 (e, 0)
Trace(e '4¢) = Z et~ 72 Z Bou(Ap)t" (t = 0),
j=0

n=0

derived in Proposition 3.7, that

lim 12 e " = By(A,).

t—>0t Z o rp)

It readily follows from Karamata’s Tauberian theorem [1] that the corresponding
eigenvalue counting function N has the following asymptotic behavior:

~ BO(Aw) Az

N(}) E)

(A — o0).
We establish the analogue of Weyl’s law for '}I‘g in the following theorem by
computing By(A,) and observing that, up to a universal constant, it is equal to

o(1) = go(e™2h).
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Theorem 4.1. The eigenvalue counting function N of the Laplacian A, on ’]I'g
satisfies

NQ) ~ (A — 00). 4.1)
Proof. Using Proposition 3.7, we have
1
Bo(se) = 5 [ [ eotbote. i ds
Tl C

:(po(ﬁffce—x(ehzg_,\)_ld)kd%‘)

4

1
_ (po(/‘e_eh(slzﬁ%"'_g‘%)df)

= 2po(e™?h).

4

Thus, it follows from the above discussion that

m2po(e™") _ 72 pg(e™2)

N~ () 2

A2 (A — o0). O

A corollary of this theorem is that (1 + A,)~2 is in the domain of the Dixmier
trace. Before stating the corollary we quickly review the Dixmier trace and the
noncommutative integral, following [8].

We denote the ideal of compact operators on a Hilbert space H by K(H). For
any T € KC(H), let u,(T),n = 1,2,..., denote the sequence of eigenvalues of its

absolute value |T| = (T* T)% written in decreasing order with multiplicity:
ui(T) = pa(T) = --- = 0.

The Dixmier trace is a trace functional on an ideal of compact operators £1:°° ()
defined as

N
LY2H) =T e KH): Y ua(T) = 0 (logh)}.
n=1

This ideal of operators is equipped with a natural norm:
T

‘= su T), T € LV (H).
1,00 szzlogan::lM"( ) (H)

T

It is clear that trace class operators are automatically in £!*°° (7). The Dixmier trace
of an operator T € L£:°°(#) measures the logarithmic divergence of its ordinary
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trace. More precisely, for any positive operator 7 € L£!**°(H) we are interested in
the limiting behavior of the sequence

1
log N

N
> un(T), N=23....
n=1

While by our assumption this sequence is bounded, its usual limit may not exist and
must be replaced by a suitable generalized limit. The limiting procedure is carried
out by means of a state on a C*-algebra. Recall that a state on a C *-algebra is a
non-zero positive linear functional on the algebra.

To define the Dixmier trace of a positive operator T € L£1:°°(?{), consider the
partial trace

N
Tracen(T) = Y _pun(T). N =12.....
n=1

and its piecewise affine interpolation denoted by Trace, (T') for r € [1, 00). Then let

‘L'A(T) = o

1 A Trace,(T) d
/ race()_r A € fe.c0),

logr r’

be the Cesaro mean of the function Trace,(7)/log r over the multiplicative group
R-¢. Now choosing a normalized state @ : Cple,00) — C on the algebra of
bounded continuous functions on [e, c0) such that w(f) = 0 for all f vanishing
at 0o, the Dixmier trace of T > 0 is defined as

Tro(T) = w(za(T)).

Then one can extend Tr,, to all of £1:°°(H) by linearity.

The resulting linear functional Tr, is a positive trace on £0:°) (%) which
in general depends on the limiting procedure w. The operators T € LV(H)
whose Dixmier trace Tr, (7) is independent of the choice of the state w are called
measurable and we will denote their Dixmier trace by 7'. If for a compact positive
operator T we have

c
a(T) ~ — (11— o).

where ¢ is a constant, then 7 is measurable and7f T = c. We use this fact in the

proof of the following corollary of Theorem 4.1.

Corollary 4.2. The operator (1 + A(p)_z, where Ay is the perturbed Laplacian
on 'H‘;‘, is a measurable operator in L1 (Hy), and

2
fa+s07 =2 ae.
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Proof. Tt follows from the asymptotic behavior (4.1) of the eigenvalue counting
function N that the eigenvalues A ; of A, satisfy

V2 1/2

ﬂgoo(e_Zh)l/z J

Lo~

Therefore, using the above fact, it easily follows that (1 + A,)~? is measurable and
- 2 -
FA+089)7 = Zgo(e™). O

4.2. A noncommutative residue for 'H‘;‘. Let M be a closed smooth manifold of
dimension n. Wodzicki defined a trace functional on the algebra of pseudodifteren-
tial operators of arbitrary order on M, and proved that it was the only non-trivial
trace [22]. This functional, denoted by Res, is called the noncommutative residue.

The noncommutative residue of a classical pseudodifferential operator P acting
on smooth sections of a vector bundle E over M is defined as

Res(P) = 2m)™" /S*M tr(po—n(x,8)) dx dE,

where S*M C T*M is the unit cosphere bundle on M and p_,, is the component
of order —n of the complete symbol of P.

Similar to [18], we define a noncommutative residue on the algebra of classical
pseudodifferential operators on T%, which is a natural analogue of the Wodzicki
residue.

Definition 4.3. A pseudodifferential symbol p € S, on Tg is said to be classical if
there is an asymptotic expansion of the form

pE) ~ Y pm-j(§) (> 00),
j=0

where each p,,—; : R*\ {0} - C c>o("ﬂ"g) is smooth and positively homogeneous of
order m — j. Given such a symbol, we define the noncommutative residue of the
corresponding pseudodifferential operator P, as

res(P,) = /S o(p-s(€)d2.

where d Q is the standard invariant measure on the unit sphere in R*.

We note that, as shown in [18], the homogeneous terms in the expansion of
any classical pseudodifferential symbol are uniquely determined. Thus, there is no
ambiguity in the above definition.

In the following theorem we identify all continuous trace functionals on the
algebra of classical pseudodifferential operators on Tg. A linear functional on this
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algebra is said to be continuous if it vanishes on the operators whose symbols are of
sufficiently small order. First we state two lemmas which will be used in the proof of
the following theorem. One can prove these lemmas by similar arguments to those
given in [18].

Lemma 4.4. Let f : R*\ {0} — C °°(Tg) be a smooth map which is positively
homogeneous of order m € Z. If m # —4, orifm = —4 and [ [ d2 = 0, then
one can write f = Z?:l 0; (hi), for some smooth maps h; : R* \ {0} — C°°(’]Tg).

Lemma 4.5. Let 0, € Smj, j =0,1,2,..., be a sequence of pseudodifferential
symbols on ’]Tg such that limmj; = —oo. There exists a symbol o such that o ~
Z?:o 0j-

Theorem 4.6. The noncommutative residue res is a trace, and up to multiplication
by a constant, it is the unique continuous trace on the algebra of classical
pseudodifferential operators on ']I'g.

Proof. Letp,p' : R* — C °°(T§) be classical symbols with asymptotic expansions
oo o0
PE) ~ D pnj ). P E~D pwk®) (> o00),
j=0 k=0

where p,_; is homogeneous of order n— j and p,/_ is homogeneous of order n’—k.
Using the calculus of symbols explained in Proposition 3.4 and the trace property of
©o, we have:

res(P, Py — Py P)
1
= /S 90( 2 10 u8 Pry i) = 8 ou=)" (0} ) ) 4.

where the summation is over all j, k € Zs¢ and £ € Zéo suchthatn +n'—j —k —
|¢| = —4. One can write each 3*(p,— ;)8 (O _x) — 8 (on—;)0" (0,,,_g) in the above

integral as
4

D (0:(f) + 8ig0)).

i=1
for some f;, gi : R*\ {0} - C oo(Tg), where each f; is positively homogeneous of
order —3. Thus, using Lemma 5.1.3 on page 208 of [21] and the fact that ¢god; = 0,
we have

res(P, Py — Py Pp) = 0.
This proves the trace property of res.
In order to prove the uniqueness, assume that i/ is a continuous trace on the

algebra of classical symbols on Tg. For any classical symbol p, the symbol of
Pg, P, — P, Py, is equivalent to 6; (p). Since ¥ is a trace, it follows that

YV (Ps; () = 0. 4.2)
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Since we can write
4
p=wo(p) + Y _8i(pi).
i=1
for some symbols p;, equation (4.2) implies that

W(Pp) = W(pro(p))- 4.3)

Also, by considering the symbol of P, Py, — Py, P, and using similar arguments
to those in [18], one can conclude that

I/I(Pgi (p)) = 0. 4.4

Now we consider the asymptotic expansion
o
pE) ~ Y pnj(€). (> o00),
=0

where p,_; is positively homogeneous of order n — j. By using Lemmas 4.4 and
4.5, and setting r = Vol(S3)~! Js3 P4 dQ2, we can write

p~pat Y. paj

n—j#—4
4
= @% + (-4 — #) + Y Y ipn—ji)
n—j#—4i=1
4 4
~ # + Zai (p—a,i) + Z 3i( Z ,On—j,i), 4.5)
i=1 i=1  n—jA—4

for some smooth maps p—4.;, pn—;,i : R*\ {0} — C°°(']I‘g). Now we can use (4.3),
(4.4), (4.5) to conclude that

P, \za
V(Pp) = Y (Prjia) = ¥ (Pyyir/iea)) = o)V (Pyyjga)) = %T/Sli)l)res(ﬂ)).

O

4.3. A trace theorem for Tg. As above, let M be a closed smooth manifold
of dimension n. The restriction of the Wodzicki residue Res to pseudodifferential
operators of order —n was discovered independently by Guillemin and its properties
were studied in [20]. In general, unlike the Dixmier trace, Res is not a positive linear
functional. However, its restriction to pseudodifferential operators of order —n is
positive. One of the main results proved in [7] is that if E is a smooth vector bundle
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on M then the Dixmier trace Tr, and Res coincide on pseudodifferential operators
of order —n acting on L? sections of E. In fact it is proved that such operators P are
measurable operators in £1°°(L?(M, E)) and

][P = lRes(P).
n

In the following theorem we establish the analogue of this result for the noncommu-
tative 4-torus Tj.

Theorem 4.7. Let p be a classical pseudodifferential symbol of order —4 on ']Tg.
Then P, is a measurable operator in L1 (H), and under the assumption that all
nonzero entries of 0 are irrational, we have

1
][Pp =7 res(P,).

Proof. In order to show that P, € L1 (H,), we write P, = A(1 + A)~2, where
A = 82 +---+ 87 is the flat Laplacian, and A = P,(1 4+ A)? is a pseudodifferential
operator of order 0. Since A is a bounded operator on Ho and it was shown in
Corollary 4.2 that (1 + A)™2 € L1:%°(H,), it follows that P, is in the domain of
the Dixmier trace. Using a similar argument, one can see that any pseudodifferential
operator of order —5 on Tg is in the kernel of the Dixmier trace. Therefore, if we
write

pE ~ P E)+ Y poasi®)  (E— o),
j=1

where p and p_4_; are respectively positively homogeneous of order —4 and —4—j,
then
Try(Pp) = Try(Py). (4.6)

Also, since the symbol of P, Py, — Py, P, is equivalent to the symbol of Py, —
Py, » modulo a symbol of order —5, and Tr,, is a trace, fori = 1,...4, we have

Tra)(Pp/Ui) = Tr(u(PU,'p/)-

It follows from this observation that if f : R*\ {0} — C is smooth and positively
homogeneous of order -4, then Try,(Pyye) = 0if £ # 0 € 7*. Therefore, similar
to the argument given in [17] one can write the following expansion with rapidly
decreasing coefficients
PE =Y pEU",
Lez?

and conclude that
Tr, (Py) = Trw(Ppé), 4.7

where, as noted above, pf, = gg o p’ : R*\ {0} — C.
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Note that one has to use the fact that Tr, is continuous with respect to the
uniform norm of symbols of order —4, namely that, if we let ¢,,(§) = p'(§) —
Zlf\fm ag(g)Ué, then

lim Try,(Pg,) = 0.

m—0oQ

Since pj is a smooth complex-valued function on R* \ {0} which is positively
homogeneous of order —4, in order to analyze Trw(Ppé)), we define a linear
functional 4 on the space of continuous complex-valued functions on S, as follows.
Given a smooth function f : S — C, we denote its positively homogeneous
extension of order —4 to R* \ {0} by f, and define u(f) = Trw(Pf). Using the
continuity property mentioned above, p extends to the space of continuous functions
on S3. Also using positivity of Tr,,, one can see that ; is a positive linear functional.
Thus, it follows from the Reisz representation theorem that p is given by integration
against a Borel measure on S3. This measure is rotation invariant, which can be
shown by using the trace property of Tr,, and the fact that for any rotation T of R*
and any pseudodifferential symbol o on R* we have

Porxre) = U Poep)U,

where U is the unitary operator U(g) = go T, g € CX(R*). Therefore u is
given by integration against a constant multiple of the standard invariant measure on
S3. Denoting this constant by c, identities (4.6), (4.7) imply that

Teo(P) = Tra(Py) = Tro(Py) = (s |s) = [ phes a2 = cres(Py).

The constant ¢ can be fixed by considering the flat Laplacian A = Z?:l Siz.
According to corollary 4.2, we have Tr,((1 + A)™2) = 72/2. On the other hand,
considering the fact that the term of order —4 in the asymptotic expansion of the
symbol of (1 + A)™2is |£]|~*, we have res((1 + A)™2) = 272, Therefore ¢ = 1/4.

O

5. Scalar curvature and Einstein—Hilbert action

Let (M, g) be a smooth compact manifold of dimension n > 2, and Ag be the
Laplacian acting on smooth functions on M. For any ¢ > 0, the operator e *2¢ is
an infinitely smoothing operator, and there is an asymptotic expansion for its kernel
K(t, x, y), which is of the form

e—dist(x,y)2/4t
(4mr)n/2

The coefficients u; are smooth functions defined in a neighborhood of the diagonal
in M x M. The kernel K is called the heat kernel since it is the fundamental

K, x,y) ~ (uo(x,y)+u1(x,y)t+u2(x,y)t2+---) (t — 0).
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solution of the heat operator d; + Ag, and the u; are called the heat kernel
coefficients. These coefficients are well-studied and are often known under the
names of people who made the major contributions in the study, namely that, they are
called both Minakshisundaram—Pleijel coefficients and Seeley—De Witt coefficients.
Minakshisundaram and Pleijel derived the above asymptotic expansion by using the
transport equation method of Hadamard. An approach, which is followed in the
noncommutative case in [12, 11, 15, 16, 17], is to use pseudodifferential calculus
to derive such asymptotic expansions. For a clear account of this approach and
a detailed discussion of the local geometric information that are encoded in heat
coeflicients, we refer the reader to [19] and the references therein.

A crucial point that is used to define and compute the scalar curvature for
noncommutative spaces [9, 11, 16] is that, up to a universal factor, the restriction
of u to the diagonal gives the scalar curvature of M. This, via the Mellin transform,
allows to have a spectral definition for scalar curvature in terms of values or residues
of spectral zeta functions. That is, if for instance the dimension of M is 4, the scalar
curvature is the unique R € C°°(M) (up to a universal constant) such that

ress=1Trace(f A,*) =/ fRdvoly,
M

forany f € C*®(M).

In this section we define the scalar curvature for Tg equipped with the perturbed
Laplacian Ay, and compute the functions that give a local expression for the curva-
ture. Then we consider the analogue of the Einstein-Hilbert action [, R dvol,. We
find a local expression for this action as well, and show that its extremum is attained
if and only if the Weyl factor is a constant, which is equivalent to having a metric
with constant curvature.

5.1. Scalar curvature for Tg. Following [9, 11, 16] and the above discussion,
we define the scalar curvature of ']I‘g equipped with the perturbed Laplacian A, as
follows. (See also [2] and [14] for variants, and [13] where a perturbative form of the
Gauss—Bonnet theorem for terms up to second order in the perturbation parameter is
verified.)

Definition 5.1. The scalar curvature of the noncommutative 4-torus equipped with
the perturbed volume form is the unique element R € C “(Tg) such that

ress=1Trace(aA,*) = go(aR),

for any a € C*®(Tj).

We follow the method employed in [12, 11, 16] to find a local expression for the
scalar curvature R. For the sake of completeness, we explain this procedure in the
following proposition.
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Proposition 5.2. The scalar curvature R is equal to

1
E/R“/Ce—*bz(g,x) dAdE,

where by is the term of order —4 of the pseudodifferential symbol of the parametrix
of Ay — A, given in Subsection 3.3.

Proof. Using the Mellin transform we have
L A 1 4
—S __ —t K 00 ~
alh,” = m/{) a(e™ "2 — Py’ dt, a € C>(Ty), NR(s) > 0,

where P denotes the orthogonal projection on Ker(A,,).

Appealing to the Cauchy integral formula (3.2) and using similar arguments
to those explained in Subsection 3.3 (cf. [19, 12]), one can derive an asymptotic
expansion of the form

o0
Trace(ae " 2¢) ~ 172 Z Ban(a, Ap)t" (t — 0).

n=0

Using this asymptotic expansion one can see that the zeta function
§a(s) = Trace(al,’), NR(s) > 0,
has a meromorphic extension to the whole plane with a simple pole at 1, and

ress=184(s) = Ba(a, Ly).

On the other hand, there are explicit formulas for the coefficients of the above
asymptotic expansion. In particular we have
1

BZ(a7 A(P) = i

/ /C e o (aba(E, 1)) dA dE. O

We directly compute b, using (3.3) and in order to compute
1 -2
— e "by(§,A)dAdE,
2ri Jr4 Jo

we use a homogeneity argument for the contour integral (cf. [12, 11]) and pass to
the spherical coordinates

&1 = rsin(y) sin(¢) cos(6), & = rsin(y) sin(¢) sin(6),
§3 = rsin(y) cos(¢), §4 = rcos(y),
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with0) <r <00,0 <¢¥ <7, 0<¢ <m0 <60 < 2w After working out the
integrations with respect to the angles ¥, ¢, 8, we obtain the following terms up to
an overall factor of —72:

+ 4r°e" boboboSy (€")e bobosi (eM)bo + 2r° " boboe™ boboSy (€")boS1 (e")by
+ 4r°e"bobos1 (e™)e bobobosi (e™)bo + 2r° " bobosy (e)e" bobos: (e™)bobo
+ 4r°e"boe boboboS1 (e™)boS1 (eM)bo + 2r° " boe” bobos: (e™)bobo1(e")bo
+ 2r ehboehbobo&(eh)b081(eh)bobo + 6r9ehehb0b0b0b081(eh)b051(eh)b0
+2r%"e b0b0b081(e )b0b081(e Ybo + 2r° ele b0b0b081(e )b081(e )bobo
— 17 bobosy(e™)e" bobos1 (e — 2r7 boS1 (e™M)e" bobobody (e™)by
— r7bo81(e™M)e™ boboSy(e™)bobo — 1617 " bobobos: (e™)bos1 (e™)bo
— r7e"boboe™ bobo8181(e")bo — 87" boboS1 (e™)boboS1 (€")by
— 8r7e"bobo81(eM)boS1(e™)bobo — 27 e boe" bobobos1 81 (e™)bo

r7e"boe" bobo8181(e™)bobo — 3r7 "™ bobobobod81(e")bq
—r7eM e bobybos181(e™)bobo + 5/2r°bobod1 (e™)bod1(e™)by
+ 2r2bobody (e")e ™81 (e")bo + 5/2r°bod1(e")bobob1 (e")bo
+5/2r5bo81(e")bo81 (") bobo + 2r3bosy (e™)e™" 81 (e™)bobo
+ 615 bobobos181(e™)bo + 3r°e” bobos181(e™)bobo
— 2r3bobo8181(e")by — 2r3bo8181(e")bobo
+ 4r°e"boboboba(e™)e bobosa(e™)bo + 2r° " boboe” boboSa (e")bosa(e™)bo
+ 4r°e"bobob, (e")e" boboboby ()b + 2r° e bobyS, (em)e" bobosa(e™)boby
+ 4r°e"boe’ bobobosa(e")bosa(e™)bo + 2r9ehb0ehb0b082(eh)b0b082(eh)bo
+2r% boe b0b082(e )b082(e Ybobg + 61° ele b0b0b0b082(e )b052(e )bo
+ 2r%e"e"bobobysy(e")boboby (") by + 2r°e" e bobobosa (e")bosa(eM)boby
— 7 bobosa(e™)e boboSa (e — 217 bySa(eM)e" boboboda(e™)bo
— 17 bo82(e™)e" bbb (e™)boby — 1617 " boboboss(e™)bos2(e™)bo

r7e"boboe’ boboS282 (e )by — 817 e boboda(e™)boboS2(e™)bo
— 8r e bobySa(eM)boS2(eMbobo — 217 e"boe" bobob282(e™)by
— 17" boe" bobo8282(e")boby — 3r7e" e boboboboS282(e™)bo
— r7eM e bobobo8282(e™)bobo + 5/2r°boboda(e™)bod2(e™)bo
+ 2r3boboba(e")e 82 (e")bo + 5/2rboS2(e")boboba (") bg
+5/2r5bo82(")bo82 (") bobo + 2r>boda(e")e 85 (e")bobo
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+ 6r°e" bobobo8282(e™)bo + 313" bobob,8,(e")boby
— 2r3bobo8282(e")bo — 2r3b828,(e™)boby
+ 4r°e"bobobobs(e™)e" bobobs (e )by + 2r° e bobge” boboSs(e)boS3(e")by
+ 4r°e"boboss(e™)e boboboss(e™)bo + 2r° " boboss(e)e" boboss(e™)bobo
+ 4r°e" boe boboboSs(e™)boSs(e™)bo + 2r° " boe" boboSs(e™)boboSs(e")bo
+ 212" boe" bobyS3(e")boS3(e")bobg + 61°e" e bobobobebs(e")bob3(e)bg
+ 2r%e" " bobobods(eM)boboSs (e by + 2r° ™ e bobobods(e™)boSs(e™)bobo
— 17 boboss(e™)e" boboSs(e™)bo — 2r7 boSs(e™)e" bobobods(e™)by
— 17 bo83(e™)e™ boboSs(e™)bobo — 1617 €™ boboboss(e™)bod3(e™)bo
— r7e"boboe™ bobo8383(e™)by — 87" boboSs(e™)boboss(e™)by
— 8r7e"boboSs(e™)boS3(e™)bobo — 27 e boe" bobobos38s(e™)bo
e bye’ boboS383(e™boby — 3r”e" e bobobobyd383(e™)bo

e M boboboS383(eMbobo + 5/2r° boboss(e™)boss(e™)bo
+ 2r3bobo8s(e")e ™ 83(e")bo + 5/2r°bo83(e")bobobs (") bg
+5/2r5bo83(e")bo83(e")bobo + 2r3bos3(e™)e™"83(e™)bobg
+ 615" bobobos383(e™)bo + 3r°e” bobod385(e™)bobo
— 2r3bobo8383(e™)by — 2r3bo8383(e")boby
+ 4r°e"boboboSa(e™) e bobosa(e™)bo + 2r° " boboe” boboSa(e™)boSa(e™)bo
+ 4r°e"bobob4(e™)e" boboboba (e )by + 2r° e bobySa(e)e" boboSa(e™)boby
+ 4r°e"boe’ boboboSa(e™)boSa(e™)bo + 2r° " boe” boboSa(e™)boboSa(e)bo
+ 2r°e"boe boboSa(e™)boSa(e™)bobo + 6r°e" ™ bobobobosa(e™)boda(e™)byo
+ 2r%e" e bobobyb4(e™)boboSa(e™)bo + 2r°e" e boboboSs(e™)boSa(e™)bobg
— 7 bobosa(e™)e boboSa(e)bo — 2r7 boSa(e™)e" boboboda(e™)by
— 17 bo84(e™)e" boboSa(e™)boby — 1617 " boboboSa(e™)bosa(e™)bo
—-r ehboboe b0b08484(e )bo — 87 ehb0b084(e )b0b054(e )bo
— 8r e bobySa(e™)boSs(eboby — 217 e"boe" boboboSada(e™)by

e boe" boboSaa(e™)bobo — 3r” " e boboboboSada(e )by

e M bobobo8ada(e™boby + 5/2r° bobosa(e™)bosa(e™)bo
+ 2r3boboda(eM)e ™ 84(e")bo + 5/2r boSa(e™)boboba (e )bg
+5/2r5bo84(")bo84(e")bobo + 2r>boSa(e" e84 (e")bobo



496 F. Fathizadeh and M. Khalkhali

+ 67" bobobo8484(e™)bo + 313 bobob4Sa(e™)bobg

— 2r3bobo848a(e™)bo — 2r3bo8484(e™)bobo.

We use the rearrangement lemma of [11] to integrate the above terms with respect
to r from 0 to co. We recall this lemma here:
Lemma 5.3. For any m = (mg,mq,...,my) € Zf{,l and elements py,...,ps €

C “(Tg ), we have

14

0o u|m|—2 ¢ b -
. —m; — o—(m|=Dh .
/ h—l_[p](e u+1)" du =e Fm(A(l),...,A(g))(l_[p]),
o (e"u+1)mo 2 )

where

14

[ere) x|m|—2 l_[ li[ —m
F, (ul,...,ue):/ _— (x uh—i—l) dx,
" o (x+1ym L .

Aa) = e "ae”, ae C(Tg).
Here, A(jy signifies the action of A on p;.
Then, we use the identities (cf. [11, 16])

e"8i (") = g1(A)(i(h)),
e"82(eM) = g1(A) (2 (h) + 2g2(Aqr), Ay (8i (h)8i (h)),

where

u

g =""1" guv=

— u(v —1)log(u) — (u — 1) log(v)
logu

log(u) log(v) (log(u) + log(v)) ~

and obtain the final formula for the scalar curvature in terms of V = log A and £,
which is recorded in the following theorem.

Theorem 5.4. The scalar curvature R of T%, up to a factor of w2, is equal to

4 4
KX 8 + e H V), Vo) (D8 0)?). 5.1)
i=1 i=1
where
K =5

(s 1) 4 @) B 1 1))

Hs.0) = - 4st(s + 1)
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We analyse the functions K, H, which describe the scalar curvature of T4, as
follows. The Taylor expansion of K at 0 is of the form

3 4 5

1 s s s s s
©)=5-3%t 13" 2 T2 1aa0 T2

We have limg_,_o K(s) = 00,limg_o K(s) = 0, and here is the graph of this
function:

L L L
-2 2 4

Graph of the function K.

The function H has the following Taylor expansion at (0, 0):

H(s,1) . e +0(t*) )+ > ! +l2 & + 0 (t%)
s;)=—-4+——— sSl—=——=+—=—-——
4 24 480 24 16 80 576

1 7 2 58
2 4
+ + + + O (¢
g ( 12 7 240 144 " 4032 ( ))

11 5t 12 t3
3f - - s 4 4
e (480 576 T aas 2300 T O ))+0(s)'

Here is the graph of H in a neighborhood of the origin:

5

Graph of the function H.
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This function is not bounded from below on the main diagonal as for
€25 (8 — 1)?
452

we have limg_,_oo H(s,s) = —o0, and limg_o, H(s,s) = 0. At 0 we have the
Taylor expansion

H(s,s) =—

9

s 72§30 315t s°

P 6
2738 T 1m0 T T OG0

and here is the graph of this function:

1
H(S,S) = —Z +

—05F

-10+

-151

—20F

/ -251

Graph of the map s — H(s, s).

On the other diagonal, H is neither bounded below nor bounded above as we

have
—4s—3e S +e5+2

452 ’
which implies that limg_,_oo H(s,—s) = —o00,limg_ o H(s,—s) = oo. This
function has the following Taylor expansion at 0

H(s,—s) =

1 2 3 4 5
H(s,—s)=—Z+S s s s s

Z_ = O (s°
6”48 T 120 1440 T 500 T 26

and here is its graph:

—10C

Graph of the map s — H(s, —s).
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Remark 5.5. Since K(0) = 1/2 and H(0,0) = —1/4, in the commutative case, the
scalar curvature given by (5.1) reduces to

14
2 “

2 4
=

(57— 38:?).
1

which, up to a normalization factor, is the scalar curvature of the ordinary 4-torus
equipped with the metric e #(dx? + --- + dx2).

5.2. Einstein—Hilbert action for ’]I‘g. A natural analogue of the Einstein—Hilbert
action for Tg is @o(R), where R is the scalar curvature given by (5.1). In the
following theorem we find an explicit formula for this action.

Theorem 5.6. A local expression for the Einstein—Hilbert action for ']I‘g, up to a
factor of 2, is given by

4 4

wo(R) = s90( 3 e8M) + 9o GO EGNEM),  52)

=1 i=1

where
—4s —3e S +e5+2

452

G(s) =

Proof. Let us recall from Theorem 5.4 that up to a factor of 72

4 4
R ="KV (Y820 + e H(V0), Vo) (D8 0)?).
i=1

i=1

Writing K as a Fourier transform

K(s) = [ e fdu.
we have
@o(e " K(V)(57 (h))) = / @o(e ™" AT (87 () £ (u) du = K(0) po(e™"87 (h)).
Also, by writing H as a Fourier transform

H(s,t) = [e_i(s”+’”)g(u,v) du dv,
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we have
0o(e "H(Vy, V) (8: (h)?)) = / 0o (e AT (8 (h) ATV (8 (h))) g (u, v) du dv

_ / Go(ATE (718, ()8 () g (. v) du dv
= go(H(V.=V)(e™"8;(h))5: (h)).

Therefore

4 4
wo(R) = 390 3¢ 82M) + 9o 3 GV 50081,
i=1 i=1
where
—4s =3¢ 4 e’ +2

G(s) = H(s,—s) = 152

O

5.3. Extremum of the Einstein—Hilbert action for Tg. We show that the
Einstein—Hilbert action ¢¢(R) attains its maximum if and only if the Weyl factor
e is a constant. This is done by combining the two terms in the explicit formula
(5.2) for po(R), and observing that it can be expressed by a non-negative function.
We note that the function G in (5.2), which was analysed in Subsection 5.1, is neither
bounded below nor bounded above.

Theorem 5.7. The maximum of the Einstein—Hilbert action is equal to 0, and it is
attained if and only if the Weyl factor is a constant. That is, for any Weyl factor
e h=h*e COO(Tg), we have

@o(R) =0,
and the equality happens if and only if h is a constant.

Proof. We can combine the two terms in (5.2) as follows. We have

0o(e "2 (h)) = —po(8;(e™)5: (h))
= @o(e™"8;(eM)e™8; (h))
= po(e™"8i (h)e "5 ("))

_ A—1
= go(e 0 1 i)
_ eV —1
= go(e 78— (5:(1))
-V _ 1
—V

(8 ()8, (1) ).
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The last equality follows from the fact that for any entire function F, one has
go(e"aF(V)(b)) = o(e"F(=V)(@)b),  a.b € C(TP).
Therefore we can write (5.2) as

4 1 _,e V-1
wo(R) = Y po( 57 =8 () + GV "8 ()35 (1))
i=1

4
= " 0o(e™"T(V)(8: ()8 (h)). (5.3)
i=1
where le= —1 25 +ef —e (25 +3) +2
e — =25 +e —e " (2s+3)+
T = — G = .
(s) T g + G(s) 452
The Taylor expansion of T at O is of the form
1 s s s3 st s°
I's)=-——+———=+ — — O (s9).
©=3"1%7% 5 * 288 2016 20

We have limg_,00 T(s) = 00, limg_s_oo T(s) = o0. Moreover, this function is
non-negative as its absolute minimum is approximately 0.218207 which is attained
around s = 0.812394. Here is the graph of this function:

— | L

. . . \ \
_4 -2 2 4 6 8

Graph of the function 7.

Since T is a non-negative function and §; (h)* = —§;(h) fori = 1,...,4, we
have

@o(e " T (V)(8; ()8 (h)) = —po(e " T (V) (5: (h))8; (h)*) < 0.

In the last inequality we have used the fact that V is a selfadjoint operator with
respect to the inner product

(a,b) = po(e"b*a), a,b e C(Ty).
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Also, faithfulness of ¢y implies that for eachi = 1,..., 4,

Po(e P T(V)(8; ()i (h) = 0

if and only if §; (h) = 0. Thus, it follows from (5.3) that

4
6o(R) =3 0o(e M T(V) (i ()5 () <.

i=1

and the equality happens if and only §;(h) = O for alli = 1,..., 4, which holds if
and only if / is a constant. 0
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