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A configuration space for equivariant connective K-homology

Mario Veldsquez*

Abstract. Following ideas of Graeme Segal, we construct an equivariant configuration space that
is a model of equivariant connective K-homology spectrum for finite groups, as a consequence
we obtain an induction structure for equivariant connective K-homology. We describe explicitly
the homology with complex coeflicients for the fixed points of this configuration space as a
Hopf algebra.
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1. Introduction

The purpose of this paper is to give a configuration space description of equivariant
connective K-homology (Proposition 2.10). We describe the homology of the fixed
point space of these configuration spaces, in terms of certain Hopf algebras studied
initially by Segal in [19] and generalized by Wang in [23]. We follow ideas of Graeme
Segal, and most of the results and proofs obtained here generalize results contained
in [18] and [19] to the equivariant context. Our results answer a question posed by
Wang in [23]. Namely, let (M, mq) be a based G-Spin°-manifold. Wang asks about
the possibility to relate the Hopf algebra

M) =P q"K§s,(M") & C,

n>0

to the homology of some configuration space €(M, my, G) thus generalizing Segal’s
work. Finally, as a consequence, we obtain a new model for the equivariant connective
K-theory spectrum. The results in this paper are part of the PhD thesis of the
author [21].

The first appearance of configuration spaces in algebraic topology is possibly in the
Dold-Thom Theorem in [8]. In this paper the authors consider the infinite symmetric
product of a based CW-complex (X, x¢) and establish a natural isomorphism from
its homotopy groups onto the reduced cellular homology groups of (X, x¢).

More precisely:

Definition 1.1. Let (X, x¢) be a based CW-complex. Consider the natural action of
the symmetric group &, over X”. The orbit space of this action

SP"(X) = X" /&,

provided with the quotient topology is called the n-th symmetric product of X. We
can include SP™(X) in SP"*1(X) in the following way

SP™(X) — SP"T1(X)

[X1,....xx] = [x0, X1, ..., Xn],
Taking colimits over these inclusions we define

o) _1: n
SP (X)_hTI)nSP (X).

with the colimit topology. SP°°(X) is called the infinite symmetric product of X.
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Condition 1.2. The topology of SP°°(X) as a configuration space is determined by
the following properties:

(1) If two elements converge to a third element, the label in the limit will be the
sum of the labels in the initial points.

(2) If a sequence converges to xg, then the point disappears.

Let fC Wy be the category of based finite CW-complexes and Z — ab be the
category of Z-graded abelian groups.

Theorem 1.3 (Dold-Thom). There is a natural equivalence between 1w, (SP>(—))
and H (—), where H (—) denotes reduced homology with integer coefficients.

It is an interesting problem to give a description similar to Theorem 1.3 for
generalized homology theories (see for example [20]). In the current paper we are
mainly interested in K-homology. For this case it is possible to assign a configuration
space, but we have to consider the connective version of K-homology.

Definition 1.4 (p. 205 in [1]). Given a (generalized) reduced homology theory H
defined on the category f'C W, one can associate another homology theory /. such
that:

(1) There is a natural transformation
¢ he = Hy
such that ¢ is an isomorphism when we evaluate in (S°,0) = ({0,1},0) on
positive indices.

(2) Forevery (X, x9) € fCW,, and for every n < 0 we have &, (X, xo) = 0.

The functor A, is uniquely determined by these conditions and is called the connective
homology theory associated to H. In the case of K-homology we denote by k. the
functor connective K-homology.

In [18] Segal constructs a functor €(—) for connective K-homology analogue to
SP®(-).
Definition 1.5. Let (X, xo) be a pathwise connected, based, finite CW-complex and

let Co(X) be the C*-algebra of complex-valued continuous functions defined over X
that vanish on the base point xy. Consider the space of x-homomorphisms

€(X. xo) = | Hom*(Co(X). Mpxn(C)).

n>0

with the weak topology, where the union is taken considering the inclusions

Mpixn ((C) - M(n+1)><(n+1)((c)

A 0
A»—)(O O)'
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As X is pathwise connected, €(X, xo) is also pathwise connected and therefore its
homotopy groups do not depend of the base point xo. We will denote €(X, x¢)
simply by €(X). We will see below that

¢(X) ~ QE(TX). (1.1)

If X is non pathwise connected we take 1.1 as the defintion of €(X).

The space €(X) has a description as a configuration space. If X is connected,
elements in €(X) can be viewed as finite subsets

{X1,...,xp} € X —{x0},

where the x; are labeled by mutually orthogonal non-zero finite dimensional vector
subspace V; of C*, and the topology has the following properties (compare with
Condition 1.2).
(1) If two points converge to the same points, the label in the limit will be the limit
of the direct sum of the labels of the initial points.
(2) If a sequence converges to Xg, then the labels converge to 0 (i.e the point
disappears).
A more precise description of these conditions is given in Remark 3.4.
Segal obtained a Dold-Thom-theorem for connective K-homology in the
following way.
Theorem 1.6 (Prop. 1.1 in [18]). Let (X, xo) be a based finite CW-complex, and
denote by K the reduced K-homology. There is a natural map

T (€(X)) 2> Kn(X) forn>0

such that
(1) This application is an isomorphism when X = S°.

(2) The functor 7+ (€(—)) is a reduced homology theory in the category of based
finite CW-complexes, and the map p is a natural transformation between
reduced homology theories.

By Definition 1.4, it follows that the functor 7. (€(—)) is naturally equivalent
to reduced connective K-homology. In this paper, we use ideas of non
commutative topology, specifically Kasparov KK-theory, to explain a new proof
and a generalization of Theorem 1.6 to an equivariant context. More precisely, we
have

Theorem 1.7. Let G be a finite group and (X, A) be a finite G-CW-pair. There is a
configuration space €(X /A, G), with a continuous G-action and a natural map

78 (€(X/A,G)) — KS(X, A) forn >0
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satisfying

(1) For every subgroup H of G this map is an isomorphism when
(X.4) = (G/H.9)

with the natural G-action.

(2) The functor 8 (€(—, G)) is an equivariant homology theory defined on the
category of based finite G-CW-pairs.
For a precise definition of €(X, G) see Definition 3.1.
Now, let us describe the other topic developed in this paper. Segal in [19] studies
the Z x 7Z/2Z-graded Hopf algebra

FX) =@Paq"Ks, (X" ®C,

n>0

where ¢ is a formal variable (¢ gives the grading) and where K (—) = K2 (—) &
K¢ (—). The product is defined using the induction functor from (S, x &,,)-equiva-
riant vector bundles to &, ,,-equivariant vector bundles, and the coproduct is
defined using the corresponding restriction functor. Considering a connected even
dimensional Spin¢-manifold, Segal found a relation between the Hopf algebra §(X)
and the homology of the configuration space €(X). Note that H.(€(X);C) is
endowed with the Hopf algebra structure induced by the Hopf space structure in €(X)
given by ‘putting together’ the configurations. More precisely Segal proves in [19]
the following theorem:

Theorem 1.8. Let M be a connected even dimensional Spin€-manifold. There is a
natural isomorphism of 7 x 7] 27.-graded Hopf algebras

H.(&(M); C) = (M),

where the completion is taken over the augmentation ideal.

As is proved in [19], and generalized in [23], the algebra §7(X) carries several
interesting properties. For example it is a free A-ring, has the size of a Fock space
of a certain infinite-dimensional Heisenberg superalgebra, and it is the target of the
power operations in equivariant K-theory.

In [23], Wang defines an equivariant generalization of §9(X). Consider the
wreath product G, = G ! S, which is a semidirect product of the n-th direct
product G" of G and the symmetric group &,. If G acts on X there is an action of
the group G, on X" induced by the actions of G and &, on X".

Definition 1.9. Let X be a G-CW-complex, we denote by %"é (X)tothe Z x Z/27Z-
graded Hopf algebra

Fe(X) =Pq"KE, X @ C.
n>0

with the product and coproduct defined using induction and restriction functors
on K. For a precise definition see Definition 6.3.
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We generalize Theorem 1.8 to an equivariant setting. We prove that the homology
groups of the G-fixed points of €(X, G) carry anatural Zx7Z/27Z-graded Hopf algebra
structure. Using an equivariant version of the Chern character due to Liick in [13],
we find a Z x Z/27-graded Hopf algebra isomorphism from H,(¢(M,G)%;C) to

F&(M). More precisely we have
Theorem 1.10. Let M be an even dimensional G-Spin€-manifold. The 7. x 7./27-

graded complex vector space Hy(€(M, G)S; C) carries a natural Z. x 7./ 27.-graded
Hopf algebra and there is a natural isomorphism of 7. x 7./ 27.-graded Hopf algebras

H.(€(M,G)C;C) = §%(M),

where the completion is taken over the augmentation ideal.

Applying this theorem to M = S°, we obtain an expression for the homology
of the G-fixed points of the equivariant infinite Grasmannian in terms of the
representation ring of wreath products.

This paper is organized as follows. In Section 2 we recall the definition of the
equivariant K-theory spectrum, and fix notations about some functions spaces and
G-actions over these. We recall definitions of equivariant homology theories, and its
connective versions in the sense of [13].

In Section 3 we define the configuration space associated to equivariant K-
homology and prove that the functor defined as its homotopy groups is a G-homology
theory. In Section 4 we define a natural transformation from the homotopy groups
of the configuration space to equivariant K-homology and prove that this natural
transformation is an isomorphism, when we apply it to the space S°, with the trivial
G-action.

In Section 5 we prove that the functor defined in Section 3 has an induction
structure over finite groups in the sense defined by Liick in [13]. We use this fact to
prove that the functor is an equivariant homology theory, and finally deduce that it is
naturally equivalent to equivariant connective K-homology.

In Section 6 we describe an isomorphism between the complex homology of the
fixed point space of the configuration space and the Hopf algebra %"é (X).

2. Preliminaries

2.1. Notation. Let (X, x¢) and (Y, yo) be (left) based G-spaces. There is a (left)
G-action on the set of Mapo (X, Y) of based mappings from X to Y defined by

G xMapo(X,Y) — Mapo(X,Y)
(g, ) — (x = g(f(g7'x))).
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If Mapo(X,Y) carries the compact open topology and if X is locally compact
then the G-action is continuous. Notice that the fixed point set Mapo(X,Y )¢
consists of the set of G-equivariant maps from X to Y. The homotopy classes of
Mapy(X,Y)S is denoted by [X, Y]%. A G-space X is called G-connected if X 7 is
connected for every H C G.

2.2. The classifying space for equivariant K-theory . In this section we construct
a convenient classifying space for equivariant K-theory for actions of compact Lie
groups. This space is the infinite Grassmannian of an infinite dimensional complex
representation of G that contains up to isomorphism every irreducible representation
of G countably many times. The results in this section are taken from Section XIV.4
in [14].

Definition 2.1. Recall that a G-CW complex structure on the pair (X, A) consists
of a filtration of the G-space X = |J_,_, X, with X_; = @, Xy = A and such
that every space is inductively obtained from the previous one by attaching cells with
pushout diagrams

]_[i Sn_l X G/Hi > Xp—1 .

| |

[[; D" x G/H; — X,

A G-CW-complex (X, A) is called finite if it has finitely many cells. Every G-CW-
complex considered in this paper is assumed to be finite.

Definition 2.2. Let G be a compact Lie group. A complete G-universe is a complex
separable Hilbert space Hg with a linear action of G that contains up to isomorphism
every irreducible finite dimensional representation of G infinitely many times.

Peter—Weyl theorem gives us a model for a complete G-universe. It implies that
for H a separable complex Hilbert space, the Hilbert space Hg = L?(G) ® H is a
complete G-universe.

As in [14] fixing a complete G-universe Hg, one can construct a representing
space BUg of G-equivariant K-theory as a colimit of finite dimensional equivariant
Grassmannians. We have the following result.

Theorem 2.3. For a finite based G-CW complex (X, xg), the definition of K¢ (X)as
the Grothendieck group of stable isomorphism classes of G-vector bundles over X
and the classification theorem for complex G -vector bundles lead to an isomorphism

[X, BUg|® =~ Kg(X).
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Using Theorem 2.3 we can define the equivariant K-theory spectrum.

Definition 2.4. The equivariant K-theory spectrum is the sequence of G-spaces

KU, = BUg if n is even,
QBUg if nis odd.

Remark 2.5. Theorem 2.3 implies that if X is a finite based G-CW-complex we
have isomorphisms

K%(X) = [X,KU,]% and
K¢ (X) = [X A KU,
forall n € Z.

Remark 2.6. We are only considering naive G-spectra because we are only interested
to represent equivariant connective K-homology as a Z-graded homology theory.

2.3. Finite rank operators space. For a definition of C*-algebra see [17]. We
define the C*-algebras

FR,(Hg) = {A € End(Hg) | rank(A4) < n}

with the compact open topology. In this case, the topology coincides with the weak
topology because of the finite rank condition. We have an inclusion

FR,(Hg) — FR, 41 (Hg).

The group G acts continuously on FR, (Hg).

2.4. Equivariant homology theories on G-CW-complexes. We introduce G-
homology theories and equivariant homology theories. We are following [13].

Definition 2.7. A G-homology theory 3G with values in R-modules is a collection
of covariant functors f]-f,? from the category of G-CW-pairs to the category of R-
modules, indexed by n € Z, together with natural transformations called the boundary
map (here Y (A) is a shorthand for 9{,? (A,9))

3% 1 HE (X, A) - HE_,(4)

for n € Z, such that the following axioms are satisfied:

(1) G-homotopy invariance.
If fo and f; are G-homotopic maps (X, A) — (Y, B) of G-CW-pairs, then
the induced maps

Jows fia : G (X, A) — H7 (Y, B)

are the same for all n € Z.
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(2) Long exact sequence of a pair.
Given a pair (X, A) of G-CW-complexes, there is a long exact sequence

Jx G a;?«H G Ix G Jx G al?
= H (X, A) —— H(A) = I (X)) — H (X A) — -
wherei : A — X and j : X — (X, A) are the inclusions.
(3) Excision.

Let (X, A) be a G-CW-pair and let f : A — B be a cellular G-map of G-CW-
complexes. Equip (X Uy B, B) with the induced structure of a G-CW-pair.
Then the canonical map F : (X, A) — (X Uy B, B) induces an isomorphism

Fo:HE (X, A) - HE(X Uy B, B).

(4) Disjoint union axiom.
Let{X; | i € I} be a family of G-CW-complexes. Denote by

JiXi—>]]x
iel

the canonical inclusion. Then the map

@ji*:@ﬂff(xi)a%,?(]_lxi)

iel iel iel
is a group isomorphism.
Now we will define equivariant homology theories following [13].

Definition 2.8. Let« : H — G be a group homomorphism. Given an H -space X,
define the induction of X with « to be the G-space G x4 X which is the quotient of
G x X by the right H -action

GxXxH-—GxX
((g.x). h) —> (ga(h).h™"x).

If o : H — G is an inclusion, we also write G x g X instead of G %X, X.

An equivariant homology theory H” with values in R-modules consists of a G-
homology theory H& with values in R-modules for each group G together with the
following so called induction structure: given a group homomorphism« : H — G
and an H-CW-pair (X, A) such that ker(c) acts freely on X, for all n € Z there are
natural isomorphisms

indy : HE (X, A) => HC (G xq X.G xq A)
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satisfying:
(1) Compatibility with the boundary homomorphisms.

3% oindy = indy o 2.

(2) Functoriality. Let 8 : G — K be another group homomorphism such that
ker(B o «) acts freely on X. Then we have forn € Z

indgoy = fisoindgoindy : HF (X, A) — HE(K xpoq (X, A)),
where

fi: K xp (G xq X.G g A) —> (Kpoa X. Kpog A)
(k,g,x) —> (kB(g), x)

is the natural K-homeomorphism.

(3) Compatibility with conjugation. We denote by c(g) : G — G the
conjugation homomorphism c(g)(h) = ghg™!. Forn € Z, g € G and a
G-CW-pair (X, A) the homomorphism

inde(gy : HE (X, A) — HE (G xc(5) X, G Xc(g) A)
agrees with f>, for the G-homeomorphism

f2 . (X, A) —> (G Xc(g) X, G Xc(g) A)

X —> (1,g_1x).

For examples of equivariant homology theories see Examples 1.3, 1.4 and 1.5
in [13].
Remark 2.9. Notice that the notion of equivariant homology theory introduced
here is more restrictive than the notion of compatible family of equivariant homology
theories in [12] because that notion only consider the case when the homomorphism o
is an inclusion.

It is natural (in analogy with [1, Pg. 205]) to associate to the equivariant K-
homology a connective G-homology theory in the following way.

Proposition 2.10. [9, Secc. 3] There is a G-homology theory k*G such that:

(1) There is a natural transformation ¢ = kS — KC such that c is an isomorphism
when we evaluate in homogeneous spaces G/H over positive indexes.

(2) For every G-CW-complex X and for everyi < 0, kiG (X)=0.

The functor kS is uniquely determined up to natural equivalence by these conditions
and is called G-equivariant connective K-homology.
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3. The configuration space

Let us recall from Section 1 that in the non-equivariant case, the connective
K-homology groups of a finite based CW-complex (X, x¢) are naturally isomorphic to
the homotopy groups of the configuration space €(X) of finite subsets of X — {x¢},
where each point is labelled by an element of the infinite Grassmannian of C*.
It would be natural to describe the equivariant K-homology of a finite based
G-CW-complex (X, x¢) as the equivariant homotopy groups of a configuration space
€(X, xo, G) whose elements are finite subsets of X —{x} and the labels are elements
of an appropriate equivariant analogue to the infinite Grassmannian. In this section,
we construct an equivariant analogue of €(X) and prove that its equivariant homotopy
groups form a G-homology theory.

3.1. Descriptions of the configuration space. In this section we define the G-
space €(X, G) in terms of spaces of x-homomorphisms. We also give a description
of €(X, G) as a configuration space and a geometric description of the G-action on
it.

Definition 3.1. Let G be a finite group and (X, xo) be a based G-connected, G-
CW-complex. Let €(X, xo, G) be the G-space of configurations of complex vector
spaces over (X, xgo), defined as the following union, with respect to the inclusions
FR, (Hg) — FRy41(Hg)

(X, x0, G) = |_) Hom* (Co(X), FR, (H)),

n>0

with the compact open topology. Notice that * refers to *-homomorphism.
We endow to €(X,xo,G) with a G-action in the following way. If F €
&(X, xg, G), we define

g F:Co(X) — FR,(Hg)
fr—g-Fg " 1)
This action is continuous. As X is G-connected, €(X, xo, G) is also G-connected

and its equivariant homotopy groups do not depend on the base point xo, we can
denote (X, x¢, G) simply by €(X, G).

The space €(X, G) has a description as a configuration space. To obtain that
description we need to recall the Gelfand—Naimark theorem, for a proof of the
Gelfand—Naimark theorem see [7, Thm. 1.3.1].

Definition 3.2. The spectrum of the C*-algebra Cy(X) is the based topological space
of characters -
Co(X) = Hom"(Co(X). C),

with the strong *-topology and with base point the zero character 0.
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Theorem 3.3 (Gelfand—Naimark). Evaluation gives us a homeomorphism of based
spaces

(X.x0) > (Co(X).0)
x —EW)[f]= f(x).
Let F € Hom™*(Cy(X),FR, (Hg)). Forevery f € Co(X) we have

F(OWEGN" =FfT)
=F(f*f)
= F(f)"F(f).
Then the operator F'(f) is normal, so it is diagonalizable. Moreover as Co(X) is
commutative the corresponding eigenspaces do not depend on f because all elements
in
{F(f) | f e Co(X)} S FRy(Hg)

are simultaneously diagonalizable.
Taking eigenvalues give us a continuous map

&(X.G) —> SP=(Co(X).0)
composing with the Gelfand—Naimark homeomorphism we have a map
C(X,G) — SP*(X, xo).

In the same way we have the following description of €(X, G).
Remark 3.4. The space €(X, G) has a description as a configuration space.
(1) For every element F' € €(X, G) consider the set of eigenvalues of F,

Zmixi € SPOO(X, x())

4

with x; # x; if i # j. We can associate a configuration

{(en. V1) (s Vi)

where the corresponding V; € Hg is the eigenspace corresponding to x;; it is
a finite dimensional vector subspace of Hg such thatif x; # x; then V; L V.

(2) The topology of €(X, G) can be recovered in the above description in the
following way. Let (F;)i>o be a sequence converging to F in €(X, G).
Suppose that each F; is characterized by a configuration

{ETI 2 NN C AN 4B

1
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and F by

{Cen Vi) (xms Vi)
Then the set {x!,...,x}} viewed as an element in SP*°(X, xo) converges
to {x1,...,xn}. That means that up to a reordering of the indexes any x;

converges to a unique x;, and then on the labels one should impose the

condition
Dvi-v
{k|xk—x;}
as elements in BUg.

Remark 3.5. In the context of Remark 3.4 we can describe the G-action as follows.
For F € €(X, G) represented by a configuration

{1, V), ey (s Vi,
we have
(g- F)(f)(gv) = gl(F(g™ )¢~ gv)] = gl(f(gx)()] = (f(gx:))(gv).

where the last equality follows because f(gx;) is a scalar. Then one has a natural
continuous G-action on €(X, G) on the description given in Remark 3.4

g1, V1), (ns Vi) = {(gx1, 8Vay), -5 (8%ns gV, )

3.2. The homotopy groups of €(X, G). We denote by C W((;z) the category of
pairs (X, A) where X is a G-CW-complex and A4 a closed G-ANR, which means that
there exists a G-open set U 2 A such that U is a weak G- deformation retract of A.
In [16] it is proved that C W((;z) is naturally equivalent to the category of G-CW-pairs.

Definition 3.6. We define a family of covariant functors from C WG(z) to the category

of Z-graded abelian groups. Let (X, A) € C WG(z) and suppose that X is G-connected.
Note that (X /A, A/A) is a based G-space. We define the functors

kS(—, =) :CWP — 7 ab
kS (X, A) = m,(€(X /A, G)O).
If X is non-G-connected we extend the functor Igf by defining
k(X A) = 7l (E(2(X/4). G)).

Let us define the unreduced functor. Given a G-space X consider the space
X+ = X U {+} with base point of 4, G acts trivially on +. Define

kS (X) = kS (X1, +).

Theorem 3.7. The functor lg*G is a G-homology theory.

We will prove this theorem in the next section.
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3.3. Proof of Theorem 3.7. First we prove that lgf satisfies the homotopy axiom,
the excision axiom and the disjoint union axiom. For the long exact sequence axiom
we will need some lemmas.

Proposition 3.8. The functor k *G satisfies the homotopy axiom.
Proof. We can define a map
w: I x&X,G) > (I xX,G)
(. F)—(f = F(f(t,5).

Where f € Co(I x X). Onthe other hand if H : I x X — Y is a homotopy we have
the induced map Hy : €(I x X, G) — &€(Y). The map H, o w gives us a homotopy.
Taking the induced map on homotopy groups we obtain that the induced maps by
H(0,—) and H(1,—) in @*G are the same. O

Proposition 3.9. The functor @*G satisfies the excision axiom.

Proof. Given a G-map f : A — B, there is a canonical G-homotopy equivalence
F:X/A— X Uy B/B. Applying the homotopy axiom to F the result follows as
stated. O

Proposition 3.10. The functor k*G satisfies the disjoint union axiom.

Proof. Let X = |],; X; be a disjoint union, in this case

¢(X.G) = () Hom* (co (z(]_[ Xi)), FR, (HG))G.

n>0 i€l

First notice that Co(X (] [;<; X;)) can be identified with [ [;.; Co(2X;). For j € 1
we denote the inclusion by

o 2X; — [ [2x.
iel
taking pullback we have
o Co(]_[ zx,-) — Co(TX).
iel

Let (Fi)ier € [lje; Hom*(Co(2X;),FR,(Hg)) be an element in the weak
product, the union of the products of finitely many factors. We can define

F € Hom* ( 1_[ Co(ZX;),FR, (HG))

iel
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by
F((fi)ien) = Y Fi(@5((f)ien). (3.1)

jel
as the rank of F is finite, the sum on the right side is finite for every element in
[lic; Co(2X). Equation 3.1 gives us a G-homeomorphism

[ [ Hom*(Co(2X;). FR, (Hg)) —> Hom* ( [[Co(=X)).FR, (HG))

iel iel

Where in the left side we are taking the weak product. Taking union and homotopy
groups, for every k > 0, we have an isomorphism

N G
P e (€(Xi. G)) —> (e:(]_[xi, G) )

iel iel
We conclude that lgf satisfies the disjoint union axiom. O
To prove the long exact sequence axiom for k. *G, we need to recall the definition

of G-quasifibration.

Definition 3.11 ([22]). A map p : E — B on the category of based G-CW-
complexes is a G-quasifibration if for every b € B, xo € p~'(b) and H C G}, =
{g € G | gb = b}, the induced map

pe i (EH, p7H(b), x0) — 7 (B b)

is an isomorphism for all i > 0.

The proof of a fibration inducing a long exact sequence on homotopy groups only
uses the weaker condition of quasifibration, and the next proposition follows.

Proposition 3.12. If p : E — B is a G-quasifibration, then for every b € B and
H C Gy there is a long exact sequence of homotopy groups

oo 7 (B p (0).x0) 2 ma(BH b) > 1 (p7 (B).x0) —> -

For every xo € p~L(b).
We need to recall the following lemma.

Lemma 3.13 ([22]). A map p : E — B is a G-quasifibration if any one of the
Jfollowing conditions is satisfied:

(1) The space B can be decomposed as the union of G-open sets Vi and V,
such that each of the restrictions p~ (Vi) — Vi, p~'(Va) — V», and
p~ Y (Vi N Va) — Vi NV, are G-quasifibrations.
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(2) The space B is the union of an increasing sequence of G-subspaces By C
By C --- with the property that each G-compact set in B lies in some By, and
such that each restriction p~Y(B,) — B, is a G-quasifibration.

(3) There is a G-deformation Ty of E into a G-subspace Eq, covering a
deformation i of B into a G-subspace By, such that the restriction Ey — By
is a G-quasifibration and Ty : p~1(b) — p~ (T (b)) is a Gy-weak homotopy
equivalence for each b € B.

For (X, A) € CWG(Z) there is a canonical inclusion i : €(4,G) — &(X, G),
induced by i : A — X and a canonical projection p. : €(X,G) — €(X/A4,G)
induced by p : X — X/A. For simplicity we identify the C*-algebra Co(X/A) with

Co(X,A) ={f : X — Ccontinuous | f(A4) = {0}} C Co(X).

We can describe p, using this identification. For f € Co(X/A) and F € €(X, G)
note that

p«(F)(f) = F(f)

Let N be a G-neighborhood of A in X, such that N is a G-deformation retract
of A; we denote the G-retraction by r : N — A. The map r induces a G-map
re C()(A) — Co(N)

The pair of G-open sets {N, X — A} is a G-open covering of X, and as a
consequence there is a G-equivariant partition of unity {p1, po} (it can be obtained
simply by taking the non-equivariant partition of unity and averaging by G). The
partition is associated to the covering in a way that supp(p1) € N and supp(p2) C
X — A.

We introduce our first technical lemma that we will use together with
Lemma 3.13(3).

Lemma 3.14. Forevery b € €(X /A, G) there exists a map
p : pyt(b) — €(4,6)
which is a Gy-homotopy equivalence.

Proof. If F € p;'(b) where F : Co(X) — FR,(Hg) using the identification
Co(X/A) = Co(X, A) we have that

F | Co(X. A) =b.
Define for F € p~!(b) and f € Cy(A)

pp: p~(b) — €(4,G)
Fi— pup(F)(f) = F(p1.r*(f)).
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Now define a homotopy inverse of up. Let
Yo : €(A,G) — p~l(b)
be a map defined for f € Cy(X) and F € €(A4, G), by

vo(F)(f) = F(f |a) + b(pa.f).

The composition ppoyp : €(A, G) —> €(A, G), is Gp-homotopic to the identity,
because we have for F € €(A4,G) and f € Cy(A):

(b 0 vu)(F)(f) = yp(F)(p1.r*(f))

= F((p1.r*(/)) |4) + b(p2p17™(f))

= F(f) + b(p2p17"(f)).
Choosing a Gp-equivariant path between b and 0 define a deformation H; from the
last expression to the identity as follows. Let y; be a path that connects b and 0.
Consider the map

H, :¢(A4,G) — €(A4,G)
Hi(F)(f) = F(f) + v (@™ (o2p17™(f)))
The map H; is the desired homotopy.
The composition y, o up : py () — pyl(b) is Gp-homotopic to the identity
because for F € p;1(b) and f € Cy(X) we have
Yo o b (F)(f) = ps(F)(f 14) + (@™ (p2.f))
= F(p1r™(f |a)) + b~ (p2/))
= F(p1r*(f |4) + p2.f).

where the last equality follows because p, f € Co(X, A), but p1r*(f |4) + fp2 can
be continuously deformed (in Co(X)) to p1 f + p2f = f by a linear homotopy.
Note that since p;, po and r* are Gp- equivariant maps, then up is a Gp-homotopy
equivalence. 0

Theorem 3.15. The map
P« C(X,G) — C(X/A,G)
is a G-quasifibration.
Proof. Let us filter €(X /A, G) by G-closed spaces in the following way
¢"(X/A,G) = {F € €&(X/A, G) | rank(F) < n}.

We want to prove in the following lines that p | p~1(¢"(X/A,G)) is a
quasifibration and using Lemma 3.13(2) conclude that p is a quasifibration. We
proceed by induction.
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Lemma 3.16. The restriction map p | p~'(€"(X /A, G)) is a G-quasifibration.

Proof. The case n = 0 is trivial because it is a map from a point to a point.
Now suppose that p | p~1(€"(X/A, G)) is a quasifibration. We will prove that
p | p~H (€T (X /A, G)) is a quasifibration in two steps.

Step 1: Let us show that we can find a G-open set U in p~1(¢"T1(X /A, G))
such that U is a (weak) deformation retract of p~1(¢"(X/A,G)) and p | p~1(U)
is a quasifibration. The existence of U will be proved in the following argument.
Recall that there is a G-neighborhood N C X of A4 such that N is a G-deformation
retract of A.

Letr; : X — X, (¢ € [0, 1]) be a homotopy, such that r{(N) = A, r;(a) = a for
every a € A, and ro = idx. The homotopy r; induces also a homotopy

i X/A— X/A.
Consider the map
(F)x : C"TH(X /A, G) — ¢"T1(X /A, G).

The set (71); ! (€"(X /A, G)) is a closed subset of €*T1(X /A, G). The inclusion
i*:Co(X,N) — Co(X, A) induces a map

ix 1 C"TY(X/A,G) — ¢"TIH(X/N, G).
Define the set
W =i '(¢"(X/N,G)) Cc ¢"t(X/A,G).
It is an open set in €"*t1(X /A, G) such that
(F)y' (€ (X/A,G)) 2 W 2 €"(X/A,G)
and W deforms in ¢"(X /A, G). Consider the set U = p~!(W). The homotopy
re: pH(@THX/A,G)) — pTHETH(X/A, G))

restricted to U is a weak deformation retract of U to p~!(¢"(X /A, G)), and the
homotopy 7;s covers 7. To conclude that p : U — p(U) is a G-quasifibration
it is enough to prove that 14« : p~1(b) — p~l(Fi«(b)) is a weak G-homotopy
equivalence and then use Lemma 3.13(3). The proof of 7j« is a Gp-homotopy
equivalence is completely analogue to the proof of Lemma 3.14.

Step 2: Prove that

Pl (p7HE@FHX/A,G) - C"(X/A,G)))

and
pl(p7 (@ N (X/A.G) - € (X/A.G) N p~ ' (U))

are G-quasifibrations.



A configuration space for equivariant connective K-homology 1361

In this step we prove directly that the induced maps in the corresponding homotopy
groups are isomorphisms. We only prove that

Pl (p7HETH(X/A,G) — " (X /A, G)))
is a G-quasifibration. The case for
Pl pTHETHX/A,G) - C(X/A.G) N p~H(U))

is completely analogue.
In order to prove that the induced map on homotopy groups is surjective we want
to define a continuous section

s:C"N(X/4,G)—¢"(X/A,G) — p I (€ TH(X /A, G)—C" (X /A, G)).

As in Remark 3.4 every F € ¢"T1(X/A,G) — €"(X /A, G) can be identified with a
configuration
{(x1, V1), ... (xn, Vi) }.

There exists s < 1 such that for every ¢ < 1 with s < ¢, and for every f € Cy(X)
F((prors)- f) = F((pror)- f).

Define
s(F)(f) = F((prors)- f)

and since s(F) is defined with multiplication by a continuous map, and s(F) is
continuous for every F', then s is well defined. To see that s is continuous consider a
convergent sequence in ¢" (X /A, G) — €*(X /A, G)

(F)x = F e ¢"M(X/A,G) —¢"(X/A, G).

Each Fj has eigenvalues xf‘, each sequence (xlk ) cannot converge to xo because this
implies that F' € €"(X /A, G), and therefore there isat € [0, 1) such that for every k
and for f € Cy(X)

s(Fi)(f) = Fi((prors). f) and s(F)(f) = F((p1 o r5).f).

where the result of s applied to this sequence is obtained by multiplying by a
continuous function, and hence s(F) converges to F, i.e the map s is continuous.
We have that p oi = idgn+1(x/4,6)—cn(x/4,G) @nd as a consequence
G - —
pe i (pTHETHX/A, G) = €(X/A, G)), pl (b))
— 7P (@"1(X/A,G) — €' (X /A, G), b)

is surjective.
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To see that p. is injective, let
g:(D'.dD") — p~H (@ (X/A,G) — €"(X/4,G))

be a representative element of ker(p«). Therefore p o g ~¢, b.
Let
y:(D,dDY) x I — ¢"TH(X/A,G) — ¢"(X/A,G)

be a map such that y(—,0) = p o g and y(—, 1) = b. We define

V: (D' OD") x I — (p~ (€T (X/A,G) — € (X/A,G)), p~ (b))
(@.t) — Y(a.0)(f) = y(a.t)(p1.f) + g@)(p2.f).

This is a homotopy that starts in g and ends in an element of p~!(b), so [g] = 0 in

niGb (p~H (@t (X/A,G) — ¢"(X/A,G)), p~ (b)), hence the kernel is trivial.
Then using lemma 3.13(1) we conclude that p | p~1(¢"T1(X/A,G)) is a

G-quasifibration. O

Using Lemma 3.13(2) together with Lemma 3.16 we conclude that the map
P« €(X,G) — E(X/A,G)

is a G-quasifibration, it proves Theorem 3.15. Finally using Proposition 3.12,
we have proved that Igf satifies the long exact sequence axiom, and then Igf is a
G-homology theory. O

4. Equivariant connective K-homology

So far we have proved that the functor lgf is a G-homology theory for every finite
group G. Now we will define a natural transformation 2 from lg*G to equivariant
K-homology such that the map

2(G/H)n
R

kS(G/H) = [S".¢(G/H.G)|° K8 (G/H) forn >0

is an isomorphism. Let us start with some preliminaries.

4.1. Equivariant KK-theory. Atiyah proved thatelliptic operators between sections
of two vector bundles £ — X and F' — Y giverise to maps between K-theory groups
of X and Y (see for example [2]). Kasparov extend this idea to a generalized elliptic
operator (see Definition 4.2). Given two C*-algebras C and B, a generalized elliptic
operator 7 defined between Hilbert modules over C and B induces a map in K-theory

K.(B) = K.(C).
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The study of the homotopy classes of generalized elliptic operators (see Definition 4.4)
is very important in non commutative topology and in index theory (for a good
introduction to the subject see for example [11]). We will use the properties of this
homotopy classes, in particular a convenient form of Bott periodicity in order to
construct the natural transformation 2(. In this section we follow [5, Chapter VIII].
Definition 4.1. A 7Z/2Z-graded G-C*-algebra C = C° & C!, is a C*-algebra
equipped with an action of G by *-automorphisms preserving the grading. Given
two Z/27-graded G-C*-algebras C and B, a map ¢ : C — B is called a
G-*x-homomorphism if it is G-equivariant and a *x-homomorphism.

Given a 7Z/2Z-graded G-C*-algebra B, a Z/27Z-graded Hilbert B-module is
a Z/27Z-graded B-module with a Z/27Z-graded B-valued inner product. Over a
7./27-graded Hilbert B-module E one can define the Z/27Z-graded G-C*-algebra of
bounded operators denoted by B(E) and the Z/27-graded G-C*-algebra of compact
operators denoted by R(E), in both cases we take the usual grading coming from E.
For precise definitions see [5, Secc. VI.13].

Definition 4.2. Let C and B be (Z/2-) graded G-C*-algebras. We denote by
Eg (C, B) to the set of Kasparov G-modules (or generalized G -elliptic operators) for
(C, B), that is the set of triples (E, ¢, F') such that

(1) E is a graded countably generated Hilbert B-module with a continuous
G-action.

2) ¢ : C — B(E) is a graded *- homomorphism.

(3) F is a G-continuous operator in B (E) of degree 1, such that for every ¢ € C
andg e G

(@) Fo(c)—9¢(c)F,

(b) (F?—1d)¢(c),

() (F—=F*)¢(c)and

(d) (g-F—F)p(c)
are all in R(E).

The set Dg (C, B) of degenerate Kasparov modules is the set of triples in Eg(C, B)
for which

(1) Fo(c) —¢(c)F =0,
2) (F? = 1d)$(c) =0,
(3) (F—=F*)¢(c) =0,and
4 (g-F—F)p(c) =0,
forallc e C and g € G.

Example 4.3. Let ¢ : C — R(Hg) be a graded G-x-homomorphism. Then
(Hg, ¢, 0) is a Kasparov G-(C, C)-module.



1364 M. Veldsquez

Definition 4.4. Let IB = C([0, 1], B) be the C*-algebra of continuous maps from
[0, 1] to B. A homotopy connecting (Eq, ¢o, Fo) and (E1, ¢1, F1) in Eg(C, B) is an
element (E, ¢, F) of Eg(C, IB) for which (E®fi B, fi o ¢, fix(F)) is G-unitary
equivalent to (E;, ¢;, Fi), where f;, fori = 0, 1, is the evaluation homomorphism
from IB to B.

The notion of homotopy respects direct sums. Homotopy equivalence is denoted
by ~p. If we have Ey = Ej, then a standard homotopy is a homotopy of the
form E = C([0, 1], E¢) (which is a Hilbert /B-module in the obvious way), with
¢ = (¢), and F = (F;), where t — F; and t — ¢,(c) are strong G-*-operator
continuous for each c. A standard homotopy where in addition ¢; is constant and Fy
is norm-continuous is called an operator homotopy.

Definition 4.5. Direct sums turns Eg(C, B) into an abelian semigroup. We denote
by KKg(C, B) to the set of equivalence classes of Eg(C, B) under ~;. More
generally, we set

KKP(C.B) = KKg(C, B ® Cliff(n))

where G acts trivially in Cliff(n). In each case, the set is an abelian semigroup under
direct sum.

The bifunctor KK, (—,—) gives us a convenient description of equivariant
K-homology that we will use to define the natural transformation. We have the
following result.

Proposition 4.6 (Corol. 18.5.4 in [5]). There are natural isomorphisms

K (X) = KK}(C, Co(X)) and
KO(X) = KK (Co(X),C).

We need also a result about the invariance of KK-theory by compact perturbations.

Proposition 4.7 (Corol. 17.8.8 in [5]). For any C there is a natural isomorphism

KKg(C,R(Hg)) =~ KKg(C,C).

4.2. A natural transformation. In this section we define a natural transformation 2
from the equivariant homotopy groups of the configuration space €(X, G) to the
equivariant reduced K-homology groups of X. To this end we use the description of
equivariant reduced K-homology as a KK-group given in Proposition 4.6.

Given a G-*-homomorphism ¢ : C — £(Hg), an element in KK (C, C) can
be assigned as Example 4.3. Thus if X is G-connected, we have a map

AX) : 70(C(X,G)%) — KK2(Co(X),C) = K§ (X)
[¢] — [(R(Hg), ¢,0)].
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Notice that homotopy of points on €(X, G) correspond to a standard homotopy on
Kasparov G-modules then the map 2((X) is well defined. The map 2((—) is a natural
transformation from the functor 7o (€(—, G)%) to KK, g (—, C). To extend this natural
transformation to all » > 0 we need a particular form of the Bott periodicity theorem.

Definition 4.8. For any C and B C*-algebras, we denote the suspension of C by
SC ={f:8!'— C | f iscontinuous and f(1) = 0}.

With pointwise operations and sup norm. We denote by S C to the n-th suspension
of C, S(--- (S C)).
——

n times

Theorem 4.9 (Corol. 19.2.2 in [5]). We have a natural isomorphism in C and B,
KK(C,B) =~ KKg(C, SB).
Proposition 4.10. There is a natural transformation
A (X) : 12 (E(X, G)%) — KKE(Co(X),C)

Proof. For n = 0 it was already defined. For n = 1 consider an element [/] €
71(€(X,G)%) with [ : ST — €(Cy(X),G)C. Given f € Co(X) andt € S, we
have I(t)[ f] € FR,(Hg) € K(Hg ), for some n > 0.

As the topology is the compact-open topology, we have a continuous map

I(5)[f]: ST — AHo).

It is an element of S(K(Hg)). Then we have defined a continuous map

QE(X,G)% - Hom™ (Co(X). S(R(Hg)))
t— (f = 1(O[fD.

To every element ¢ € Hom*(Co(X), S(R(Hg)))® we can associate the Kasparov
module (S(R(Hg)), ¢.0) € Eg(Co(X), S(R(Hg))).

Composing the above two maps and taking homotopy classes we have a
homomorphism

m1(€(X, G)%) — KKg(Co(X), S(R(Hg))).

Notice that the homotopy of two paths /o, I; € Q€(X, G)Y correspond to a standard
homotopy of the Kasparov modules

(S(R(He)). A(l). 0). (S(R(Hg)). A(l1).0) € Eg(Co(X), S(R(Hg))).

then the above map is well defined.
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If we suppose that X is G-connected, using the identification given by Theorem 4.9,we
have defined the natural transformation

A (X) : 1 (E(X, G)9) — KK§(Co(X),C).
For every n > 0 and for every X (non necessary G-connected) is defined as the
following composition

Tt 1(E€(2X, G)¢) — [Hom*(Co(TX), S"H! (A(Hg)))]
— KKg(Co(2X), S" T (R(Hg)))

= KKETH(Co(2X).C)
=5 KKZ(Co(X). ).

where the first isomorphism is given by Theorem 4.9 and Prop 4.7 and the last one is
given by the suspension isomorphism. O

The last construction gives a relation between the homotopy groups of the
configuration space and the analytic construction of KK-theory by Kasparov.

Theorem 4.11. The map
A"(S) : 7,(€(S°, G)%) — KKE(Co(S°),C) = KKE(C,CT)
is an isomorphism for every n > 0, where S° is endowed with the trivial G-action.

Proof. First we will prove that 2°(S?) is an isomorphism. To prove surjectivity
consider a Kasparov G-module « = (Hg, ¢, F) in Eg(C, C). The Hilbert space Hg
is aZ;-graded G-space and the map ¢ (1) is a projection of degree 0, which means that
H = HY @H;?” and ¢(1) = diag(P, Q) for projections P and Q; The operator F
has the form (% ‘g) The Kasparov module is K Kg-equivalent to (PH(();, 1d,,0)
(for details on this argument the reader can refer to [5, Example 17.3.4]), where P]HIO

is a complex n-dimensional G-representation. To prove injectivity note that the map
ld, : C — ﬁ(P]HI ) is the H-map sending 1 to the identity matrix, and each of

these modules constitutes different elements of KK (C, C). It proves that A°(S°)

is an isomorphism. If » is odd there is nothing to prove because both groups k,, (S 0)
and K KG (S9) are zero. If n is even we have the commutative diagram

~G A (S0) ~

ky (8% —= K7 (8%

29(59)

Ko (59 K (50

where the vertical arrows are Bott periodicity, and 2°(S?) is an isomorphism, hence
2A™(S?) is an isomorphism also. O
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5. Induction structure

In this section we prove that the equivariant connective K-homology has an induction
structure in the sense of Definition 2.8. Let« : H — G be a group homomorphism
(where H and G are finite). Let X be an H -space such that ker(«) acts freely on X .
There is a map

g X —Gxg X

x —> [e, x].

We start when the map « is an inclusion. Using the induction structure in this
case it can be proved that the natural transformation 2 defined in Section 4.2 is an
equivalence.

5.1. Equivalence with equivariant connective K-homology.

Lemma 5.1. Given a subgroup H € G and X an H-CW-complex then the inclusion
i : X — G xg X induces an isomorphism

o R (X) — K2 (G xm X).

Proof. The Hilbert space Hlg can be considered as a complete H-universe and
then H is isomorphic as a H-module with Hp, therefore we can suppose that

¢(X. /) = |_) Hom*(Cy(X).FR, (Hg))" .

n>0

We define a map

ix : | Hom*(Co(X).FR, (Hg))" —> | ) Hom*(Co(G xp X).FR,(Hg))¢
n>0 n=0
1

Y g (Fe™ f 1)

geG

where f € Co(G xg X). On the other hand we define a map

1+ |J Hom*(Co(G xa X).FRy (Hg)? —> ) Hom™ (Co(X). FR, ()™

n=0 n>0

F+— Foyu,

where 0 : Co(X) —> Co(G xg X) is a continuous, H -equivariant map such that
w(f) lx= f and u(f)lgx,;x—x = 0forevery f € Co(X). We have that

X© i* = id€(X,H)H7
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since f € Co(X),
X (F) () = L (F)(u(f)
- |;1—| S g (FUg™ - n(f)]x)

geG

=#Zh-F(h“-f)

heH
= F(f).
Furthermore, ix o y = idggx,, x,6)c because given f € Co(G xg X),
1
Lx(X(F)(f) = TH]| Y g (P HIx))
geG
1

= == g (Fu(s™ - Nlx))
HI %

1
| Y F(g-((w(g™ - Nlx))

IFgeG
= F(f),

where the last equality is a consequence of f = ﬁ D ¢cG 8- w(@™' - Hlx).
Taking homotopy groups we obtain the desired result. O

As a consequence of the above lemma we obtain the following theorem.

~ ~
Theorem 5.2. The functor k., is naturally equivalent to k.; that is, the equivariant
homotopy groups of €(X, G) are isomorphic to the equivariant reduced connective
K-homology groups of X when X is a finite G-CW-complex and G is finite.

Proof. We already proved in Theorem 4.11 that the natural transformation 2( defined
in the section above is an isomorphism when X = S° with a trivial G-action.
To prove the theorem it is enough to prove that 2 is an isomorphism when X =
S® A G/H = (G/H), with trivial G-action over S° and the usual G-action over
G/H. It is so because we proceed by cellular induction. Consider the commutative
diagram

2A(S%)

% (89 KH (5%
R -
0 ~
%0 (50 A G H) 2SR R6 (50 A G/H)

where iy : Ef (8% —’:Ef(SO A G/H) is the isomorphism obtained in Lemma 5.1
andiy : K7 (S% — K% (S°AG/H)is the isomorphism obtained from the induction
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structure for equivariant K-homology (see [13]). From this diagram we obtain that
the map

ASOAG/H)  Eo (S AG/H) — KS(S° A G/H)
is an isomorphism. O
As acorollary of Theorem 5.2 we can construct a model for equivariant connective

K-theory spectrum for finite groups.
Consider the sequence of spaces

(8", G) iftn >0
¢ =1Qe(=S",G) ifn=0.
{pt} ifn <0

Define the structure maps as follows. Forn > 0, let F € @nG = &(S", G), we define
an element
o"(F) € Q&(§"™1, G).

Notice thatif € S' and f € Co(S™!) we have f(¢,—) € Co(S™), then we define
[0 (D)1= F(f(,-)).
It defines a continuous map
o™ 1 E(S",G) — QE(S"TL, G)
F (1= (f = F(f(t,9))).

The maps ¢” are weak G-homotopy equivalences because taking homotopy classes

~G
the maps o corresponds with the suspension isomorphism for k, . For n = 0 the
structre map is defined in a similar way. Then (€9, 0") is a Q-G -spectrum.

Theorem 5.3. The Q2-G-spectrum (@g ,0™") is a G-spectrum representing equivari-
ant connective K-theory.

Proof. Denote by HZC to the reduced G-homology theory associated to the Q-G-
spectrum (€9, 0™). We will define a natural transformation

~G
HfG —k, .

Let (X, xo) be a based G-CW-complex. We have a map
G J n
XAE — E&S"AX,G)

(x, F)— j(x, F)(f) = F(f(=.x))
for f € Co(S" A X).



1370 M. Veldsquez

On the other hand the natural transformation 2 defined in Section 4.2 gives us a
well defined map

A(S™ A X) : mo(€(S™ A X, G)) — KK2(Co(S™ A X),C),
and Bott isomorphism (Theorem 4.9) gives us a map
KK2(Co(S™ A X),C) —> KK2(Co(X),S"C) = KC(X).
Composing the above three maps we obtain a map
mo(X A €% — KS(X).

We have constructed a natural transformation H$% — Ef satisfying the conditions

~G
in Proposition 2.10. Hence HEC is naturally equivalent to k, and (€¢,0") is a
Q-G-spectrum representing equivariant connective K-homology. O

5.2. Induction structure for general homomorphisms. To obtain the induction
structure when « is an arbitrary map we need a lemma. From now on we denote the

~1 9 9 ?
functor k, by k, and k, by k.
Lemma 5.4. Let X be a G-CW-complex such that N < G acts freely in X. Then

there is natural isomorphism 7 . Ef (X)) — ’l:f/ N (X/N) induced by the quotient
mapw: X — X/N.

Proof. The algebra Co(X/N) can be identified with Co(X )™, this is the algebra of
continuous maps from X to C that are invariant by the action of N, this algebra has a
G-action as a subalgebra of Cy(X). With this identification lets consider the natural
map

Co(X) 2> Co(x)N

fHﬁZg-f.

geN

This allows us to define a *-homomorphism

| Hom* (Co(X)™. FRu(Hoyn )Y 2 ) Hom* (Co(X). FRu(Heyn))

n>0 n>0

Ar——>Aop.

On the other hand Hg,» can be identified with (Hg)", so we can suppose that Ao p
is an element of  J,,5, Hom*(Co(X), FRy ((Hg)™)). First we will prove that ¢ is
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G-equivariant. Given an element g € G, letw : G — G/ N be the quotient map and
f € Co(X). Then

(g-(Aop)(f)=g((Aop)g-)g™"
=g(A(g™ ) - (p(/HMHNeg™!
=m(g) (A" - (p(HN(g™h)
= A(p(f)),

Where the last equality is because A is G/ N -invariant. Hence

Ao pE U Hom*(Co(X), FRn((HG)N))G

n>0
We define a map

pHg — (Hg)V
1

Ul—)ngv.
geN

Now consider the following commutative diagram (here i : (Hg)Y — Hg is the
inclusion)

oA op
Hg icA(p(f))op He

| |

A(p(f))
(He)V —2L2 - (HG)Y

It implies that i o A(p(—)) o p € |U,so Hom*(Co(X), FR,(Hg))®. Then we
have a natural map

x:C€(X/N,G/N)'N — ¢(X,G)°
Ar—>io(Aop)op.

We will prove that y induces an isomorphism on homotopy groups.

The map X 5x /N is a G-covering space. As the group is finite this implies
that X =[], U;, where’Each U, =g G xg U;, and U; is a G-contractible open set
i

where H acts trivially, U; ~¢ G and n(l7,~) ~g/n G/N.
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The map y« : kf/N (G/N) — kG (G) is an isomorphism because we have the
following commutative diagram

kG(G) <——— kulp1)

KGN (G/N)

and both i, are isomorphisms by Lemma 5.1. Now, the result for general X follows
by an inductive argument using the disjoint union axiom and the decomposition
X11; Ui O
Using the above results we can derive an induction structure.
Theorem 5.5. Given a : H — G such that ker(a) acts freely in X, the map
i : X = G x4 X induces a natural isomorphism
ix kT (X) > k9 (G xq X).
Proof. If « : H — G is a group homomorphism, o can be obtained as the
composition
H - a(H) > G,

s0 G xg X =g G x; (¢(H) Xq X), and this allows us to obtain the following
isomorphisms

~G ~G
ki (G Xo X) =k, (G X (@(H) Xo X)).
On the other hand Lemma 5.1 implies

Ko (G xi (@(H) xq X)) 2 o (@(H) x4 X)

From the homomorphism « : H — o(H ) we obtain an isomorphism
a : H/ker(o) — a(H), and then

T (H) %o X) = E75 (H fker(@) x X)

where 7 : H — H /ker() is the quotient map. Finally Lemma 5.4 implies

~H /ker(«)
%

k (H/ker(@) xx X) = &y (X). 0
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We will verify the properties in Definition 2.8. For this we use the fact that the
map defined to obtain the above isomorphism is the invariantization.

ey

2

3)

Compatibility with the boundary homomorphism. If p : £ — Bisa
G-quasifibration with fibre F', we have a connecting morphism

3¢ . w8 (B,b) — 78 |(F, )

defined in the following way. If [p] € 7 (B, b), this element can be viewed as
an element of 78 (E, p~1(b), xo) = 7l (F, f) (since p is a quasifibration),
and the homotopy class of the image of the map ¢ restricted to D =~ S"!
by the above identification that we denote by

@:(D",8D") — (EC, (p~' ()%, x0),

can be viewed as an element of 7TnG_1(F ,f). The above argument
implies that the connecting morphism in this case is given by a restriction.
The compatibility with the boundary map follows from the fact that the
invariantization commutes with restrictions.

Functoriality. This property follows from the fact that taking invariantization
is transitive, that means, if we have homomorphisms ¢« : H — G and
B : G — K then the invariantization map defined from Co(K Xgoq X) to
Co(X) with X a H -space is the composition of the invariantizations defined
from Co(K Xgog X) to Co(G x¢ X) and from Co(G x4 X) to Co(X).

Compatibility with conjugation. This property follows from the fact that
to conjugate and later take the invariantization is the same as to take the
invariantization without conjugate.

The above argument and Theorem 5.5 proves the following theorem.

Theorem 5.6. The functor k;{ is an equivariant homology theory in the sense of
Definition 2.8.

Remark 5.7. The induction structure for equivariant connective K-homology is a new
result. Note that for periodic K-homology is possible to obtain the induction structure
from the induction of the representation rings of the corresponding groups, but in
the classical definition of connective K-homology (as the homotopy groups of the
connective cover of the K-theory spectrum) we cannot use this correspondence. For
our purposes is necessary because we want to apply the equivariant Chern character
coming from of Theorem 6.12.
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6. The algebra S‘é (X)

As is noted in [10] given a cohomology theory H defined on the category of orbifolds
one can associate a commutative and cocommutative Hopf algebra

S = EPHEX"/Sn),

n>0
in [10] is described a generator set of S and S is identified with a Fock space. The

case of orbifold K-theory is studied by Segal in [19]. He consider a Z x Z/27Z-graded
Hopf algebra

FX) =Paq"Ks, (X e C,

where g is a formal variable counting the Z-grading and K5, (—) = K g (- K é (—).
In [19] is established an isomorphism between the completion at the augmentation
ideal of §4(X) and the homology with complex coefficients of the configuration
space €(X). More precisely,

Theorem 6.1 ([19]). Let X be a Spin®-manifold and H.(E(X); C) is the complex

homology endowed with the Pontryagin product. If we denote by (A) the completion at
the augmentation ideal, then there is a 7. x 7./ 2Z-graded Hopf-algebra isomorphism

§9(X) = H.(€(X);C).

The goal of this section is to obtain an equivariant generalization of the above
theorem.

Let X be a topological space endowed with an action of a finite group G. We
consider the wreath product G, = G ¢ G, which is a semidirect product of the n-th
direct product G” of G and the symmetric group S,. If G acts on X there is a
natural action of the group G, on X” induced by the actions of G"” and &, on X”.

Definition 6.2. Define the Z x Z/2Z-graded complex vector space
56X =Pq" ks, (X" & C.

n>0

Wang in [23] shows that 3% (X) admits a natural Z x Z/27Z.-graded Hopf algebra
structure that we describe in the following lines.
First we recall the induction structure on equivariant K-theory.

Definition 6.3. Let G and H be finite groups, and « : H — G a group
homomorphism. Let X be a G-space and E 25 X be an H-vector bundle over X.

. . . p
According to Definition 2.8 one can consider the map G x4 E —— G x4 X. In [23,
Lemma 6] it is proved that the above map carries a natural G-vector bundle structure
over X. Passing to isomorphism classes one can define a map

indy: K (X) — K§(X).
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Now we are ready to define the product. If « : G, x G, — G4y is the natural
inclusion, define a multiplication - on SqG (X) by a composition of the induction map
and the Kunneth isomorphism g:

K (XM ®C)® (K& (X" ®C) —=KE 16 (X" & C
In_d“)KaH_m (Xn+m) ® C.

We denote by 1 the unit in Kg,(X°) ® C = C.
The comultiplication A on SqG (X),is the composition of the inverse of the Kunneth
isomorphism and the restriction from G, to Gy x G,—:

n
K& (XM ®C— @ KE, w6, (X ®C

m=0

—1 n
Pk, XM @K, (X" ®C.

m=0

We define the counit € : §g(X) — C by sending Kgn (X") n > 0) to 0 and
le K§ (X)) =Ctol,

Theorem 6.4 (Thm. 2 in [23]). With the operations defined as above, 34G (X) becomes
a Hopf algebra.

It is possible to describe %qG(X ) as a supersymmetric Z x Z/27-graded algebra.
For this end we will use a version of Chern character in equivariant K-theory given
in [4].

Note that K;(pt) ® C is isomorphic to the ring cl/assc(G) of class functions
on G. The bilinear map » induced from the tensor product

Kg(pt) ® Kg(X) - Kg(X)

gives rise to a natural K (pt)-module structure on K7 (X). Thus K5(X) ® C
naturally decomposes into a direct sum over the set of conjugacy classes G« of G.
The next theorem [4] gives a description of each term in the direct sum.

Lemma 6.5. There is a natural 7./ 27-graded isomorphism
¢ K5(X)®C— P K*(X¥/Zs(g) ®C.
[e]

where Zg(g) denotes the centralizer of g in G.

Applying lemma 6.5 to each term of {S"JG (X) one can derive a decomposition
theorem. First we recall the notion of Z x Z/27Z.-graded supersymmetric algebra.
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Definition 6.6. Let A = A° @ A! be a Z x Z/27Z-graded complex vector space, we
define the Z x Z/27-graded supersymmetric algebra S$(A) as the tensor product of
the symmetric algebra S(A4%) and the exterior algebra A(A?').

Theorem 6.7 (Thm. 3 in [23]). As a Z x Z/27Z-graded Hopf algebra, %(X ) is
isomorphic to the supersymmetric algebra 8(P, > 4" K¢ (X))

6.1. Hopf spaces. Note that the configuration space €(X, G) has a natural structure
of Hopf space given by ‘putting together’ the configurations. More formally we have
the following product.

Definition 6.8. Given
Fy € Hom*(Co(X), FR,(Hg))®

and
F> € Hom*(Co(X), FRn(Hg))C,

we define
Fy - F € Hom*(Co(X), FRp1m(Hg))°

(F1- F2)(f) = Fi(f) & F2(f).

where @ is the external direct sum of operators, which is the composition

F DF
Hg 1(HSF2(f) HGEBHGLHG,

where ¢ is a G-isomorphism of complete G-universes. With this operation €(X, G)¢
becomes a homotopy associative Hopf space with unit.

When a Hopf space Y is pathwise connected we have a way to relate the Hopf
algebra H, (Y ; C) with the Z-graded complex vector space

7:(Y:C) = Pmi(Y:0)

n>0

given by a theorem due to Milnor and Moore. Recall that (/—\) denotes the completion
with respect to the 7 -adic topology, when [ is the augmentation ideal i.e / = ker(¢)
where ¢ is the counit of the Hopf algebra S(m«(Y; C)). (For an explanation on
completions see [3, Chapter 10]).

Theorem 6.9 (Thm. of the Appendix in [15]). If Y is a pathwise connected
homotopy associative Hopf space with unit, and A : w«(Y;C) — Hy(Y;C) is
the Hurewicz morphism viewed as a morphism of Z-graded Lie algebras, then the
induced morphism A S(JT(Y C)) — H«(Y; C)isanisomorphism of Hopf algebras.
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In order to consider the case when Y is not pathwise connected we need to
introduce a theorem due to Cartier.

Let A be a Z-graded Hopf algebra. Let g be the set of primitive elements, these
are elements x in A such that

AX)=x®1+1Q®x,e(x) =0.

Then g is a Lie algebra with the bracket [x, y] = xy — yx, and we can consider its
enveloping algebra U(g) viewed as a Hopf algebra. Let I' be the set of ‘group-like’
elements, that is the elements g in A such that

Alg) =g®g,e(g) = 1.

For the multiplication in A, the elements of I" form a group, where the inverse of g
is S(g) (here S is the antipode in A). We can consider the group algebra CI" viewed
as a Hopf algebra. Furthermore for x in g and g in T', we have that §x = gxg~!
belongs to g. Hence the group I" acts on the Lie algebra g by conjugation and therefore
on its enveloping algebra U(g). We define the twisted tensor product I x U(g) as the
tensor product U(g) ® CI" with the multiplication given by

u®g) Weg)=u-uegg.

Theorem 6.10. [6, Thm. 3.8.2] Assume that A is a cocommutative Z.-graded Hopf
algebra. Let g be the space of primitive elements, and T the group of ‘group-like’
elements in A. Then there is an isomorphism of I' x U(g) onto A as Z-graded Hopf
algebras, inducing the identity on I" and g.

6.2. The homology of the G -fixed points of the configuration space. Now we can
consider Hy(€(X, G)?; C) with the product induced by the Hopf-space structure of
(X, G)C.

Proposition 6.11. Let X be a finite G-CW-complex, if X is G-connected we have an
isomorphism

H.(€(X,G)%:C) ~ 8(k%(X) ® C).

For an arbitrary X we have an isomorphism
H.(QE(2X,G)%:C) = $(k%(X) ® C).

Proof. Firstsuppose that X is G-connected. By Theorem 6.9 there is an isomorphism
of Z-graded Hopf algebras

Ho(€(X,G)%:;C) = S(n.(¢(X, G)%: C)).
and Theorem 5.2 gives the desired isomorphism

S (€(X, G)%:C)) = $(k%(X) ® C).
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For a general X according to the definition of our theory for a finite G-CW-
complex we have that Q(€(X X, G)) is the configuration space in this case. The
space Q(¢(XX,G))Y is a non-connected Hopf space. To describe its homology
we will use Theorem 6.10. By the grading we have that the group-like elements
in H,(Q(¢(XX, G))%; C) correspond with Hy(Q(¢(XX, G))?; C) and by Milnor—
Moore [15] the primitive elements correspond to 7. (Q2(E(X X, G))g ) ® C, where
QE(ZX, G))g is the connected component of the identity. By Theorem 6.10 we
have an isomorphism of Z x 7 /27-graded Hopf algebras

Hi(QE(EX,G))%:C) = Hy(QE(ZX,G))%:C) x U (QUE(ZX, G)S) R C).

As Ho(QUC(ZX,G))) and 7.(QCE(TX, G))g) are abelian and the action is by
conjugation, this action of Hy(Q(€(ZX, G))%;C) in 74 (QC(Z X, G))g) is trivial.
Then we have an isomorphism of Z x Z/27Z-graded Hopf algebras

HA(QE(EX, 6)%;C) = Hy(QEEX, 6)%;C) ® Umx(QE(EX, G))5) ® C)
= Ho(R(E(ZX. G))%: C) ® 8(7.(AE(ZX, G))§) ® C)
~%$(X) ®S8(k%(X)® C)
~ S(k%(X) ® C).
]

In order to relate the homology of the G-fixed point space of €(X, G) with S% (X)
we need to use an equivariant version of Chern character for equivariant homology
theories due to Liick in [13]. We will apply this Chern character to k.

For a subgroup H C G we denote by Ng(H ) the normalizer of H in G. Let
H - Z5(H) be the subgroup of Ng(H) consisting of elements of the form /¢ for
h € H and ¢ € Zg(H). Denote by W (H) the quotient Ng(H)/H - Zg(H).

Taking characters yields an isomorphism of rings

X :Rc(H)®zC =, classc(H).

We denote by HC (—; C) the Bredon homology with coefficients in the complex class
function ring. Given a finite cyclic group C, there is the idempotent Qg € classc(C)
which assigns 1 to a generator of C and O to the other elements. This element acts
on HC (x;C) = classc(G). The image im(QS : HS (%;C) — HEP(%;C)) of the
map given by multiplication with the idempotent 98 is a term of the direct sum in
HnG(*; C) and will be denoted by 98 . HnG(*; ©).

Theorem 6.12 (Thm. 0.3 in [13]). Given an equivariant homology theory J—fl
with coefficients in the complex class function ring, for any group G and any
G-CW-complex X, let J be the set of conjugacy classes (C) of finite cyclic
subgroups C of G. Then there is an isomorphism of homology theories

ch’ : BH? =9

*
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such that

BHE(X:;C) =

P P H,(XC/Z6(C):C) ®cpwgcyim(BE : HS (x:C) — HE (x:C)).
p+q=n (C)eJ
Using the above theorem we obtain the following result.

Theorem 6.13. Let X be a G-CW-complex. There is a natural isomorphism of
Z-graded complex vector spaces

kS(X)®C=~ HE(X;:C)®Clq] =~ K¢(X) ® C[q].

Proof. In the case of k¥, i m(Bg ) = kg(pt) ® C = C, then the Chern character
reduces to
kS(X)®C= HE(X;:C)® HE ,(X:C) @ --- .

Taking the sum over n € N we obtain a graded complex vector space isomorphism:
k¢(X)® C= HZ(X:C)® Clg] = K¢ (X) ® Clq].

where the last isomorphism is obtained using Theorem 6.12 applied to the equivariant
homology theory K Z in a similar way as we do for kl. 0

Finally we find an isomorphism from H,(C(X, G);C) to S’(I; (X) when X is an
even dimensional G-Spin¢-manifold. First we recall Poincaré duality for equivariant
K-theory.

Theorem 6.14. Let M be a n-dimensional G-Spin€-manifold. Then there exists an
isomorphism
D:Ki(My) — KZ (M).
Applying Theorem 6.14 and Theorem 6.10 we can obtain the main result of the
section.

Theorem 6.15. Let M be a even dimensional G-Spin€-manifold. We have an
isomorphism of Z-graded Hopf algebras

Hy(€(M,G)%;C) = FL(M).

Proof. As M is a G-Spin® manifold we can use Theorem 6.14 and obtain the
following isomorphism of Z x Z/2Z-graded Hopf algebras

SkS(M)®C) = S(P¢"KS (M) ®C) = S(P ¢"Ke(My))

n>1 n>1

= S(P q"Ke(M)).

n>1
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Combining Proposition 6.11, Theorem 6.13 and Theorem 6.7 we obtain

Ho (€M, G)%;C) = FL(M). O
Example 6.16. For X = S° we have
QE(Z(S%),G)) ~ BUg.
Applying the above discussion to this H-space we conclude that
H.((BUG)®:C) =R(G) ® 8(m+((BUG)®) ® C)

~R(G) ®§(EB R(G,) ® c)

n>0

gg(@ R(G,) ® (C).

n>0

Summarizing, we have an isomorphism

Ho((BUG)®; C) = §%,(5°) = 3(@ R(Gn) ® <c).

n>0

We also have

H.((BUG)®:C) =~ ’é(@ R(Gy) ® <c) =~ Cllo).....of ol .. ]

n>0

where {oil, ey aik i1 is a complete set of non isomorphic irreducible representations
of G;. We expect that the elements oik correspond in some sense with duals of
G-equivariant Chern classes.

Acknowledgements. The author would like to express his gratitude to Prof. Bernardo
Uribe and Prof. Graeme Segal who read the manuscript and made a number of
important suggestions. The author also thanks the referee for his comments and
suggestions which helped to improve the presentation of this paper.

References

[1] J. F. Adams, Stable homotopy and generalised homology, Reprint of the
1974 original, Chicago Lectures in Mathematics, University of Chicago Press,
Chicago, IL, 1995. Zbl 0309.55016 MR 1324104

[2] M.F. Atiyah, Bott periodicity and the index of elliptic operators, Quart. J. Math.
Oxford Ser. (2),19 (1968), 113-140. Zbl 0159.53501 MR 0228000


https://zbmath.org/?q=an:0309.55016
http://www.ams.org/mathscinet-getitem?mr=1324104
https://zbmath.org/?q=an:0159.53501
http://www.ams.org/mathscinet-getitem?mr=0228000

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(1]

(12]

[13]

[14]

[15]

[16]

A configuration space for equivariant connective K-homology 1381

M. F. Atiyah and 1. G. Macdonald, Introduction to commutative algebra,
Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont.,
1969. Zbl 0175.03601 MR 0242802

M. F. Atiyah and G. Segal, On equivariant Euler characteristics, J. Geom. Phys.,
6 (1989), 671-677. Zbl 0708.19004 MR 1076708

B. Blackadar, K-theory for operator algebras, second edition, Mathematical
Sciences Research Institute Publications, 5, Cambridge University Press,
Cambridge, 1998. Zbl 0913.46054 MR 1656031

P. Cartier, A primer of Hopf algebras, in Frontiers in number theory, physics, and
geometry, 11, 537-615, Springer, Berlin, 2007. Zbl 1184.16031 MR 2290769

K. R. Davidson, C*-algebras by example, Fields Institute Monographs,
6, American Mathematical Society, Providence, RI, 1996. Zbl 0958.46029
MR 1402012

A.Dold and R. Thom, Quasifaserungen und unendliche symmetrische Produkte,
Ann. of Math. (2), 67 (1958), 239-281. Zbl 0091.37102 MR 0097062

J. P. C. Greenlees, Equivariant versions of real and complex connective
K-theory, Homology Homotopy Appl., 7 (2005), 63-82. Zbl 1086.19003
MR 2205170

I. Grojnowski, Instantons and affine algebras, I. The Hilbert scheme and vertex
operators, Math. Res. Lett., 3 (1996), 275-291. Zbl 0879.17011 MR 1386846

N. Higson, A primer on K K -theory, in Operator theory: operator algebras and
applications, Part 1 (Durham, NH, 1988), 239-283, Proc. Sympos. Pure Math.,
51, Amer. Math. Soc., Providence, RI, 1990. Zbl 0718.46052 MR 1077390

L. G. Lewis, Jr., J. P. May, M. Steinberger and J. E. McClure, Equivariant stable
homotopy theory, Lecture Notes in Mathematics, 1213, Springer-Verlag, Berlin,
1986. Zbl 0611.55001 MR 0866482

W. Liick, Chern characters for proper equivariant homology theories and
applications to K- and L-theory, J. Reine Angew. Math., 543 (2002), 193-234.
Zbl 0987.55008 MR 1887884

J. P. May, Equivariant homotopy and cohomology theory, CBMS Regional
Conference Series in Mathematics, 91, Published for the Conference Board
of the Mathematical Sciences, Washington, DC, 1996. Zbl 0890.55001
MR 1413302

J. W. Milnor and J. C. Moore, On the structure of Hopf algebras, Ann. of Math.
(2), 81 (1965), 211-264. Zbl 0163.28202 MR 0174052

M. Murayama, On G-ANRs and their G-homotopy types, Osaka J. Math., 20
(1983), 479-512. Zbl 0531.57034 MR 0718960


https://zbmath.org/?q=an:0175.03601
http://www.ams.org/mathscinet-getitem?mr=0242802
https://zbmath.org/?q=an:0708.19004
http://www.ams.org/mathscinet-getitem?mr=1076708
https://zbmath.org/?q=an:0913.46054
http://www.ams.org/mathscinet-getitem?mr=1656031
https://zbmath.org/?q=an:1184.16031
http://www.ams.org/mathscinet-getitem?mr=2290769
https://zbmath.org/?q=an:0958.46029
http://www.ams.org/mathscinet-getitem?mr=1402012
https://zbmath.org/?q=an:0091.37102
http://www.ams.org/mathscinet-getitem?mr=0097062
https://zbmath.org/?q=an:1086.19003
http://www.ams.org/mathscinet-getitem?mr=2205170
https://zbmath.org/?q=an:0879.17011
http://www.ams.org/mathscinet-getitem?mr=1386846
https://zbmath.org/?q=an:0718.46052
http://www.ams.org/mathscinet-getitem?mr=1077390
https://zbmath.org/?q=an:0611.55001
http://www.ams.org/mathscinet-getitem?mr=0866482
https://zbmath.org/?q=an:0987.55008
http://www.ams.org/mathscinet-getitem?mr=1887884
https://zbmath.org/?q=an:0890.55001
http://www.ams.org/mathscinet-getitem?mr=1413302
https://zbmath.org/?q=an:0163.28202
http://www.ams.org/mathscinet-getitem?mr=0174052
https://zbmath.org/?q=an:0531.57034
http://www.ams.org/mathscinet-getitem?mr=0718960

1382

(17]

(18]

(19]

[20]

(21]

(22]

(23]

M. Veldsquez

G. J. Murphy, C*-algebras and operator theory, Academic Press Inc., Boston,
MA, 1990. Zbl 0714.46041 MR 1074574

G. Segal, K-homology theory and algebraic K-theory, in K -theory and operator
algebras (Proc. Conf., Univ. Georgia, Athens, Ga., 1975), 113-127, Lecture
Notes in Math., 575, Springer, Berlin, 1977. Zbl 0363.55002 MR 0515311

G. Segal, Equivariant K-theory and symmetric products, preprint, 1996.

K. Shimakawa, Configuration spaces with partially summable labels and
homology theories, Math. J. Okayama Univ., 43 (2001), 43-72. Zbl 1022.55005
MR 1913872

M. Velasquez, Equivariant connective K-homology and configuration spaces,
PhD Thesis, Universidad de los Andes, 2012.

S. Waner, Equivariant fibrations and transfer, Trans. Amer. Math. Soc., 258
(1980), 369-384. Zbl 0444.55013 MR 0558179

W. Wang, Equivariant K -theory, wreath products, and Heisenberg algebra, Duke
Math. J., 103 (2000), 1-23. Zbl 0947.19004 MR 1758236

Received 11 October, 2014; revised 15 March, 2015

M. A

. Veldsquez, Departamento de Matematicas, Pontificia Universidad Javeriana, Cra. 7

No. 43-82 - Edificio Carlos Ortiz 5to piso, Bogotd D.C. 110231, Colombia

E-mail: mario.velasquez @javeriana.edu.co


https://zbmath.org/?q=an:0714.46041
http://www.ams.org/mathscinet-getitem?mr=1074574
https://zbmath.org/?q=an:0363.55002
http://www.ams.org/mathscinet-getitem?mr=0515311
https://zbmath.org/?q=an:1022.55005
http://www.ams.org/mathscinet-getitem?mr=1913872
https://zbmath.org/?q=an:0444.55013
http://www.ams.org/mathscinet-getitem?mr=0558179
https://zbmath.org/?q=an:0947.19004
http://www.ams.org/mathscinet-getitem?mr=1758236
mailto:mario.velasquez@javeriana.edu.co

	Introduction
	Preliminaries
	Notation
	The classifying space for equivariant K-theory 
	Finite rank operators space
	Equivariant homology theories on G-CW-complexes

	The configuration space
	Descriptions of the configuration space
	The homotopy groups of C(X,G)
	Proof of Theorem 3.7

	Equivariant connective K-homology
	Equivariant KK-theory
	A natural transformation

	Induction structure
	Equivalence with equivariant connective K-homology
	Induction structure for general homomorphisms

	The algebra FqG(X)
	Hopf spaces
	The homology of the G-fixed points of the configuration space

	References

