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Abstract. We study the series of complex nonassociative algebras Q,, and real nonassociative
algebras O introduced in [10]. These algebras generalize the classical algebras of octonions
and Clifford algebras. The algebras @, and O, 4 with p + ¢ = n have a natural ZJ-grading,
and they are characterized by cubic forms over the field Z5. We establish a periodicity for the
algebras Oy, and O, , similar to that of the Clifford algebras Cl, and Cl, 4.
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1. Introduction

A series of noncommutative and nonassociative algebras @, , over R and their
complexification O, (where n = p + ¢) was recently introduced [10] and studied
in [8,9,11]. The algebras O, and O, , generalize the classical algebras of octonions
and split octonions in the same way as the Clifford algebras generalize the quaternions.
Note that the algebra of octonions O appears in the series as Qg 3, whereas the algebra
of split octonions is isomorphic to Q3 o, O » and O, ;. The properties of the algebras
0, and O 4 are very different from those of the classical Cayley-Dickson algebras.

The series of algebras O, and O, , is illustrated by the Figure 1.

The complex algebras O, and especially the real algebras Oy, have applications
to the classical Hurwitz problem of sum of square identities and related problems;
see [9, 11]. An application of O, to additive combinatorics was suggested in [12].

The idea to understand the classical algebra of the octonions O as a graded algebra
was suggested in [5], where, in particular, a Zg—grading was considered!. In [1], the
algebra O was understood as a twisted group algebra over Z3 which has a graded
commutative and graded associative structure.

IThroughout the paper we denote by Z, the quotient Z/27Z understood as abelian group, and also as
a field of two elements {0, 1}.
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The algebras O, and O, , are graded algebras over the abelian group Z7; the
algebra Qy 3 is isomorphic to Q. Moreover, they are characterized by a cubic form
o 75 — 7o,

where 7} is understood as a vector space of dimension n over the field Z; of two
elements; see [10]. This is the main property of the algebras O, and O, 4 that
distinguish them from other series of algebras generalizing the octonions, such as the
Cayley—Dickson algebras.

Cayley-Dickson
R C H @ - -
algebras

Clo,3 Oo,4
Clo,4 Oo,s

Clifford algebras
algebras (0) p.q
Figure 1. Families of Z% -graded algebras

The problem of classification of the real algebras O , with fixed n = p + ¢
depending on the signature (p, ¢), was formulated in [10]. This problem was solved
in [8], the result is as follows. The classification table of O, , for p and ¢ # 0,
coincides with the well known table of the real Clifford algebras; the algebras Qy ,
and Oy o are exceptional.

The present paper answers the following problem: how do the algebras O, and
0p,4 with p + g = n depend on the parameter n? Similarity with the Clifford
algebras allows one to expect properties of periodicity, in particular it is natural to
look for analogs of so-called Bott periodicity; see [3].

We consider the problem of periodicity in the complex and in the real cases
separately. We establish a periodicity modulo 4. In the complex case, we link
together the algebras Q,, and O, ;4. Note that for the complex Clifford algebras there
is a simple periodicity modulo 2. In the real case, for the algebras O, , (provided
p > 0 and g > 0) we establish a result about periodicity modulo 4. The situation
for the exceptional algebras Qg , and O, ¢ is different, two different results about
periodicity modulo 4 are given. The results are compared to the well-known results
for the Clifford algebras Cl,, ,.
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2. The algebras O, and O, ,

In this section, we recall definitions of the complex algebras O, and of the real
algebras O, 4, as twisted group algebras over Z7 characterized by a cubic form. We
then give an equivalent definition of O, and O, 4 in term of generators and relations.
Finally, we recall the main results of classification from [8].

2.1. Op and Op 4 as twisted group algebras over ZJ. We denote by K the ground
field assumed to be R or C. Let f be an arbitrary function in two arguments

fZZgXZg—)Z2.

The twisted group algebra A = (K [Zg] , ) (for more detail see [4] and [10]) is
defined as the 2" -dimensional vector space with the basis {u,, x € Z4}, and equipped
with the product

Ux Uy = (_1)f(x’y)ux+y’

forall x,y € Z3.
Example 2.1. (a) Recall that the real Clifford algebra denoted by Cl, , is the

associative algebra with n = p + ¢ generators vy, ..., v, satisfying the relations
-l pHlsispaa @.1)
Vi -V = —V; - Vj,

foralli # j < n. Obviously, dimCl, , = 2", and a natural basis is
{vil ---vik| 1<iy<---<ig El’l}.

The (real) algebra of quaternions H ( >~ Clyp »), and more generally every complex
or real Clifford algebra with n generators can be realized as twisted group algebras
over Z75; see [2]. Denote by x = (x1,...,x,) and y = (y1,..., y,) the elements
in Z% (where the components x; and y; are equal to 0 or 1) and defined two functions
given by

Jo, @, y) =" xiyj,

I<i<j=n

Jei,, (X)) = fa, (x,y) + Z XiYi (n=p+q).

1<i<p

Then the defined twisted group algebras are isomorphic to Cl, in the complex case,
and to Cl,, in the real case. In particular, fi(x,y) = x1y1 + X1y2 + X2)2
corresponds to the algebra of quaternions.



1204 M. Kreusch

(b) The (real) algebra of octonions O is a twisted group algebra over Z3; see [1].
The twisting function is cubic:

Jo(x,y) = (x1x2y3 + X1y2X3 + y1X2X3) + inyj-
1<i<j<3
The next definition is the main object of the present paper.

Definition 2.2. [10] The complex algebra O, and the real algebra O, , with
p + g = n = 3 are the twisted group algebras with the twisting functions

Jou (6. 9) =Y (ix;ye + Xiyixe + yixpxe) + Y xiyj.

1<i<j<k<n 1<i<j=<n

fo,4 (x,y) = fo, (x.y)+ Z Xi Vi

1=<i<p

.....

respectively. Note that the element 1 := u g, . ¢) is the unit of the algebra.
The real algebra Oy 3 is nothing but the classical algebra O of octonions.

Definition 2.3. For both series of algebras Cl, , and O, 4 the index (p, q) is called
the signature, and throughout the paper we assume p + g = n.

2.2. Graded-commutative and graded-associative algebras. Every twisted
algebra (K[Z]], f) is a graded algebra over the group Z3. In general, a twisted
group algebra is neither commutative nor associative. The defect of commutativity
and associativity is measured by a symmetric function B : Z} x Z — Z,, and a
function ¢ : 75 x 7 x 7, — Z,, respectively:

Uy -y = (=1)PE (2.2)
Uy - (Uy - Uz) = (=1)PE»D) (g “Uy) Uz, (2.3)

where B and ¢ are given by

Blx,y) = f(x,y) + f(y, %), (2.4)

¢p(x,y,2) = f,y) + flx,y +2)+ fx +y,2) + f(y,2). (2.5

Note that the second formula reads ¢ = § f where § is the coboundary operator.
Therefore, the function ¢ is a trivial 3-cocycle on Z5 with coefficients in Z,.

Algebras satisfying the relations (2.2) and (2.3) are called graded-commutative

and graded-associative, respectively. In particular, the algebras O, and O, , are
graded-commutative and graded-associative.

Remark 2.4. Note also that the algebras O, and O, 4 are graded-alternative, i.e.,

u-(u-v) =u?-v,

for all homogeneous elements u, v.
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2.3. The algebras O, and O, 4: generators and relations. We give here another,
equivalent definition of the algebras O, and O, , with the help of generators and
relations.

Let denote the basis elements of the abelian group Z%,

e =(0,...,0,1,0,...,0) (2.6)
where 1 stands at the ;" position. The homogeneous elements u; := Ue; 1 <0 <n
form a set of generators of the group algebra K[Z]].

Letu = u;, ---u;, be amonomial in the generators, the degree of u is the element

of Z3 given by
Ui=Uj + o Ui,
where the degree of the generator u; is #; = e¢;. The monomials form a basis of the
group algebra K[Z]].
It was shown in [10] that there exists a unique trilinear form ¢ : Z2 X 25 X 7 — Z»
such that
pleiej,ex) =1, (2.7)

for all distinct 7, j and k in {1, ..., n}. The algebras O, 4 can be equivalently defined
as follows.

Definition 2.5.  (a) The algebra O, 4 is the unique real unital algebra, generated

by n elements uq,...,u, (p + g = n), subject to the relations
W2 = 1, l<i=<p,
Y-l pHl1<is<p+y,
Ui -Uj = —Uj-Uj,

forall i # j < n, together with the graded associativity

- (-w) = (=P (g 0) - w,
where u,v,w are monomials, and where ¢ is the unique trilinear form
satisfying (2.7).

(b) The algebra O, is the complexification of @, 4, its generators satisfy the same
relations.

Clearly, the complexifications of O, 4 and O, , with p +¢q = p’ + ¢’ = n are
isomorphic.
The following observation is important.

Remark 2.6. The trilinear form ¢ is symmetric in three arguments, i.e.,

d)(x,y,z):gb(x,z,y):---:gb(z,y,x), (28)

forall x,y,z € Z3.
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2.4. Classification of O, 4. Classification of O, , as Z4-graded algebras was
obtained in [8]. It consists in the list of isomorphisms between these algebras that
preserve the structure of 7 -graded algebra (i.e. isomorphisms sending homogeneous
elements into homogeneous) are as follows.

Proposition 2.7. If pq # 0, then there are the following isomorphisms of graded
algebras:

(i) Opg =04p;
(ii) @p,q+4 = ©P+4,q ,

(iii) For n > 5, the algebras O, and Qg , are not isomorphic, and are not
isomorphic to any other algebras O p 4 with p + q = n.

All the isomorphisms between the algebras O, 4 are as above.

Note that, apart for the algebras O, ¢ and Q9 , which are exceptional, the above
classification is quite similar to the classification of Cl, 4.

A kind of degeneracy occurs in the small dimensions, since for n = 3, one has :
03,0 ~ @2,1 =~ @1,2 # Qp,3,
and for n = 4, one has :

04,0 > 022 %2 01,3 > 03,1 # O 4.

Let us also mention the following criterion of simplicity from [10].

Proposition 2.8. The algebra O 4 is simple if and only if p + q # 0 mod 4, or
p+q =0 mod 4and p,q are odd.

3. The generating cubic form

We will be needing a theory, developed in [10], about a class of twisted algebras
over 77 that are characterized by a cubic form; this is the case for the algebras
Opn and O, 4. The structure of twisted group algebras that can be equipped with
generating function is much simpler than that of arbitrary twisted group algebras.
Note that this class contains such interesting algebras as the code loops [6] (see [10]),
whereas the Cayley—Dickson algebras higher that the octonions do not belong to this
class.
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3.1. The notion of generating function.

Definition 3.1. Given atwisted group algebra (K [Z’z’] , f),afunctiona : Z — Z»
is called a generating function if

i fx.x)=alx),
(i)  B(x.y) =alx +y)+alx)+ay),
(iii) ¢(x,y,2) =alx +y +2) +alx +y) +alx +z) + a(y + 2)
+ a(x) +a(y) + a(2),
where x, y, z € Z) and where 8 and ¢ are as in (2.4) and (2.5).
The following statements were proved in [10].

(1) A twisted group algebra (K [Z'z’] , ) has a generating function if and only if
the function ¢ := § f is symmetric as in (2.8).

(2) The generating function « is a polynomial on Z} of degree < 3.

(3) Given any polynomial o on Z} of degree < 3, there exists a unique (up to
isomorphism) twisted group algebra (K [Zg] , f) having « as a generating
function.

It follows that if a twisted group algebra has a generating function then it is
completely characterized by this function.

3.2. Cubic forms on Z) and twisted group algebras. Every cubic form
o : 75 — Zo is as follows:

a(x) = Z Ajjk XiXj X, 3.1
I<i<j<kz<n

where the coefficients A;;x = 0 or 1. Note that over Z, one has xi3 = xiz = x;, and

therefore, every polynomial of degree < 3 is a homogeneous cubic form. The general
theory of such cubic forms is not developed, and the classification is unknown; see [7].

One can define a twisting function f, associated with a cubic form « according
to the following explicit procedure. To every monomial one associates:

XiXjXp V> XiX;j Yk + XiVjXk + ViXjXk,
XiXj > XiYj, (3.2)
Xi —> XiYi,
where 1| < i < j < k < n. Then one extends the above map to the cubic
polynomial « by linearity in monomials.

Proposition 3.2. Given a cubic function a, the corresponding function fy satisfies
Properties 1, 2 and 3 above.

Remark 3.3. Note that the procedure (3.2) is not the unique way to associate the
twisting function to a cubic form. However, any other procedure would lead to an
isomorphic algebra; see [10].
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3.3. The generating functions of O, and O, 4. The algebras O, and O, 4 have
the following generating functions:

ap(x) = Z Xixjxp + Z XiXj + Z Xi,

l<i<j<k=<n 1<i<j=n 1<i<n

Apg(x) =an(x) + Z Xi.

I<i<p

The cubic form «, of @, is invariant under the action of the group of permutations
of the coordinates. The value o, (x) depends only on the weight (i.e. the number of
nonzero components) of x. More precisely, o, (x) = 0 if and only if the weight of x
is congruent to 0 modulo 4.

Remark 3.4. In the case of Clifford algebra Cl, or Cl, 4, the generating functions
are the following quadratic form:

acy, (x) = Z XiXj + Z Xi,

1<i<j<n 1<i<n
acl, , (X) = acy, (x) + Z X;.
1<i<p

This was also noticed in [10].

3.4. The problem of equivalence.

Definition 3.5. Two cubic forms « and o’ on Z are equivalent if there exists a linear
transformation G € GL,,(Z;) such that

a(x) = a'(Gx).

The main method that we use to establish isomorphisms between twisted group
algebras with generating functions is based on the fact that two equivalent cubic forms
give rise to isomorphic algebras. More precisely, one has the following statement
which is an obvious corollary of the uniqueness of the generating function.

Proposition 3.6. Given two twisted group algebras, (K [Zg] , f) and (K [Zg] )
with equivalent generating functions a and o, then these algebras are isomorphic as
7.5 -graded algebras.

Let us mention that the general problem of classification of cubic forms on Z is
an old open problem; see [7].

4. Periodicity

In this section, we formulate our main results in comparison with the classical results
about the Clifford algebras. The proofs will be given in Section 6. The main
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difference between the periodicity theorems that we obtain and the classical ones is
that all the periodicities for the algebras O, and O, , are modulo 4, whereas in the
case of Clifford algebras the simplest way to formulate the periodicity properties is
modulo 2.

4.1. Statement of the main theorem in the complex case. Let us recall that for
the complex Clifford algebras, one has the following simple statement:

Clyss ~ Cl, ® Cl,.

Note also that Cl, is isomorphic to the algebra of complex 2 x 2-matrices. Our first
goal is to establish a similar result for the algebras O,.

Consider the subalgebra of O, ® Qs, denoted by P(0, ® Os), consisting in the
elements of the form

U(xy,x2,00%0) @ U(xy,p2,0,¥5)

where (x1,X2,...,%X,) € Z3 and (x1,y2,...,ys) € Z35. The dimension of
P(0, ® 0s) is 2"+ and some generators are given by

u61+8f &® Uey » Ueq &® ue1+e‘,- P Ueq &® Ueq

where i € {2,...,n},¢; = (0,...,0,1,0...,0) € Z5 where 1 stands at the ith
positionand j € {2,...,5},e; =(0,...,0,1,0...,0) € Zg where 1 stands at the
J! h position. The modulo 4 periodicity on the algebras O, involves the subalgebra
P(0, ® Os). Here is the result.

Theorem 4.1. If n > 3, there is an isomorphism
Onta ~ PO, @ Os).
4.2. Statement of the main theorem in the real case. In the real case, the result

is different in the case of algebras O, ,, where p,q > 0, and in the case of the
exceptional algebras O o and Qg ;.
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Theorem 4.2. If n = p +q > 3 and pg > 0 (except for (p,q) = (1,4) and
(p,q) = (4,1)), then there are the following isomorphisms of graded algebras

Oon+4 =~ P(OQg,n ® 05,0) =~ P(Op,0 ® Oo,5).
On+4,0 = PO ® Os,9) ~ P(Do,n ® Oo,s5).
©p+2,q+2 ad 7)(@11,41 ® 05 3).

In order to compare the above theorem with the classical results for the Clifford
algebras, we recall following periodicities:

C1p+2,q ~ Clq,p ® Clz,o,
Clyg+2 =Cly,p, @ Cly 2,
C1p+1,q+1 ~ Clp’q ®Cly,1.

This in particular implies
C1p+8’q ~ C1p+4,q+4 ~ Clp,q_}_g >~ Clp’q ® Mat;6(R),

known as the Bott periodicity.

4.3. How to use the generating function. In order to illustrate our method and
the role of generating functions, let us give two simple proofs of the classical
isomorphisms Cl 42 4 >~ Cly,0 ® Cly,p and Cl,, 442 >~ Cly,, ® Clg 2.

The algebras Cl,,0 ® Cl,, and Cl; , ® Clp,» have respectively the following
generating functions:

a(x) = x1x2 + E XiXxj + E Xi,
3<i<j<n+2 p+3<i<n+2

and
/
a(x) = Z XiXj + Z Xi + Xp+1Xn+2 + Xn+1 + Xn42-

1<i<j=n p+1<izn

It is easy to check that the coordinate transformations

!/ / .
Xp=x1+x3+ -+ Xn42, X; =X, 1 = n,

!/ s
Xy =Xp+ X3+ + Xpq2, and Xppp = X1+ o+ Xpt1, 4.1)
! . /

xizxi,z>2, xn+2=x1+"'+xn+xn+2-

send respectively « and o’ to the generating quadratic form of Cl,4,, and of
Cl, 442. The last periodicity statement for the Clifford algebras, i.e. Clpy1441
Cli,1 ® Cly,, can be proved in a similar way.
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5. Triangulated graphs

In this section, we present a way to interpret a cubic form on Z} in term of a
triangulated graph? and reformulate our main results. This will allow us to find the
simplest equivalent normal forms for the cubic forms «, 4, for which the periodicity
statements are very transparent.

5.1. The definition. Consider an arbitrary cubic form on Z3:

a(x) = Z Aijk XiXjXp + Z Bij XiXj + Z C; x;.

1<i<j<k<n 1<i<j<n 1<i<n

Note that this is precisely the form (3.1) by we separate the terms for which some of
the indices coincide. We will associate a triangulated graph to every such function.
The definition is as follows.

Definition 5.1. Given a cubic form «, the corresponding triangulated graph is as
follows.

(1) The set of vertices of the graph coincides with the set {x1, x2,...,x,}. Writc e
if C; =landoif C; = 0.

(2) Two distinct vertices, i and j, are joined by an edge if B;; = 1.
(3) Join by a triangle < those (distinct) vertices i, j, k for which 4;;x = 1.

Note that the defined triangulated graph completely characterizes the cubic form.

Example 5.2. Let us give elementary examples in the 2-dimensional case.

(1) The first interesting case is that of the classical algebra of quaternions H. The
quadratic form and the corresponding graph are as follows.

cl
o5, (X1,X2) = X1X2 + X1 + X2, — X1 O——0 12

(2) The other interesting case is that the Clifford algebra Cl, ¢. The quadratic
form and the corresponding graph are as follows.
agfo(xl,xz) = X1X2, N X1 O=——0 X2

2] am grateful to V. Ovsienko who explained me this method.



1212 M. Kreusch

Example 5.3. Let us give several examples in the 3-dimensional case.
(1) The first interesting case is that of the classical algebra of octonions @. The
cubic form and the corresponding graph are as follows.

X2

®0,3(X1, X2, X3) = X1X2X3 + X1X2 + X1X3 + X2X3 «— X <
+ X1 + X2 + X3,

X3

Amazingly, the above triangle contains the full information about the cubic
form o 3 and therefore about the algebra O.

(2) The algebra of split octonions has the following cubic form:

X2
a1,2(x1, X2, X3) = X1X2X3 + X1X2 + X1X3 + X2X3 «—> X1 O<
X3
+ x2 + X3,
(3) The “trivial example™:
o X2
DA X10
a(xy, xz,x3) =0, o X3

5.2. The forms &g, and &,,0. Let us now introduce a series of cubic forms
®pq. We will prove in Section 6 that they are equivalent to the forms «, ,. The
advantage of this new way to represent the cubic forms «, 4 consists in the fact that
the corresponding graphs are very simple. The periodicity properties of the algebras
0y, and O, 4 can be seen directly from the graphs.

Let us start with the case of signature (0, n).

Definition 5.4. The cubic forms &y, are defined as follows.
(1) @o,3 = ap,3.

(2) The next cases are:

O X4
®o,4(X1, X2, X3, X4) = X1X3X4 + X1X3 + X1X4 «— 2 x <
X3
+ X3X4 + X1 + X3 + X4,

®o,5(X1,...,X5) = X1X2X3 + X1X4X5 + X2X3 X3 X5
<>
+ X1X4 + X1X5 + X4X5 + X X2 X1 X4

+ x4 + X5,

X2

0o,6(X1,...,X6) = X1X3X4 + X1X5X6 + X1X2 X4 X6
+ X3X4 + X1X5 + X1X6 <~ b
x3 1 xs

+ X5X6 + X1 + X2 + X5 + Xe.
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(3) In general, we have the following.

550,4k+3(X1, s Xaq3k) = 550,3(361 , X2, X3)

k
+ Z (x1 4 Go,5(x1. Xai, ... X4i43)) ,
i=1
0,4k (X1, ..., Xak) = @o,4(x1, ..., X4g)
k—1
+ Z (X1 4 @o,5(X1, Xa4it1s -, Xai+4))

i=1

Ao ak+1(X15 ..., Xag41) = do5(X1,...,X5)
k—1
+ Z (x1 + @o,5(X1. X4i42, ..., Xaits))
i=1
®o,4k+2(X1. ..., Xak42) = do,6(X1,...,X6)
k—1

+ Y (x1 + Go,s5(x1. Xait3. - - Xaite)) -

i=1

The table below gives a series of examples of defined cubic forms.

~ a
0.7 0,11
®0,3 'd
o do.8 ®o,12
0,4 <
00,9 0,13

(52()’5 N
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5[0,10 &0,14
070,6 M

Figure 2. Examples of the cubic form &, forn € {3, ..., 14}.

The property of periodicity modulo 4 is quite obvious.

Definition 5.5. The forms &, o are defined according the following simple rule:

Cn,o(X1,...,X0) 1= Aon(X1,...,xn) + X1.

5.3. The forms &, 4. The cubic forms &, 4 with signature (p, g) such that p > 0
and g > 0 are defined as follows.

Definition 5.6. (1) The first eleven cases are defined as follows.

5 X2 B X2 0 X4 - X2 @ X4
Q12 X1 022 X1 1,3 X1
X3 X3 X3
X3 X5 X3 X5
@23 N a1,4 l><1
X2 X1 X4 X2 X1 X4

X2 X2 X2
5 X4 X6 X4 X6 B X4 X6
®3,.3 | >i< | 02,4 1,5
X3 *1 X5 X3 1 X5 X3 *1 X5
X2 X3 X2
X2 X7 X4 1) X8
X X
~ X3 X6 ~ X3 X7 ~ 4 X 9
25 26 3,6
X5 X8
X4 X5 X5 X6 X6 X7

The coordinate formulas follow directly from the above graphs.
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(2) We define the forms &, 4, with arbitrary p > 0 and ¢ > 0, except for (p,q) =
(1,4) and (p,q) = (4, 1) in the last equation, using the following rules:

Uq,p = Upgq’
Apg+d = Uptag;
dp+2,q+2(x1, ey Xn+4) = &p,q(xl, RN ,)Cn)
+ @2,3(X1, Xn+1, Xn+25 Xn+3, Xn+4) + X1.

It is easy to check that the first eleven forms suffice to determine the rest.

5.4. An equivalent formulation of the main result. Let us give a different way to
formulate our main result.

Theorem 5.7. The cubic forms ap 4 and & p 4 are equivalent for all p, q.

Theorems 4.1 and 4.2 will follow from Theorem 5.7 since the forms &, 4 have the
required periodicity.

6. Proof of Theorem 5.7

In this section, we give explicitly step by step the coordinate transformations that
intertwine the cubic forms o, 4 and & 4. According to the number of generators
modulo 4, different cases appear. The cases where the number of generators is even
will be deduced from cases where the number of generators is odd. This is explained
in Sections 6.1 and 6.2. In Section 6.3, we focus on the two cases with odd number
of variables. Finally, we finish the proof of the Theorem 5.7 in Section 6.4.

6.1. The case (p,q) with n = 4k. This first lemma shows that the case n = 4k
can be deduced from the case n = 4k — 1. The cubic form «,, ;, with p + g = 4k is
equivalent to a cubic form where the last generator completely disappears or is only
present in the linear part.

We introduce the following notation. Consider the projection Z% — Z2~1 defined
by “forgetting” the last coordinate, x,. The cubic form on Z/ obtained by the pull-
back of a cubic form & on Z2~! will be denoted by @. In other words,

aA(xy, .. xn) = (X1, ..., Xn—1).
Lemma 6.1. Ifn = p + g = 4k with k € N\{0} then, one has the equivalent forms
on ~ Qopn—1  and Oy = Up—1,0,

Upg—1 if p,q > 0 are even,
Upg—1+xn ifp,gq>1areodd.
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Proof. To establish the equivalence in the cases (n,0), (0,n) and (p,q) where
p.q > 1 are odd, we choose the following coordinate transformation:

/
X1 = X1+ Xak,

/
Xy = X1+ X2 + Xaf,

=
Il

; x1 + xi + x4k,

/
Xop+1 = X1 + Xok+1 + Xak,

. (6.1)
Xppo = X2 0o Xogy1 + Xokg2 + 0+ Xag,

Xj =X+ Ximy 5 X1+ Xak

Xgp—q = X2 + -+ Xagp—2 + Xak—1 + X4k,

where ~ denotes removed terms.

In the case where p,q > 0 are even, it suffices to consider the particular case
p < q. Indeed, it was proved in [8] that o, ;, >~ g, , for every p,q > 0, and that
Qg—1,p = otg p—1 forevery p,g > 0if p and g are even and p + g = 4k + 3. If
0 < p < q are even, the coordinate transformation considered in this case is the
same as (6.1) for every elements x; where i € {2,...,n — 1} together with

/

!/
Xy = X1 + Xak.

Hence the lemma. O

6.2. The case (p, q) withn = 4k + 2. This second lemma allows us to reduce the
case n = 4k + 2 to the case n = 4k + 1. The cubic form o, 4 with p +q = 4k +2
is equivalent to a cubic form where the last coordinate is only present in the quadratic
part and sometimes in the linear part.

Lemma 6.2. Ifn = p + q = 4k + 2 with k € N\{0} then, one has the equivalent
forms

n—1

Qo,n = 0o n—1 + Xn + Xy E Xi, (6.2)
i=1
n—1

Op,0 =~ 0p—1,0 + Xn + Xp E Xi, (6.3)

i=1
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n—1

CUp—1,q + Xn in if p.q > 1are odd,
Op.q = = (6.4)
Up—1,4 + Xn + Xn in if p,q > 0 are even.

i=1
Proof. To establish the equivalence, we choose the following coordinate transforma-
tion:
/
X1 = X4k+2>
Xy = X1 + Xak+2,

X; = Xi—1 + X4k+2,

xék“ = Xok + X4k+2, (6.5)
/ ——
Xogao = X1+ o+ + Xk + Xag4+1 + Xak+2,

X; = X1+ + Xek+2—i T Xek+3—i T Xek+a—i + -+ + Xak+2,

Xf;k_,.z = X1+ + Xok + Xok41 + Xog+2 + o0+ Xakto.

If the signature is (r,0) and (0,n), the equivalence is given by the above
transformation. If the signature is (p,q) with p,q > 0, the transformation (6.5)
is taking into account only in the case p < q. The case g < p is then deduced from
the case p < g since it was proven in [8] that

Xpg = %q,p if p.g >0,
Qp_1,qg X 0Qpg1 if p4+¢q =4k +1and p —1iseven,
Qg p—1 = Qg—1,p if p4+¢q =4k + 1 and ¢q is odd.
Lemma 6.2 is proved. O

6.3. Thecasen =4k +3andn =4k +1. If n = p + g is odd, there exist
exactly four distinct algebras @, , with p, g > 0 up to graded isomorphism; see [8].
We will treat each of these four cases independently.

Lemma 6.3. Ifn = 4k + 3 and k is odd, then

(1) the form gy, is equivalent to

| I
X1+ (x1+1) (a§k+2,o(xz, ooy X2k43) + Olg,gk(xzkﬂ, . ,x4k+3)> ,
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(2) the form oy is equivalent to
cl cl
(x1+1) (a2k+2,0(x27 SR x2k+3) + O[(),zk(xzk-i-m .

(3) the form a1 2k+2 IS equivalent to

x1+(x1+1) (agllc+2,0(x2’ ey Xok+3) + ag}zk(x2k+4,

(4) the form oz 2k +3 Is equivalent to

--,X4k+3)) )

e ,X4k+3)>
2k+3

+ Z Xi,
i=2

cl cl
X1+ (x1+1) (azk+2,o(x2, o X2k4+3) + Qg g (XK 44, - - ,x4k+3))
2k
+ Z X; + X2k+3-
i=2
Ifn = 4k + 3 and k is even, then
(1) the form gy, is equivalent to
1 al cl
x1+(x1+1) Olzk’o(xz, cea Xokg1) + 00’2k+2(xzk+2, s X4k43) ) s
(2) the form oy g is equivalent to
1 Cl Cl
(x1+1) azk,o(xz, ooy Xokt1) + %,zk+2(xzk+2, e X4k43) )
(3) the form o 41,2k+2 IS equivalent to
1 Cl Cl
x1+ (1 + 1) (o5 (2, - oo Xokt1) + g o 10 (X2k42, - -+, Xak+3)
4k+3
+ D i
i=2k+2
(4) the form oz 2k +3 Is equivalent to
1 cl cl
x1+x1+1) Olzk’o(xz, ey Xokt1) + a0’2k+2(x2k+2, ey Xak+3)
4k+1

+ Z Xi + X4k+3-
i=2k+3
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Proof. If k is odd, chose the following coordinate transformation:

/
X1

/
X3

/
Xok+1

/
Xok+2

/
Xok+3

/
Xak+1

/
Xak+2

/
Xak+3

= Xok+2 + X2k+3,

= X2 + X2k +2,

= Xi + X2k +2,

:xl +...
Xyt
Xyt

Xok+1 + X2k+2,

X2k+25
= -xl + .

Xy

o Xok1 + Xok43 + oo+ Xakg1 + Xak42 + Xak+3,

+ Xok4+1 + Xok+3 + 0 + Xek+a—i T Xek+5—i + Xek+6—i
+ ot Xakys,

+ Xok+1 + Xok+3 + Xok4a + Xok4s + o0+ Xag43.
+ Xok+1 + X2k+3 + o+ Xak+2,
+ Xok+1 + Xok+3 + 0+ Xak+3-

If k is even and k > 2, chose the following coordinate transformation:

/
X1

/
X2

/
Xok+1

/
Xok+2

A
Xok+3

/
Xak+2

/
Xak+3

= X2k+2 + Xak+3,

Xok+2 + X2k +3,

= Xok+2 + X2k+1+i>

= X2k+2>

X2k+2 + Xak+2,

X1+ X2+ X300 4 Xok41 + Xok43 + o+ Xak43s

X1+

_x1+.
X1+

o+ Xijok—2 + Xi—2k—1 + Xi—2k + 0+ X2k41 + X2k 43

+ ot Xagys,

o Xok + Xokt1 + Xok43 + 0+ Xak43,
o Xok+1 + Xok+3 + o Xag43.

These coordinate transformation provide the desired equivalence. O
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Lemma 6.4. Ifn = 4k + 1, then

(1) the form ay , is equivalent to
al cl
X1+ (x1+1) (Olzk,o(xz, e Xok+1) g op (X2k42, - - ,X4k+1)> ,
(2) the form oy g is equivalent to
al cl
(x1+1) (%k,o(xz, e Xok1) g op (X2k42, - - ,X4k+1)) ,

(3) the form oz 2k +1 IS equivalent to

4k+1
al a
x1+(x1+1) (Olzk,o(xz, ey Xogt1) + og g (X2k42, - -,X4k+1))+ Z Xi,
i=2k+2
(4) Ifn = 4k + 1 and k is even, then azx—» ok +3 is equivalent to
4k+1
a a
x1+(x1+1) <a2k’0(xz, coes Xokg) + o (Xakt2, - .,x4k+1))+ Z Xi,
i=2k+2
Ifn = 4k + 1 and k is odd, then o5 2k +3 is equivalent to
X1+ ( D (o< a
1+ (o + D) (g o(X2, - oo Xak41) + g o (X2k 42, - - -0 Xak41)
2k—2
+ Z Xi + Xok+1-
i=2

Proof. If k > 2 is odd, the coordinate transformation is as follows:

/
X1 = X1 + X2k+1,

/
Xy = X1+ X2
X; = X1 —+ Xi,
Xop = X1+ X2k,

!
Xokg1 = X1+ 0+ Xag+1, (6.6)
x£k+2 =x2 4+ 4+ Xak—1 + Xak + Xak+1.

/ e
X; =X2+ -+ Xek—i+1 T Xek—i+2 + Xek—i+3 + -+ + Xak+1,

Xgp = X2 + o+ Xog41 + Xok42 + Xok43 + o0+ X1
Kipan = %2+ oo Xap
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If kK > 2 is even, the coordinate transformation is as follows:

i
X1 = X1+ X4k+1,
X; = X1 + X4k+2—i)

Xop = X1 + Xok+2,
/

Xok41 = X1+ 00+ Xagt1, (6.7)
/ o~

Xogto = X2+ X3+ -+ Xagk41,

Xj =X+t Xjok—1 + X2k + Xi—2k+41 + -+ Xak+1,

Xgpqr = X2 4o+ Xok + Xokg1 + Xokq2 + o+ Xakg1

The above transformations provide the equivalence in the cases where the
signature is (0, n), (n,0) and (p, g) with k odd.

Furthermore, in the case of signature (2k, 2k + 1) with even k (which is equivalent
to the case of signature (2k + 1, 2k)), the transformation (6.7) has to be combined
with the following one

Xy = xi,
Xé = X2 + X1,
X = Xxi, if 3<i<4k+1.

Finally, if k is even and in the case of signature (2k — 2,2k + 3), the
transformation (6.6) has to be combined with the following change of coordinates

X = xi, if 1 <i <4k,
Xakg1 = Xakt1 + X1.

The results follow directly form these coordinate transformations. O

The changes of coordinates (6.6) and (6.7) used in the proof of the lemma 6.4,
can be used for the case p + ¢ = 4k + 2 = n where the last coordinate x, remains
unchanged.

6.4. The end of the proof. Consider some more properties on the quadratic form
of the Clifford algebras. Denote, as above, by ag}z the generating quadratic form of
the Clifford algebra Clp > and by ag}O the generating quadratic form of the Clifford
algebra Cl; ¢. Denote also

(ag,lo)l(xl 9 ey -le) = ag,l()(-xlv x2) + e + ag’lo(le_l, X2l),

Cl \!/ . Cl Cl
(0‘0,2) (x1,...,x21) .=a0’2(x1,x2) +oeee O50,2(x21—1,le)'
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The following lemma is useful in the Clifford case.
Lemma 6.5. Ifk is even, then

a k/2 Cl \k/2
azko—%zk—(a )k + (23,0) 2,

If k is odd, then

k+1 cl \ k=1 k=1 Cl k+1
azk 0= (0‘ 7+ (ag,) 7, 0‘0 2% = (O‘ 7+ () ?

Lemma 6.5 means that the graph of the quadratic form of a Clifford algebra with
even generators, is equivalent to a disconnected graph consisting of components of
the type @—e and o——o.

Lemma 6.6. The form &, 3 is equivalent to
X3 X5
xzt X1 j X4

®o,5(X1,X2,...,X5) + &1,4(x1, X6, ..., X9)

= a2 3(x1, X2, X3, Xg, X9) + a2 3(x1, X6, X7, X4, X5)

and one has

Proof. For the first part, the coordinate transformation is given by
X7 = xy,
x’z = X3 + X4 + X5,
X’3 = X2 + X4 + X5,
Xj = X2 + X3 + x5,
X5 = X3 + X3 + X4.

The second part is deduced directly from the first one. O

To finish the proof of the Theorem 5.7, we consider the four different cases.

(1) The case with the signature (0, 7). Suppose that n = 4k + 1, then according
to Lemma 6.5, o 5, is equivalent to the following form:

X1+ (x1+1) ((ag,lo)k + (“g,lz)k) -
If n = 4k + 3, then «y 5 is equivalent to the following form:
x1+(x1+1) <(O‘§,lo)k + (ag}z)k+1>.

The desired equivalence follows from

X3 X5
X1+ (x1+1) (a%,‘o(xz,xs) + Otg,lz(xmxs)) <~ Qo5 M
X2 1 X4



Bott type periodicity for the higher octonions 1223

(2) The case where the signature is (7, 0) directly follows from the case of signature
(0, n) since we have the following fact

X3 X5
(x1+1) (Olg,lo(xz,x3) + ozS}z(x4,xs)) <~ QU500 M
X2 X1 X4

(3) When the signature is (2k, 2k + 1) with n = 4k + 1 due to Lemmas 6.4, 6.5
and 6.6, the form osx o4 +1 is equivalent to the following form

4k+1
x1—F(xl%—1)((agh)k(xzw--,xzk+1)4—(agb)k(xzk+2,~'vxﬁk+4)> +'j£: Xi

i=2k+2

4k—1

(x1+1) <(Olg}0)k_1(xz, ceey Xok—1) + (“gfz)k_l(X2k+2, e ,X4k—1)) + Z Xi
i=2k+2

+ 02,3(X1, X2k, X2k 41, X4k Xak+1)-

The conclusion is obvious since we have the following isomorphism

x1+ (x1 + 1) (a5(x2. X3) + &g (x4, X5)) . xs
< 023 b
+ X4 + X5 X2 1 X4

When the signature is (2k + 1,2k + 2) with n = 4k + 3, also due to
Lemmas 6.3, 6.5 and 6.6, the form a1 1,2k+2 is equivalent to the following

form
4k+3
x1+(x1+1) ((“g,lo)k(xz, X)) F (@) T ok ,X4k+3)) +Y X
i=2k+2
4k+1
= (x1+1) ((Olg,lo)k(xz, oo Xok41) H (Olg,lz)k(xzku, e ’X4k+1)) + Z Xi
i=2k+2

+ a1 2(X1, Xak+2. Xak+3)-

(4) When the signature is (2k,2k + 3) with n = 4k + 3, the form oz 2443 is
equivalent to the following form

4k+1

x1+(x1+1) ((Olg,lo)k(xz, cooa Xok41) F (Olg,lz)kﬂ(xzkﬂ, e ,X4k+3)) + Z Xi
i=2k+2
4k—1
= (x1 + 1) <(Olg,10)k_1()€2, ey sz_l) + (ag}z)k_l(x2k+2, ey X4k_1)) + Z Xi
i=2k+2

+ o 5(X1, Xoks Xok+15 Xaks Xak+15 Xak+25 Xak+3)-
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When the signature is (2k — 1, 2k 4 2) withn = 4k + 1, the form a1 2k 42
is equivalent to opx—» 2k+3 Which is equivalent to the following form

4k—1
xl—%(x14—1)((aghﬁk(xz,...,xzk+4) +'(agh)k+ﬂ(x2k+2,.--,X4k+4)) +-j£: Xi
i=2k+2
4k—3
= (x1 + 1) <(ag}0)k_2(x2, ey sz_3) + (ag}z)k_z(x2k+2, ey X4k_3)) + Z Xi
i=2k+2

+ @3,6(X1, Xok—2, X2k—15 X2k s X2k+1> Xak—2, Xak—1, X4k Xak+1)-
Theorem 5.7 is proved.
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