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Abstract. We characterize Frobenius and separable monoidal algebra extensions i : R — S
in terms given by R and S. For instance, under some conditions, we show that the extension is
Frobenius, respectively separable, if and only if S is a Frobenius, respectively separable, algebra
in the category of bimodules over R. In the case when R is separable we show that the extension
is separable if and only if S is a separable algebra. Similarly, in the case when R is Frobenius
and separable in a sovereign monoidal category we show that the extension is Frobenius if and
only if S is a Frobenius algebra and the restriction at R of its Nakayama automorphism is equal
to the Nakayama automorphism of R. As applications, we obtain several characterizations for
an algebra extension associated to a wreath to be Frobenius, respectively separable.
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1. Introduction

Frobenius algebras appeared for the first time in the work of Frobenius on represen-
tation theory. These are finite dimensional algebras over a field k having particularly
nice duality properties (see for instance the Frobenius equation below). The study
of Frobenius algebras was started in the thirties of the last century by Brauer and
Nesbitt [3] which named these algebras after Frobenius. Nakayama discovered the
duality property of a Frobenius algebra in [35, 37], and Dieudonné used this to
characterize Frobenius algebras in [15]. Nakayama also studied symmetric algebras
in [36] but the automorphism that carries out his name was defined in [37]. Besides
representation theory, Frobenius algebras play an important role in number theory,
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algebraic geometry, combinatorics, coding theory, geometry, Hopf algebra and
quantum group theory, in finding solutions for the quantum Yang—Baxter equation,
the Jones polynomials, etc. More details about the connections between Frobenius
algebras and the classical, respectively modern, directions mentioned above can be
found in the books of Lam [28] and Kadison [21].

Recently, the interest for Frobenius algebras has been renewed due to connections
to monoidal categories and topological quantum field theory (TQFT for short).
Roughly speaking, if nCob is the category of n cobordisms then a TQFT is a
(symmetric) monoidal functor from nCob to M, the category of k-vector spaces.
For n = 2 there exists a complete classification of surfaces, and so the cobordism
category 2Cob is described completely. Furthermore, the relations that hold in 2Cob
correspond exactly to the axioms of a commutative Frobenius algebra and this leads
to the fact that 2TQFT is equivalent to the category of commutative Frobenius
algebras. For more details on this topic we invite the reader to consult [26]. We
also note that the Frobenius equation (that follows from the fact that both surfaces
are homeomorphic to a sphere with four holes)

expresses the compatibility between the algebra and coalgebra structure on a
Frobenius algebra. It makes sense in any monoidal category, and therefore the
notion of Frobenius algebra can be defined in any such category. This has
already been done, see for instance [20, 26, 29]. Furthermore, in the monoidal
categorical framework Frobenius algebras appear in different contexts. Apart from
the TQFT case mentioned above, we have a correspondence between Frobenius
algebras in monoidal categories and weak monoidal Morita equivalence of monoidal
categories [34], Frobenius functors and Frobenius algebras in the category of
endofunctors, and Frobenius monads in 2-categories and Frobenius algebras in some
suitable monoidal categories, respectively. Note also that Cayley—Dickson and
Clifford algebras are example of Frobenius algebras in certain monoidal categories
of graded vector spaces [4, 5].

Kasch [23] extended the notion of Frobenius algebra to an arbitrary algebra
extension. A k-algebra morphism i : R — S is called Frobenius if S is finitely
generated and projective as right R-module and Homg(S, R), the set of right
R-linear maps from S to R, is isomorphic to S as (R, S)-bimodule. The notion
of Frobenius algebra is recovered when R = k and i is the unit map of S.
We should point out that Frobenius extensions have a well-developed theory of
induced representations, investigated in papers by Kasch [22-24], Pareigis [42,43],




Frobenius and separable algebras 709

Nakayama and Tzuzuku [38—40], Morita [32, 33], and the list may continue.
Frobenius extensions, and so Frobenius algebras as well, can be characterized in
terms of Frobenius functors, first introduced by Morita in [32]. Recall that a
Frobenius functor is a functor having left and right adjoints which are naturally
equivalent, and that the terminology is based on the fact that an algebra extension
i : R — S is Frobenius if and only if the restriction of scalars functor is Frobenius.

Due to a famous result of Eilenberg and Nakayama [17], particular examples of
Frobenius k-algebras are given by separable k-algebras. Later on, the result was
generalized by Endo and Watanabe [18] to the case of algebras over a commutative
ring, which are projective as modules. More precisely, they showed that if such
an algebra is separable then it is symmetric, and therefore Frobenius. Although
the separability notion extends easily to the algebra extension setting, it is still an
open question when a separable algebra extension is Frobenius. In this direction the
answer is known to be positive in some particular cases, see [50,51]. As far as we
are concerned, the separability notion can be restated in terms given by separable
functors. These were introduced in [41] and, similar to the Frobenius case, their
name is justified by the fact that an algebra extension i : R — S is separable if and
only if the restriction of scalars functor is separable.

In this paper, which can be seen as a sequel of [8] and a predecessor of [9],
we have as final goal the study of the algebra extensions associated to wreaths in
monoidal categories from the Frobenius, and respectively separable, point of view.
Our motivation is two-fold. On one hand we want to unify most of the Frobenius
type theories performed for algebra extensions obtained from different types of
entwining structures coming from actions and coactions of Hopf algebras and their
generalizations; corroborated with the results and the set of examples presented in [8]
this leaded us to the study of wreaths in monoidal categories, and then of algebra
extensions produced by them. On the other hand, we wish to give a monoidal
categorical interpretation for the conditions under which these algebra extensions
are Frobenius, respectively separable, and so to replace a bunch of conditions with
one monoidal property. We shall explain this better in what follows by presenting
the content of this paper.

Since wreaths in 2-categories are actually monoidal algebras and the monad
extensions produced by them are in fact monoidal algebra extensions we first study
when a monoidal algebra extension is Frobenius, respectively separable. Having
in mind the functorial interpretation that exists in the classical case, we started by
investigating when the restriction of scalars functor and the induction functor are
Frobenius, respectively separable. To make our theory work, besides the natural
conditions that we need to impose (existence of coequalizers, coflatness, robustness),
we have to assume that the unit object 1 is a ®-generator, too. For short, this extra
condition is the substitute of the fact that giving an element of a set is equivalent to
giving a map from a singleton to the set, or giving a vector is equivalent to giving
a linear map from the base field to the vector space where it resides. Otherwise
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stated, we can avoid working with “elements” by considering morphisms in a
category having the unit object as source, provided that 1 is a ®-generator. So under
these conditions we give in Theorem 3.5 necessary and sufficient conditions for the
restriction of scalars functor to be Frobenius and in Theorem 3.6 the ones for which
it is separable, generalizing in this way [10, Theorem 27] to the monoidal categorical
setting. As expected, we obtain as a consequence that an algebra A in a monoidal
category C is Frobenius/separable if and only if the forgetful functor F : C4 — C
is so, of course, provided that 1 is a ®-generator in C. Motivated by these results
we define in Section 4 the notion of a Frobenius/separable algebra extension in C
in such a way that it becomes equivalent to the fact that the restriction of scalars
functor is Frobenius/separable, provided again that 1 is a ®-generator in C. Our
condition on 1 is somehow restrictive and does not apply to every situation, for
instance to the category of endofunctors or to the category of (co)representations
over a braided bialgebra. Still, there are enough situations when it can be applied
or situations when the monoidal category admits another object as ®-generator, see
Examples 3.2. However, we make use of this condition only in the study of when
the restriction of scalars functor is Frobenius/separable, the motivation being the one
mentioned above. So for the rest of our results this extra assumption on the unit
object of the category is not necessary.

If 1 is a projective object in C then an algebra A in C is separable if and only if it is
projective as an A-bimodule in C (Proposition 4.5). Furthermore, in Proposition 4.8
we show that an algebra extension i : R — § is Frobenius/separable if and only
if S is a Frobenius/separable algebra in the category of R-bimodules in C, gCr, and
therefore the study of Frobenius/separable algebra extensions reduce to the study
of monoidal Frobenius/separable algebras. Consequently, we get that when 1 is
projective or ®-generator and R is separable the extension i : R — S is separable
if and only if S is a separable algebra in C (Corollary 4.9). Note that Proposition 4.8
gives also a new approach for dealing with the problem of when a separable algebra
extension is Frobenius. More exactly, if we can answer to question

What are the monoidal categories for which any separable algebra is
Frobenius?

then one can uncover the conditions under which a separable algebra extension is
Frobenius. However, we can always handle the converse of the above question.
More exactly, Proposition 4.10 measures how far is a Frobenius monoidal algebra
from being separable, and consequently how far is a Frobenius algebra extension
from being separable (Corollary 4.11).

The purpose of Section 5 is to present new characterizations of Frobenius algebra
extensions. For an algebra 4 in a monoidal category, we have several conditions
equivalent to A being Frobenius, we collected them in Theorem 5.1. Since an algebra
extension i : R — S is Frobenius if and only if S is a Frobenius algebra in gCg,
we get as an immediate consequence of Theorem 5.1 a list of characterizations for



Frobenius and separable algebras 711

i : R — S to be Frobenius (Corollary 5.2). The natural problems that show up now
are: (1). When is rCg rigid monoidal?; (2). If gCg is rigid then is C so?; and (3).
If (2) is true, then how can we relate the dual of an object in gCg with the dual of
the same object regarded now as an object of C via the forgetful functor? To answer
these questions we adapted the techniques used in [55, Section 5], where it is proved
that gCr is rigid in the case when C is so and R is a special Frobenius algebra (recall
that a Frobenius algebra R is called special if m g A p = dgldg and egn R = drldg,
for some “non-zero scalar” dg, where (R,mpg,n R) and (R, Ap,eg) denote the
algebra and coalgebra structures of the Frobenius algebra R). To be more precise,
we walked backwards through these questions. Firstly, it is well-known that a strong
monoidal functor preserves dual objects, so we might have an answer for (3) in the
case when the forgetful functor &l : RCr — C is strong monoidal. But this condition
on i is very restrictive, so we replaced it with the Frobenius monoidal one, a weaker
condition under which i still preserves dual situations, cf. [13, Theorem 2]. 4{ has
a trivial monoidal structure and this is part of a Frobenius monoidal structure if
and only if R is a Frobenius algebra. Furthermore, if this is the case, then the
opmonoidal structure of 4l is completely determined by the Frobenius structure of R,
see Theorem 6.2. Thus, if R is Frobenius and gCr is rigid then C is rigid as well, and
this answers partially to (3). Secondly, we prove in Proposition 7.1 that the converse
remains true if we assume, in addition, that R is separable (a situation different from
the one considered in [55], and more appropriate to the topic of this paper). In
particular, if R is a separable Frobenius algebra, we have that gCp is rigid if and
only if C is so, and if this is the case, the dual objects coincide (only the evaluation
and coevaluation morphisms are different). This answers partially the questions (1)
and (2). Furthermore, using these results we are able to show that if R is a separable
Frobenius algebra, then an algebra extension i : R — S is Frobenius if and only
if § is a Frobenius algebra and a condition involving the Frobenius structures of R
and S holds (Theorem 7.3). When C is sovereign monoidal, that is, C is rigid and the
left dual functor is equal to the right dual functor, then this condition is equivalent to
the the fact that the restriction at R of the Nakayama automorphism of S coincides
with the Nakayama automorphism of R, see Theorem 7.4.

In Section 8 we give some applications. Particular examples of monoidal
algebras are given by monads in an arbitrary category (algebras in a category of
endofunctors) and monads in 2-categories. Thus if we specialize our results to these
particular situations we get for free necessary and sufficient conditions for which
a monad extension or a 2-monad extension is Frobenius, respectively separable.
Since the former is a particular case of the latter, we restrict ourselves in working
only in the context provided by 2-categories. If A = (A,¢, u,n) is a monad in
a 2-category K then (¢, u,n) is an algebra in the monoidal category K(A) and,
moreover, A is Frobenius/separable in the 2-categorical sense if and only if (¢, ., 1)
is a monoidal Frobenius/separable algebra in C(A). With this observation in mind
we easily deduce necessary and sufficient conditions for which a wreath, i.e., a
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monad in the 2-category EM(K) (the Eilenberg-Moore category associated to /),
is a Frobenius/separable 2-monad. Besides these characterizations, we give also new
ones, provided that (A) admits coequalizers and any object of it is coflat. More
exactly, to any wreath in IC we can associate an algebra extension in K(A) that we
call the canonical monad extension associated to the wreath. Then the wreath is
Frobenius/separable if and only if the associated canonical monad extension is so
(Theorems 8.6 and 8.7). Finally, all the results obtained throughout the paper can
be applied to the (monad) algebra extension associated to a wreath in a monoidal
category. We summed up all these in Corollary 8.8 for the Frobenius case, and
respectively in Corollary 8.9 for the separable case. In this way we achieved our
main goal. Furthermore, we will see in [9] that the Frobenius/separable properties of
a monoidal wreath play an important role in establishing Frobenius properties and
Maschke type theorems for the generalized entwined module categories that were
introduced in [8].

2. Preliminaries

2.1. Monoidal categories. Throughout this paper C is a monoidal category with
unit object 1. Without loss of generality we assume that C is strict, this means that the
associativity and the left and right unit constraints are defined by identity morphisms
in C. If A is an algebra in C we then denote by m 4 and n 4 its multiplication and unit
morphisms, and by 4C (C4) the category of left (right) A-modules and left (right)
A-morphisms in C. For more details about algebras in a monoidal category we invite
the reader to consult [6,25,30,31].

Assume now that C has coequalizers. Take an algebra A in C, 9t € Cy4 and
X € 4C, with structure morphisms M;} : A® X - X and vg)lt MR A — M, re-
spectively. We consider the coequalizer (MM ® 4 X, q%, x) of the parallel morphisms
Vaét ® Idx and Idgy ® M}% inC:

v%@]dx qz/)“:nX
MRJIAR X MRXX —=MR4 X.
ld9n®M)A}

For a left A-linear morphism f : X — Y inC, let f MR X > MR Y
be the unique morphism in C satisfying the equation

faéh x = iy 1dog ® f). 2.1)

Take XLYLZ in 4C. Tt is easily verified that E]‘ = gf.
Nowletg : O — NinCqgandY € 4C. Then g : MR@4 Y — N R4 Y denotes
the unique morphism in C obeying

8diny = diny (g ®1dy). 2.2)
For Dﬁivﬁiﬂ,ﬁ in C4, we have that g/]\” = gf
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For M € C4, X € Cand Y € 4C, we have canonical isomorphisms Yon, Yon, x
and Yy :

- Yo MRy Aii)ﬁ, uniquely determined by the property Tgmqét, 4= vg’%;
- Tox : MRS (AR X )iim ® X, uniquely determined by the property

Tm,xqg%m@;( = Vg)f;ln ® ldy;
- Yy :A®aY iY, uniquely determined by the property Tf,qj,y = ué.

The following properties are now easily verified:

Yo =amaldm®n,):  Yy' =qiy(, ®1dy); (2.3)
Yorx = @im aex (dm ® n, @ Idx). (2.4)

Next, recall that an object X of C is called right (left) coflat if the functor X ® —
(respectively — ® X)) preserves coequalizers. An object of C is called coflat if it is
both left and right coflat.

Let now C be a monoidal category with coequalizers and A, R algebras in C.
By [7, Lemma 2.4] we have the following.

(a) If A is right coflat then for any X € 4Cgr and Y € RC the morphism
;L‘;}@RY A X ®RY — X ®rY uniquely determined by M§®RY(IdA ® q}?jY) =
(]§,Y(/L§ ® Idy) defines on X ®g Y a left A-module structure in C, where, in
general, by M;} :A® X — X we denote a left A-module structure on an object X
of C;

(b) Likewise, if A is left coflat then for any X € Cr and Y € rC4 the morphism
v§®RY X ®rY ® A — X ®g Y uniquely determined by v§®RY(q§,Y ®Idy) =
q§’Y(IdX ® v?) defines on X ®g Y a right A-module structure in C, where, in
general, by vé :Y ® A — Y we denote the structure morphism of a right A-
module Y in C.

If R is an algebra in C we then say that an object Y € gC is left robust if for any
M € C, X € Cg the morphism Oy vy : (M X)QrY — M (X ®rY) defined
by the commutativity of the diagram

Vot x ®ldy Roxy
MOIXQPRRQY MIXQY — (MR X)RrY
Idon ®1dx @ .
R Oon xy
ldm ®qx y v
MR (X ®RY)

is an isomorphism. If R is left coflat then it is well known that the category of R-
bimodules in C that are left coflat and left robust, denoted by !RC R, 18 a monoidal
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category (see for instance [7,44,46]). Notice that the left robustness of an object
Y € gC is needed in order to define
(1) a left R-module structure on X Qg Y in C, for any X € gCg. Namely, if we
define iy g,y : (R® X) ®R Y — X ®gr Y as being the unique morphism in C
making the diagram
ldr®v R ®1dy
R®X Y

R®X®Y—>(R®X)®RY

_ >
IdR®x®M§
r ® :MX®RY
qX’Y(Mx®IdY) \

X ®rY

RRIXQ@RRY

commutative then the morphism /L§®RY = xg RY@&}X,Y defines on X Qg Y
a left R-module structure in C. Furthermore, X ® g ¥ becomes in this way an R-
bimodule, provided that Y € !RC r and R is left coflat. We should also remark that
this left R-module structure coincide with that when R is right coflat, see (a) above;

(2) a morphism Film,X,Y MR/ R(XQRRY) > M QR X) ®r Y, for all

M, X,Y € gCg, uniquely determined by T}, y & XQRY = %I;t XG{m xy- ltis
actually an isomorphism with inverse E,{m, x.y uniquely determined by the property
that

ESJ?,X,Y‘191§1®RX,Y(QDI§2,X ®Idy) = qgt,X®RY(Idim ® Q§,Y)~

So when R is left coflat the category 'RC R 1s monoidal with tensor product ®g,
associativity constraint E_ ., unit object R, and left and right unit constraints T
and Y_. Once more, the full details can be found in [7,44,46].

Throughout this paper when we make use of the monoidal structure of !RC R itis
implicitly understood that C has coequalizers, and that any object of it is coflat and
left robust. In other words we identify the categories !RC r and RCg. The aim is to
make our results more readable and less technical.

2.2. Monads in 2-categories. Let /C be a 2-category; its objects (or O-cells) will
be denoted by capital letters. 1-cell between two O-cells U and V' will be denoted
as U —f> V', the identity morphism of a 1-cell f by 17 and, more generally,

a 2-cell by f é f’ . We also denote by o the vertical composition of 2-cells

f =2 f'=——= f” in K(U, V), by © the horizontal composition of 2-cells
/£\ A 40)
UJ;VJP;;W’ gof%g/of/a
S’ g

and by (U v , 1y é 1y ) the pair defined by the image of the unit
functor from 1 to KC(U, U), where 1 is the terminal object of the category of small
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categories. For more details on 2-categories, we refer the reader to [1, Ch. 7] or
[31, Ch. XII].
A monad in /C is a quadruple (4, ¢, i, n) consisting of an object 4 of /I, a 1-cell

A—"+ A in K and 2-cells f ot ==—>¢ and lAn:t in /C such that

po(uoOl)=pnol;Op), po(l;©n) =1 =pom0ol).
If A = (A,t,us,m:) and B = (B, s, s, 7s) are monads in K then a monad
morphism between A and B is a pair (f, ) with A N B a l-cell in K and

so f é f ot a2-cell in I such that the following equalities hold:
Arou)o(Wol)e(ls0y)=yo(usOly), yo(sOly)=1r0n;.

2.3. Frobenius and separable functors. Let F be a functor between two arbitrary
categories D and £. Recall that F is called Frobenius if it has a right adjoint functor
which is also left adjoint, and that F is called separable if for any two objects X, Y
of D there exists a map Px,y : Homg(F(X), F(Y)) — Homp(X,Y) such that
Px,y(F(f)) = f.forall f: X — Y inD,and Py, y,(g2)0 f1 = f20Px,,x,(81)
for every commutative diagram in & of type

F(X1) 2> F(X»)
F(fl)l lF(fz)
F(Y1) 2> F(Y2)

When F has a right adjoint G : £ — D the Rafael’s theorem [45] gives necessary
and sufficient conditions for F or G to be separable. More exactly, if 1p and 1¢ are
the identity functors on D and £, and 5 : 1p — GF and ¢ : FG — 1¢ are the unit
and the counit of the adjunction, respectively, then

e F is separable if and only if the unit # splits, that is there exists a natural
transformation v : GF — 1p such that v o 7 is the identity natural transformation
of 1p;

e G is separable if and only if the counit ¢ cosplits, that is there exists a natural
transformation p : 1¢ — JFG such that ¢ o y is the identity natural transformation
of 1 £

3. Frobenius and separable type properties for the restriction of scalars functor
and the induction functor

In the literature there are several Frobenius or separable theories developed for
different kinds of algebras. All these are based on the fact that a certain canonical
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functor is Frobenius, respectively separable. Usually, this canonical functor is a
forgetful functor or, more generally, a functor restriction of scalars.

As far as we are concerned, we are interested to study when the extension defined
by a wreath in a monoidal category C is Frobenius, respectively separable. This can
be done in two ways, depending on the point of view: monoidal or 2-categorical.
As we will see, both cases require actually the study of Frobenius (respectively
separable) algebra extensions in a monoidal category, and this is why we shall study
this problem first. More precisely, for an algebra extension S/R in C, that is for an
algebra morphism i : R — S in a monoidal category C, we will give necessary and
sufficient conditions for which the functor restriction of scalars F : Cg — Cg is
Frobenius, and respectively separable.

The functor restriction of scalars F has always a left adjoint functor G.
Namely, G is the induction functor — ® g S : Ck — Cg which is defined as follows.
If X € Crthen (—®rS)(X) = X ®r S endowed with the right S-module structure
induced by the multiplication of S, and if /' : X — Y is a morphism in Cg then
(— ®r S)(f) = f. The unit and the counit of the adjunction are described as
follows, for all X € Cg and O € Cg,

nx :=q§,S(IdX®QS):X—>X®RS, 8m:=g:m®RS—>9ﬁ, (3.1
the latter being determined uniquely by the property that g%’;’ g = vgsn.
So F is a Frobenius functor if and only if G = — ®pg S is a right adjoint

functor of F, and F is separable if and only if the counit of the adjunction
defined above splits. To see when these conditions hold we first describe the
sets Nat(F o (— ®pg S),—) and Nat(—, (— ®g S) o F), where, in general, if
F,G:D — & are two functors we then denote by Nat(F,G) the set of natural
transformations from F to G. To this end we use the techniques performed in [10].
To make them work in the setting of a monoidal category C we have to assume that C
is left ®-generated by its unit object. This means the following.

Definition 3.1. Let C be a monoidal category. We say that an object P of C is a left

f
®-generator of C if wherever we consider two morphisms Y ® Z W inC
g

such that f(e ® Idz) = g(e ® Idz), foralle : P — Y inC, we then have f = g.

Observe that, by taking Z = 1 in the above definition we get that a left ®-
generator of a monoidal category C is necessarily a generator for C, and this justifies
our terminology.

Examples 3.2. 1) The category Sets of sets and functions is monoidal with the tensor
product the Cartesian product and the unit object a one element set, say {x*}. It can
be easily seen that {x} is a left ®-generator.

This example can be widely generalized to the category Top of topological spaces
and continuous mappings. For this, observe that the continuous mappings from



Frobenius and separable algebras 717

a singleton to a space Y correspond precisely with the points of Y, and that two
continuous mappings having the same source and target spaces are equal precisely
when they coincide on each point of their commune source space.

2) Let k be a commutative ring and denote by ;M the category of left k-modules
and left k-linear maps. It is well-known that M is monoidal with tensor product
® = Qp, unit 1 = k and the obvious morphisms a,/,r. Since a morphism
€ :k — Y in M is uniquely determined by an element of Y it follows that 1 is
a left ®-generator.

In particular, if Ab denotes the category of abelian groups and group morphisms
then (Ab, ®z, Z) is monoidal and its unit object Z is a left ®-generator. Here Z is
the ring of integers.

3) It is a generalization of the example 2) to the noncommutative case. Let k
be a commutative ring and R a k-algebra, and denote by g Mg the category of
R-bimodules and R-bilinear morphisms. We know that g Mg is monoidal with
® = ®g, 1 = R and the natural morphisms a,l/,r. We claim that R is a
left ®-generator if and only if R is a generator in g Mg, and that this situation
occurs when R is a separable k-algebra, that is, a separable algebra in M (see
Definition 4.1 below).

Indeed, we have seen that, in general, a ®-generator is a generator for the
underlying category. For the converse, assume that R is a generator in g Mz and
identify g Mg with the category ge M of left R := R ® R°°-modules in the
canonical way (unadorned ® means ®g). Then by [28, (18.8) Theorem] the fact
that R is a generator in ge M is equivalent to the existence of some R-bilinear
morphisms fi,---, fn : R — R and of some elements xi,---,Xx, € R such

n
that ) fi(x;) = 1 ® 1. Since any morphism f; is completely determined by
i=1
an element ¢; = ei1 ® e € R ® R (summation implicitly understood) obeying
ael.l ® el.2 = el.1 ® eiza, for all a € R, it follows that R is a generator in g M g if and
only if there exist ei1 ® ei2 € R Rand x; € R, 1 <i <n,suchthat, foralla € R,

n
ae! ®e? =e! ®e?a, Y1 <i<n, and Zx,-el-1 e =13 1. (3.2)

i=1

f
Let now Y Qg Z W be morphisms in g Mg such that f(e ®g Idz) =
g

gle ®rIdz), foralle : R — Y in g Mpg. Fix an element y € Y and for any
1 <i<ntakee¢; : R — Y givenby¢;(r) = rei1 -y-eiz,forallr € R. Since ¢; is a
morphism in g M g we get that, forall i’s,r € R,y € Y andz € Z,

f(rel-1~y-e,-2®Rz) = g(reil-y~e,~2®Rz) & f(re,~1~y®Rei2-z) = g(re,.l-y®Re,-2~z).
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Therefore, taking r = x; and summing up we obtain that

n n
S (wa} -y ®r e} -Z) =g (ine} -y ®r e?-z) .
i=1 i=1

By (3.2) we deduce that f(y ®r z) = g(y Qr z), forall y € Y and z € Z, as
needed.

Finally, it is well-known that R is a generator in g Mg if and only if R is
an Azumaya algebra, i.e., a separable algebra over its center Z(R) (for instance,
see [56,28.1 & 28.7]). Now, if R is a separable k-algebra then R is a separable
Z(R)-algebra as well, since the natural mapping R ® R — R ®z(gr) R pulls back
the splitting map for the multiplication of R. Hence R is both a generator and a left
® gp-generator for g MR, as claimed.

4) Denote by FdHilb the category which has complex finite dimensional Hilbert
spaces as objects and continuous linear maps as morphisms. Note that, since the
objects of FdHilb are finite dimensional vector spaces it follows that the morphisms
in FdHilb are actually the C-linear maps, where C is the field of complex numbers.
Also, the completeness condition with respect to the norm defined by the inner
product is insignificant for finite dimensional Hilbert spaces.

FdHilb is monoidal with the monoidal structure inherited from the monoidal
structure of ¢ M: it is a strict monoidal category with ® = ®¢ and 1 = C. Since
we can regard vectors in a finite dimensional Hilbert space H as morphisms from
the tensor unit C into H it follows that C is a left ® c-generator for FdHilb.

5) Let k be a field and Z; the category of Zunino over k, [11]. Objects of Zj, are
pairs M = (X, (My)xex) consisting of a set X and a family (My)xex of k-vector
spaces indexed by X. A morphism between M and N = (Y, (N,),ey) is a couple
¢ = (f.(px)xex) with f © X — Y afunction and (¢x : Mx — Np(x))xex a
family of k-linear maps. If y = (g, (xy)yey) : N = P. = (Z,(P;)zez) is another
morphism in 2 then y 0 ¢ = (g © /. (X r(x) © ¢x)xex)-

The category Zj has a monoidal structure. The tensor product of M and N is
given by

MQN = (X xY, (Mx ®Ny)(x,y)eXxY) (3.3)
and the unit object is ({*}, k). The tensor product of two morphisms ¢ : M — N,

¢ =(f" @)xex) : M = (X', (M})yex) > N = (Y',(N},)yrey) in Zp is
defined by

£® ﬂl = (f X f/v ((px ® w;/)(x,x’)eXxX’)~

The natural isomorphisms a, [, r of Z; are obtained canonically from those of Sets
and ;. M, we leave the details to the reader.
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We claim that 1 = ({x}, k) is a left ®-generator for Z;. Indeed, let
QZ(f,(‘ﬂ(x.y))(x.y)EXxY)

M®N =(XxY,(Mx ®Ny)x,y)exxy) P =(Z,(Pz)zez)

1=, (X(x.y))(x.»)exxy)

be morphisms in Zj such that (e ® Idy) = x(e ® Idy), foralle = (e : {*} — X,
Ak — M) in Zi. On one hand, we have that f(e x Idy) = g(e x Idy), for all
€ : {#} - X in Sets, and so f = g. On the other hand, for all € : {*} — X and
Atk — M) in g M we have @(x),y) (A ® IdNy) = X(e(x),)(A ® IdNy), for all
y € Y. Hence, if we pick x € X and define €, : {*} — X by €, (*) = x we then get
P,y A ®1dn,) = x(x,yy(A ® Idy,), forall A : k — M, in M. It then follows
that (x,y) = X(x,y)» forall (x,y) € X x Y, and therefore ¢ = y, as desired.

There are situations when a monoidal category C admits a left ®-generator that
is different from the unit object.

6) Let k be a field and Tj the category of Turaev over k, [11]. It has the
same objects as Zj but a different set of morphisms. More exactly, a morphism
between two objects M = (X,(My)xex) and N = (Y,(N,)yey) is a pair
¢ = (f. (¢y)yey) consisting of a function f : ¥ — X and a family of k-linear
maps (¢y : Mysy) = Ny)yey. If y = (&, (Xz)zez) : N —> P = (Z,(P;)zez) is
another morphism in 7 then Xog= (f o8 (Xz 0 Pg(x))zez)-

Tk is monoidal with tensor product defined by (3.3) and ¢ ® (p =(f xf,
(py ® gay,)(y y)eyxy’), wWhere the notations are as in the previous example. The
unit object is ({*}, k) and a, [, r are obtained naturally from those of Sets and ; M.

This time we claim that ({0, 1}, (k, k)) is a left ®-generator for 7. To this end
consider

‘p=(fa((ﬂz)zez)
MRN = (X x Y, (M ® Ny)(x,y)eXxY) £ = (Zv (PZ)ZGZ)

M 9 IV -
x=(g,(xz)zez)

morphisms in 7 such that (e @ Idy) = y(e ® Idy), foralle = (e : X — {0, 1},
Ax ik =kewy — M) xex) in Tx. Firstly, this implies (exIdy) f = (exIdy)g, for
alle : X — {0, 1}. If we denote f(z) = (f1(2), f2(2)) € X xY, and adopt a similar
notation for g(z), we conclude that (e f1, f2) = (eg1,82), forall e : X — {0, 1}.
Since {0, 1} is a cogenerator in Sets it follows that f = g. (A direct approach for
the last assertion is the following: by the way of contradiction, if f1 # g then there
exists z € Z such that f1(z) # g1(z); so if we consider € : X — {0, 1} given by
€(f1(z)) = 0, €(g1(z)) = 1 and arbitrary on the remaining elements of X we then
get that there is an € : X — {0, 1} such that € f; # € f>, a contradiction.)

Secondly, if we denote f(z) = g(z) = (u(z),v(z)), for all z € Z, then
@z (Auz) ®ldn,(.) = xz(Auz) ®ldn,.,), for all k-linear maps Ay (z) : k — My (z).
It is immediate that this implies ¢, = x., for all z € Z, so we are done.
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7) Let G be a group and let k be a field. If we denote by Vect® the category of
G-graded k-vector spaces and k-linear morphisms that preserve the gradings then
Vect¥ is a monoidal category. For

V=0V, and W =P W,

geG geG

two G-graded k-vector spaces their tensor product is the same as in M, and it is
considered as a G-graded vector space via the grading given by

VW)= P VoW,

oT=g

for all g € G. On morphisms the tensor product in Vect® is defined exactly as
in x M. The unit object is k viewed as a G-graded vector space in the trivial way:
ke = k and kg = 0, for all G > g # e, where e is the neutral element of G. The
remarkable fact is that for Vect® the associativity constraints ¢ are in a one to one
correspondence with the normalized 3-cocycles ¢ on G, while the left and right unit
constraints are always equal with those of M. This monoidal structure on Vect®
will be denoted by Vectg.
It is left to the reader to show that the group algebra of G,

k[G] = P ke,

geiG

is a left ®-generator for Vectg, for any normalized 3-cocycle ¢ on G. Mostly this
is a consequence of the fact that any element v of a G-graded vector space V' gives
rise to a morphism from k[G] into V in Vectg, and vice-versa.

8) Let H be a bialgebra over a field k and g M the category of its left
representations. It is a classical result in the Hopf algebra theory that the monoidal
structure of x M induces a monoidal structure on g M: the H-module structure on a
tensor product is given by the comultiplication of H and the unit object is k regarded
as a left H-module via the counit of H.

Consider H as an object in g M via its multiplication. It is immediate that a
morphism H — M in g M is completely determined by an element m € M, so H
is a left ®-generator in g M.

9) Let k be a field and H a weak bialgebra over k with unit 1, comultiplication
A(h) = hy1 ® ha, h € H, and counit gg. (For the complete set of axioms we invite
the reader to consult [2].)

The category of left H -representations, .M, is monoidal. This time the tensor
product is the tensor product over the k-algebra H, :={h € H | A(h) = hl; ® 15},
the target subalgebra of H. Note that, if M is a left H-module then it is a
left H;-module via the functor restriction of scalars defined by the embedding
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H; — H and, moreover, an H;-bimodule via the right H;-module structure defined
by m-r =%¢5(r)-m, forallm € M,r € H;,. Here e, : H — H is given by
gs(h) = eg(12h)1y, for all h € H; we should remark that g5 | g, is an anti-algebra
morphism.

The H-module structure on a tensor product M ®pg, N is defined via the
comultiplication of H. The unit is H; considered as a left H-module via the action
hor = g(hr) = g((hes(r)), forallh € H, r € H;, where &, : H — H sends
h € H toeg(11h)1,. It is well defined since Im(g;) = H;.

One can see easily that H, regarded as a left H-module via its multiplication,
is a left ® g, -generator for g M. We should also remark that the k-algebra H; is
separable (see for instance [52, Proposition 1.6]). So the category of H;-bimodules
produces a concrete example of monoidal category having the unit object a left ®-
generator.

For simplicity, throughout this section we assume that C is a monoidal category
with coequalizers and such that any object of it is coflat.

Lemma 3.3. Assume that 1 is a left ®-generator for C and leti : R — S be an
algebra morphism, F : Cs — CR the restriction of scalars functor induced by i
and — Qg S : Crp — Cg the induction functor, respectively. Then there exists an
isomorphism

Nat(F o (— ®r S),—) = gHomg(S, R),

where RHompg (S, R) stands for the set of R-bimodule morphisms from S to R in C.

Proof. Follows the same line as the proof of [10, Theorem 2.7, 3.]. We first show
that the desired isomorphism is produced by

o :Nat(F o (—®g S),—) = rRHomg(S, R),

defined as follows. If u = (ux : X ®r S — X)xec,, 18 in Nat(F o (— ®r S), —)
we then define a(u) = u RTg_l. To show that «(u) is a right R-linear morphism is
sufficient to show that T:q—l is so. Indeed, on one hand we have

Hiors 1R ® Y5 = j1Rg s (1dR ® qg,S(QR ® Ids))
= qp,smrUdr ® 1,) ® Ids) = R s-
On the other hand,
Y5 s = Y5 mg(i ®1ds)
= qR s(n, ® 1ds)mg (i ® 1ds)
= ¢ s(mg(n, ® 1dp) ® 1ds) = g5 5.

as required.
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Take € : 1 — R an arbitrary morphism in C and define /. : R — R by
Je = mpg(e ® Idg). Since mp is associative we get that f¢ is a morphism in Cg,
and therefore the naturality of u implies that feur = u Rﬁ. This is equivalent to
feurYgt = uRﬁTg_l, and so with

mp(ldg ® a(u))(e ® Ids) = urqg s(e ® Ids).
Since

a()mg(i ®lds) = ur Yy 'mg(i ® 1ds)
= UrqR s, ® ds)mgs(i ® 1ds)
= urqg,s(dr ® mg(i ®1ds))(n, ® ldres)

= MRQ£,S(mR(ﬂR ®Idr) ® Ids) = urqp g.

where in the next-to-last equality we used that (¢ ﬁ s+ R ®R §) is a coequalizer, we
obtain that

mp(ldr @ a(u))(€ ® lds) = a(u)mg (i ® Ids)(e ® Ids),

forall € : 1 — R. The fact that 1 is a left ®-generator for C implies now that o (u)
is left R-linear as well, and thus an R-bimodule morphism in C.
We claim that « is an isomorphism with inverse defined by

a_l(ﬁ)z(vszXf}:X®RS—>X) , ¥ € RHomg(S, R).
XeCpr
One can easily see that v = (vx)xec, 1S completely determined by the property
vXq)Ig’S = v§ (Idy ® ¥), for any X € Cg, and this allows us to prove easily that v is
indeed a natural transformation. Thus o' is well defined. Furthermore, o o (u) =
a_l(uRTg_l) = (vy = TXuRTé_l)XecR with vy characterized by the fact that
vqu;,S = v§(IdX ® a(u)).

Take now € : 1 — X an arbitrary morphism in C and define g = v § (e ® IdR) :
R — X. It is immediate that g is right R-linear, hence by the naturality of u we
have

gea(u) = geur Yy = ux 85" = uxqf s(gen, ®ds) = uxqx s(€ ® lds).

But gea(u) = v§ (e ® Idp)a(u) = v§ (Idy ® a(u))(e ® Idg), so using again that 1
is a left ®-generator in C we deduce that v§ (Idy ® a(u)) = qu§,S’ forall X inC.
This implies v qu g =1u Xq§, 5 and since q§,  is an epimorphism in C we conclude
that vy = uy, forall X in C, and thus @ ar(u) = u.
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For % € gHompg(S, R) we have
oza_l(ﬁ) =« ((vX = TXE‘ X ®rS — X)XecR)
= vrY§ " = vrqR (0, ®1ds) = vR(ldg ® 9)(n,, ® Ids) = V.
Thus « and o~ ! are inverses, as claimed. O
Lemma 3.4. Under the same hypothesis as in Lemma 3.3 we have that
B :Nat(—, (—®r S)o F) > W
={e:1>SQrS | uig,s(ds ®e) = vig s(e ®1ds)}
given by B() = {sn g I8 well defined and an isomorphism.

Proof. Similar to the one of Lemma 3.3. First, observe that since {g is right S-linear
we have

V3g s (B0 ®1ds) =v5g s((s ® lds)(ng ® Ids) = {smg(ng ® Ids) = Is.
Lete : 1 — S be an arbitrary morphism in C and define he = mg(e®Idg) : § — S.

Clearly A, is right S-linear, so by the naturality of { we deduce that l;;( s = {she.
A direct computation ensures us that

he61§,s = qg,s(ﬂs(e ®Ids) ® Ids) = M§®Rs(6 ® IdS®RS)¢I§,S,

thus fl; = M§®RS(6 ® ldsg s). From here we obtain

Lsmg(e ® 1ds) = {she = hels = pig s (ds ® {s)(€ ® Ids),

forall e : 1 — S in C. Using again that 1 is a left ®-generator in C we conclude
that (s is also left S-linear, and hence

Wgrs (s ® B(D) = n3g,s(Ids ® £s)(ds ® 11)
= {smg(lds ® 1)
={s
= V3 ,s (BE) ® Ids),

proving that 8 is well defined. We assert now that § is an isomorphism. To construct
its inverse we proceed as follows. If 91 is a right S-module then

Idm®5®m3(i®ld.§) Idfm@qgs
MOSR®R®S MRIS®S — MRS QrS

Idon @m g (Ids ®i)RIds

is a coequalizer in C. Furthermore, the morphism qgljt’s(vgsjt ® Idg) fits in
the universal property of this coequalizer, and so there is a unique morphism
log MRS Qr S — Mg S such that £y (Idon @ qg,s) = qglgt’s(vg? ® Idy).
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We claim that 87! : W — Nat(—, (— ®g S) o F) given by

Bl(e) = (;gﬁ = Zoy(ldoy ® €) : M — M ®g S)mECS

is well defined and the inverse of 8. To see that {g;, is right S-linear observe that

Eon(v5: ® Ws0,5) (s ® ¢¥s) = Ton(ldm ® g8 508, ® dses)
= ¢f s(v5008 ® 1ds) ® Ids)
= q& s (voy ® Ids) (ldoy ® mg ® Ids)
= {on(ldon ® U3 . 5) Idmes ® g8 ).

and since Idopgs ® q§ g 1s an epimorphism this shows that Ezm(”g%z ®ldsgps) =
Esm (Idoy ® ,u§®R 5)- The latter equality allows us to compute

Convion = Lon(Idon ® €)vsy = Lon(vay ® Idsg.s)(Idmes ® ¢)
= {on(Idon ® p3g ,5(ds ® €)) = Lop(Idon ® v3g ,s(e ® Ids)).

Similar arguments leads us to
Ve ps Com ®1ds)(Idm ® ¢§ ¢ ®1ds) = {on(Idon ® V5 g ) I ® ¢§ 5 ® 1ds).

and this allows us to deduce that V§ﬁ®RS(ZDJT ®Ids) = Em(ldgm ® ”§®RS)' From
here it is immediate that

Vi s (G © 1ds) = Ton(Idoy ® Vg .5 (¢ ® Idg)),

and so g, is right S-linear, as desired. Next, if f : 91 — 91 is a morphism in Cg
then by arguments similar to the ones above we get that ;’\ Ezm = Em( f ®ldsgrs).
Thus £¢&, = Co(f ® ldsg,s)(Idom ® €) = Loy (Idy ® ) f = £& f , and this ends
the fact that 87! is well defined.

Let now ¢ € Nat(—, (— ®g S)o F)and e = B71(¢), thatis e = Esng. If M is
aright S-module and € : 1 — 9 an arbitrary morphism then %, = vgsn (e ® Idg) :

S — 9 is right S-linear. By the naturality of { we obtain that {snhe = f/z\ECS.
Together with

heqB s = g s(he ® 1ds) = ¢ s (3 (e ® 1ds) ® 1ds) = Lon(e ® lds@ps)qk s,
this implies that

tme = Lmheng = helsng = Cop(€ ® ldsgps)e = Lo (Idm ® e)e = Lie.
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By the assumption that 1 is a left ®-generator for C we conclude that { = ¢¢ or,
otherwise stated, B~'B(¢) = ¢. B! is also a right inverse for 8 since for any
e € VW we have

BB (e) = L) = t5ng = L5 (ng ®dses)e = e.

the last equality being a consequence of the following computation
Es(ﬁs ®ldsgxs)das = {s(ds ® 61§,s)(ﬂs ® ldsgs)
= ¢€ 5§ (ng ®1ds) ® 1ds) = g5 5.
So our proof is finished. O

One can prove now one of the main results of this section.

Theorem 3.5. Let C be a monoidal category having the property that its unit object 1
is a left ®-generator. If i : R — S is an algebra morphism in C then the following
assertions are equivalent:
(i) The functor restriction of scalars F : Cs — Cg is a Frobenius functor;
(ii) There exist an R-bimodule morphism ¥ : S — R and a morphisme : 1 —
S ®r S in C such that the following diagrams are commutative

S Ids ®e S@(S ®r S) ’
e®1d5l lug@RS
"§®RS

(SRRSH®S S ®rS
1—>S®zrS, 1—>S®rS .
"sl lﬁ "sl lf?
1! 15!
S—=>SQ®rR S—=R®RrS

Proof. From the comments made before Definition 3.1 we have that F is a Frobenius
functor if and only if — ® g S : Ck — Cgs is a right adjoint for F, and from the
previous two lemmas we have that the functor — ® g S is a right adjoint for F if and
only if there exist # € gkHomg(S, R) and e € WV such that

vremy F(Com) = Idon , VI € Cs and Ux{xgrs = ldxgzs . V X € Cr, (3.4)

where B
vza_l(ﬂ): (vszXﬁ:X@)RS—)X)

in Nat(F o (— ®r S),—), and
£= ) = (= Tn(dm ® €) 1M — Mg S

XeCpr

IMeCs

in Nat(—, (— ®g S) o F) are the natural transformations defined by ¢ and e,
respectively.
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We next prove that the first equality in (3.4) is equivalent to the fact that the
second diagram in (ii) is commutative. That the second equality above is equivalent
to the fact that the last diagram in (ii) is commutative can be proved in a similar way,
the details are left to the reader.

Let us start by noting that v ) F ($on) = Idgn for all M € Cs is equivalent to
Tmégm(ldm ® e) = Idgy, for all M € Cg, and since Yoy is an isomorphism
the latter is equivalent to 5‘E£m (Idoy ® e)Yon = Idommgrr or, equivalently, to
ﬁfgm (Idon ® e)vgl; = qgt, g forall Mt € Cs. Itis immediate that all these equivalent
conditions are also equivalent to

F oy (Idm ® €) (Vi (Idom ® 1) ® Ids@ 5.5) (Idmar ®€) = gy g » ¥V M € Cs. (3.5)
We claim that (3.5) holds if and only if Tsﬁe =1 Indeed, observe first that
Don(viy ® ldses) (domes ® q.s) = day g (v (dom ® ms) ® 9)
= 9Con(ldam ® £5)(Idmes @ 4§ 5),

and this implies 5Em(v5gﬁ ® ldsgrs) = ﬁzm(ldm ® ES). Therefore, (3.5) is
equivalent to

Hon(ldm ® Lg(Ids ® €)i) = g p . ¥V M € Cs.
One can check easily that
Yon 9 gy (1d Ry =803 @9) =vs Tsd R
m ¥ Con (Idon ® qS,S) = von(voy ® ) = Vi (Idon ® Tg?)(Idon ® qS,S)s
and so Tgmf,zgm = vgsﬁ (Idop ® Ys 5‘). Hence (3.5) is actually equivalent to
var(Idon ® Ys9Cg(Ids ® e)i) = v . VI e Cs. (3.6)
Notice that if Tg ;’Es (Ids ® e) = Idg then (3.6) is satisfied since l)gn(ldgm ®i) = vﬁt,

for all 9t € Cs. The converse is also true since if we get M = S in (3.6) with
v:g = mg and compose it to the right with Ids ® 7 R We obtain

lds = mg(lds ® YsHCs(ds ® e)n,).
Straightforward computations lead us to

mg(Ids ® Ts)(Ids ® Q§,R) =mg(mg ®1i) = TS//v§®RR(IdS ® Q§,R)

and

:U~§®RR(IdS ® 9)(lds ® qg’s) = qg,R(ms ® ) = éfs(lds ® qﬁg),



Frobenius and separable algebras 727

and so we obtain that

(mgs(lds ® Ts) = TspSger and p§g,r(ds ® D) =¥ls.  (3.7)

Notice also that
Ts(ds ® e)ng = t§ng = P71 (¢) = B (Ble) =e.
Summing up we get
Ids = mg(Ids ® Tse) = Tsufe rUds ® Pe) = YsPs(ds ® e),
as needed. Otherwise stated, we have shown that (3.6) is equivalent to
Ts¥g(Ids ® e) = Ids.

If we compose this equality to the right with n ¢ e get
ng = Tsézs(lds ® e, = T51§‘§§QS = Ygbe,

i.e., the second diagram in the statement is commutative. Finally, if Yg de = ng we
then have

Ts9Cs(1ds ® )L Tspsg  x(ds @ 9)(1ds ® €)
(g)ms (Ids ® Tsde)
=mg(ldg ® ) = Ids,
and this finishes the proof of the theorem. O

The next result generalizes [10, Theorem 27 1.& 2.] to an algebra extension in a
monoidal category.

Theorem 3.6. Let C be a monoidal category such that 1 is a left ®-generator and
i : R — S an algebra morphism in C. Then the following assertions hold:

(i) The restriction of scalars functor F : Cs — CR is separable if and only if
there exists a morphisme e W ={e:1 > S Q®r S | M§®RS(Id5 ®e) =

v§®RS(e ®Idg)} such thatmge =1 where m§ :S®RrS — S is the unique
morphism in C obeying m?qﬁ g =mg;

(ii) The induction functor — Qg S : Cg — Cg is separable if and only if there
exists an R-bimodule morphism ¥ : S — R such that z?QS =g

Proof. (i) The functor — ® g S is a left adjoint of F, so by the Rafael’s theorem (see
Section 2.3) it follows that F is separable if and only if the counit ¢ defined in (3.1)
cosplits. By Lemma 3.4 this happens if and only if there is e € VV such that if

e = (é-gﬂ = Em(ldgm ®e):M— MR S)imecs

is the natural transformation associated to e as in Lemma 3.4 then ¢ o (¢ is the
identity natural transformation of 1¢¢. Clearly this is equivalent to the existence of
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an element e € WV such that
b3 Con(doy ® €) = Idgy , VM € Cs .
Since
158 (dm®qf 5) = 1§08 s (5 ®1ds) = v (Vi @m) = vy (ldm@mEqf 5)

we deduce that vggm = vgt (Idsy ® m §). Thus F is separable if and only if there
exists e € WV such that vgfﬁ(ldgn ®m§e) = Idgy, for all M € Cg. Ifmge =1 then
the latter condition is clearly satisfied. For the converse take 9 = .S and v § = mg.
We then have mg(Ids @ m §e) = Idg, and therefore

ng =ms(ds @ m§e)ng = mg(ng ® lds)m§e = mge,

as needed.
(i1) Similar to the one given for (i), so we leave it to the reader. ]

4. Frobenius and separable algebra extensions in monoidal categories

Let k be a field and A a k-algebra. We say that A is a Frobenius algebra iff A is
isomorphic to its k-dual A* := Homyg (A, k) as a left or right A-module, and we
call A separable if the multiplication of A cosplits in the category of A-bimodules.
It is immediate that these definitions can be adapted for an algebra in a monoidal
category; note that in the Frobenius case the existence of the dual object of A can
be avoided if we use the characterization of a Frobenius algebra given in terms of a
Frobenius pair or the one given in the language of Frobenius functors. Concretely,
we have the following notions.

Definition 4.1. Let C be a monoidal category and A an algebra in C.
(i) A is called Frobenius if there exists a pair (¢, e) withd : A — lande : 1 —
A ® A morphisms in C such that

(my ®1d4)(dg @) = (Idg @ my)(e ®1d4) . (¥ ®Idg)e =1, = (Idg ® P)e.

(i1) A is called separable if there exists a morphism y : A — A ® A of A-
bimodules such that m y = Id4, where both A and A ® A are viewed as A-
bimodules via the multiplication m 4 of A.

Examples 4.2. 1) An algebra in Sets is a monoid. A simple inspection shows that
the only monoid carrying out a Frobenius/separable structure is the trivial one.

2) Let k be a commutative ring. An algebra in ;M is an algebra R over k. R is
Frobenius/separable in the monoidal sense if and only if it is Frobenius/separable in
the classical sense.
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More generally, let R be a k-algebra. An algebra in g My is a so called R-ring.
It is well known that there is a one to one correspondence between R-rings and k-
algebra morphisms i : R — S. Furthermore, the R-ring S is Frobenius/separable if
and only if the corresponding extensioni : R — S is so (see Proposition 4.8 below).

3) Particular classes of Frobenius algebras in FdHilb were studied in [12].
Note that any basis of a finite dimensional complex vector space gives rise to a
commutative special Frobenius algebra, and that the orthogonal bases of a finite
dimensional complex Hilbert space 7{ are in a one to one correspondence with the so
called commutative t-Frobenius algebra structures on H (for details and terminology
we invite the reader to consult [12]).

Also, it has been proved in [16, Theorem 2] that Greenberger—Horne—Zeilinger
(GHZ) states are in a one to one correspondence with the special commutative
Frobenius algebra structures on the two dimensional Hilbert space C2.

4) Let k be a field and Z; the category of Zunino over k. Algebras in Z; are
in one to one correspondence to algebras graded by a monoid. Since a Frobenius
monoid is trivial it follows that a Frobenius algebra in Zj is a Frobenius k-algebra
endowed with the trivial grading given by the trivial monoid.

Similarly, a separable algebra in Zj is a separable k-algebra equipped with the
trivial grading given by the trivial monoid.

5) Let k be a field and 7 the category of Turaev over k. By [11] an algebra A
in Ty is a family of k-algebras (Ay)xex indexed by a set X. It is easy to see that
if such an algebra A is Frobenius/separable then X is a singleton. This allows us
to show that Frobenius/separable algebras in 7 are in a one to one correspondence
with Frobenius/separable algebras over k.

6) Let k be a field, G a group and ¢ a normalized 3-cocycle on G. Then an
algebra in Vectg is precisely a G-graded quasialgebra with associator ¢: a G-graded
vector space A together with a multiplication and a usual unit 1 € A, obeying
(ab)e = ¢(| a |,| b |,| ¢ |)a(bc), for all homogeneous elements a,b,c € A,
where if x € A is a homogeneous element then | x | denotes the degree of x.

An algebra A = Py Ag in Vectg is Frobenius if there exist a G-graded
morphism ¢ : A — k (so #(A4y) = 0, forall G > g # e) and an element

e= ) a;,®bg € EBgeG Ag ® Ag—1 such that & (ae)be = ¥(b.)a. = 1 and
geG

Yo' al.gg Haag®@bg =) ¢(g.g7" | aag ®bga, (41

geG geG

for all homogeneous elements a € A. Particular examples of such algebras
are Cayley—Dickson and Clifford algebras, cf. [4,5]. In fact, they are Frobenius
algebras of type kr[G] where kr[G] is the k-vector space k[G] endowed with the
multiplication x ¢ y = F(x,y)xy, for all x,y € G, extended by linearity. Here
F : GxG — k\{0} is a pointwise invertible map satisfying F (e, x) = F(x,e) = 1,
for all x € G, and G is a finite group having the order | G | non-zero in k.
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If {Pg}gec is the basis in kr[G]* dual to the basis {g | g € G} of kr[G] then
(0, e) is given by 9 =| G | P, and

1 - _
€=WZF(g,g Nlgee
geG

In particular, we get that if } .. F(g, g H)7! # 0in k then a G-graded
quasialgebra of the form kr[G] is separable in Vectg"z(F_l), too. By Ao (F~1) we
have denoted the (coboundary) 3-cocycle on G defined, for all x, y,z € G, by

Ao (F7)(x,p,2) = F(y,2) " F(xy, 2) Fx, y2) T F(x, ).

We should also point out that Frobenius algebras in Vect? (the category Vectg
with ¢ equal to the trivial 3-cocycle on G) have their own theory, recently developed
in [14].

7) Let H be a bialgebra over a field k. An algebra in g M is a k-algebra A
with the multiplication and the unit morphism left / -linear morphisms. One can
see easily that A is Frobenius in g M if there exist ¥ : A — k in g M and
e=c! ®@e?c A® Asuchthat ¥(e')e? = ¥(e?)e! = 1and

h1-€1®h2-€2=8(l’1)€, VheH:ae' ®e?> =e' ®e%a, YaceA. 4.2)

Likewise, A is separable if there exists an element e as above satisfying (4.2)
and e'e? = 1. Otherwise stated, a Frobenius/separable algebra in gM is
a Frobenius/separable k-algebra A for which the Frobenius/separable structure
behaves well with respect to the H-module structure of A.

In a similar manner one can characterize Frobenius/separable algebras in a
category of representations over a weak bialgebra, the details are left to the reader.

It is clear that A is Frobenius in C if and only if the forgetful functor F : C4 — C
is Frobenius, provided that 1 is a left ®-generator for C. Note that in this case we
do not have to assume that C has coequalizers or that any object in C is coflat, since
when the algebra extension is given by the unit morphism 7 4 1 — A the tensor
product over the source algebra is just the tensor product ® of C.

In the separable case we have a similar result.

Proposition 4.3. Let C be a monoidal category such that 1 is a left ®-generator
for C. If A is an algebra in C then A is separable if and only if the forgetful functor
F : C4 — C is a separable functor.

Proof. It is straightforward to see that an algebra A is separable if and only if there
exists a morphisme : 1 — A ® A such that

(my ®Idg)(Idg ® e) = (Idg @ m4)(e ® Id4)
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and m e = n, Indeed, for e as above if we define
y=(n,®Idg)(Idg ® ¢) = (Idg ® e)m 4

it then follows that y is A-bilinear and m 4y = Id4. Conversely, if y is an A-
bimodule morphism in C then e = yn 4 has the desired properties, we leave the
details to the reader.

But when 1 is a left ®-generator in C the existence of such a morphism e is
equivalent to the fact that the functor F is separable, cf. Theorem 3.6. So our proof
is complete. O

Definition 4.4. If A is a separable algebra in a monoidal category C we then call the
morphism e : 1 - A ® A satistying (in4 ® Idg)(Idg ® ) = (Id4 ® e)m 4 and
mye =1, the separability morphism of A.

Another characterization for a separable algebra can be given if we assume that
the unit object of the category is projective. The result below is a straightforward
generalization of the classical result asserting that an algebra A over a commutative
ring k is separable if and only if A is a projective A-bimodule.

Proposition 4.5. Ler C be a monoidal category having the unit 1 a projective object.
Then an algebra A in C is separable if and only if A is projective as an A-bimodule.

Proof. Assume that A4 is a separable algebraand lete : 1 — A® A be its separability
morphism. Consider I £ 9 — 0 a short exact sequence of A-bimodules in C and
f : A — 91 a morphism in 4C4. We have to show that there is an A-bimodule
morphism g : A — 91 such that pg = 1. y ~

If f:= fQA then clearly f = /L:;‘T(IdA ® f) = Ué%(f ® Id4). Since 1 i~s
projective it follows that there exists a morphism g : 1 — 9tin C such that pg = f.
So if we define g : A — 901 given by

g =vin(uiy ®1d4)(Ids ® § ® 1dg)(my ® 1d4)(Id4 ® €)

then g is A-bilinear since m 4 is associative, (m 4 ® [d4)(Id4 ® ) = (Id4 @ e)m 4
and

vy (i @ Tda)(Ida ® f17, ® Ida)(my @ 1ds)(Ids ® €)
vip (f @ 1da)(m, ®1d4)(1d4 ® e)
fmy(dg @ mye) = fmy(Idg®n,) = f.

124

as required.

Conversely, if A is projective in 4C4 then since my : A ® A — A is an
epimorphism in C it follows that there exists an A-bilinear morphismy : A > AQ A
such that m, y = Idg4, and so A is a separable algebra. Observe that for this
implication we do not need the unit object to be projective. O
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Motivated by the above results and the theory of Frobenius (respectively
separable) algebra extensions in a category of vector spaces we propose the following
terminology. As in the previous section we assume that C is a monoidal category with
coequalizers and such that any object of it is coflat.

Definition 4.6. Leti : R — S be an algebra extension in C.

(i) We call the algebra extension i : R — S Frobenius if there exist an R-
bimodule morphism & : § — R and a morphisme : 1 — S ®g S in C such that
the three conditions stated in Theorem 3.5 (ii) are satisfied. If this is the case then
we call the pair (¢, e) the Frobenius pair of the Frobenius extension i : R — S.
Furthermore, we call ¢ the Frobenius morphism and e the Casimir morphism of the
Frobenius algebra extension i.

(ii) We call the algebra extensioni : R — § separable if there exists a morphism
eeW=4{:1—-> SQrS | M§®Rs(IdS ®e) = v§®RS(e ® Ids)} such
that mge =1 where mg : S ®r S — S is the unique morphism in C obeying
mgqs.s = ms.

In the case when 1 is a left ®-generator for C the definitions above are equivalent
to the fact that the functor restriction of scalars is Frobenius, respectively separable.
We next show that these notions reduce to the notions of Frobenius, respectively
separable, algebra in a suitable monoidal category. To this end we first need a
preliminary result.

Lemma 4.7. Let C be a monoidal category and i : R — S an algebra extension
in C. Denote by M§9®RS = m?f‘fis,s and vfgS®RS = m?E/S’S’S the canonical
morphisms in RCR that give on S @ g S an S-bimodule structure in RCr, and by m§

the multiplication of the algebra S in gCr. Then there exists a bijection between W',
the set of morphisms ¢ : R — S Qg S in rRCr obeying

1S ~~n—1 _ 1S AnnI—1
USerstTs =Vsgrstls .

and
W={e:1>S®rS | pig,slds ®e) =g sl ®1ds)}.

Proof. By the convention made at the end of Section 2.1 any object of C is left
robust, too.

Let us start by noting that S admits an algebra structure in gCp if and only if S
admits an algebra structure in C such that the unit morphism i of S in RCg becomes
an algebra morphism in C. Then the R-bimodule structure of S coincides with the
one induced by i.

Also, directly from the definitions it follow that the two structure morphisms
;L,SS@R s and ”/SS®R 5 are completely determined by the equalities

N R _ .S 1S R _ .S
HS®rS9S.50 S = HSgrs ANd Vig cd5g.s.s = VS@ks

respectively.
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Now, if ¢ is an element of VW’ we then claim that e = enp 1 —> S®Rr S belongs
to W. Indeed,
I‘Lg(@RSETEI = Mg®RSEqI§,S(IdS ® ﬂR)
= Mgg®RSq§,S®RS(IdS ® eﬂR)
= M§®Rs(IdS & 6)7
and, similarly, ng®R P e o s (€ ® 1dg), proving the commutativity of the
first diagram in the statement (ii) of Theorem 3.5.

Conversely, if e is in YV we then define ¢ = [L§®R s(i ®e). That e is left R-linear
follows easily from the fact that ’LL§®R 5 defines a left S-module structure on S ® g S

and since i is an algebra map, the details are left to the reader. It is also right R-linear
since
R Id Y S Id . .
Vs@rs (¢ ®IdR) = Vg s (hsg,s(ds ® €)i ® i)
=155 (Vg s (e ®1ds)i ® 1)
= V§®Rs(é’ ®Ids)mg(i ® i)

= M§®Rs(1ds ®e)imp = emp,

as needed. Furthermore, since

e = H3gps(i ® en, = M§®Rs(ﬂs ®ldsggs)e = e,

as in the case of the first correspondence one have that

1o ostYs" = 13g,s(ds ®€) = v5g (e ®Ids) = vy L5 ",

and so ¢ is an element in ). We also have shown that WW 2 e > ¢ > en, = e.
Using that an element ¢ is left R-linear we get that

W sere= ¢n p > M§®Rs(i ® e)(Idg ®QR) = emp(Idg ®QR) =,
and this finishes our proof. O
Proposition 4.8. Ler C be a monoidal category andi : R — S an algebra extension

in C. Then the following assertions hold.

(i) The extension i : R — S is Frobenius if and only if S is a Frobenius algebra
in rCR.

(ii) The extensioni : R — S is separable if and only if S is a separable algebra
in rCg.
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Proof. (i) By Definition 4.1 applied to S € rCg we have that S is a Frobenius
algebra in gCg if and only if there exists a pair (J,¢) with & : § — R and
¢: R — S ®g S morphisms in gCg such that

N syl N sy/—1 9 : 79 ;
USrstTs =Vsgpstls , Yse=1i,and Tgde =1,

where M/SS®R s and v§S®R s are the morphisms in gCg defined in the statement of
Lemma 4.7.

We show now that to give a pair (19, ¢) as above is equivalent to give a pair (1%, e)
with @ : § — R amorphismin gCr ande : 1 — S ® g S a morphism in C such that
the three diagrams in Theorem 3.5 (ii) are commutative, and this will end the proof.

Indeed, e can be obtained from ¢ as e = en R Then by Lemma 4.7 the first
diagram in Theorem 3.5 (ii) is commutative; the commutativity of the other two
follow easily by composing the remaining properties of ¢ to the right with 7 ,.

Conversely, to a pair (3, e) corresponds (¢, ¢) with ¢ = /,L§®R s(i ® e). The
first required property on e is satisfied because of Lemma 4.7. Moreover, by a direct
computation we can check that

mg(i ®1ds)(Idg ® Ys9)(Idr ® g5 5) = ms(ms(i ®1ds) ® i)
= T55M§®Rs(IdR X Q§,S),
and thus mg(i ® Ids)(Idgr ® Ys 5}) =Yg §M§®RS’ since R is right coflat, too. We
then have
Tse = YsOufy, s(dr ® e)

= mgs(i ® lds)(Idr ® YsDe)

=mg(lds ® Qs)i =1,
as required. In a similar manner we can show that Tgf?e = i, we leave the
verification of the details to the reader.

(ii) Similar to the proof of (i). By Definition 4.1 S is a separable algebra in rCg

if and only if there exists ¢ € Y’ such that mge = i. Hence it is sufficient to show
that the bijection in Lemma 4.7 behaves well with respect to the extra property of e.

So we show that giving an element ¢ € YV’ such that m §e =1 is equivalent to giving
an element e € WV such that mge =1

Indeed, on one hand, to ¢ € W’ corresponds e = 7 and so mge = mgeﬂR =
in R = Ng»as desired. On the other hand, if e € WV such that mge =1 then since
¢ = /L§®RS(1' ® e) we have

. (%) . . .
mge =mgpse, s ®e)=ms(ds ® mge)i =mg(ds @ n,)i =1,

as needed. Note that (x) is a consequence of the fact that m§M§®R s(lds ®q ;3 g) =
mg(mg ®lds) = mg(lds ® m§q§ 5). -
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Corollary 4.9. Let C be a monoidal category such that 1 is either a projective object
or a left ®-generator for C. If i : R — S is an algebra extension in C with R
separable then S is separable if and only if the algebra extensioni : R — S is
separable.

Proof. Assume first that 1 is projective. By Proposition 4.5 we know that R, the
unit object of rCRg, is projective in gCr. Hence the algebra extension i : R — S
is separable if and only if S is a separable algebra in gCg, if and only if S is
projective as an S-bimodule in gCgr. But s(gCRr)s identifies with sCg, as any object
of s(rCR)s inherits the R-module structures from the S-module ones (due to the R-
balanced conditions). Thus the algebra extensioni : R — S is separable if and only
if S is projective in sCs, and since 1 is projective this is equivalent to the fact that S
is a separable algebra.

Assume now that 1 is a left ®-generator for C. Since R is a separable algebra
in C it follows by Proposition 4.3 that the forgetful functor F’ : Cg — C is separable.
Now, the extension i : R — § is separable if and only if the restriction of scalars
functor F : Cs — Cg is separable, cf. Theorem 3.6, and again by Proposition 4.3
we have that S is a separable algebra in C if and only if the forgetful functor
F” :Cg — C is separable.

Thus, if the extension i : R — § is separable then according to [10,
Proposition 46 (1)] the functor F”/ = F’ o F is separable, and so S is a separable
algebra in C. Conversely, if S is separable then F” is a separable functor and since
F” = F’ o F by [10, Proposition 46 (2)] we get that F is a separable functor, and
hence the extension i : R — § is separable. 0

A result of Eilenberg and Nakayama asserts that any separable algebra over a
field is a Frobenius algebra (even more, it is a symmetric algebra, see [17]). As we
explained in Introduction, it is an open (and quite difficult) problem to see if this
result remains true in the setting of monoidal categories. However, what one can
prove is a sort of converse for the above result. It measures how far is a Frobenius
algebra from being separable.

Proposition 4.10. Let A be a Frobenius algebra in a monoidal category C and (v, e)
a Frobenius pair for A. Then A is separable if and only if there exists a morphism
a:l— Asuchthatm(m, @ 1dg)(Idg @ @ @ Idg)e = 0,

Proof. Assume that A4 is separable and lete : 1 — A ® A be a separability morphism
for it. If we define o := (Id4 ® v)e : 1 — A then

(my@Idg)(Idg ® @ ®@Idg)e = (m, @Idg)(Idgea ® v @ Idg)(Idg ® e ® Id4)e
=(ldg®vIdg)((m, ®Idg)(Idg ® e) ® Idg)e
= (IdA RV IdA)(IdA ®my& IdA)(IdA®A X e)e
= (Ida ® (v ®Idg)(Idg ® m 4)(e ® Id4))e
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= (Ids @ m4((v ®Idg)e ® Id4))e
= {dsa ®@my(n, ®1ds))e =e.

From here we get that m 4(m 4 @ Id4)(Id4 @ « ® Idg)e = m 4e = N, as desired.
Conversely, let « : 1 — A be a morphism in C satisfying the condition in the
statement. Then a simple computation ensures us that

e=myR@Idy)Idy @a®Idgle:1 > A® A
is a separability morphism for A, and so A is separable. O

Corollary 4.11. Leti : R — S be a Frobenius algebra extension in a monoidal
category C. Then the extensioni : R — S is separable if and only if there exists a
morphism ag : 1 — S in C such that

mg(i ® o) = mg(eo ® i) and m§ iy lds @ ag e = 1.

wheree : 1 — S QR S is the morphism in C associated to the Frobenius extension
i : R — S as in the proof of Proposition 4.8.

Proof. By Proposition 4.8 we know that i : R — S is a Fobenius/separable
extension if and only if S is a Frobenius/separable algebra in gCg. If we denote
by (v, e) the Frobenius system of S in gCg then S is separable in gCp if and only if
there exists « : R — S an R-bimodule morphism in C such that
m§m§a s e = i.

Clearly « is uniquely determined by a morphism g : 1 — S obeying m¢(i ® ap) =
mg (oo ® i). Also, by Lemma 4.7 we have that e is completely determined by
e=en,: 1— S ®r S, anelement in V. Finally, since mfé&Tgl = mg(Ids®ap)
it follows that S is a separable algebra in gCp if and only if there exists o : 1 — S
a morphism in C satisfying the two conditions in the statement. So we are done. [

5. Further characterizations for monoidal Frobenius algebra extensions

In view of Proposition 4.8 it is clear that characterizing Frobenius or separable
algebra extensions is equivalent to characterizing Frobenius or separable algebras, of
course if some coflatness and robustness properties are satisfied. We will do this in
the next results. In the Frobenius case we do not have to assume from the beginning
that the category is rigid (see the definition below). As we will see the existence of
the dual object for a Frobenius algebra in a monoidal catgory C is automatic. The
result can be viewed as the analogue of the classical result asserting that a Frobenius
algebra in a category of vector spaces is always finite dimensional.



Frobenius and separable algebras 737
Recall that an object X of a monoidal category C admits a left dual ! if there exist

an object X* in C and morphisms evy : X* ® X — landcoevy : 1 > X ® X*
in C such that

(Idy ®evy)(coevy®Idy) = Idy and (evxy®Idy=)(Idy+®coevy) = Idx=. (5.1)

X*X 1
In what follows we denote evy = (UJ and coevy = ) . Hence, the following
. 1 X x*
relations hold:
X X X* X
= I and = I . 5.2)
X X X* X

If any object of C admits a left dual we then say that C is left rigid.

Likewise, C is right rigid if for any X € C there exist an object *X € C and
morphisms evy : X ® *X — 1and coevly : 1 = *X ® X such that

(evy®ldx)(Idx ®coev’y) = Idx and (Id«x ®evYy)(coevy ®Id«x) = Id«x. (5.3)

X*X 1
In what follows we will denote ev’y, := ) and coevly := * . Then the
) ) 1 *X X
relations above can be written as

X X X *X

=] and =1, (5.4)
*
X X *X X

respectively. Thus a right dual for X in C is nothing but a left dual for X in C, the
reverse monoidal category associated to C (C is the category C endowed with the
reverse monoidal structure of C, that is, with the tensor product ® = ® o t, where
7 : C x C — C x C is the switch functor). In what follows by (p,A) : ¥ 4 X we
denote the fact that Y withp : 1 > X ® Y and A : ¥ ® X — 1 is a left dual
for X or, equivalently, that (X, p, A) is a right dual for Y. The pair (p, A) is called an
adjunction between Y and X.

UIn the literature, what we refer to as a left duality is called a right duality, and vice-versa. We adopt
here the terminology from [25].
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Consider A an algebra in a monoidal category C that has a left dual object A*
(respectively a right dual object * A). Then it is well known that A* (respectively * A)
is a right (left) A-module via the structure morphism

A* A A*A
A* A A *A
U = ] respectively, L = )
A* *A
A* *A

Finally, if X is an arbitrary object of C and B : A ® A — X is a morphism in C we
then say that B is associative if and only if B(m 4 ® Id4) = B(Id4 @ m ).
One can now present characterizations for Frobenius algebras in arbitrary

monoidal categories, so not necessarily rigid monoidal. Most of them are collected
from [20,48,49,55].

Theorem 5.1. Let C be a monoidal category and A an algebra in C. Then the
following assertions are equivalent:

(i) Ais a Frobenius algebra;
(ii) A admits a left dual A* and A is isomorphic to A* as a right A-module;
(iii) A admits a right dual * A and A is isomorphic to * A as a left A-module;

(iv) A admits a coalgebra structure (A, A 4, € 4) in C such that A 4 is an A-bimodule
map, where both A and A ® A are considered bimodules via the multiplica-
tionm 4 of A;

(v) A admits a right dual * A and there exists a morphism B : A @ A — 1 that is
associative and such that ®' = (Id+4 ® B)(coev);, ® Id4) : A — *Ais an
isomorphism in C;

(vi) A admits a left dual A* and there exists a morphism B : A ® A — 1 in C that
is associative and such that CDIB = (B®Idg+)Idg @ coevy) : A - A* isan
isomorphism;

(vii) There exists an adjunction (p,A) : A - A for which A : AQ A — 1 is
associative;

(viii) There exists an adjunction (p,A) : A - A such that A = V¥m, for some
v : A — 1 morphism in C.

Furthermore, if 1 is a left ®-generator then the above assertions are also equivalent
to

(ix) —® A :C — Cy is a right adjoint for the forgetful functor F : C4 — C or, in
other words, F is a Frobenius functor.
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Proof. We sketch the proof. For each implication below the complete proof can be
found in the quoted references or can be done directly by the reader.

(i) < (ii). This is pointed out in [55, Proposition 2.1]. Consider (¢, e) a
Frobenius system for A and define evy = m, : A® A — 1 and coevy = e :
1 — A ® A. Then one can see easily that (A4, ev4, coevy) is a left dual for A and,
moreover, that the right action of A4 on this left dual coincides with the multiplication
of A. Then A has a left dual and is isomorphic to it as a right A-module.

For the converse, let ¥ : A — A* be a right A-linear isomorphism in C and

define
A 1

ﬁ=@ande=4ﬁ@,

1 A A
where ¥ is the inverse of W. Then (&, ¢) is a Frobenius pair for A4, and therefore A
is a Frobenius algebra.

(ii) < (iii). Follows from [20, Lemma 5].

(ii) & (iv). See for instance [20, Propositions 8 & 9]. A direct proof, based on
a monoidal approach, is the following.

Let A* be a left dual object for A and ¥ : A — A* a right A-module
isomorphism in C. Since the left dual functor ()* : C — C™ is monoidal the left
dual A* admits a coalgebra structure in C, and therefore in C as well. If we transport
this coalgebra structure on A* through the isomorphism ¥ we get that A admits a
coalgebra structure in C. More precisely, with

A

A

Ay = and §A=@LJ

®® 1
A

A A

A becomes a coalgebra in C where, as before, ¥ stands for the inverse of . Using
that W is right A-linear we get that A 4 is an A-bimodule morphism in C, as desired.

Conversely, if A admits a coalgebra structure (A4, A 4, e4) such that A 4 is an
A-bilinear morphism then A itself together withevy = gjm  : A® A — 1 and
coevg = Ayn " 1 —> A® Ais aleft dual for A. Furthermore, the right action of A
on this left dual of it is just m 4. Thus A admits a left dual and is isomorphic to it as
aright A-module.

(iii) & (v) and (ii) < (vi) follow from [20, Proposition 9].

The implication (vii) = (vi) is trivial. To prove (vi) = (vii) we proceed as in
the proof of [48, Theorem 1.6] or [49, Theorem]. Namely, if A* is a left dual object
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for Aand ¥ : A — A* is a right A-module isomorphism with inverse v then it can
be easily verified that ((Id4 ® ¥)coevy,ev4(¥ ® Idg)) : A - A is an adjunction
for whichev4 (¥ ® Id4) : A ® A — 1 is associative.

(vii) = (viii). If A is associative then ¢ := /\(77 ®Idg) = AIdg ® nA) is
the desired morphism since %m 4 = A. The converse 1s also true because ¥m 4 is
clearly associative.

The equivalence between (i) and (ix) follows from the comments made before
Proposition 4.3, so our proof is finished. O

Since Frobenius algebra extensions are particular cases of Frobenius algebras in
monoidal categories we get the following list of characterizations for a Frobenius
algebra extension.

Corollary 5.2. Leti : R — S be an algebra extension in C. Then the following
assertions are equivalent:

(i) The extensioni : R — S is Frobenius;

(ii) S admits a left dual object SY in gCg and S and SV are isomorphic as right
S-modules in RCg;

(iii) S admits a right dual object VS in RCr and S and V'S are isomorphic as left
S-modules in RCg;

(iv) S admits a coalgebra structure in rRCR, that is an R-coring structure, such that
the comultiplication morphism is S-bilinear in rRCg.

(v) S admits a right dual vSin RrRCr and there exists a morphism B:S®rS —> R

in RCR that is associative and such ®'y := TJSBE coevg T:S._l S -

vs,8,8
V'S is an isomorphism in RCR;

(vi) S admits a left dual S in RCR and there exists a morphism B:S®rS > R
in rCg that is associative and such that ®' := TéJBF; g Wcﬁs?ﬁ;l

S — SY isan isomorphism in rCg;

(vii) There exists an adjunction (p,A) : S 4 S in RCr for which A : S ® g S — R
s associative;

(viii) There exists an adjunction (p,A) : S 4 S in gCR such that A = ﬁmg for
some ¥ : S — R morphism in gCg.

Furthermore, if R is a left @ r-generator for RCg then the above assertions are also
equivalent to

(ix) — Qr S : RCr — RrCs is a right adjoint of the forgetful functor
F : RCs — RrCg or, otherwise stated, F is a Frobenius functor.
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So if an algebra extension i : R — S in C is Frobenius then S has left and right
dual objects in gCg. In the next sections we go further with this observation, by
investigating when the existence of the dual object of S in gCg implies the existence
of the dual object in C, and vice-versa. The final aim is to characterize the Frobenius
property of an algebra extensions i : R — S in terms given by the algebras R and S.
We will see that this is possible in the case when R is Frobenius and separable.

6. Monoidal Frobenius/separable algebra extensions versus monoidal Frobe-
nius/separable functors

We shall provide connections between the existence of the dual of an object X
in gCr and the existence of the dual of the same object X, considered now as an
object in C via the canonical forgetful functor 4 : RCr — C. In this direction, it is
well-known that a strong monoidal functor preserves duals. Even more, it has been
proved in [13, Theorem 2] that this remains true under the weaker hypothesis when
in place of a strong monoidal functor we consider a Frobenius monoidal one. So a
partial answer to our problem is offered by the case when 4l is a Frobenius monoidal
functor. This is why we start by giving a necessary and sufficient condition for
which 4 is Frobenius monoidal. As expected this reduces at the property of R to be
a Frobenius algebra.

Recall first from [53, Definition 6.1] and [13, Definition 1] the concept of
(separable) Frobenius monoidal functor.

Definition 6.1. Let (C,®,1) and (D,, 1) be (strict) monoidal categories and
§ : C — D afunctor.

(i) § is called monoidal if there exist a family of morphisms
$2 = (Pxy : FXOUF(Y) - F(X ®Y))x.vec,

natural in X and Y, and ¢ : I — F(1) morphism in D such that, for all
X,Y, Z € C, the corresponding diagrams in (6.1) are commutative.

(i1) ¥ is called opmonoidal if there exist a family of morphisms

Vo= Wxy (X ®Y)— F(X)OF(Y))x,yec.

natural in X and Y, and ¢ : §(1) — I morphism in D such that, for all
X,Y,Z € C, the corresponding diagrams in (6.1) are commutative.

¢x.yHldg(y)

SXOUFHUF(Z) X @Y)OF(Z) ., (6.1)
Yx.yUldg(z)

Idg(X)D¢Y.Zl Tldmxﬂjl/fy.z WX@Y,Z] L¢X®Y.Z
¥YX.vyQz

SXOUFY ® Z) FXQ®Y ®Z)

Px.YQZ
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$olldz(x) ldg (x)Udo
TOF(X) _ SOUFX) ., F(XN)HOL _ SXOOFD) -
Yolldg(x) ldgx)Ovo
lfe(X)l WI,X] Lqﬁl.x ’&(X)l wx,l] Lqﬁx.l
S(X) 300 1 ® X) S(X)TS(X ®1)

(iii) We call § Frobenius monoidal if § is equipped with a monoidal (¢, ¢¢) and
comonoidal (Y5, ¥o) structure such that, for all X, Y, Z € C, the diagrams

5 @ NOF(2) S 00FMN0Z) . (62)
¢X®Y,Zl lldg(X)Dd’Y.Z
¥YX.Y®Zz

FX®Y®Z)——=F(X)TUF(Y ® 2)

ldzx)Ovy,z
SXOUFY ® Z2) "—— "FXOUFY)UF(Z2)

¢X.Y®ZL
FX®RY RZ)

l@(,y Uldg(z)

$(X ® Y)UF(Z)

¥YxQYv.Z
—_—

are commutative. If, furthermore, ¢x y ¥ xy = Idgxgy), forall X,Y € C,
we then say that § is a separable Frobenius monoidal functor.

(iv) § is called strong monoidal if it is a separable Frobenius monoidal functor,
¢x,y is an isomorphism for all X,Y € C (and thus q’)}}Y = Yx,y), and ¢g
and ¢ are inverses of each other.

We leave it to the reader to check that

¢ = (Pxy = Q§,y X®Y > X®rY)x,yercr

and
¢0=QR21—>R

define on the forgetful functor i : RCr — C a monoidal structure. We refer to it as
being the trivial monoidal structure of the functor 41.

The next result gives the connection between the notions of Frobenius monoidal
functor and Frobenius monoidal algebra. Its first statement generalizes [53,
Lemmas 6.3 & 6.4] while the second one is a completely new result; for short, it
says that the opmonoidal structures of L[ are uniquely determined by the Frobenius
structures of R.

Theorem 6.2. If R is an algebra in C then the forgetful functor 34 : RCr — C
endowed with the trivial monoidal structure (qf’_, n R) is Frobenius if and only if R
is a Frobenius algebra. Furthermore, if this is the case then the opmonoidal (2, ¥¢)
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structure of L is uniquely determined by a Frobenius structure of R, in the sense that
there exists (9, e) a Frobenius pair for R such that ¥ = 9 and

V2% _ = Uxyaxy)xverce = (VF @ uf)dx @ e ®1dy)) y e o -
(6.3)

Proof. Assume that the functor 4l admits a Frobenius monoidal structure. Then by
[13, Corollary 5] i carries Frobenius algebras to Frobenius algebras. Since R is a
Frobenius algebra in gCg (as it is the unit object of a monoidal category) we get
that R is a Frobenius algebra in C, as needed. Note that an alternative proof for
this implication can be obtained from [53, Lemma 6.3]. It has the advantage that
we can obtain the coalgebra structure (A, ) of R in C as follows. If (Yo, ¥) is
the comonoidal structure of 4{ that together with the trivial monoidal structure gives
on i1 a Frobenius monoidal functor structure then A = Y g g TEI :R—> R®R and
e = Yo : R — 1, respectively.

Conversely, suppose that R is a Frobenius algebra in C and let (J,e) be a
Frobenius system for R. For X,Y € grCg denote by ¥x,y the morphism in C
uniquely determined by WX,YCIQY = (vX ® My)(IdX ® e ® Idy). Note that
(u§ ® M)@)(Idx Re®Idy) : X ® Y — X ® Y fits in the universal property
of the cooequalizer

vR®1dy

R
XQR®Y XQY XL ¥ @pY

ldy @ufi

since (mp ® Idr)(Idr ® ) = (Idr ® myp)(e ® Idg). Now a simple computation
shows that the diagrams in (6.1) and (6.2) are commutative, and so 4l is a Frobenius
monoidal functor.

It remains to prove that if (q__, Nge , W2, %) defines a Frobenius monoidal
functor structure on 4l then there exists (19 e) a Frobenius system for R such that
the comonoidal structure (3, ¥o) of 4l is completely determined by it, in the sense
that Yo = ¥ and v, is defined by (6.3). To this end we first show that ¥ xy is
R-bilinear for any X,Y € rCg.

Indeed, if we take Z = R in the first diagram of (6.2) we then have

(Idx ® gf Q) (Wx.y ®IdR) = Vx.yerREY.y.RI%® 1 V.R-

Composing both sides of the above equality to the right with Idy ® Yy, and taking
into consideration that the diagram

YX.Y®RR

X®r(Y QRR) ——— X ® (Y ®r R)

7|
X ®rY ¥x.y X®Y

lex®'ry
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is commutative (¥ x — is natural and Yy : ¥ ® g R — Y is a morphism in gCr) we
deduce that

(dx ® v (Wx.y sy ®1dR) = Vxy Tr a5 ygx(dx ® af 2)
= Yx,yqR y(dxy ® v)
= WX,YU}?@Ry(Q)I;,Y ® IdR)
Hence (Idy ® V)I’e)(l/fX,Y ® Ildg) = WX,YU)I;@R}I, and this shows that ¥ x y is right

R-linear in C.

Likewise, if we take X = R in the second diagram in (6.2) and use the fact that
(Ty ® ldz)VRrery,z = WY,ZY/'; (Y_,z isnatural and Y}, : R®rY — Yisa
morphism in gCg), by a computation similar to the one above we get that ¥y, z is
left R-linear, for all Y, Z € rCg. Therefore v, is defined by a family of R-bilinear
morphisms in C, as desired.

Now, if we define A := Yg g Yg! = WR,RT%” : R —> R ® R it then follows
that A is R-bilinear. So A is uniquely determined by e := Anp R 1> RQR a
morphism in C which has the property that

(mg @ IdR)(Idg ® e) = (Idg ® mg)(e ® Idg).

We claim that e determines completely v,. Indeed, if we take ¥ = R
in the first diagram of (6.2) and use the naturalness of y¥x — for the morphism
Y, : R®r Z — Z in gCr we obtain

(dx ® u8)(Vx.rq% g ® 1dz) = (Idx ® Y7)(dx ® g} 2)(Vx.rq%,z ® ldZ)
= wX,ZT/ZQJIE,R@)RZ(IdX ® Chlts,z)
= Vx.zq% 7z (1dx ® pu3).

Composing both sides of the latter equality to the right with Idx ® n R ® Idz we

deduce that Yx zq% , = (ldx ® u5)(Vx rYx' ®Idz), forall X, Z € rCg.
Similarly, take ¥ = R in the second diagram of (6.2) and use

(Tx ®dz)¥xerrz = ¥x.z Tx

to get
Vx.zqnz = (V§ ®ldz)(Idx ® Yrz Yz ).

for all X, Z € rCg. Combining these two equalities we get
Vx.zq%z = (vx ®Idz)(Idx ® WR,qu,Z(ﬂR ®1dz))
= (v ®1dz)(1dx ® (dg ® pu3) (YRR Y"1, ®1d2))
= (v§ ®1dz)(ldy ® (ldg ® pF)(e ® 1dz))
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= (R ud)ldy ® e ® 1dz),

for all X,Z € RCpg, as claimed. Furthermore, it is immediate now that the
commutativity of the two square diagrams in (6.1) is equivalent to (Yo ® Idg)e = n R
and (Idg ® Yo)e = Mo respectively. In conclusion, ( = ¥g,e = WR,RTEIUR)
is a Frobenius system for R and determines completely the opmonoidal structure
(Y2, Yo) of L. This finishes the proof. O

Corollary 6.3. Ifi : R — S is a Frobenius algebra extension with R a Frobenius
algebra in C then S is a Frobenius algebra in C, too.

Proof. Since R is a Frobenius algebra in C we have that the forgetful functor
L : RCr — C is Frobenius monoidal, so it carries Frobenius algebras in gCr to
Frobenius algebras in C. The fact thati : R — S is a Frobenius algebra extension is
equivalent to the fact that S is a Frobenius algebra in gCg, cf. Proposition 4.8. Thus
S = $U(S) is a Frobenius algebra in C. O

Corollary 6.4. Let R be a Frobenius algebrain C. If X € rCr admits a (left) right
dual object in rCR then it admits a (left) right dual object in C, too.

Proof. Follows from the fact that a Frobenius monoidal functor behaves well with
respect to dual objects, see [13, Theorem 2]. Actually, if (p,A) : ¥ 4 X is an
adjunction in gCg then

¥x.v

n
o= (1—2-R-LoX@rY XL X®Y)
and
%y A Yo
V= (X®Y —>X®rY—">R—>1)

defines an adjunction (p’,A’) : ¥ 4 X in C, where ({2, ¥o) is uniquely determined
by a Frobenius system (¢, e) of R as in Theorem 6.2. O

Corollary 6.5. Under the hypothesis and notions of Theorem 6.2 we have that
$: RCr — C is a separable Frobenius monoidal functor if and only if R is a
Frobenius separable algebra in C.

Proof. It is obvious. Note only that the condition ¢x y¥x,y = ldxg,y, for all
X.Y € RrCg, is equivalent to m ze =1y O
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7. Frobenius algebra extensions in sovereign monoidal categories

Leti : R — S be a Frobenius algebra extension such that R is a Frobenius algebra
in C. Thus S is a Frobenius algebra as well, cf. Corollary 6.3. Our next goal is to
extend this result. Namely, we will prove that when R is, moreover, separable then
i : R — S is Frobenius if and only if S is a Frobenius algebra and an extra condition
is fulfilled (see (7.1) below). In the case when C is a sovereign monoidal category
this extra condition says that the restriction at R of the Nakayama automorphism
of S coincides with the Nakayama automorphism of R.

To this end we need first a kind of converse for Corollary 6.4, and this forces
us to assume that R is separable, too. Note that a similar result was proved
in [55] but for a special class of Frobenius algebras. Namely, for those Frobenius
algebras A in k-linear monoidal categories that satisfy, in addition, m 4A 4 = d41d4
and ¢ A, = d 41, for a certain non-zero scalar d4. (Here we made use of the
characterization of a Frobenius algebra presented in Theorem 5.1 (iv).) Our result
below is more general than the one in [55, Lemma 5.5]. On one hand, our adjunction
is independent on d 4 (d 4 does not appear in the right hand side of (5.2) or (5.4)), and
we work in an arbitrary monoidal category. On the other hand, there are situations
where the class of Frobenius algebras that are separable so that the Frobenius system
and the separability morphism coincide (we refer at the condition m 4A 4 = d41d4)
is less general than the class considered here: Frobenius algebras that are separable,
too (for a concrete example see the end of §3 in [47]). Also, the second condition
(eqn, = d4l) is quite restrictive as g4 is given by the Frobenius morphism; for
example, a finite dimensional Hopf algebra is always Frobenius with Frobenius
morphism an integral A on H, and the condition A(1) = d1, for some non-zero
scalar d, is equivalent to H cosemisimple. Finally, our next result generalizes as well
[19, Proposition 5.15] which says that for a swap-commutative special Frobenius
algebra A the category C4 is rigid as long as C is so.

Proposition 7.1. Consider R a Frobenius separable algebra in C and let (1, e) be
a Frobenius pair for R, o : 1 — R as in Proposition 4.10 and (p,A) : Y 4 X an
adjunction in C.
(i) If Y has an R-bimodule structure in C then X has an R-bimodule structure
in C, too, and via these structures the morphisms

Idy ®a®Id
po=(RZLE x gy @ Ry o ReY ® R
ldy @uBvR

R
q
X®Y "> X®rY)
and Ay : Y @r X — R uniquely determined by

®1d
roafy = (Yo X —* . RoR@Y®X

ldrouleld
ROUy XR®Y®XIdR®AR)

define an adjunction (pg, Ag) : Y 4 X in rCg.
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(ii) Similarly, if X admits an R-bimodule structure in C then Y admits an R-
bimodule structure in C as well, and via these structures the morphisms

Id Qa®Id
P =(RE pox gy LX) poXQRQY

nEvgeidy

‘1§Y
XQ®Y ——=XQ®rY)

and A’ : Y @r X — R uniquely determined by

Id ®
WqRy = (YeXx 2. Y@ X®R®R

Id Re1d
y ®vy ®ldr Y®X®Rl®ldRR)

define an adjunction (p°, A°) : Y - X in rCg.

Proof. We prove only (i). The proof of (ii) is similar, and can be obtained from
that of (i) by reversing the structures, and so the diagrammatic computations as
well, through a mirror. In other words the statement (ii) is the statement (i) for
the monoidal category C, where C is the reverse monoidal category associated to C.

R Z
(i) From now on, for Z a left R-module in C we denote by <] the structure
zZ
morphism [Lg. Similarly, if Z is a right R-module in C then the structure

Z R
morphism v& will be denoted by = . Also, for the Frobenius separable system

Z
(e, ¥, o) of R, and respectively for the morphisms of the adjunction (p,A) : ¥ 4 X,
we will use the following diagrammatic notations,

1

R 1 1 Y
ezg,ﬁz,az@ and pzm,kzu,
1 R XY 1

R R

respectively. With their help define the morphisms § : R — X ® Y and
y:Y ® X — R given by




748 D. Bulacu and B. Torrecillas

Furthermore, if Y is an R-bimodule in C we then define on X the following left and
right R-actions, X R

respectively. In fact, it can be easily checked that /L§ yields a left R-module structure
on X and since
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it follows that X is aright R-module in C via v §, too. It is, moreover, an R-bimodule
because of the defining properties of an adjunction and since Y is so, we leave to the
reader the verification of these details.

It is clear that pg = 8q§’y. A simple computation based on the properties of
an adjunction and on the fact that Y is an R-bimodule ensures us that y fits in the
universal property of the coequalizer

vE®ux R

q
YX —SYQrX.

Y®RQX
ldy ®uf

Thus there is a unique morphism Ag : ¥ ® g X — R such that koqﬁx =y.
The morphisms py and Ao constructed above are morphisms in gCgr. For

instance,

Aoif e x(dr ® g5 x) = hoqp x (uf ® Idy) = y(uf ® 1dy)

=mp(ldg ® y) = mp(ldg ® Ao)(Idg ® Q}Is,x)y

and this shows that A is left R-linear in C. Similarly,

Aov§e o x (@ x ®1dR) = dogf x (Idx ® pu§) = y(ldx ® uf)
Y X R

Y X R
e ]
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Y X R

= [ 9 = mg(y ® dg) = mg(Logy x ®Idx),

R
and so Ag is right R-linear, too. In a similar manner we can show that pg is
R-bilinear, once more we leave the details to the reader.
It remains to prove that (pg, Ag) : ¥ 1 X is an adjunction in gCg. Towards this
end we compute
YxAoZyyxho Yy ' = TxAo ,}(,Y,Xq)1§®RY,X(q§,Y5QR ® ldx)
= Yxqx g(ldx ® AOCI)IS,X)(SQR ® Idy)
= v{(dx ® 7)(§n, ® Idx)

as required. Analogously we have T;,foFg,, x.yPo Yy 1 = Idy. This ends the proof.
O

Corollary 7.2. Let R be a Frobenius separable algebra and X an R-bimodule in C.
Then X admits a (left) right dual in rCr if and only if X admits a (left) right dual
inC.
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Proof. The if part follows from Corollary 6.4. For the converse, if X has a
(left) right dual (X*) *X then we have an adjunction ((evy,coevy) : X* - X)
(ev’y,coevly) : X -4 *X in C. Since X is an R-bimodule in C it follows that we
have an adjunction (((evy)®, (coevy)?) : X* = X) ((evly)o. (coeviy)o) : X - *X
in rCR, cf. Proposition 7.1. This finishes the proof. O

We are now in position to prove one of the main results of the paper.

Theorem 7.3. Let R be a Frobenius separable algebra andi : R — S an algebra
extension in C. Theni : R — S is Frobenius if and only if S is a Frobenius algebra
in C and the following equality holds

S R

®

=1 & , (7.1)

&

b=t

@

1

where (¥, ¢e) is a Frobenius pair for R and (5,'5) is a Frobenius pair for S,
respectively.

Proof. Ifi : R — § is a Frobenius algebra extension with R a Frobenius separable
algebra in C then we have seen that S is a Frobenius algebra in C (Corollary 6.3).
Furthermore, if 4 : R — 1 and ¥ : S — R are the Frobenius morphisms
corresponding to R and to extensi% i : R — S, respectively, then S is Frobenius
with Frobenius morphism given by & = #1}’. Consider now e the Casimir morphism
of the Frobenius algebra R, corresponding to . Since ¢’ is a morphism in gCg we
compute that

S R

|
SR SR
@

@ = =
®
1 1




752 D. Bulacu and B. Torrecillas

as wished. Conversely, assume that S is a Frobenius algebra in C and let (5,?) be a
Frobenius pair for it. By Theorem 5.1 we know that S admits a right dual object *S
in C and, moreover, the morphism ® : S — *§ given by

*S
is an isomorphism of left S-modules in C. This comes out explicitly as

s S

’

@Nd ©
Y
Il

*S

S S S S S S
1 = -
1

By Corollary 7.2 we have that *S is an R-bimodule in C via the structure morphisms
given by

and implies

*S R

*S

@

*S
Observe that ,U,*RS is nothing that the restriction at R of the canonical left S-module
structure on *S via the algebra morphism i : R — S. Thus ® is left R-linear. ® is
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also right R-linear since with the help of (7.1) we compute that

S R S R S R
@ S R
-e@ S R
6 I S @
- - 4 - — ,
xS
*S
s S e

as needed. Therefore ® : S — *§ is an isomorphism in gCg and a left S-module
morphism in C. We show next that ® is a left S-linear morphism in gCg between S
and *S, where *§ is considered this time as the right dual of S in gCgr. According

to Corollary 5.2 this will end the proof.
Indeed, recall that *§ is also a right dual for S in gCg via the evaluation and

coevaluation morphisms in gCr completely determined by

T

S *S

/R R I / R N, —
eVS qS,*S = (eVS)qu’*S =Yy =

and R
@

IR . _ / —gR =gR
coevg 1= (coevg)o = gxg 508 =giggo | @ ’

*S S

respectively. Thus, if Mfgs denotes the left S-module structure of *§ in gCg then

—_—
—_——

R,S R _ /IR._Ry/ ’ IR ~r1—1 R
M*S qS,*S = T*SCVS mSFS,S,*SZ*S,S,S®R*SCOCVS TS®R*S(’IS,*S

R R R
= Yesevg mg L g x53%s 5 50+ ST*S@RS,S®R*S
(a5 58 ® 1dsg=s)(Idr ® g +5)(n,, ® lds@=s)
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SRR — R R
= Tesevg ms s s «5qxs 50 p(s0p*5)1d*s ® 45 58 4+5)
(60, ® g5 xs)
= T*SeViS‘Rm.IS?qfs,(S®RS)®R*S(Id*S ® 45 505.§+5(ds ® 4§ «g))
(00, ® ldsg=*s)
= Te5¢f5 g(Idss ® eV/Sl!emgqg,SCIg@S,*s)(SﬂR ® ldsg*s)

= v (ldvs ® y(mg ® Id«s5)) (817, ® lds@*s)

S*S S*S

@
k< @ S*S
Q s
= @ = = = /’L*S‘
@
s
0,
©,
*S *S

Using the above equality we have that @ is left S-linear in gCp if and only if

R,SE R,SFE
prg @ =emf§ & iy dqfs = emqs
& 1fqfs(ds ® ©) = dmg & pis(ds @ @) = dmg,
that is, if and only if & is left S-linear in C. So our proof is finished. 0

We look now more carefully at the relation (7.1). In the case when C is a category
of vector spaces it says that the restriction at R of the Nakayama automorphism
of § is equal to the Nakayama automorphism of R. Our next aim is to provide a
similar interpretation for (7.1) in a more general setting. Namely, the one provided by
sovereign monoidal categories. Recall that a monoidal category is called sovereign
if it is rigid and the left ()* and right *() duality functors coincide.

The Nakayama automorphism of a Frobenius algebra in a sovereign monoidal
category C was introduced in [20]. More exactly, if A is a Frobenius algebra then by
Theorem 5.1 we know that A admits left and right dual objects. Since the category C
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is sovereign we have *A = A* = A, as objects in C. Then the Nakayama
automorphism of 4 is defined as being

A A A
A A
@
N = : A — A, and has the property that = )
® property ®
1
A 1

where (1%, ¢) is a Frobenius pair for A. A is a unital algebra isomorphism in C,
cf. [20, Proposition 18].

Theorem 7.4. Let C be a sovereign monoidal category, R a Frobenius separable
algebra and i : R — S an algebra extension in C. Theni : R — § is Frobenius
if and only if S is Frobenius in C and N oi = i o N, where N and N are the
Nakayama automorphisms of S and R, respectively.

Proof. In view of Theorem 7.3 it is enough to prove that (7.1) is equivalent to
Noi=ioN. To this end denote by (e, ) and (¢,?) a Frobenius pair for R
and S, respectively. Since C is sovereign monoidal we have that *e¢ = ¢*, and this
amounts to

Ss §5§

=
1 1

Also, in the proof of implication (/) = (iii) in Theorem 5.1 the isomorphism
®: S — *S = § of left S-modules in C and its inverse ¢ are given by

ES 5
@ S
3

respectively.
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Thus we have that N o i = i o \ is equivalent to
R S R
® e |
[ e ] ;
@
§ 1
S S R
R S R
o
= =
®
1 1 ) ®
1
- 1
S R
S R s

:
©
&

S R
S R
®
@ | _
@ 9
®
1 ®

bt

finishing the proof of the theorem.
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8. Applications to wreaths

As we already noticed, Theorem 5.1 can be also specialized either for a monad in an
arbitrary category or for a monad in a 2-category. Actually the former is a particular
case of the latter if we regard the monoidal category of endofunctors as an one object
2-category. This is why we restrict ourselves in presenting some characterizations
for (separable) Frobenius monads in 2-categories only. These will be used later on
for the characterization of a (separable) Frobenius wreath extension in a monoidal
category.

Let U be O-cell in a 2-category C. Then K(U) := K(U,U) is a monoidal
category. The objects are 1-cells U — U, morphisms are 2-cells, and the tensor
product is given by horizontal composition of 2-cells. The unit is 1y, the unit 1-
cell on U. With this simple observation in mind it is immediate that a monad in a
2-category KC is nothing but an algebra in a monoidal category /C(A), for a certain
0-cell A of K.

Recall that a monad (4,¢, u,n) in K is called Frobenius if there exist 2-cells
¥:t= lgande: 14 = tt such that the diagrams below are commutative

1;©
=% 111 Ll ==11 L 1y ==11
tetﬂ ﬂﬂelt \\ﬂ/ﬁ@lt \“]1[@19
101 n K
ttt ——= 1t t t

A simple inspection shows that (A, ¢, i, n) is Frobenius if and only if (¢, «,n) is a
Frobenius algebra in the monoidal category K(A), so Theorem 5.1 applies. Note
that the existence of a left (right) dual for an object u : A — A in the monoidal
category K(A) reduces to the existence of a left (right) adjunction for u in the 2-
categorical sense. Namely, u has a left dual if there is a 1-cell v : A — A and
2-cellst : 14 = uvand j : vu = 14 such that (1, © j) ¢ © 1,) = 1, and
(j © 1,)(1, © 1) = 1,. In this case we say also that u is a right adjoint to v and
denote this adjunction as before, (¢, j) : v - u.
In what follows the vertical composition in K will be denoted by juxtaposition.

Corollary 8.1. Let K be a 2-category and A = (A, t, i, n) a monad in K. Then the
following assertions are equivalent:

(i) A is a Frobenius monad;
(ii) (t, u,n) is a Frobenius algebra in the monoidal category K(A);

(iii) t admits a coalgebra structure in the monoidal category IC(A), say (t,6 : t = tt,
g1t = 1y4), such that

(1L OwE@ol) =68u=(uol)l, ©I);

(iv) There exists an adjunction (p, L) : t 3t such that A(u © 1;) = A(1; O w);
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(v) There exists an adjunction of the form (p, 9u) 1t = t, with® : t = 14 a 2-cell
in K.

Proof. The equivalence between (i) and (ii) follows from the comments made above.
The statements in (ii), (iii), (iv) and respectively (v) are precisely the ones in (i),
(iv), (vii) and respectively (viii) in Theorem 5.1, specialized for the case when the
monoidal category is C(A4). We leave the details to the reader. O

Of course we could add to Corollary 8.1 another four equivalent statements,
namely the one corresponding to (ii), (iii), (v) and (vi) in Theorem 5.1, but for later
use we prefer to keep only those that can be formulated in terms of the monad, and
so as not to involve the existence of a dual object for the monad that is different
from the monad itself. Also, remark that (ix) in Theorem 5.1 cannot be specialized
for monads in 2-categories; it can be applied only in the situation when 1 4, the unit
object of C(A), is a left ®-generator for X(A). However, a more general treatment
in this direction can be found in [29].

In the separable case we have a monoidal interpretation for the notion, too. First,
a monad (4,1, i, n) in a 2-category K is called separable if the multiplication
splits as a z-bimodule, in the sense that there is a 2-cell y : ¢ = ¢¢ in K such that the
diagrams below are commutative

1,0
1t ==% 111 Lt —— .
VOltﬂ “MOI: ﬂy
171
1,01
1ttt == 11 tt

The proof of the next result is immediate, so we will omit it.

Proposition 8.2. For a monad A = (A,t, i, n) in a 2-category K the following
assertions are equivalent:

(i) A is separable;
(ii) (t, 1, n) is a monoidal separable algebra in K(A);

(iii) There exists a 2-cell e : 14 = tt such that the diagrams below are

commutative
1; e e
| =11t , =1t .
e@lt“ “Melt \ﬂu
1,04 7
1ttt ——tt t

We move now to the Eilenberg-Moore 2-categories. Namely, to a 2-category K
we can associate a new 2-category EM(K), called the Eilenberg-Moore category
associated to /C, cf. [27]. The O-cells in EM(K) are monads in /C, 1-cells are the
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monad morphisms and 2-cells ( f, V) =L (g,¢) are 2-cells f =2 gt in
obeying the equality

(g O p)p O 1)y = (1g O pe)(@ © 1)(15 © p).

L (g.9) o (h,y) is given

The vertical composition of two 2-cells (f, ¥)
by

p'op
(f )= (hy) ., p'op:=(1r O pu)(p @ 1)p,
while the horizontal composition of two cells

A o B |o C
~ 7

~ 7
) (gh9)

is defined by (2.9)(/, V) = (g, (1g @ ¥) 0 (p © 17)), ete. and gf =22 ¢’ f'1
given by

Prop=>0g0lpy0u)lyg0pol)lyOy)p ©ly).

The identity morphism of the 1-cell (f,v) is 17 © n,, and for any monad A =
(A1, e, me) in K we have (14,ia) = (14, 12), 70).

Motivated by the theory of entwined modules in C-categories [8, 9], we are
interested to study when the “algebra” extension produced by a monad in EM (K)
is Frobenius, respectively separable. Note that a (co)monad in EM(K) is called
a (co)wreath, so the main goal of this section is to see when an algebra extension
defined by a wreath is Frobenius, and respectively separable. As we will see we
can reduce this problem to the study of an algebra extension in a suitable monoidal
category.

According to [27], a wreath is a monad A = (A4,t,u,n) in K together

with a 1-cell 4 —2= A and 2-cells ts $ st, 1y =2~ st and ss é St
satisfying the following conditions:

LowWol)l:oy)=ypol), y(nol) =1,0n; 8.1
LowWol)l;0o0) =1;0u)(c0l); 8.2)
Lowyol)1, 00 =1;0nE O 1)1 OY)(Y¥ O 1) ; (8.3)
1, owCol)1;08) =00 ol)1; 0¥ O 1) ; (8.4)
(LowEol)ls;00) =1,0n; (8.5)
LowCol)(l;0yY) (00 l)=107. (8.6)

Lemma 8.3. Let IC be a 2-category. Then a wreath in K is nothing that an algebra
in a monoidal category of the form EM(K)(A), where A is a 0-cell in EM(K), that
is, a monad in K.
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Proof. As we already have mentioned several times, since EM (K) is a 2-category it
follows that for any O-cell A = (4, ¢, u, n) of EM(K) we have a monoidal structure
on the category EM(K)(A). Furthermore, since a wreath is a monad in the 2-
category EM (K) it then follows that a wreath is an algebra in a monoidal category
having the form mentioned in the statement.

For later use and also for the sake of the reader we next describe these structures

explicitly. Namely,

e the objects of EM(K)(A) are the 1-cells of EM(K) from A to A, that is,
monad morphisms (s, ¥) from A to A;

e if (s,v) and (s’,¥’) are monad morphisms from A to A then a morphism
between (s, ) and (s", ¥’) in EM(K)(A) isa2-cell p: (s,¥) = (s',¢') in
EM(K);

e the composition of two morphisms in EM(K)(A) is defined by the vertical
composition of 2-cells in EM (K) and the identity morphism corresponding
to an object (s, ¥) of EM(K)(A) is 1 ® 1, where © stands for the horizontal
composition of 2-cells in £C;

o the monoidal structure is defined by the horizontal composition of 2-cells in
EM(K). More precisely, if (s, 1), (s', ') are objects of EM (K)(A) we then
define

(Y@ Y) =" Y6 ¥) = ("5, (W O L) (Iy O ) : 5'st = t5's),

andif p : (s,¥) = (f,y)and p’ : (s, ¥') = (f’,y’) are two morphisms in
EM(K)(A) we then have p ® p' = p’ @ p as a2-cell in EM(K),

pRp (5. Y)® (" Y) = (s, (¥ O 1)1y O V)
= (LY olpUroy) =Ly Y);

e the unit object of EM(K)(A) is (14,1;) and for any object (s,¥) of
EM(K)(A) we have Id(s,y) = 15, O 1.
Now it can be easily verified that (s,v¥) : A — A is an object of EM(K)(A),
i.e. a monad morphism, if and only if (8.1) holds. Then (s, ) has an algebra
structure in EM (KC)(A) if and only if there exist ¢ : (s,¥%) ® (s,¥) — (s,¥)
and o : (14, 1;) = (s, ¥) morphisms in EM (K)(A) such that ¢ is associative and o
is a unit for £. The latter assertion can be restated in terms of the structure of /C as
follows:
e Cand o are 2-cellsin IC, ¢ : ss = st and o : 14 = st, such that (8.3) and
(8.2) hold;
e [ is associative if and only if (8.4) is fulfilled;
e (o is a unit for ¢ if and only if (8.5) and (8.6) are satisfied.
Thus our proof is complete. O
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Remark 8.4. Using arguments similar to the ones above we get that a cowreath in /C,
that is a comonad in the 2-category EM (K), is nothing but a coalgebra in a monoidal
category of the form EM(K)(A), where A is a suitable monad in K.

From now on we denote a wreath in EM (K) by (A, ¢, u,n, s, ¥, ¢, o) or, shortly,
by (A, s, ¥, £, 0) in the case when the structure of the monad A = (A4, ¢, u, n) is fixed
from the beginning. Following [27] to such a wreath we can associate the so-called
wreath product. That is the monad in /C,

1,0901 101,01 to1 1,04
(A,st, Wse @ Stst Lestt —="" sst Lostt = st,o:lA:>st).

Otherwise stated, the wreath product is a monoidal algebra in JC(A). The same is
(t, u,n) and we have t := (13, © n)(o © 1;) : t = st an algebra morphism in /C(A)
since

U000 = (L,EWEO1)1,0 1,01, 0rol)(;01, 000 1)
= (,OWEO 1)1 01, 0uEo L)Y o1 ol
(I; 0600 1))0O 1)
D, 001,010,000 1) 1)Eo 1)
= (L, O WO 1)1, 0 (1,0 L)©E O L)W O 1)
= (LOoWI,0LOWEOL 0110 e 0 1)W1,
= (L, oW1, WEO1)(1,00) 0 1), 0 WO 1)
O, omeol)
=L, owl;s 01,000 1;01) =00 uw)(c O l)u =1tu

and 1 = (1; © w)(o © 1)y = (I, © u(l; ©N)o =o.
Definition 8.5. The canonical monad extension associated to a wreath (A, s, ¥, ¢, 0)
in K is the monad morphism (14,1) : A — (A,st,us.0) in K. We call
this canonical monad extension Frobenius, respectively separable, if KC(A) admits
coequalizers and any object of it is coflat, and, moreover, the associated algebra
extension ¢ : ¢t = st is Frobenius, respectively separable, in the monoidal
category KC(A).

Due to the monoidal flavor of the above definition we have the following
characterizations for the canonical monad extension associated to a wreath to be
Frobenius.

Theorem 8.6. Let (A,t, 11, n,5,V,,,0) be a wreath in IC. Then the following
assertions are equivalent:
(i) (A,t,u,n,8,%,¢,0) is a Frobenius monad in EM(K), that is a Frobenius
wreath in IC;

(ii) (s,v) is a Frobenius algebra in the monoidal category EM (IC)(A);
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(iii) (s, V) admits a coalgebra structure in EM(K)(A) with the comultiplication
structure morphism (s, V)-bilinear, that is there exists a cowreath structure in

K of the form
(A, s, 9, s%sst , sét)

such that

(1,0, OoWEo1)=>0s0L, OouW(l; 0O 1)1 0L, O Y)@E O L)

(iv) There exists an adjunction (p,A) : (s,¥) - (s, %) in EM(K)(A) such that A
is associative, this means,

p(A o 1) 0¥ O 1) = (A O 1)(1s © §);

(v) There is an adjunction (p,A) : (s,¥) 3 (s,v¥) in EM(K)(A) with A having
the form A = pu (9 © ;)¢ : ss = t, for some 2-cell ¥ : s = t in K.

If K(A) admits coequalizers and any object of it is coflat then (i)-(v) above are also
equivalent to

(vi) The canonical monad extension associated to (A,t, i, n,s, V¥, ¢, o) is Frobe-
nius.

Proof. The equivalences between (ii), (iii), (iv), (v) and (vi) follow from Corol-
lary 8.1 applied to the monad (A4, ¢, i, 1, s, ¥, £, 0) in the 2-category EM(K). The
difficult part is to prove the equivalence between (i) and (vi), provided that C(A)
admits coequalizers and any object of it is coflat.

(i) < (vi). We have that t : t = st is a Frobenius extension if and only if there
exist 2-cells ¥ : st = tand e : 14 = (st) ®; (st) in K such that ¥ is ¢-bilinear
and the diagrams in Theorem 3.5 (ii), specialized for the context provided by the
category C = K(A), are commutative.

It is obvious to check that giving a ¢-bilinear morphism ¢ : st = ¢ in C(A) is
equivalent to giving a morphism ¢ : s = ¢ in K such that

u(s © 1)y =u(l; ©g) its = . 8.7)

Indeed to ¥ corresponds ¢ = ¥ (ly © n), while ¢ can be recovered from ¢ as
U = u(c © 1y). Note that (8.7) is imposed by the right z-linearity of ¢.
Similarly, thinking in the monoidal sense, we have

T 5.5
(1) ® (1) = (t ® ) ®; (I ®S) =221 ®5 Qs = sst,

and so to give e is equivalent to give a 2-cell k : 14 = sst in K. Now, as in
the previous proofs involving coequalizers, one can show that the pair (3,e) is a
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Frobenius pair for the extension ¢ : ¢+ = st if and only if ¢ satisfies (8.7) and the
following equalities hold,

(Lis O)1s QY O 1)1 O O 15)(§ O lyse) (15 © ¥ O 1) (15 O k)
=(lss O T O 1) (lsss © w)(lss © ¥ © 1) (k © 1st);
o=(Lowl;0c0 1)k = (I;OWY ©1))(s O ly)k. (8.9)

(8.8)

We claim now that (8.8) is equivalent to the following two equalities:
Ls OO 1l) =ls Ol 0¥ O 1)(Y O L)1 ©k)  (8.10)
and

(lss O /'L)(ls O] lﬁ © lt)(é‘ o lst)(ls (©) K)

(8.11)
= (s O 080 1)(Iss O Y)(k O 1y).

This would have as a consequence the following equivalence: (¥, ¢) is a Frobenius
pair for ¢ : ¢t = st if and only of there exists a pair (¢ : s = t,k : 14 = s5¢)

such that (8.7), (8.10), (8.11) and (8.9) hold. But these relations have the following
meaning:

e (8.7)says thatc : (s,¥) = (14, 1;) is a morphism in EM(C)(A);

o (8.10) says thatk : (14.1;) = (5,¥) ® (5,¥) = (55, (¥ © I1)(1; © ¥)) is
a morphism in EM(K)(A) as well;

e (8.11) expresses the commutativity of the diagram

Id(s,y) ®K

(s, ¥) (5. ¥)® (5. 9) ® (5. )

K®Id(s,w>l lé‘@ld(s,t//)
Id(s,y)®8

(57 Ilf) ® (S, ‘/f) ® (Sv W) - (Sv ‘ﬁ) Y (S, W)
in EM(K)(A), and

e (8.9) can be restated in terms of the monoidal structure of EM (IC)(A) as

(L. 1) —= (5. 9) ® (5. ¥f s, 9) = 0
d(s,v)®¢

= (1 1) —5= (5.9) ® (5. 9) 225, v)).

Thus (9, e) is a Frobenius pair for i : t = st in KC(A) if and only if (¢, «) is
a Frobenius pair for (s, ¥) in EM(K)(A), as desired.
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So it remains to show that (8.8) is equivalent to (8.10) and (8.11). Towards this
end, we first show that by composing both sides of (8.8) to the right with (1; © )
(0 © 1;) we get (8.10). Indeed, on one hand we have

(Iss O (s O Y O 1)(1s O 1 © 1s) (€ © Lyst) (15 © ¥ © 1) (1 O k)
(1s O (o O 1)
= (s O W1 O Y O 1)1 O n O 1) (E O i) (1 © Y(1 © 15) © L)
(Istr © k)0 O 1p)
Ly 0 w1, 09 0 1)1, 0 (L © W) © L)E © lise)
10 WO 1)1 O Y¥) O lg)(o O lgs)(1; © k)
=(ls O 0¥ 0 1)1 O u o L)
(1, 0 WE O 1)1 O Y)(©E © 1) © List) (¥ © 151)(1¢ © k)
0w, 090 1)W 0 1)1 0k).

On the other hand, using (8.2) and (8.5) we deduce that

(1ss © W) (15 © O 1) (Lsss © w)(1ss © ¥ © 1) (k © 1st)(15 © p)(0 © 1¢)
= (lss © ,LL)(K O 1t)»

as required. In a similar manner, if we compose both sides of (8.8) to the right with
1y ® n we obtain (8.11), and this is essentially due to the second equality in (8.1).
For the converse, (8.10) and (8.11) imply (8.8) since

(s O )15 0L O 1) (lsgs © W) (lss O Y O 1) (k © lgy)
=l 0o ((ls O 00 1) O Y)(k © 15) © 17)
L (15 0 W (15t @ (15 OV © 1) O L) (1, Ok © 1)
=l o)1 0¥ O 1) O 1)1 © (145 © )k © 1))
L 0 (s O 1O 1)1 O ¥ O 1) © Lysr)
(Iss OY O 1) 0¥ O 1) (15 © k)
=(ls O 0 (s O W)W O 1)1 O Y) O 1:)(C O 1pss)
(1Is Oy O 1g)(1s O k)
Do, 090 1)(1,0 00 1)E 0 L)1 0¥ O Ly)
(lst @K),

as desired. This finishes the proof of the theorem. O

We focus now on the separability case. Similar to Theorem 8.6 we have the
following characterizations for the canonical monad extension associated to a wreath
to be separable.
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Theorem 8.7. Let (A,t,u,n,s,V,C,0) be a wreath in K. Then the following
assertions are equivalent:

(i) (A,t,u,n,8,%,,,0) is a separable monad in EM(K), that is a separable
wreath in IC;

(ii) (s,v) is a separable algebra in the monoidal category EM(IC)(A).

If K(A) admits coequalizers and any object of it is coflat then (i)—(ii) above are also
equivalent to

(iii) The canonical monad extension associated to (A,t, u,n,s, ¥, , o) is separa-
ble.

Proof. The wreath (A, t, u, n, s, ¥, ¢, o) is actually a monad (s, ¥) in EM(K)((4, ¢,
W, n)) and moreover, it is separable if and only if (s, V) is so within the monoidal
category EM(K))((A4, ¢, i, n)). This shows the equivalences between (i) and (ii).
Furthermore, one can see easily that both are equivalent to the fact that there
exists a2-cell (14,1;) == (ss,(1; © ¥)(¥ O ly)) in EM(K)(A), that is, a 2-cell
e : 14 = sst in K for which the diagram

e®Ols 13sOR

sstt sst (8.12)
1[@6’“ /WISSGM
o1 1,0v01
rost LML o —LOVOLL L (i

is commutative, such that the following equalities hold:

1,00, 00 1)1 0¥))(e O 1)
= (Lo O O 1)) O Ly)(ls Oe),
1s O W)€ G 1e =o0. (8.14)

(8.13)

We prove now the equivalence between (i) and (iii), so we are under the
hypothesis that EM(K)(A) admits coequalizers and every object of it is coflat. Then
the extension ¢ : ¢ = st is separable in K(A) if and only if there exists a 2-cell
e : 14 := (st) ® (st)in K that belongs to WV and obeys {’e = o, where WV is the
set defined in Theorem 3.6, specialized for the category K(A). As in the proof of
Theorem 8.6 one can easily verify that this is equivalent to the existence of a 2-cell
e : 14 = sst in K such that (8.14) is satisfied and

Lo; oW omWls 0y O 1p))(e © 1)

=050 M)(W © 1t))(§ Ol M)(ls O;06 W)(‘ﬂ Oly) © 1) (15 Oe).
(8.15)
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Actually, by (8.1) it follows that (8.15) is equivalent to

(Lo oW owds 0y O 1))(e O 1y)
=(LOoU; oW O 1) (kO L0 1) O ¥) O L)1y ©e). (8.16)

We state that (8.16) is equivalent to (8.12) and (8.13), and this will end the proof.
Indeed, if we compose both sides of (8.16) to the right with 1 © n we then get
(8.13). To get (8.12) we compose both sides of (8.16) to the right with t = (15 © )
(¥ © 1;)(1; ®0) : t = st. On one hand we have

Lo 0oy Ol)(HO Lu))((E O 1)(1s © ¥) O 1) (15 O €)
(s oW o1l 0o)
=(LOoU; O O1)( O L) O 1) (s O Y (O 15) O 1)
(¥ Orsse) (lese © €)(1; © 0)
00,0 01RO L)1 0 1o 1)
(O L)1 OY O 1)l QY)Y O 1is) © 1) (1es: © €)(1 © 0)
=L 00 O WY O 1) (kO 1s))
(s o0WCEO1)U; OY)W O 1x) O lis) (s O Y O 1) (1ysr © €)(1; © 0)
00,0 01RO 1)1 0 1o 1)
(Y Ol)1: 00 O list)(lis O Y O L) (1, © 0 O Ls)(1, O €)
=L o OWW O 1) (kO L)) (Y O 1ise)
©6 Lo, oW Ol)1; 0Y)(0 O 1) O 1)l Oe)
8.6

= (L 00 oW 01 O 1y Oe).
On the other hand,

LosomCowl; 0y 01))(ed ly)(ls oW 0 1)1 © o)

= (1,0 (I, 0 WE © W) (lss © (¥ © 1) (115 © 1))

(Isst © (Y O 1)(1; ©0))(e © 1y)
= (1,0 (1, 0 10)E © 1)) (Lyss © ) (1ss © (Isr © W) (¥ © 147))

(Isst © (¥ © 1)(1; ©0))(e © 1,)
(1,0 (1, 0 WE O 1)) (15 0 (1, 0 WY © 1)(1; © 0))

(Iss © 0)(e © 1,)

D (1 0 ul, O )10 0 1y)(lss © (0 © 1))(e © 1,)
= (lss © M)(ls © (1s © IL)(Z O] lt)(ls © U) © lt)(lss © /'L)(e © 1t)

8.5
(1,5 © we o 1p).
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Comparing the results of the above two computations we deduce (8.13), as stated.
The converse is also true since

(L O0U; OO Y O 1p))(e © 1)

= (s O (1,0 (I, 0 WE O 1)(1; O ¥) © 1)(e © 1y)
Ly O p O 1)1, 0¥ 0 1) O lu)(;0e 0 1))

= (lss © /L)(ls © W © lt)(é‘ © lst)(ls © (lss © M)(e © lt))
L (1 © W1 © ¥ © 1) (Lyrs © W(E O Lyzs)(Iss © ¥ O 1)

(1, 09 O L)1y ©e)
=l opnl, ou)d; W} O 1)1 OY) O 1) O i)
(1, 09 O L)1y ©e)
Wi, 00,0 W@ 0 1) L))NE O 1)(1;09) O 1y)(ly Oe),

as required. So our proof is complete. O

We end this section by specializing Theorems 8.6 and 8.7 to the case when
K = C, a monoidal category regarded as an one object 2-category. It this situation a
wreath in C is a pair (A4, X) with A4 an algebra in C and (X, ¥, {, o) an algebra 71*,
see [8]. Here Tj denotes the monoidal category EM(C)(A), and the notation is
justified by the fact that 7’: is a generalization of the category of transfer morphisms
through the algebra A4 in C, T4, previously introduced by Tambara in [54]. Note that
YV XQRA—>ARX,: X®X > A® X ando : 1 > AQ® X are morphisms in C
satisfying seven compatibility relations, namely the ones in (8.1)—(8.6) specialized
for this particular situation.

For a wreath (4, X) in C we denote by A#y, ¢ - X the associated wreath product.
A#y ¢ 5 X is an algebra in C and o induces an algebra morphism ¢ = m 4(Idy ® o) :
A — A#y ¢ X in C. Furthermore, the wreath algebra A#y, ; X is also an A-ring
in C, that is an algebra in the monoidal category ’AC 4, provided that 4, X are left
coflat objects (recall from Section 2.1 that for A left coflat we have denoted by ;C A
the category of A-bimodules that are left coflat and left robust). In fact, we have an
A-ring structure on A ® X with the left A-module structure given by m 4 if and only
if (A, X) is a wreath in C, cf. [8]. When A#, ¢ ;X is considered as an A-ring we
will denote it by A ® X . Remark that this double structure is possible in view of the
comments made at the beginning of the proof of Proposition 4.8.

We have now the following characterizations for Frobenius/separable wreaths
inC.

Corollary 8.8. Let C be a monoidal category and (A, X, ¥, ¢, 0) awreathin C. Then
the following assertions are equivalent:

(i) (A, X, ¥, ¢, 0) is a Frobenius wreath in C;
(ii) (X,¥) € Tj is a Frobenius monoidal algebra;
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(iii) (X, V) admits a coalgebra structure (X, V.8, f) in T} suchthat § is X -bilinear,
that is there is a cowreath structure in C of the form (A, X, ¥, 8, f) such that

X X X X X Xf
\ [ |
o i
= i = il
A XX A XX A X);
X X X
where 5=§ and Z=§
AX X A X

(iv) There is an adjunction (p,A) : (X,¥) - (X.¥) in T} with A associative
or, otherwise stated, there exist morphisms p : 1 - A ® X ® X and
A: X ® X — AinC such that the following relations are satisfied:

A

(v) There is an adjunction (p,A) : (X,¥) 4 (X, ¥) in T} with A of the form
A =my(Idg ® ¢)¢, for some morphism ¢ : X — A in C, or, in other words,
there exist morphisms p : 1 > AQ X ® X and¢ : X — A in C such
that the conditions in (iv) above are fulfilled if we keep p and replace A with

my(Idg ® ¢)¢.
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If C admits coequalizers and any object of it is coflat then (i)-(v) are equivalent to
(vi) 11 A — A#y ¢ 5 X is an algebra Frobenius extension in C;
(vii) A ® X is a Frobenius algebra in ACA, i.e., a Frobenius A-ring,

and if, moreover, 1 is a left ®-generator for C then all the statements from (i) to (vii)
are also equivalent to

(viii) The functor restriction of scalars F : C g4 veoX = C 4 is a Frobenius functor.

Proof. The equivalences between (i)-(v) follow from Theorem 8.6, as well as their
equivalences with (vi), provided that C admits coequalizers and any object of it is
coflat (since, in the notations of Theorem 8.6, we have K(A4) = C).

From Proposition 4.8 we get the desired equivalences with (vii), and with the
extra hypothesis that 1 is a left ®-generator for C we can apply Theorem 3.5 to get
the ones with (viii), respectively. Note that, since A ® X is always left robust in C,
for the equivalences with (vii) we need only A, X to be coflat objects. O

Corollary 8.9. Under the hypothesis and notations of Corollary 8.8 the following
statements are equivalent:

(i) (A, X, ¥, ¢, 0) is a separable wreath in C;

(ii) The algebra (X, Y, 0) in T} is separable;
(iii) There exists a morphisme :1 - A ® X ® X such that

A XX ‘

A X X A X X A X X

If C admits coequalizers and any object of it is coflat then (i)-(iii) are equivalent to

(iv) v: A — A#y ¢ o X is a separable algebra extension in C;
(iiv) A ® X is a separable algebra in ichA’ that is, a separable A-ring,
and if, moreover, 1 is a left ®-generator for C then (i)-(v) are also equivalent to

vi) The restriction of scalars functor F : C 4 x — Cy4 is separable.
v.l.0 74

Proof. The equivalences between (i), (ii) and (iv) follow by specializing Theo-
rem 8.7 for the case when K is C, a monoidal category. The statement (iii)
is an explicit description of the separability morphism of a separable algebra
in 72‘. Finally, the equivalences of (i)-(iv) with (v) and (vi) follow because of
Proposition 4.8 and Theorem 3.5, respectively. Notice that, as in the Frobenius case,
since A ® X is always left robust in C, for the equivalences with (v) we need only
A, X to be coflat objects. O
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In [9] we will apply the results in the last two corollaries to the wreath extensions
produced by generalized entwining structures, previously introduced in [8]. As
a consequence we will obtain a set of Frobenius properties and Maschke-type
theorems for generalized entwined module categories. Specializing them for the
contexts provided by Hopf algebras and their generalizations we get at the end most
of the Frobenius properties and Maschke-type theorems known for different sorts of
entwined modules. We also get new ones, specially in the case when we consider
contexts coming from quasi-Hopf algebra theory.

Acknowledgements. The authors are grateful to the referee for his valuable
comments, which improved a first version of this paper.
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