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Abstract. Following ideas of Graeme Segal, we construct an equivariant configuration space that
is a model of equivariant connective K-homology spectrum for finite groups, as a consequence
we obtain an induction structure for equivariant connective K-homology. We describe explicitly
the homology with complex coefficients for the fixed points of this configuration space as a
Hopf algebra.
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1. Introduction

The purpose of this paper is to give a configuration space description of equivariant
connective K-homology (Proposition 2.10). We describe the homology of the fixed
point space of these configuration spaces, in terms of certain Hopf algebras studied
initially by Segal in [19] and generalized byWang in [23]. We follow ideas of Graeme
Segal, and most of the results and proofs obtained here generalize results contained
in [18] and [19] to the equivariant context. Our results answer a question posed by
Wang in [23]. Namely, let .M;m0/ be a based G-Spinc-manifold. Wang asks about
the possibility to relate the Hopf algebra

FqG.M/ D
M
n�0

qnK�G�Sn.M
n/˝ C;

to the homology of some configuration space C.M;m0; G/ thus generalizing Segal’s
work. Finally, as a consequence, we obtain a newmodel for the equivariant connective
K-theory spectrum. The results in this paper are part of the PhD thesis of the
author [21].

Thefirst appearance of configuration spaces in algebraic topology is possibly in the
Dold–Thom Theorem in [8]. In this paper the authors consider the infinite symmetric
product of a based CW-complex .X; x0/ and establish a natural isomorphism from
its homotopy groups onto the reduced cellular homology groups of .X; x0/.

More precisely:
Definition 1.1. Let .X; x0/ be a based CW-complex. Consider the natural action of
the symmetric group Sn over Xn. The orbit space of this action

SP n.X/ D Xn=Sn

provided with the quotient topology is called the n-th symmetric product of X . We
can include SP n.X/ in SP nC1.X/ in the following way

SP n.X/! SP nC1.X/

Œx1; : : : ; xn� 7! Œx0; x1; : : : ; xn�;

Taking colimits over these inclusions we define

SP1.X/ D lim
�!
n

SP n.X/;

with the colimit topology. SP1.X/ is called the infinite symmetric product of X .



A configuration space for equivariant connective K-homology 1345

Condition 1.2. The topology of SP1.X/ as a configuration space is determined by
the following properties:
(1) If two elements converge to a third element, the label in the limit will be the

sum of the labels in the initial points.
(2) If a sequence converges to x0, then the point disappears.
Let f CW0 be the category of based finite CW-complexes and Z � ab be the

category of Z-graded abelian groups.
Theorem 1.3 (Dold–Thom). There is a natural equivalence between ��.SP1.�//
and eH�.�/, where eH�.�/ denotes reduced homology with integer coefficients.

It is an interesting problem to give a description similar to Theorem 1.3 for
generalized homology theories (see for example [20]). In the current paper we are
mainly interested in K-homology. For this case it is possible to assign a configuration
space, but we have to consider the connective version of K-homology.
Definition 1.4 (p. 205 in [1]). Given a (generalized) reduced homology theory H�
defined on the category f CW0, one can associate another homology theory h� such
that:
(1) There is a natural transformation

c W h� ! H�

such that c is an isomorphism when we evaluate in .S0; 0/ D .f0; 1g; 0/ on
positive indices.

(2) For every .X; x0/ 2 f CW0, and for every n < 0 we have hn.X; x0/ D 0.
The functor h� is uniquely determined by these conditions and is called the connective
homology theory associated to H�. In the case of K-homology we denote by k� the
functor connective K-homology.

In [18] Segal constructs a functor C.�/ for connective K-homology analogue to
SP1.�/.
Definition 1.5. Let .X; x0/ be a pathwise connected, based, finite CW-complex and
let C0.X/ be the C�-algebra of complex-valued continuous functions defined overX
that vanish on the base point x0. Consider the space of �-homomorphisms

C.X; x0/ D
[
n�0

Hom�.C0.X/;Mn�n.C//;

with the weak topology, where the union is taken considering the inclusions

Mn�n.C/ �! M.nC1/�.nC1/.C/

A 7�!

�
A 0

0 0

�
:
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As X is pathwise connected, C.X; x0/ is also pathwise connected and therefore its
homotopy groups do not depend of the base point x0. We will denote C.X; x0/
simply by C.X/. We will see below that

C.X/ ' �C.†X/: (1.1)

If X is non pathwise connected we take 1.1 as the defintion of C.X/.
The space C.X/ has a description as a configuration space. If X is connected,

elements in C.X/ can be viewed as finite subsets

fx1; : : : ; xng � X � fx0g;

where the xi are labeled by mutually orthogonal non-zero finite dimensional vector
subspace Vi of C1, and the topology has the following properties (compare with
Condition 1.2).
(1) If two points converge to the same points, the label in the limit will be the limit

of the direct sum of the labels of the initial points.
(2) If a sequence converges to x0, then the labels converge to 0 (i.e the point

disappears).
A more precise description of these conditions is given in Remark 3.4.

Segal obtained a Dold–Thom-theorem for connective K-homology in the
following way.
Theorem 1.6 (Prop. 1.1 in [18]). Let .X; x0/ be a based finite CW-complex, and
denote by eK the reduced K-homology. There is a natural map

�n.C.X//
p
��! eKn.X/ for n � 0

such that
(1) This application is an isomorphism when X D S0.
(2) The functor ��.C.�// is a reduced homology theory in the category of based

finite CW-complexes, and the map p is a natural transformation between
reduced homology theories.

By Definition 1.4, it follows that the functor ��.C.�// is naturally equivalent
to reduced connective K-homology. In this paper, we use ideas of non
commutative topology, specifically Kasparov KK-theory, to explain a new proof
and a generalization of Theorem 1.6 to an equivariant context. More precisely, we
have
Theorem 1.7. Let G be a finite group and .X;A/ be a finite G-CW-pair. There is a
configuration space C.X=A;G/, with a continuous G-action and a natural map

�Gn .C.X=A;G// �! KGn .X;A/ for n � 0
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satisfying
(1) For every subgroupH of G this map is an isomorphism when

.X;A/ D .G=H;;/

with the natural G-action.
(2) The functor �G� .C.�; G// is an equivariant homology theory defined on the

category of based finite G-CW-pairs.
For a precise definition of C.X;G/ see Definition 3.1.
Now, let us describe the other topic developed in this paper. Segal in [19] studies

the Z � Z=2Z-graded Hopf algebra

Fq.X/ D
M
n�0

qnK�Sn
.Xn/˝ C;

where q is a formal variable (q gives the grading) and where K�G.�/ D K0G.�/˚

K1G.�/. The product is defined using the induction functor from .Sn �Sm/-equiva-
riant vector bundles to SnCm-equivariant vector bundles, and the coproduct is
defined using the corresponding restriction functor. Considering a connected even
dimensional Spinc-manifold, Segal found a relation between the Hopf algebra Fq.X/
and the homology of the configuration space C.X/. Note that H�.C.X/IC/ is
endowedwith the Hopf algebra structure induced by the Hopf space structure in C.X/
given by ‘putting together’ the configurations. More precisely Segal proves in [19]
the following theorem:
Theorem 1.8. Let M be a connected even dimensional Spinc-manifold. There is a
natural isomorphism of Z � Z=2Z-graded Hopf algebras

H�.C.M/IC/ Š2Fq.M/;

where the completion is taken over the augmentation ideal.
As is proved in [19], and generalized in [23], the algebra Fq.X/ carries several

interesting properties. For example it is a free �-ring, has the size of a Fock space
of a certain infinite-dimensional Heisenberg superalgebra, and it is the target of the
power operations in equivariant K-theory.

In [23], Wang defines an equivariant generalization of Fq.X/. Consider the
wreath product Gn D G o Sn which is a semidirect product of the n-th direct
product Gn of G and the symmetric group Sn. If G acts on X there is an action of
the group Gn on Xn induced by the actions of Gn and Sn on Xn.
Definition 1.9. Let X be a G-CW-complex, we denote by FqG.X/ to the Z � Z=2Z-
graded Hopf algebra

FqG.X/ D
M
n�0

qnK�Gn.X
n/˝ C:

with the product and coproduct defined using induction and restriction functors
on KG . For a precise definition see Definition 6.3.
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We generalize Theorem 1.8 to an equivariant setting. We prove that the homology
groups of theG-fixed points ofC.X;G/ carry a naturalZ�Z=2Z-gradedHopf algebra
structure. Using an equivariant version of the Chern character due to Lück in [13],
we find a Z � Z=2Z-graded Hopf algebra isomorphism from H�.C.M;G/

G IC/ to
2FqG.M/. More precisely we have

Theorem 1.10. LetM be an even dimensional G-Spinc-manifold. The Z � Z=2Z-
graded complex vector spaceH�.C.M;G/G IC/ carries a natural Z�Z=2Z-graded
Hopf algebra and there is a natural isomorphism of Z�Z=2Z-graded Hopf algebras

H�.C.M;G/
G
IC/ Š 2FqG.M/;

where the completion is taken over the augmentation ideal.

Applying this theorem to M D S0, we obtain an expression for the homology
of the G-fixed points of the equivariant infinite Grasmannian in terms of the
representation ring of wreath products.

This paper is organized as follows. In Section 2 we recall the definition of the
equivariant K-theory spectrum, and fix notations about some functions spaces and
G-actions over these. We recall definitions of equivariant homology theories, and its
connective versions in the sense of [13].

In Section 3 we define the configuration space associated to equivariant K-
homology and prove that the functor defined as its homotopy groups is aG-homology
theory. In Section 4 we define a natural transformation from the homotopy groups
of the configuration space to equivariant K-homology and prove that this natural
transformation is an isomorphism, when we apply it to the space S0, with the trivial
G-action.

In Section 5 we prove that the functor defined in Section 3 has an induction
structure over finite groups in the sense defined by Lück in [13]. We use this fact to
prove that the functor is an equivariant homology theory, and finally deduce that it is
naturally equivalent to equivariant connective K-homology.

In Section 6 we describe an isomorphism between the complex homology of the
fixed point space of the configuration space and the Hopf algebra FqG.X/.

2. Preliminaries

2.1. Notation. Let .X; x0/ and .Y; y0/ be (left) based G-spaces. There is a (left)
G-action on the set ofMap0.X; Y / of based mappings from X to Y defined by

G �Map0.X; Y / �!Map0.X; Y /

.g; f / 7�! .x 7! g.f .g�1x///:
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If Map0.X; Y / carries the compact open topology and if X is locally compact
then the G-action is continuous. Notice that the fixed point set Map0.X; Y /G
consists of the set of G-equivariant maps from X to Y . The homotopy classes of
Map0.X; Y /

G is denoted by ŒX; Y �G . AG-space X is calledG-connected if XH is
connected for everyH � G.

2.2. The classifying space for equivariant K-theory . In this section we construct
a convenient classifying space for equivariant K-theory for actions of compact Lie
groups. This space is the infinite Grassmannian of an infinite dimensional complex
representation ofG that contains up to isomorphism every irreducible representation
of G countably many times. The results in this section are taken from Section XIV.4
in [14].

Definition 2.1. Recall that a G-CW complex structure on the pair .X;A/ consists
of a filtration of the G-space X D

S
�1�nXn with X�1 D ;, X0 D A and such

that every space is inductively obtained from the previous one by attaching cells with
pushout diagrams `

i S
n�1 �G=Hi //

��

Xn�1

��`
i D

n �G=Hi // Xn

:

A G-CW-complex .X;A/ is called finite if it has finitely many cells. Every G-CW-
complex considered in this paper is assumed to be finite.

Definition 2.2. Let G be a compact Lie group. A complete G-universe is a complex
separable Hilbert spaceHG with a linear action ofG that contains up to isomorphism
every irreducible finite dimensional representation of G infinitely many times.

Peter–Weyl theorem gives us a model for a complete G-universe. It implies that
for H a separable complex Hilbert space, the Hilbert space HG D L2.G/˝ H is a
complete G-universe.

As in [14] fixing a complete G-universe HG , one can construct a representing
space BUG of G-equivariant K-theory as a colimit of finite dimensional equivariant
Grassmannians. We have the following result.

Theorem 2.3. For a finite basedG-CW complex .X; x0/, the definition of eKG.X/ as
the Grothendieck group of stable isomorphism classes of G-vector bundles over X
and the classification theorem for complexG-vector bundles lead to an isomorphism

ŒX; BUG �
G
Š eKG.X/:
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Using Theorem 2.3 we can define the equivariant K-theory spectrum.
Definition 2.4. The equivariant K-theory spectrum is the sequence of G-spaces

KUn D

(
BUG if n is even,
�BUG if n is odd.

Remark 2.5. Theorem 2.3 implies that if X is a finite based G-CW-complex we
have isomorphisms eKnG.X/ Š ŒX;KUn�G ; andeKGn .X/ Š ŒX ^KUn�G
for all n 2 Z.
Remark 2.6. Weare only considering naiveG-spectra becausewe are only interested
to represent equivariant connective K-homology as a Z-graded homology theory.

2.3. Finite rank operators space. For a definition of C�-algebra see [17]. We
define the C�-algebras

FRn.HG/ D fA 2 End.HG/ j rank.A/ � ng

with the compact open topology. In this case, the topology coincides with the weak
topology because of the finite rank condition. We have an inclusion

FRn.HG/ �! FRnC1.HG/:

The group G acts continuously on FRn.HG/.

2.4. Equivariant homology theories on G -CW-complexes. We introduce G-
homology theories and equivariant homology theories. We are following [13].
Definition 2.7. A G-homology theory HG

� with values in R-modules is a collection
of covariant functors HG

n from the category of G-CW-pairs to the category of R-
modules, indexed byn 2 Z, together with natural transformations called the boundary
map (hereHG

n .A/ is a shorthand forHG
n .A;;/)

@Gn W H
G
n .X;A/! HG

n�1.A/

for n 2 Z, such that the following axioms are satisfied:
(1) G-homotopy invariance.

If f0 and f1 are G-homotopic maps .X;A/ ! .Y; B/ of G-CW-pairs, then
the induced maps

f0�; f1� W H
G
n .X;A/! HG

n .Y; B/

are the same for all n 2 Z.
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(2) Long exact sequence of a pair.
Given a pair .X;A/ of G-CW-complexes, there is a long exact sequence

� � �
j�
�! HG

nC1.X;A/
@G
nC1

���! HG
n .A/

i�
�! HG

n .X/
j�
�! HG

n .X;A/
@Gn
��! � � � ;

where i W A! X and j W X ! .X;A/ are the inclusions.
(3) Excision.

Let .X;A/ be aG-CW-pair and let f W A! B be a cellular G-map of G-CW-
complexes. Equip .X [f B;B/ with the induced structure of a G-CW-pair.
Then the canonical map F W .X;A/! .X [f B;B/ induces an isomorphism

F� W H
G
n .X;A/! HG

n .X [f B;B/:

(4) Disjoint union axiom.
Let fXi j i 2 I g be a family of G-CW-complexes. Denote by

ji W Xi !
a
i2I

Xi

the canonical inclusion. Then the mapM
i2I

ji� W
M
i2I

HG
n .Xi /! HG

n

�a
i2I

Xi

�
is a group isomorphism.

Now we will define equivariant homology theories following [13].
Definition 2.8. Let ˛ W H ! G be a group homomorphism. Given an H -space X ,
define the induction of X with ˛ to be the G-space G �˛ X which is the quotient of
G �X by the rightH -action

G �X �H �! G �X

..g; x/; h/ 7�! .g˛.h/; h�1x/:

If ˛ W H ! G is an inclusion, we also write G �H X instead of G �˛ X .
An equivariant homology theory H‹

� with values in R-modules consists of a G-
homology theory HG

� with values in R-modules for each group G together with the
following so called induction structure: given a group homomorphism ˛ W H ! G

and an H -CW-pair .X;A/ such that ker.˛/ acts freely on X , for all n 2 Z there are
natural isomorphisms

ind˛ W H
H
n .X;A/

Š
��! HG

n .G �˛ X;G �˛ A/
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satisfying:
(1) Compatibility with the boundary homomorphisms.

@Gn ı ind˛ D ind˛ ı @
H
n :

(2) Functoriality. Let ˇ W G ! K be another group homomorphism such that
ker.ˇ ı ˛/ acts freely on X . Then we have for n 2 Z

indˇı˛ D f1� ı indˇ ı ind˛ W H
H
n .X;A/ �! HK

n .K �ˇı˛ .X;A//;

where

f1 W K �ˇ .G �˛ X;G �˛ A/
Š
��! .Kˇı˛X;Kˇı˛A/

.k; g; x/ 7�! .kˇ.g/; x/

is the natural K-homeomorphism.
(3) Compatibility with conjugation. We denote by c.g/ W G ! G the

conjugation homomorphism c.g/.h/ D ghg�1. For n 2 Z, g 2 G and a
G-CW-pair .X;A/ the homomorphism

indc.g/ W H
G
n .X;A/ �! HG

n .G �c.g/ X;G �c.g/ A/

agrees with f2� for the G-homeomorphism

f2 W .X;A/ �! .G �c.g/ X;G �c.g/ A/

x 7�! .1; g�1x/:

For examples of equivariant homology theories see Examples 1.3, 1.4 and 1.5
in [13].
Remark 2.9. Notice that the notion of equivariant homology theory introduced
here is more restrictive than the notion of compatible family of equivariant homology
theories in [12] because that notion only consider the casewhen the homomorphism ˛
is an inclusion.

It is natural (in analogy with [1, Pg. 205]) to associate to the equivariant K-
homology a connective G-homology theory in the following way.
Proposition 2.10. [9, Secc. 3] There is a G-homology theory kG� such that:

(1) There is a natural transformation c W kG� ! KG� such that c is an isomorphism
when we evaluate in homogeneous spaces G=H over positive indexes.

(2) For every G-CW-complex X and for every i < 0, kGi .X/ D 0.

The functor kG� is uniquely determined up to natural equivalence by these conditions
and is called G-equivariant connective K-homology.
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3. The configuration space

Let us recall from Section 1 that in the non-equivariant case, the connective
K-homology groups of a finite basedCW-complex .X; x0/ are naturally isomorphic to
the homotopy groups of the configuration space C.X/ of finite subsets of X � fx0g,
where each point is labelled by an element of the infinite Grassmannian of C1.
It would be natural to describe the equivariant K-homology of a finite based
G-CW-complex .X; x0/ as the equivariant homotopy groups of a configuration space
C.X; x0; G/whose elements are finite subsets ofX�fx0g and the labels are elements
of an appropriate equivariant analogue to the infinite Grassmannian. In this section,
we construct an equivariant analogue ofC.X/ and prove that its equivariant homotopy
groups form a G-homology theory.

3.1. Descriptions of the configuration space. In this section we define the G-
space C.X;G/ in terms of spaces of �-homomorphisms. We also give a description
of C.X;G/ as a configuration space and a geometric description of the G-action on
it.
Definition 3.1. Let G be a finite group and .X; x0/ be a based G-connected, G-
CW-complex. Let C.X; x0; G/ be the G-space of configurations of complex vector
spaces over .X; x0/, defined as the following union, with respect to the inclusions
FRn.HG/! FRnC1.HG/

C.X; x0; G/ D
[
n�0

Hom�.C0.X/;FRn.HG//;

with the compact open topology. Notice that � refers to �-homomorphism.
We endow to C.X; x0; G/ with a G-action in the following way. If F 2

C.X; x0; G/, we define

g � F W C0.X/ �! FRn.HG/
f 7�! g � F.g�1 � f /:

This action is continuous. As X is G-connected, C.X; x0; G/ is also G-connected
and its equivariant homotopy groups do not depend on the base point x0, we can
denote C.X; x0; G/ simply by C.X;G/.

The space C.X;G/ has a description as a configuration space. To obtain that
description we need to recall the Gelfand–Naimark theorem, for a proof of the
Gelfand–Naimark theorem see [7, Thm. I.3.1].
Definition 3.2. The spectrum of the C�-algebraC0.X/ is the based topological space
of characters

2C0.X/ D Hom�.C0.X/;C/;

with the strong �-topology and with base point the zero character 0.
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Theorem 3.3 (Gelfand–Naimark). Evaluation gives us a homeomorphism of based
spaces

.X; x0/
�
�! .2C0.X/; 0/

x 7�! �.x/Œf � D f .x/:

Let F 2 Hom�.C0.X/;FRn.HG//. For every f 2 C0.X/ we have

F.f /.F.f //� D F.ff �/

D F.f �f /

D F.f /�F.f /:

Then the operator F.f / is normal, so it is diagonalizable. Moreover as C0.X/ is
commutative the corresponding eigenspaces do not depend on f because all elements
in

fF.f / j f 2 C0.X/g � FRn.HG/

are simultaneously diagonalizable.
Taking eigenvalues give us a continuous map

C.X;G/ �! SP1.2C0.X/; 0/
composing with the Gelfand–Naimark homeomorphism we have a map

C.X;G/ �! SP1.X; x0/:

In the same way we have the following description of C.X;G/.
Remark 3.4. The space C.X;G/ has a description as a configuration space.
(1) For every element F 2 C.X;G/ consider the set of eigenvalues of F ,X

i

mixi 2 SP
1.X; x0/

with xi ¤ xj if i ¤ j . We can associate a configuration

f.x1; V1/; : : : ; .xn; Vn/g;

where the corresponding Vi � HG is the eigenspace corresponding to xi ; it is
a finite dimensional vector subspace ofHG such that if xi ¤ xj then Vi ? Vj .

(2) The topology of C.X;G/ can be recovered in the above description in the
following way. Let .Fi /i�0 be a sequence converging to F in C.X;G/.
Suppose that each Fi is characterized by a configuration

f.xi1; V
i
1 /; : : : ; .x

i
ni
; V ini /g;
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and F by
f.x1; V1/; : : : ; .xn; Vn/g:

Then the set fxi1; : : : ; xing viewed as an element in SP1.X; x0/ converges
to fx1; : : : ; xng. That means that up to a reordering of the indexes any xi

k

converges to a unique xl , and then on the labels one should impose the
condition M

fkjxk
i
!xl g

V ik ! Vl

as elements in BUG .
Remark 3.5. In the context of Remark 3.4 we can describe the G-action as follows.
For F 2 C.X;G/ represented by a configuration

f.x1; V1/; : : : ; .xn; Vn/g;

we have

.g � F /.f /.gv/ D gŒ.F.g�1f //.g�1gv/� D gŒ.f .gxi //.v/� D .f .gxi //.gv/;

where the last equality follows because f .gxi / is a scalar. Then one has a natural
continuous G-action on C.X;G/ on the description given in Remark 3.4

g � f.x1; V1/; : : : ; .xn; Vn/g D f.gx1; gVx1/; : : : ; .gxn; gVxn/g:

3.2. The homotopy groups of C.X; G/. We denote by CW .2/
G the category of

pairs .X;A/whereX is aG-CW-complex andA a closedG-ANR, which means that
there exists a G-open set U � A such that U is a weak G- deformation retract of A.
In [16] it is proved thatCW .2/

G is naturally equivalent to the category ofG-CW-pairs.

Definition 3.6. We define a family of covariant functors from CW .2/
G to the category

ofZ-graded abelian groups. Let .X;A/ 2 CW .2/
G and suppose thatX isG-connected.

Note that .X=A;A=A/ is a based G-space. We define the functors

kG� .�;�/ W CW
.2/
G �! Z � Ab

kGn .X;A/ D �n.C.X=A;G/
G/:

If X is non-G-connected we extend the functor kG� by defining

kG� .X;A/ D �
G
�C1.C.†.X=A/;G//:

Let us define the unreduced functor. Given a G-space X consider the space
XC D X [ fCg with base point ofC, G acts trivially onC. Define

kG� .X/ D k
G
� .XC;C/:

Theorem 3.7. The functor kG� is a G-homology theory.
We will prove this theorem in the next section.
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3.3. Proof of Theorem 3.7. First we prove that kG� satisfies the homotopy axiom,
the excision axiom and the disjoint union axiom. For the long exact sequence axiom
we will need some lemmas.
Proposition 3.8. The functor kG� satisfies the homotopy axiom.

Proof. We can define a map

! W I � C.X;G/! C.I �X;G/

.t; F / 7! .f 7! F.f .t;�/// :

Where f 2 C0.I �X/. On the other hand ifH W I �X ! Y is a homotopy we have
the induced mapH� W C.I �X;G/! C.Y /. The mapH� ı! gives us a homotopy.
Taking the induced map on homotopy groups we obtain that the induced maps by
H.0;�/ andH.1;�/ in kG� are the same.

Proposition 3.9. The functor kG� satisfies the excision axiom.

Proof. Given a G-map f W A ! B , there is a canonical G-homotopy equivalence
NF W X=A! X [f B=B . Applying the homotopy axiom to NF the result follows as
stated.

Proposition 3.10. The functor kG� satisfies the disjoint union axiom.

Proof. Let X D
`
i2I Xi be a disjoint union, in this case

C.X;G/ D
[
n�0

Hom�
�
C0

�
†

�a
i2I

Xi

��
;FRn.HG/

�G
:

First notice that C0.†.
`
i2I Xi // can be identified with

Q
i2I C0.†Xi /. For j 2 I

we denote the inclusion by

�j W †Xj �!
a
i2I

†Xi ;

taking pullback we have

��j W C0

�a
i2I

†Xi

�
�! C0.†Xj /:

Let .Fi /i2I 2
Q
i2I Hom�.C0.†Xi /;FRn.HG// be an element in the weak

product, the union of the products of finitely many factors. We can define

F 2 Hom�
�Y
i2I

C0.†Xi /;FRn.HG/
�
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by
F..fi /i2I / D

X
j2I

Fj .�
�
j ..fi /i2I //; (3.1)

as the rank of F is finite, the sum on the right side is finite for every element inQ
i2I C0.†Xj /. Equation 3.1 gives us a G-homeomorphismY

i2I

Hom�.C0.†Xi /;FRn.HG// �! Hom�
�Y
i2I

C0.†Xj /;FRn.HG/
�

Where in the left side we are taking the weak product. Taking union and homotopy
groups, for every k � 0, we have an isomorphismM

i2I

�k.C.Xi ; G//
Š
��! �k

�
C

�a
i2I

Xi ; G

�G�
:

We conclude that kG� satisfies the disjoint union axiom.

To prove the long exact sequence axiom for kG� , we need to recall the definition
of G-quasifibration.

Definition 3.11 ([22]). A map p W E ! B on the category of based G-CW-
complexes is a G-quasifibration if for every b 2 B , x0 2 p�1.b/ and H � Gb D
fg 2 G j gb D bg, the induced map

p? W �i .E
H ; p�1.b/; x0/! �i .B

H ; b/

is an isomorphism for all i � 0.

The proof of a fibration inducing a long exact sequence on homotopy groups only
uses the weaker condition of quasifibration, and the next proposition follows.

Proposition 3.12. If p W E ! B is a G-quasifibration, then for every b 2 B and
H � Gb there is a long exact sequence of homotopy groups

� � � �! �n.E
H ; p�1.b/; x0/

p�
��! �n.B

H ; b/
@
�! �n�1.p

�1.b/; x0/ �! � � � :

For every x0 2 p�1.b/.

We need to recall the following lemma.

Lemma 3.13 ([22]). A map p W E ! B is a G-quasifibration if any one of the
following conditions is satisfied:

(1) The space B can be decomposed as the union of G-open sets V1 and V2
such that each of the restrictions p�1.V1/ ! V1, p�1.V2/ ! V2, and
p�1.V1 \ V2/! V1 \ V2 are G-quasifibrations.
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(2) The space B is the union of an increasing sequence of G-subspaces B1 �
B2 � � � � with the property that eachG-compact set in B lies in some Bn, and
such that each restriction p�1.Bn/! Bn is a G-quasifibration.

(3) There is a G-deformation �t of E into a G-subspace E0, covering a
deformation N�t ofB into aG-subspaceB0, such that the restrictionE0 ! B0
is aG-quasifibration and �1 W p�1.b/! p�1. N�1.b// is aGb-weak homotopy
equivalence for each b 2 B .

For .X;A/ 2 CW .2/
G there is a canonical inclusion i� W C.A;G/ ! C.X;G/,

induced by i W A ! X and a canonical projection p� W C.X;G/ ! C.X=A;G/
induced by p W X ! X=A. For simplicity we identify the C�-algebra C0.X=A/ with

C0.X;A/ D ff W X ! C continuous j f .A/ D f0gg � C0.X/:

We can describe p� using this identification. For f 2 C0.X=A/ and F 2 C.X;G/
note that

p�.F /.f / D F.f /

Let N be a G-neighborhood of A in X , such that N is a G-deformation retract
of A; we denote the G-retraction by r W N ! A. The map r induces a G-map
r� W C0.A/! C0.N /.

The pair of G-open sets fN;X � Ag is a G-open covering of X , and as a
consequence there is a G-equivariant partition of unity f�1; �2g (it can be obtained
simply by taking the non-equivariant partition of unity and averaging by G). The
partition is associated to the covering in a way that supp.�1/ � N and supp.�2/ �
X � A.

We introduce our first technical lemma that we will use together with
Lemma 3.13(3).
Lemma 3.14. For every b 2 C.X=A;G/ there exists a map

�b W p
�1
� .b/ �! C.A;G/

which is a Gb-homotopy equivalence.

Proof. If F 2 p�1� .b/ where F W C0.X/ �! FRn.HG/ using the identification
C0.X=A/ Š C0.X;A/ we have that

F j C0.X;A/ D b:

Define for F 2 p�1.b/ and f 2 C0.A/

�b W p
�1.b/ �! C.A;G/

F 7�! �b.F /.f / D F.�1:r
�.f //:
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Now define a homotopy inverse of �b . Let

b W C.A;G/ �! p�1.b/

be a map defined for f 2 C0.X/ and F 2 C.A;G/, by

b.F /.f / D F.f jA/C b.�2:f /:

The composition�bıb W C.A;G/ �! C.A;G/, isGb-homotopic to the identity,
because we have for F 2 C.A;G/ and f 2 C0.A/:

.�b ı b/.F /.f / D b.F /.�1:r
�.f //

D F..�1:r
�.f // jA/C b.�2�1r

�.f //

D F.f /C b.�2�1r
�.f //:

Choosing a Gb-equivariant path between b and 0 define a deformation Ht from the
last expression to the identity as follows. Let t be a path that connects b and 0.
Consider the map

Ht W C.A;G/ �! C.A;G/

Ht .F /.f / D F.f /C t .'
�1.�2�1r

�.f ///

The mapHt is the desired homotopy.
The composition b ı �b W p�1� .b/ ! p�1� .b/ is Gb-homotopic to the identity

because for F 2 p�1� .b/ and f 2 C0.X/ we have

b ı �b.F /.f / D �b.F /.f jA/C b.'
�1.�2f //

D F.�1r
�.f jA//C b.'

�1.�2f //

D F.�1r
�.f jA/C �2f /;

where the last equality follows because �2f 2 C0.X;A/, but �1r�.f jA/C f�2 can
be continuously deformed (in C0.X/) to �1f C �2f D f by a linear homotopy.
Note that since �1, �2 and r� are Gb- equivariant maps, then �b is a Gb-homotopy
equivalence.

Theorem 3.15. The map

p� W C.X;G/ �! C.X=A;G/

is a G-quasifibration.

Proof. Let us filter C.X=A;G/ by G-closed spaces in the following way

Cn.X=A;G/ D fF 2 C.X=A;G/ j rank.F / � ng:

We want to prove in the following lines that p j p�1.Cn.X=A;G// is a
quasifibration and using Lemma 3.13(2) conclude that p is a quasifibration. We
proceed by induction.
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Lemma 3.16. The restriction map p j p�1.Cn.X=A;G// is a G-quasifibration.

Proof. The case n D 0 is trivial because it is a map from a point to a point.
Now suppose that p j p�1.Cn.X=A;G// is a quasifibration. We will prove that
p j p�1.CnC1.X=A;G// is a quasifibration in two steps.

Step 1: Let us show that we can find a G-open set U in p�1.CnC1.X=A;G//
such that U is a (weak) deformation retract of p�1.Cn.X=A;G// and p j p�1.U /
is a quasifibration. The existence of U will be proved in the following argument.
Recall that there is a G-neighborhood N � X of A such that N is a G-deformation
retract of A.

Let rt W X ! X , (t 2 Œ0; 1�) be a homotopy, such that r1.N / D A, rt .a/ D a for
every a 2 A, and r0 D idX . The homotopy rt induces also a homotopy

Nrt W X=A! X=A:

Consider the map

. Nr1/� W C
nC1.X=A;G/ �! CnC1.X=A;G/:

The set . Nr1/�1� .Cn.X=A;G// is a closed subset of CnC1.X=A;G/. The inclusion
i� W C0.X;N /! C0.X;A/ induces a map

i� W C
nC1.X=A;G/ �! CnC1.X=N;G/:

Define the set
W D i�1� .Cn.X=N;G// � CnC1.X=A;G/:

It is an open set in CnC1.X=A;G/ such that

. Nr1/
�1
� .Cn.X=A;G// � W � Cn.X=A;G/

and W deforms in Cn.X=A;G/. Consider the set U D p�1.W /. The homotopy

rt� W p
�1.CnC1.X=A;G// �! p�1.CnC1.X=A;G//

restricted to U is a weak deformation retract of U to p�1.Cn.X=A;G//, and the
homotopy rt� covers Nrt�. To conclude that p W U ! p.U / is a G-quasifibration
it is enough to prove that r1� W p�1.b/ ! p�1. Nr1�.b// is a weak Gb-homotopy
equivalence and then use Lemma 3.13(3). The proof of Nr1� is a Gb-homotopy
equivalence is completely analogue to the proof of Lemma 3.14.

Step 2: Prove that

p j .p�1.CnC1.X=A;G/ � Cn.X=A;G///

and
p j .p�1.CnC1.X=A;G/ � Cn.X=A;G// \ p�1.U //

are G-quasifibrations.
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In this stepwe prove directly that the inducedmaps in the corresponding homotopy
groups are isomorphisms. We only prove that

p j .p�1.CnC1.X=A;G/ � Cn.X=A;G///

is a G-quasifibration. The case for

p j .p�1.CnC1.X=A;G/ � Cn.X=A;G// \ p�1.U //

is completely analogue.
In order to prove that the induced map on homotopy groups is surjective we want

to define a continuous section

s W CnC1.X=A;G/�Cn.X=A;G/ �! p�1.CnC1.X=A;G/�Cn.X=A;G//:

As in Remark 3.4 every F 2 CnC1.X=A;G/� Cn.X=A;G/ can be identified with a
configuration

f.x1; V1/; : : : .xn; Vn/g:

There exists s < 1 such that for every t < 1 with s � t , and for every f 2 C0.X/

F..�1 ı rs/ � f / D F..�1 ı rt / � f /:

Define
s.F /.f / D F..�1 ı rs/ � f /

and since s.F / is defined with multiplication by a continuous map, and s.F / is
continuous for every F , then s is well defined. To see that s is continuous consider a
convergent sequence in CnC1.X=A;G/ � Cn.X=A;G/

.Fk/k ! F 2 CnC1.X=A;G/ � Cn.X=A;G/:

Each Fk has eigenvalues xki , each sequence .x
k
i / cannot converge to x0 because this

implies that F 2 Cn.X=A;G/, and therefore there is a t 2 Œ0; 1/ such that for every k
and for f 2 C0.X/

s.Fk/.f / D Fk..�1 ı rs/:f / and s.F /.f / D F..�1 ı rs/:f /;

where the result of s applied to this sequence is obtained by multiplying by a
continuous function, and hence s.Fk/ converges to F , i.e the map s is continuous.

We have that p ı i D idCnC1.X=A;G/�Cn.X=A;G/, and as a consequence

p� W �
Gb
i .p�1.CnC1.X=A;G/ � Cn.X=A;G//; p�1.b//

�! �
Gb
i .CnC1.X=A;G/ � Cn.X=A;G/; b/

is surjective.
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To see that p� is injective, let

g W .Di ; @Di /! p�1.CnC1.X=A;G/ � Cn.X=A;G//

be a representative element of ker.p�/. Therefore p ı g 'Gb b.
Let

 W .Di ; @Di / � I ! CnC1.X=A;G/ � Cn.X=A;G/

be a map such that .�; 0/ D p ı g and .�; 1/ D b. We define

e W .Di ; @Di / � I �! .p�1.CnC1.X=A;G/ � Cn.X=A;G//; p�1.b//

.a; t/ 7�!e.a; t/.f / D .a; t/.�1:f /C g.a/.�2:f /:
This is a homotopy that starts in g and ends in an element of p�1.b/, so Œg� D 0 in
�
Gb
i .p�1.CnC1.X=A;G/ � Cn.X=A;G//; p�1.b//, hence the kernel is trivial.
Then using lemma 3.13(1) we conclude that p j p�1.CnC1.X=A;G// is a

G-quasifibration.

Using Lemma 3.13(2) together with Lemma 3.16 we conclude that the map

p� W C.X;G/ �! C.X=A;G/

is a G-quasifibration, it proves Theorem 3.15. Finally using Proposition 3.12,
we have proved that kG� satifies the long exact sequence axiom, and then kG� is a
G-homology theory.

4. Equivariant connective K-homology

So far we have proved that the functor kG� is a G-homology theory for every finite
group G. Now we will define a natural transformation A from kG� to equivariant
K-homology such that the map

kGn .G=H/ D ŒS
n;C.G=H;G/�G

A.G=H/n
�������! KGn .G=H/ for n � 0

is an isomorphism. Let us start with some preliminaries.

4.1. EquivariantKK-theory. Atiyah proved that elliptic operators between sections
of two vector bundlesE ! X andF ! Y give rise tomaps betweenK-theory groups
of X and Y (see for example [2]). Kasparov extend this idea to a generalized elliptic
operator (see Definition 4.2). Given two C�-algebras C and B , a generalized elliptic
operator � defined between Hilbert modules over C andB induces a map in K-theory

K�.B/
�]�
���! K�.C /:
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The study of the homotopy classes of generalized elliptic operators (seeDefinition 4.4)
is very important in non commutative topology and in index theory (for a good
introduction to the subject see for example [11]). We will use the properties of this
homotopy classes, in particular a convenient form of Bott periodicity in order to
construct the natural transformation A. In this section we follow [5, Chapter VIII].
Definition 4.1. A Z=2Z-graded G-C�-algebra C D C 0 ˚ C 1, is a C�-algebra
equipped with an action of G by �-automorphisms preserving the grading. Given
two Z=2Z-graded G-C�-algebras C and B , a map � W C ! B is called a
G-�-homomorphism if it is G-equivariant and a �-homomorphism.

Given a Z=2Z-graded G-C�-algebra B , a Z=2Z-graded Hilbert B-module is
a Z=2Z-graded B-module with a Z=2Z-graded B-valued inner product. Over a
Z=2Z-graded HilbertB-moduleE one can define the Z=2Z-gradedG-C�-algebra of
bounded operators denoted byB.E/ and theZ=2Z-gradedG-C�-algebra of compact
operators denoted by K.E/, in both cases we take the usual grading coming from E.
For precise definitions see [5, Secc. VI.13].
Definition 4.2. Let C and B be (Z=2-) graded G-C�-algebras. We denote by
EG.C;B/ to the set of KasparovG-modules (or generalizedG-elliptic operators) for
.C;B/, that is the set of triples .E; �; F / such that
(1) E is a graded countably generated Hilbert B-module with a continuous

G-action.
(2) � W C ! B.E/ is a graded �- homomorphism.
(3) F is a G-continuous operator inB.E/ of degree 1, such that for every c 2 C

and g 2 G

(a) F�.c/ � �.c/F ,
(b) .F 2 � Id/�.c/,
(c) .F � F �/�.c/ and
(d) .g � F � F /�.c/

are all in K.E/.
The set DG.C;B/ of degenerate Kasparov modules is the set of triples in EG.C;B/
for which
(1) F�.c/ � �.c/F D 0,
(2) .F 2 � Id/�.c/ D 0,
(3) .F � F �/�.c/ D 0, and
(4) .g � F � F /�.c/ D 0,

for all c 2 C and g 2 G.
Example 4.3. Let � W C ! K.HG/ be a graded G-�-homomorphism. Then
.HG ; �; 0/ is a Kasparov G-.C;C/-module.
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Definition 4.4. Let IB D C.Œ0; 1�; B/ be the C�-algebra of continuous maps from
Œ0; 1� to B . A homotopy connecting .E0; �0; F0/ and .E1; �1; F1/ in EG.C;B/ is an
element .E; �; F / of EG.C; IB/ for which .E b̋fiB; fi ı �; fi�.F // is G-unitary
equivalent to .Ei ; �i ; Fi /, where fi , for i D 0, 1, is the evaluation homomorphism
from IB to B .

The notion of homotopy respects direct sums. Homotopy equivalence is denoted
by �h. If we have E0 D E1, then a standard homotopy is a homotopy of the
form E D C.Œ0; 1�; E0/ (which is a Hilbert IB-module in the obvious way), with
� D .�t /, and F D .Ft /, where t ! Ft and t ! �t .c/ are strong G-�-operator
continuous for each c. A standard homotopy where in addition �t is constant and Ft
is norm-continuous is called an operator homotopy.

Definition 4.5. Direct sums turns EG.C;B/ into an abelian semigroup. We denote
by KKG.C;B/ to the set of equivalence classes of EG.C;B/ under �h. More
generally, we set

KKnG.C;B/ D KKG.C;B ˝ Cliff.n//

whereG acts trivially in Cliff.n/. In each case, the set is an abelian semigroup under
direct sum.

The bifunctor KKnG.�;�/ gives us a convenient description of equivariant
K-homology that we will use to define the natural transformation. We have the
following result.

Proposition 4.6 (Corol. 18.5.4 in [5]). There are natural isomorphismseKnG.X/ Š KKnG.C; C0.X// andeKGn .X/ Š KKnG.C0.X/;C/:
Weneed also a result about the invariance of KK-theory by compact perturbations.

Proposition 4.7 (Corol. 17.8.8 in [5]). For any C there is a natural isomorphism

KKG.C;K.HG// Š KKG.C;C/:

4.2. A natural transformation. In this section we define a natural transformationA
from the equivariant homotopy groups of the configuration space C.X;G/ to the
equivariant reduced K-homology groups of X . To this end we use the description of
equivariant reduced K-homology as a KK-group given in Proposition 4.6.

Given a G-�-homomorphism � W C ! K.HG/, an element in KKG.C;C/ can
be assigned as Example 4.3. Thus if X is G-connected, we have a map

A.X/ W �0.C.X;G/
G/ �! KK0G.C0.X/;C/ Š eKG0 .X/
Œ�� 7�! Œ.K.HG/; �; 0/�:



A configuration space for equivariant connective K-homology 1365

Notice that homotopy of points on C.X;G/ correspond to a standard homotopy on
Kasparov G-modules then the map A.X/ is well defined. The map A.�/ is a natural
transformation from the functor�0.C.�; G/G/ toKK0G.�;C/. To extend this natural
transformation to all n � 0we need a particular form of the Bott periodicity theorem.
Definition 4.8. For any C and B C�-algebras, we denote the suspension of C by

SC D ff W S1 ! C j f is continuous and f .1/ D 0g:

With pointwise operations and sup norm. We denote by SnC to the n-th suspension
of C , S.� � � .S„ ƒ‚ …

n times

C//.

Theorem 4.9 (Corol. 19.2.2 in [5]). We have a natural isomorphism in C and B ,

KK1G.C;B/ Š KKG.C; SB/:

Proposition 4.10. There is a natural transformation

An.X/ W �n.C.X;G/
G/ �! KKnG.C0.X/;C/

Proof. For n D 0 it was already defined. For n D 1 consider an element Œl � 2
�1.C.X;G/

G/ with l W S1 �! C.C0.X/;G/
G . Given f 2 C0.X/ and t 2 S1, we

have l.t/Œf � 2 FRn.HG/ � K.HG/, for some n � 0.
As the topology is the compact-open topology, we have a continuous map

l.�/Œf � W S1 �! K.HG/:

It is an element of S.K.HG//. Then we have defined a continuous map

�C.X;G/G
A
�! Hom�.C0.X/; S.K.HG///

t 7�! .f 7! l.�/Œf �/:

To every element � 2 Hom�.C0.X/; S.K.HG///G we can associate the Kasparov
module .S.K.HG//; �; 0/ 2 EG.C0.X/; S.K.HG///.

Composing the above two maps and taking homotopy classes we have a
homomorphism

�1.C.X;G/
G/ �! KKG.C0.X/; S.K.HG///:

Notice that the homotopy of two paths l0; l1 2 �C.X;G/G correspond to a standard
homotopy of the Kasparov modules

.S.K.HG//;A.l0/; 0/; .S.K.HG//;A.l1/; 0/ 2 EG.C0.X/; S.K.HG///;

then the above map is well defined.
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Ifwe suppose thatX isG-connected, using the identification given byTheorem4.9,we
have defined the natural transformation

A1.X/ W �1.C.X;G/
G/ �! KK1G.C0.X/;C/:

For every n � 0 and for every X (non necessary G-connected) is defined as the
following composition

�nC1.C.†X;G/
G/ �! ŒHom�.C0.†X/; SnC1.K.HG///G �
�! KKG.C0.†X/; S

nC1.K.HG///
Š
��! KKnC1G .C0.†X/;C/
Š
��! KKnG.C0.X/;C/:

where the first isomorphism is given by Theorem 4.9 and Prop 4.7 and the last one is
given by the suspension isomorphism.

The last construction gives a relation between the homotopy groups of the
configuration space and the analytic construction of KK-theory by Kasparov.
Theorem 4.11. The map

An.S0/ W �n.C.S
0; G/G/ �! KKnG.C0.S

0/;C/ D KKnG.C;C/

is an isomorphism for every n � 0, where S0 is endowed with the trivial G-action.

Proof. First we will prove that A0.S0/ is an isomorphism. To prove surjectivity
consider a KasparovG-module ˛ D .HG ; �; F / inEG.C;C/. The Hilbert spaceHG
is aZ2-gradedG-space and themap�.1/ is a projection of degree 0, whichmeans that
H D H0G˚H1;opG and �.1/ D diag.P;Q/ for projectionsP andQ; The operator F
has the form

�
0 S
T 0

�
. The Kasparov module is KKG-equivalent to .ePH0G ; Idn; 0/

(for details on this argument the reader can refer to [5, Example 17.3.4]), where ePH0G
is a complex n-dimensional G-representation. To prove injectivity note that the map
Idn W C 7! K.ePH0G/ is the H -map sending 1 to the identity matrix, and each of
these modules constitutes different elements of KKG.C;C/. It proves that A0.S0/
is an isomorphism. If n is odd there is nothing to prove because both groupsekGn .S0/
and eKGn .S0/ are zero. If n is even we have the commutative diagram

ekGn .S0/
��

An.S0/// eKGn .S0/
��ekG0 .S0/ A0.S0/// eKG0 .S0/

where the vertical arrows are Bott periodicity, and A0.S0/ is an isomorphism, hence
An.S0/ is an isomorphism also.
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5. Induction structure

In this section we prove that the equivariant connective K-homology has an induction
structure in the sense of Definition 2.8. Let ˛ W H ! G be a group homomorphism
(whereH and G are finite). Let X be anH -space such that ker.˛/ acts freely on X .
There is a map

i˛ W X �! G �˛ X

x 7�! Œe; x�:

We start when the map ˛ is an inclusion. Using the induction structure in this
case it can be proved that the natural transformation A defined in Section 4.2 is an
equivalence.

5.1. Equivalence with equivariant connective K-homology.
Lemma 5.1. Given a subgroupH � G andX anH -CW-complex then the inclusion
i W X �! G �H X induces an isomorphism

i� WekH� .X/ �!ekG� .G �H X/:

Proof. The Hilbert space HG can be considered as a complete H -universe and
then HG is isomorphic as aH -module with HH , therefore we can suppose that

C.X;H/H D
[
n�0

Hom�.C0.X/;FRn.HG//H :

We define a map

i� W
[
n�0

Hom�.C0.X/;FRn.HG//H �!
[
n�0

Hom�.C0.G �H X/;FRn.HG//G

F 7�! i�.F / D
1

jH j

X
g2G

g � .F.g�1 � f jX /;

where f 2 C0.G �H X/. On the other hand we define a map

� W
[
n�0

Hom�.C0.G �H X/;FRn.HG//G �!
[
n�0

Hom�.C0.X/;FRn.HG//H

F 7�! F ı �;

where � W C0.X/ �! C0.G �H X/ is a continuous, H -equivariant map such that
�.f / jXD f and �.f /jG�HX�X D 0 for every f 2 C0.X/. We have that

� ı i� D idC.X;H/H ;
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since f 2 C0.X/,

�.i�.F //.f / D i�.F /.�.f //

D
1

jH j

X
g2G

g � .F..g�1 � �.f //jX //

D
1

jH j

X
h2H

h � F.h�1 � f /

D F.f /:

Furthermore, i� ı � D idC.G�HX;G/G because given f 2 C0.G �H X/,

i�.�.F //.f / D
1

jH j

X
g2G

g � .�.F /..g�1 � f /jX //

D
1

jH j

X
g2G

g � .F.�..g�1 � f /jX ///

D
1

jH j

X
g2G

F.g � ..�.g�1 � f /jX ///

D F.f /;

where the last equality is a consequence of f D 1
jH j

P
g2G g � �..g

�1 � f /jX /.
Taking homotopy groups we obtain the desired result.

As a consequence of the above lemma we obtain the following theorem.

Theorem 5.2. The functorek‹� is naturally equivalent toek‹�; that is, the equivariant
homotopy groups of C.X;G/ are isomorphic to the equivariant reduced connective
K-homology groups of X when X is a finite G-CW-complex and G is finite.

Proof. We already proved in Theorem 4.11 that the natural transformation A defined
in the section above is an isomorphism when X D S0 with a trivial G-action.
To prove the theorem it is enough to prove that A is an isomorphism when X D
S0 ^ G=H D .G=H/C with trivial G-action over S0 and the usual G-action over
G=H . It is so because we proceed by cellular induction. Consider the commutative
diagram ekH� .S0/ A.S0/ //

i�
��

eKH� .S0/
i�

��ekG� .S0 ^G=H/ A.S0^G=H/ // eKG� .S0 ^G=H/
where i� W ekH� .S0/ ! ekG� .S0 ^ G=H/ is the isomorphism obtained in Lemma 5.1
and i� W eKH� .S0/! eKG� .S0^G=H/ is the isomorphism obtained from the induction
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structure for equivariant K-homology (see [13]). From this diagram we obtain that
the map

A.S0 ^G=H/ WekG� .S0 ^G=H/! eKG� .S0 ^G=H/
is an isomorphism.

As a corollary of Theorem 5.2we can construct amodel for equivariant connective
K-theory spectrum for finite groups.

Consider the sequence of spaces

CGn D

8̂<̂
:
C.Sn; G/ if n > 0
�C.†Sn; G/ if n D 0
fptg if n < 0

:

Define the structure maps as follows. For n > 0, let F 2 CGn D C.Sn; G/, we define
an element

�n.F / 2 �C.SnC1; G/:

Notice that if t 2 S1 and f 2 C0.SnC1/ we have f .t;�/ 2 C0.Sn/, then we define

Œ�n.F /�.t/Œf � D F.f .t;�//:

It defines a continuous map

�n W C.Sn; G/ �! �C.SnC1; G/

F 7�!
�
t 7! .f 7! F.f .t;�///

�
:

The maps �n are weak G-homotopy equivalences because taking homotopy classes
the maps � corresponds with the suspension isomorphism for ekG� . For n D 0 the
structre map is defined in a similar way. Then .CGn ; �n/ is a �-G-spectrum.
Theorem 5.3. The �-G-spectrum .CGn ; �

n/ is a G-spectrum representing equivari-
ant connective K-theory.

Proof. Denote by HCG
� to the reduced G-homology theory associated to the �-G-

spectrum .CGn ; �
n/. We will define a natural transformation

HCG
� �!ekG� :

Let .X; x0/ be a based G-CW-complex. We have a map

X ^ CGn
j
�! C.Sn ^X;G/

.x; F / 7�! j.x; F /.f / D F.f .�; x//

for f 2 C0.Sn ^X/.
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On the other hand the natural transformation A defined in Section 4.2 gives us a
well defined map

A.Sn ^X/ W �0.C.S
n
^X;G// �! KK0G.C0.S

n
^X/;C/;

and Bott isomorphism (Theorem 4.9) gives us a map

KK0G.C0.S
n
^X/;C/

Š
��! KK0G.C0.X/; S

nC/ Š eKGn .X/:
Composing the above three maps we obtain a map

�0.X ^ CGn / �! eKGn .X/:
Wehave constructed a natural transformationHCG

� �! eKG� satisfying the conditions
in Proposition 2.10. Hence HCG

� is naturally equivalent to ekG� and .CGn ; �n/ is a
�-G-spectrum representing equivariant connective K-homology.

5.2. Induction structure for general homomorphisms. To obtain the induction
structure when ˛ is an arbitrary map we need a lemma. From now on we denote the
functorek‹� byek‹� and k‹� by k‹�.
Lemma 5.4. Let X be a G-CW-complex such that N E G acts freely in X . Then
there is natural isomorphism �� WekG� .X/ �!ekG=N� .X=N/ induced by the quotient
map � W X �! X=N .

Proof. The algebra C0.X=N/ can be identified with C0.X/N , this is the algebra of
continuous maps fromX to C that are invariant by the action ofN , this algebra has a
G-action as a subalgebra of C0.X/. With this identification lets consider the natural
map

C0.X/
p
�! C0.X/

N

f 7�!
1

jN j

X
g2N

g � f:

This allows us to define a *-homomorphism

[
n�0

Hom�.C0.X/N ; FRn.HG=N //G=N
�
���!

[
n�0

Hom�.C0.X/; FRn.HG=N //

A 7������!A ı p:

On the other handHG=N can be identified with .HG/N , so we can suppose thatAıp
is an element of

S
n�0Hom�.C0.X/; FRn..HG/N //. First we will prove that � is
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G-equivariant. Given an element g 2 G, let � W G ! G=N be the quotient map and
f 2 C0.X/. Then

.g � .A ı p// .f / D g
�
.A ı p/.g�1 � f /

�
g�1

D g.A.�.g�1/ � .p.f ////g�1

D �.g/.A.�.g�1/ � .p.f ////�.g�1/

D A.p.f //;

Where the last equality is because A is G=N -invariant. Hence

A ı p 2
[
n�0

Hom�.C0.X/; FRn..HG/N //G :

We define a map

Np W HG �! .HG/N

v 7�!
1

jN j

X
g2N

gv:

Now consider the following commutative diagram (here i W .HG/N ! HG is the
inclusion)

HG
iıA.p.f //ı Np //

Np
��

HG

.HG/N
A.p.f // // .HG/N

i

OO

It implies that i ı A.p.�// ı Np 2
S
n�0Hom�.C0.X/; FRn.HG//G . Then we

have a natural map

� W C.X=N;G=N/G=N �! C.X;G/G

A 7�! i ı .A ı p/ ı Np:

We will prove that � induces an isomorphism on homotopy groups.

The map X
�
�! X=N is a G-covering space. As the group is finite this implies

that X D
`
i
eUi , where each eUi ŠG G �H Ui , and Ui is a G-contractible open set

whereH acts trivially, eUi 'G G and �.eUi / 'G=N G=N .
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The map �� W kG=N� .G=N/ ! kG� .G/ is an isomorphism because we have the
following commutative diagram

kG� .G/ k�.pt/

kG=N� .G=N/

��

��

oo i�

��

i�

and both i� are isomorphisms by Lemma 5.1. Now, the result for general X follows
by an inductive argument using the disjoint union axiom and the decomposition
X
`
i Ui .

Using the above results we can derive an induction structure.

Theorem 5.5. Given ˛ W H ! G such that ker.˛/ acts freely in X , the map
i W X ! G �˛ X induces a natural isomorphism

i� WekH� .X/!ekG� .G �˛ X/:
Proof. If ˛ W H ! G is a group homomorphism, ˛ can be obtained as the
composition

H
˛
��! ˛.H/

i
�! G;

so G �H X ŠG G �i .˛.H/ �˛ X/, and this allows us to obtain the following
isomorphisms ekG� .G �˛ X/ ŠekG� .G �i .˛.H/ �˛ X//:
On the other hand Lemma 5.1 implies

ekG� .G �i .˛.H/ �˛ X// Šek˛.H/� .˛.H/ �˛ X/

From the homomorphism ˛ W H ! ˛.H/ we obtain an isomorphism
N̨ W H=ker.˛/! ˛.H/, and then

ek˛.H/� .˛.H/ �˛ X/ ŠekH=ker.˛/� .H=ker.˛/ �� X/

where � W H ! H=ker.˛/ is the quotient map. Finally Lemma 5.4 implies

ekH=ker.˛/� .H=ker.˛/ �� X/ ŠekH� .X/:
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We will verify the properties in Definition 2.8. For this we use the fact that the
map defined to obtain the above isomorphism is the invariantization.

(1) Compatibility with the boundary homomorphism. If p W E ! B is a
G-quasifibration with fibre F , we have a connecting morphism

@Gn W �
G
n .B; b/ �! �Gn�1.F; f /

defined in the following way. If Œ'� 2 �Gn .B; b/, this element can be viewed as
an element of �Gn .E; p�1.b/; x0/ Š �Gn .F; f / (since p is a quasifibration),
and the homotopy class of the image of the map ' restricted to @D Š Sn�1

by the above identification that we denote by

e' W .Dn; @Dn/ �! .EG ; .p�1.b//G ; x0/;

can be viewed as an element of �Gn�1.F; f /. The above argument
implies that the connecting morphism in this case is given by a restriction.
The compatibility with the boundary map follows from the fact that the
invariantization commutes with restrictions.

(2) Functoriality. This property follows from the fact that taking invariantization
is transitive, that means, if we have homomorphisms ˛ W H ! G and
ˇ W G ! K then the invariantization map defined from C0.K �ˇı˛ X/ to
C0.X/ with X a H -space is the composition of the invariantizations defined
from C0.K �ˇı˛ X/ to C0.G �˛ X/ and from C0.G �˛ X/ to C0.X/.

(3) Compatibility with conjugation. This property follows from the fact that
to conjugate and later take the invariantization is the same as to take the
invariantization without conjugate.

The above argument and Theorem 5.5 proves the following theorem.

Theorem 5.6. The functor k‹� is an equivariant homology theory in the sense of
Definition 2.8.

Remark 5.7. The induction structure for equivariant connectiveK-homology is a new
result. Note that for periodic K-homology is possible to obtain the induction structure
from the induction of the representation rings of the corresponding groups, but in
the classical definition of connective K-homology (as the homotopy groups of the
connective cover of the K-theory spectrum) we cannot use this correspondence. For
our purposes is necessary because we want to apply the equivariant Chern character
coming from of Theorem 6.12.
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6. The algebra Fq

G
.X/

As is noted in [10] given a cohomology theory H defined on the category of orbifolds
one can associate a commutative and cocommutative Hopf algebra

S D
M
n�0

H.Xn=Sn/;

in [10] is described a generator set of S and S is identified with a Fock space. The
case of orbifold K-theory is studied by Segal in [19]. He consider a Z�Z=2Z-graded
Hopf algebra

Fq.X/ D
M

qnK�Sn.X
n/˝ C;

where q is a formal variable counting theZ-grading andK�G.�/ D K
0
G.�/˚K

1
G.�/.

In [19] is established an isomorphism between the completion at the augmentation
ideal of Fq.X/ and the homology with complex coefficients of the configuration
space C.X/. More precisely,
Theorem 6.1 ([19]). Let X be a Spinc-manifold and H�.C.X/IC/ is the complex
homology endowed with the Pontryagin product. If we denote by b. / the completion at
the augmentation ideal, then there is a Z�Z=2Z-graded Hopf-algebra isomorphism

1Fq.X/ Š H�.C.X/IC/:
The goal of this section is to obtain an equivariant generalization of the above

theorem.
Let X be a topological space endowed with an action of a finite group G. We

consider the wreath product Gn D G oSn which is a semidirect product of the n-th
direct product Gn of G and the symmetric group Sn. If G acts on X there is a
natural action of the group Gn on Xn induced by the actions of Gn and Sn on Xn.
Definition 6.2. Define the Z � Z=2Z-graded complex vector space

FqG.X/ D
M
n�0

qnK�Gn.X
n/˝ C:

Wang in [23] shows that FqG.X/ admits a natural Z�Z=2Z-graded Hopf algebra
structure that we describe in the following lines.

First we recall the induction structure on equivariant K-theory.
Definition 6.3. Let G and H be finite groups, and ˛ W H ! G a group
homomorphism. Let X be a G-space and E

p
��! X be an H -vector bundle over X .

According to Definition 2.8 one can consider the mapG �˛E
Np
���! G�˛X . In [23,

Lemma 6] it is proved that the above map carries a naturalG-vector bundle structure
over X . Passing to isomorphism classes one can define a map

ind˛ W K
�
H .X/! K�G.X/:
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Now we are ready to define the product. If ˛ W Gn �Gm ! GnCm is the natural
inclusion, define a multiplication � on FqG.X/ by a composition of the induction map
and the Kunneth isomorphism q:

K�Gn.X
n/˝ C/˝ .K�Gm.X

m/˝ C/
q
��!K�Gn�Gm.X

nCm/˝ C
Ind˛
���!K�GnCm.X

nCm/˝ C:

We denote by 1 the unit in KG0.X0/˝ C Š C:
The comultiplication� onFqG.X/,is the composition of the inverse of theKunneth

isomorphism and the restriction from Gn to Gk �Gn�k:

K�Gn.X
n/˝ C �!

nM
mD0

K�Gm�Gn�m.X
n/˝ C

q�1

��!

nM
mD0

K�Gm.X
m/˝K�Gn�m.X

n�m/˝ C:

We define the counit � W FG.X/ ! C by sending K�Gn.X
n/ (n > 0) to 0 and

1 2 K�G0.X
0/ Š C to 1.

Theorem6.4 (Thm. 2 in [23]). With the operations defined as above,FqG.X/ becomes
a Hopf algebra.

It is possible to describe FqG.X/ as a supersymmetric Z � Z=2Z-graded algebra.
For this end we will use a version of Chern character in equivariant K-theory given
in [4].

Note that K�G.pt/ ˝ C is isomorphic to the ring classC.G/ of class functions
on G. The bilinear map ? induced from the tensor product

K�G.pt/˝K
�
G.X/! K�G.X/

gives rise to a natural K�G.pt/-module structure on K�G.X/. Thus K�G.X/ ˝ C
naturally decomposes into a direct sum over the set of conjugacy classes G� of G.
The next theorem [4] gives a description of each term in the direct sum.

Lemma 6.5. There is a natural Z=2Z-graded isomorphism

� W K�G.X/˝ C �!
M
Œg�

K�.Xg=ZG.g//˝ C;

where ZG.g/ denotes the centralizer of g in G.

Applying lemma 6.5 to each term of FqG.X/ one can derive a decomposition
theorem. First we recall the notion of Z � Z=2Z-graded supersymmetric algebra.
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Definition 6.6. Let A D A0 ˚A1 be a Z � Z=2Z-graded complex vector space, we
define the Z � Z=2Z-graded supersymmetric algebra S.A/ as the tensor product of
the symmetric algebra S.A0/ and the exterior algebra ƒ.A1/.

Theorem 6.7 (Thm. 3 in [23]). As a Z � Z=2Z-graded Hopf algebra, FqG.X/ is
isomorphic to the supersymmetric algebra S.

L
n�1 q

nK�G.X//.

6.1. Hopf spaces. Note that the configuration space C.X;G/ has a natural structure
of Hopf space given by ‘putting together’ the configurations. More formally we have
the following product.

Definition 6.8. Given

F1 2 Hom
�.C0.X/; FRn.HG//G

and
F2 2 Hom

�.C0.X/; FRm.HG//G ;

we define
F1 � F2 2 Hom

�.C0.X/; FRnCm.HG//G

.F1 � F2/.f / D F1.f /˚ F2.f /;

where˚ is the external direct sum of operators, which is the composition

HG
F1.f /˚F2.f /
����������! HG ˚HG

�
�! HG ;

where � is aG-isomorphism of completeG-universes. With this operationC.X;G/G
becomes a homotopy associative Hopf space with unit.

When a Hopf space Y is pathwise connected we have a way to relate the Hopf
algebraH�.Y IC/ with the Z-graded complex vector space

��.Y IC/ D
M
n�0

�i .Y IC/

given by a theorem due to Milnor and Moore. Recall thatb.�/ denotes the completion
with respect to the I -adic topology, when I is the augmentation ideal i.e I D ker.�/
where � is the counit of the Hopf algebra S.��.Y IC//. (For an explanation on
completions see [3, Chapter 10]).

Theorem 6.9 (Thm. of the Appendix in [15]). If Y is a pathwise connected
homotopy associative Hopf space with unit, and � W ��.Y IC/ ! H�.Y IC/ is
the Hurewicz morphism viewed as a morphism of Z-graded Lie algebras, then the
inducedmorphism N� WbS.�.Y IC//! H�.Y IC/ is an isomorphism of Hopf algebras.



A configuration space for equivariant connective K-homology 1377

In order to consider the case when Y is not pathwise connected we need to
introduce a theorem due to Cartier.

Let A be a Z-graded Hopf algebra. Let g be the set of primitive elements, these
are elements x in A such that

�.x/ D x ˝ 1C 1˝ x, �.x/ D 0:

Then g is a Lie algebra with the bracket Œx; y� D xy � yx, and we can consider its
enveloping algebra U.g/ viewed as a Hopf algebra. Let � be the set of ‘group-like’
elements, that is the elements g in A such that

�.g/ D g ˝ g, �.g/ D 1:

For the multiplication in A, the elements of � form a group, where the inverse of g
is S.g/ (here S is the antipode in A). We can consider the group algebra C� viewed
as a Hopf algebra. Furthermore for x in g and g in � , we have that gx D gxg�1

belongs to g. Hence the group� acts on the Lie algebra g by conjugation and therefore
on its enveloping algebra U.g/. We define the twisted tensor product � ËU.g/ as the
tensor product U.g/˝ C� with the multiplication given by

.u˝ g/ � .u0 ˝ g0/ D u � gu0 ˝ gg0:

Theorem 6.10. [6, Thm. 3.8.2] Assume that A is a cocommutative Z-graded Hopf
algebra. Let g be the space of primitive elements, and � the group of ‘group-like’
elements in A. Then there is an isomorphism of � Ë U.g/ onto A as Z-graded Hopf
algebras, inducing the identity on � and g.

6.2. The homology of the G -fixed points of the configuration space. Nowwe can
considerH�.C.X;G/G IC/ with the product induced by the Hopf-space structure of
C.X;G/G .
Proposition 6.11. LetX be a finiteG-CW-complex, ifX isG-connected we have an
isomorphism

H�.C.X;G/
G
IC/ ŠbS.ekG� .X/˝ C/:

For an arbitrary X we have an isomorphism

H�.�C.†X;G/G IC/ ŠbS.ekG� .X/˝ C/:

Proof. First suppose thatX isG-connected. ByTheorem6.9 there is an isomorphism
of Z-graded Hopf algebras

H�.C.X;G/
G
IC/ ŠbS.��.C.X;G/G IC//;

and Theorem 5.2 gives the desired isomorphismbS.��.C.X;G/G IC// ŠbS.ekG� .X/˝ C/:
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For a general X according to the definition of our theory for a finite G-CW-
complex we have that �.C.†X;G// is the configuration space in this case. The
space �.C.†X;G//G is a non-connected Hopf space. To describe its homology
we will use Theorem 6.10. By the grading we have that the group-like elements
inH�.�.C.†X;G//G IC/ correspond withH0.�.C.†X;G//G IC/ and by Milnor–
Moore [15] the primitive elements correspond to ��.�.C.†X;G//G0 / ˝ C, where
�.C.†X;G//G0 is the connected component of the identity. By Theorem 6.10 we
have an isomorphism of Z � Z=2Z-graded Hopf algebras

H�.�.C.†X;G//
G
IC/ Š H0.�.C.†X;G//G IC/ËU.��.�.C.†X;G//G0 /˝C/:

As H0.�.C.†X;G//G/ and ��.�.C.†X;G//G0 / are abelian and the action is by
conjugation, this action ofH0.�.C.†X;G//G IC/ in ��.�.C.†X;G//G0 / is trivial.
Then we have an isomorphism of Z � Z=2Z-graded Hopf algebras

H�.�.C.†X;G//
G
IC/ Š H0.�.C.†X;G//G IC/˝ U.��.�.C.†X;G//G0 /˝ C/

Š H0.�.C.†X;G//
G
IC/˝bS.��.�.C.†X;G//G0 /˝ C/

ŠekG0 .X/˝bS.ekG� .X/˝ C/

ŠbS.ekG� .X/˝ C/:

In order to relate the homology of theG-fixed point space ofC.X;G/withFqG.X/
we need to use an equivariant version of Chern character for equivariant homology
theories due to Lück in [13]. We will apply this Chern character to k‹�.

For a subgroup H � G we denote by NG.H/ the normalizer of H in G. Let
H � ZG.H/ be the subgroup of NG.H/ consisting of elements of the form hc for
h 2 H and c 2 ZG.H/. Denote by WG.H/ the quotient NG.H/=H �ZG.H/.

Taking characters yields an isomorphism of rings

� W RC.H/˝Z C
Š
��! classC.H/:

We denote byHG
� .�IC/ the Bredon homology with coefficients in the complex class

function ring. Given a finite cyclic groupC , there is the idempotent �CC 2 classC.C /
which assigns 1 to a generator of C and 0 to the other elements. This element acts
on HG

n .�IC/ D classC.G/. The image im.�CC W H
G
n .�IC/ ! HG

n .�IC// of the
map given by multiplication with the idempotent �CC is a term of the direct sum in
HG
n .�IC/ and will be denoted by �CC �H

G
n .�IC/.

Theorem 6.12 (Thm. 0.3 in [13]). Given an equivariant homology theory H‹
�

with coefficients in the complex class function ring, for any group G and any
G-CW-complex X , let J be the set of conjugacy classes .C / of finite cyclic
subgroups C of G. Then there is an isomorphism of homology theories

ch‹� W BH‹
�

Š
��! H‹

�



A configuration space for equivariant connective K-homology 1379

such that

BHG
� .X IC/ DM

pCqDn

M
.C/2J

Hp.X
C=ZG.C /IC/˝CŒWG.C/� im.�

C
C W H

C
q .�IC/! HC

q .�IC//:

Using the above theorem we obtain the following result.
Theorem 6.13. Let X be a G-CW-complex. There is a natural isomorphism of
Z-graded complex vector spaces

kG� .X/˝ C Š HG
� .X IC/˝ CŒq� Š KG� .X/˝ CŒq�:

Proof. In the case of kG� , im.�CC / D keq.pt/ ˝ C Š C, then the Chern character
reduces to

kGn .X/˝ C Š HG
n .X IC/˚H

G
n�2.X IC/˚ � � � :

Taking the sum over n 2 N we obtain a graded complex vector space isomorphism:

kG� .X/˝ C Š HG
� .X IC/˝ CŒq� Š KG� .X/˝ CŒq�:

where the last isomorphism is obtained using Theorem 6.12 applied to the equivariant
homology theory K‹� in a similar way as we do for k‹�.

Finally we find an isomorphism from H�.C.X;G/IC/ to 2FqG.X/ when X is an
even dimensionalG-Spinc-manifold. First we recall Poincaré duality for equivariant
K-theory.
Theorem 6.14. LetM be a n-dimensional G-Spinc-manifold. Then there exists an
isomorphism

D W K�G.MC/ �! KGn��.M/:

Applying Theorem 6.14 and Theorem 6.10 we can obtain the main result of the
section.
Theorem 6.15. Let M be a even dimensional G-Spinc-manifold. We have an
isomorphism of Z-graded Hopf algebras

H�.C.M;G/
G
IC/ Š 2FqG.M/:

Proof. As M is a G-Spinc manifold we can use Theorem 6.14 and obtain the
following isomorphism of Z � Z=2Z-graded Hopf algebrasbS.ekG� .M/˝ C/ ŠbS.M

n�1

qneKG� .M/˝ C/ ŠbS.M
n�1

qneKG.MC//
ŠbS.M

n�1

qnKG.M//:



1380 M. Velásquez

Combining Proposition 6.11, Theorem 6.13 and Theorem 6.7 we obtain

H�.C.M;G/
G
IC/ Š 2FqG.M/:

Example 6.16. For X D S0 we have

�.C.†.S0/; G// ' BUG :

Applying the above discussion to this H-space we conclude that

H�..BUG/
G
IC/ ŠR.G/˝bS.��..BUG/G/˝ C/

ŠR.G/˝bS�M
n�0

R.Gn/˝ C
�

ŠbS�M
n�0

R.Gn/˝ C
�
:

Summarizing, we have an isomorphism

H�..BUG/
G
IC/ Š 2FqG.S0/ DbS�M

n�0

R.Gn/˝ C
�
:

We also have

H�..BUG/
G
IC/ ŠbS�M

n�0

R.Gn/˝ C
�
Š CŒŒ�11 ; : : : ; �

k1
1 ; �

1
2 ; : : :��

where f�1i ; : : : ; �
ki
i g is a complete set of non isomorphic irreducible representations

of Gi . We expect that the elements �ki correspond in some sense with duals of
G-equivariant Chern classes.
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