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Poisson and Hochschild cohomology and the semiclassical limit
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Abstract. Let A be a quantum algebra possessing a semiclassical limit A. We show that under
certain hypotheses A¢ can be thought of as a deformation of the Poisson enveloping algebra
of A, and we give a criterion for the Hochschild cohomology of A to be a deformation of the
Poisson cohomology of A in the case that A is Koszul. We verify that condition for the algebra of
2 x 2 quantum matrices and calculate its Hochschild cohomology and the Poisson cohomology
of its semiclassical limit.
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1. Introduction

Certain quantum algebras A admit a semiclassical limit: that is, a Poisson algebra
structure on their ¢ — 1 limit A which preserves some noncommutative information
from A. A simple example is the quantum plane

_ k(@({xy)
A= (xy — qyx)

whose semiclassical limit is the polynomial ring k[x, y] with Poisson structure
determined by {x, y} = xy. Various authors have investigated to what extent the
Hochschild (co)homology of A is determined by the Poisson (co)homology of its
semiclassical limit, for example [16, 5], usually using spectral sequence methods,
and a related situation where there is a Poisson structure on an associated graded
algebra is dealt with in [9, Théoréme, p.223]. The famous Kontsevich quantization
theorem also guarantees a relationship between the cohomology of a Poisson algebra
and that of its canonical quantization.

In this paper we study the link between Poisson and Hochschild cohomology by
showing that if A is graded with a PBW basis of polynomial type with a polynomial
semiclassical limit A, the enveloping algebra A° is a deformation of the Poisson
enveloping algebra P (A) (Section 3). The restriction to A being polynomial allows
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us to describe P(A) by generators and relations (Lemma 2.2): when the Ké#hler
differentials of A are not free as an A-module, additional relations are required.

If A is Koszul with quadratic dual A' the Hochschild cohomology of A is
computed by a differential graded algebra whose underlying algebra is A ® A'. If
A has a PBW basis of polynomial type we show that this DGA is a deformation
of the DGA A ® A' that computes Poisson cohomology of the semiclassical limit
A (Proposition 4.10). This leads to a condition for HH(A) to be a deformation of
HP(A); in particular when this holds the Hochschild and Poisson cohomologies have
the same bigraded Hilbert series (Corollary 4.11).

Two algebras to which our results can be applied are the coordinate ring A(n) of
quantum affine n-space and the algebra M of 2 x 2 quantum matrices. We discuss
the cohomology of the quantum plane and its semiclassical limit in Section 5 as an
example of our methods; Hochschild cohomology for quantum affine spaces and
Poisson cohomology of their semiclassical limits are already known, for example
[17, §6], [1], [11, Proposition 2.2.1], [15, §3.3].

In Section 6 we show that the Hochschild cohomology for 2 x2 quantum matrices
is a g-deformation of the Poisson cohomology of the semiclassical limit, and calcu-
late this Poisson cohomology explicitly in Theorem 6.1. These computations are
new, although some low-dimensional Hochschild cohomology groups for quantum
matrices have appeared in the literature: the zeroth Hochschild cohomology group
is known to be generated by the quantum determinant, and the structure of the
first cohomology group as a module over the centre was determined in [10]. An
interesting feature of these computations is the action of the Poisson centre on the
Poisson cohomology groups, which acts freely except for a single trivial summand
in the top cohomological dimension. This is in contrast to [16, Theorem 4.1] for
example, where the action is free.

1.1. Notation and conventions. Throughout this article ¢ is a transcendental
element over a field k of characteristic zero. k[g*'] is the ring of Laurent
polynomials in ¢ and k(g) its field of fractions. “Graded” means Z>(-graded unless
otherwise stated. The nth graded component of a graded algebra A is denoted A,
and if A € A, we write |A| = n.

2. Poisson algebras and Poisson cohomology

2.1. The Poisson enveloping algebra. Let A be a Poisson k-algebra with bracket

{—,—}; that is, A is a commutative associative k-algebra with unit, {—, —} is a Lie
bracket on A, and for any a € A the map
b+ {a,b}

is a derivation. A left Poisson module over A is a k-vector space M which is a
simultaneously a left module for A as an associative algebra and a left module for
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the Lie algebra (A4, {—.—}), satisfying

X, ymipm = X, yym + yix, mim
ey, miy = x{y,mim + yix,mium

forany x,y € A and m € M, where {a,m}p denotes the Lie algebra action and
am the associative algebra action ofa € Aonm € M.

Let 2(A) be the A-module of Kdhler differentials of A. This is the free left A-
module on generators 2(a) for a € A quotiented by the submodule generated by all
elements of the form

Qa), Qa-+>b)—Qa)—b), Qab)—aQ2(b)—>bQ(a) 2.1)
fora € k anda,b € A. If we define
[aS2(x),b2(y)] = aix,b}2(y) + bla, y}2(x) + abQe({x, y})

then 2(A) becomes a k-Lie algebra: see [8, Theorem 3.8].

There is an associative algebra U(A, 2(A)) called the Poisson enveloping
algebra satisfying a universal property such that the category of left U(A, Q2(A4))-
modules is equivalent to the category of left Poisson modules over A. A more general
construction of which the Poisson enveloping algebra is a special case given in [8,
§1].

In the rest of this section A = k[xy,..., x,] will be a polynomial algebra so that
the Kahler differentials are freely generated as an A-module by Q(x1), ..., Q2(x,)
[18, §8.8]. We will need a presentation of the Poisson enveloping algebra by
generators and relations in this special case. To this end, let P(A) be the k-algebra
generated by y; and Q(y;) for 1 < i < n, subject to two sets of relations. The first
set says that the y;s commute:

Yivi=yjyi 1<i<j=<n (2.2)

so there is an algebra homomorphism ¢4 : A — P(A) determined by x; + y;. The
second set of relations is

Qyi)y; —yiQi) = wlxi.x;}) 1=<ij=<n (2.3)
X, x;j .
20020, - 20200 = L (G2 amn 1=i<j=n

k
(2.4)

Themapiy : A — P(A) makes P(A) into an A-module. Let tq(4) : 2(A4) — P(A)
be the map of A-modules such that Q(x;) — 2(y;), and regard P(A) as a k-Lie
algebra by defining [u, v] = uv — vu.
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Lemma 2.1. 1q4) is a homomorphism of k-Lie algebras.

Proof. Firstly note that

Q(yi)ea(b) —1a()Q2(yi) = ta({xi. b}) (2.5)

for any b € A. When b is a monomial this can be proved by induction on the length
using (2.3), and the result extends to arbitrary b € A by linearity.

To prove that tg(4) is a Lie algebra homomorphism we must show that for any
a,beAand1<i,j <n,

1) ([a2(x;), bQ2(x)]) = talaixi. bHQ(y;) + ta(bla. x;)Q(yi)

8{xi,xj})
b g
+t4(ab) Ek LA( ™ Q(yr)

is equal to

1) (@2(xi)) i) (b2(x;)) — o) (b2(x;))ia) (a(x;))
= 14(@)Q(yi)tad)Q2(y;) —ta(B)2(y;)ral@)(y:)

forany a,b € Aandany i, j.
Using (2.5),

ta(@)Q(yi)ta(d)2(y;) —1a(B)Q2(y;)ea(@)(yi)
= 14(a)(a(®)2(yi) + 1a({xi, }))Q(y ;)
—14(0)(ta(@)Q(y)) + tax;. a})S2(yi)
= t4(ab)(Q(yi)S2(y;) — Q(y;)(yi))
+ ta(afxi, by ;) + ta(bla, x;)S2(yi)

and the result follows from (2.4) ]
Lemma 2.2. The Poisson enveloping algebra U(A, Q2(A)) is isomorphic to P(A).

Proof. We will verify that (P(A),t4,tq(4)) has the universal property of [8, 1.6].
We must show that given an associative k-algebra B equipped with the Lie bracket
[b1,b2] = biby — byby, a morphism of k-Lie algebras ¢g4) : 2(4A) — B and a
morphism of k-algebras ¢4 : A — B such that

pa(a)paa)(bQ(xi)) = daa)(abQ(x;)) (2.6)
da)(bQ(x;i))pa(a) — pa(a)paa)(DL2(xi)) = pa(bix;,a}) 2.7)

for any a,b € A and any i, there is a unique homomorphism & : P(4A) — B of
k-algebras such that ® o 14 = ¢4 and ® o 1g(4) = Pq(4)-
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If these are to hold, ® must satisfy ®(y;) = ¢a(x;) and O(Q(y;)) =

$a(4)(2(x;)). Since the elements y; and Q(y;) generate P(A), if such a ® exists it
is unique.

In order to show that such a ® exists we need only show that the elements ¢ 4 (x;)
and ¢q4)(£2(x;)) satisfy the relations (2.2), (2.3) and (2.4) of P(A). Certainly
the ¢ 4(x;) commute since ¢4 : A — B is an algebra homomorphism, so (2.2) is
satisfied. Next,

da)(2(xi)pa(x;) — pa(x;)paa)y(2(xi)) = da({xi, x;})
by (2.7), and therefore (2.3) is satisfied. Finally,
P4y (2(xi)Paa) (R(x,)) — o) (2(x,))Pa(a) (2(xi))

= daa) ([Q(xi), Q(x;)])
= ¢aa)(Q(1xi, x;})

because ¢q(4) is a homomorphism of Lie algebras, and applying ¢q(4) to

ofxi, x;
Qtxi x;h) = 3 2 g

p Xk
and using (2.6) gives

o{x;i, x;
Py (QExi, x;})) = E ba (—{);x:j}) d(a)(2(xk))
k

and so (2.4) is also satisfied. O

Corollary 2.3. P(A) has a PBW basis consisting of all elements of the form

Y I Q(y)P - Q)

fora;,b; > 0.

Proof. This is a consequence of a result of Rinehart [8, Theorem 1.9] which shows
that the Poisson enveloping algebra is isomorphic as a vector space to the symmetric
A-algebra on 2(A) via the canonical map. O

2.2. Poisson cohomology. In this section A = k[xi,...,x,] is once again a
polynomial algebra so that 2(A) is a free A-module, and we may consider its mth
A-exterior power A"/ (€2(A)). This is the quotient of the tensor product over 4 of m
copies of €2(A) by the submodule generated by all tensors with two equal factors.
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Write
Qar) A+ A Qam)

for the image of the pure tensor
Qar) @4+ ®4 2am)
in A} (Q(A)). As an A-module, A"} (Q(A)) is free on all elements of the form
Qxiy) Ao A Qi)

forl <iy <ip <--- <ipy <n,soitisisomorphic to A ®; A™ (V) where A" (V)
is the mth exterior power of the vector space V' spanned by the Q(x;).

Definition 2.4. At} (2(A), A) is Hom4 (A"} (2(A)), A)

This is what Huebschmann calls the space of A-multilinear alternating functions
from Q(A) to A. The direct sum Alt} (Q2(A), A) = D,,-, Alty (2(A4), 4) is a
differential graded algebra when equipped with the Cartan—Chevalley—Eilenberg
differential

df(Q(xil) VANRERIVAN Q()Clm))
=Y Q) f(Qxi) A AQG) A A Q)

Jj=1
+ Y (DR, Qi) A Qxiy ) A -

1<j<k<m

/\@/\"’/\@A"'/\Q(xim))

and the shuffie product

(f A Q(ar) A-- A Qaf+1g)
= Z sgn(@).f(S2(ai) A - A S )8 (82 py ) A e A S 14 1))

where f € AltL{l(Q(A), A), g € Altfl(Q(A), A), the sum is over all i =
(i1,..-, 01 f|+lg) suchthatiy < -+ < iz andijfj41 < -+ < i f|4+|g|> and sgn(i) is
the sign of the permutation r + i,. The shuffle product on the space of alternating
forms is obtained by transferring the natural multiplication on A ®; A*(V*) through
the isomorphisms

Alt4(Q(A), A) = Homu (A ® A*(V), A) = Homg (A*(V), A) =~ A ®; A*(V*).

Definition 2.5. The Poisson cohomology HP*(A) of a Poisson algebra A is the
cohomology of the differential graded algebra Alt (2(A), A).
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If A is a graded algebra and its Poisson bracket respects the grading then the
Poisson cohomology groups are bigraded; in this case we write HPY (A) for the part
in homological degree i and internal degree ;.

When the Kihler differentials are projective as an A-module, so in particular
when A is polynomial, P(A) ® 4 A% (£2(A)) is a projective resolution of A as a
P(A)-module and the Poisson cohomology of A is isomorphic as an algebra to
Ext;(A)(A, A) [8, p.81].

3. The semiclassical limit and ¢-deformations

Let A be a k[g*!]-algebra which is a torsion-free k[g*!]-module and suppose 4 =
A/(g — 1A is commutative. If u € A write u for its image in A. Then A is a
Poisson algebra with bracket

{a, by := Bla,b)

where f(a, b) is the unique element of A such that ab — ba = (¢ — 1)B(a, b).

Definition 3.1. With A, {—, —} and A as above we say that A is the semiclassical
limit of A.

See for example [4, 7].

Definition 3.2. A k[g¥!]-subalgebra R of a k(g)-algebra R is called a k[g¥']-form
of R if the natural map R Rrg£1] k(q) — R is an isomorphism. We say R is a g-
deformation of the k-algebra R via the k[g*!]-form R if R /(g — 1)'R is isomorphic
as a k-algebra to R.

We will use an analogous notion of g-deformation for differential graded
algebras, obtained by replacing ‘algebra’ and ‘subalgebra’ by ‘DG-algebra’ and
‘sub-DG-algebra’ everywhere in the above definition. Note that if R is (bi)graded
then so is R, and they have the same Hilbert series.

Suppose A is a k[g*!]-form of a k(g)-algebra A and that 4 has a semiclassical
limit A. We want to relate the Poisson enveloping algebra P(A) and the enveloping
algebra A® = A ®x(q) A of A using the notion of g-deformation. The subalgebra
of A¢ generated by A ® 1 and 1 ® A is not suitable as a k[g¥!]-form because it
is commutative modulo ¢ — 1, and P(A) is in general noncommutative. To help us
define a suitable k[¢*!]-form we need some special elements of A®.

Definition 3.3. Let a € A. Then Q(a) is

a®l—-1®a
qg—1

€ A°.
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Lemma 3.4. Let x,y € A. Write x and y for the elements x ® 1 and y ® 1 of A°.
Then in A€,

Q(xy) = xQ(y) +yQ) + (¢ — DQY)Q(x) 3.1)
Qx)y —yQ(x) = B(x.y) ® 1 (3.2)
Q)Q() - Q)Q() = QB(x. ). (3.3)

The proof is a simple computation. This lemma shows that the fl(a) behave like
g-analogues of the Kihler differentials of A — compare (3.1) with (2.1) and (3.2),
(3.3) with (2.3), (2.4).

Remark 3.5. If A is a quadratic algebra generated by homogeneous elements x; of
degree one with a basis of the form x’lll ...xg" for a; > 0, these relations, together
with the relations of A, are enough to give a presentation of A°. This follows by
counting the dimension of the spaces of relations.

For the rest of this section we assume that A is graded, that xj,...,x, is a
homogeneous generating set for A, and that A is polynomial on the images X; of
the x;. Let y; be the generator of P(A) corresponding to X;; then P(A) is graded by
putting y; in the same degree as X; .

Lemma 3.6. Let A’ be the k[q*']-subalgebra of A¢ generated by x; ® 1 and $2(x;)
for 1 < i < n. Then there is a surjection of graded algebras P(A) - A’ /(g — 1) A’
defined by y; + x; ® 1 and Q(y;) — Q(x;).

Proof. We must show that if we substitute x; ® 1 for y; and Q(x;) for Q(y;) in
the defining relations (2.2), (2.3), (2.4) of P(A), the resulting expressions lie in
(g — 1).A’. This is true of the relations (2.2) because the semiclassical limit exists.
(2.3): We need

Qi) (x; ® 1) — (x; ® Q%) = B(xi.x;) ® 1 mod (g — 1)

but this is immediate from (3.2).
(2.4): Suppose first that B(x;,X;) = X;, - -+ Xj, is a monomial. We need

Q()Q)) = QO)Q) = ) (X, -+ %5, -+ Xiy ® DQ(x;;) mod (g — 1)
J
but this follows easily by induction on N using (3.1). The general case, when

B(xi.,x;) is not assumed to be a monomial, follows by linearity. 0

Lemma 3.7. Let z1,...,2, be a homogeneous generating set for a graded k(q)-
algebra B and let B be the k[q*']-subalgebra of B generated by z,,...,z,. Then
B ®pgt1] kK(q) = B as graded algebras.
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Proof. The assignment z; — z; ® 1 determines a graded surjective homomorphism
of algebras B — B ® klg=1] k(q). Suppose the kernel contains a non-zero element

X = ) ,(ai/bi)z; where a;,b; € k[qil] and z; = z;,...,2;,. We may assume
all the b; are equal to 1 by multiplying by an appropriate element of k[g¥'], so that
X e B. Now B is a free k[g=']-module as it is the direct sum of its graded pieces
which are finitely generated k[g¥!]-submodules of a k(g)-module and therefore
torsion-free. Therefore the map B — B ® k[g=1] K(q) is injective and so X = 0, a
contradiction. O
It follows that A’ is a k[g*']-form of A¢.

Corollary 3.8. If dimy P(A)y, = dimgg) Ay, for all m then A® is a q-deformation
of P(A) via the k[g*']-form A'.

Proof. If we regard k as a k[g*!]-module with ¢ acting as 1 then
A//((] — 1)./4/ =~ A ®k[q:|:1] k

as graded algebras. Each graded piece of A’ is a free k[¢*']-module, since it embeds
into a k(q)-module A¢ and is therefore torsion free. So for any m,

dimy (A’ ®k[qi1] K)m = dimk(q)(A/ ®k[qi1] k(q))m = dimgy) A: = dimg P(A)m

where the second equality is because of Lemma 3.7. So the surjection of Lemma 3.6
has to be injective. 0

When A has a PBW basis of polynomial type we can apply the previous corollary
to get:

Theorem 3.9. Suppose the set of elements of the form thzl coox@ fora; > 0 form a
basis of A. Then A€ is a q-deformation of P(A) via the k[qg*']-form A’

Proof. Corollary 2.3 says that P(A) has a PBW basis consisting of the elements

Y yan Q)P - Q)

for a;,b; > 0, where y; is the generator of P(A) corresponding to X;. Our
assumptions on A mean that A® has a PBW basis consisting of

(X1 ® D)o (xy ® D (1 ® x1)P1 -+ (1 ® x )P

for a;, b; > 0, therefore the hypothesis of Corollary 3.8 holds. O
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3.1. Example: the quantum plane.

Definition 3.10. The coordinate ring of the quantum plane is the k(q)-algebra A
generated by x, y subject to the relation xy = gyx.

A is graded with |x| = |y| = 1; itis a quadratic algebra with basis consisting of all
elements x?y? witha, b > 0. The k[g*!]-form A generated by x, y has semiclassical
limit A which is polynomial on the images x, y of x,y and has Poisson structure
determined by {x, y} = xy. By Lemma 2.2 the Poisson enveloping algebra P(A) is
generated by x, y and Q(x), Q(y) subject to

xy =yx,Q(x)y —yQ(x) = xy, Q(y)x —xQ(y) = —xy
Qx)Q(y) — Q()L(x) = xQ(y) + y(x)

Theorem 3.9 shows A is a g-deformation of P (A) via the k [g*']-form generated
by x,y and 2(x), (y). By Lemma 3.4, the following relations hold in A®:

xy = qyx, Q(X)y — yQ(x) = xy, Q(y)x — xQ(y) = —xy
QML) — QML) = xQ(y) + yQ(x).

In fact by counting the dimension of the relation space they are sufficient to give a
presentation of A°.

3.2. Example: 2 x 2 quantum matrices.

Definition 3.11. The algebra of 2 x 2 quantum matrices M is the k(g)-algebra
generated by a, b, ¢, d subject to the relations

ab=g¢gba ac=g¢gca bc=cb bd=g¢gdb cd=gdc (3.4)
ad —da = (¢ — g~ ')bc.

M is graded with a, b, c,d in degree 1; it is a quadratic algebra which admits a
basis consisting of all elements a’b’ ckd! fori, Jok, 1 >0.

The k[g*!]-subalgebra M generated by a,b,c,d has semiclassical limit M
which is polynomial on the images a,b,c,d of a,b,c,d with Poisson structure
determined by

{a,b} = ab {a,c} = ac {a,d} = 2bc
{b,c} =0 {b,d} =bd {c,d} =cd. (3.5)
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By Lemma 2.2 the Poisson enveloping algebra P(M) is generated by a, b, ¢, d,
Q(a), 2(b), Q2(c), 2(d) subject to relations saying that a, b, ¢, d commute, and

Qa)a—aQ2(a) =0 Q(a)b —bQ(a) = ab
Q(a)c —cQ(a) = ac Q(a)d —dQ(a) = 2bc
Qb)a —aQ2(b) = —ab Q)b —bQ(b) =0
Qb)c —c(b) =0 Qb)d —d2(b) = bd
Q(c)a —afd(c) = —ac Q)b —bR2(c) =0
Q(c)e —cR(c) =0 Q(c)d —dQ2(c) = —cd

Q(d)a—aQ2(d) = —2bc Q(d)b—-bQ2(d) = —bd
Qd)c—cQd)=—cd Qd)d—-dQd) =0
Qa)Q(b) — 2(D)2(a) = aQ2(b) + bQa)
Q(a)Q(c) — 2(c)R(a) = al2(c) + cQR(a)
Qa)Q(d) — Q(d)Q(a) =2b2(c) + 2c¢2(b)
Qb)) —(C)2(DB) =0

Qb)) —Q(d)QDb) =b2(d) + db)
Q)R2(d) — Q(d)2(c) = cQ(d) + dQ(c)

Theorem 3.9 shows M¢ is a g-deformation of P (M) via the k[g*']-form generated
by a, b, ¢,d and 2(a), 2(b), 2(c), 2(d).
By Lemma 3.4, the following relations hold in M¢:

Q(a)a—aQ(a) =0 Q(a)b —bS2(a) = ab

Q(a)c — cQ(a) = ac Q(a)d —dQ(a) = (1 + ¢ ')be
Q(b)a —aQ(b) = —ab Q(b)b —bQ(b) =0

Q(b)e —c(b) = 0 Q(b)d — dQ(b) = bd
Q(c)a—af(c) = —ac Q(c)b—b2(c) =0
Q(c)c—c(c) =0 Q(c)d — dQ(c) = —cd
Q(d)a—aQ(d) = —(1+¢ Hoc  Q(d)b —bQ(d) = —bd

Q(d)c — cQ(d) = —cd Q(d)d —dQ2(d) =0

qQ2(a)Q(b) — Q(b)Q2(a) = a2(b) + b2(a)

gQ(@)2(c) — Qc)Q(a) = aQ(c) + cQ(a)

Q@)<Q(d) - 2(d)2(@) = (1 +¢7HbR() + (1 +¢7)e(b) — (g — ¢~ )2(B)2(0)
Q(b)S2(c) — Q(c)Q2(b) =0

gS2(b)Q(d) — Q(d)2(b) = bS2(d) + d2(b)

g2(c)2(d) — Q(d)Q(c) = cQ(d) + dQ(c)

4. Koszul algebras and modules

We refer to [13] for general background on quadratic and Koszul algebras. Recall
that a graded k-algebra A is called quadratic if it there is a finite-dimensional vector
space V and a subspace R < V ®; V such that A =~ T(V)/(R) where T(V)
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denotes the tensor algebra. The quadratic dual A' of A is T(V*)/(RY) where
V* = Homy (V, k) and R is the image of the annihilator of R under the canonical
isomorphism of (V ®; V)* with V* @ V*.

Example 4.1. Let M be the algebra of 2 x 2 quantum matrices defined in Section 3.2.
The quadratic dual M' of M is generated by a*, b*, ¢*, d* subject to

a*z’ b*Z’C*Z,d*Z’ b*C* 4 C*b* 4 (q _ q—l)a*d*
ga*b* + b*a*,ga*c* + c*a*,a*d* + d*a*, gb*d* + d*b*, gc*d* + d*c*.

A graded left A-module M is called quadratic if it is isomorphic as a graded
module to one of the form (A ®; My)/AH where My is a finite-dimensional vector
space, H < A1 ® My, and Mj is homogeneous with respect to the grading. The
quadratic dual M' of M is the left A'-module (A' ® MJ)/(A!HJ-) where H+
denotes the image of the annihilator of H under the canonical isomorphism between
(A1®x M) and AT®x M§ = (A')1 QM. If M and N are graded left A-modules,
Ext} (M, N) is bigraded, by homological degree and by internal degree. We write
Ext’l( (M, N) for the part with homological degree i and internal degree j. Write
k for the trivial A-module A/&D,_, Ai. A quadratic algebra A is called Koszul if
Ext’x (k, k) is zero whenever i # j, in which case Ext} (k, k) = A' as algebras. A
graded module M over a Koszul algebra A is called Koszul if Ext} (M, k) is zero if
i # j,orequivalently if M admits a linear projective resolution, that is, a projective
resolution P, — M such that P; is generated by its component of degree i.

4.1. Hochschild cohomology of Koszul algebras. If A is Koszul then A€ is
Koszul: A°P is Koszul by [13, remark on p.20], and tensor products of Koszul
algebras are Koszul by [13, Corollary 3.1.2]. Furthermore A is a Koszul A¢-module
by [6, Corollary 2.2].

Lemma 4.2. The quadratic dual (xeA)' of the A¢-module A is isomorphic as a
vector space to the dual quadratic algebra A'.

Proof. Let A = T(V)/(R)sothat A =T(V @& V')/(R® R @ C) where V' is
isomorphic to V' via a map that sends v € V to v/, R’ is the image of R under the
twistmap 7 : v ® w — w’ ® v” and C has basis x; ®x} —x;. ® x; where x1,...,x,
is some fixed basis of V.

Thus (A®)" is isomorphic to T(V* @ V'*)/(R+ & R & D) where D has a basis
consisting of all tensors of the form x ® x"* 4+ x’* ® x;* where the x}" are the basis
of V* dual to x1,...,x,. It follows (A°)! =~ A'®k(A")° where ®; denotes the
graded commutative tensor product: (A;®u1) - (A2®pu2) = (1) X1 @1 2
for A, 11 homogeneous of degrees m and n respectively.

AsaA® =TV @V')/(R®OR' ®C)-module, A = A®/(x;—x] i =1,...,n).
Therefore the quadratic dual of p¢A is (A“’)!/(xi* +x* 1 i =1,...,n). This
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ideal corresponds to the ideal (x; ® 1 4+ 1 ® x*) under the isomorphism between
TV @ V')/(R® R @ C) and A'®x(A")P. There is an exact sequence of
A'®(A')°P-modules

0= (xf®1+10x") - A'@r(AYP = A' -0

where A!is the A'&®; (A"H°P-module which is A' as a vector space, and with action
ARW) - x = (=1)ImlIxl+ul(ul+1/2) 11 for A, x, u € A', homogeneous, and the
map A'®x (A" — A'is determined by 1 ® 1 +— 1. This completes the proof. [

Definition 4.3. Let M be a Koszul left-module for the Koszul k-algebra I' =
T(V)/(R)andleter € T®:T" be Y i Vi ®v; where v; runs over a basis of V and v}*
is the corresponding dual basis element of V* = I'i. Then the Koszul resolution
Kr(M)is T ®; (M')* with differential given by right-multiplication by er, and the
Koszul cocomplex Kr (M) is M ®; M* with differential given by left-multiplication
by er.

[13, §2.3] shows that Kp(M) is a minimal free resolution of M, so that
Ext}(M, M) is computed by cohomology of the cocomplexes

Homp (T ®; (M')*, M) =~ Homg (M")*, M) = M Q@ M' = Kr(M).

Consider the special case when I' = A® for some Koszul algebra A and
M = pcA. By Lemma 4.2, (oeA)' is A' so Kpe(A) is isomorphic to A @ A
as a vector space. The corresponding differential is

A®u > Y (A @ x4 (DM Ay @ pxf) .1

1

for ;1 homogeneous of degree || — see [16, p.5]. This differential makes A ®; A',
with its natural multiplication, into a differential graded algebra.

This means that the Hochschild cohomology ring HH(A) = Ext}.(A, A) has
two multiplications: one it inherits as the cohomology of the differential graded
algebra A ®; A' and one from the Yoneda product on Ext. We want to show that
they agree.

Lemma 4.4. The cohomology of the differential graded algebra A Qi A' equipped
with the differential (4.1) is isomorphic as an algebra to HH* (A).

Proof. We already know that the cohomology of A ® A' with this differential agrees
with HH*(A) as a vector space. To show that the two products are the same we need
to examine the Koszul resolution more closely. If A = T'(V)/(R) then A}, is equal
t
i (vyer

Z;nz—(f V*)® @ RL @ (V*)®m—2-i)
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(the denominator is to be interpreted as zero if m = 0 or 1). For m > 2 the
denominator is the annihilator of
m—2
N, = ﬂ V®i ® R ® V®(m—2—i)
i=0

so we can identify (Ain)* with N,,, and the Koszul resolution K xe(A) of A over A¢
can be written as

Kpae(M)m = A ® Ny ® A (4.2)
where N; = V and Ny = k. As before let x1, ..., x, be a basis of V, and given a
sequence i = (iy,..., i) write x; for x;; ® --- ® x;,, € V®™  The differential on

4.2)is

where o; € k.
Write B, for the standard (bar) complex of A [3, IX.6], whose mth term is B, =
A®(m+2) The inclusion V <> A induces a map

t: Kpe(A)x = By

which is a morphism of chain complexes [16, Proposition 3.3]. The bar complex
of A admits a comultiplication A : B, — B, @A B« defined by

AAR V@) =D (A ® V(i) ® D) @ (1 ® V(i) ® 1)
r

where yi = y;;, ® -+ ® y;,, € A®™. We will show that
A(im¢) C (imt) @ (ime) 4.3)

so that A induces a comultiplication on K e (A). This is equivalent to proving that
if Zi oix; € N,, then

1

for any r < m. Corollary 3.3 of [14] says that for any sequence j of length m —r,

> AiX(yin) € Ny

i:(ir_;,_l ,...,im)=r

Thus

Zaix(il,...,ir)®x(i,+1,...,im) = Z Z QiX(iy,....ip) | ®Xj € N, Ve,
i

J B(ir415--5lm)=T
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Similarly it lies in V®" ® N,,_,, so in
(N, Ve YN (V® @ Npy—y) = Ny @ Nyp—r

completing the proof of (4.3).

If we identify A ® o A with A then B, ®p B. is a free resolution of A and A
is a chain map lifting the identity map on A. Because of (4.3) the same holds for
Kae(A). [2, p.4] point out that the Yoneda product on HH(A) can be computed as
follows: if f : Kpe(A)r — A and g : Kpe(A)s — A are cocycles, the product of
the cohomology elements they represent is represented by f x g = (f @A g) o A
where /' @A g: Kpe(A)r @A Kpe(A)s —> Aisk @k’ = f(k)g (k).

There is a linear isomorphism ¢ : A ® A' — Hompe(Kpe(A)«, A) that sends
A® uto

1®n® 1+ (u,n)i
where € A}, n € Ny, and (—,—) is the pairing between A} and N,,. We will
show this is is a homomorphism of algebras when Hompe (K e (A)x, A) is equipped
with the product .

Since the product in A' is induced by tensor multiplication in 7 (V*), if u =
ft +Ann(N,) € Al and 1/ = W + Ann(Ny) € Al then

On the other hand

(PA W *p(N @)1 (Zam) ® 1)

1

This completes the proof. O

4.2. Quadratic Poisson enveloping algebras are Koszul. A polynomial Poisson
algebra A = k[x1,...,x,] is a left Poisson module over itself in the obvious way.
A is therefore a P(A)-module, isomorphic to the quotient of P(A) by the left ideal
generated by the Q(y;).

Lemma 4.5. Let A = k[x1,...,x,] be a polynomial algebra, graded with each x;
in degree one, equipped with a Poisson bracket {—, —} such that {x;,x;} € A, for
alli and j. Then P(A) is a Koszul algebra and A is a Koszul P(A)-module.

A Poisson algebra or bracket with this property will be called quadratic.
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Proof. 1If we place all y; and 2(y;) in degree one, the defining relations (2.2), (2.3)
and (2.4) of P(A) are homogeneous of degree two. Applying Corollary 2.3 shows
that P(A) is a quadratic algebra with a PBW basis, and such algebras are Koszul by
a result of Priddy [13, Theorem 4.3.1].

When 2(A) is a projective A-module, which holds when A is polynomial,
Huebschmann [8, p.66] points out that P(A) ® 4 A%(R2(A)) with the Cartan—
Chevalley—Eilenberg differential is a projective resolution of A over P(A). Since
this is clearly a linear resolution, A4 is a Koszul P(A)-module by [13, p.20]. O

Corollary 4.6. P(A)' is generated by v and Q(y}) subject to
QUMY+ Q) Q)" 1<i<j=n

* % * * 8{)6',)6'} * *
QUym) vy + 9 Q0m)" + ) Q0 ;)
i<j m=n

o{xi, x;}

00Xy, 0x
i<j m=sn

YmVn + VnVm — QU™ y; = Q)" ¥

The subalgebra O = (Q(y1)*,....Q(yn)*) of P(A)" is exterior of rank n.

Proof. The given presentation for P(A4)' follows from the presentation of P(A)
given by relations (2.2), (2.3) and (2.4).

[13, Corollary 2.2] says that if M is a Koszul module over a Koszul algebra A and
M"', A" are their Koszul duals then /1 (t)h 1 (—t) = 1and h 1 (t) = hpt(¢)hag (—1)
where 7 (t), ha(t), hpgi(2), h o1 are the Hilbert series of M, A, M, A' respectively.
Applying this with M = A whose Hilbert series is (1 —¢)™" and A = P(A) whose
Hilbert series is (1 — ¢)™2" shows that hpay = (1 + £)?" and the Koszul dual of
the P(A)-module A has Hilbert series (1 + ¢)".

By definition, A' = P(A)'/ P(A)’(y:‘, ..., ;) and repeatedly using the second
relation shows this quotient is spanned by O+ P (A) (v}, ..., y}). Butdim A' = 27,
so dim O > 2". Since O is certainly a quotient of an exterior algebra of rank n we
in fact have dim O = 2". The last statement follows. O

At the moment A' could mean two different things: the Koszul dual of the
algebra A and the quadratic dual of the P(A)-module A. In what follows A’
always refers to the algebra O with P(A)-module structure induced by the vector
space isomorphism between O and P(A)!/P(A)!(yi‘, ..., y,) from the proof of the
previous corollary.

Remark 4.7. The quadratic dual of P(A) can be described as follows. A Poisson
superalgebra (or graded Poisson algebra) B is a graded-commutative algebra, that is
ab = (—=1)4l1Ipa for homogeneous elements a, b of B, equipped with a bilinear
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bracket {—, —} such that

{a,b} = (—1)'Halblep q)
(—Dlela (b, e}y + (=1)'WPlb, e, a}} + (—1)PNlie {a, b} = 0
{a.bc} = {a,byc + (—1)Plpia ¢}

for all homogeneous a, b, c € B.

A quadratic Poisson bracket on the polynomial algebra A is determined by a map
b : A%(A;) — S?(A;), where A2 and S? are the exterior and symmetric squares
and A is the vector space spanned by the x;. The dual map b* : S?(A4}) — A2(A})
allows us to define a quadratic Poisson superalgebra structure on the exterior algebra
generated by the x* by

= B ).

The quadratic dual of P(A) is isomorphic to the Poisson enveloping algebra of the
exterior algebra generated by the x; with graded Poisson bracket determined by b*.

Corollary 4.8. Let A be a polynomial algebra with a quadratic Poisson bracket.
Then the Koszul cocomplex [EP(A) (A) = AR A" with its natural multiplication and
differential e py) is a differential graded algebra whose cohomology is isomorphic
as an algebra to HP* (A).

Proof. We will show that K p(4)(A) with differential ep(4) is isomorphic as a
differential graded algebra to Alt’ (€2(A), A). As in Subsection 2.2 we identify this
with 4 ® A*(V*) where V* is the span of the Q(x;)*, and map A @ A*(V*) —
KP(A)(A) by ¢ 1 a ® Qx;)* = a ® Q(y;)*. This is clearly an isomorphism of
algebras; we only have to show that it respects the differential. Since A ®; A* (V™)
is generated as an algebra by the x; ® 1 and 1 ® Q(x;)* it is enough to check that
PB(xi ®1)) = epay(x1®1) and p(S(1 ® Q(xi)*)) = ep(a)(1 ®2(y;:)*), where
is the differential corresponding to the Cartan—Chevalley—Eilenberg differential d on
Alt;(2(A4), A). The element x; ® 1 € A @ A*(V*) correspondsto f; : 1 ® 1
xi € Alth(Q(A), A), and

d(fi)(1® Q(x;)) = Qx;) f(1®1) = {x;,xi}
so that §(x; ® 1) = Y {x;,x;} ® Q(x;)*, and the image of this under ¢ is
> itxj.xi} ® Q(y;)*. Applying

epay =Y (¥, ® ¥+ Q) ® QYY)

J

tox; ®1gives Y, Q(y;)-x ®Q(y;)* = X i {x. xi }®Q(y;)*, 50 p(8(x; ® 1)) =
ep(4)(x1 ® 1) holds.



682 M. Towers

1 ®2(x;)* corresponds to the element f; of Alt4(S2(A), A) that sends 1® Q(x;)
to 1if i = j and O otherwise. Therefore

dfi(1® Q(x;) AQ(x)) = —dfi(1 ®4 Q({x;, Xi})

which is equal to minus the coefficient of €2(x;) in Q({x;, xx}). Therefore

§(1® Q(xi)*) ==Y ciji ® Qx)* A Q(xk)*
j<k

where ¢;jx is the coefficient of Q(x;) in Q({x,,xx}). On the other hand, applying
epa) to 1 ® Q(y;)* gives

ofxj,
Y @000 =~ Y (Z y%) ® 20) 20"

j<k r
using the second relation from Corollary 4.6, which completes the proof. 0
The polynomial algebra A = k[xq,..., x,] admits derivations d; = aix,» defined

in the usual way. Similarly its quadratic dual A' = k(Q(y1)*, -, Q(yn)*) has
graded derivations 9} defined by

af (Q (Y)*b) = (—l)zj<i b, biQ(y)*b—e[

where e; is the vector with a 1 in position i and zeroes elsewhere and Q(y)*?
denotes 2(y1)*?1 --- Q(y,)*?". We can use these to build a derivation on the Koszul
cocomplex:

Lemma4.9. Let A = k[xy,...,x,] be a quadratic Poisson algebra and let A ®, A
be the Poisson cocomplex computing HP* (A) with differential e = ep(4). Let h =
Y i 0i ®dF. Then

he+eh =7 3iHi®1+1®d H' (4.4)

1
where H;(x) = {x;,x} and H*(X) = {Q(»:))*,. X} =y} - X.

Proof. Since h and e are (graded) derivations, so is he + eh. We first show that the
right hand side of (4.4) is a derivation.
Since {—, —} and its dual are (graded) derivations when one argument is fixed,

oy = Y0 H () =~ Y () Hi () 4.5)

{z.w} = (DN " 9F () Hf (w) = (—D)FP TN "% () H (2)
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forz,w € A" and x,y € A. Furthermore
0iHi(xy) = 0;(x)H;(y) + x0; H;(y) + 0; H;(x)y + H;(x)0;(y)

so summing over i and applying (4.5) shows ) ; d; H; is a derivation. Similarly so
is ) ; 0fH* andthus ) ; 0; H; ® 1 + 1 ® 9} H is a derivation.

It is easy to see that he + ehand ) ; 0; H; ® 1 + 1 ® 0] H agree on x, ® 1 and
1 ® Q(y,)* for any r. Since these elements generate A ® A', the two derivations are
equal. 0

The utility of this result is that in some cases, including that of the semiclassical
limits we are interested in, e + eh acts diagonally on the PBW basis. Therefore
some multiple of /# will be a contracting homotopy for certain parts of the Koszul
cocomplex.

4.3. g-deformations of the Koszul cocomplex. Let A be a Koszul k(g)-algebra
which has a semiclassical limit A such that A¢ is a g-deformation of P(A) Then
HH*(A) is computed by the differential graded algebra A ® A' with the differential
eae and HP*(A) is computed by 4 ® A' with differential e p(4). We want to show
that the first of these DGAs is a g-deformation of the second.

Proposition 4.10. Let A be a Koszul k(q)-algebra minimally generated by X1, . . . , Xy,
and let A be the k[g*]-form of A generated by the x; and admitting a semiclassical
limit A which is polynomial on the images of the x;. Suppose the map P(A) —»
A’ /(g—1)A’ of Lemma 3.6 is an isomorphism. Then the differential graded algebra
Kae (A) is a g-deformation of KP(A) (A).

Proof. We split the proof into sections.

Hilbert series. Under our hypotheses,
dim A, = rank 4, = dim A,

for any r. The first equality holds because A, is free as a k[g*']-module, being
finitely-generated torsion-free. For the second, if b;,... is a basis of A, then
by multiplying by an appropriate scalar we may assume the b; lie in A,. Thus
rank A, > dimA,. Any k[g¥!]-linearly independent set in A, is k(g)-linearly
independent in A,, so the opposite inequality holds. We get that A has the same
Hilbert series as the polynomial algebra A. The Hilbert series of a Koszul algebra
determines that of its Koszul dual by [13, Corollary 2.2.2], so A' has the same Hilbert
series as the exterior algebra A'.
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Relations in A'. Write A = T(V)/(R) as a quadratic algebra where V' has a basis
v1,...,V, Whose images in A are Xi,...,X,. Existence of the semiclassical limit
implies that for each i < j there is an element r;; of R of the form

Ui®vj_vj®vi_(q_1)/§ij

where ,3,-,— lies in the k[g*!]-span of the vy ® v;. By substituting ry; into the ,BA,-J- we
obtain elements r/; of R of the form

vi ®v; —v; ®v; — (¢ — DBy + (g — Dy
where only tensors of the form vy ® v; for s < ¢ appear in f; >
of Bl/ ;in A'is {x;, xi }. These ri ; are k(g)-linearly independent since they are even
linearly independent modulo g — 1. They form a k(g)-basis of R, for if R had larger
dimension dim A, would be smaller than n(n + 1)/2.

Let v], ..., v, be the basis of V* dual to vy,...,v,. Forr < s define

and the image

{xk Xl} «
® vy

Prs = vf @ Ui +vF @ v} (q—l)z

where x; is the image of x; in A. Furthermore define

1 {xg. x1}
Prr =Vf QUS — q—l)kz;z o2 v ® v

Then for any r < s and any i < j we have p,s(r;;) € (¢ — 1)%k[g*']. As before,

the p,s are linearly independent and there are some elements &, in the k[qil]—span
of the v} ® v;f such that

Prs + (q - 1)2<9rs r<s (4.6)

is a basis of R™. Recall that A' = T(V*)/(R1) and write x; for the image of v;" in
A'. Let B be the k[g*!]-subalgebra of A' generated by the elements (1 — q)x*. The
relations (4.6) show that

X/ x; +xix; =0 mod (¢ —1)

Since A' and hence 13 has the same Hilbert series as A', the quotient B/(q — 1)B is
isomorphic to the exterior algebra A4'.

Let B’ be the subalgebra of A' ®(,) (A')° generated by x*®14+1®x and
(1—-q)®xforl <i <n.
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A is an A’-module, B is a B’-module. A is a A°-module, and we claim that

the action of A" C A€ preserves A. Certainly elements x; ® 1 preserve A, and

x; ®1—-1®x;)-A C (g — 1)A because of the existence of the semiclassical limit.
Recall that the action of A' ®k(q) (AHY°P on A' is

A® ) x = (=)l +n/2y )

Clearly the action of (1 — ¢g) ® x* preserves B. The relations (4.6) show that the
elements X7 ® 1 + 1 ® x7 send generators of B to B; the general result follows
because x7 ® 1 + 1 ® x;" acts by graded derivations on B.

LetC=A ®y[g+1] B, and ec : C — C be the map induced by left-action of

Xi @1 —-1Q®x;

Z((Xi®1)®(x;‘®1+1®x§‘)+ p—

i

®(1-9)® x;“)) e AL

This makes it clear that C with differential ec is a DGA which is a k[g*']-form of
Kae (A). Therefore all we need to complete the proof is:

C/(q — 1)C is isomorphic as a DGA to K p(4)(A). We consider K p(4y(A) as the
complex A ®; A' as in the proof of Corollary 4.8.

Kp(a)(A) is isomorphic as an algebra to C/(g — 1)C = (A/(¢ — DA®
(B/(g —1)B). Write ¢ : Kpa)(4) — (A/(q — 1)A) ® (B/(g — 1)B) for the
algebra isomorphism that sends x; ® 1 to the image of x; ® 1 and 1 ® Q(y;)* to the
image of (1 —¢) ® x;" in C/(g — 1)C. We claim ¢ respects the differentials on these
DGAs, and since K p(4)(A) is generated by the x; ® 1 and 1 ® Q(y;)* it is enough
to check these elements.

epy(xi ®1) =Y {xj, xi} ® Qy))*
J

€c(Xi (%) 1) = Z,B(Xj,xl‘) ® (1 _Q)Xj
J

s0 ¢(ep(4)(x; ® 1)) equals ec(¢p(x; ® 1)) + (¢ — 1)C.

{x;,
era(1 82007 == 30 5 Bt g 00,200

j<k T

ec(1® (1—q)x) = Zxr ® (1 — )X + X%

—ZZ 8{XJ,Xk} *®(1_ )2XkX

roj< <k
modulo (¢ — 1)C. O
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If o € k[g*'] and M is a k[g*']-module we say M has a-torsion if there is a
non-zero element of M annihilated by .

Corollary 4.11. If H*(C) has no (¢ — 1)-torsion then HH*(A) is a g-deformation
of HP* (A).

k(q) = Kae(A) so HH*(A) =~ H*(C Og®1] k(g)) = H*(C) Qg*1] k(q).
We first show that HP" (4) and HH" (A) have the same Hilbert series for any r.
The universal coefficient theorem gives an exact sequence of graded modules

. . + .
0 — H(C) @1y k = H (C @1y k) — Tory T HTH(C), k) — 0
4.7
for any j. Because k[g*!] is a principal ideal domain,

Tor 7] (k[%i)l],k) = ker(k 5 k)

and the Tor group in (4.7) vanishes under our hypothesis. So HP'/(4) =~
H'/(C) ® %17 k for any r, j, and this has the same dimension as H'/ (C ® =1
k(q)) =~ HH" (A).

Consider the k[g*']-form H*(C) ®;p,+17 1 of H*(C) ®;,+1) k(g). This is
isomorphic as a k[g*!]-algebra to the quotient of H*(C) by its torsion ideal T
(the ideal of all elements annihilated by some a € k[gT!] \ {0}). Under our
hypothesis — ®,+17 k Kills all torsion summands of H*(C),s0 H*(C) g1k =
(H*(C)/T) ® 417 k. Thus HH*(A) =~ H*(C) ®p g1 k() is a g-deformation of
HP*(A) =~ H*(C) Qpqt17 k via the klgt'-form H*(C) ® 1 = H*(C)/T. O

In practise the hypothesis of Corollary 4.11 can be checked using the following
lemma.

Corollary 4.12. If every element of ker(ec ® klg®1] k) lifts to an element of ker ec,
then H*(C) has no (g — 1)-torsion.

Proof. 1t is enough to show that C/imec has no (¢ — 1)-torsion under these
hypotheses. Since k[g¥!] is a principal ideal domain, maps between free k[g*!]-
modules can be written in Smith Normal Form. Consequently C/ime¢ has (¢ — 1)-
torsion if and only if rank(ec ® k) < rank ec on some graded piece, if and only if
the kernel of e; ® k has rank larger than that of e on that graded piece. If every
element of ker(ec ® k) lifts, this cannot happen. O
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5. The quantum plane

In this section we illustrate some of the results of the previous sections in the case
of the quantum plane. The Hochschild cohomology of quantum affine space was
described in [15, §3.3] (though it appears difficult to obtain an explicit expression
for the nth cohomology group), and it is known ([11, Corollary 3.5.2], [12]) that it
agrees with the Poisson cohomology of the semiclassical limit.

The coordinate ring A of the quantum plane as defined in Section 3.1 is Koszul
since it is a quadratic algebra with a PBW basis of polynomial type. Therefore by
Theorem 3.9 and Proposition 4.10, Kac (A) is a g-deformation of K p (4)(A), where A
is the semiclassical limit of A.

The Koszul dual of A is the quantum exterior algebra A', generated by x*,y*
subject to x*? = y*? = 0 and gx*y* + y*x* = 0.
Using this and (4.1) we can compute the Koszul cocomplex Kae (A). Form € Z

write [m] for the g-integer q:__ll . The maps in the Koszul cocomplex are

eo(ybxa) — [b]xa+lyn ® x* — [a]xayb—f-l ® y*
er(y"x @ x*) = [a — 1y @ x'y*
el(ybxa ® y*) — [b _ l]xa+1yb ® x*y*

s0, noting that ged([a], [b]) = [ged(a, b)] in k[g*!],

kereg = k[g*!]- 1,
[b]ybxn—b ® x* — [n —bh— 1]yb+lxn—l—b ® y*>

_ +1
(kerey)nt1 = klg ]< [ged(b.n — b —1)]

Therefore H°(C) = k[q*!]- 1,

H'C) = k[gF'x@x* @ klg™'ly®@y* ® Ty
H?(C) = klg™"1 @ x*y* @ kg lyx ® x*y* & T»

where T} and T are direct sums of k[g¥!]-modules of the form k[¢*!]/([a]) for
a € 7. Therefore there is no (¢ —1)-torsion in H*(C), and HH(A) is a g-deformation
of HP(A). Furthermore HH(A) is one-dimensional in homological degree zero and
two-dimensional in degrees 1 and 2.

In fact, for any quantum affine space the two Koszul cocomplexes are actually
isomorphic after a change of base field: Kpe(A) =~ K pa)(A) ®r k(g) as
cocomplexes.
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6. 2 x 2 quantum matrices

In this section we will compute the Poisson cohomology of M, showing that it agrees
with the Hochschild cohomology of M. In describing elements of K p(ar)(M) we
write le for Q(a)* Q(b)*' Q(c)**Q(d)*! and we omit the ® symbol. Similarly
in Kye (M) we write f;cjl for d’c¥b/a’ and Q;j, for Q(a)* 2 (b)*/ 2(c)**Q(d)*! and
omit the ® symbol.

We begin by summarizing the results.

Theorem 6.1. HH* (M) is a g-deformation of HP*(M). The Poisson centre of M is
polynomial in A = ad — bc, and for i < 3, HP*(M) is a free k|A]-module freely
generated by the images of the following elements:

Representatives of generators of HP' (A)
1

i

0

1| aQf) +dQy).aQy) + cQ99, bQYy + d Q)

2| bIQL. ckQ(a)ld for j k # 2, beQO —abQl} +acQlY, b(aQll+d QYY)
c(@QLh +dQoY), b + dQ9), c(@Q18 + dQ%

3| 7L Rl p* Q19 T Q10 for j # 3 and bI *F(aQ1) — d QYY)

forj +k =2

As a k[A]-module, HP*(M) is the direct sum of a trivial module generated by Q1!
and free summands generated by beQ2\1, b7 Q11 and c* Q11 for j, k > 0.

The theorem is proved as follows. Firstly, M has a PBW basis of polynomial
type, so we may apply Theorem 3.9 and Proposition 4.10 to get that Kye (M) is
a g-deformation of K pay(M). We compute HP* (M) directly using the Koszul
cocomplex and show that each cocycle lifts to one for Kye (M), so that Corollary 4.12
applies and HH*(M) is a g-deformation of HP*(M). This is simplified by two
observations: first, the boundary of d!ckb/ a"Q;/li lifts to that of d/ckb/ a’QZ,’l:
so we only need to lift non-bounding cocycles, and second A = ad — bc lifts to
A, = da — q'¢b so we only need lift a k[A]-generating set for the non-bounding
cocycles. In practise the lifting is always the most straightforward one possible:
a9 + bQY} lifts to a2}y + bQY4 and so on.

We need to know the differentials on both Koszul cocomplexes explicitly to check
the lifting condition. Since the differential on K p(m)(M) is the ‘reduction mod g—1’
of that for Kye (M), we give the latter in the tables that follow.

eo(ff) = (U +kIf ™ a7 2067 Qa0+ -1, T @80+, , 206
— ([ + Ky + a7 2006 THRS
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a 1([l]—[l + ])(f :]+1QII +fk+1]QIO

+ ([ + k]fkl+1 + q_l[ZI]f;c+llll+l)Qw

b | ([j +k — 16" +q 2206757 DQ86 + G- IDE, Q%

— g T2 Q0+ (k=R + R0

c |([j +k -1 " +q 22165 DQES + [ - D Q%

_ql 1[2] ]+1910+([J Lk — 1]fkl+1 +6]_2[2i]f;€+11”]l+1)900
,J+1

d [([ = 1] - [ QgL + Q)

+ ([ + kI ™+ g RO )R8

k+1l

X,y | e Q)*Q(r)*)

ab g7 [+ -, Q00— (U + k=105 4, + a2 R0
ac |g” ([z]—[l+1])f”+1§2“—([j+k 0, + a2 Ri65)
a.d g7 (]~ I Q01 +

10
k+1 lQll

boo |(1j +k =2 + g R )G — ¢ PRI 20l
g R, QN - (U k=206 R
b.d | ([j + k — 17" + ¢ 220675 D%t + (] — 11— 1, Q0

e.d ([ + k= 1 + RO ORIT + (U = 1] = DRy O

llvjlvkls l/ e3(f;€]le/l/)

LLLO |[j+k—-2 @+ ¢ Ril5 el
LLO.1 g7 ([ - DY, , Q0
LO. LT g (] — IDE/ TGl

0,111 |[j +k =2 Q1 + g0 1) all
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The formulas are obtained by computing directly using the definition of the
Koszul cocomplex and the presentations of M and M' given in (3.4) and Example 4.1.
_ We want to find a contracting homotopy to show that certain portions of
K p(am)(M) are exact. To this end we define another grading on K p(ar)(M):
Definition 6.2. The grade of a"bjckdeZ,”Jl-: € Kpany(M)isi —i’' —1+1'.
The differential e p(pr) preserves grade, as is easily seen from the tables above.
Lemma 6.3. (he + eh)(fQL)) =20 —1'—i + i) ;1247

Proof. This is an application of Lemma 4.9. Computing using the bracket formulas
(3.5) shows

(0aHa + 0pHp + dcHe + g Hy) f =2(1— i) £

Next, the second relation of Corollary 4.6 gives the following description of the
action of P(M)' on M" (with a slight abuse of notation):

a* - Q(b)* = b* - Q(a)* = —Q(a)*Qb)*
a*- Q) =c*- Q) =-Q(a)*Qc)*
a* - Qd)* = d* - Qa)* =0

b* - Q(c)* = c* - Q(b)* = —29(a)*Qd)*
b* - Q(d)* = d* - Q) =0

Q)" = d* - Q)" = —Q(c)* Qd)*

and that x* - Q(x)* = 0 for x = a, b, ¢, d. From these, a tedious calculation shows
that s Y
(03 Hy + 0 Hy + 0 HY + 05 HY) Q) =20 =12,

Putting these together gives the formula claimed. O

This means that a suitable scalar multiple of / is a contracting homotopy on any
summand of K pm)(M) with nonzero grade. Write Ko(M) for the subcomplex
of K pm)(M) consisting of all elements of grade zero, and let £, be the induced
differential in homological degree n. Then HP* (M) =~ H*(Ko(M), E), so we work
only with the cocomplex Ko (M).

6.1. Computations.
Lemma 6.4. HP*(M) = k[A], and A lifts to A, = da — q~'cb.

Proof. Ko(M)o consists of elements of the form ) A;;x(ad Yib7 ¢k and such an
element is in ker Ey if and only if it has trivial bracket with a, if and only if

2idij—1k—1=—( + )1k
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for all i, j,k, where A;;x should be interpreted as zero if any of its indices are
negative. If A;;x is a solution of this recurrence and j > k then A;;x = 0: if k
is minimal such that there exists j > k with A;;x # O then (j + k)Ajjx =
=2(i + DAit1,j—1,k—1 = O contradicting A;;x # 0. By symmetry A;;x = 0 if
J#k.

Writing A;; for A;;; gives

idij—1 = —jhi-1,j

For fixed i + j, any solution is a scalar multiple of A;; = (—l)i(itj ), thus
> Aij(ad)' (bc)’ is apolynomial in A. The claim about lifting is easily verified. [J

Therefore E( is a k[A]-map with kernel equal to k[A]. As a k[A]-module,
Ko(M) = ((ad)'b7c* : i, j, k > 0) is free on the generators b7 c¥, so im Ej is free
on the image of b7 ¢¥ for j, k not both zero. Using the description of the differential
above, we get:

Lemma 6.5. im E is freely generated by b’ c¥(a Qoo — dQYY) for j, k not both
zero.

In the above Lemma and from now on, the terms ‘free generators’ and ‘freely
generated’ refer to the k[A]-module structure.

Lemma 6.6. ker E is freely generated by b2 + a8, a2y + ¢ and all
bi ck(aQl — dQ89) with j, k > 0.

Proof. Ko(M) is spanned by elements of the form (ad)iabjckQég, (ad)ibjckﬂg(l,,

(ad)'b7 ck Q99, (ad)'db’ ck§28? and is therefore freely generated by the elements
ab’/c* QL8 b7 ck QL bIc*k Q9. dbi ckQY9. The images under E; of these free
generators are

E1ab’c* QLS = E1db/ QY0 = ((j + k +2)b/ T e/t 4 (j + k)Ab/ F)QlL0
E1b/ R QYL = (j + k — Db/ ckaQll + dQdl) — 2b7 FH1QLY
E1b7c* Q% = (j 4+ k — Db/ K (aQ!d + d99) — 207 Tk QL0
Therefore if pjk, qjk.7jk. sk are polynomials, the image of
> pik(B)ab! Q40 + g (M) QG + ri ()b K QY + s (A)db! * Q)
(6.1)
is
Y G 4k = Daje(A) (@b’ c*Qff + dbI FQfh)
+ 3 + k= Drj(A)@b! Q1S + dbI kY
+ 3 (Pjk(D) + 57 (M) + k + b7 A+ (j + k)AL F) Q!
= > Qg (AL KH 4 28 (M) R Q.



692 M. Towers

The terms ab’ c* Q19 are free generators of the Q19 component of Ko(M ),, and
so the only way for the ©219 o component of this expression to vanish is if rj; = 0 for
j + k # 1. Similarly we musthave gjk =O0for j +k # 1.

The coeflicient of ¢22}? in this sum is 2¢o1(A)c?Qy?, therefore go1 = 0, and
similarly r19 = 0. The condition for (6.1) to be in ker E is therefore that r;; =
qjk = qo1 = rio for j +k # 1 and

—q10 — ro1 + Poo + So0 =0
Pik +Sjxk =0
for j, k not both zero. This is equivalent to our claim about the kernel generators. [

We say an element ) al ]/k/l/f k’l/ " of ker E lifts trivially if ) (xl J k Vs Q;{/l,
is a cocycle for Kye (M).

Corollary 6.7. HP' (M) is freely generated by the images obeO + aQOO, aQ(l)g +
52(110 and aQ(l)g ng? Each of these elements lifts trivially to an element of
HH' (M).

Proof. The first part follows immediately from the previous two lemmas. The
second follows from the description of the differential in Kye (M) given earlier. [

Lemma 6.8. im E is freely generated by

j k J +k ik
ol rell ¢t I gy
for j,k >0andforj +k # 1,
ik 11 01 2 10
b’ c*(af2gy + dS2g1) — mgm
2
k
b/ c*@Qld + a Q%) — TR 19(1)‘1’,

Proof. From our description of ker E it follows that im E is freely generated by the
images of ab’/ ck Q1Y for any j, k, b7 c* Q83 and b7 ¥ Q99 for j + k # 1 and cQQ}
and bQ‘l’g. These images are non-zero scalar multiples of the given elements. O

Lemma 6.9. ker E is freely generated by
bk (aQpp +dQD). b/ K@i +dQly). by

for j,k > 0and beQ8 —abQll + acQl)
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Proof. E, kills b/ ck Q(l)(l) and acts on the other free generators of Ko(M), as
follows:

Ebab? c*QlY = —E»db’ F Q!
((j +k + DL 4 (G + k= 1)Ab F)Ql!
Ebab? c* Q1Y = —E,db/ F Q99

= ((j 4+ k + DbFFLHFH 4 (G 4k — DA F)QLY
Eab7c* Q0 = (j + k —2)b/ K (aQld — a0y + 267 K (e Q10 — hQl!

As in the calculation of ker E; we see by considering the 21} term that a kernel
element of the form

3 pye@)abl ct 2l + gu(A)abcE RIS + (A Fl
+ 5k (A)dbT F QR + 175(8)db7 QY

must have 7;; = O unless j + k = 2, and since the b3Q(1){ and 039%(1) coefficients
must vanish 7 jx = O unless j = k = 1. The condition for an element obeying these
restrictions on r j to lie in the kernel is that

rii+qo1—t1=0  —ri1+ pio—s10=0
Pjk = Sjk =0 Gim — 'im =0
for (j,k) # (1,0) and (/,m) # (0, 1). Therefore the kernel is as claimed. O

Corollary 6.10. HP?>(M) is freely generated by the images of
b(aQgg +dQ;).  baQig +dQ))).  c(afg +d)).  caig +dRy).
beQlg —abQpe +acQip, bR, Q0
for r # 2. Each of these elements lifts trivially to an element of HH*(M).

Proof. The first statement follows from our calculation of ker E, arld im Eq, the
second by computing using the description of the differential on Kye (M) given
earlier. [

Lemma 6.11. im E; is freely generated by

j+k—1
j+k+1
forany j, k >0,

j+k—1

bj+lck+1 +
( Jt+k+1

AB RYQLL (IR 4 AbI F)Q10
b/ K (aQiy — d Q) + 207 K (cQ]) - bQg;
for j +k #2, b3QL1 and 3Q19.
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Proof. The computation of ker E, shows that im E, is free on the images of
bfckaQ(l)(l), b7 ckaQ%g, bfckQ% for j+k # 2,b?Q31 +abQ10 and 2Q9} —ac Q)
which are, up to a scalar multiple, the given generators. O

Lemma 6.12. ker E5 is freely generated by
b/ k10 bIck QLY and b cF(aQ!l —dQ%)
forall j,k > 0.

Proof. Ej kills b7 ckQ}(l) and b/ ckQ(l){ and sends b/ ckaQ%(l) and b/ cde?% to
((j + k)b ek 4 (j 4+ k —2)Ab7 c*)Q11. The result follows immediately. [
Again we can read off the cohomology group:
Corollary 6.13. HP3(M) is freely generated by the images of
vall. dall. sl ool

for j # 3 together withax |y —dx QY] for x = b%,be, ¢?. Each of these elements
lifts trivially to an element of HH> (M).

Lemma 6.14. im Ej3 is freely generated by AQ1} and (b7 F1ck+1 —l—%bjck)ﬂ I

for j,k not both zero.

Proof. Our computation of ker E3 shows that im E3 is free on the images of
bIickaQ 16, which up to a nonzero scalar multiple are the generators given. O

Corollary 6.15. HP*(M) is generated as a k[A]-module by Q L bIQ and ¢/ Q11
for j,k > 0. k[A] acts trivially on 2]} and freely on the other generators.

Since E4 = 0, all kernel elements lift trivially.
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