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Characteristic classes of foliations via SAYD-twisted cocycles
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Abstract. We find the first non trivial “SAYD-twisted” cyclic cocycle over the groupoid action
algebra under the symmetry of the affine linear transformations of the Euclidian space. We
apply the cocycle to construct a characteristic map by which we transfer the characteristic
classes of transversely orientable foliations into the cyclic cohomology of the groupoid action
algebra. In codimension 1, our result matches with the (only explicit) computation done by
Connes—Moscovici. We carry out the explicit computation in codimension 2 to present the
transverse fundamental class, the Godbillon—Vey class, and the other four residual classes as
cyclic cocycles on the groupoid action algebra.
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1. Introduction

Following Connes—Moscovici [2], let A := C2°(F*) x T'. Here F'* is the oriented
frame bundle over R”, and T is a discrete subgroup of Diff*(R”"), the group of
orientation preserving diffeomorphisms of R”.

For an arbitrary T', the cyclic cohomology of A is not known [1, Sect. IIL.2].
However, there is a map, even in the level of complexes,

Her(ay, C) oV HP(Ar) (1.1)

WW

H.(F*,C).

from the Gelfand—Fuks cohomology of a,, the Lie algebra of formal vector fields
on R”, that factors through the twisted cohomology computed by the Bott bicomplex
[1, Prop. II1.2.11]. One notes that a basis for the Gelfand—Fuks classes are
known, [4], but it is difficult to transfer them to the cyclic cohomology of A. The
reader is referred to [3] for a complete account of this computation in codimension 1.

The Hopf-cyclic cohomology, invented by Connes—Moscovici [2], made it
possible to have a very explicit characteristic map

Ye: HP(H,Cs) — HP(A), (1.2)

where H := H, is the Connes—Moscovici Hopf algebra of codimension 7, Cg is the
canonical one dimensional SAYD module over A, and 7 is the canonical trace on .A.

Although (1.2) has a simple presentation on the level of complexes, and
HP(H,Cs) is canonically isomorphic to Hgg(a,, C), the isomorphism is not easy to
present [2, 11]. Therefore, from the point of view of (1.2), the obstacle to transfer the
characteristic classes of transversely orientable foliations to the cyclic cohomology
of A is to find a basis of the representatives of the Hopf-cyclic classes of . There
is an intensive ongoing study [9, 10, 11] on the Hopf-cyclic cohomology of the
geometric bicrossed product Hopf algebras such as H.

In the present paper we develop a new characteristic map, whose source is the
Hopf-cyclic cohomology of K := U(g¥,), the enveloping algebra of the general
linear Lie algebra gf,. Since the Hopf algebra /X is not as sophisticated as H, one
expects, by the conservation of work, a more sophisticated characteristic map and
SAYD module than y, and Cgs respectively.

In fact, the first step of our mission was taken in [13], where the authors
showed that the truncated Weil algebra is a Hopf-cyclic complex. As a result, the
characteristic classes of transversely orientable foliations can be calculated from
HC(K,V). Here V := S(g€})zn, the algebra of n-truncated polynomials on g4,
is a canonical and nontrivial SAYD module over K.
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The backbone of this new characteristic map is a SAYD twisted cyclic n-cocycle
¢ € CZ(A, V) by which we apply the cup product introduced in [8] by Khalkhali
and the first named author. We use the explicit formula derived in [12] to compute
the characteristic classes of foliations as cyclic cocycles in HC(A) via

Yo HC*(K, V) — HC*T"(A), x,(x)=xUgp. (1.3)

In order to test our method we first carry out the computation for codimension 1
and observe that our result matches with the classes obtained by Connes—Moscovici
in [3]. The result of [11] shows that the amount of work in codimension 2 is not
comparable with that of codimension 1. However, we completely determine the
representatives of all classes in HC (K, V), in addition to an explicit formula for
@ € HCZ(A, V). Then (1.3) yields our desired cyclic cocycles in HC(A).

Throughout the paper, all vector spaces and their tensor products are over C
unless otherwise is specified. We use the Sweedler’s notation for comultiplication
and coaction. We denote the comultiplication of a coalgebra C by A : C - C ® C
and its action on ¢ € C by A(c) = ca) ® c. The image of v € V under a
left coaction V : V' — C ® V is denoted by V(v) = v__,. ® v_,., summation
suppressed. By the coassociativity, we simply write A(cy) ® co) = cy ® Alc)) =
cy ® c2 ® ¢ . Unless stated otherwise, a Lie algebra g is finite dimensional with
abasis {X; |1 <i <n}andadual basis {6 | 1 <i < n}. In particular, for g = g/,
we use {Y; |1 < i,/ < n} for a basis and {9; |1 <i,j < n} fora dual basis. We
denote the Weil algebra of g by W(g), and W(g)n stands for the n-truncated Weil
algebra of g. We denote the Kronecker symbol by 8; We also adopt the Einstein
summation convention on the repeating indices unless otherwise is stated. Finally,
for the sake of simplicity we use

By() ®++ ® Bo(g) = Y _ sgn(0)By(1) ® +++ ® Bo(g)

o€eSy

for any set of objects {Bj, ..., B;}. Here S, is the group of all permutations on ¢
objects and sgn(o) stands for the signature of .

2. Preliminaries

In this section we recall the definition of Hopf-cyclic cohomology, the Connes—
Moscovici characteristic map, and basics of the cyclic cohomology of Lie algebras.

2.1. Hopf-cyclic cohomology with coefficients. Let H be a Hopf algebra, § :
H — C be a character, and ¢ be a group-like element ¢ € H. The pair (§,0) is
called a modular pair in involution (MPI for short) if

§(c)=1 and S; = Ad,, (2.1)
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where Ad, (h) = cho™!, forany h € H, and Sy is defined by

Ss(h) = 8(hay)S(he), h e H. (2.2)

A vector space V' is called a right-left stable-anti- Yetter—Drinfeld module (SAYD
for short) over H if it is a right H-module, a left H-comodule, and for any v € V
andh e H

V(v-h) = She)v._ . ha) @ v_. - ho, VU_ge *VUo_jo = V. (2.3)

Using § and o one endows °Cs := C with a right module and left comodule
structures over H .
Let V' be a right-left SAYD module over H and C an H-module coalgebra, i.e.
A(h(c)) = ha)(cay) ® hey(czy) and e(h(c)) = e(h)e(c),forh € H andc € C.
We have the cocyclic module

Cu(C.V):=@Cch(C.V). CHC.V):=VeyC®"! (2.4)

q=0

% CL(C V) CETN V), 0<i<g+1
Di(v®HCO®"'®Cq)=U®HCO®"'®A(Ci)®"~®Cq,

(2.5)
0110 @ ®®--®c) =
V. ®@u o ®c' @ @c?®@u__,_ (")),
5, CH(C,V) = CENC, V), 0<j<qg—1 06
50 ® @) =v@r " ® e ® @, '
tg : CH(C, V) — CH(C, V), 0

t;(v ®H AR ®cl) = Vo ®H l®---®cd ®v<_1>(co).

Using the above operators one defines the Hochschild coboundary b and the Connes
boundary operator B,

q+1
b:CH(C.V)—> CHNC. V)., b:=) (=D, (2.8)
i=0
q . .
B:CL(C,V)—CE(C. V), B:= (Z(—l)q’t’)sq_lt. (2.9)
i=0

We denote the cyclic cohomology of Cy (C, V) by HCgx(C, V).
For C = H, with its multiplication as the action, the map
TV ey H®(n+1) N /S H®n’

0 . ny — 0 . 1 . n (210)
Jw®gh ®@---h")=vh'a),®@Sth)-(h &---®h").
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identifies the standard Hopf-cyclic complex (2.4) with

C(H.V):=EDCIUH.V), CUHV):=V®H®. (2.11)
q=0

WO Q@ @h)=vR1Qh ®@---Qh,
%N @ @) =v@h @ @I @ho @ @M,
Upr1W @' ®---@h)=v_,  h' @ @h Q@u__,_,
5,~(v®h1 ®---Qhl) = v h! ®...®8(hj+l)®...®hq,
"' ®---@hl) =v__h'o®Sh'e) o @v__,_).
Let A be a H-module algebra, that is, a (left) H-module and
h(ab) = ha)(a)hey(b), h(l4) =e(h)ly, Yhe H,ae€ A.
Then one endows V ® A®"+! with the action of H as
(W®ad®---®a?) h=vh) ® S(ha+2)a’ @ --- @ S(ha)a?.  (2.12)
We set
CH(A,V) =Homy(V ® A®"*!,C) (2.13)
as the space of H -linear maps. It is checked in [5] that forany v ® @ :== v ® a’ ®
- ®a"t! e V@ A®" 2 the morphisms
Gip)v®A) =9’ ®...0dd T ®...0a"), 0<i<n,
@On+19) (0 ® D) = V. ® (ST (v )a" e’ ®a' ® ... ®a").
i) ®a) =9pwRad’®..0d ®1®...Qa""), 0<i<n-1,
(t)(v®a) =g, (S, )a")®ad’®...®ad"")
define a cocyclic module structure on Cg (A, V), whose cyclic cohomology is

denoted by HCyg (A, V).
One uses HCy(H, V) and HCg (A, V) to define a cup product

HCE(A,V)® HCL(H,V) - HCPTi(4),

whose definition can be found in [12, 8].
As the simplest example, one notes that the cup product with the O-cocycle t €
Cpy (A, “Cs) defines the Connes-Moscovici characteristic map [2, 3],

ye: HC"(H, °Cg) — HC"(A)

2.14
t(M' @)@ ®--- ®a") = t(a®h (@) ... K" (a")). 19
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2.2. Lie algebra (co)homology. In this subsection we summarize our work in [13]
on the cyclic cohomology of Lie algebras with coefficients in SAYD modules.

Let g be a Lie algebra and V be a right g-module. Lets recall the Lie algebra
homology complex

Ca.V)=@PCia V). Cola.V)i=nrTg®V. (2.15)
g0

with the Chevalley—Eilenberg boundary map

OcE

) )
s Oy (g, V)Lcl(g, V)i>V,
q—1
dce(Xo A A Xyo1 ®V) = Z(—l)’XO/\---/\X,- AN ANXgo1 ®@u-X;
i=0

+Z(—1)i+j[X,-,Xj]/\X0/\---/\}A(i/\---/\)A(j/\m/\Xq_l®v. (2.16)

0<i<j<q—1

The homology of the complex (C(g, V'), dcg) is called the Lie algebra homology
of g with coefficients in V/, and it is denoted by He(g, V). In a dual fashion, one
defines the Lie algebra cohomology complex

W(g, V)= @ Wi(g,V), Wi(g,V)=Hom(A%g,V), 2.17)
q>0

where Hom(A9g, V) is the vector space of all alternating linear maps on g®¢ with
values in V. The Chevalley—Eilenberg coboundary

d
v L Wi, V) L w(g, V) 2 (2.18)

is defined by

dep(@)(Xo. ... Xg) = Y (D' a((Xi. X;1. Xo... X XL Xy)

0<i<j=q

q
+Y DX XL Xg) - Xi (2.19)
i=0
Alternatively, we may identify W4(g, V') with A2g* ® V and the coboundary dcg
with

deg()=—-0"®@v-X;, dee(BRv)=dr(B)@v—0 ABRV-X;,
. 1 . .
dr 1 APg* — APTg* dR(9)) = —EC}kW A (2.20)
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The cohomology of the complex (W (g, V'), dcg), the Lie algebra cohomology of g
with coefficients in V, is denoted by H*(g, V).

We are particularly interested in the SAYD modules over the universal enveloping
algebra U(g) of a Lie algebra g, and by [13], such SAYD modules are obtained from
the SAYD modules over the Lie algebra g.

Definition 2.1 ([13]). A vector space V is a left comodule over the Lie algebra g if
there is a linear map

Vg V=gV, Vya(v) = v—11 ® v (2.21)
such that
U—21 A U—11 ® o1 = 0,

where
U-21 @ U-11 @ Voj = U-11 @ (Uo1)—11 & (vio1 oy -

It is clear that left g-comodules and right S(g*)-modules are identical.

Definition 2.2 ([13]). Let V be a right module and left comodule over a Lie
algebra g. We call V' a right-left anti- Yetter—Drinfeld module (AYD module) over g
if

Vg(v - X) =v—1 Qo1 - X + [u—11, X] ® vio1. (2.22)

Moreover, V is called stable if
Vo - v—11 = 0. (2.23)

Finally, V is said to be unimodular stable if V_g is stable,where § := Troad : g —
C, and V_g is the deformation of V' via

vaX i =v-X—=5§6X)v.

Example 2.3. The truncated polynomial algebra V' = S(g* 2.1, of a Lie algebra g, is
aunimodular SAYD module over g with the coadjoint action and the Koszul coaction
defined by

n
Vk:V—>g®V. Vg@) =) X;®ub. (2.24)
i=1

Next, by using SAYD modules, we generalize the Lie algebra (co)homology
complexes. Let us start with the Lie algebra homology by introducing the complex

CeV)=EPrg®V. 0:=0c+k (2.25)

i>0
with the Chevalley—Eilenberg boundary and the Koszul coboundary

Ok : Cu(9.V) = Cuyi1(g. V), k(e ® V) = v—11 A e ® Vo). (2.26)
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Applying the Poincaré duality, see [13, Prop. 4.4], we obtain

W@ V)=PAg*®V.  d:=dc+dk (2.27)

i>0
where dcg : W"(g, V) — W"T1(g, V) is the Chevalley—-Eilenberg coboundary and
dx : W(g, V) — W' (g, V), dx(a ® v) = t(v—1) (@) ® v

is the Koszul boundary, ¢ (X) being the contraction by X.

In particular, we recover the (truncated) Weil algebra [13]:

W(g. S(g")) = W(g). W(g. S(g"2m) = W(gkan. (2.28)

3. SAYD-twisted cyclic cocycles

In this section we fix K to be a cocommutative Hopf subalgebra of a Hopf algebra H,
A an H-module algebra, and V' a SAYD module over K. We aim to develop a
machinery to produce cyclic cocycles in HCg(A, V). In the first subsection we
introduce equivariant Hopf-cyclic cohomology HCx (H, V, N), where N isa SAYD
module over H. In the second subsection we construct a cup product

HCEZ(H,V,N)® HCL(A,N) — HCEYY (A, V).

In the third and fourth subsections we apply the results of the first two subsections
to produce a nontrivial SAYD-twisted cyclic cocycle over the groupoid action
algebra under the symmetry of the general linear Lie algebra with coefficients in
the truncated polynomials on this Lie algebra.

3.1. Equivariant Hopf-cyclic cohomology. For a SAYD module N over H and a
module-comodule V over K we define the graded space

Ck(H.V.N) =@ CL(H.V.N),
40 (3.1)
C?:=CL(H,V,N):=Homg(V,N @ H®I*").

More precisely, ¢ € C? if and only if for any u € K and any v € V
p(-u) =¢)-u, (3.2)
where the right action of K on N ® g H®4™1 is the usual diagonal action, i.e.

n@gh’ @ - ®@h?)-u=nohu ® @ hugs. (3.3)
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For ¢ € CI%(H, V,N)and v € V, we use the notation
[—1] [0 lq]
p) =) RuPL) - RP1)". (3.4)
Let us define the morphisms d; : C¢ — C4T1, sj:C1 — C97L, and tg 1 C1 —C1

as

di(p)(v) =0 (p(v)), 0=<i=<gq
dg+1(9)(v) = 0g+1(P(v.)) < S(v__,.),

. (3.5)
si@)v) =s5;(p(), 0=j=g-1,
tq(@) (V) = tg(¢(v.)) < S(v__.),
where the right action < of K on N ® g H®4T1 is defined by
n@ph’ @ @h)qu=n@gh’ Q- @h"®@hlu,  (3.6)

and the morphisms 9;,5; and t are the usual morphisms of the cocyclic module
Cg (H, N) defined in (2.5), (2.6) and (2.7).

Theorem 3.1. IfV and N are SAYD modules over K and H respectively, then the

morphisms d; ., sj and t define a cocyclic module structure on Cx (H,V, N).

Proof. Let us prove that the morphisms d;,s;, and ¢ are well-defined. To this end,
it suffices to check that ¢, dy, and s, are well-defined as the other morphisms are
made of these three. For dy and s, the task is obvious as A : H — H ® H and
¢ : H — C are multiplicative respectively. As for ¢, we have

HP)(v-y) =1(@((V-y) ) <S((V-y)__,2)
= 1(Pp(v_po) - Y@) S (¥3)S(v__; )y

=) " ®n () v ® ...
@) yarn) 9SG ) S, )y
=4 " ®u ) e ® ...
@) i ® ¢(U)[_l]<_1>¢(v)[0] Y S (Ya+3)S(v__,- )y
= " @u 0 0 ® ...
. ® ¢(U)[q] Yar ® ¢(v)[_l]<_]>¢(v)[0]S(v<_1>)y<,,+1)

=1(¢p(v))-y.
(3.7)

In the second and the sixth equalities we use the fact that K is cocommutative.
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Let us next show that Cx (H, V, N) is a cocyclic module, that is,
didi =didj_, 1 < j, S8 = 8iSj4+1, L = ] (3.8)

diSj_l if i < j
sjdi = {1d, ifi=jori=j+1; (3.9)
d,-_lsj if i > j +1

tgridi =dity, 1=<i=<q+1, tyy1do=dss1 (3.10)
tg—18i = Si—1tg, 1<i<gq-—1, lqS0 = Sq—11] (3.11)
(37 =1d, . (3.12)

The equalities (3.8), (3.9) and (3.11) follow directly from their counterparts for
the operators 9;, 5; and t.

We check (3.10) fori = g + 1. Indeed,

tg+1(dg+1($))(v) = tg4+1(dg+1(P) (v )) < S((v_,))
= tq+1(04+1(¢(v<0><0>)) < S(v<0><—1>)) < S(v<—1>)
= tg4+1(0g+1(P (V) < S(v__,.)) < S(v__,.)

[—1] [0] [1]
= tg41 ($00) oo Bt P00 ) @ @ P(0) @

@) @) ) 0 S())
aS(v__,.)
= p(00.) oo @1 P0) ® @ B0 )"
®(0_pe) (V) HS(__,.)
®P(ops) (V) @S (_y)
= (1) o ®H P(0) ® @ D0 )"
®A($00) L d( ) S0,)
=0, ([p000) o @1 900" @ @ B, )
®D(0) b )] aS(_)
= 04 (tg ($(vg2)) < S(v__,2)) = dy(tg($) (V).
(3.13)
As for (3.12), a simple calculation yields
@) = pv.) e 1 D)

L ®P(v)

[—1] [0]
<7q71>¢(v<0>) S(U<71>) ® e

[—1] [q]
<—1>¢(v<0>)q S(v<—q—1>) ® ctt
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[—1] [0]
1> OH ¢(U<0>) S(v<71>) s

e ® ¢(U<0>)[q]S(v<—q—l>)

= ¢(U<0>)_1] QH ¢(v<0>)[0]S(v<71>) X ® ¢(v<0>)[q]S(v<7qfl>)
= ¢(U<0>) : S(U<_1>) = ¢(U<0> : S(U<_1>)) = ¢(U),

= d) (U<0> )[_1]<0> ¢ (U<0> )

[

where the last equality follows from [6, Lemma 4.9]. 0

We denote the cyclic cohomology of Cx(H,V,N) by HCg(H,V,N). One
notes that by taking K = C and V = C the usual Hopf-cyclic cohomology
HC(H, N) is recovered.

3.2. Equivariant characteristic map. Let V' and N be SAYD modules over K
and H respectively. We define

V:CL(H,V,N)® C}(A,N) — CL(A, V), (3.14)
V(@R yY)(v®ao®: - Qay)
=y (@) " @ o) (@) ® ) (1) ® - ® $(v) " (ag)).

One may check that W is a map of cocyclic modules, where on the left hand side
we consider the product of two cocyclic modules. This is enough to produce a
generalization of the cup product in Hopf-cyclic cohomology [8, 12].

We define a bicocyclic module by tensoring (2.13) and (3.1). The bigraded
module in the bidegree (p, ¢) is then defined by

(3.15)

CP := Homg(V,N @y H®?*!) @ Homy (A%4T1 N) (3.16)

g — —
with the horizontal structure 9; = 0; ® Id, 0; = s® Idand 7 = t® Id, and
the vertical structure 10; = Id®0d;, to; = Id®o; and 17 = Id ®7. Obviously

- 5>

(C**, 0,0, 1,19, o, 11) defines a bicocyclic module.
Now let us define the map
U : D? — Homg (V @ A®IH! C), (3.17)
V(@pRVY)(v®ao®- - ®ay)
[-1] 01 [ l4]
=V (@0 ®P() (a0) ®P®) (@) ® - @) (ag)).

where D*® denotes the diagonal of the bicocyclic module C*°. It is a cocyclic module
whose gth component is C? and its cocyclic structure maps are d; := d;0 10;,
0j 1= E)jo toj,and 7 := To 1r.

Proposition 3.2. The map Y, defined in (3.17), is a map of cocyclic modules.
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Proof. Let us first show that W is well-defined. Indeed, using the fact that ¢ is K-
linear, we see that

U(p ® V) (vka) ® S(kig+2)(@®) ® - ® S(ke)(a?))
= Y@ ko) " ® p(vkm) S(ki+2)(@®) ® - ® $p(vkn) " S(ke)(a?))
=Y " ®P®) knSket2)@®) ® - ® $(v) ka1 Skiat2)(@?)
=)V (Pp@Y)(v®a’® - ®a?).

Next, we show that ¥ commutes with the cocyclic structures. To this end, it suffices
to show the commutativity of W with zeroth coface, the last codegeneracy and the
cyclic operator. We check it only for the cyclic operators and leave the rest to the
reader.

f(‘P(¢ ® w))(v ®ad’®-- ®al)
=U(p®Y)(voge ® S, )W) ®a’® - ®al™")
=Y (pv) | ®Pu) ST, ) @)
® () (@) ® - ® ¢vy )" (@)

On the other hand we have

V(tp @ TtyY)(v®a’ ® - ®a?)
=y tp(v) | @) (@) ®- @ th(v)” (@)
=P (P (00n) e ®STHG(pe) )P (gs) e b(v)
S, )@) ® 1) (@) ® - ® () (@)
@) S, ) (@)
® (1) @)@ ®(v.)” (@),

[0]

[

= ‘/f (¢ (U<0> )

The proof is complete in view of S = S, 0

Theorem 3.3. Assume that K is a cocommutative Hopf subalgebra of a Hopf
algebra H, A is a H-module algebra, and V and N are SAYD modules over K
and H respectively. Then the map V defines a cup product

HCEZ(H,V,N)® HCL(A,N) - HCE™(4,V). (3.18)

Proof. Let [p] € HCZ(H,V,N) and [y] € HC}(A,N). Without loss of
generality we assume that ¢ and v are, respectively, cyclic cocycles horizontally
and vertically. This implies that ¢ ® i is a (b, B) cocycle of degree p + ¢ in total
complex of C**. On the other hand, by the cyclic Eilenberg—Zilber theorem [7],
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the total complex of C** is quasi-isomorphic with D* via the Alexander—Whitney
map AW. So, AW (¢ @) is a (b, B) cocycle in D*. Since W is cyclic, we conclude
that W (AW (¢ ® )) defines a class in HCI’éJrq (A, V). O

One notes that for K = C and V' = C, the trivial SAYD module over K, the
above cup product becomes the one defined in [8, 12].

3.3. Equivariant characteristic map for #,. In this subsection we apply the
equivariant characteristic map of Subsection 3.2 to produce the desired cyclic
cocycle on the groupoid action algebra A := C°(F*) x T.

Let us first recall the Connes—Moscovici Hopf algebra H := H,, from [2, 3]. To
this end, let h,, be the Lie algebra generated by

Xe Y/ 80y o licjkby. e =1,....n reN (3.19)
with relations

v/ v =slvi =yl Xl =8X. e Xd =0,

Sineyty = Xepo o Xe 8l ) eyt Sy ] =05
r
j ; (3.20)
— q q
[YI?’ 8;11'2 j3~~-jr] - Z Sjs 5;'11'2 J3eds—1Pis41-dr 8;7 8j1j2 J3eedr?
s=1
Sty oty = Siktntybnryr VT E Sre
As an algebra, H is U(h,) modulo the (Bianchi-type) identities

8ek — 8 = 85k 850 — 854 S5 (3.21)

The coalgebra structure of # is defined by a Leibniz rule that makes .A an H-module
algebra.

In order to describe the action of H explicitly, let us first identify F* with
R” x GL™(n,R) and use the local coordinates (x,y) € FT. A typical element
of the algebra A is a finite sum ) ; fiU;[ , where U;i stands for ¢;' € T and

fi € C(F™T). The elements of H then act as
ad
— M *Y\ . *
Xe=vigon X(FUQ) = Xu(NU;.

V=ylog YU =Y (Y (3.22)
Vi
Sikert, SUG) =Vige .0, (@) f Uy,
where

V;'k .0, (@) = Xg, - Xy (V}k(@),

i -1 1 -1 1 T (3‘23)
Vix@ ) = (v ¢/ (0) 7 0w’ (X) - y); vy
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Therefore, for any a, b € A we have the Leibniz rule
Y/ (ab) = Y/ (a)b + a Y/ (b),
Xi(ab) = Xp(@) b + a Xi(b) + 85.(a) Y/ (). (3.24)
8 (ab) = 85 (a)b + a8 (b).

Accordingly,
AY Y=Y/ @1+1®Y/, (3.25)
AG) =8, @1+ 188, (3.26)
AX) =X ® 1+ 1@ X + 85, @Y/ (3.27)

For simplicity, we will also employ the notation

~ < i
8ktytr =gy gy Yo=Y a= ( j)- (3.28)

Let us also set go := gl,, V = S(g§)[2n) With the canonical SAYD module
structure over K := U(go) as recalled in (2.3), and N = Cg the SAYD module
over H where § : H — C is the character defined on the generators by

S(7) =8/, 8(Xi) =8y, ) =0, 1=<i jkl <n. (3.29)

Applying the cup product (3.18) with the canonical trace 7 € C;_’l (A, N), [2], we
get the characteristic map

X9 HCLH,V,N) — HCL(A, V)

0 v 3.30
G008 = (90 @) ¢ @), O

as a mechanism to obtain “SAYD-twisted” cyclic cocycles. We conclude this
section by the identification of C,‘é(IC, V,N) with (V* @ N ® H®?)%, where
V* = Homg(V,C) and g actson V* @ N @ H®4 via

q
@R1Qh ®--Q@hNZ ==Y ¢R@1Qh" @ - ®adz(h) @ ® h
i=1

+¢QR8Z2)Qh' ®---®h +¢-ZR1®h' ®---®h?. (3.31)
Here, the action of gg on V* is defined by (¢ - Z)(v) = —¢(v - Z). Accordingly, the

aforementioned identification is given by the map
T:(V*®N ®@H®N)" - CL(H,V.N)

3.32
I 1M Q- @h)(v) =p(v) Oy 1y Qh' @ --- ® he. G52
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Proposition 3.4. The map L, defined in (3.32), is an isomorphism of vector spaces.
Proof. Let us first check that Z is well-defined. Indeed,
I(¢R1@h' @ - @ h?)(v- Z)
=¢-2)®uly®h' @ - @ "l

=—(¢-2)(v) ®n 1H®hl®...®hq
q
- _Z(P(v) Onlnu®@h' ® - @adz(h') @ @ h?

i=1

+8(Z2)p(v) @y 1y ®h' @ -+~ ® h?

q
==Y ¢ @u1n®h' @ - ®adz(h') @ ® h
i=1

+ o) ZRQh ®--- @ h?

q
+3 W) ®u 1y ®h' @ ®Zh ® -+ @ hf
i=1
=)y ® - ®@h!)-Z
=Z(¢p1h' ®---® h?)(v))- Z.

Next, we introduce an inverse map for Z. To this end we fix a basis for V, say
{v1,..., v}, with a dual basis {v!,..., v™} for V*. Then,

IV CHH,V,N) - (V*®@ N @ H®?)% (3.33)
T = D v @) 8w 1) ® S@ i) @)
i=1

(o)) @@ g )")

is inverse to Z, and is independent of the choice of bases. 0

As a result, we can transfer the cocyclic structure of Cx(H, V, N) to

EV* NH)™ =& &9:=V*®N®H®)%, (3.34)
q=0

This way we obtain the cocyclic structure with the cofaces
81— & 0<i<qg+]1,
WPRIREN @ @) =¢R10101 ®---@h,
PRI ® @) =1 ® @ AN) @ ® h?,

Wr1(p @11 @ @h!) =vip(i_ ) R1Rh ®@---@h! @ S(vi__,_),
(3.35)
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the codegeneracies
581 — g7, 0<j<qg-—1
509100 @) =9¢p10~h @@/ TH®---@ K,
and the cyclic operator
Tq (€1 — &9,
ORI @ - ®@h1) =vigw_, ) @11 S(h) (3.37)
(PR ®@h®S(i__,)).

(3.36)

3.4. A SAYD-twisted cyclic cocycle in codimension 1. In this subsection we keep
the setting of Subsection 3.3 for n = 1. We construct an explicit equivariant cyclic
1-cocycle p € CL(A, V).

Let {R} be the basis for g} as the dual basis of {¥ := Y '} for go. Letalso {1, R}
be the basis of V and {1*, S} as the dual basis for V' *.

For1*@1® X, S®1®4§; € L, we define

po.¢1:V®A®* > C,
o= 31" ®1® X), ¢1 =S ®1Q ).
Lemma 3.5. The I-cochain ¢o — ¢ is a Hochschild 1-cocycle.

(3.38)

Proof. Using (3.26) and (3.27) we have

b(po — 1) ((al + ) ® ap ® a1 @ az)
= (po — ¢1) (el + BO) ® aoar @ az) — (po — ¢1)((al + BO) @ ap ® araz)
+ (po — 1) (@] + BO) ® azap ® a1) — (po — ¢1)(@ ® Y(az)ao ® ar)
= at(agai1 X(az)) —at(aoX(ai1az)) + at(azaoX(ar)) + ar(¥Y(az)aodi(a1))

— Br(aoai81(az)) + Br(aodi(araz)) — Br(azaodi(ar)) = 0.
(3.39)

O
Proposition 3.6. The [-cocycle ¢y — @1 is cyclic.
Proof. By using the § invariancy of 7, (3.26) and (3.27) we have
1(po — ¢1)((l + f0) @ ag @ a1)

= (po — 1) (@l + B0) ® a1 ® ao) — (po — ¢1)(af ® Y(a1) ® ao)

= at(a1X(ao)) + at(¥Y(a1)d1(ao)) — Br(a161(ao))

= —at(aoX(a1)) + Pr(aodi(ai))

= —(po —¢1)((al + ) ® ap ® ay).
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3.5. A SAYD-twisted cyclic cocycle in codimension 2. As in the previous
subsection, we keep the setting of Subsection 3.3 for n = 2. We introduce an explicit
cyclic 2-cocycle ¢ € CE(A, V).

Let {Ri. | 1 <i,j < 2} be the dual basis of gy with the pairing (¥;/, R;‘) =

8116.8;'. We take
k P
(1)=(5)f 640

as a basis for V' which is simplified by {1, R4, Rab la < b}. The dual basis for V*
is expressed by {1*, S,, Sup |a < b}.

We recall from [13] that the Koszul coaction (2.24) gives rise to a KC-coaction by
the formula

i pk
{I,R’].,Rl R?

1
Vi) =1® 14 Y, ® R* + —Y, Y, ® R,
K() a 2!ab (3.41)

Vk(RY) =1® R* + Y, ® R,
Vi (R?) =1® R®.

We decompose V = Vo @ Vi & V,, where Vo = C(1), V; = C(R?),
and V, = C(R%?). Using this decomposition, any ¥ € Hom(V ® A9t! C) is

decomposed uniquely as ¥ = Yo + V1 + Y2 by ¥; = w|Vi®A®q+l.
We now consider the linear map ¥ : V ® A®3 — C with components

Yo i= )(iq(yl I"®1® Xo1) ® Xo2) + 721" ®1®8%1) ® Xo2)Ya
+ )/31>k RI® 8a0(1)5b0(2)Yb Y, + V41* R1® (Sac(l)a(z) ® Ya) >
v/l = Xiq(ﬂlsa 1R 8‘10(1) ® Xg(z) + /32Sa R1I® XO'(I) ® 8a0(2)
+ B35 ® 1881806 (2) ® Yy + PaSa ® 18 ¥), ® 861876 2)
+ B85S ®1® 8% 1Y ® 8252 + B6Sa ®1® 8%,y Y ® 8% ()
+B7S: @1 ®8%%1) ® 82625 + BsSa ®1® 8%5(1) ® 8%y Vs
+ ﬂ9Sa ®1® A(‘gaa(l)a(z)))v
Yo 1= Xiq (O{lsab ®1® 5“0(1) X 8b0(2) + 028, ®1® 8bo(1) b Sacr(z))’

Our aim is to determine the coefficients «;, B;. yk, such that v is a cyclic 2-
cocycle. To do so we prove a series of technical lemmas.

Lemma 3.7. For any ;, B, vk, (by)2 = 0.

Proof. The result follows directly from the application of the Hochschild cobound-
ary map and the fact that §; are derivations of A. O
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On the next move, we determine «;, 1 < i < 2, in such a way that ¢ € C,% (A, 1)
is a cyclic cocycle on V, @ A®3.

Lemma 3.8. For oy = ap, we have (t), = ¥».

Proof. By definition of the cyclic operator, we have
Y (R ® ap ® a1 ® az) = Y2(R’ ® ax ® ap ® ay). (3.42)
Hence, by the integration by parts property [3, (3.4)],
TY(R® ® ag ® a1 ® az)
_ a b b a
=at <a0(—8 o(1))8 0(2)(a1)a2) +ait (005 o) (a)(=4 a(1))(a2))
+ st (ao(—5ba(1))5aa(2)(al)az) + ant (6105“0(2)(611)(—Sba(l))(02)>

=0T (005ba(1)(01)5aa(2) (02)) + st (a05ao(1)(al)5ba(2)(az)> .

(3.43)

Therefore, (1), = v, if and only if @7 = «5. O
As aresult we set

051 = a2 = 7. (344)

On the next step, we find a constraint on ;s such that v is a Hochschild cocycle
over V; ® A®3.

Lemma 3.9. We have (by); = 0 if and only if

Br—B3+pB7+r=0
B3+ PBs+r=0

—Br—Be+Bg =0
B2 — Bs + Bs (3.45)
Ba—pBs=0
—Ba—PBs =0
—Bs+ p7=0.
Proof. Recalling the Koszul coaction (3.41) in the last coface,
bW(Ra Rap®a; Qa ®as)
= Y1(R? ® apa; @ az ® az) — Y1(R* ® ap @ ara; ® az) (3.46)

+ Y1(R* ® ap ® a1 ® azaz) — Y1(R? ® azap ® a1 ® as)
+ ¥2(R® ® Yy(az)ao ® a; @ az).
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Therefore, as a result of the tracial property [3, Thm. 6] and the faithfulness
[3, (3.12)] of the trace, we have (by); = 0 if and only if

(Bi—B3 +B71+11®8% 1) ®8%0) @ Vs
+ (B3 +Bs + 1)1 ® 81 ® %02 ® Yy
+(—B2— Bs + B)1 ® 8%6(1) ® Vs ® §62)
+ (Ba— B5)1® Yy ® 8% 1) ® 8%5(2)
+ (=B — B ® Y, ® 8% (1) ® 8952
+ (—Bs5 + BN ® 01 ® Yy ® 6052 = 0.

Accordingly, we get the system (3.45). 0

On the next step we determine f;’s in such a way that ¥ € C2(A, V) is a cyclic
cocycle over (V1 & V5) ® A®3.

Lemma 3.10. We have (1)1 = ¥ if and only if

Bi=B2=-r. B3z=PBs=PBs=—Ps=P7=s5,
1 (3.47)

Bs = —r —s, ,39=§r+s.

Proof. By the Koszul coaction, we have
1Y(R* ®ag®a1 ®asz) = Y1 (R ®@ar ®ag ®ar) — Y2 (R ® Yy (az) @ ag ® ay).
Accordingly,

l‘w (Ra ®Rag R ay ®a2) =
B17 (8%5(1)(@0) Xo(2)(a1)az) + B2t (Xo1)(a0)8 5(2)(a1)az)

+ B3t (8% (18 0 2)(@0) Yo (@n)az) + Bat (¥o(@0)8%0 (18" o 2 (@1)a2 )
+ Bst (5aa(1)Yb(ao)5ba(2) (611)02) + Bet <5ba(1)Yb(ao)5aa(2) (al)az)
+ Bt (5aa(1)(ao)5ba(z)Yb(al)az> + Bst (5ba(1)(ao)5ao(z)Yb(a1)az)
+ Bot (A (8% (1)o2)) (a0 ® ar)az) —rt (8“0(1)(ao)Sbg(z)(m)Yb(az))

=17 (861 (@0)85 ) (@1) Yy (a2) ).
(3.48)
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By the integration by parts property, (t¥); = v if and only if

pr1—B2=0
Po—B3+Bs—Ps+ P+ P71 —Ps =0
B1—2B2 +2B4 —2P5 —2Bs —2p9 =0
B2+ Bs+B7+1r=0

Ba— B3+ Bs+ Bs—Bs =0 (3.49)
Bs+PBs+r=0
Bs+PBs+Bs—P7=0

B3 —Ba=0
—B2 + Bs — Ps — 2Py = 0.
Solving the systems (3.45) and (3.49) we obtain (3.47). O

Finally we determine y, | < k < 4 such that y € C ,%(.A, V) is a Hochschild
cocycle.

Lemma 3.11. We have (byr)o = 0 if and only if
Vi=V2=T, VY3=Y4=25. (3.50)
Proof. By the Koszul coaction (3.41),

by (1 ®ap®a; ®ar ®as) =
Vo(l ® apa; ® az ® az) —Yo(l ® ap ® arjaz ® az)
+ VYol ®ap ®ar ® azaz) — Yo(l ® azap ® a; ® az)

1
+ ¥1(R* ® Yq(az)ao ® a1 ® az) — El/fz(Rab ® YpYa(az)ao ® a1 ® az).
As aresult, (byr)o = 0 if and only if

)/1(— 1®68%1) ®Ya ® Xor) + 1 ® Xo1) ®8%%2) ® Ya)
+72(18 8% ® Xo) ® Yo + 18 86(1) @ Ya ® Xo2)
F1®8%0) ® 80 Ya ® Vs +1® 8% ® 8250 ® YbYa>
+ J/s( ~1®8% 18 ) @Y @ Ya — 18 Y, ® 8518 52) ® Ya
— 188V ®8:0) @Y.~ 1881 ® 8,2V ® Y,
—108% )Y ® %1 ® Ya— 18680502 ® 8% 1) Y ® Ya)
— 14l ® A6 5 (1)02) ® Ya =11 ® 85(1) ® Xo2) ® Ya
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+ 1 ® Xo1) ® 8%2) ® Ya + 51 ® 8% 1)8%62) @ ¥ ® ¥,
+51® Yy, ®8%1)80002) ® Ya + 51 @ 8% 1)V ® 8%5(2) ® Yo
—s51® Sb(,(l)Yb ®82) Y, +s1®8%0) ® Sba(z)Yb ® Yq
r
4+ (—r—35)1® Sbg(l) ® 5“0(2)Yb ®RY, + (5 +51® A (5“0(1)0(2)) ®Y,

-
—r1®8% 1) ® 8% ® VY, — S1®A (8% (1yo(2)) ® Yo = 0. (3.51)

Hence we obtain (3.50). O

Proposition 3.12. The cochain  : V®A®3 — Cis a cyclic 2-cocycle if and only if
(3.44), (3.47), and (3.50) are satisfied. The resulting cocycle is then a SAYD-twisted
cyclic cocycle.

Proof. We note that ¥ is a Hochschild cocycle, i.e. byr = (by)o + (b)) 1 + (b)2
= 0, if and only if (by); = 0,1 = 0, 1,2. We see that (b)), = 0 via Lemma 3.7,
(byr); = 0 via Lemma 3.9, (byr)o = 0 via Lemma 3.11.

On the other hand v is cyclic, i.e. Ty = v, if and only if (z¢/), = ¥y,
t =0,1,2. Indeed, for t = 1 Lemma 3.10, for # = 2 Lemma 3.8 yields the claims.
As for t = 0 we have

(1 ®ao®a; ®az) = Yo(l ®az ®ap ®ar) — Y1(R* ® Ya(a2) ® ap ® ay)
V(R © Yy Yoa) @ ao © an).
Accordingly,
(1 ®ap®a; ® az) = (3.52) + (3.53) + (3.54) + (3.55)
with
FT(Xo(l)(ao)Xo(z) (al)az) + rr(5“a(1)(ao)Xa(z) Ya(al)az)

. (3.52)
57 (8% )82 ) Yo (@0) Ya(@1)as ) + 57 (8% o2y (@0) Yalar)as ).

(85 (@0) Xo(a) (@1)Ya(@2) ) + 77 (X1 (@0)8% 2y @) Ya(@2))
= 57(8% 185 o) (@0) Y (@1)Ya(@2)) = 57(¥5(@0)8 5185y (@1)Yala2) )
+ 49782 (@008 62 Y (@1)Ya (@) = 57 (851 Y @0)8] ) (@1)Va(a2))

+ ST<5g(1)Yb (a0)852)(a1)Yalaz)) — ST<5‘10(1)(Cl0)5£(2) Yyp(ar)Yq (az)),
(3.53)
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(—g — S)‘L’(A (8% (1o (2) (a0 ® a1)Ya (612)), (3.54)

and
r r
57 (80 @8] ) (@)Y Ya(a2)) + 377 (851 @0)8 0 (@) Yo Ya(@2) ). (3.55)

Using once again the integration by parts property to put the above expressions into
the standard form t(agh'(a1)h?(az)), we obtain

(1 ®ao ®a; ®az) = Yo(l ®ap ®a; ®az). O
We can simplify this cocycle as follows.
Theorem 3.13. The cochain ¢ = ¢y + @1 + @2 € CA(A, V),
@2 = 13 (Sab ®1®8% 1) ®80) + S ®1®8%:1) ® 5aa(z)) (3.56)

o1 = Xiq( - S ®1Q6%1)® Xo) — Sa ®1Q Xo1) ® §%(2)
3.57)
1 (

~ S, ®1®8% 1) ® 8% Y + ESa ®1® A(S“a(l)a(z)))

9o =13 (1" ®1® Xo(1) ® Xo2) + 1" ®1® 8% 1) ® Xo(2)Ya) (3.58)
is cohomologous to W which is defined in Proposition 3.12.

Proof. As a result of Proposition 3.12 we can write ¥ = r¢ + s¢ for a 2-cochain
¢ = ¢o + ¢1 + ¢2 given by

¢ =0 (3.59)
¢1 = )3 (Sa ®1® 818502 @Y + S, @18 Y, ® 81852

+ 8. ®1® 8% 1)V ®6%602) — Sa ®1® 861y Y5 ® 8%2)

+ 8, ®186% 1) ®8° 52 s — S ®18 851 ® 6% Vs

+5,91® A(5“a(1)a(2)))
(3.60)

Po = 17 (1* ®1® 8% 1)8%2)Ys ® Yo+ 1* ®1® 85 (1)0(2) ® Ya> . (3.61)
We note that
¢1 = X3 (Sa ®1® A (5”0(1)3170(2) Yb) + 8 ®1® A(Saa(l)a(z))) . (3.62)
It is then straightforward to check that the 1-cochain ¢’ = ¢ + ¢} + @5 given by

¢, =0 (3.63)
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¢1 = 1 (Sa ®1® 818 @Y + Sa ®1® 5a0(1)0(2)> (3.64)
¢y =0 (3.65)
is an equivariant cyclic 1-cocycle, and that
b¢' = ¢. (3.66)
O

4. The characteristic map with coefficients

In this section the main object of the paper, which is a characteristic map from the
truncated Weil complex of the Lie algebra gy to the cyclic complex of the algebra A,
is constructed. We illustrate the characteristic map in codimensionsn = 1 andn = 2
and observe that the resulting cocycles in codimension 1 match with those in [2, 3]
by Connes—Moscovici .

Such a characteristic map is obtained by composing a series of maps

H(W(go, V) —L>= H(C(go. V)) == HC(K,V) 2= HC(A). (4.1

As it is shown in [13] the truncated Weil algebra is identical with W(go, V).
The Poincaré isomorphism ©Dp is defined in [13, Prop. 4.4]. The middle quasi-
isomorphism is defined in [13, Thm. 6.2]. Finally the map y,, is given by the cup
product, in the sense of [8, 12], with the SAYD-twisted cyclic cocycle ¢ defined in
Proposition 3.6 for codimension 1, in Theorem 3.13 for codimension 2.

Let us recall the above mentioned cup product from [12]. Let C be a H-module
coalgebra and A be an H-module algebra that are equipped with a mapping

CRA—>A, c®ar>c(a) 4.2)
satisfying the conditions
(h-c)a)=h-(c(a)), cl(ab)=cun(a)x(d), c(1)=-e(c)l. 4.3)
Let also V' be a SAYD module over a Hopf algebra H. One defines
U:CH(C.V)®CH(A, V) — CPTI(A) (4.4)

for any ¢ € Clq{(A,V) andany x = v ®py ' ® - ®@c? € Cﬁ(C, V),

(xU@)ao® - ®apiqg) i=

Y (D)) - - 5@ (05(ptg) - - O5(p+1) X2 G0 ® - ® dpig)). (4.5)
oeSh(p,q)

where (x,a9 ® -+ ® a,) ;= v ®p c®@®) ® --- ® c™(a"), Sh(p, q) is the set of all
(p, q)-shuffle permutations, and o(n) = o(n) — 1.
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Weset C = H := K, V = S(g5)em;, A = A. Then H acts on C via
multiplication, on A as (3.22) , and on V' via the coadjoint action. The construction
yields for any ¢ € C{ (A, V) a characteristic map

Xo : CR(K, V) — C*T"(A). (4.6)

4.1. The characteristic map in codimension 1. In this subsection we use the

SAYD-twisted cyclic cocycle of Proposition 3.6 to illustrate (4.1) in codimension
n=1.

In order to verify that the new characteristic map is geometrically meaningful,

we compare its image with the transverse fundamental class TF = y.(TF) =
1(X®Y -YRX-8§Y®Y) e HC?*(A),

TF(ap Q@ a; ® az)
= t(apX(a1)Y(az)) — t(aoY(a1)X(az)) — t(aod1Y(a1)Y(az2)) (4.7)
and the Godbillon-Vey class GV := y.(GV) = y.(§;) € HC'(A),
GV(ao ® a1) = t(aodi(ar)). (4.8)

The next step is to find the representative cocycles in H(W(go, V), d) of (2.27).
Let {Y'} and {6} be a dual pair of bases for go and gg.
By the Vey basis [4], the cohomology of W(go)z) is spanned by

TF:=1¢€ S(gyhn, GV:=0Q R € g5 ® S(ggh 4.9)
Applying the Poincaré duality [13, Prop. 4.4], we obtain
Dp(1) =Y ®1€go®V, Dp(0@R)=ReV. (4.10)

Proposition 4.1. The Hopf-cyclic cohomology HC(IKC,V) is generated by the
classes

[R] e HCY(KC, V), 4.11)
[1®Y~|—%R®Y2] e HCY(K,V). (4.12)

Proof. 1t is straightforward to check that R € CO(K,V)and 1® Y + JR®Y? €
CY(K, V) are cyclic cocycles. The claim, then follows from the observation

1
w(R) = R, ;L(1®Y+§R®Y2)=1®Y, (4.13)
for the quasi-isomorphism
w:C*(U(g),V) — Co(g, V), (4.14)

which, for any Lie algebra g, is the left inverse of the anti-symmetrization map,
see [3, 13]. ]
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Next, we compute

Xo(0)(ao ®ar) = (p U (0 @ 1))(ap ® ar) = ¢((do(0 ® 1), a0 ® ar))
= @0 ® ap ® a1) = —t(a¢di(ar)),

and in the same way,
1
Ho(1®Y +26® Y?)(ao ® a1 ® az)

1
=Y (-1’ 0)¢((Iz) (1 ® Y + 59 ®Y?).a0 ® a1 ® az))
oeSh(1,1)

= —dop((0;(1 ® Y + %9 ®Y?),a0 ® a1 ® as))
+ 010({(00(1 @ Y + %9 ® Y?),a0 ® a1 ® az))

= (-1 B o ® V(az) ~ 1 ® oY (1) @ s~ 10 ® a0} *(@r) Bz
B %9 ® agar ® Y?(az) — 0 ® agY (a1) ® Y(az))
+o(1®ap ®arY(as) + %9 ® a0 ® a1Y?(az))

= —t(ao¥(a1)X(az)) + t(aoX(a1)Y(a2)) + %T(aoYz(al)&(az))

1
+ Er(aOSI(al)Yz(az)) + t(aoY(a1)d1Y(az)).
As aresult, | .
1o(1®Y + 59 ®Y?) = y.(TF + E1;(811/2)), (4.15)

that is, we obtain the transverse fundamental class up to a coboundary. Similarly we
obtain the Godbillon—Vey class

Xo(0) = —x(GV). (4.16)

4.2. The characteristic map in codimension 2. In this subsection we demonstrate
the machinery we developed in Subsection 3.3 for codimension n = 2. We note that
there is no such computations in the literature that we know of.

Let us fix the following notation

a=Tr=Ri+R€S(@). c2=RR]€S(),
ur =0 +03, ua=0 A0y AOF, =0 AO)AOFAO;
The Vey basis, [4], for W(go )4 is then introduced by

{13 ®ui, ca®ui, c2®@us, ¢} ®w, 02 ® 0}. (4.17)



990 B. Rangipour and S. Siitlii

Next, the Poincaré duality yields the 6 cocycles in the complex C(go, V):
Dp(1) =1 QY AYZAYS AYE,

Dp(c2@u1) =2 @ (YEAY; AYS — Y AYZAYS),
Dp(ci Qui) =i @ (YEAY) AYS =Y AYZAYS),
Dp(c2 @ uz) = 2 ® Y5,
Dp(c] ® w) = cf,
Dp(c2 @ w) = c3.

Letus label Y/ as Yy := Y|, Yo:=Y2, Y3:=Y}, Yq:=Y3

Proposition 4.2. The Hopf-cyclic cohomology HC(K,V) is generated by the
classes

[7F) e HC*K,V)
G7V]:= [ Z (1)t ® (Yo(z) ® Yo3) ® Yo

0ES3
Yoy ®Ys) ® Yg(3)):| € HC3(IC, V),
[(Z1] = [ XS: (D)% ® (Yg(z) ® Ys3) ® Ys(a) 4.18)
(oSN}

—Yo) ® Yo2) ® YJ(S))] € HC?(K, V),
[%5] :=[c2 @ Y4 € HCHK, V),
(%3] := [c}] € HCO(K, V),
[Z4] = [c2] € HCO(KC, V).

Proof. Tt is straightforward to check that #y,..., %4 and 4V are Hopf-cyclic
cocycles and that

u(%1) = Dp(c2 @ uy), W(Z2) = Dp(cz @ uz),
W(%3) = Dp(c] ® w), W(#s) = Dp(c2 @ w),
WGV = Dp(ci @uy).

On the other hand,
(77T = 3 (D018 Yoy ® Yoy & Yo & Yo | € EF?(K.V) (4.19)
g€Sy

is a cyclic cocycle in the E level of the spectral sequence that corresponds to the
natural filtration of V', [13, Thm. 6.2]. Hence

p(T F) = Dp(1).
Therefore, the claim follows from [13, Thm. 6.2]. L]
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In this paper we do not complete the fundamental cocycle as we know its
counterpart as a cyclic cocycle over A by the following argument. Let us recall
the characteristic map

X0 : C(KC, V) — C*T2(A) (4.20)

for the SAYD-twisted cyclic 2-cocycle defined by the Theorem 3.13. To this end, we
first prove a generalization of [3, Prop. 18]. In view of [10], H := H, is realized
as a bicrossed product Hopf algebra U/ >4 F°P. Here F is the commutative algebra
of regular functions on the group of diffeomorphisms which preserve the origin and
with identity Jacobian at the origin, and U = U(g(a"®). The coaction involed in
this bicrossed product realization is recalled below

Vid > FrPeU,  Xe lXe+8,0Y . Y oley/. @421

l
In the following proposition, for any 1 < j < m := n? + n,
VN Z)=Z__,.® ®Z._.®Z . ®1®--®1cH®" (422
Proposition 4.3. The m := n? + n-cochain
TF := (=)™ D' Y " (=1)7v™(Zz°W) ... v(27) e O H! (4.23)
oeSm
is a cyclic m-cocycle whose class [TF|] € HC™(H) corresponds, by the Connes—

Moscovici characteristic map, to the transverse fundamental class [TF] € HC™(A).

Proof. Leta' := f'U; € A, where 0 <i <m, f' € C®(F*)andy €.
Without loss of generality we assume that ¥, ...¥o = Id. The cyclic cocycle
TF € HC™(A) is given by the m-cocycle

TF(a°®-'-®am)=/a0da1~-dam, a’ai=df"U$l_.
F+
In order to prove the claim, we need to find 4°, ..., h™ € H such that
TF@® &+ ®a™) = t(h®(@®) - k™ (@")). (4.24)

Indeed,
/ dOda’ - da™ = / FOUAfY) - (Yo" . Ymet ) AF™)
F+Rn FTRn
- / RO B ) - (W™ . Yt " (f ™))
FiRn

= /(Id®w0*®"'®W0*---Wm—1*)(h0®---®hm)(f°®...®fm)w7

F+Rn
(4.25)
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where the volume form on the frame bundle is

n
w = /\ 6" A /\ a); (ordered lexicographically) (4.26)
i=1

1<i,j<n
In the above computation we use the notations
(@ @) (fO®--® ™) =h°(fO)...hA"(f™).

and similarly for any g°,..., g™ € C®(F™),

Id®Yo* ®--- @ Yo" ... Wm—l*)(go ®---®g™M
= gOWO*(gl) ... WO* - Wm—l*(gm)-

Here y*(g)(x,y) = g(¥(x), ¥'(x) - »).
For any f € C>°(F ™) we have

of . of
df = —dx' + —
f e dx o

dyl = X (10" + ¥/ (/). “.27)

Therefore, for Yo € Diff(R"), and [0, f1 € C®(F™) we have

FO% Sy = oo™ (Xi(f NPo* (6°) + fOvo* (Y (S Dvo* (@)
= fOU (X (SO + £O%0 (Y (f )1 (o) 0F + o)
= 1Yo ® Xi + 85, @ Y/)(f° ® f1)6F
+1RY)(f°® fHe!]
= ([d®Yo*)(X)o_ - ® (X)) (fO ® 1o
+ 1Yo )Y )l ® (V)0 )(f0 ® fHwt.

On the second equality we used [3, (2.16)], and on the third equality we used (3.22).
On the forth equality, the left coaction is (4.21).
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On the other hand we have
(=)D F O (df Yo Y (df ) .. Yo - Y1 *(df™)
= Yo" Ym—t*@f™) . W Y (df D)o (df ) O
= (V0" G ™0 + Yt -+ Yo" (F (f™)
Vi W - Y1) + 1)) -
(VY (X (F2DO + v1ve* () (P i W2y)6F + o))
(Wo" XS DO+ 90 () (SNl 0 + 0))) - £
= (W®Y0" @+ @ Yo" - Y1) { (K)o @+ (Xi)g )6
(e ® - ® () )0} |-
e (X ® (X)L ® (Xi)ge ®1® -+ @ DO
F (V) ® (V) ® (V) @ 1@+ @ D' ]
(XD @ (Xi)p ® 1@ - @ 1)
) @ () ®18--® D) || (/000 /).
(4.28)

On the third equality, we used the cocycle identity [10, (1.16)] in order to obtain the
expressions in H®*1 in the range of the coaction (4.21). We reversed the order of
the multiplication in (4.28) in order to avoid obtaining elements in H®™*1involving
Y/ 8%, € H which do not belong the PBW basis of H, [3, Prop. 3].

The coefficient of the volume form (4.26), which is an element H € H®™*1 can
now be expressed by carrying out the multiplication in (4.28). Let (Z1,...,Z™) =
(X1,..., Xn, Y, ..., Y"), where the right hand side is ordered lexicographically.

Then

H =Y (-1)°v™(z°W)...v(z°™). 4.29)

o€eSm

Finally, as a result of (4.25), (4.28) and (4.29), we have the element

TF := (=)' Y (=1)°v™(Z0W)--. V(Z7) e HEMH (430)

geS,

such that y.(TF) = TF € C™(A). O
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Let us illustrate the proposition for n = 1. We have (Z!,Z?) = (X,Y), m =
12+ 1=2and

TF = (=) Y (-1)°V*(2°V)v(Z2°@)

U€S2

= _((X<—2> ® X<—1> ® X<O>)(Y<—1> ® Y<O> ® 1)

- (Y<72> &® Y<71> ® Y<0>)(X<71> ® X<0> ® 1))
=-1RY®X-1®hYQ®Y -§5QYQRY+I1QRXRY +61 Y ®Y
=I®X®Y-1QY®X-10§5Y®Y.

Next we recall the isomorphism
Ui : C"(H,Cs) - D™(U, F,Cyg)
Uul o f1®...0u" »a f1) =
u1<—n>f1 ®'“®u1<—1> "‘un<—1>fn ®Ml<0> ®”'®un<0>

(4.31)

defined in [10] that identifies the Hopf-cyclic complex C(H, Cs) of the Hopf algebra
‘H = U >4 F with the diagonal subcomplex

D*(U,F,Cs) :=Cs @ F®* QU®". (4.32)

Remark 4.4. The transverse fundamental class [TF] € HC n?+n (Hn,Cs) defined
in (4.23) corresponds to the class

M®Xi A AXy AY] Ao AT, (4.33)
in the total complex C**(g, F,Cs) [10, (3.37)], by the composition of (4.31)
and (4.14).

On the next move, we introduce the commutative diagram

CliC, V) —24 citk3L, Cy) (4.34)

S I

Cj+k(A)

induced by (a decomposition of) the cup product (4.5) via a cyclic cocycle ¢ €
CkE(A, V) in the image of (3.30). Here T : H®/ — CJ(A) is the isomorphism
defined in [3, (3.12)].

We are now ready to prove our claim. On the following proposition, ¢ €
CZ(A, V) is the cyclic cocycle defined in Theorem 3.13.
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Proposition 4.5. The cyclic cohomology class [T F] € HC*(K, V) is mapped by
Yo : HCH(K, V) — HCS(A) to the transverse characteristic class [TF] € HCS(A).

Proof. By the diagram (4.34) we understand that it is enough to observe [x,,(7.7)] =
[TF] € HC®(H). This, in turn, follows from

1o Yia([(Xp (T F)]) = o Ya([TFD) = [1® X1 A Xp AY Avo AYS], (4.35)

thanks to the large kernel of (4.14). Hence the result follows since (1 o ¢ is an
isomorphism on the level of cohomologies. 0

In the following we present the images of the cyclic cocycles ¥, %1, %>,
3 and X4 under the characteristic map y, : C*(KC, V) — C**2(A). We do not
display the detailed account of the computation as it is lengthy and straightforward.

3
Xo@ V) ao®---®as) =Dy » 2-(=1)7 (=) (=)
k=1 1<i, 0.,
j<2 nES2

yH® k(a(2) yH ko (1)) yH (6(1))
{_T(a°81n<1)(“1)51n(2)(“2) k) @Y ik ay @Y k) @ )

7 (08,0 (@DY i ) @208,y (@)Y e (o @)Y i 6 as))

_l’_

k(o (1)) wk(y(1) u"(y(Z))
k(o) wk(o(1)) J w (0(1))
-t (“ 8in @Y i oy @)Y iy @382 (@)Y i o) (@ )>

wk (o) wk (1)) wk(o(1) J
t (a 8in @)Y oy @)Y iy @)Y i (i) (@4)8 n(Z)(a5)>

y @) wE ),y k)

— v (0¥ i o @181 (@208, ) @) Y i o @)Y 1 6 (a5))
yH Ko@) 1k (o (1)) yH K1)

‘ (" o) @8 (@)Y ) (@208, ) @)Y oy (05)>

2 1 1
aOYMk((g((l))))(al)(gm(l)(aZ)YM (o ( ))( )YM Ko ( ))( 4)8]17(2)(“5)

_l’_

H

_l’_

-7

Ky 1) uwk(y(2)

)

k(o) k(o (1)) I (0(1))
( 0Y tic oy @Yt ) @)}, (@3)8], ) (@)Y 1 70 (a ))

w (0(2)) K (o (1) k(o (1)) J
T (40¥ ik gy @)Y ik iy @281 @3)Y i ) (@0)8 n(2>(a5))

1k (a(2) 1k (o (1) uk (o (1)
= (0 ) @Y sy @)Y i ) @811y @), ) @) |-
(4.36)

+
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Xo(P)(ao ® -+ ®az) = Y (—1)°

g€eS»
{ = 1(@083 1) (@)83, 5y (@)Y (@3))
— 1(@0835 (1) (@1)835 (2) (@2) Y5 (a3)) + T(a0835(1) (@1) Y5 (a2)87, (5 (@3))
+ 7082 (1) (1) Y2(@2)8} 3y (@3)) — T (@0 Y2(@1)8Ly (1) (@2)82, (@)

— T(@0Y3(@1)8,1)(@2)83 ) (@3)) .
4.37)

HoP3)(ao @ ar ®az) =Y "2+ (=1)7t(a08},(1) (@18 ) (@2)).  (4.38)

1<i, 0€S>
Jj=<2

3
Y@@ ® -+ ®as) =Y Y (=17 (=1)? (=D*!

k=1 0¥,
nes»

1 2 wk(e() k(@ (1) M"(U(l))
{_’ (a°82n<1>(a1)81n<2)(“2)Yuk( ) @Y iy @Y k) @ )
122 (0(2))( )Yﬂ«k(a(l))( )YM (0'(1)) ))

-7 (a 1n(1)(al)52n(2)(a2)y wk(a(1))

wk(y(1) k(y(2))

t(a 2"(1)(‘11)Y;7k(?((12))))( 2)81n(2)(“3)Y;7k((yc((11))))( )Y,fkk((ya((zl)i) ))
7 (083, 0y @)Y S @8}, o @)V S5 (@)Y o) as))
~ (@t @) Yooy @Y ) @308y @)V i 76 as )
T(a B @)Y e iy @)Y i D @8 ) (@)Y e o) ))
t(a 2’7(1)(‘11)YM’C(U((lz))))( )Yfk(;iﬁgi)( )YMk((yU((zl))))(a“)Sln(z)(05))
+7 (ao o @)Y i ) @)V e ) 3)Y5kk((yg((zl);)(a4)5zn(z)(as))

(c(2) (c(1) ( (1))

-7 (aOYMk(;(l)) (a1)827,(1)(al)(sln(z)(a3)YMk (;7(1)) (Cl YMk(;(Z)) ))
k(o (2) yH K1) wk(o(1)

-t (a 0¥ ik oy @811 420820y (@)Y iy (@)Y i o (a5 )>

k(o (2) (D) ko)
(d Yuk(lf(l)) (a1)82r](1)(a2)YMk(;(1)) (a3)8 n(z)(a4)YMk(y(2)) (615))

)

Y” K@) yH Ko (1))

> “o(1)
7 (@Y gy @80 @)Y gy @382 @)Y i ) (@5)
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1k (o (2)) 1 1k (o (1)) 1k (o (1)) 2
-7 (610 Yﬂk (o (1)) (al)(gzn(]) (aZ)Yuk (y(1)) (613) YMk ¥ (2) (a4)81n(2) (aS)

k (2 ) k 1 k 1
Vi ioy @8 @)Yl @)Y 6 (@083, ) @s)

)

e (ao )
. (aoyuk(0(2))(a1)YMk(0(1))(a2)51 (a3)52 (a4)Y“k(U(l))(a5))
)

a

wk (o (1)) wk (y(1) 2n(1) 17(2) wk(y(2))

Ko (2) o) ()52 i £ )
=t (a7 iy @Y ) @205y @083, @) i 1) as)

)

k(o) k(o (1) 1 k(o (1)) 2
aOYka(O'(l)) (al)Yu,k(y(l)) (a2)8217(1)(a3)YMk(y(2)) (a4)8111(2) (a5))

JGO) K@) (4182 KM, 050
¢ (aoylfk(;u)) @Yy @10 @)Y iy @0)02n2) (“5))

+ 4

W@@) (, yy @)y rFEM) sl 2
oY,k iy @Y k) DYk ) (30029 (1) (@4)1 ) (@)

K@) “@(1) K@) (052 1
¢ ("OY o) @Yy @ iy @351 (@052 0) (aS)) }

)

Finally,

Xo(Za)(ao ® a1 @ as)
=¢(c2Q@aoQa; ®az)

= 3 (1708 1) (@182 2)(@2)) + T(@08%, 1) @183 ) (@)

geSy

(4.40)

Remark 4.6. One knows that the characteristic map y, : C*(H,Cs) — C*(A) is
injective [2]. Since xo (T F), xo(GY), xo(%1), Yo(%2), xo(#3), and x,(#a),
are all in the range of y., as a byproduct of our study in this paper, one calculates
cyclic cocycles representing a basis for HP (H, Cs).
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