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Spectral triples on proper étale groupoids
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Abstract. A proper étale Lie groupoid is modelled as a (noncommutative) spectral geometric
space. The spectral triple is built on the algebra of smooth functions on the groupoid base which
are invariant under the groupoid action. Stiefel-Whitney classes in Lie groupoid cohomology
are introduced to measure the orientability of the tangent bundle and the obstruction to lift
the tangent bundle to a spinor bundle. In the case of an orientable and spin Lie groupoid, an
invariant spinor bundle and an invariant Dirac operator will be constructed. This data gives rise to
a spectral triple. The algebraic orientability axiom in noncommutative geometry is reformulated
to make it compatible with the geometric model.
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1. Introduction

The goal of this work is to take a step towards a unification of Lie groupoid theory
and (noncommutative) spectral geometry. We will restrict the study to the proper
étale Lie groupoids. The classical orbifolds are represented by a Lie groupoid with
these properties [11], [9]. Roughly speaking, orbifold theory is a geometric model for
manifolds subject to local smooth actions of finite group [16]. The essential feature
in this formalism is that one can have several different groups acting on different
regions of the manifolds. The Lie groupoid theory puts the orbifold theory to a more
general geometric context. On the other hand, one can understand Lie groupoids
as “local charts” of differentiable stacks. The dictionary between these two theories
is provided in [1]. In this work, the relationship to yet another geometric theory,
spectral geometry, will be studied. The approach in the spectral geometry is to put
the geometric structures in operator theoretic framework: in the case of compact
manifolds, one can recover the whole riemannian geometry from such data, [4].
This theory is often referred to noncommutative geometry since it allows to study
noncommutative algebras as well, [3]. In fact, some interesting noncommutative
deformations of function algebras on groupoids have been developed recently, see
for example [2]. However, the geometric study of these algebras (in terms of spectral
triples) still lacks the classical limit.
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The spectral geometric model is based on a topological algebra. In this work,
the algebras of interest are the subalgebras of smooth functions on the base of the
groupoids which are invariant under the action of the groupoid arrows. One also
needs a Dirac operator and a complex Hilbert space of spinors. The role of the Dirac
operator is to measure the metric properties. The spinor space has a natural action
by the groupoid arrows which is inherited from the action of the groupoid on the
tangent bundle by the local diffeomorphism associated to the arrows. The spectral
triple model will be based on the invariance under the action.

The approach in this work builds on a localization of a proper étale Lie groupoid.
If the base of a Lie groupoid is given a cover, then one can decompose the manifolds
of arrows to components consisting of the arrows between these cover sheets. This
defines a localization of the whole groupoid structure. We shall use the local structure
for the cohomological classification of vector bundles and for the lifting and reduction
problems of their structure groups. These problems arise in the study of orientability
and spin property on proper étale Lie groupoids. The localization strategy has been
applied elsewhere in the literature, for example in the theory of gerbes and twisted
K-theory on orbifold groupoids, [8], [17].

In the differential geometric context, one can build spinor bundles as follows.
The tangent bundle tX on a manifold X is equipped with a riemannian structure
which gives a reduction for the structure group of X to the orthogonal group O,,.
Provided that X is orientable, the structure group reduces further to SO,. The
obstruction for this reduction is measured by nontriviality of the first Stiefel-Whitney
class w(tX) € H'(X, Z,). The bundle structure and the Stiefel-Whitney class are
convenient to code in a Cech cohomology data associated to a fixed good cover. There
is a covering homomorphism w : Spin,, — SO, and if X is orientable, one can try
to lift the transition cocycle of the bundle t X through @ . The obstruction for this liftis
measured by nontriviality of the second Stiefel-Whitney class wo(tX) € H?(X, Z5)
which is convenient to realize in the Cech cohomology as well. If the obstruction
vanishes one gets a spinor bundle by a reconstruction from the transition cocycle. In
addition, one gets a Dirac operator acting on the spinors and after a Hilbert space
completion, there is a classical spectral triple if X is geodesically complete.

In the case of a proper étale Lie groupoid ® = X, there is a tangent bundle X on
the base manifold X. It is naturally equipped with an action of the groupoid ® by the
local diffeomorphisms associated to the arrows ®. We shall proceed by localizing
the groupoid and writing down a transition cocycle for tX which determines a
class in the groupoid cohomology. The cocycle contains the information of the
topological structure of tX and of the ®-action. The bundle tX can be equipped
with a riemannian structure for which the groupoid acts orthogonally. This leads to
an Oy reduction of the transition cocycle. The SO, reduction is associated to the
orientability of the groupoid. A Stiefel-Whitney class is introduced to measure the
obstruction to be able to do the reduction. Then Spin,, lifting of the SO, valued
cocycles will be studied: this leads to the spin structures and to the second Stiefel—



Spectral triples on proper étale groupoids 1115

Whitney class in the groupoid cohomology. A spinor bundle with a groupoid action
is then reconstructed from the transition cocycles. The space of sections has a
O-invariant subspace which is completed to a Hilbert space. The Dirac operator in
this model is also ®-invariant and therefore acts on the invariant subspace. This will
lead to a spectral triple for the algebra C (X )® — the @-invariant subalgebra of the
algebra of smooth functions.

There is an approach to define spinors on Lie groupoids which applies the theory
of Lie algebroids, [13]. More specifically, the tangent bundle in this formalism is
defined to be the kernel subbundle for the tangent map dt of the target morphism ¢
pulled back to the base by the unit morphism in the Lie groupoid. In the case under
consideration ¢ is a local diffeomorphism and therefore the tangent spaces would be
the zero vector spaces. Therefore this approach would not be useful here.

The structures of spectral triples associated to orbifolds have been studied in [15].
However, in this reference the consideration has been restricted to the global action
orbifolds which are manifolds subject to a global action by a finite group. Itis pointed
out in [15] that in this special case the invariant spectral triple does not satisfy the
algebraic orientability axiom for a spectral triple [4]. We shall reformulate the
algebraic orientation so that the new orientation captures the geometric orientation
of a Lie groupoid. However, the invariant spectral triples do not carry a sufficient
amount of data for one to be able to write down the new orientation in terms of
the invariant structures involved. Therefore an extension for the spectral geometric
model is needed. To this end, we develop an explicit model for a spectral triple on
the smooth convolution algebra C°(®) of an effective proper étale Lie groupoid.
Similar model has been studied in [5].

Acknowledgements. 1 wish to thank Andrzej Sitarz and the referee for valuable
comments leading to several improvements.

Notation. We use the symbol X, to denote a Lie groupoid with a base manifold X
and a manifold of k-times composable arrows X ) for all k € N. We also write
occasionally X(;) = © and X () = X and then use the symbol ® = X to denote the
groupoid. ® and X are locally compact smooth manifolds which are both Hausdorft
and second countable. The target and source maps: s,f : ® — X are smooth
submersions. X, has a simplicial structure. The face maps 3}'( Xy = X—1) are
defined by

(02,...,0%), i=0
«©1....,01) = 1 (01,...,0i-1,0i0i41,0i42,...,0k), I # 0,k (D
(01,...,0%-1), i=k

and the degeneracy maps s}'c : Xy = X(k+1) are defined by
s,ic(al, e 0x) = (01, ....0i—1, 14(5;), Oi, .. ., OF).

1,. denotes the unit morphism at x € X on the base.
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If U and V are subsets in X we define the following subspaces in ®:
Oy =s'(U), OV=r1(V) and O} =s"1U)Nt (V)

If x €e Xand U = V = {x} then OF is the isotropy group at x. The orbit space
(coarse moduli space) of X, is denoted by |®|.

A groupoid X, is proper if (s,7) : ® — X x X is a proper map, and étale if s
and ¢ are local diffeomorphisms. All groupoids are Lie groupoids in this work. The
parameter n will denote the dimension of the base manifold X everywhere below.

2. Local Structure

2.1. Let X, be a Lie groupoid. For each arrow o0 € ©, there is an open
neighborhood U of x and a local section of s, 6 : U — ©, such that 6(x) = o and
t oG is an open embedding. The map & is called a local bisection of ¢. In the case of
an étale Lie groupoid, any two local bisections of an arrow agree on their common
domain. Now the composition

Yo =106 :U — ¢s(U).

defines a local diffeomorphism. Denote by A(®) the set of germs of the local
diffeomorphism arising from the local bisections. An étale Lie groupoid is defined
to be effective if the map ® — A(®) which sends the arrow ¢ to the germ of the
local diffeomorphism ¢ is injective.

Suppose that X, is a proper étale Lie groupoid. For all x € X there is an
open neighborhood U of x such that X, localizes to a transformation groupoid
0% x U = U where ©F is the isotropy group at x. The isotropy group acts on U
through the local diffeomorphisms associated to the local bisections of the arrows
in ®%. The open set U can be taken to be an arbitrarily small euclidean ball so that
the group ©7 acts on it as a finite subgroup in GL,. The orbit space |®| can be given
a structure of an orbifold so that the orbifold charts are determined by these local
action groupoids and by the natural groupoid projection onto the orbit space, [11],
[10].

Consider an open cover {N, : a € [} of the groupoid base X. Since we are
working with manifolds the index set / can be taken to be numerable. The Cech
groupoid X, associated to the open cover is defined by

[Tex, = LN
ab a

where
@%Z = {0 €0 :5(0) € Np,t(c0) € N,}.
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and the source and the target maps are the restrictions of the source and target maps
in ®. The Cech groupoid X, is always Morita equivalent to X,. In particular, the
Lie groupoid cohomology can be computed by passing to a suitable Cech groupoid.
Since we are working with proper étale groupoids, we can always choose an open
cover for X so that the groupoid localizes as a transformation groupoid over each of
its component. Since the components can be chosen to be arbitrarily small euclidean
balls, the cover can be assumed to be good. For the same reason we can assume that
each N, is equipped with its own coordinate functions: ¢, : N, — R". A good
coordinate cover means a cover which is good and its components are equipped with
coordinate functions.

2.2. A vector bundle over a Lie groupoid X, is a smooth vector bundle on the base
with a typical fibre V' which is equipped with a ®-action

e
O —= X

The domain of the action is the fibre product ® ¢x, £ and if 0 € ® is an arrow and u
is a vector in the fibre &, over x € X, then o acts by

(0,ux) = (p(0)uU)gx

so that u, maps to the fibre £, over ox € X and p : ® — GL(V) is required to
satisfy
p(D)plo) = p(ro), p(lx) =t
for all (z,0) € X(2) and unit arrows 1. Here the vector space V' is always taken to
be of finite rank but one can take it to be real or complex.
An inner product in a vector bundle £ over the groupoid X, is a smoothly varying
inner product in the fibres of & which is invariant under the action of ®:

(p(o)ur, p(0)u2)i(0) = (U1, U2)s(0)

for all 0 € ® and vectors uj, u, in the fibre over s(0). One can use the existence
of an ordinary inner product in the bundle £ together with an averaging trick over
the s-fibres of X, to construct a ®-invariant inner product in £. This can be done by
applying a Haar system and a cutoff. A right Haar system is a collection of measures
W = {ix}xex which are supported in ®, = s~ (x) such that:

1. Forall f € CX(©), x — fae®x f(0)ux(do) is smooth function on X .

2. The measures are invariant under the right translations by the arrows:

/ F(00 Yrior (do) = / F(@)tsory(do).

O'E@t(gl) O'E@S(U/)
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A function ¢ : X — Ry is called a cutoff if the integration of ¢ o ¢ over each s-fibre
on X satisfies

/ ¢(t(0)x(do) = 1
0€e®

and for all compact sets K C X, the support of (c o t)|@, is compact. A Haar
measure and a cutoff always exists in a proper Lie groupoid. Now a ®-invariant inner
product can be defined by, [14]:

(v, w5 :/C(t(f))(/)(f)wP(T)w)t(r)//vx(df)

T€EO

if (-, -) is any ordinary smooth inner product in the bundle . In conclusion.

Proposition 1. A vector bundle over a proper étale groupoid can be equipped with
an inner product.

2.3. Let X denote the tangent bundle over the base X. We can apply the elements
of A(®) to define a ®-action on tX. For any arrow ¢ : x — y there is a germ
of local diffeomorphisms ¢, which amounts to define the differential map (d@g)x-
This gives the action

OsXz X 2 (0,[x,v]) = [ox, (dps)x(v)] € TX,

where we have applied a local trivialization of tX around x and ox in the standard
way. This is indeed well defined since for a composable pair (7,0) € X() the
differentials satisfy

(d‘pt)t(a) (d(/)(r)s(a) =d(¢: 0 (/)U)s(a) = d(‘ptoo‘)s(a)-

The last equality holds since the local diffeomorphisms arising from the arrows are
uniquely determined in a neighborhood of s (o). Proposition 1 provides a ®-invariant
real inner product for the bundle tX. A groupoid equipped with an inner product
in X will be referred to a riemannian groupoid.

A riemannian groupoid is defined to be oriented if the base X has a coordinate
system such that, for any arrow ¢ € ©, the Jacobian matrix associated to the linear
transformation

(dps)x 1 TXx = 1 Xox

is an element in the group of invertible linear transformations with positive
determinant GL;'. Notice that this implies that tX is an oriented vector bundle
in the ordinary sense: at each x € X there is the identity morphism 1, and the
local diffeomorphisms associated to the unit arrows are identity maps. Especially the
differentials of the unit maps are simply the Jacobians associated to the coordinate
transformations and in the case of an orientable groupoid it has a GL; reduction
implying that 7X is an orientable in the ordinary sense.
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2.4. The goalin the following is to describe the tangent bundle and the orientability
in terms of cohomology theoretic data. For this we shall apply the sheaf cohomology
theory on Lie groupoids, [1]. This theory is invariant under the Morita equivalences.
The general principle is to work with a double complex in which one of the directions
is determined by a cocycle complex arising from the simplicial structure of the arrows
and another direction is determined by an injective resolution. In the case of a Lie
groupoid, the injective resolutions can be replaced by Cech resolutions, up to an
isomorphism.
Let X, be a Lie groupoid. For all k > 1 we have the k + 1 arrows

8}€ . X(k) — X(k—l)

associated to the simplicial structure, (1). Each X () is a smooth manifold and we
can choose good open covers Ny = {N),i : i € Iy)} for each X ). The index
sets I(x) can be chosen to be countable. Let G denote a sheaf of smooth functions
valued in an abelian group G. The sheaf cohomology groups H *(X., Go) can be
computed from the double complex

T(Sl 9* Tsl 9* T‘gl 9x

v 0 v 1 % 2

C' M. §) — C' Ny §) —— C' M), §) —
Tso o* T80 o* TS() o

v 0 v 1 v 2
C'M). §) —— C'MN). §) —— C'Mz). §) —

where C k(‘ﬁ(l), G) is the space of Cech k-cochains associated to the cover D)
of X(;y and the horizontal coboundary maps are given by

k+1

O =2 (=D @ y)"
i=0

* *

for k > 1 and 85 = r* — s*. The maps §; are the standard Cech coboundary
operators.

It is inconvenient to describe geometric data in terms of cocycles in a double
complex. Given a Lie groupoid X, and a sheaf G as above one can also define the
simplicial cohomology H*(X,, G) which is the cohomology of the complex

* *

C*®(X(), G) —> C®(X(1), G) — C®(X(2), G) —> -+

In general, the simplicial cohomology is not isomorphic to the Lie groupoid
cohomology. For example, any unit groupoid of a manifold has trivial cohomology
in degrees greater than zero. In any case, there is a group homomorphism

it H*(Xe, G) = H*(Xs, Go) (2)
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which maps a cohomology class [g] € H*(X., G) to the bottom row in the double
complex. If all the arrow manifolds X ) are acyclic with respect to the Cech
resolution then the Cech resolutions of the double complex become redundant and
the group homomorphism i is an isomorphism. In an ideal case, this can be arranged
by defining a Cech groupoid as in 2.1 with respect to a suitable open cover of X. It
is known that the groupoids arising from orbifolds have this property, [12].

We use the cohomology theory for classification of vector bundles and in the
study of reduction and lifting problems of their structure groups. Therefore we need
to consider sheafs of smooth functions valued in a nonabelian Lie group G. The
degree one Lie groupoid cohomology groups H! (Xe, Go) are well defined as usual,
see e.g. [18]. When the degree one cohomology is considered, it is sufficient to apply
a simple localization procedure by associating a Cech groupoid to any good open
cover of the base manifold X.

Lemma 1. Let X, be a Cech groupoid associated to a good open cover of X. Then
the group homomorphism i restricts to an isomorphism

i H'(X., G) > H'(X., Go).

Proof. The base X (0 in the Cech groupoid is a disjoint union of contractible sets and
the leftmost Cech resolution in the double complex is acyclic. Any representative f
of a cohomology class in H'(X.,, G.) has components fy; € C! M0y, G) and fio €
C %(M@1), ). By the acyclicity of the Cech resolution, we can find /1 € ¢ "Ny, G)
so that d(h) + f = f’ and f;; = 0 (d denotes the coboundary operator of the
double complex). So any cohomology class in H! ()? o, Ge) can be represented by a
class with a zero component in C! (M0, G). These are in the image of i and so 7 is
surjective.

FQr injectivity, suppose that there are g and g, which represent classes of
H'(X.. ) sothat [i(g1)] = [i(g2)] in H'(Xe. Ga). Thus, i(g1) = i(g2) + d(h)
for some h € C%(MN(), G). Because i(g1) and i(g2) have components only on
the bottom row it follows that §o(2) = 0 and so 4 is a smooth function on X (0)-
Now, g1 = g2 + 95(h) and so [g1] = [g2] in H'(X., G). Therefore i is an
isomorphism. O

It is evident from the proof that the injectivity of the map (2) holds for all
higher degree cohomology groups when § is determined by an abelian group. The
surjectivity does not need to hold.

Let X, be a proper étale groupoid and X. a Cech groupoid associated to a good
coordinate cover {/V, : a € I} of the base X. The tangent bundle 7 X is subject to the
action of the groupoid ® as discussed in 2.3. This action determines the following
structure cocycle

g: l_[ @%Z — GLy,  g(0) = (d¢o)s(o)
ab
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forall 0 € (H)INV“ where the differential is computed with respect to the coordinate
charts in Np and N,. When written out, the cocycle condition is just the compatibility
of the action with the composition of arrows. Thus, g represents a class in
H 1()?., GL,). The components of g arising from the unit arrows of X, have a
special importance. If 1, € @xz this means that p € N, N Np # @ and then

g1p) = dvp = J(p)

is just the usual Jacobian matrix computed from the change of coordinate charts.

Proposition 2. Let Xo be a riemannian proper étale groupoid and X. a Cech
groupoid associated to a good coordinate cover { N, } of the base. Then the structure
cocycle of tX is valued in O,, and if tX is orientable the structure group has an SOy,
reduction.

Proof. The target group of the structure cocycle can be reduced to O, because the ®
action is orthogonal with respect to the riemannian structure. In the orientable case,
the coordinate functions can be chosen so that the structure cocycle gets values in the
group GLI and so the structure group has an SO, reduction. O

In the case of a proper étale action groupoid the orientability implies that the
group acts by orientation-preserving isometries.

One can also reconstruct bundles from the cocycle data. In this process both,
the geometric structure and the ®-action can be recovered. Moreover, only the
cohomology class of the cocycle is important.

Proposition 3. Let X, be the groupoid of Proposition 2. The tangent bundle tX
is fully determined by its structure cocycle g in the simplicial cohomology group
H 1()? e, On). Any element in the cohomology class of g produces a vector bundle
that is isomorphic to tX as a vector bundle over X,.

An isomorphism of vector bundles over a Lie groupoid is an isomorphism of
smooth vector bundles so that the isomorphism commutes with the ®-actions on
both bundles.

Proof. A smooth vector bundle can be reconstructed from the cocycle data in the
standard way. Define the total space of tX by

X = []_[Na x]R"]/~

where ~ is the equivalence relation which is determined by the restriction of the
cocycle g to the unit arrows of X,: if1, € @%Z then g(1,) = (dtp) and

Ny xR" 5 (p,v) ~ (p, (dip)jv) € Ng x R".
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The trivialization ©y, over N, sends a pair (p, v) € N, x R¥ to its equivalence class
[p, v] in the bundle. The ®-action can be reconstructed by setting
o- [p’ U] = [Up’ (d(pﬁ)v]’

for any o € @%Z, p € Np and o(p) € N,. Now the unit arrows of X, act as
identities.
Any cocycle that is cohomologous to g is of the form

g 1_[ @%Z — 0,  with the local components
ab

§'(0) = (fn, 0 1)(0)g(0)(fw, ©5)~ (o)

for any o € @%Z and some smooth functions fy, : N, — O, and fy, : Ny — O,.
When restricted to the unit arrows of X,, the cocycle g’ defines a smooth vector
bundle which is isomorphic to X and which is trivialized by

O, (P, v) = O, (P, [N, (P)V)

over N,. This isomorphism respects the ®-action. Suppose that o € @xz is the
arrow p — op, then
o -y, (p.v) = Py, (op.&'(0)v)
= U, (op. fn,(0p)g(0)v)
= Uy, (op.g(0)v).

and so the bundle isomorphism which changes the trivialization commutes with the
action. U

2.5. Let X, be a proper étale groupoid and X. a Cech groupoid associated to a
good coordinate cover. Consider the exact group extension sequence

1—- 80, - 0, >7Z, >0

in which the second map is the inclusion SO,, < O,,. This induces an exact sequence
in the simplicial sheaf cohomology:

H°(Xe,73) — H'(Xe,50,) — H'(X.,0,) > H'(X..Z,)

The image of the structure cocycle g of X under the map in cohomology ¢« :
H'(X,, 0,) = H'(X.,Z,) which is induced by the quotient map is called the first
Stiefel-Whitney class of X,

g+([g]) = wi(Xo) € H'(X., Zs).

The Stiefel-Whitney class is defined in the simplicial cohomology of the Cech
groupoid X,. Recall that we can map this class to the Lie groupoid cohomology as
in 2.4.
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Proposition 4. The the orientability of X. is equivalent to any of the following:
1. The class w1(Xs) represents the zero element in Hl()?., 7).
2. The class i(w1(Xe)) represents the zero element in I-VII(}?., Zre).

3. There exists a nowhere vanishing and ®-invariant n-form on X.

Proof. The equivalence of the item 1 and the orientability follows from a standard
diagram chase and Proposition 3. The equivalence of 1 and 2 holds since i is a group
isomorphism.

Suppose that X, is orientable. Then X is orientable as a manifold and there is
a nowhere vanishing n-form Q. This n-form is ®-invariant since the determinants
of dy, are equal to 1 for all 0 € ®. So orientability implies 3. It remains to
prove that 3 implies the orientability. Let €2 be a nowhere vanishing ®-invariant
n-form. Fix the coordinate maps ¢, : N, — R” and denote by {x; : 1 <i < n}
the standard euclidean coordinate system in R”. Then ¢} (dx; A -+ Adx,) = faQ2
for some nowhere vanishing function f, on N,. We can assume that all f, are
positive functions. Namely, if f. is negative on N, then we compose ¢, with an
orientation reserving diffeomorphism 7' : R” — R” and replace the coordinate
map with ¢, = T o¢.. Forany o : x — y in @xz there is a locally defined
diffeomoprhism ¢, and the composition ¢, o @5 0 ¢, ! is defined in a neighborhood
of ¢p(x). Then using the ®-invariance we find that

(¢a © Qo °¢b_l)*dx1 A Ndxy = (¢g O¢b_l)*faQ

= (¢5 )" ((fa © 95))
= (fao@s o0 ¢b_1)(¢b_1)*9
1
@] [0}
fa© s _qu dxy A+ Ndxy.
Joo ¢b
Since all f, are positive functions, the transformations d ¢, have positive determinant.
Since o is arbitrary, the orientability of X, follows. O

3. Spinor Bundles

In this section we assume that X, is an orientable proper étale groupoid and X.isa
Cech groupoid constructed from a good coordinate cover {N,} of X.

3.1. Letcl(n) denote a real Clifford algebra generated by an n-dimensional vector
space with a euclidean inner product. The spin group Spin, is a subgroup in
the group of invertibles in cl(n), see [7]. There is a covering homomorphism
w : Spin,, — SO,. We have Spin; = O; and Spin, is isomorphic to SO,. In
the latter case @ is a 2-fold covering homomorphism. For n > 2, w is a universal
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covering map with kernel equal to Z,. The complex spinor module (ps, ¥) is an
irreducible complex representation for the complexification of cl(n). The group
Spin,, acts on the spinor module through its embedding to the Clifford algebra and
this gives the representation

ps : Spin,, - GL(X).

The Clifford algebra is a Spin,-module algebra under the adjoint action of Spin,,.
More precisely, if y : R* — cl(n) ® C is the canonical embedding, then for all
a € Spin, and y(u) € cl(n) ® C we get a group action

Ad(@)y(u) = ay)a™" = y(o(w (a))u)

where p : SO, — SO(R") denotes the representation by matrix multiplication.

The tangent spaces tX, equipped with the riemannian structure determine
n-dimensional Clifford algebras at each x € X.

In the following we shall assume that 7 > 2. Consider the bundle 7.X determined
by the Lie groupoid cocycle g defining a class in H'! ()Z e, SOp). The cocycle g can
be pulled back through the covering morphism @ : Spin,, — SO, which results a
cochain

g:=w"*(g): n@%z — Spin,,.
ab
This set of locally defined functions can be applied to define a bundle of Clifford
algebras over X,. The fibres are the complexified Clifford algebras constructed
from tXx. Under the adjoint action of Spin,, on the Clifford algebra, the center
vanishes implying the relations

Ad(g(7))Ad(g(0)) = Ad(g(r0))
for all composable pairs (t,0) € X ). In fact, this makes Ad(g) a cocycle in the
cohomology group H!(X,, SO(cl(n))) where SO(cl(n)) denotes the sheaf of smooth
functions getting values in the group of orientation preserving rotations on the vector

space cl(n). Now the reconstruction determines a bundle of Clifford algebras which
is trivialized over the cover { N, } and in which the ®-action is defined by

o-[p,up]l =lop, Ad(W*(d(PU)p)(up)]-
foro : p — opand u, is an element in the fibre clc(7X ). Let us denote by CL(X,)

the Clifford bundle.
In the space of sections the ®-action induces a pullback action by

(pg(e)p = Ad(W*(d(Pa)p)_l(eap)§ o.p—a0op.

Given two sections of the Clifford bundle one can apply the Clifford multiplication
fiberwise to define a product in the space of sections. Since the ®-action is the
inverse adjoint action the multiplication and the ®-action commute with each other.
This makes Sec(CL(X,)) a ®-module algebra.
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3.2. The cochain g is not necessarily a cocycle since the kernel of the covering
morphism  is the subgroup Z,. It thus follows that although g is a cocycle its
lift through @ does not need to be. The lifting problem is cohomological in nature.
Associated to the lift there is the short exact sequence of groups

0 — Z; — Spin, — SO, — 1

This group extension sequence induces an exact sequence in the simplicial groupoid
cohomology in the usual sense [1]

HY(Xo,Z2) — H'(Xe, Spin,)) — H'(Xe,50,) — H*(X.,Z2)

The connecting homomorphism 8, : H'(X., 50,) — H?(X..Z>) is the map which
applies the groupoid cohomology coboundary operator to the lifted cochain: §(g) =
0*(£). Therefore the nontriviality of this class is an obstruction to lift g to a groupoid
cocycle and therefore an obstruction to define a spinor bundle with a compatible
®-action by the reconstruction from g. Following the usual terminology we call

8:(g) 1= wa(Xs) € H*(Xa, Zs)

the second Stiefel-Whitney class of the proper étale groupoid X.. If this
class is nontrivial, one gets a groupoid central extension which are classified by
Hz()?., T), [18]. In this case, Z; is viewed as a subgroup in T. The proper étale
groupoid is called spin if w2 (X,) is trivial. The nontrivial cases give rise to groupoid
spin gerbes, although they will not be discussed here.

Proposition 5. Let X, be an orientable proper étale groupoid. The tangent
bundle tX can be lifted to the spinor bundle Fx if and only if one of the following
holds

1. The class w,(X,) represents the zero element in Hz()?., 7).
2. The class i (w2(X.)) represents the zero element in H*(X, Z2a).

Proof. The existence of the lift and 1 are equivalent by the discussion above. The
equivalence of 1 and 2 holds since i is an injective group homomorphism. O

Finally, if n = 1 then cl(1) ® C = C and its irreducible complex representation
is one dimensional. Since X, is orientable, the structure cocycle of tX gets values
in SO; which is the trivial group. Therefore the spinor bundle in this case is just the
trivial complex line bundle over X. Now the ® action simply translates the fibres.

4. Spectral Triple

4.1. Consider a vector bundle & over X,. Let Oyx, § — £ be a left action of
the arrows ® on &. The action restricts to a linear isomorphism between the fibres
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and induces a smooth map ®;x, X — X on the base. For an arrow o0 € ©, we
have a local bisection & defined locally in a neighborhood U, of x and the associated
diffeomorphism ¢,. Given a local section v of & defined in ¢, (Uy) we can pull it
back to U, by

Pt = P E (P 0 9o (p))

where p is associated to the groupoid action, as in 2.3. This can be extended to the
map

of AR (X, 8) gy ) = A(X. ) Uy
@ED)(p,v1, ... vk) = p (G () P96 (), (dpp)vi, ..., (dp)vk)

where A*(X, §) is the space of £-valued differential forms on X and v; are tangent
vectors at p € Uy.

A complex valued smooth function f € C*°(X) is O-invariant if f(x) = f(y)
holds whenever there is an arrow o : x — y. This is equivalent to the invariance
of f under the local pullbacks ¥ applied with the trivial representation p on the
complex line. Denote by C*(X)® the space of ®-invariant functions. A section ¥
in £ is called ®-invariant if it is invariant under the local pullbacks by the local
diffeomorphisms A(®).

Consider a vector bundle & over X,. Then we call a connection V in £ a geometric
connection if it is a connection in the differential geometric sense: V is a linear map
V : Sec(§) — A (X, ) which satisfies the Leibnitz rule

V) =df @y + VW)

forall f € C*°(X) and ¥ € Sec(§).
A groupoid connection in £ is a geometric connection which is invariant under
the pullbacks by the local diffeomorphisms A(®):

‘Pﬁvax (‘/)ﬁ)_l = Vi

forall o € ®,.

Although geometric connections always exist and they form an affine space over
the space of sections of the homomorphism bundle Hom(§, & ® tX*) it is not
obvious that one can always find one with the ®-invariance property. In the case
under consideration they do exist.

Proposition 6. If £ is a smooth vector bundle over a proper étale groupoid Xo. Then
there is a groupoid connection.

Proof. Choose a cutoff ¢ : X — Ry and a Haar system in X, (as defined in 2.2).
Let V be any geometric connection in £. Then define

V;f =/ e) C([(U))‘Pivcx(wﬁ)_lﬂx(d(’)- 3)
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The function ¢ o ¢ has a finite support over each s-fibre ®, and so the integration
with respect to the Haar measure reduces to a finite sum fiberwise. For each x € X
and o € O, the composition ¢ Vo (¢*)~! maps a section of £ at x € X to a section
of A1(X,€) at x € X. Thus V! is a map

Vi :Sec(®)x —> AN(X.E)x

Since the Haar integration is a smooth operation, the assignment x > VI, defines
a smoothly varying section in A!(X, £) for all ¥ € Sec(§).

The linearity of V7! is obvious. For the Leibnitz rule we write locally Vg =
dox + Agx forall 0 € ®,. Then

05 Vox(0h) ™" = p(6) 7 05 (dox + Aox) (95 ")*p(3)
= dx + p(6)"(dp(8))x + p(6) ' 95 Acx (95 ") * P(6)
= dx + p(8)"1(dp(6))x + Ad(p(6)) ™" Ax.
The exterior differential term is constant in the direction of the fibres of s and therefore
the connection V! is of the form d + A’ with AT € A'(X) ® gl,,. A linear map

Sec(&) — A(X, &) of this form satisfies the Leibnitz rule.
For the invariance under A(®), take T € © be the arrow x’ — x. Then

GV (o) = / ()0 Vorw (0" 0l) " 11 (do)
g€e®

_ / (D)0 Vorx (gl ) 1x(do)
0€e®

_ / ) Vo () ()
o€ X/

Suppose that £ has an inner product so that ® acts unitarily (orthogonally in the
real case). The groupoid connection V is called hermitian (riemannian in the real
case), if it is compatible with the inner product in the usual sense:

d(1,V¥2) = (VY1, ¥2) + (Y1, Vir2)

for all smooth sections 1, ¥, of €.

Corollary 1. If & is a smooth vector bundle over a proper étale groupoid Xo. Then
there is a hermitian (riemannian) groupoid connection.

Proof. Given any inner product in § there is always a geometric connection which
satisfies the compatibility condition. When written out in local coordinates, this
means that the connection coeflicients are 1-forms with values in the Lie algebra u,
(05, in the real case). The construction in the Proposition 6 now provides a hermitian
(riemannian) groupoid connection. O
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4.2. Now we proceed towards the main goal. Suppose that X, is an orientable spin
proper étale groupoid. Suppose that 7.X is equipped with a fixed ®-invariant inner
product. Associated to the inner product we have the Clifford bundle CL(7X) and
the spinor bundle Fy over X,. The sections of the Clifford bundle act on the sections
of the spinor bundle. Let us denote by Sec(CL(X))® and Sec(Fx)® the spaces
of smooth sections that are invariant under the action of A(®). Since the action on
the former is by adjugation, it is obvious that the fiberwise Clifford multiplication
determines a module structure:

Sec(CL(7X))® x Sec(Fx)® — Sec(Fx)®.
A groupoid connection in Sec(CL(t X)) clearly restricts to a linear map
Ver : Sec(CL(rX))® — AN(X,CL(zX))®.

The same holds for the groupoid connection V in Fx. If in addition V¢ and V are
compatible with the module structure, then V is called Clifford compatible.

Proposition 7. If X, is an orientable spin proper étale groupoid, then there exists a
Clifford compatible hermitian groupoid connection in the spinor bundle F,.

Proof. We proceed by choosing geometric connections V¢ and V in CL(7X) and
in Fx which are Clifford compatible and V is a hermitian connection. Then we follow
the Proposition 6 and define the invariant connections V¢, and V. It is hermitian
by Corollary 1. For all 0 € O, e € Sec(CL(tX)) and ¢ € Sec(Fx) we have

0iVox(0h) ey = @i Vox (Ad(g}) ') ((0h) "))
= @5 (VeL)ox (Ad(9D) ™) ((0) ™ ¥))
+ @b (Ad(@}) ') Vox (9) ')
= (Ad(¢})(VeL)ox Ad(p}) " () Y
+ eX(q)ﬁvax (¢§)_11ﬁ),
where we have written Ad for the adjoint action of A(®) on the Clifford sections.
Then
Viey) = (Vie)y +eV'y

follows from the formula (3). O

4.3. Letus fix a groupoid riemannian structure in the bundle 7 X over X.. Locally
we can choose n linearly independent vector fields e; of X with the dual vector
fields e with respect to the riemannian structure. Associated to the riemannian
structure we have Clifford and spinor bundles over the groupoid. Let V be a Clifford
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compatible hermitian groupoid connection in Fx. The Dirac operator is a differential
operator 0 : Sec(Fyx) — Sec(Fx) given by

n
0= Z y(ef)Ve,.
i=1

From the point of view of the base manifold X (as an ordinary manifold), 9 is
an ordinary Dirac operator acting on the space of smooth spinor fields as usual.
Fundamental is the following.

Proposition 8. The Dirac operator is invariant under the ®-action. In particular, it
can be restricted to Sec(Fx)®.

Proof. 1If u is a vector field in t X, then the invariance of V implies

(pg' Vuax ((plﬁ)_l = V(d(PU)_lux :

for any 0 € Oy.
It follows

(Pﬁaax (Qoﬁ)_l = Z(Ad(ﬁoi)(y(e;)))oxﬁoz v(e‘i)crx (<P§)_l

i=1

n
Z Ad(P(‘%)_l)V(e?)xV(d(pg)*l (ei)x
i=1

n
= Z V(((d(/’o)_l)e;k)xv(d%)_l(ei)x'
i=1
= 0,.

The last step holds since the element ) ;(e])x ® (e;)x transforms as a trivial
representation under the action of O, for all x € X. O

To make 9 a formally self-adjoint operator we need to set one more condition for
the Clifford structure. Namely, the unit vector fields y (1) in Sec(CL(7X)) need to
act on the spinors unitarily

(Y)Y, y()y2) = (Y1, ¥2).

A O-invariant inner product which satisfies this conditions exists. To see this it is
sufficient to choose an inner product with this property and then average out the ®
action as in Section 2.2. A complex spinor bundle is called a complex Dirac bundle
on X, if it is equipped with a hermitian ®-invariant groupoid connection which is
Clifford compatible, and a ®-invariant inner product which is normalized so that the
units of Sec(CL(7X)) act as unitary transformations.

Let Sec(Fx) denote the space of smooth sections in the spinor bundle and let
(,+) : Sec(Fx) x Sec(Fyx) — C°°(X) be the natural pairing in the fibres.
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Proposition 9. A complex Dirac bundle Fx exists on an orientable spin proper étale
groupoid. The Dirac operator satisfies

(¥1.8Y2) — (BY1. ¥2) = div(V) “4)

where V; € Sec(Fx)® and V is a vector field determined by the condition that
(V, W) = =1, y(W)a) for all vector fields W on X.

Proof. The existence of a complex Dirac bundle is proved above. The second part
can be proved as in the usual geometric case, [7, 11.5.3]. O

Notice that the divergence on the right side of (4) is ® invariant (because the left
side is).

4.4. The Dirac operator 0 fits in the definition of a spectral triple only if we
complete the space of invariant spinor sections in such a way that 9 is a formally
self-adjoint. We exploit the orbifold structure in the orbit space |®| to define an
integration of ®-invariant functions. We restrict to the compact case: X, is defined
to be compact if the orbit space |®| is compact. Compactness is independent on the
Morita equivalence class since the Morita equivalence leaves |®| invariant.

Suppose that X, is compact. If x € X, then the groupoid X, localizes to a
transformation groupoid G x U = U where U is a connected open neighborhood
of x € X. Concretely we have a smooth action of a finite group on the manifold U
and the orbit space |U| = U/ G has a stratification by orbit types. Let U? denote the
preimage of the principal stratum of |U | under the projection. Let k be the order of
the isotropy group G, at some point x € U?. Since the isotropy is constant along the
strata, the choice of x € U? is arbitrary. Suppose that X, is a riemannian groupoid.
Then the invariant riemannian volume form v on X, restricts to a G-invariant volume
form on U and the integration of a G-invariant function on U is defined by

Jod =

where |G| denotes the rank of G (the rank is always finite since the groupoid © is
proper and étale).

Suppose that the cover of X is chosen so that X, localizes to an action groupoid
0% x N, = N, over each N, so that ®Z is an isotropy group at some x € N,
recall 2.1. The image of N, under the groupoid projection, |N,|, is an open subset
of |®|. The subsets | N, | define an open cover of |®]. It is well known in the orbifold
theory that there is a partition of unity: a collection of functions {0, : N, — R}
such that g, is ®%-invariant and

1. 0 <, <1,
2. supp(0q) C N,
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3. ) ,loal(p) =1, forall p € 0|
The function |g,| in the condition 3 is the continuous function on | N,| that is covered
by the ®%-invariant function g, on N, i.e. the value of |g4| at p is equal to the
value of g, at any point in the orbit that is represented by p. Let £ € C*®°(X)®. The
integration of f is defined by

[0 = e [, et

where k&, is the rank of the isotropy along the preimage of the principal stratum in N,.
Define an inner product in Sec(Fx)® by

(V1,92) = [l(a(%/fl, V2). &)

The integration over a compact orbifold structure satisfies the stokes theorem. So
Proposition 9 gives:

Proposition 10. If X, is compact spin proper étale groupoid, then the Dirac operator
acting on the space of invariant sections Sec(Fx)® is formally self-adjoint.

4.5. A spectral triple for the algebra C > (X)® is data (C*(X)®, H, d) where H is
a complex Hilbert space on which C*°(X)® has a faithful bounded *-representation
and the Dirac operator 0 acts as a densely defined self-adjoint operator such that
[8, f]is a bounded operator for all f € C*®(X)®. Whenever X is even dimensional
the spectral triple is required to have a chiral grading, namely a bounded operator @
with

w’=1 {w,8}=[w, f]=0 (6)

forall £ € C°(X)®. Moreover, one says that the spectral triple is finitely summable
if (14 82)™"™ is a trace class operator for some finite 1 € N. In the odd dimensional
case w is defined to be the unit operator, ® = 1.

The complex Hilbert space can be constructed by a completion of the space of
O-invariant sections Sec(Fx)® with respect to the L2-inner product (5). Let us
denote by L2(Fx)® this completion. Suppose that the Dirac operator d has an
extension on L2(Fx)® which is still denoted by d. The Clifford module has a
canonical section defined by

w=i%y(er)-y(en)

ife; :i € {1,...,n}define an orthonormal basis fiberwise. The section w transforms
as a volume form, and since the adjoint action of ® acts on the vector fields as
orientation preserving rotations (X, is orientable), w is ®-invariant. In particular,
 acts on Sec(Fx)® as a bounded operator and so  extends to a bounded operator
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on L2(Fz;)®. This operator satisfies (6) if n (the dimension of X and ®) is even.
If n is odd, then w acts as the unit operator.

Theorem 1. Let Xo be a compact orientable spin proper étale groupoid and let Fx
be a Dirac bundle on X,. Then

(COO(X)®’ 67 LZ(FE)®)

defines a finitely summable spectral triple, and if X is even dimensional, then the
spectral triple is equipped with a chirality operator .

Proof. 1t is obvious that the algebra C*°(X)® has an action on Sec(Fx)® by
pointwise multiplication. This extends to a bounded *-representation on L2(Fx)®.
The *-structure is clearly ®-invariant and the representation is faithful. The standard
proof of self-adjointness of the closure of the Dirac operator [6, Theorem 9.15] can
be applied in this setup straightforwardly: the proof only requires self-adjointness
in a dense domain, which in our case is Sec(Fx)®, existence of a finite partition
of unity and the property that 0 is a pseudodifferential operator of order 1 on X,
which holds since 8 is a classical Dirac operator. Similarly we see that [0, f] has
to be bounded on L2(Fyx)® since the commutators [d, f] are given exactly as in the
classical case, [7,I1.5.5]. The finite summability of & holds since Sec(Fz)® is a
subspace in the space of all sections of the spinor bundle Fx and the Dirac spectrum
satisfies the finite summability in the latter case since X is a finite dimensional
manifold. O

4.6. The orientability of the spectral triple on C > (X)® is equivalent to the existence
of a Hochischild cycle

k
c=Yal®al @ ®al € Zy,(C®(X)®,C®(X)®)

i=1

such that when represented on L?(Fx)®

k
Y al®.al]-[8.a]] = o, (7)
1=1

where o is the chirality operator (6). It is proved in [15] that in the case of a global
action orbifold, the orientation cannot be satisfied unless the group action on X is
free. This is because of the lack of invariant functions to construct the Hochschild
orientation cycle. The orientation holds in the following weaker form: there exists a
Hochschild cycle

k
c=Y al®al @ ®a € Z,(C®(X),C®(X))

i=1
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such that (7) holds and w is the chiral grading operator on the ®-invariant Hilbert
space L?(Fx)®. According to 4.5, the weakened orientation holds in the case of the
Dirac spectral triple.

If X is a compact manifold, one can identify the differential n-forms with the
Hochschild n-homology classes of the algebra C°°(X). The reason why the usual
spectral triple orientation fails in the study of invariant smooth functions is that, unless
the groupoid acts freely, one cannot identify the invariant n-forms with the Hochschild
n-homology classes of C*(X)®. In particular, according to Proposition 4, proper
étale groupoids have a nowhere vanishing and invariant orientation form

k
— § 07 1 n
V= aidai/\"'/\dai
1=1

where af.‘ € C°°(X) but according to [15] one cannot have al’.c e C%®(X)® for all
the indices i and k.

4.7. It is evident from the discussion above that the algebra of smooth invariant
functions is not large enough to provide a good spectral triple. Therefore one needs
an extension of the invariant spectral triple. Another algebra of interest is the algebra
of smooth compactly supported complex valued functions on ® equipped with the
convolution product. Denote by CZ°(®) this algebra. A spectral triple associated
with C2°(0©) was studied in [5] in the context of effective proper étale Lie groupoids
and Dirac type operators. Here we take X, to be an effective orientable spin proper
étale groupoid and prove that in this special case, the construction detailed in this work
provides an explicit model for a spectral triple on C2°(®). Let L?(Fx) be the space
of square integrable sections of the ®-equivariant Dirac bundle. The integration
on X is applied in the definition of the L2-inner product: recall that the groupoid
orientability implies the orientability of its base manifold, 2.3. The algebra C>°(®)
can be represented on L?(Fx) by

f )y = / FO) (6! )5 (do) ®)

oe®X

forall f € C®(®) and ¥ € L?(Fx). The measures u* are left invariant measures
in the fibres ®* of the target maps and vary smoothly on X. The Haar integration is
well defined over each ®* because the function f is compactly supported in these
fibres.

Theorem 2. Let Xo be an effective orientable spin proper étale groupoid and let Fx
be a Dirac bundle on Xe. If the base manifold X is complete, then

(C(©),8, L(Fx))

defines a finitely summable spectral triple.
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Proof. Since X is complete, d has a self-adjoint closure on L?(Fs) which makes d
finitely summable. The action (8) defines a faithful x-representation which preserves
the domain of @, [5].

It remains to verify that the commutators [0, /] extend to bounded operators
on L?(Fg). For each arrow o the target map ¢ has a local smooth inverse in
a neighborhood of ¢(0) which we denote by &. The discrete measures u* vary
smoothly over X. If ¥ € Sec.(Fx) and f € C2°(®), then using the ®-invariance
of the Dirac operator we get

3. flevx = B /

[AS

U O de) = (B
= )x i ©0)x #—1 xur(d
) | et oDty @a)

L LG ORI A
oEBY
+ 2 veDs [ @@ o) = (f By
= ; x i 00)x #—1 xur(d
N [ o oDt v tio)
+ v [ SO o).
Since the function f and the measure p are smooth in X we see that [0, f] extends

to a bounded operator on L2(Fy). O

Suppose that X, is the groupoid of Theorem 2 and that C°(®) is a unital algebra.
Denote by 1 the unit for the convolution product. If g € C°°(X), then

((goD)1-Y¥)x = g¥x.

In particular, we find a Hochschild cycle in Z,,(C°(®), C£°(0©)) which gives rise to
the ®-invariant chirality section of CL(X,) under the assignment (7). This section
extends to a bounded operator w on L?(Fx) and one can check using the ®-invariance
of w that the operator commutators [, f] are zero for all f € C°(®). So, the
spectral triple of Theorem 2 satisfies the standard orientability condition.
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