J. Noncommut. Geom. 9 (2015), 1175-1200 Journal of Noncommutative Geometry
DOI 10.4171/INCG/220 © European Mathematical Society

Compact quantum metric spaces from quantum groups of rapid
decay

Jyotishman Bhowmick;>** Christian Voigt* and Joachim Zacharias™*

Abstract. We present a modified version of the definition of property RD for discrete quantum
groups given by Vergnioux in order to accommodate examples of non-unimodular quantum
groups. Moreover we extend the construction of spectral triples associated to discrete groups
with length functions, originally due to Connes, to the setting of quantum groups. For quantum
groups of rapid decay we study the resulting spectral triples from the point of view of compact
quantum metric spaces in the sense of Rieffel.
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1. Introduction

In the theory of noncommutative geometry in the sense of Connes [6], spectral triples
can be thought of as noncommutative analogues of smooth Riemannian manifolds. A
spectral triple (A, H, D) consists of a x-algebra A, represented on a Hilbert space H,
together with an unbounded self-adjoint operator D on H. The basic requirements
on this data are that D has compact resolvent and that the commutators [D, a] are
bounded for all a € A.

The prototypical example of a spectral triple is given by the algebra A = C*°(M)
of smooth functions on a compact Riemannian spin manifold M, acting on the Hilbert
space H = L%(M, S) of L?-section of the spinor bundle S of M, together with the
associated Dirac operator. Another class of examples, studied already by Connes [5],
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arises from discrete groups equipped with length functions. In this case A = C[G]
is the complex group algebra of the group G, acting on the Hilbert space /2(G), and
the operator D acts by multiplication with the length function.

Quantum groups can be viewed as noncommutative manifolds, and various
examples of spectral triples have been constructed in this context, see for
instance [4, 8, 14]. In this paper we consider more elementary examples of spectral
triples for quantum groups, motivated by the construction for discrete groups with
length functions mentioned above. Actually, the passage from discrete groups to
discrete quantum groups is essentially straightforward in this context. Although the
resulting spectral triples are trivial from the point of view of K-homology, we show
that they provide examples of quantum metric spaces in the sense of Rieffel [17]. In
fact, in order to make a link to the theory of Rieffel, we have to restrict to quantum
groups of rapid decay, and follow the work of Antonescu—Christensen in the group
case [1].

The property of rapid decay for discrete quantum groups was introduced and
studied by Vergnioux [19], following the definition for classical groups in [12].
Quantum groups of rapid decay in the sense of [19] are necessarily unimodular,
which unfortunately excludes some of the most studied examples, in particular those
arising from g-deformations of semisimple compact Lie groups. The incompatibility
of the theory in [19] with non-unimodularity is of course invisible in the classical
setting of discrete groups. For examples coming from g-deformations it may appear
somewhat surprising, because duals of classical compact Lie groups actually do have
property RD in the sense of [19].

In the first part of this paper we explain how a slight modification of the definitions
given in [19] allows to remedy this situation. Our definitions agree with Vergnioux’s
for unimodular discrete quantum groups. On the other hand, we obtain a more
interesting theory in the non-unimodular case.

Let us explain how the paper is organised. In Section 2 we collect some definitions
from the theory of quantum groups and fix our notation. Section 3 contains our
modified definitions of rapid decay. In Section 4 we consider amenable quantum
groups and compare our notion of rapid decay with a suitable notion of polynomial
growth. Actually, for polynomial growth the difference to the definition in [19]
consists simply in replacing quantum dimensions with ordinary dimensions. In
Section 5 we explain how the construction of a spectral triple from a group with a
length function extends to the setting of quantum groups. The aim of Section 6 is to
review the definition of compact quantum metric spaces in the sense of Rieffel, and
to show that we obtain natural Lipschitz seminorms from the spectral triples defined
in Section 5. In the final Section 7 we prove the Lip-norm property for suitable
Lipschitz seminorms provided the underlying quantum group has property RD in our
sense. This yields a family of examples of compact quantum metric spaces associated
to quantum groups.

Let us make some remarks on notation. We write IL(#) for the space of bounded
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operators on a Hilbert space H. The closed linear span of a subset X of a Banach
space is denoted by [X]. Depending on the context, the symbol ® denotes either
the tensor product of Hilbert spaces, or the minimal tensor product of C *-algebras.
For operators on multiple tensor products we use the leg numbering notation. We
write || - || for Hilbert space norms and || - || = || - ||, for the operator norm.

2. Preliminaries

In this section we review some basic definitions concerning quantum groups. For
more detailed information we refer to [2, 13,21]. Our notation and conventions will
follow [15].

The main objects of study in this paper are discrete quantum groups. It is
technically convenient to describe them using Hopf C *-algebras. Recall first that
a Hopf C*-algebra is a C*-algebra S together with an injective nondegenerate
s«-homomorphism A : S — M (S ® §), called comultiplication, such that (A ® id) A
= ([{d®A)A and [AS)A @S] =5 S =[(S @ DHA(S)].

With this terminology, a discrete quantum group can be described by a
pair of Hopf C*-algebras Co(G) and C*(G) together with a multiplicative
unitary W € M(Co(G) ® C,*(G)), satisfying certain axioms. In particular, the
algebra C*(G) is unital, and Cy(G) is a C *-algebraic direct sum of matrix algebras.
We write A for the comultiplication of Cy(G) and A for the comultiplication
of C*(G). Some properties of the multiplicative unitary linking these two Hopf
C *-algebras will be stated below. We refer to Co(G) as the algebra of functions
on G, and to C*(G) as the reduced group C *-algebra of G. The theory also provides
a full group C*-algebra C;*(G), which however will not show up explicitly in this
paper. At some points we will restrict attention to the case that G is amenable,
which means that the canonical quotient homomorphism C*(G) — C,*(G) is an
isomorphism.

Inside the Hopf C *-algebra Cy(G) we have a canonical dense multiplier Hopf-
x-algebra C,.(G), compare [9]. More precisely, C.(G) is the algebraic direct sum of
matrix blocks defining Cy(G). Moreover Cy(G) admits a left Haar weight ¢, given
by a positive linear functional ¢ : C.(G) — C satisfying (id ®p)A(f) = ¢(f)1,
and we let [2(G) denote the GNS-construction of ¢. We write A(f) € [?(G) for the
image of f € C.(G) under the GNS-map.

The multiplicative unitary W canbe considered as an element of L(/2(G) ® [%(G)),
and we have the explicit formula

WHA(S) ® A(g) = (A @ M) (AQ(f ® 1))

for its adjoint. Moreover, the C *-algebra of functions on G can be recovered from W
as

Co(G) = [(id ®L(*(G))x) (W)],
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with the comultiplication given by
A(f) =W (1 /HW
for f € C(G). The reduced group C *-algebra of G can be identified with
C(G) = [(IL(*(G))x ® id)(W)].

In fact, the latter formula can be taken as the definition of C,*(G) if one constructs
the multiplicative unitary first, and the comultiplication of C;*(G) is given by

A(x) =W 1 @ x)W

for x € C*(G), where W =SW*s.

A finite dimensional unitary corepresentation of G is defined to be a unitary
X e CF(G) ® L(H) satistying (A ® id)(X) = Xi3X12. Here H is a finite
dimensional Hilbert space, and we are using leg numbering notation. Such
corepresentations form a semisimple C *-tensor category. We denote by Irr(G) the
set of equivalence classes of irreducible corepresentations of G, and we write € for
the trivial corepresentation on C.

Using corepresentation theory we can identify

Ce(G) = @ L(Ho) = P Miim(@)(C)

a€lr(G) a€lr(G)

as the algebraic direct sum of the endomorphism algebras of all irreducible
corepresentations. The algebra Cy(G) is obtained by taking the C*-algebraic direct
sum instead. Finally, we will also need the algebraic multiplier algebra C(G) of
C.(G), which can be written as

C(G) = [ LHe) 2= [ | Main(e(©).

a€elr(G) a€lr(G)

the algebraic direct product of all endomorphism algebras IL(#,,) for o € Irr(G).

The matrix coefficients of all irreducible corepresentations define a canonical
dense Hopf-*-algebra C[G] C C*(G). The algebras C[G] C C*(G) and C.(G) C
Co(G) are linearly spanned by elements of the form (@ ® id)(W) and (id ®w) (W),
respectively, where = wg , € L(I%(G))« is associated to vectors £, 7 € A(C¢(G)).

If f € C.(G) and x € C[G] are represented by L s, Ly € L(I*(G))« in the
sense that (id ® L s )(W) = f and (Lx ®id)(W) = x, then we obtain a well-defined
bilinear pairing

{(fix)=(x, f)=Lx®Lp)W)=Lyx)=Lx(f)

between C,.(G) and C[G], see [2].
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We point out that the product of C[G] is dual to the coproduct of C.(G), whereas
the product of C.(G) is dual to the opposite coproduct of C[G]. In other terms, we
have for all f,g € C.(G) and x, y € C[G] the relations

(f.xy) = (f), x)(f,¥) and (fg.x) = (f x@2)){g. X)),

where we use the Sweedler notation A(f) = fu) ® f(2) and A(x) = X)) ® X(2)
for the comultiplications on C.(G) and C[G]. Of course, this notation has to be
interpreted with care, in particular, the coproduct A(f) of an element f of the
multiplier Hopf x-algebra C.(G) can be represented only as an infinite sum of
simple tensors in general.

We shall use the notations

(x =N =10x), (f =00 =fxy),
(f =0 =x(fg). (x=/)e)=x(f)

for the left and right regular actions of C[G] on C.(G), and of C(G) on C[G],
respectively. Remark that these definitions are in accordance with our conventions
for the comultiplications of C.(G) and C[G].

From the duality theory of algebraic quantum groups [9] it follows that there is a
linear isomorphism G : C[G] — C.(G) given by

G(x)(y) = (S (x)y).

where (}AS is the left and right invariant normalized Haar functional on C[G], and S
denotes the antipode of C[G]. We fix the left invariant Haar functional ¢ on C.(G)
such that

P(G(x)) = €(x)

for all x € C[G], where € : C[G] — C denotes the counit. Similarly, we obtain a
linear isomorphism F : C.(G) — C[G] by

F()h) = ¢(hf),

and the maps G by F are in fact mutually inverse.
Moreover, the map F is isometric with respect to the standard scalar products

(x.y) =o(x*y).,  (fg)=¢(f*g)

on C[G] and C(G), respectively. In fact, using F we can identify / 2(G) with the
GNS-representation of ¢ and we will write A(x) el? (G) for the image of x € C[G].

We will denote by || - ||, the Hilbert space norm in /?(G). The modular function
for G is a multiplier F € C(G) which relates the left and right Haar integrals
of C.(G). A discrete quantum group G is unimodular iff the modular function
satisfies F' = 1. This happens iff the Haar state qAS on C[G] is a trace.
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In the general case, each component F¢ of F for« € Irr(G) is a positive invertible
matrix such that tr(F%) = tr((F*)™!), the latter being the quantum dimension of o,
denoted by dimy (o). One may fix bases such that F'* is a diagonal operator for all
a € Irr(G), and we will do this in the sequel.

Let us write uf; for the matrix coefficients of « € Irr(G) with respect to such an
orthonormal basis of the representation space of «. Then the Schur orthogonality
relations become

B W) = bagbie it oL () ut) = g
dimy () dimgy ()
where «, 8 € Irr(G). Moreover, notice that
dim(o)
A(ufj) = Z Uy ® qu'
k=1

The left and right Haar functionals for C.(G) are given by
()= Y dimg@t(Fpaf). Y(f)= > dimg(e)(F" paf).

a€lr(G) a€lr(G)

where we denote by p, € C.(G) the central projection corresponding to « € Irr(G).
We remark that these formulas differ from the corresponding ones in [19] because
we have flipped the comultiplication of C[G].

3. Rapid decay for discrete quantum groups

In this section we review some definitions from [19] and introduce our notion of rapid
decay. We also state some equivalent characterisations of rapid decay, following
Vergnioux.

Let us first recall the notion of a length for a discrete quantum group introduced
in [19].
Definition 3.1. Let G be a discrete quantum group. A length for G is a positive
element L € C(G) such that

a) e(L) =0.
b) S(L)= L.
)AL <L®1+1QL.

These conditions reflect the classical definition of length functions. Note that L
can be viewed as a sequence of positive matrices indexed by the elements of Irr(G).

We will be mainly interested in central lengths, that is, lengths L which are
central elements of the algebra C(G). Such central lengths are obtained from length
functions / on Irr(G) in the following sense.
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Definition 3.2. Let G be a discrete quantum group. A length function for G is a
function [ : Irr(G) — [0, 00) such that

a) [(e) = 0 where € € Irr(G) is the trivial corepresentation.

b) /(@) = I(x) for all @ € Irr(G), where & denotes the contragredient corep-
resentation of «.

¢) ¢ C B®yimplies [(a) <I(B) + I(y) forall «, B,y € Irr(G).

The length function / is called proper if for any n € N there are only finitely many
irreducible corepresentations « € Irr(G) with /(@) < n and /() = 0iff ¢ = €.

A length function / induces a central length L. € C(G) by the formula

L= 1(@)pa

a€lr(G)

recall that p, € C.(G) is the unit element in the matrix block corresponding to «.
We can also view L as an unbounded self-adjoint operator on /2(G) in the obvious
way. Any central length arises in this way, and we will freely pass from / to L in the
sequel.

Basic examples of length functions are given by word length functions on finitely
generated quantum groups. We recall that a subset D C Irr(G) is said to generate
the discrete quantum group G iff every corepresentation a € Irr(G) is contained in
some iterated tensor product of corepresentations from D. The quantum group G
is called finitely generated provided there exists a finite subset D C Irr(G) which
generates G. In the sequel we will always work with symmetric generating sets, that
is, we shall assume that € D impliesa € D.

Given a finitely generated quantum group G with finite generating set D, we obtain
a proper length function [p on Irr(G) by letting /p () be the smallest number k such
thatae C 1 ® --- ® o, and j € D for all j. Although /p clearly depends on D,
it can be shown that the definitions and results in the sequel do not depend on the
choice of the generating set in an essential way, compare Lemma 3.3 and Remark 3.6
in [19].

Given a length function / on G, we let p, € L(/?(G)) be the sum of all
projections py for « € Irr(G) such that [(«) € (n — 1,n]. Notice that p, is a
finite rank projection for all n € Ny if [ is proper.

Let G be a discrete quantum group. In the sequel we shall work with the self-
adjoint element C of C(G) given by

C = Z dim‘I(O[)F‘)‘pm.

aelrr(G)dlm(a)

We remark that C = 1 iff G is unimodular. If L is a length on G, we define the
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associated Sobolev s-norm for s > 0 and f € C.(G) by

di 2
1718, = 3 S u(p(1+ LY FY (1 4+ L) 1F)
a€lr(G)

=¢((1+ LY fCV)*(1 + L) fC1/?)
= ((1+ L) fC2,(1+ L) fC'?).

Observe that || - 2,0 = || - ||2 iff G is unimodular. Similarly, for s > 0 and x € C[G]
we define

”x”%,s = ((1 + L)SQ(Cl/Z — x)’ (1 + L)Sg(cl/z N X))

: 2
= 3 O (1 + LYGF — x)* (1 4+ LYGF — ),
a€lr(G) 1m(a)
where we recall that G : C[G] — C,(G) is the Fourier transform given by G(x)(y) =
$(S(x)y) for x, y € C[G], with inverse F : Cc(G) — C[G] given by F(f)(h) =
¢ (hf). We remark that

F(fe) = (F'¢gF) = F(f),  GU(F'gF)—x)=G(x)g
for all f,g,e C.(G) and x € C[G]. In particular, we have
G(C'V? ~ x) = G(x)CV/?,

It follows that G and F are isometries with respect to the | - ||2,s-norms.

Definition 3.3. Let G be a discrete quantum group. We say that G has property RD
with respect to a central length L on G if there exist constants ¢, s > 0 such that

IF () lop = ¢l fll2s

for all f € C.(G).
We say that G has property RD if it has property RD with respect to some central
length.

Since C = 1 for a unimodular discrete quantum group, our definition of the
Sobolev norms above reduces to the definitions in [19] in this case. In other words,
for unimodular quantum groups Definition 3.3 is equivalent to the definition of
property RD given by Vergnioux.

As we will see below, this is not true for non-unimodular quantum groups. One
might therefore call the property defined above modular property RD, or something
alike, in order to make a distinction with the original notion. However, since there is no
real conflict in terminology neither in the unimodular nor in the non-unimodular case
— a non-unimodular quantum group can only possibly have property RD according
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to the above version of the definition — we have refrained from introducing new
terminology.
Our above definition of Sobolev norms may appear somewhat arbitrary, but it can

be motivated as follows. Essentially, the operator C/2 controls the deviation of the
norm '
A F"?
J dimg (o) /2

1/2

from its value dim(a) ™"/~ in the unimodular case. More precisely, we have

1

R~ ) =
IAC? =l = g

so that the action of C /2 compensates for the rescaling of Hilbert space norms. We
remark that one could also incorporate C '/2 in the definition of the Fourier transform,
which would simplify some formulas in the sequel. The remaining ingredients in the
definition of the Sobolev norms are as in [19], with the only difference that we are
working with left Haar weights.

If L is a length on G we denote by H?j (G) the completion of C[G] with respect
to the Sobolev s-norm || - ||2,s. Moreover, we define the associated Schwartz space
HP(G) by

HP(G) = [\ HLG).

5s=>0

The space H7°(G) is naturally a Fréchet space with respect to the topology given by
the Sobolev seminorms. Let us prove the following variant of Proposition 3.5 in [19].

Proposition 3.4. Let G be a discrete quantum group and let L be a central length
on G. Then the following conditions are equivalent.

a) G has property RD with respect to L.

b) There exists c,s > 0 such that ||x|op < c||x

2.5 forall x € C[G].
¢) The identity map C[G] — C|G] induces a continuous linear embedding

HP(G) € C(G).

d) There exists a polynomial p(x) € R[x] such that

IF(Mop = PN 12,0

fJoralln e Nand f € p,C.(G).
e) There exists a polynomial p(x) € R[x] such that

21 F () picllop = P f
forallk,l,n e Nand f € p,C.(G).

2,0
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Proof. The arguments follow precisely the pattern of [19], for the convenience of the
reader we shall include the details.

a) < b) This follows immediately from the fact that the Fourier transform
F : C.(G) — C[G] is a linear isomorphism preserving Sobolev norms.

b) = c¢) From the norm estimate in b) we obtain the existence of a continuous
linear map ¢ : ‘H°(G) — C(G), and we may compose with the embedding
C*(G) — [*(G) C C(G). Since the completion of C.(G) with respect to || - ||s can
be realised as a subspace of C(G) in a compatible way it follows that ¢ is injective.

¢) = b) is obvious.

a) = d) Let s be the natural number and ¢ > 0 such that | F(f)[lop < c| fl2.s-
Then for f € p,C.(G) we have

IF(llop = cll fllzis = cl(X 4+ L)’ fll2,0 < cll(X +n)° fllz,0 = p()] 12,0,

where p(x) = c(1 + x)5.
d) = a) Let us choose constants ¢y, s > 0 such that p(n) < ¢1(1 + n)* for all
n € N. Then we obtain

IFMop < Y NF@nf)lop

n=0

o0
<c Z(l +n)*pn f 2.0

n=0

o
1
=c1 E H——n(l + 1) pu f 2,0
n=0

0o 1 1/2 , 00 1/2
< 1 25+2 2
=X ) (T ik,

<ol(T4+ LY fllae = 2l f 2,541

for a suitable constant c,, using the Cauchy—Schwarz inequality as in the classical
case [11].

d) = e) is obvious.

e) = d) Let f € p,C.(G). Then if p;F(f)pr # 0 we have (k,l,n) € T
where 7~ C N3 is the set of all (k, [, n) such that A(p,)(pr ® p1) # 0. Indeed, due
to Lemma 3.4 in [19] the set T is stable under permutations and we have

F()pk = (¢ @id)((1 @ p)W(f ® px)) = (¢ @1 (WA(p1)(pn f @ pi)).

using F(f)Ah) = (S7'(h@w). F(NA(hw) = ¢S~ (hay) [)A(hw) for
h € Cc(G), and (¢ @ id)(W(f ® D)A(h) = ¢(S™ (hy) [HA(h).
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For a unit vector £ € /?(G) we obtain

IFHENR =D InFNHEIP

=0

o0 (e’ 2
< Z(Z ||plf(f>pké||)
[=0 k=0
[e’e] 2
sp<n>2||f||%,02( ) ||pks||)

1=0 “k|(k,l,n)eT

using condition e). According to Lemma 3.4 in [19], for fixed [ € N the number
of elements k such that (k,[,n) € 7T is bounded above by 2n + 5. Hence by the
Cauchy—Schwarz inequality we have

( 3 ||pks||)zs(2n+5)( > ||pks||2)

k|(k,l,n)eT kl(k,l,n)eT

for any /. Therefore,

i( > ||Pk$||)2§§:(2n+5)( 3 ||pk§”z)

1=0 “k|(k,l,n)eT kl(k,l,n)eT
o
< @n 452 | pekll* = @n + 5[]
k=0
and we get | F(f)llop < 2n +5)p(n)| f 2,0 as desired. O

4. Property RD and polynomial growth

In this section we study property RD for amenable quantum groups, and we show
that it is equivalent to a suitable notion of polynomial growth, again following the
work of Vergnioux. However, we have to modify the definition of polynomial growth
introduced in [19]. We will comment on the relation between the various concepts
below.

Let us start with the following definition.

Definition 4.1. Let G be a discrete quantum group. We say that G has polynomial
growth with respect to a central length function / on G if there exists a polynomial
p(x) € R[x] such that
> dim(@)® < p(n)
l(@)e(n—1,n]
foralln € N.
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We say that G has polynomial growth if it has polynomial growth with respect to
some central length function on G.

A finitely generated discrete quantum group G has polynomial growth iff it has
polynomial growth with respect to a word length function / on G.

If [ is a central length function on G we shall write S” C Irr(G) for the set of
all corepresentations « satisfying /(«) € (n — 1,n]. We note that G has polynomial
growth with respect to / iff the sequences

sno=|S"], dy = sup dim(a)?
aEeS”n
both have polynomial growth. In particular, a unimodular discrete quantum group
has polynomial growth in the sense of [19] iff it has polynomial growth in the sense
of Definition 4.1.

For non-unimodular quantum groups the concept introduced above differs from
the notion in [19]. Indeed, for polynomial growth in the sense of Vergnioux one
has to replace classical dimensions by quantum dimensions in Definition 4.1. In
order to distinguish the two notions one could refer to them as classical and quantum
polynomial growth, respectively. As in the case of property RD we shall however
refrain from using new terminology. We observe that a non-unimodular quantum
group cannot have polynomial growth in the sense of [19], so this should not lead to
confusion.

We have the following version of a result in [19].

Proposition 4.2. Let G be a discrete quantum group and let | be a length function
on G.

a) If G has polynomial growth with respect to | then G has property RD with
respect to 1.

b) If G is amenable and has property RD with respect to [, then G has polynomial
growth with respect to [.

In particular, rapid decay and polynomial growth are equivalent in the amenable
case.

Proof. Again, we follow the arguments in [19], and include the details for the
convenience of the reader. It will be convenient to use the element

dim(«) _1 dim(a) _1 -1
n dimg () Poc P Z dimg (o) Pe Z Pa

a€lr(G)

and we observe that

$(gn) = Y dim(e)?

aeSn

for all n.
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a) Recall that every element of C[G] C C*(G) can be written in the form
(0 ® id)(W) where W € M(Co(G) ® C*(G)) is the multiplicative unitary of G
and w a linear functional on Cy(G) of the form w = F(f) for f € C.(G). Here F
denotes the Fourier transform as above. Notice that (v ® id)(W) = F(f) € C,*(G)
forw = F(f), and [ F(f)llop = [(w @ id)(W)] < [o]|.

Let us assume first that f € p,C.(G) is such that ® = F(f) is a positive
linear functional. The latter is equivalent to saying that fF € C.(G) is positive.
Taking an approximate identity (u ;) jes for Co(G) of central projections we compute
|o|| =lim F(f)(u;) =lim¢(u;f) = ¢(f). Hence we obtain

IF(llop = llwll = ¢(f) = ¢(pnf)
= (qn> f)2.0 = gnllzoll fll2.0 = v P) [ f]l2.0

by the Cauchy—Schwarz inequality, where p(x) is the polynomial appearing in the
polynomial growth estimate for G. Here we write (-,-)2 o for the inner product
corresponding to the norm || - ||2,0.

Next assume that the functional @ = F(f) is hermitian, which is equivalent
to saying that fF is self-adjoint. In this case we may write f = f4 — f_ where
f+ F~1 are positive. In fact, we have fi = de. f for suitable projections e. The
previous computation yields

IF () Nlop = IFS)llop + 1F(f)lop
< vrm)(lles fllzo + lle-fllz.0) = V2Pl fll2.0,

where the last step follows by inspecting the definition of the norm || ||2,0.

Finally, consider an arbitrary element f € p,C.(G) and write f as sum f =
g + ih such that both gF and i F are self-adjoint. In this case, taking into account
our previous computations, we obtain

IF(op = IF (@ Nlop + IF ) lop
= v2pm)(ligllz.0 + lI7]2.0)
= vapm)| flz2.0

using that
gz + 11150 = g +ihl30 = 1f12,0
since
tr(pa(gF)*hF) = tr(pugFhF) = tr(pa(hF)"gF)
for any @ € Irr(G). It follows that G has property RD.

b) Due to amenability, the counit € : C[G] — C extends to a *-homomorphism
C*(G) — C. Moreover, we have €(F(f)) = ¢(f) forall f € C.(G). Therefore

o = 1e(FUNI = NF(llop = €l fll2.s

for some constants ¢, s > 0.
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Using the elements ¢, defined above we can test polynomial growth. More precisely,
we compute

¢ (gn)? < (L + L) qnl3,

< C2(1 +n)2s Z dimq(“)z

; tr(paC 2 F2)
e dim(«)

=c2(1+n)* ) dimg(a) r(paC ™' F)

aeSn

= c*(1 +n)*¢(qn)

which implies ¢(g,) < ¢?(1 + n)?. That is, G has polynomial growth. O

Using Proposition 4.2 we conclude that all duals of g-deformations of compact
semisimple Lie groups have property RD. Indeed, these discrete quantum groups are
amenable [3], and the Weyl dimension formula implies that they have polynomial
growth in the sense of Definition 4.1, see Example 4.5 in [19]. We record the
following precise statement of this fact.

Proposition 4.3. Let g € (0,1] and let G, be the standard deformation of a
simply connected compact semisimple Lie group G. Then the discrete dual quantum
group G4 has property RD.

This shows in particular that, in the non-unimodular case, our definition of
property RD differs from the original definition given by Vergnioux.

5. Spectral triples from length functions

In this section we explain how to associate spectral triples to discrete quantum groups
equipped with proper length functions. Moreover we study basic properties of the
spectral triples obtained this way.
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Let us first recall the definition of a spectral triple due to Connes, see [6, 10].
Definition 5.1. A spectral triple (A, H, D) consists of

a) a x-algebra A, faithfully represented on H,

b) a (graded) Hilbert space H, together with

¢) an unbounded self-adjoint (odd) operator D in H
such that

1) the commutators [D, a] are bounded for all a € A,

2) D has compact resolvent, that is,
(1+D*»~!

is compact.

In the above definition we have indicated how to include a grading in the general
setup, but this will not be relevant in our examples.

The prototypical example of a spectral triple is given by A = C*°(M), the
algebra of smooth functions on a compact Riemannian spin manifold, the Hilbert
space H = L?(M, S) of L?-sections of the spinor bundle of M, and the Dirac
operator D. In this case the formula

d(x,y) = sup{[f(x) = fOWI | f € C=M).[[D. f1ll = 1}

allows to express the Riemannian metric, or rather the corresponding geodesic
distance function, in terms of operator theoretic data.

Connes studied spectral triples associated to discrete groups with length
functions [5]. Let G be a discrete group and let / be a proper length function
on G. Consider the Hilbert space /?(G) and the unbounded operator D in [%(G)
defined on C[G] C I?(G) by

D= Z npn,

neNg

where p, = gn — qn—1, and g denotes the projection onto the finite dimensional
subspace of /2(G) spanned by group elements of length at most k. If / comes from
a word metric we may view D as multiplication by the length function /.

It is not hard to check that one obtains a spectral triple in this way. In fact, we will
consider a more general class of spectral triples below, and for this it is convenient to
work within the framework of filtered algebras. More precisely, let A be a complex
unital dense *-subalgebra of a unital C *-algebra A. Let us call A a filtered algebra
if we are given a family of finite dimensional subspaces (A;;)men, of A such that

a) A= UZO=0 An,
b) Ay = Cl,
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¢) An € A, form < n,

d) A; = A, foralln,

e) AnA, C Apyp forallm, n.
Assume further that o is a state on A which is faithful on A, and let H = L?(A, 0)
be the GNS-construction of . Then each A,, is a finite dimensional, hence closed,

subspace of H. Let ¢, denote the orthogonal projection of H onto 4,. Let
Pn = qn — qn—1 and pg = ¢o. Then the formula

D:ann

neNp

defines an unbounded operator D on H.

Filtrations and associated Dirac operators were first introduced by Voiculescu
in [20] and further studied in [16]. The following general fact is a restatement of
Lemma 1.1. in [16].

Lemma 5.2. The triple (A, H, D) associated to a filtered algebra A together with a
state as above is a spectral triple.

We note that the K-homology class of the resulting (odd) triple is trivial because
the operator D is positive. That is, the corresponding phase F is identically 1.
In general, one should rather think of D as the absolute value |D| of a true Dirac
operator on the underlying noncommutative space, see [18].

We recall that a spectral triple (A, H, D) is called regular if for each a € A both
a and [D, a] are contained in the domain of all powers of the derivation § given by

§(T) = [IDP]. T,

see [10].

Lemma 5.3. The above spectral triple (A, H, D) associated to a filtered algebra A
with a state is regular.

Proof. Notice again that we have |D| = D in this case. In order to verify regularity
we will closely follow the proof of Lemma 1.1 of [16]. Let a be an element of A .
Then we have

[D.a] =) jT;.
illjl=p
where T; = ), pmapm—; is a bounded operator for each j. We consider
[D,[D,al]] = Zjl\jlsp[D’ T;]. Now

[D.Tj] = [D, meapm—j] = ijmapm—j =JjT;.
m m

Thus, [D,[D,al] = > ;ji<p j2T;. The statement of the corollary follows by
repeated application of this technique. O
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Now we turn to the case of quantum groups. For simplicity, let G be a finitely
generated discrete quantum group, and let / be a word length function on it. Imitating
Connes’ construction in the group case, we construct a spectral triple with the Hilbert
space [2(G), where C[G] acts by the regular representation. Our candidate for the
Dirac operator is D, where

dim(a)
dom(D) =14 > > afA@s) | ) l@)lag PIAwE)]? < oo
a€lr(G) i,j=1 a,i,j

and

D (Z ag;A(ug;)) = > laf As).
a,l,j a,l,]

The algebra A = C[G] is naturally a filtered algebra with the filtration defined by

letting .A,, be the linear span of all matrix coefficients ug; such that /() < n. Notice

that there are only finitely many irreducible corepresentations of length at most n.

Hence the subspaces A, are all finite dimensional. Moreover .4y = C1, and it is easy

to see from the properties of length functions that A = A, and A, A, C Ayym.

Lemma 5.4. Let G be a finitely generated discrete quantum group with a word length
function. Then the triple (C[G],[?(G), D) constructed above is a regular spectral
triple.

Proof. Let A = C*(G) and A = C[G]. The Hilbert space /?(G) is the GNS-
Hilbert space with respect to the Haar state ¢, and ¢ is faithful on C[G]. By
the observations made above, the filtration (A,;)men, satisfies the conditions of
Lemma 5.2, and therefore (C[G],[?(G), D) is a spectral triple. Regularity follows
from Lemma 5.3. O

Recall that a spectral triple (A, H, D) is called p-summable if Tr(ﬁ_p) < 00,
where D denotes the restriction of | D| to the orthogonal complement of its kernel.
The following result is a variant of Proposition 6 in [5].

Proposition 5.5. Let G be a finitely generated amenable discrete quantum group of
rapid decay, and fix a word length function and constants c, s such that

lallop < cllall2,s

for all a € C[G]. Then the associated spectral triple (C[G],1%(G), D) constructed
above is p-summable for all p > 25 + 1.

Proof. Since G is amenable, we see from the proof of Proposition 4.2 that

Y dim(@)? = ¢(gn) = (1 +m)*.

l(a)=n
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Using this, we find

Te(D™P) = Y dim(a)?/(@)™?
aF#e

00
= Z Z dim(e)?n~?
n=1[(a)=n
o0 Cz(l’l+ 1)2s
= —
n=1

This yields the claim. O

Notice that we cannot drop the amenability assumption in Proposition 5.5 in
general. For instance, according to [19], the free orthogonal quantum group FO (n)
has property RD, but the corresponding spectral triple will fail to be finitely summable
as soon as n > 2. Indeed, we have Irr(FO(n)) = N, with the same fusion rules as
SU(2), and the dimension of the corepresentation V; corresponding to k is

k+1 —k—1
g

q —k

dim(Vy) = >q ",

qg—q!

where ¢ +¢~! = n and g < 1. It follows that the sequence of dimensions appearing

in the estimate of Proposition 5.5 diverges for any p as soon as n > 2.

6. Compact quantum metric spaces

We recall that the geodesic distance on a compact Riemannian spin manifold can be
recovered from the associated spectral triple. For a general spectral triple (A, H, D),
one may take

d(p.v) = supf|u(a) —v(@)| |a € A|[[D.a]| = 1}

as an Ansatz to define a metric on the state space S(A) of the C*-algebra closure A
of A in IL(H), thus generalising the Monge-Kantorovich metric on probability
measures. We note that without further assumptions the above formula may yield
d(u,v) = oo for some states, see [7].

The above considerations, along with further examples, motivated Rieffel to
introduce the concept of a quantum metric space. In [17] the theory is developed
starting from order unit spaces instead of C*-algebras, but for our purposes the
following definition is sufficient.

Definition 6.1. Let A be a unital C*-algebra and let A C A be a dense unital
x-subalgebra. A Lipschitz seminorm on A is a seminorm L : A — [0, co) such that
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L(a*) = L(a) foralla € Aand L(a) = 0iff a € Cl. A Lipschitz seminorm is
called a Lip-norm if the topology on S(A) induced by

dp(p.v) = sup{|u(a) —v(@)||a € A| L(a) < 1}

coincides with the w*-topology.

A unital C*-algebra A together with a Lip-norm on a dense *-subalgebra 4 C A4
is called a compact quantum metric space.

Starting from Definition 6.1 it is natural to ask for conditions ensuring that
a Lipschitz seminorm is indeed a Lip-norm. Ozawa—Rieffel gave the following
criterion, see Proposition 1.3 in [16].

Proposition 6.2. Let A be a unital C*-algebra, and let L be a Lipschitz seminorm
on a dense unital x-subalgebra A C A. If o is a state on A such that

E={aeA|L@)<lando(a) =0}
is totally bounded with respect to the norm of A, then L is a Lip-norm.

Recall that a subset B of a metric space X is totally bounded if for any € > 0
there exists finitely many balls of radius € whose union covers B.

Let us now assume that (A, H, D) is the spectral triple associated to a filtered
algebra as in Section 5. One may ask whether the resulting Lipschitz seminorm
L(a) = ||6(a)|| = |I[D, a]|| is a Lip-norm on A, viewed as a dense subalgebra of its
norm closure A. This seems to be unclear in general.

In [16], Ozawa and Rieffel showed that L is indeed a Lip-norm provided a
condition of the form

| Pmapn|l < cllall2

holds for a € Ay and all k,m,n. They call such an inequality a Haagerup type
condition. As remarked in Section 5, Connes’ spectral triples on group algebras
coming from length functions are special cases of the Ozawa—Rieffel construction in
Lemma 5.2. Examples of groups for which the Haagerup type condition hold include
word hyperbolic groups [6, 16] as well as free products of the form G; * G5, where
G, and G, satisfy the Haagerup type condition and one works with tracial states on
the group algebras of G| and G,.

It is not clear, however, whether L is a Lip-norm for groups of rapid decay in
general. In this case one has a weaker inequality of the form

| Pmapn| < cP(k)|all2

for all @ € Ay, where P is a polynomial. Antonescu and Christensen observed
that one can easily prove the Lip-norm property in this case if one works with a
slightly different Lipschitz seminorm instead [1]. More precisely, for k € N and
a € A = C[G], consider

L*¥(a) = |§%(a)|| = I[D,[D,...[D.a]... ]l

where the commutator is taken k times.
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We will consider a similar construction in the case of discrete quantum groups, and
prove some lemmas which are needed later on. However, in order to accommodate
non-unimodular discrete quantum groups, we need to use a twisted version of the
seminorm L¥. Throughout, we assume that G is a discrete quantum group equipped
with a proper length function /.

. . k N _ k ~
Lemma 6.3. Using the same notation as before, we have 8" (u;;) A(1) = D" A(uj;)

for all k € N. In particular, for a finite sum of the form a = Za,i,j a;’}u;’;, we have
sk(@)A(1) = Za,i’j l(oz)kaf;[\(u;?; .
Proof. We proceed by induction. For k = 1, we have
8(ui;) A(1) = [D,uf;]A(1)
= DAuf;) —ui; DA(1) = DA(uj;).
Let us now assume that 8 (u;?;.)f\(l) = DkA(uf;). Then
S i) AQ) = [D. 8 WA )
= D§*u&)A(1) — 85 %) DA(1)
= DD*Au)
kb1 2
=D +1A(u;-"j),
which yields the claim. 0

Lemma 6.4. If a € C[G] is such that L* (a) = 0, then a is a scalar multiple of the
identity. Hence L* is a Lipschitz seminorm.

Proof. Leta = ), ajjuj; € C[G]. By definition, the relation L¥@) = 0

implies that 8% (@) = 0. In particular we have % (a)A (1) = 0. Therefore, according
to Lemma 6.3 we obtain

0= Z a;?‘jDk/A\(u?‘]-) = Z l(a)ka;-’;f\(u?‘]-) = 0.
a,i,j ai,j
Since the vectors [A\(u?}) form a linearly independent set in /2(G), we conclude
l(a)ka;?} = Oforall o, i, j. If I(«) # O then af; = 0. Since [ is a proper length
function we conclude that a has to be a scalar multiple of the identity. Moreover, we

clearly have L¥(1) = 0 and L¥(a) = L¥(a*). Hence L is a Lipschitz seminorm.
O

Fix a natural number k£ and consider the operator T = C . As before, we let
8(a) = [D, a] and define

§7(a) =[D.TaT]. Lk (a) = |85 ()l
fora € A = C[G].
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Lemma 6.5. Let k € N. For any a € A we have 8’}(41) = T*§*(a)T*, and LI} isa
Lipschitz seminorm on A.

Proof. Since T commutes with D we have §7(a) = [D,TaT] = T[D,a]T, and so
8’}(61) = T*§%(a)T*. Moreover

LY @*) = |85 = IT*$* @) T* || = | T* 6 (@)T*| = Lk (a)

since T is self-adjoint. For the Lipschitz seminorm property, we need to check that
if L’; (a) = 0, then a is a scalar multiple of the identity. But L’}(a) = 0 implies
that 7%8%(a)T* = 0. Since T is invertible we conclude §¥(a) = 0 which means
LK (a) = 0. Hence the desired conclusion follows from Lemma 6.4. O

Lemma 6.6. Ler k € N. Then we have

> dim(e) (@) |af|* =

Z 8% (a%u

a,i,j a,i,j
2
k
<L (Z a,j U) .
VAN
Proof. Using Lemma 6.3 we compute
Y Sf(au ,,)A(l) Za,/(a)"TkA(u,,)
o,i,j 2 o,i, ]
dim (a) "
=D ) aai; ‘1 @' VEFNE(F) 2, (A ), Aw?,))
a i ij
=Y dim(a) " I(@)**|af >
o,i,j
This yields the claim. 0

7. Rapid decay and the Lip norm property

In this section we show that the Lipschitz norms considered above have the Lip
norm property for all sufficiently large exponents provided the quantum group under
consideration has property RD.

For simplicity we shall again concentrate on the case of a finitely generated
discrete quantum group G equipped with a word length function /. Moreover we
assume that G has property RD, and we fix constants ¢, s > 0 such that

lallop = cllall2,s

holds for all ¢ in C[G] with respect to the Sobolev norms associated with /.
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Using the notation introduced in Section 6, we will apply Proposition 6.2 by
Ozawa-Rieffel to show that there exists a positive integer k such that L’; has the Lip
norm property. We start with the following lemma.

Lemma7.1. Leta =}, ; ; af;uf; € C[G]. Then we have

1
lall3.s = D Gy (L + 10" laij

sbs

Proof. We compute

lall3, = D (1 + LafGui)C?, (1 + L)*af,Gu)C'?)

a,i,j

=2 ‘ii—ﬁ?a 1)) lafy > (F )i . )

-y 1
oy dim(«)

a,i,j

(1 + 1(@)*af; |,

where we use the Schur orthogonality relations in the last step. O

Now, for a positive integer k > s, let
E = {a € C[G]| L}(a) < 1 and §(a) = O},
which we view as a subset of C[G] C C/*(G).

Lemma 7.2. For all n € N there exists a constant c,, such that

=cCn

E o, o

a,i,jll(e)<n

op

— o ,,0
foranya =3, ajuf; € E.
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Proof. We recall that € denotes the trivial corepresentation. Using a{; = P(a) =0
and the Cauchy—Schwarz inequality we compute

S ol = Y @t Vaim@l@)Fad]y/dim@)

a,i,jll(a)<n a,i,jl1<l(a)<n
1 1

( > l(oz)_zkdim(a))( > 1(a)2k|a§;|2dim(a)—1)

a,i,jll(a)<n a,i,jll(a)<n

IA

< en Lk (a) < cn,

where we choose ¢, such that
1

3
( Z l(a)_deim(a)> < cp,
a,i,jll(@)<n

and we use Lemma 6.6.
Since the matrices (uj;) are unitary we have [[uf;llo, < 1 for all o and
i,j =1,...,dim(x). Hence we obtain

2 apufyl = >0 laflllor = 3 lafil <

oi,jll(@)<n P w,i,jll(@)<n o,i,jll(@)<n

This yields the claim. O

Lemma 7.3. Leta =}, ; aj;u; € C[G] and fix a positive integer k > s. Then
we have
2

= 222070 0 dim(@) T @) e

E o, o

a,i,j,l(@)>n

op a,i,j,l(@)>n

foranyn € N.

Proof. We follow Antonescu—Christensen [1]. For « satisfying /(@) > n write
(14 1(@))* < 2% 1(@)* < 270> K1 (a)?*.

Therefore, by property RD and Lemma 7.1, we have

2
o o o o
E a;;ui; E , a;;uij

a,i,j,l(@)>n o,i,j,l(@)>n

= Y dim@) (1 + @) |af
a,i,j,l(e)>n
< C222Sn2(s_k) Z dim(a)_ll(a)2k|a;-xj|2.
a,i,j,l(@)>n

This finishes the proof. O

2

<c?

op 2,8
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We are now ready to prove the following result.

Theorem 7.4. Let G be a finitely generated discrete quantum group with property RD,
and fix constants ¢, s such that | F(f)|lop < cl|fll2,s for all f € C.(G). Then

for any positive integer k > s, the algebra C[G] C C*(G) together with the
seminorm Ll} is a compact quantum metric space.

Proof. We have to show that L’} is a Lip norm, equivalently, E is totally bounded,
i.e. for every € > 0, the set E can be covered by finitely many e-balls. Given € > 0
choose n such that ¢25n° 7% < e.

Using Lemma 7.2 we see that {) ,_,_, pi(x) | x € E} is a bounded subset
of a finite dimensional normed space, and thus totally bounded. Moreover, by our
choice of n and Lemma 7.3, the set {) ;. , pi(x) | x € E} is contained in B,
the e-ball around 0 in C,*(G). Thus, if {v; | i = 1,2,...,m} is a finite e-net for
{D 1<i<n Pi(x) | x € E}, then{Bc}U{v; + B¢ | i = 1,2,...m} is afinite covering
of E by e-balls. This completes the proof. O
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