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Spectral sections, twisted rho invariants and positive scalar
curvature
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Abstract. We had previously defined in [10], the rho invariant ps,;, (Y, €, H, g) for the twisted

Dirac operator qu on a closed odd dimensional Riemannian spin manifold (Y, g), acting on
sections of a flat hermitian vector bundle £ over Y, where H = Y i/ TV Hy; 1 is an odd-
degree differential form on Y and H; 1 is a real-valued differential form of degree 2 + 1.
Here we show that it is a conformal invariant of the pair (H, g). In this paper we express
the defect integer p5pin(Y,E, H,g) — pspin(Y,E, g) in terms of spectral flows and prove
that pspin (Y. €, H, g) € Q, whenever g is a Riemannian metric of positive scalar curvature.
In addition, if the maximal Baum—Connes conjecture holds for 771 (Y) (which is assumed to
be torsion-free), then we show that pg,;,(Y.E, H,rg) = 0 for all r > 0, significantly
generalizing results in [10]. These results are proved using the Bismut—Weitzenbock formula,
a scaling trick, the technique of noncommutative spectral sections, and the Higson—Roe
approach [22].
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1. Introduction

In an earlier paper [10], we extended some of the results of Atiyah, Patodi and Singer
[2—4] on the Dirac operator on a spin, compact manifold with boundary, to the case
of the Dirac operator twisted by an odd-degree closed differential form. Atiyah,
Patodi and Singer studied the Dirac operator 85 on an odd dimensional, closed, spin
manifold, which is self-adjoint and elliptic, having spectrum in the real numbers.
For this (and other elliptic self-adjoint operators), they introduced the eta invariant
which measures the spectral asymmetry of the operator and is a spectral invariant.
Coupling with flat bundles, they introduced the closely related rho invariant, which
has the striking property that it is independent of the choice of Riemannian metric
needed in its definition, when it is reduced modulo Z. In [10], we generalized the
construction of Atiyah-Patodi-Singer to the twisted Dirac operator ¢, with a closed,
odd-degree differential form as flux and with coefficients in a flat vector bundle.

Consider a closed, oriented, (2m — 1)-dimensional Riemannian spin manifold ¥
with an odd degree differential form satisfying the condition

H = Zif“szH

with H; 1 areal-valued differential form of degree 2j + 1. (1.1)

(see [10] as to why this condition is necessary for the twisted Dirac operator as
below, to map sections of positive spinors to sections of negative spinors). However,
in this paper, we will not assume that H is a closed form. Denote by £ a hermitian
flat vector bundle over Y with the canonical flat connection V€. Consider the
twisted Dirac operator 32 = ¢ o VS®&H — §° 4 ¢(H) (see the next section
for explanations). Then 32 is a self-adjoint elliptic operator acting on sections of
the bundle of spinors tensored with flat bundle &, thatis S ® £. Let n(a‘lg,) denote
its eta invariant. The twisted (Dirac) rho invariant ps,i, (Y, &, H, g) is defined to be
the difference

pspin(¥.E. H,g) = 5 (dim(ker(¥y)) + n(#z))

1
2
o
— Rank(€) 3 (dim(ker(3m)) + n(@n)).
where g is the same twisted Dirac operator corresponding to the trivial line bundle.

The rho invariant is sometimes also known in the literature as the relative eta
invariant. Although the eta invariant 1(#},) is a priori only a spectral invariant, we
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will show in Theorem 2.3 that the twisted rho invariant, pspin (Y, €, H, g) depends
only on the conformal class of the pair [H, g]. In [10], we also computed it for
3-dimensional spin manifolds with a degree three flux form, showing that it was
typically non-trivial. We analysed the special case when H is a closed 3-form, using
the Bismut—Weitzenbock formula for the square of the twisted Dirac operator, which
in this case has no first order terms, to show that pspin (Y, &€, H, g) = pspin(Y. £, g)
for all |H| small enough, whenever g is a Riemannian metric of positive scalar
curvature. It is primarily this last theorem that we refine and significantly generalize
in this paper. More precisely, as a consequence of the R/Z-index theorem, we first
show in Corollary 2.6 that when H = Y i/T1H,;; is an odd-degree differential
form on Y as above, the defect pspin (Y, E, H, &) — pspin(Y, €, g) is an integer. This
allows us to immediately deduce from a result established by Weinberger [53] that
our twisted rho invariant p,p;, (Y, £, H, g) is always a rational number whenever g
is a Riemannian metric of positive scalar curvature. Under the additional assumption
that the maximal Baum—Connes conjecture holds for I', then we can deduce from a
result of Higson—Roe that psp,;, (Y, E, H, g) is always an integer. In this paper, we
are able to refine this technique as will be explained next.

As one could expect, the defect integer pspin(Y,E, H, g) — pspin (Y. E, g) turns
out to be closely related with the spectral flow, and indeed with a defect spectral flow
associated with the flat bundle £. More precisely, fixing the metric g we consider
the paths (#)0<v<1 and (Foor *)o<v<1 of elliptic operators with fixed principal
symbols. The usual APS spectral flows of these paths is only well defined when
the endpoints are invertible. In general, in order to intrinsically define these spectral
flows, we assume that the K-theory index class of § vanishes in K;(C*I"). This
allows to use an invertible perturbation of the path (avH)os)fl of operators in the
Mishchenko calculus (i.e. a global spectral section) and to insure the independence
of this global perturbation. We then prove our main theorem:

Theorem 5.11. (1) Assume that ind,(#) = 0 in K{(C*T). Then for any £ and
H as before,

pepin(Y, &, H) = popin(Y, €) = st(# g )o<v<1) — sT(Fagt” o<v<1).

(2) In the case that the metric g on Y has positive scalar curvature, and for any
& and H as before

Iospin(Y’ 57 H? rg) = pspin(Y, g? g)forallr >> O

In particular, there exists a metric g’ in the conformal class of g such that for
any A > 1, we have pyin(Y,E, H,Ag') = ppin(Y. £, 8).

We then deduce the following.
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Corollary 5.12. Assume that the metric g on Y has positive scalar curvature, that
the group T is torsion free and satisfies the maximal Baum—Connes conjecture, then
for any £ and H as before,

pspin(Y,E, H,rg) = 0forallr > 0.

In particular, there exists a metric g’ in the conformal class of g such that for any
A > 1, we have pyin(Y,E, H,Ag') = 0, and so psin(Y,E, H, g') = 0.

The case when H = 0 was well known, see for instance [22,26].

Our approach relies on a combination of the results of Higson—Roe, especially
the surgery 6-term exact sequence [22], and the appropriate use of noncommutative
spectral sections. In the process, we also use the Bismut—Weitzenbock formula in
Theorem 3.1 together with a scaling trick in Proposition 3.3 to establish invertibility
of the twisted Dirac operator in a scaled Riemannian metric of positive scalar
curvature. This is completely different to the method used in [10] where the spectral
flow technique from [4, 19] and the local index theorem [13] for closed degree 3
differential form twists, are exploited. Notice that this latter local index theorem is
unknown for higher degree odd forms H.

We next give a brief outline of the results in section 5 including the proofs of
our main Theorem 5.11 and Corollary 5.12. As mentioned earlier, we shall follow
the approach by Higson—Roe [22], who conceptualised the earlier approach in [26],
by using their theory of analytic structure groups Se(I"), which are the analog of
the structure groups in surgery theory. These fit into the Higson—Roe six-term exact
sequence,

o Ko(BT) 5 Ko(C*T) — S;(T) — K1 (BT) 55 K (C*T) — ---

Let § and dy be the untwisted and the H-twisted Dirac operators on the odd-
dimensional spin manifold ¥ with coefficients in the Mishchenko Hilbert modules
bundle. Assume that the analytic index class of the Dirac operator § vanishes in
K{(C*T), then by [45], the operators § and gy do admit spectral sections Q
and Qg which belong to the Higson—Roe algebra. Moreover, they define classes
in §;T" which are pre images of the Baum-Douglas common K-homology class
f«[#] = f«[#g]. Following [17, 54], one can then define the higher spectral
flow, SF((dvi)o<v<1: Q, Qu) € Ko(C*TI') associated with the spectral sections Q
and Q. We prove that this spectral flow in turn is a pre image in Ko(C*I") of the
difference [Qp] — [Q] € S1T.

Now, using the main construction from [22], we get relative traces on Ko(C*T")
and S71(T) such that the following diagram commutes,

Ko(BT) —2— Ko(C*T) —— Si(I') —— Ki(BT) —=— K,(C*T)

| e el e |

O ——» Z ——» R —>s R/Z —>s 0
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where Ind¢ denotes the relative R/Z-index. Then almost by definition, one has (see
notations later)

Tre (SF((dur)o<v<1; Q. Q)

= SE((Fyp)ozv=1: QF. Q5)) — sE(yg ozvzr: QRKE, QRanke))

where sf denotes scalar spectral flow as in Atiyah—Patodi—Singer [4]. A meticulous
examination of the relation between these spectral flows and the usual APS spectral
flow on the one hand, and between the image of the class [Qg] — [Q] under Trg and
the rho invariants on the other hand, enabled us to prove our main theorem 5.11 as
well as Corollary 5.12.

In the appendix, we give an alternate proof of this vanishing result on a
compact Riemannian spin manifold of positive scalar curvature in the special case
of closed degree 3 differential form twists H, using the representation variety of I,
following [32].

Renowned research on metrics of positive scalar curvature can be found for
instance in [20, 24,48, 49]. Viewing the eta and rho invariant of the Dirac operator
(in the untwisted case) as an obstruction to the existence of Riemannian metrics
of positive scalar curvature on compact spin manifolds was done in [32, 33, 53],
obstructions arising from covering spaces using the von Neumann trace in [34] are
some amongst many papers on the subject such as by Weinberger op. cit. and
Keswani [26] and Higson—Roe op. cit. and Piazza—Schick [43,44]. Spectral sections
were introduced by Melrose—Piazza in [41], also studied by Dai—Zhang [17], and
introduced in the context of noncommutative geometry by Wu [54] and Leichtnam—
Piazza [29].

The twisted de Rham complex was introduced for closed 3-form fluxes by Rohm—
Witten in the appendix of [47] and plays an important role in string theory [5,14,36],
since the charges of Ramond-Ramond fields in type II string theories lie in the
twisted cohomology of spacetime. T-duality of the type II string theories on
compactified spacetime gives rise to a duality isomorphism of twisted cohomology
groups [15, 16]. The twisted de Rham differential also appears in supergravity
[18,52] and superstring theory [51] via Riemannian connections with totally skew-
symmetric, (de Rham) closed torsion tensor H - such Riemannian connections have
the same geodesics as the Levi-Civita connection. The twisted analogue of analytic
torsion was studied in [37-39] and the twisted analogue of the eta and rho invariants
for the signature operator was studied in [9]. Twisted Dirac operators, known also
as cubic Dirac operators have been studied in representation theory of Lie groups on
homogeneous spaces [25,50] and loop groups [28].

Acknowledgements. The first author is indebted to E. Leichtnam, P. Piazza and
I. Roy for many helpful discussions. In [10, Theorem 2.6], the statement of the
conformal invariance is unfortunately incorrect since the scaling of the form H
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was omitted. We thank Thomas Schick for pointing out this error to us and to
the referee for asking us to clarify if the assumption that H is closed is really
needed. The correct form of conformal invariance is now contained in Section 2.
V. M. acknowledges funding by the Australian Research Council, through Discovery
Projects DP110100072 and DP130103924.

2. Conformal invariance and the R/Z-index theorem

Let (Y, g) be a closed, oriented, (2m — 1)-dimensional Riemannian spin manifold
and H = Y i/ Hy; 41 an odd-degree, differential form on Y where Haj41 is a
real-valued differential form of degree 2j + 1 (see [10] as to why this condition is
necessary for the twisted Dirac operator as defined below, to map sections of positive
spinors to sections of negative spinors). Denote by £ a hermitian flat vector bundle
over Y with the canonical flat connection V¢. Let

VE&H = vE 4+ HA 2.1)

be the flat superconnection (in the sense of Quillen [35,46]) on the trivially graded
bundle £. Consider the twisted Dirac operator 82 = co VS®SH — §° L o(H),
where the superconnection VS®&-H = VS @1+ 1@ VE-H  Then §5, is a self-adjoint
elliptic operator. For basic properties of generalized Dirac operators, see [12].

2.1. Conformal invariance. Let v : ¥ — R be a real-valued smooth function
on Y and denote by § = e 2*g the conformally equivalent metric on Y. For any
vector field V, consider the conformally equivalent vector field V = e*V. Then

gV =g(V.v).
A similar relation holds for any k-form @, namely denoting by & := e **w, we
have
80, 0) = g(w,v),
where now by abuse of notation, g and g denote the Riemannian metrics induced on

the exterior powers of the cotangent bundle.
We have the Clifford representations

¢:(TM, g) — End(S) and ¢ : (TM, §) — End(S),

and the induced ones on the exterior powers of the cotangent bundle. The bundles S
and S are isomorphic and a section ¥ of S corresponds to a section 1@ of S by
composing with this isomorphism.

Hijazi [23] proves that we have for any vector field/differential form

{@) () = c(@) ().
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The conformal invariance statement now can be written as:
Proposition 2.1. Let H = ) jHaj1 be an odd differential form on M and 7 =
¥ + c(H) act on the sections of S. If we set

H, = Ze_(z'j+2)ul‘12j+1 and a{?u = ﬂg + ¢(Hy) : Coo(ﬁ) - Coo(ﬁ)
J

Then for any spinor ,

£ _n—1l, ~ _n+l1 g
m,e” 2 Yy =e 2" dyy.

Proof. We may assume that H is homogeneous of degree k = 2j + 1. Hence

n—1

B2 = # (T 4+ e ")
=y e T e, ()

But
TR () = e* T M (H) (W)
_ e(k—”—;l)ue—(kﬂ)um
— e_("H)/ZC(/H—)W)
This completes the proof. O

We obtain the following immediate corollary.

Corollary 2.2 (Conformal invariance of the index and nullspaces). The following
identities hold:

(1) dim(ker(#%; )) = dim(ker(#5));
(2) Index(#%;,) = Index(#%).

That is, both the dimension of the nullspace and the index of the twisted Dirac
operator 3‘2 are conformal invariants of the pair (H, g).

Let n(ﬂi,) denote the eta invariant of the self-adjoint operator 32. The twisted
(Dirac) rho invariant pyp;, (Y, £, H, g) is defined to be the difference

pspin(Y.E H. 8) = Espin(@5. 8) — Rank(E)Espin(Brr. )
where

Espin(#7. 8) = 5 (dimber @) + n(¥5)).

Here @ g is the same twisted Dirac operator corresponding to the trivial line bundle. It
is sometimes also known in the literature as the relative eta invariant. The following
theorem gives the statement of the conformal invariance with respect to the pair
(H, g) and corrects an error in [10].
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Theorem 2.3 (Conformal invariance of the spin rho invariant). Let Y be a compact,
spin manifold of dimension 2m — 1, £, a flat hermitian vector bundle over Y, and
H = Zij'HszH an odd-degree differential forms on' Y and H»j1 is a real-
valued differential form homogeneous of degree 2j + 1. Then the spin rho invariant
pspin(Y,E, H, g) of the twisted Dirac operator depends only on the conformal class
of the pair (H, g).

Proof. Consider the manifold with boundary X = Y x [0, 1], where the boundary
0X = Y x{0}—Y x{1}. Choose a smooth function a(¢), ¢ € [0, 1] such thata(t) =0
near = 0 and a(f) = 1 neart = 1. Consider the metric 1 = ¢2¢®%(g + dr?)
on X, which is also of product type near the boundary, and let ¥ : X — Y denote
projection onto the first factor. Let H,,, be the form on X, having the property that
it restricts to H on the boundary component ¥ x {0} and it restricts to H,, on the
boundary component ¥ x {1}.

R [01]

Figure 1.

Applying the index theorem for the twisted Dirac operator, Proposition 2.4
in [10], we get

Index (555;’1,*“)’ p;) = Rank(&) /X ol + Epin (@, 8) — Espin(By, . £). (2.2)

On the other hand, applying the same theorem to the trivial bundle Rank(&) of rank
equal to Rank(&), we get

X,Rank(&) +
Index (i, P*)

— Rank(€) /X ol 1 Rank(E) [Expin@s1. 8) — EspinFr )] (23)
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Subtracting the equalities in (2.2) and (2.3) above, we get

,Ospin(Y, £, H, g)— pspin(Y» E, Hy,8)
= tndex (i ), P¥) — ndex (#,2. PT) . 24)

Each of the index terms on the right hand side of (2.4) has been shown in [2] to
be equal to the L2-index of X, which is X together with infinitely long metric
cylinders glued onto it at dX, plus a correction term (the dimension of the space
of, limiting values of right handed spinors). The L2-index is a conformal invariant
of the pair (H, g) by Proposition 2.1, and similarly, the correction term is also a
conformal invariant of the pair (H, g). It follows by (2.4) that

Pspin(Y’ £ H, g) = Pspin(Y’ £, H,, é’),
that is, pspin (Y, E, H, g) is also a conformal invariant of the pair (H, g). O

If we want to use the fact that pyp;, (Y, E, H, g) is a conformal invariant of the
pair (H, g), then we use the notation pspin (Y, E, [H, g]).

Remark 2.4. Notice that even if H is closed, H,, is not closed unless u is constant.
In the sequel, only the case of constant u is thus used when the closeness of H is
necessary.

2.2. Consequences of the R/Z-index theorem. The following is a variant of
Theorem 6.1 in [22]. Notice that we change notation, to be consistent with the rest
of the paper.

Theorem 2.5. Let (Y, S, [) be a geometric K-cycle for BT and let Dp be an
H -twisted Dirac operator for (Y, S, f). Then the reduced H -twisted rho invariant

pspin(y’ g, H) mod Z

depends only on the equivalence class [(Y,S, f)] € K1(BT). In particular, we get
a morphism,
inde : K;(BT) — R/Z

defined by indg (Y., S, f) = pspin(Y.E, H) mod Z.

Proof. By Theorem 6.1 in [22], there is a well defined map from K-homology of BI"
to R/Z which is given by the reduced rho. Since the K-homology class of D equals
that of Dy using Poincaré duality on Y and the fact that these operators have the
same principal symbol, their reduced rho invariants are the same. Hence the real rho
invariants differ by an integer. O
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The following is a generalization of Corollary 6.4 in [22].

Corollary 2.6. The H -twisted rho invariant pspin(Y,E, H, g) mod Z, is indepen-
dent of the choice of H -twisted Dirac operator Dy associated to the geometric
K-cycle (Y, S, f).

In particular,

pspin(Yy £.8)= Pspin(Y, &, H,g) modZ.

One of the goals of this paper is to identify the integer pspin(Y.E, H,g) —
pspin(Y, &, g) as the spectral flow of explicit paths of twisted Dirac operators.
Before that, let us deduce the following corollary of Corollary 2.6 and a result of
Weinberger [53].

Corollary 2.7. Let (Y, g) be a compact spin manifold with a Riemannian metric of
positive scalar curvature. Then the H -twisted rho invariant pgpin(Y,E, H, g) € Q.

Let us also deduce the following corollary of Corollary 2.6 and a result of
Higson—Roe [22].

Corollary 2.8. Let (Y, g) be a compact spin manifold with a Riemannian metric of
positive scalar curvature. Suppose also that the maximal Baum—Connes conjecture
holds for w1 (Y'). Then the H -twisted rho invariant pspin(Y.E, H, g) € Z.

3. Scaling trick & the Bismut—Weitzenbock formulae for odd degree twist

Let Y be a closed, (2m — 1)-dimensional Riemannian spin manifold and H =
> it +1H2j+1 an odd-degree differential form on Y where H>; 1 is a real-valued
differential form of degree 2j + 1. Denote by £ a hermitian flat vector bundle over Y
with the canonical flat connection V¢. Let ¢(H ) be the image of H in the sections
of the Clifford algebra bundle Cliff(7Y). Then V€ + H is a superconnection on the
trivially graded, flat bundle £ over Y. Then (V€ + H)? = dH is the curvature of
the superconnection.

Let #° denote the Dirac operator acting on £-valued spinorson Y. If {eq, ..., e,}
is a local orthonormal basis of 7Y, then we have the expression,

n
1= cle) ViR,

Jj=1

where V5®¢ = VS @ 1 + 1 ® V. The corresponding expression for the twisted

Dirac operator is
n

& S®EH
I =) cle)vieor,
j=1
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where the superconnection VS®&-H = VS @ 1 + 1 ® V&H and the superconnection
VEH s defined in equation (2.1). Let R denotes the scalar curvature of the
Riemannian metric. Then as shown in [13] the twisted spinor Laplacian

n
2
A ==Y (V§j®$ + C(LejH))
j=1

is a positive operator that does not depend on the local orthonormal basis {eq, ..., e,}
of TY . Here (., denotes contraction by the vector ¢;.
Then the following is a consequence of Theorem 1.1 in [13].

Theorem 3.1 (Bismut—Weitzenbock formulae, Theorem 1.1 in [13]). Let H be an
odd degree differential form on Y as above. Then the following identities hold,

£\? e R

(82 ) = A5° + —

o C@H) ()’ + ) e, H)?,

j=1

where RE denotes the scalar curvature of the Riemannian spin manifold Y and
where the following holds,

n
k(k+1)
CHY + 3 clte, HY —c(HY) = Y (D) T (1 = Be(ley ey, - - te) HY).
j=1 J1<j2<jk,k=2
(3.1)
where {ej : j =1,2,...,n}is alocal orthonormal frame.

As a corollary of Theorem 3.1, one has the following special Bismut—Weitzenbock
formula

Theorem 3.2 (Theorem 1.3 in [13], see also [1]). Let H be a differential 3-form
onY. Then

2 RE
(#°) = % + — ~2lHIg +c(dH)

where R$ denotes the scalar curvature of the Riemannian spin manifold Y and |H |
the length of H.

We next establish the invertibility of the twisted Dirac operator under the
hypothesis of positive scalar curvature. Typically, this is achieved directly from
Weitzenbdck type formulae. But this is insufficient in our case, so we have to use the
Bismut—Weitzenbock formula in combination with a scaling trick in order to deduce
the invertibility of the twisted Dirac operator.

Proposition 3.3 (Scaling and invertibility of twisted Dirac). Let Y be a compact
spin manifold of odd dimension and H an odd degree differential form on it as
above (having no degree 1 component). Let g be a Riemannian metric of positive
scalar curvature on Y. Then in the scaled Riemannian metric, 3;‘5’5 is invertible for
allr > 0.
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Remark 3.4. The proofs also show that the twisted Dirac operator 3;?, viewed
as a regular self-adjoint operator on the Mishchenko Hilbert module, is invertible
forr > 0.

Proof. Now suppose that we scale the Riemannian metric g by a positive scalar
r > 0, that is rg. The new scalar curvature R"¥ = R&/r? and since the induced
Riemannian metric on the cotangent bundle 7*Y gets scaled by 1/r, it follows that
the induced Riemannian metric on A2 T17*y gets scaled by 1/ r2k+1 - Consider
first the case when k = 1, that is when H is a degree 3 differential form on Y. Then
by the scaling in section 1 and Theorem 3.2, one has

2
rg,& 2_ rg,& R8 |H|g C(dH)
(95°) = o 2+

Since R® > 0 by hypothesis and since Y is compact, therefore inf(R8) > 0. Then

2
for all r > 0, we see that the operator (ﬂ%rg) > 0 is invertible.

In the general case, when H is an odd degree differential form on Y, we use
Theorem 3.1 instead. Upon scaling the Riemannian metric to rg, where r > 0,

the local orthonormal frame {e; : j = 1,2,...,n} for g gets scaled to the new
local orthonormal frame {% j=12,... ,n} in the scaled Riemannian metric rg.

Then the expression given by equation (3.1) in the scaled Riemannian metric rg
becomes,

k(k+1) _
Z =) 2 A=k)r kC((tejllejz ...leij)z).

J1<J2<Jks
k>2

Since H consists only of odd degree forms, the sum vanishes when k is an even
number. So in our case it reduces to

k(k+1) _
Z -1 2 A=k kC((tejltejz clej, H)?).

J1<J2-<Jk»
k>3,kodd

Then the scaled version the Lichnerowicz—Weitzenbock formula of Theorem 3.1
becomes

£\2 RE k(k+1) _
() = 8%t it Y 0 1 el ey, -ty D)

J1<J2<Jk,
k>3,kodd

+ Y ¥ e (dHy 1) + e(HD),
j>0
where we use the notation of Proposition 2.1. Since R® > 0 by hypothesis and
since Y is compact, therefore inf(R&) > 0. Also all the other terms scale by a power

2
of =3 or higher. Therefore for all » >> 0 the operator (32’”’7) > Oisinvertible. [
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4. Review of the Higson—-Roe exact sequence

We first recall the construction of the Higson—Roe exact sequence and its relation
with the Baum—Connes assembly map. Much of this material is detailed in [22], so
we shall be brief.

Recall the Mishchenko flat line bundle Ly := ¥ xp C*I’" — Y over Y. The
typical fiber of Ly is the C*I"-Hilbert module C *I" itself. We then define the Hilbert
module Hy of L2-sections of the bundle Ly ® S — Y. The Hilbert space of L2-
spinors L2(Y, S) is denoted . If a bounded operator T on § is the reduction mod I'
of a T-invariant operator 7 on C*°(Y, §) then using 7 ® I we see that the operator T
lifts to a bounded operator on the Hilbert module Hy .

Definition 4.1. (1) Define a C*-algebra D (Y) as being the space of bounded
operators 7" on $) such that for any f € C(Y), the commutator [T, f] is a
compact operator.

(2) Define the C*-algebra QF (Y) as the quotient of D (Y') by the ideal C($) of
compact operators.

(3) We define D{(Y') as the space of bounded operators on Hy which are lifts of
operators from D (Y).

It is clear that the lift of such a T is a Hilbert module compact operator on Hy
if and only if 7" is compact on §). Moreover, the quotient of D{.(Y') by the ideal of
Hilbert module compact operators K(Hy ), which can be denoted similarly Qr.(Y),
is actually isomorphic to the C*-algebra Q;l). More generally, for any finite sub
complex X of the classifying space BI', we may defined the Mishchenko flat line
bundle Lx := X xp C*I’" — X over X. If X contains f(Y), then the algebra C(X)
represents in the Hilbert space ) and we can still define the Hilbert module Hy as
the completion of the space

C(X. L) ®cxyxc*r (H® C*T).

Then the C*-algebras D (X), Q¢(X) and Dp(X) are also defined similarly,
see [22]. We thus have the exact sequence:

0 — K(Hx) - Di(X) — DEX/K(Hr) ~ Qa(X) = 0 4.1)

The K-theory K«(D{(X)/K(Hx)) = Ki«(Qg(X)) is easily seen via Pashke
duality to be isomorphic to K41 (X) [42], the only important point here is that §) be
an ample representation of C(X). On the other hand the algebra C(Hx) is Morita
equivalent to C*T" and hence has the same K-theory. Hence the periodic 6-term
exact sequence induced by (4.1) in K-theory thus gives in particular the following
exact sequence

= Ko(X) 53 Ko(C*T) — Ko(DE(X)) — Ki(X) 3 Ki(C*T) — -
(4.2)
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The connecting morphisms px are precisely the Baum—Connes maps in K¢ and K7,
see again [22]. Passing to the direct limit over such finite sub complexes X of BT,
one gets the Higson—Roe exact sequence

<o = Ko(BT) & Ko(C*T) > 81(T) - Ky (BT) 5 Ky (C*T) —> -+ (43)
where we have denoted by S1(I") the group
Si(I) = lin Ko(DH(X)).

Let o : ' — U(rank &) denote the unitary representation determined by the
flat bundle £ over X, and o ke : I' — U(rank £) denote the trivial representation.
Then the induced maps

Ocs, Orankex - Ko(C*I) — Ko(M(rank &£,C)) = Z

where M (rank £, C) denotes matrices over the complex numbers of rank equal to
rank £. Then define the trace

Tre : Ko(C*T) — Z 4.4)

as the difference Tre = Oy — Orank £ -
Our next goal is to recall the definition of the relative trace map Trg : S1(T) —> R
having the key property that the following diagram commutes,

Ko(BT) —X— Ko(C*T) —— S;(I) — K;(BT) —X— K, (C*T)

| - el e |

0 —_— Z —— R —— R/Z —— 0 A

(4.5)
In order to define Trg : S;(I") — R, we need to define a structure group S;(E)
and a natural transformation S;(I') — &1(£) determined by the representa-
tions O¢, Ornke. Then we recall the definition of the geometric structure group
S§°™(E), defined analogously to geometric K-homology and a natural isomor-
phism S;(€) = SF°™(£).  Using the twisted rho invariant, we also have a
morphism p : §§"(€) — R. Finally, the relative trace map Trg : S1(I) — Ris
defined as the composition

S1(T) = 81(€) = S8 (&) 25 R.

Let Hs = C(X,€) ®cx) H and Hranke = C(X,rank &) ®c(x) H. Denote by

D} (X) the C*-algebra

NENrank £

{(Tl, T,) € DY (X) & D} (X) | Ty, T, lift to some common T € D;;(X)}.
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Then define the structure group

81(€) = lim Ko(D; (X)).

e Nrank £

Viewing s = H ®c+r C**€ and Hrae = H c+r CXE | the map T

ag Orank £°

(T®1,T ® I) gives a natural morphism of C*-algebras D{(X) — D};g,ﬁrankg (X)
and hence a natural transformation S;(I") — &;(&).
Definition 4.2. An (odd) geometric £-cycle is a quintuple (Y, S, f, D,n) where
(1) (v,S, f) is a geometric K-cycle for BT.
(2) D is a specific choice of Dirac operator for (Y, S, f).
(3) n is an integer.
Definition 4.3. A geometric E-cycle (Y, S, f, D, n) is a boundary if there is a Dirac

operator Q on a compact manifold W whose boundary is the operator D on Y, if the
map f and the bundle £ extends to W, and if Ind(Q¢, De) —Ind(Qrank &5 Dranke) = 1.

Then one has
Lemma 4.4. If a geometric E-cycle (Y, S, f, D,n) is a boundary, then p(D, f,&) +
n=0.
Definition 4.5. We shall call the quantity p(D, f,£) + n the twisted rho invariant
of the geometric cycle (Y, S, f, D, n). There is an obvious notion of disjoint union
of geometric (£)-cycles. There is also a subtle notion of the negative of a cycle,
(.S, f,.D,n) = (Y,=S, f.—D,ds — dranxg — 1), where d¢ = dimker(D¢) and
dranké’ = dim ker(DrankE)-
Definition 4.6. Two geometric (£)-cycles are bordant if the disjoint union of one
with the negative of the other is a boundary.
Definition 4.7. S£°™ () is the set of equivalence classes of geometric (£)-cycles
under the equivalence relation generated by:

(1) Direct sum/disjoint union. The cycle (M, S'®S”, f, D'@® D", n) is equivalent
toM][M,S'][S”, f]]f.D' & D", n).

(2) Bordism. If (M',S’, f',D’,n’) and (M",S”, f”, D”,n") are bordant, then
they are equivalent.

(3) Vector bundle Modzﬁcation. If (I?, S , f ) is a vector bundle modification
of (¥,S,f)andif D = D ® ¢ + I ® Dy is the specific Dirac operator
that is adapted to the geometry, then (Y, S, f, D,n) and (Y, S, f, D,n) are
equivalent.

The set S§°°™ (€) is an abelian group with addition given by disjoint union.
Then one has

Proposition 4.8. The twisted rho invariant of a geometric (€)-cycle depends only
on the class that the cycle determines in S§°°™ (€).
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Definition 4.9. We define the group homomorphism p : S¥°°™(€) —> R by the
formula
p:(Y,S, f.D,n)— p(D, f.€) + n.

Finally, one has the following

Proposition 4.10. The group homomorphism
SEM(E) — Si(6)

that associates to any geometric (£)-cycle its analytic structure class is an isomor-
phism.

5. Spectral sections and twisted eta invariant

5.1. Review of spectral sections. We gather here some results about noncom-
mutative spectral sections that we use in the sequel. Our main references are
[29,31,41,45,54]. Assume that € is a Hilbert module over a unital C *-algebra A
and denote as usual by B4(€) and C4(¢) the space of adjointable operators on &
and adjointable A-compact operators on &, respectively. We assume that € is a full
Hilbert module, i.e. that the subspace < &, & > is dense in A. Let D be a densely
defined regular self-adjoint operator on &, then we have the well defined bounded
continuous functional calculus of D, see for instance [6,27]. Hence if ys¢ is the
characteristic the APS projection 71 (D) = yso(D) is well defined in B4(€). A
spectral section for D is roughly speaking a projection in B4(&) which differs from
the operator % (I + (I +D?*»)~Y 2D) by an A-compact operator. Let us give a more
precise definition now. A smooth cut is a smooth function y : R — [0, 1] such that
there exist 51 < 5, € R with

x(@) =0fort <s;and y(t) = 1 fort > s,.

Definition 5.1. Let (&, D) be as above. A spectral section for D is a projection
P = P* = P2 in B4(€) such that there exist smooth cuts y1, y2 with y1x2 = x1
and

x1(D)(€) CP(€) C x2(D)(€).

If a spectral section P for D is given then for any continuous function f : R — R
such that lim_o, f/ = 0 and limy, f = 1, the operator P — f(D) is A-compact.
Assume that D has A-compact resolvent, then the Cayley transform operator
(D —il)(D +iI)~! of D differs from the identity operator / by an A-compact
operator, and hence defines an analytic index class ind, (D) in the K-theory group
K1 (K4(€)) >~ K;i(A). Tt is easy to show that the existence of a spectral section
for D implies the vanishing of the index class ind, (D). Conversely, when this index
class vanishes, one can construct a spectral section for D by using an appropriate A-
compact perturbation. More precisely, we have the following result proved in [29]:
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Theorem 5.2. [29] With the above notations, the index class ind, (D) vanishes in
K1 (A) if and only if D admits spectral sections.

The difference between two spectral sections for D is measured by the K-theory
class it defines in Ko(KC4(€)) ~ Ko(A).

The main example for the present paper will be the covering situation I' —
Y — Y of the smooth closed odd-dimensional spin manifold ¥. We then denote
by A = A the group C*-algebra of ' and consider the Mishchenko bundle Ly :=
Y xp C*I' = Y over Y. Then the Dirac operator D = §, acting on the full Hilbert
module Hy = & of L?-sections of the Mishchenko bundle with coefficients in the
spin bundle S, is a regular self-adjoint operator which has compact resolvent. In
fact, one can use the Mishchenko pseudodifferential calculus over Y (corresponding
to the bundle Ly ® S of projective modules over the C *-algebra A) and construct in
this case a smoothing operator C such that § + C is invertible in this calculus. Then
a spectral section for § is simply obtained as the APS projection of this perturbed
Dirac operator. It is then clear that such spectral section exists as a zero-th order
pseudodifterential operator in the Mishchenko calculus. Hence we get in this case
the following equivalence, see [30]

ind,(J) =0 € K;(A) =
# admits a spectral section which is a 0-th order pseudodifferential operator.

If o : I' — U(R) is a unitary representation in some Hilbert space R, then we
may use the composition construction 7 +— T, := T ® [ to transform operators
on the Hilbert module Hy into operators on the Hilbert space Hy ®, K, see for
instance [27]. Then we get the self-adjoint Dirac operator J, and any spectral
section P for @ gives rise to a projection P,. When 8 is finite dimensional, the
self-adjoint Dirac operator d, is just the Dirac operator 35" twisted by the flat vector
bundle & := Y xr £ over Y associated with the representation o and it is hence an
elliptic operator with discrete spectrum. Then, any spectral section P for § gives rise
to a spectral section P := P, for J°° which is nothing but an appropriate smooth
spectral cut.

When 0 = A is the regular left representation of I' in the Hilbert space
£ = (2T, it is easy to identify the Hilbert space Hy ®j ¢>I" with the Hilbert
space L2(Y,S) of L2 spinors on the cover Y [11]. The operator J, is then the
I-invariant Dirac operator over Y. In this case, any spectral section P gives rise to
a ['-invariant projection P, but it is not obvious at all that such spectral section is a
pseudodifferential operator and hence that it belongs to the (maximal) Higson—Roe
algebra. When one works with the reduced Higson—Roe algebra, then the following
is implicitly proved in [45].

Proposition 5.3. [45] Assume that the index class indg (§) vanishes in K1(Cx,T').
Then there exists a spectral section P for § which belongs to the reduced Higson—
Roe C*-algebra.
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Proof. The first observation is that the reduced Higson—Roe algebra Dr"‘e " A(Y) is
composed of operators which are by definition lifts of pseudo local finite propagation
I-invariant operators on the cover ' — ¥ — Y and it can be defined using these
I'-invariant pseudo local operators on the cover Y with finite propagation. Denote
by # the T-invariant Dirac operator acting on the L2-sections of S over Y. When the
index class ind, ) vanishes, one can construct a I'-invariant self-adjoint bounded
perturbation § + A of # which is L2-invertible and composed of pseudo differential
operators (see for instance [31]). The classical theory of pseudo differential operators
then shows that the APS projection (associated the nonnegative L?-spectrum) of
J + A acting over Y is a (I'-invariant) zeroth order pseudo differential operator
which has finite propagation. Lifting this projection as an adjointable operator on
the Mishchenko Hilbert module, we immediately deduce a projection in the reduced
Higson—-Roe C *-algebra Dr*e " A(Y ) which is a particular choice of spectral section
for the Dirac operator. O

Remark 5.4. When the group I' is K-amenable, a simple five-lemma argument
shows that under the assumptions of the previous proposition, one insures the
existence of a K-theory class of a spectral section for the maximal Higson—Roe
algebra D{.(Y)

In the sequel and unless otherwise specified, we shall always assume for
simplicity that our spectral sections belong to the maximal Higson—Roe algebra and
hence define classes in the inductive limit group ST .

5.2. Structures associated with the twisted Dirac operator. We assume as before
that Y is a closed odd-dimensional spin manifold with a universal map f : ¥ — BT
which is uniquely defined up to homotopy. We denote by S — Y the chosen
spin bundle on Y so that the triple (Y, f, S) defines a Baum—-Douglas K-homology
class [Y, f,S] in K{(BT) [7]. This K-homology class can be described in the
Kasparov picture of K-homology by the Dirac operator # on Y. Moreover, for any
complex odd-degree differential form H on Y which satisfies the reality condition in
equation (1.1) (discussed in [10]), the twisted Dirac operator g also represents the
same Kasparov K-homology class [§g] = [#] in K;(Y), and hence also the same
pushforward class fx[dg] = f«[d] € K1 (BT).

The (analytic) index class ind,(dg) of the twisted Dirac operator #g is by
definition the class represented by the Cayley transform (§g — il)(dyg + il)~!
of §g in K1(K(Hy)) ~ K{(C*T'). Consider now the linear path (#,g)o<v<1
of Dirac operators acting on the Mishchenko Hilbert module. The index class of
this path belongs to K (C([0, 1]), C*T") >~ K;(C*TI'). Recall that this index class
vanishes if and only if there exists a spectral section P = (Py)o<y<1 for the global
path (4, H)o<v<1. The operator P, is a zero-th order pseudo differential projection
in the Mishchenko calculus, see [29]. Notice that the index class coincides via the
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isomorphism K;(C([0,1]), C*I") ~ K;(C*TI') with the index class of @, which in
turn is obviously equal to the index class of #z. Hence, when this common index
class vanishes, there also exist spectral sections Q and Qg for the Dirac operators
# and J 5 respectively. But Py is then a second spectral section for § while P; is a
second spectral section for ¢ ;7. Now by definition of spectral sections, the difference
P1 — Qg and the difference Py — Q define Ky-classes of the C *-algebra of compact
operators on the Mishchenko Hilbert module and so of C*T.

Definition 5.5. [54] Assume that the index class Ind, (#) = 0in K;(C*TI"). Then the
higher spectral flow SF((#y1)o<v<1; Q. Qn) of the path (#y5)o<v<1, With respect
to the given spectral sections Q and Qp, is the K-theory class

SF((#vr)o<v<1: Q. Q) :=[Qu — P1] —[Q —Po] € Ko(C*TI').

The notation SF((#yrr)o<v<1; Q, Q) is consistent since the higher spectral
flow does not depend on the choice of global spectral section P = (Py)o<v<1,
[17,29,54]. In the literature, the higher spectral flow usually refers to the Connes—
Chern character of the above K-theory higher spectral flow and so lives in cyclic
homology [8]. In the present paper though, we shall restrict to traces associated with
finite dimensional representations of the group I'.

As recalled above in Subsection 5.1, when ind, (#) = 0in K;(C*T), there exists
a spectral section Q for § which moreover represents a class in S;T'. In the sequel,
it is understood that all spectral sections associated with ¢ or #g belong to D{(Y)
and same for the spectral sections associated with the path (3UH)051,51 which then
belongs to Di(Y x [0, 1]).

Proposition 5.6. Assume that ind,(§) = 0 in K{(C*T). Then:

* Any spectral section Q for § represents a class in Sy(I') which is a pre image
of fx[#] € K1(BT) in the Higson—Roe exact sequence (4.3).

* Given spectral sections Q and Qg for § and # y respectively, the class [Qp]—
[Q] in 81(T) is the image of the class SF((#ym)o<v<1: Q. Qn) € Ko(C*TI)
in the Higson—Roe exact sequence (4.3).

Remark 5.7. In [45], a class [Q] € §;(T") as above is called a rho class associated
with a given perturbation of the Dirac operator.

Proof. As explained in Subsection 5.1, the spectral section Q defines an element of
the inductive limit group S1(I"). To describe a pre image of the K-homology class
[4] € K1(Y) living in K (DL (Y)), we denote by ¢ the smooth function defined by

1 1
¢(t) := —arctan(¢t) + —.
b4 2

We then deﬁneNthe operator P = @(#). By [21] (see also [45][P{0positi0n 2.8]),
we know that P € D[Y. Consider the affine path y which joins P to Q in DY
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An easy uniform convergence argument shows that for any 7, the operator 277
differs from the identity by a compact operator. Therefore, using [22][Lemma 7.4],
we deduce that the path y defines a class in S;(I") whose image is the class of the
Cayley transform of §. The path y being homotopic to the constant path equal to Q,
we see that its class also coincides with the class defined by the projection Q. This
eventually shows that the projection Q represents a class in the inductive limit S;T"
which is sent to the class fx[d] in K1(BT) in the Higson—Roe exact sequence.

Choose again a global spectral section P = (Py)o<y<1 for the family (#y1)o<v<1,
which again lives in DE(Y x [0,1]). Then the class SF((#yr)o<v<1: Q. Q) €
Ko(C*T) is [Qu — Pi1] — [Q — Po]. This class is sent to the class in Ko(D{(Y))
given by

(1Lu]—=[QD — ([P1] = [PoD.

But the projections Py and P; define the same class in Ko(Df(Y)), hence the
spectral flow SF((dyg)o<v<1: Q. Q) is sent to the class [Qg] — [Q] in S;(T) as
claimed. O

Recall from equation (4.4), the definition of the additive maps Tre on Ko(C*T")
and on S;T. In [22], these maps were denoted respectively Try, — Tty, and Trg, o,
where 07 is the monodromy representation associated with the flat bundle £ while o,
is the trivial representation corresponding to Rank(&).

Corollary 5.8. We keep the notations of the previous proposition. Denote by Q%
and Ql}j‘“kg the spectral sections obtained from Qg through the representation
defining the flat bundle £ and the trivial bundle Rank & respectively. Define in
the same way QF and QR out of the spectral section Q. Then the image
n(H,E,Q,Qp) of the higher spectral flow SF((Jym)o<v<i: Q. Qu) under the
trace map Tre is the difference of spectral flows

SE((FS 1) 0<v<1: OF, Q%) — SE(FrerF)o<u<r: QRUKE QRankE)
More precisely, for any choice of a global spectral section P we have
n(H.£.Q.Qn) = [Tr(Qy —PY) — Te(Q° — F5)]
_ [Tr(Ql}_IankE — pRank€) _ y(QRanke _ P&““kf)]
- Sf((aiH)Ofvfl; o, ngﬁl) - Sf((aﬁzlkg)osvsu QRank & Ql};mkg)

Proof. We use the second item of Proposition 5.6 and the commutativity of the
following diagram (proved in [22]):

KO(C*F) SIF
l TI'g l TI‘g
Z R
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to deduce that

Tre (SF((#om o<v<1; Q, Qn)) = [Tr(QY — Py) — Tr(Q° — P§)]
— [Tr(Ql}_IankE _ Pi{anké') _ Tr(QRankE _ aP(l)(ankS)]

But observe that

TrE(SF((avH)Osvsl; Q,9H)) = Sf((ﬂiy)ogvsﬁ Qg, ‘}:1)

— ST ) g <y<y; QROKE QRankE)
]

Proposition 5.9. Assume that the Baum—Connes assembly map u : K.(BI') —
K« (C*T) is an isomorphism. Then for any odd differential form H satisfying as
above the reality condition 1.1, any hermitian flat bundle £ over the closed spin
manifold Y and for any spectral sections Q and Qp for the operators § and gy
respectively, we have:

SE(#o ) o<v<ts QF, Q%) = Rank(E) x st((Fom)o<v<1; O, On),

In particular, Sf((aiH)Ofvsl; QF, Q%) only depends on the rank of €.

Proof. If the Baum—Connes map is an isomorphism then S; (") is trivial. We have
seen in the proof of Theorem 5.6 that the image of the class [Qg] — [Q] € S1(T)
under the additive map Tr¢ is precisely the integer n(H, £, O, Q). Therefore, this
latter integer is zero, which shows that

Sf((afH)osvsl; Q% Q%) = Sf((als;lks)%vsl? QRanks Qianke)

But

Sf((aﬁgkg)osusl; QRanke ORank&y — Rank(E) x sf((Fyrr)o<v<1; Q. Qu). O

Notice that for any 0 < v < 1, the spectra of the operators afH and aﬁzlkg are

discrete. hence the spectral sections Q%, Q%;, QR*¢€ and QXK€ correspond to cuts
in the spectra.

Remark 5.10. If we use the spectral sections 7. (#) := 1[0,+oo)(8£) and
(@5 = 1[0,+oo)(32) for the endpoints #° and #%, then the spectral flow
SE(Fop o<zt T4 (8°)., 74 (#)) will simply be denoted by sf((#)o<v<1). No-
tice that when 35 and ﬂz are invertible, this spectral flow coincides with the usual

APS spectral flow (algebraic net number of eigenvalues crossing zero), however the
previous proposition does not a priori hold in general with this APS spectral flow.
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We are now in position to prove the following
Theorem 5.11. We keep the above notations.

(1) Assume that ind,(#) = 0 in K{(C*T"). Then for any £ and H as before, we
have

pepin(Y, &, H) — popin(Y, €) = st(# g )o<v<1) — sE(Fagr” o<v<1)-

(2) In the case that the metric g on Y has positive scalar curvature. Then
/Ospin(Y’ ga H? rg) = pspin(Yy g? g)for all r >> O

In particular, there exists a metric g’ in the conformal class of g such that for
any A > 1, we have pgin(Y,E, H,Ag") = pypin(Y, £, 8).

Proof. Assume that ind,(#) = 0 in K;(C*TI") and choose a global spectral section
P = (Py)o<v<1 for the path (7 )o<v<1 in the Higson-Roe algebra. Then for the
first item we need to prove the relation

Pspin(Y, &, H) — ppin(Y, &) = [Tr <n+(ai1) — Pf) —Tr <n+(35) _ 'pg))]
— [Tr (7T+ @Ry _ P}Qankf,‘) —Tr <n+ (REy _ Pgankg))] ‘

Choose then spectral sections as before and set

£ , Rank £
efq = Q% — 4 (#y) and ef = QRkE (@ ).

Then the couple (e, ef) defines a class of in S;(€) which corresponds to the
integer

ni=Tr(Qf — mr () — Tr (Q™ — m (™).

The geometric class represented by the quintuple (Y, £, S, dg,np) in S§°"(E)
then corresponds to the class

[ (#5), o (@5 + el ef] = [Q%, Q4]

in the analytic structure group Sp(€).
For H = 0, say for the untwisted Dirac operator @, we similarly define a pair
(e1, e2) which represents a class in S1(€) corresponding to the integer

n=Tr (Q'f - n+(a"")) —Tr (QRﬂ“kg — n+(aR*‘“k5)) .

Again the geometric class represented by the quintuple (Y, £, S, #,n) in S§°™(€)
corresponds to the class [QF, QR*€] in the analytic structure group S (€).
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But recall that the additive map Tre : S1(€) — R is precisely defined through
the isomorphism with the geometric structure group and hence that

Tre[Q%, Qfnke] = pspin(Y,E, H) + np and Trg[QF, QRank €] — pspin(Y, E) + n.
On the other hand, using the commutativity of the diagram 4.5, we can write
Tre (SE(Jom)o<v<1: Q. Qm))) = Tre([Qu] — [Q))

and we also have
Tre([Qu] — [Q)) = Tre[Qfy, QF™ ] — Tre[QF, Q%4
On the other hand

Tre (SF((or)o<v<1: Q. Q) = st(F)o<v<1; QF, Q%))

_ Sf((alsgkg)oﬂgu QRankE Ql}_}mkf))‘
Using Corollary 5.8, we deduce
Tre (SE((Jom)o<v<1: Q. Qn)) = n(H.£,Q, Qn).
Gathering all these equalities, we can compute
Pspin(Y,E, H) — pspin(Y,E) +ng —n =n(H,E,Q,Qpn).

But with the choice of the global spectral section P = (Py)o<v<1 in the Mishchenko
calculus, we easily see that

n(H,£,9,9g)— (ng—n)="Tr (n+(ﬂ2) —7315) —Tr (n+(38) —795))

+ Tr (71+ (3Rank5) — P§a“k5)> —Tr (n+ (31;;nk£) — Pi{a“kg) .

Now the path (PS)o<y<1 is a spectral section for the family (85H)05v51. As already
mentioned, the spectral flow sf ((ﬂf H)o<v<1) can be easily proved to coincide with

Tr (i () = PF) =T () = )

for any choice of global spectral section. The same holds for the trivial bundle
Rank £. Hence the conclusion.

We now prove the second item using the first one. When the metric g on ¥
has positive scalar curvature, the index class ind, () vanishes in K;(C*T") so we
can apply the first item. By Corollary 3.3, there exists a constant multiple metric g’
of g (so in particular g’ lives in the conformal class of g) such that for any r > 1, the
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’
operator 3;5 is invertible as a regular operator on the Hilbert module Hy . Moreover,

for such r > 1, the path (32%/)0@51 is composed of invertible operators. If we then
apply the first item for the data associated with the metric rg’, we get for any choice

of global spectral section P now for the path (322)05051:

Pspin (Y. E, H, rg") — pspin (Y, €. 7g")
= [Tr (71+ (3;‘5/’8) — 7315) —Tr (ﬂ+($rg/’5) — 735))]
= [ (e (@) = PRE) — T (e (57 — )|

. . rg’ ., qrg’.€ qrg’,Rank& rg’,Rank £
Now since the Hilbert spaces operators ﬂvz’;i 4 g , 3,51 and ¢ g are

obtained using the composition operation from the Hilbert modules operators d,z
and 4, they are invertible and we know that

Tr (7 (05 ) = PF) = Tr (7 (07) = P§)) = sE(@rfr Dooz) = 0
and

- (7{+ (alg/’RankS) _ ,P}zankg) Ty <JT+ (arg’,Rank 5) _ Pgank g)>

= S5 o<vs1) = 0.
These latter two spectral flows coincide with the corresponding APS spectral flows
(algebraic net number of eigenvalues crossing 0), they are trivial since the paths are
both composed of invertible operators. This ends the proof of Theorem 5.11 since
we know that

pspin(Kgarg,) = Pspin(Y,g7g)- O

Corollary 5.12. Assume that the metric g on Y has positive scalar curvature, that
the group T is torsion free and satisfies the maximal Baum—Connes conjecture, then
forany € and H as before,

Pspin(Y,g, H,rg) =0forallr > 0.

In particular, there exists a metric g’ in the conformal class of g such that for any
A > 1, we have
/Ospin(Y9 E H, Ag/) = 0.

and so pspin(Y,E, H, g') = 0.
Proof. Apply Theorem 5.11 and deduce that
,Ospin(Y’gv H’ g/) = ,Ospin(Y, g’ g)

Then apply the main result in [26] and deduce that pspin(Y,E) = 0, hence the
conclusion. O
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Remark 5.13. From the previous proof, we easily deduce that under the assumptions
of Corollary 5.12 and for any metric g” in the conformal class of g, we have with
the notations of Section 3, pspin(Y,E, Hgr /g, 8") = 0.

Remark 5.14. When H is a closed degree 3 real differential form, we prove a
stronger result in the appendix which uses Proposition 3.1 in [10] and an index
theorem from [32]. The hypothesis is then reduced to the fact that the particular
representation associated with £ be connected to the trivial representation. However,
this method apparently cannot be generalized to higher degree forms H without
proving a local index formula extending the Bismut formula in [13].

A. Vanishing of twisted rho using the representation variety

In this section we give an alternate proof of the vanishing of the rho invariant
of the twisted Dirac operator with coefficients in a flat Hermitian vector bundle
on a compact odd dimensional Riemannian spin manifold Y of positive scalar
curvature in the special case of closed degree 3 differential form twists H, using
the representation variety of I' = 7 (Y) instead. It adapts the approach in [32].

Let R = Hom(T',U(p)) denote the representation variety of I'. We now
construct a generalization of the Poincaré vector bundle P over R. Let ET" — BT
be a principal I'-bundle over the space BI' with contractible total space ET.
Then BT is called the classifying space of the group I'. Let f:Y — BT
be a continuous map classifying the universal I'-covering of Y. We construct a
tautological rank p Hermitian vector bundle P over BI" x R as follows: consider
the action of I" on ET" x R x C? given by

ETxRAXCP xT' — ET xR x C?
((g,0,v),7) — (q7,0,0(T)v)

Define the universal rank p Hermitian vector bundle P over BI' x R to be the
quotient (ET x SR x CP)/I". ‘P has the property that the restriction 77| BI'xo 1S
the flat Hermitian vector bundle over BI" defined by o. Let I denote the closed
unit interval [0,1] and ¥y : I — fR be a smooth path in R joining the unitary
representation ¢ to the trivial representation. Define &€ = (f xy)*P — Y x I tobe
the Hermitian vector bundle over Y x /. By the Kunneth Theorem in cohomology, we
have ch(P) = >, x;&;, where ch(P) is the Chern character of P, x; € H*(BT,R)
and & € H*(R,R). It follows that if y; = f*(x;) and u; = y*(§) ,then
ch(€) = ) ; yipi. Note that the pullback connection makes £ into a Hermitian
vector bundle over ¥ x 1.

Theorem A.1. Let (Y, g) be a smooth compact connected oriented spin manifold of
odd dimension, where g is a Riemannian metric of positive scalar curvature on Y
and H a closed degree 3 differential formon Y. Let I denote the fundamental group
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of Y and o¢ : T' — U(p) a unitary representation that can be connected by a smooth
path y : I — R to the trivial representation in the representation space ‘R. Then for
allr > 0, ,Ospin(Y, gv H, "g) =0

Proof. Observe that the unitary connection induced on £ has curvature which is a
multiple of dt, so that ch(§) = p + ¢1(£), where ¢, () is the first Chern class
of £ and ¢ is the variable on the interval /. It follows that ch(£) = p + yu where
y € HY(Y,R) and u € H'(I,R), as ¢;(£) can be represented by the trace of the
curvature of a unitary connection on £. Since c1(£) = (f x y)*c1(P), we see
that y = f*(x) and u = y*(§) for some x € H'(BI,R) and § € H'(R, R).
Let & denote the flat hermitian bundle over Y determined by the representation
y(t) : T — U(p). By the APS index theorem for manifolds with boundary [2],
combined with Bismut’s local index theorem [13] that determines the integrand for
the H -twisted Dirac operator, we see that

Index (D57, P) = [ A0Y)ch(E) = pupin (V.E. Ho)

Y x I since E(Y x 1) = E(Y). Here //I(Y) is the A-hat characteristic class of Y.
Index(D%,, P) is the index of the H -twisted Dirac operator on Y x I with global
APS boundary conditions. From the discussion above

/m A(Y) ch(€) :fyﬁ(Y)y/IM.

By the results of [4] and [40], it follows that the spectral flow of the path of H -
twisted Dirac operators [I 5 ¢ — %] is equal to Index(D¢,, P). Therefore

S 5t 355 = /Y Ar)y fl 1= papin(Y.E. H. )

Since (Y, g) is a spin Riemannian manifold of positive scalar curvature, it fol-
lows from the work of Gromov and Lawson [20] that [, A(Y)f*(x) =0 for
all x € H'(BT,R). Since g is a metric of positive scalar curvature, then by

Proposition 3.3, we see that for all  >> 0 and for any ¢ € I, dim(ker 8;5’5’) = 0.

This implies that the spectral flow of the family [/ > ¢ ag’g’ ] is zero for any
r> 0.

Therefore we conclude that pgpi, (Y, &, H,rg) = Oforallr > 0asclaimed. [J

Remark A.2. Notice that the maximal Baum—Connes conjecture for C*I" implies
the connectedness of the unitary dual of I". A comparable assumption would be that
the representation variety R of I' is connected.
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