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Abstract. Given a spectral triple (4, H, D) and a C *-dynamical system (A, G, @) where 4 is
dense in A and G is a locally compact group, we extend the triple to a triplet (3, H, D) on the
crossed product G X g A Which can be promoted to a modular-type twisted spectral triple
within a general procedure exemplified by two cases: the C *-algebra of the affine group and the
conformal group acting on a complete Riemannian spin manifold.
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1. Introduction

Let us first describe what is the goal of this work: given a C*-dynamical system
(A, G, @) where G is alocally compact group and a spectral triple (4, H, D) where A
is a dense *-subalgebra of A, we extend this triple to a new one (B, H, D) on the
crossed product B = G X4 g A within a general procedure of which we give a
significant variant later. This construction is based on a covariant representation of
the dynamical system and an hypothesis on the response of D to this covariance
by a conformal-like deformation where the constraints on the conformal factor are
essentially driven by one-cocycles in the multiplier algebra of A, see Hypothesis 2.3.
The choice of a dense *-algebra B of B is studied and different possibilities are offered,
like the requirement for B to be a Fréchet algebra in order to preserve K-theory. An
explicit operator D is given on the Hilbert space H = L?(G) ® H ® C? where the
last C? is added to create room for an action of Pauli matrices. What we get is in
fact a modular-type spectral triple where the axiom of compact resolvent is modified,
see (2.2).

In a variant version, we assume the existence of a KMS-weight ¢ on A such that H
is just the associated GNS Hilbert space. As a compatibility between the dynamical
system and the spectral triple, we assume a relative invariance of ¢, namely that
poa = ¢(q - q*) (see Hypothesis 3.1). Here ¢ only needs to be a a-one-cocycle
valued in the multiplier algebra of A. Via the unitary representation of G which
automatically implements the action « on the von Neumann algebra 7,(A)”, the
hypothesis on D (see (2.6) below) allows the desired extension which is compatible
with modular theory of both the dynamical system and the original triple.

We also consider the extension of areal operator J on the original triple (4, H, D),
see Proposition 2.26.

All previous hypotheses stem from two types of examples: the first ones are
the C*-algebras of semidirect group products, like the affine group involved in the
k-Minkowski deformation, whose symmetry group is a Hopf algebraic deformation
of the universal enveloping algebra of the Poincaré Lie algebra (see for instance [24]
for historical references). The second ones are the conformal deformations of a
manifold.

It is worth mentioning that in the extension process, the operator D is the sum
of an extension of the original operator D and an operator (see (2.16)) which allows
an increasing of the original spectral dimension. This object is natural in the C*(G)
framework quoted above and known as the Duflo-Moore operator [16,24]. The



Crossed product extensions of spectral triples 67

natural equivalent context in noncommutative geometry are the modular spectral
triples, see for instance [7-9,25,26,31,33,39], but seen in the non-unital context.

The extension problem has already been considered in the literature: we were
mainly inspired here by the Connes and Moscovici approaches [14,34]. However, we
differ by our choice of Hilbert space which is justified by the possibility to increase the
spectral dimension as already quoted. In [22], a construction of spectral triples for a
certain class of crossed product-like algebras is proposed. This construction is proved
to give a concrete unbounded representative of the Kasparov product of the original
spectral triple and the Pimsner—Toeplitz extension associated to the crossed product
by a Hilbert module. In [40], a related context of a Kasparov module representing
the extension class defining the Cuntz—Pimsner algebra is developed.

Our construction works for any locally compact group G, so covers dynamical
systems, while in [4,23,36], G equals Z or is discrete. However, there, the proposed
operator D acts on the same Hilbert space as here (also via Pauli matrices) and build
on the original D and a differential operator on the circle (via Fourier transform)
which commute (see [4, Equation (6)]), while our chosen D is strongly dependent
of the group and built with non-commutative pieces (namely D and T, Which do
not commute in general). The equicontinuity of the action plays an important role in
these works and we outline the fact that for the conformal deformation of a manifold,
this “inessential” property of the group (see Section 5.3) is translated into triviality
of the first cohomology group of the one-cocycles used for the construction of D,
see (2.6).

A recent related work is [17], where the conformal invariance of the Euler
characteristic for a C*-dynamical system is interpreted as a Chern—Gauss—-Bonnet
theorem.

This paper is organized as follows: in Section 2.1 we expose in details our
motivations and give the main result with its proof. Section 2.2 is devoted to the
selfadjointness of the constructed D and modular operator ®. Then the role of
the cocycles valued in the multiplier algebra is outlined and different choices for the
smooth algebra B in the crossed product are offered, especially in the Fréchet context.
In Section 3, we investigate the case where the covariant dynamical system is given
by a weight ¢ on A. This weight has an extension to 7,(A)” which is used with
its dual weight to recover for instance the real structure. The case of interest of an
original operator D associated to a derivation of A is also considered. Section 4 is
devoted to the special case where A is the C*-algebra of a group, with a peculiar
attention to Plancherel weight and its dual. The examples of affine and conformal
groups are finally studied in Section 5.
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2. The extended modular-type twisted spectral triple

2.1. The motivations and main result. We now enter into the details of the
construction giving the motivations through few examples.

By a C*-dynamical system (A, G,«) we mean that A is a C*-algebra, G
is a second-countable locally compact Hausdorff group, with Haar measure pg
and modular function Ag, and o : G — Aut(A) is a morphism from G to the
k-automorphisms of A such that, foranya € A,r € G — «,(a) € A is a continuous
map.

By a spectral triple (A, H, D) we mean that A is a (non necessarily unital)
x-algebra with a faithful nondegenerate representation p on a separable Hilbert
space H and D is a selfadjoint operator on H such that [D, p(a)] are densely defined
and bounded and

p(a)(L + D?)~V/2 is a compact operator for any a € A. 2.1)

Let us now consider a spectral triple (A, H, D), hereafter called the “original”
one, where A is a dense *-subalgebra of the C*-algebra A of the given dynamical
system (A, G, ). The purpose of the following construction is to define an extension
of the original triple into a (modular type) spectral triple defined for the C *-crossed
product B := G X4 rq A. This construction actually leads to a twisted spectral triple
(B,H, D, B) where B is an automorphism of a dense subalgebra 5 of B. Recall that
in such a triple, B is an automorphism of 5 and 7 is a representation of 3 on H such
that the unitarity condition B(a*) = [8~!(a)]* holds true for a € B, and the twisted
commutator [D, w(a)]g := Dn(a) — w[B(a)]D extends to a bounded operator for
any a € B, see [14].

A twisted spectral triple (B, H, D, B) will be said of modular-type when the twist
is implemented by an unbounded positive operator ® on #: on a dense domain, we
have

7[B(a)] = On(a)® !, foranya € B,

and the resolvent condition (2.1) is replaced by a weaker one
O n(a)(L + D>~ (1F)/2j5 4 compact operator for any a € Bande > 0. (2.2)

The notion of modular spectral triple was considered in [7,9,39]. Essentially, this
means that a trace t(-) on the algebra B is swapped with the weight t(® -) where ®
is a positive operator and the authors considered the general case of semifinite von
Neumann algebras with an arbitrary trace. That operator can be the generator of
an automorphism like in KMS theory. Moreover the automorphism can be used (or
not) to twist the commutators. A tentative of a general definition of twisted modular
spectral triple within the semifinite context is formalized in [25] but only in the unital
context. Since we want to deal with the non-unital case which is still waiting for a
satisfactory definition, we only use the term “modular type” in the lazy above sense
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where we are in a peculiar situation with the existence of a twist implementing the
modular object ® and 7 is nothing else than the usual trace. Moreover, to avoid the
construction of the fixed point algebra under the modular group defined by ® and the
constraint that 77 (a)(1 + D?)~1/2 are Tr(® -)-compact operators (as required ibid.),
we will use (2.2); see however Remark 5.1. Of course, to assume that € = 0 in (2.2)
would seem more natural, but in one of our driving examples (see Case 2.1 for the
affine group), we are unable to check the compactness of ® 7 (a)(1 + D?)~1/2, so
we only assume (2.2).

For the crossed product, the space C.(G, A), of compactly supported continuous
functions G — A, is a x-algebra for the associative product and the involution

(f *a &)(r) := /G duc (r') £ e [g(r' )], (2.3)
frr) = Ac(r) o [fr™H)*], for fig € Co(G.A),  (24)

where on the right hand side the involution is the one in A. We want to keep track
of the representation of the original triple, but the vector space C.(G, A) is not a
good candidate for a dense *-subalgebra in B = G x4 eq A, since it is not an algebra
a priori: the integral (2.3) is defined by duality (it commutes with elements in the
dual) and for any continuous function 2 : G — A, the result of [ dug (r) h(r) is in
e (Supp k) xco(h(G)) where co(K) is the closed convex hull of a compact space K),
which is not necessary in A (see [41, 3.27 Theorem] or [45, Section 1.5]). If we
insist that C;(G, A) becomes an algebra, we have to assume some extra conditions:
the automorphisms o, preserves A, the algebra A is endowed with a completely
metrizable locally convex topology [1, 5.35 Theorem], and « is compatible with
this topology in a certain sense, see Section 2.4 for details. In the special case of a
transformation group (G, X)) where X is a topological space and A = C.(X), then,
a good candidate is B = C.(G x X) C C.(G, C;(X)) (remark that the inclusion can
be strict, see [45, Remark 2.32]).

In the following, we will only assume the existence of a “good” algebra B inside
C.:(G, A): in the several examples studied in this paper, natural candidates for such
algebras will be given, see Sections 5.1 and 5.3.

We need also to introduce some compatibility conditions between the given
dynamical system and the spectral triple, with in mind the following precise examples
which motivate our Hypothesis 2.3 below.

Case 2.1. A = C*(N) is the C*-algebra of a locally compact group N on which G
acts, so that the extended spectral triple concerns the C*-algebra G x C*(N) ~
C*(G x N).

For instance, the affine group R x R, considered in [24,32], enters in this case: R
acts on A = C*(R) and our construction is such that it produces the twisted spectral
triple proposed in [32], see Section 5.1.
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Since this case is also a transformation group, we also consider

Case 2.2. Let (M, g) be a smooth complete Riemannian spin manifold where g is
a given metric. Let [g] be the class of metrics conformally equivalent to g. M is
acted upon by the Lie group G = SCO(M, [g]) of diffeomorphisms that preserve the
orientation and the conformal and spin structures (or one of its closed subgroups).
The data are: A = C%° (M) with pointwise product, H = L*(M, §) where §
is the spinor bundle, D is the Dirac operator D and the representation p is
just the pointwise multiplication on sections. The associated dynamical system is
(A=Co(M),G, ), where ay(f) = fopforp € G, f €A.

A related twisted spectral triple was investigated in [34] for this situation, but
here, we do not take only the discrete crossed product of G and M as in [34]
or [14, Section 2.3]: we also change the Hilbert space representation, see Section 5.3
for details.

Motivated by Case 2.2, we will assume that D is pointwise unitarily equivalent
to a “conformal” deformation c* D ¢, where ¢ is a map from G to B(H) (bounded
operators on H) endowed with a cocycle property on ¢ ¢*.

Let us now introduce some notations: M (A) is the multiplier algebra of A
endowed with the strict topology and Z(M(A)) is its center. We will consider
the following subgroups X of the group M(A)* of invertible elements in M(A):
Z(A)* is the group of multipliers preserving A and commuting with A (this group
is abelian, see Lemma 2.15), and UM (A) is the group of unitary elements of M (A)
which preserve A. The representation p of A extends to a representation, still denoted
by p, of M(A) [5, I1.7.3.9]. There also exists an extended action of G on M (A), still
denoted by «, which is strictly continuous [5, I11.10.3.2].

Our construction relies on the following data that will be commented soon after.

Hypothesis 2.3. (1) (A, H, D) is a spectral triple where A is a dense *-subalgebra
ina C*-algebra A.

(2) (A, G,a) is a C*-dynamical system, such that a,(A) = A foranyr € G.

(3) There existsanalgebra B C C.(G, A) which is a dense x-subalgebra of C. (G, A)
for the product (2.3) and the involution (2.4).

(4) There exists a faithful non-degenerate covariant representation (p, U, H) of the
C*-dynamical system (A, G,«a), namely r € G — U, € B(H) is a strongly
continuous unitary representation of G, and

U, p(a) UF = play(a)], re€G,acA. (2.5)

We denote by p the integrated representation of (p, U, H) of the crossed product
algebra

B:=G Xq A
acting on H :=L2(G,dug) ® H.
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(5) There exists amap z . G +— B(H) such that
U DU and z(r)* ' Dz(r)!
have a dense common core for any r € G and on this core
U DU} =z(r)* ' Dz(r)™", (2.6)

and there is a (positive) continuous a-one-cocycle valued in Z(A)*, r — p(r),
such that

plp(r)] = z(r) z(r)*,
reG e p(r)t f(r) e A isin B forany f € B. 2.7)

(6) Control of domains: the space

Y :={€ € H | £(r) € Dom(D)du-a.e. and the map:
reG (D Eioplp())EW) g isin L2(G)}  (2.8)

is dense in H for some non-zero coefficient o € R. Moreover, there exists
Y C Y which is also a dense subspace of H such that

P(f)Ys CY forany f € B.
(7) Forany f € B, there exists a constant M y,, such that

1D, o(F NN 2() sy, < My 5, (). foranyre G (29)

where ys . is the characteristic function of the compact support S¢ of f in G.

Comments. — Points 1 and 2 are the initial objects.

— Point 3 is necessary since, as already explained in the Introduction, C.(G, A)
is not necessarily an algebra.

— Point 4 required only that the action ¢ is unitarily implemented.

— Equation (2.6) emphasizes the reaction of the orignal D to previous unitary
implementation. It does not completely define themap z : G — B(H): letu : G —
UB(H) be such that [D,u(r)] = 0, for all » € G; then z'(r) = z(r) u(r) is also a
solution of (2.6) while p[p’(r)] = z/(r)z’(r)* remains equal to p[p(r)].

— The domain of our future D will be controlled by (2.8) which is sufficient to
obtain selfadjointness for D (see Proposition 2.6). The coeflicient w is a relative
weight between the operator D and the cocycle p.

— The constraint (2.9) is a technical assumption to handle the boundedness of the
twist commutator with our future D. Then the inclusion 7 (8) DomD C Dom D,
which is crucial for D as emphasized in [21], is controlled by the hypothesis 6 as
seen in Proposition 2.23.

—The construction of Y3 is strongly dependent of the choice of B, see Section 2.4.
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The main points of our construction are the following:

— The Hilbert space is H, so that/é\ € H means /S\(r) € H for almost all r € G
and [ dpg(r) ||/§\(r)||2 < o0o. The space C.(G, H) is dense in H. Let P be
the induced representatlon of A on H defined by [pa(a) E 1(r) := pla,-1(a)] S (r)
for any .§ € Handa € A, and let Ag be the left regular representatlon of G

on H defined by (Ag(s)é)(r) = é(s_lr) for any s € G. Then (pg, Ag, H) isa
covariant representation of (A, G, «), and we denote by p := Ag X p, its integrated
representation, given explicitly by

BUHENr) = /G g () ploy—i (D EC 1), forEe B, (2.10)

This representation restricts to a x-representation of 3. The crossed product B =
G Xgred A is the norm closure of p[C.(G,A)] in B(ﬁ), and by density of B, it is
also the norm closure of p(B).

We will use the unitary operator on H:

U:reGw U ecU(H).
— Let us first define

= {¢ € H such that the map r € G > ||p[p(r)]E(r)|| is in L*(G)}, (2.11)

and then, 9:H — H as the (unbounded) operator with Dom(@) =U*Y p (whose
density is proved in Lemma 2.4) by

©5)(r) == ple,—1 [p(IDET) = U plp(IU; €(r). for§ € Dom(@) and r € G.
(2.12)
By the central property of p and the cocycle relation

a,-1[pM] pr~™) = pr™ a1 [p(r)] = pr~'r) =1,

~1
one shows that the (unbounded) operator 6  defined by

@ E)(r) = plp( )] E(r) on
Dom(@ ) :={E e A | [ [plp(r HEM 5] € L2(G)}

is the inverse of 0.

Lemma 2.4. The subspace C.(G, H) is dense in H, contained in Dom(/G\) N

1 —~ 1 —~ 1
Dom(0 ) and is stable by 6 and 6 . In particular Dom(6) and Dom(6 )
are dense in H.
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Proof. Recallthat M (A)isa C *-algebra endowed with the strict topology and that the
extension of p to M(A) is a x-homomorphism [5, I1.7.3.9]). Then for any continuous
map ¢ : G - M(A), the composition r € G — ¢(r) € M(A) — plc(r)] € B(H)
is a continuous map. Since r ~ r~! is continuous on G, r +— p[c(r~')] is also
continous. Thus p[p(r®h)] S(r) are continuous in r when E € C.(G, H). Since
r — U, is strongly continuous, r > U, é (r) is continuous foré € C.(G, H). Usmg
compositions of these continous maps, we get that C. (G, H) € Dom(9) N D0m(9 )

~
and that C.(G, H) is stable by 8 and 6 . O

We will show in Proposition 2.21 that the map 8 defined by
BH)(r) = p(r) f(r)., [ eC(G.A).reC (2.13)

is an automorphism of C.(G, A) satisfying

BIBNE=05(/)8 & foranyt € Co(G. H)and f € Co(G.A).  (2.14)

We prove in Proposition 2.21 that B is also an automorphism of .
— Let D be the unbounded operator well defined on U*C, (G,Dom(D)) by

(DE)(r) := U} DU, E(r). (2.15)

Then the twisted commutator [B,ﬁ(f)]ﬂ := DP(f) —P(BLf]D is bounded for
any f € B as shown in Lemma 2.24. R
— The last important object is the unbounded operator defined on U* Y , by

Too =1l +w8 (2.16)

where n,w € R with @ # 0 are arbitrary real parameters. This operator has also
bounded twisted commutator with p( /) as shown in Lemma 2.25.

Let us now define the ingredients of our modular-type B-twisted spectral triple
(B,H,D):

~H:=H®C?=L%*G,dug) ® H ® C2,

-7 :=pQ®Ide2 onH,

— the operator D on H is given by

D=D&y' +Tho®y 2.17)

where y!, y? are the usual selfadjoint Pauli matrices on C2,
— We promote 6 to an operator on H via

0:=0x1. (2.18)

We show in Proposition 2.6 that D and ® are selfadjoint operators on specified
domains.
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Our main result in this section is the following

Theorem 2.5. Given a spectral triple (A, H, D) and a dynamical system (A, G, a)
satisfying Hypothesis 2.3, then (B, H, D, B) is a modular-type B-twisted spectral
triple (modulo some convergence of an integral on the group to get (2.2), see
Proposition 2.10 or its corollary).

2.2. AboutDand ®. Foranyr € Gandn,w € R, ¢ # 0, letus define successively
the following operators:

Tp(r):=n+wp[p(r)] acting on H,
D,:=D®y'+ Ty(r)® y*> actingon H ® C?,
Ve i=U, ® 1, actingon H ® C2.

Then
(DE(r) =V D, V,&(r), foré e Dom(D).

We propose now the set which will be helpful for the domain of D:

YV:={y eH|y(r)eDom(D)®C*du-a.e.
and [r € G > | D, Y| ggc2] € L*(G)}.

Defining V : r € G +— V, which is a unitary on H, we get

Proposition 2.6. The operator D defined on Dom(D) := V*Y is selfadjoint.
The operator © defined on Dom(®) := V*(Y , ® C?) is selfadjoint and positive.

Proof. We first show that D is well defined on V* ).

||DV*W||§{ = fG du(r) | Dy W(r)||§1®(c2 is finite for ¥ € ) by hypothesis
since Y (r) = Vr*(/f\(r) ® v) with v € C? and /S\(r) € Dom(D) for any r € G,
so D,y(r) = DU} /E\(r) ® ylv + T,(r)UX /S\(r) ® y?v is well defined by
Hypothesis 2.3-5. Since T, (r) is a bounded selfadjoint operator on H, T, (r) ® y? is
a bounded selfadjoint perturbation of the selfadjoint unbounded operator D ® y! on
Dom(D) ® C?, and D, is a selfadjoint on Dom(D,) := Dom(D)® C? [27, Chap. V,
Sect. 4, Theorem 4.3]. Moreover, one checks directly that D is symmetric on V*),
which is dense by Hypothesis 2.3-6.

To obtain selfadjointness of D, we show that Ran(D £ i) = H.

Since D, is selfadjoint for any r € G, Ran(D, +i) = H ® C2. When ¢ € H,
define @o(r) := (D, + i)~ 'V, ¢(r) for any r € G. Then

looMrec> < I(Dr + D)7 iswec) le(Mllage < el nece:

so that @9 € H, and

1Dr 0ol gocz < IDr(Dr + i)_l||B(H®(C2)||‘p(r)”H®(C2 < el geca-
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Thus @o(r) € Dom(D,) and r + || Dy¢o(r)|| gec2 is in L*(G). Then ¥ := V*gpq
belongs to V*) and (D + i)y = ¢ by construction, yielding (D + i)V*Y = H.
Similarly, (D —i)V*Y = H, showing D is selfadjoint on V* .

Let us now consider ®. It is sufficient to prove that 0 is selfadjoint on its domain
Dom(@\) = U*Y p and positive. From Lemma 2.4, Dom(/Q\) is dense in H. For
r € G, the operator ¢ +— 6, & := p(a,—1[p(r)]) € is positive and bounded on H,
so that Ran(6, = i) = H. Similar arguments already used for D show that 9 is
selfadjoint and positive on U*y p O

While the hypothesis (2.9) is sufficient to get a bounded twisted commutator, we
cannot expect it is also sufficient to get (2.2) and we need more information like for
instance the convergence of the integral in Proposition 2.10 forc = 1 < s.

Lemma 2.7. Despite the fact that ® can be an unbounded operator,
O°(1 + D?)~¢/2 is bounded for any ¢ > 0. (2.19)
In particular, ©¢ (1 + D?)~'/2 is bounded when 0 < ¢ < 1.
Proof. If A = ©¢(1 + D?)~¢/2, then A is bounded since |A*| is bounded:
|A*|> = O°(1 + D?)“B° < 0°(w? 0% “O° = 0w *“1.

Thus O¢(1 + D?)~1/2 = @° (1 + D?)~¢/2 (1 + D?)~179/2 is bounded when
0<c<l. O

Remark 2.8. Our construction differs from [4,23,36]: for r € G, the difference
U, DU} — D does not extend a priori to a bounded operator. If for instance G
is discrete and z(r) = ¢ (r) 1, with ¢ : G — C* a group homomorphism (see
Section 5.2 for an example), this difference is equal to (|&(r)]”> — 1) D which is
unbounded for each r not in the kernel of ¢}. So we are not dealing with an unbounded
equivariant Kasparov module defining a class in KK IG (A, C).

2.3. About the spectral dimension. The change of Hilbert space H — H is quite
important in this construction. We have supposed in Hypothesis 2.3 that (p, U, H) is
a covariant representation of (A, G, «), so that it is possible to consider the integrated
representation U X p of G X4 req A on H defined by

(Uxp)(f)§:= /GdMG(V)P[f(r)] Up§ forany f € L'(G,A)and§ € H.

Then the original operator D acts on H and we have

DU  p)(f)E = /G 416 (r) Dolf (] Uy £,
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U pB(IDE = [ duo) plp) /U, D
= [ an) plr) poU; DU Uy &
= [ ana )l )z 27 D2y Uy
= [ 4ol 1Dz Uy
so that
[D.W 9] = [ duo) [D.olf 0]z U

Using the inequality (2.9), the operator [D, (U x p)( f)]g is bounded as shown in the
proof of Lemma 2.24. Thus (B, H, D, ) defines a 8-twisted spectral triple once we
know that (2.1) holds true, namely that (U x p)( f)(1 + D?)~1/2 is compact:

(U % p)(f)( + D)2 = /G dj (r) pLf (N Uy (L + D?)~1/2
- /G A (r) U plB() (M) (@ + D?)~V2,

Since (2.1) is satisfied for (4, H, D), the integrand is in C(H) (compact operators
on H) for any f € L'(G,A) and r € G. Since this integral coincides with the
Bochner integral because /C(H) is separable [30], it is compact.

Of course, if the crossed product is the discrete one as used in [14], then the
integral is replaced by a finite series and (2.1) is satisfied!

However, one will see on the affine group example, see Remark 5.11, that the
spectral dimension of this last twisted spectral triple remains unchanged, while we
precisely want to measure the possible influence of the action of G on the original
spectral dimension of (4, H, D). Recall that for a finitely summable triple (A, H, D),
the spectral dimension is defined by (see [10])

pi=inf{s >0 | Yae A", Trr(a)(1 + D*)™/? < co}. (2.20)

This is mainly why we prefer to change the Hilbert space representation from H
to H. This in fact creates room enough to implement the twist 8 via an operator 0
on H which is crucially involved in the definition of D, see (2.17).

Conversely, if the original triple is finitely summable, our modular-type twisted
spectral triple possibly loses this property. This is for instance the case of the affine
group where 7 (a) (14 D)~*/2 is never trace-class for any s > 0 [32, Proposition 27].
Thus, we are driven to follow a different path and we investigate the compactness
of the operator © (a) (1 + D)~*/2 as a function of s € R, see Proposition 2.10.
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Moreover, for the affine group considered in Section 5.1, we prove in Remark 5.10
that © 7(a) (1 + D)™*/2 (b) is in the Dixmier-class for s = 2 for any a,b € B.
This is why we asked in a modular-type spectral triple for the replacement of (2.1)
by (2.2).

We first want to know when ® 7 (f)(1+D?)~%/2 is a compact operator and begin
with a simple lemma on the compactness of operators which are compact-operator-
valued and whose kernel satisfies a Hilbert—Schmidt type condition.

For a separable Hilbert space H, let (H) be the separable C*-algebra of
compact operators on H and L?(G x G, dug x djug) ® K(H) be the completion of
the algebraic tensor product L2(G x G, dug xdug) © K (H) for the Hilbert—Schmidt
norm

T /G A6 0) () K G [

forany K € L*(G x G,dug xdug) © K(H).

Lemma 2.9. When K € L?*(G x G, dug x dug) ® K(H) (ie. |Klpgs < o0),
the associated operator Xk defined on H = = L?*(G,dug) ® H by (XKé)(r)
Jodug(r') K(r, ") é(r’) is compact.

Proof. This is an adaptation of the usual proof that any Hilbert—Schmidt operator
is compact. The separability of JC(H) ensures that the 1ntegrals we consider are
strong integrals, in the sense of Bochner [30]. For any S € H, one has with Holder
inequality

Xk 1% = [ dne) 00

2
< [ anotr) [ aa ) |51 )
= K ls €13

01Xk, < 1K s, < 0.

Let {¢, }nen be an orthonormal basis of the separable Hilbert space L2(G, dug).
Then the ¢, ® ¢y’s, for m,n € N, produce an orthonormal basis for L?(G x G,
dug x dug), and by definition, the kernel K € L?(G x G,dug x dug) ® K(H) is
limit of elements of the form

KN= ¢n®bs @kmn withkpy, € K(H).

m,n<N

The operator Xy on H defined by the kernel Ky belongs to K(L?(G,dug)) ®
K(H) C K(H ) because it is a finite sum of rank one operators along L?(G, dug)
and compact operators along H. The inequality | X — Xn ”B(ﬁ) < |IK - Knllys.

implies that X € lC(i-\I ). O



78 B. Iochum and T. Masson

Proposition 2.10. Suppose that [13, Tn, w] extends to a bounded operator on H, and
letc >0ands > 1.

(1) The operator O¢ (f)(L + D?)~5/2 on H is compact for any f € B when
/G duc (r) Ac () plp(lis(ay I + Tp ()1 iy < 00 (2.21)

(2) When the original triple (A, H, D) is unital, the operator ®° (1 4+ D?)™5/2 s
compact when (2.21) holds true even if B is not unital.

Before the proof we begin with the following remark: since
11D, Tl €13 < /G A (LD Ty ()3 1513,

the boundedness of [5, Ty, »] is related to the behavior in r of the family of operators
[D,Ty(r)] = «[D, p(p(r))] on H. For instance, if ||[D, o(p(r))] || ) is uniformly

bounded in r € G, then [5 Ty, ») is bounded.
When B is unital, so is B = G X4 eq A and this happens if and only if G is
discrete and A is unital [5, 11.10.3.9]. In this case, (1) implies (2).

Proof. (1): From the definition (2.17) of D, one has
D?=([D*+T72,) ® L +i[Tye.D]®Y> (2.22)

so that D? is a bounded perturbation of (D2 + T ») ® 1z and it is sufficient to prove
compactness of the operator/e\c ()1 + D% + Tr ol /2on H.

Since i[Ty.0. D]E(r) = UFi[T,(r).D]U, €(r) by (2.15) and (2.5) and
i[Tp(r), D] is a symmetric operator on H for any r € G, i[Ty, o, 13] is symmetric
so_selfadjoint being bounded. Thus (2.22) implies that the unbounded operator
(D? + ’7',,2 ») ® 1, is selfadjoint and positive on H since D? is selfadjoint by

Proposition 2.6. For/é\ € Dom(l’\)2 + 7260), we get
(L +D? + T2, 6)(r) = UF[L+ D* + T, ()1 U, §(r).

Since X /2 = T'(s/2)~! foS dt 15271~ X for any positive operator X and s > 0,
one gets, with X = 1 + D2 + 7'"2,0)7

([L+D*+ T, 6)() = UF [+ D? + T,(r)°)*2U, £(r).
Given ¢ > 0 and s > 1, one has

(0°B(AIL+ D2+ T2,17°/2&)(r)
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- /G 411G () play—1 [p(r)° FED U,
L+ D2+ Ty )20, E( M)
= [ 46" Keatrr) 50
where

Ke(rr) i= A () U p(@pryt [p(r)° £ ™)) [+ D2 + T, ()T,

(2.23)
One has p(a)(1 + D?)~! € K(H) since by hypothesis (2.1) on the spectral triple
(A, H, D), p(a)(1 + D?)~Y2 € K(H), so

p(@) [L+ D>+ T,(r']™" = pa)(W+D*) " [1~T,(r")? [L+ D>+ T, (r')*] ']

is compact, as a bounded deformation of p(a)(1 + D?)~!.

Since an operator T is compact if 7 T* is compact, we get that p(a)[1 + D? +
T,(r")?]71/2 is compact, and so is p(a)[L + D? + T,(r')?|™*/? for s > 1. This
implies that K. s(r,r") € K(H) forany r,’ € G and any ¢ > 0, s > 1.

For r € G, one has

[14+D2+T, ()2 ™" = [1+T, ()] 2 [1+1+T,(r)*) "2 D> (1+T,(r)*) 2]
C(+ Ty(r)?) 2
thus [1 + D2 + T,(r)2] " < [1+ T,(r)?] " and
I+ D2 + Ty ()1 50y = I + D* + Tp()] s
<+ T ()21 sy
Using [|p(etr [P() Dy = Iolp( Iy for r.r' € G by (2.5), M7 =
SUPyes , lplf (r)] ||i;(1.1), one gets the estimate

2 _ _ _
|Kes (o) | gemy < M7 Ac ()2 Ls, ('Y llplp(UIE 2y 1L+T (71 sy
(H) f

Let Nz.s, = supyeg, |p[P(")]llsy- One has rr’~l e Sy iff r € Syr (right

translated of Sy by r’), and

sup_llplp()]lsqeny = sup |l O sy
re f

ressr’

IA

sup [lop ()]s |plp )| ey by (2:26) and (2.5)
re f

<N:;s, HP[P(Y/)] ”B(H)'
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This gives

| Kesllizs, < M7 /G | dr6(NduG () A6 () s, (™) lelp ()]st
N+ T sy

< MINZ5, oS [ dua(r) 86ty Ielp (M

A+ T (D21 ey
(2.24)

X

Thus, if (2.21) holds true, the last integral converges and using Lemma 2.9, one
concludes that 6¢ (f)[1 + D2 + T2 ,17*/? is compact.

(2): When A is unital, (1 + Dz)_l/2 is compact, so one can take ¢ = 1 and
forget about p( f) in the above arguments. So the kernel K. 5(r, r’) in (2.23) is now
diagonal and there is no need of the support of f to take care of one of the two
integrals in (2.24). L]

Remark that the compactness of ¢ 7(f)(1 + D?)~'/2 simply means that
®° (f) is relatively compact with respect to D for any f € B: the operator

A =0 7(f)(D—il)!
is compact since
AA* = [@Cﬂ(f)(]]. + DZ)—1/2] [@cﬂ(f)(]]. + DZ)—I/Z]*

is compact. In particular 7 (f*)®°x(f) is a selfadjoint operator which is
‘D-bounded, so there exists a, b > 0 depending on f, such that

Il (fHOm()E]l < alDE|l + b]§] for any § € Dom(D),

and the infimum of all admissible a’s is zero. We will see an example in (5.4).

Note that in the affine group case, the integral of (2.21) with ¢ = 0 diverges,
see (5.2); similarly, the integral (2.21) of Proposition 2.10 diverges for s = 1,
see (5.3) for any ¢ > 1.

Corollary 2.11. Assume that (2.21) holds true for any ¢ and s such that 0 < ¢ <
1 < 5. Assume also that B, is an automorphism of B (see Proposition 2.21)

and O°(1 + D?)~¢/2 converges in norm to 1 when ¢ — 0. Then, the operator
a(f)(A + D?)~V2 is compact for any f € B.

Proof. By hypothesis, the operator
O° x(f)(L +DH™2(M+ D) V? = 7(9)[O° (1 + D?) /4L + D*)1/?

is compact for any ¢ > 0 by an application of Proposition 2.10 and this gives the
result since 77( f) and (1 4+ D?)~'/2 are bounded while the term in bracket, which is
bounded by Lemma 2.7, goes to 1 when ¢ — 0. 0
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When [®, D] =0, which will be the case in Section 2.7, then ¢ (1 +7)2)_"/2 =X,
where X = O (1 + D?)~'/2 is a positive invertible operator, which is bounded as
already seen in Lemma 2.7.

By construction, ® is derived from the cocycle p = zz*, see (2.12), which defines
the automorphism J by (2.13) and z is the answer of « to the covariant representation,
see (2.5). For ¢ > 0, the operator ®¢ is not necessarily derived by this procedure
from an action . of G on A: only the case ¢ = 1 is important algebraically.

2.4. On the choice of B. In [42], several constructions of smooth dense subalgebras
of a C*-crossed product are exhibited. We recall here some of them, and outline
their importance for our construction.

Let A be a Fréchet space with a topology given by an increasing family of semi-
norms || ||,,, m € N. When A has an algebra structure, A is said to be a Fréchet
x-algebra if the multiplication is continuous (so is automatically jointly continuous)
and the involution is also continuous. The algebra is m-convex when the semi-norms
I Il,,, are submultiplicative.

Theactiono : r € G — «, € Aut(A4) of atopological group G on A is continuous
if, foranya € A, r € G + «,(a) is continuous for each semi-norm || ||,,,, m € N. A
scale on G is a continuous map w : G — [0, o) (in [42], w is only assumed to be a
Borel map which is bounded on compact subsets of G). The scale w is sub-polynomial
if there exists ¢ > 0 and d € N such that w(rr’) < ¢ [1 + w(r)]¢ [1 + w(r")]?¢ for
any r,7’ € G. The action « is w-tempered if, for each m € N, there exists ¢ > 0 and
k.l € N such that ||a,(a)|,, < ¢ w*(r)||al|, forany r € G,a € A. The action « is
x-preserving if o, (a*) = [, (a)]* forany r € G,a € A.

Lemma 2.12. Let A be a Fréchet x-algebra endowed with a x-preserving continuous
action o of a locally compact group G which is w-tempered for a scale w on G.
Then C.(G, A) is a x-algebra for the convolution product (2.3) and involution (2.4).

Moreover, if the inclusion A — A is continuous and A is dense in A, then
C.(G, A) is a dense x-subalgebra of C.(G, A), and so of B = G Xg_req A.

When the hypotheses of the lemma are satisfied, the algebra B = C.(G, A)

is a good candidate to enter into the modular-type B-twisted spectral triple of
Theorem 2.5.

Proof. First, notice that the map (r,a) € G X A +— «,(a) € A is continuous:

ety (a") = et (@) I,y < Nletrr (@) — arr (@) + Nl (@) — ar (@)l
<cw*()d —al; + llar (@) — ar (@),
and,asr’ — r anda’ — a, these terms go to 0 since w is continuous, and r +— o, (a)
is continuous for each semi-norm.

Let f.g € C.(G,A). In (2.3), the integrand h(r’) := f(r') o [g(r'~'r)] is
A-valued and has a compact support since it is included in the support of f. Since, for
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any r € G,the map r’ — o,[g(r'~'r)] is continuous by continuity of 7’ > g(r'~1r)
and continuity of (7, a) > a;(a), the map r’ — h(r’) is continuous.

Thus (f *e g)(r) = [5due(r’)h(r') € A since it belongs to jg(Supph) x
co(h(G)) (see [41, 3.27 Theorem] or [45, Section 1.5]) and A is a completely
metrizable locally convex space [1, 5.35 Theorem]. The support of f %4 g is
included in the product in G of the supports of f and g, so is compact.

Thus it remains to show that the map r € G — f x4 g(r) is continuous. For any
m € Nand any 5,7 € G,

1CF %0 ©)5) = (f %0 )Pl
< [ () £ o [g () — (P
G

d / / o —1 _ —1

< [G WY FE el s) — g1l

<¢ /G ap () ke () £ 18 s) — g,

< /G GO, 18 s) — g0l (2.25)

Let Sy = Supp f and Sg = Supp g. Then there exist some constants M s, Mg > 0
such that || f(r)ll, < My xs,(r') and [[g(r""'s)ll, < Mg xs,(r''s). Let K
be a compact neighborhood of r: as s — r, we may suppose that s € K,
and then xg,(r'"'s) < )(ng_l(r/), as well as yg,(r'"'r) < )(ng_l(r/). Then
lg(r'"ts) — g(r’_lr)||q < 2Mg)(KSg—1 (r"), and the integral (2.25) is dominated by
2¢'M g My [ du(r’) xs, (1) Xks;! (r") < oo. Since the integrand is continuous
in r, by dominated convergence this yields that f %, g is a continuous function
from G to the Fréchet space A, so is in C.(G, A).

Moreover, to prove that f* (which has a compact support and is A-valued)
is continuous, notice that « preserves the involution and that r +— o, [f(r~!)]
is continuous as a composition of continuous functions: r + (r, f(r71))
o [f(r ).

The continuity of the inclusion of 4 in A assures that the integral in (2.3) (defined
by duality) gives the same result in A and in A, so the products of C.(G, A) and
C:(G,A) are the same. The density of A in A gives the density of C.(G, A) in
C.(G,A), and then in G Xg req A. O

Remark 2.13. Notice that B = C.(G, A) is not a Fréchet algebra. It is possible to
embed it as a dense *-subalgebra of the Fréchet x-algebra L’ (G, A) provided that the
continuous *x-preserving action « is w-tempered for a sub-polynomial scale w on G
which is equivalent to its inverse w_(r) := w(r~!) [42, Theorem 2.2.6]. Roughly
speaking, elements in LY (G, A) are functions G — A which are L' when multiplied
by any power of w, i.e. they are functions decreasing at infinity faster than w = for
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any k > 0 (see Section 5.1.2 for more details when A = C). This algebra LY (G, A)
is m-convex when A is m-convex and « is m-w-tempered: for each m € N, there
exists ¢ > O such that |ty (@)],, < cw™(r)|lall,, forany r € G [42, Theorem 3.1.7].
An important desired property for the smooth algebra B in the C*-algebra B is its
spectral invariance since the two algebras will have the same K-theory, see [43] for
sufficient conditions.

Notice that the criteria used to construct B can be mimicked to construct Yz
when p is a GNS representation.

2.5. Cocycle considerations. We gather here some facts about cocycles, which are
essential in our construction. Some properties established here will be used in other
sections.

Definition 2.14. For a subgroup X of M(A)*, the set Z!(G, X) of X -valued a-one-
cocycles is the set of ¢ € Z1(G, M(A)*) such that ¢(r) € X, Vr € G and

c(rr’y =c(r)arle(r)], Vrr eaq. (2.26)
This cocycle relation implies that
ce)=1, c(r) ' =afcr™], ™) =a,-1[c(r)”'], YreG (227

and «,[c(r’)] € X for all r,7’. The kernel of ¢ is a subgroup of G and if the action «
is trivial, Z!(G, X) = Hom(G, X).

The role of X and the fact that o preserves X or not can be made clear. If X’ is
the subgroup of X generated by the c¢(r), r € G, remark that (2.27) only implies that
ar(X’) = X’ but not necessarily that o, (X) C X. For instance, we will use later
ZY (G, Z(A)) and ¢(r) := y(r) 1 where y : G — C* is a group homomorphism;
thus ¢ € ZY(G, X = Z(A)*) while X’ = C* S X, so that «, does not have to
preserve X.

Since «; preserves A for any r € G, we have o, (Z(A)*) = Z(A)*: indeed, for
c € Z(A)*anda € A, we get

ar(c)a =arfca,—1(a)] = arla,—1(a) c] = aa,(c),

so the first equality proves a,(c)a € A since by hypothesis «,-1(a) € A, and
moreover that «, (c) commutes with A.

For any maps ¢,¢’ : G — X, the product, inverse, adjoint and positivity are
defined via (cc’)(r) := c(r)c'(r), ™) := c(r)7L, ¢*(r) ;== c(r)* and c(r) > 0
for any r € G, and for any ¢ > 0 and z € C, define c?(r) := c(r)*.

Lemma 2.15. One has:

1) Z(A)* C Z(M(A))*, so Z(A)*is an abelian group;

2) ZY(G, Z(A)) is an abelian group stable by adjoint and polar decomposition
and for any positive ¢ € Z'(G, Z(A)*), ¢? € ZY(G, Z(A)*) for any z € C.
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Proof. 1) The abelianness of Z(A)* will follow from the inclusion Z(A)* C
Z(M(A))*.

It is sufficient for this inclusion to prove that for m € M(A), c € Z(A)*, b € A,
mc b = cm b since, A being an essential ideal in M (A), this will imply mc = cm.
For a given b € A, let a, € A be a net norm-converging to b. Then mcb =
limg mc a, = cm b because m(cay) = m(aqc) = (may)c = c(may).

Now, for ¢, ¢’ € Z1(G, Z(A)*) and a € A, since all elements commute,

(cc)(rr') = c(rr) ' (rr') = c(r)arle ()] ' (Marlc' ()]

= c(r)c'(r) oy [c(r)]ar[c'(r)] = cc'(r) ar[cc’ ()],
croer)y=c@rr) !t = [c(r) oz,[c(r’)]]_1

= ar e e =T o[

Itis obvious that 7 > 1 € M(A) is the unit for the product and that ¢! is the inverse
of ¢, so Z1(G, Z(A)*) is an abelian group.

) Ifc € ZYG,Z(A)*) and a € A, c*(r)a = [a*c(r)]* = [c(r)a*]* =
ac(r)* =ac*(r) € Asothatc*(r) € Z(A)* for r € G. On the other hand,

¢ (rr') = c(rr')* = [e(r) or (c ()]

2.28
= (] () = el ). O

so that ¢* is a one-cocycle.

Let ¢ € Z'(G, Z(A)™) be positive. Using the continuous functional calculus
in the C*-algebra M(A), for any z € C, ¢(r)? € M(A) is well defined, and for
any a € A C M(A) one has [c¢(r),a] = 0, so that [c(r)?,a] = 0. This implies
that c(r)? € Z(A)*. Forr,r' € G, c(r)a,(c(r’)) > 0 since ¢(r) and or[c(r')]
commute, SO

') = [ arle (] = () arle ) = () (o [e ()

and c? is a one-cocycle. Thus if ¢ € Z'(G,Z(A)*), then |c| := (c*c)V/? is
a positive one-cocycle, and u = ¢ |c|_1 is also a one-cocycle, which is unitary
because [c, |¢|!] = 0. O

Lemma 2.16. Let ¢ be in Z' (G, M(A)) such that ¢ is continuous.

() If ¢™' is also continuous, then the map r € G +— a,(a)c(r) € M(A) is
continuous for any a € A (for the strict topology).

(ii) The same conclusion holds for any continuous ¢ € Z'(G, Z(M(A))>).

Proof. Letr,r’ € Gandb € A.
(i) We have

e (@) c(r) b — (@) e(r) b
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= |ler (@) —ar @] c(r) b + apr(@)e(r) — ()] b
< ller(@) = @] e () b]l + llall [[[e(r) = (] b]|

so we get the continuity of r € G +— || (a) ¢(r) b|| from the continuities of « and c.
Moreover, thanks to (2.27),

1bor(a) c(r) —bar(a)c(r)|
= [c*(r) ar(@®) b* — c*(r') o (a®) b7
= llar [c* 1 (r ™ a1 b* — ap[e* 10 a1 b
= lllor — e lle™ (17 @10 + o[ a" =TT a1 0|

< llfotr = )1 H @ TIHIL™ |+ 1 ™Y = 1 Dla* | 167

and we get the continuity of r € G — |bay,(a)c(r)| since ¢™1, so (¢c71)*, is
continuous.

(ii) When ¢ € Z1(G, Z(M(A))*), we use
16y (a) c(r) —bay(a)c(r)l = llar(@®) c*(r) b* — ap(a®) c* (') b™ ||

and conclude as in the first part of the proof of (i). O

In some examples that will be given in Sections 4 and 5, some cocycles will be of
the form ¢(r) = y(r) 1 where 1 is the unitin M(A) and y : G — R is a continuous
morphism of groups. This is why in Section 2.7 we specify the construction for this
situation.

Remark 2.17 (The cohomology class of a cocycle). Two cocycles ¢, ¢’ € Z1(G, X)
are said to be cohomologous if there exists b € X such that ¢/(r) = b~ ¢(r) ay (b).
The one-cocycle z is a coboundary if it is cohomologous to the trivial cocycle
c¢(r) = 1 for all r € G. Now define the two cohomology multiplicative groups

H°(G,X):={beX | ar(b) =b, Vr € G},
HYG,X) :=Z'(G, X)/{coboundaries}.

If c € ZY(G,X) and b € X, then ¢/(r) = c(r)b ' a,(b) defines a cocycle
cohomologous to z. When ¢(r) = 9#(r) 1, ¢’ is not necessarily a multiple of 1,
so that the class of ¢ in H!(G, X) may contain cocycles not multiple of 1. Some
cohomological aspects of the construction will be exemplify in Proposition 5.14.
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When the group G is compact, the cocycles are trivial in some generic situations:

Lemma 2.18. Let X C M(A) be a cone which is a quasi-complete topological space,
and Xt := X N M(A)X. Let a be an action of G on X such that o, : X — X is
continuous for any r € G, and let c € Z'(G, X ) be a a-one-cocycle.

Then this cocycle c is trivial when G is compact.

Proof. Since X is quasi-complete, X is a cone, integration preserves positivity,
and ¢! is continuous, one has b := [ dug(r') c(r')”! € XT. Since the bounded
positive operators ¢(#’) have a bounded inverse, ¢(r’) > ¢, 1 for €, > 0 and b is
invertible since G is compact. Then, by continuity of «;.,

o, (b) = /G dug () ey fery ] = /G A () () e(r) = be(r)

and c(r) = b~ 'a,(b) forany r € G. O

Two actions « and &’ of G on A are said to be exterior equivalent [37, 8.11.3]
if there exists a continuous one-cocycle u € Z1(G,UM(A)) such that o.(a) :=
u(r)a,(a)u(r)* forany a € A and r € G. Then the crossed product C *-algebras
G X4 A and G x4y A are isomorphic as well as the reduced ones. This isomorphism
is induced by the morphism of x-algebras ¢ : C.(G,A)qy — C.(G,A)y defined
by o(f)(r) := f(r)u(r)*, where C.(G, A)y (resp. C.(G, A)y) is the vector space
C.(G,A) equipped with the product (2.3) and the involution (2.4) for « (resp. ')
[45, Lemma 2.68].

Proposition 2.19. Suppose that Hypothesis 2.3 is satisfied and produces the modular-
type B-twisted spectral triple (B, H, D) of Theorem 2.5. Let u € Z'(G,UM(A))
be a continuous one-cocycle. Then, there exists a modular-type B-twisted spectral
triple (B, H,D') where B' := ¢(B) C Co(G,A)e, D' := D' @ y' + Tyw® y?

with (D'€)(r) := U} u(r)* Du(r) U, €(r) and T, ,, := Ty, o

Proof. The operator associated to o’ in (2.5) is U/ = p[u(r)] U, for r € G which
is still a unitary representation, and (2.6) is satisfied for the same operator D
with z'(r) := plu(r)]z(r). Remark that if C, is the common core of U, D U}
and z(r)* ! Dz(r7!) then plu(r)]C, is a common core of U/* D U/* and
Z(r)* ' DZ/(r ).

Notice that p[p’(r)] = z'(r)z'(r)* = plu()]plp(M)]plu(r)*] = plp(r)]
since p(r) is in the center of M(A) by Lemma 2.15.

B’ is a *-subalgebra of C.(G, A)y, and it has the following properties: p
satisfies (2.7) for I3/, and (2.9) is satisfied with z’ for any ' = @(f) € B’ with the
same M ., since

(D, p(f'(r)z' (M) 2" ()~ = [D, p(f (ru(r)* u(r)) z(r)] z(r) " p(u(r) ™)
= [D,p(f (1) z(N]z(r) ™! p(u(r) ™).

/
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Hypothesis 2.3 is then satisfied for these new objects, and Theorem 2.5 produces
a modular-type twisted spectral triple (I3', H,D’) with the same twist 8, the same
operator 6, and the quoted operators D" and 7,/ ,,. O]

Proposition 2.20. In Hypothesis 2.3-5, suppose that the map z : G — B(H) can
be written as z(r) = p[p(r)?u(r)*] withu € Z'(G,UM(A)) a continuous one-
cocycle, and suppose that the one-cocycle p is trivial. Then, there is a spectral triple
(A, H, D) and an action o' of G on A, exterior equivalent to o, which is implemented
by the unitary representation r — U] on H satisfying

U DU*=D foranyr €G.

Notice that if z can be written as z(r) = p[p(r)"/?u(r)*], then the cocycle
relations on p and u are natural requirements to be compatible with (2.6).

The situation of this proposition will be called inessential for two reasons. Firstly,
this implies that the triple (13, H, D’) of Proposition 2.19 constructed with the spectral
triple (4, H, D) and the action o’ reduces to D’ = D and Tyow =+ o)l
Secondly, in the case of the conformal group exposed in Section 5.3, this situation
means that the group G is inessential in the terminology of conformal groups (see
Proposition 5.14).

Proof. By assumption, there exists a positive b € Z(A)* such that p(r) = b~ o, (b)
forany r € G, sothat z(r) = b="2 o, (b"/?) u(r)*.

Let D := p(b'/?) D p(b'/?) acting on H. Then (A, H, D) is a spectral triple:
since [, a] = 0 forany a € A, the operator [D, p(a)] = ,o(bl/z) [D, p(a)] p(b'/?) is
bounded. Moreover, (2.1) holds true since p(a)(D—z)~" is compact: if x 1= p(b'/?)
and z,z € iRT,

p(a)(xDx —z)~" = x"'p(@)(D = 2) 7ML — (x72z = ) (D = 21T
When |Z/| > [|x72]| |z| = ||p(d~ )| |z|, the term in bracket is bounded since
I(x2z2 =)D =) < Ix 2z =2l g7 < X215 -1 < 1

because there exists € > 0 such that el < x™2 < |x72|1, so 0 < el5| <
-2 1
| Z] < ]_1 by hypothesis on z’. Since p(a)(D — z’)~" is compact by hypothesm,
SO is p(a)(D —z)~ L.
Define the action «,.(a) := u(r)a,(a)u(r)* and its unitary implementation
U/ = u(r) U, as in Proposition 2.19. Then, omitting the p’s,

U/ D U/* =u(r)U, b">Db'> U} u(r)*
=u(r) o, (b"?) U, DU} o, (b)) u(r)*
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= u(r)ar(bl/z) bl/zar(b_l/z) u(r)* D u(r)o:r(b_l/z)bl/2
car (b2 )u(r)*
=b'2Dp'? = D.

O

2.6. The proof of main result. We now show that 8 defines an automorphism of B
and then that the S-twisted commutators with D and 7, ,, are bounded.

Proposition 2.21. For any z € C, B, defined by B,(f)(r) := p?(r)f(r) for
any r € G, is an automorphism of C.(G,A) satisfying B,(f*) = [B-z(f)]* for

~Z

f € C.(G, A) and which is implemented on the Hilbert space H by the operator 0
AZ A~ o~
defined by (0 £)(r) := p(a,—1[p*(r)]) £(r) (see also (2.12)):

BIB(NE=8 ()8 E forany f € Co(G,A) and § € Co(G, H).

Moreover, B := B reduces to an automorphism of B.

A priori, 8, does not always extend to an automorphism of G X req A, as seen in
the affine case, see Section 5.1.1.

Proof. From Lemma 2.15, we know that p? € Z1(G, Z(A)*) c Z1(G, M(A)), so
that for any f € C.(G,A), B.(f) € C.(G,A).
Let us show that §, is an automorphism. For f, g € C.(G, A), one has

Bo(f 0 00) = P O0(F % 00) = 90 [ e ) )l 1)L
On the other hand,
(B 20 BN ) = [ o)y 10 e [~ g0
= [ 4t p* (a0 £ e L)
= [ 4t p* ()£ e st

sothat B,(f x4 &) = B2(f) *« Bz(g). Moreover,

B:(f*)(r) = p*(r) [*(r) = p*(r) A (D) oy [f(r™1)"]
= Ac(r D [p(r™H) 77 £
= Ac(r D e ([pr™H™7 FTH]
= Ac(r D ar (B2 (/)™ HI") = [B-z (NI ().
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Notice that (0 £)(r) = a,—1[p(r)~?]E(r) = p?(r~) E(r) by (2.27).
For£ € C.(G, H), f € Ce(G,A) and r € G,

@ BNHE )= /G due () e, [p* (] o [£()] P () EG 1)
= [ dua@)ap* @ e l* 6] R0
= [ @)l @) enEe )
= [ dua)aB0NEC ),

This proves the implementation.
By Hypothesis 2.3-5, r — p(r)T! f(r)isin B for f € B, so B := B reduces
to an automorphism of B. O

Remark 2.22. Hypothesis 2.3-5 is essential to ensure that 8 = (1, and then that
Bn = B" for any n € Z, is an automorphism of 3. It can happen that 8, reduces to
an automorphism of B for a larger class of values of z € C. This will be the case for
instance in the affine case, see Section 5.1.3.

Proposition 2.23. Forany f € B, the twisted commutator [D, n(f)]g := Dn(f)—
(B f])D extends to a bounded operator on H and 7 ( f ) Dom(D) C Dom(D).

As outlined in [21], the constraint 77( f) Dom D C Dom D can be crucial. Here,
it is controlled by the Hypothesis 2.3-(6) and the inequality (2.9) which are used
to proved that the twisted commutators [D, w( f)]g are bounded on the dense core
Y5 ® C? of D (see proof of Lemma 2.24).

Proof. To show that [D, 7(f)]g is bounded for f € B, it is sufficient to prove the
boundedness of the twisted commutators of D and Tn, On H , a result obtained in
the next two lemmas.

Using a modified version of [21, Proposition 2.1] for twisted commutators, which
can be obtained using the following inequality in the original proof (with same
notations),

|Dax, — Daxp|| = ||B(a)Dx, — B(a)Dxy + [D,a]ﬂxn - [D,a]ﬂme
< 1B@)Dxn — Dxmll + D, algllllxn — xmll,

one gets (f) DomD C Dom D for any f € B. OJ

Lemma 2.24. For any f € B, the twisted commutator [D,p(f)] g = Dp(f) —
oBLf ])5 extends to a bounded operator.
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Proof. For f € B C C.(G, A) and /3;‘\ € Yp, one has (forgetting the writing of a
few p’s)

(D)) = U DU, [G A () a1 [F (I B 1r)
=07 [ auet) DY U B ).
G
On the other hand, using successively (2.5) and (2.6),
BENDE) = /G 46 () &yt [p() fUE, DUy, B

= U7 [ o) p) f0YU DU U 5 r)

= U7 [ duot) pt') £)=6) " D26 U E )

—uy / dpa () £z Dz U, B )

G

so that

(D 3 B)(r) = U} / dp (') [D. f()z()) 2() U, B )
G R (2.29)
- /G dug () K(r. ) ()

with
K(r,r") = Ag(r"HUX D, frr" Hz@rr' H]z(rr'H ' U,

Then, using equation (2.9) of Hypothesis 2.3,

KV EE g < Mpz Ag() ™ x5, (7™ [EG) | forany 7,7 € G.

Thus
DB E N = [ dno DA s
- / duc () | / duc () Kr ) B
G G
2
g dMG(r)[ [ anot) ||K(r,r’>s<r’)||H]
G G

N 2
=Mj, /GdHG(V) [/Gduc;(r’) AG(”,)_IXS_/(rr,_l)||§(r,)||H:| :
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Using the Holder inequality ([|g1]|g2)? < [lg1]* x [|g2]?), we get

2
[/Gduc(r’)AG(r’)_1 xs, (rr'™h IIE(F’)IIH]

A

[/G dug(r'y Ac(r) ™ xs, (rr/_l)}

—
=uG(Sy)

x [/ duc(r') Ag(r') ™ xs, (rr'™) IIE(F')H%I],
G

thus
ID. B EN%

< M2, uG(Sy) /G duG (') Aw’)—l[ /G duG(r)xs_,(rr’—l)] IEC)I%

=uG(Sr)
< M7, 1uc(Sp?IE N3 -
Thus [ﬁ ., p(f)]p extends to a bounded operator on H. O

Lemma 2.25. For any [ € B, we have

[Th.0. 2()]p = 1p(f) —1p(BLSD. (2.30)

so this twisted commutator is a bounded operator.

Proof. The operator [1, p(f)]g = p(f)—p(B[f]) is bounded and moreover we get
the simple relation [/0\, (g = /0\75(]‘) —pBLSD 9 =0. O

This ends the proof of Theorem 2.5. Notice that for n € N and f € B, one has
~n -~
[0, (N =6 [p(f)—0p(B"[fD], which shows that (2.16) is the most generic
polynomial expression in 6 which ensures that the twisted commutator is bounded.

2.7. The special case z(r) = #(r) L. This section is motivated by the scaling
automorphisms considered for instance in [34] and our example of the affine group
in Sections 5.1 and 5.2.

We suppose that the Hypothesis 2.3 are satisfied and assume moreover that z (r) =
U (r) 1, with 9 (r) € C* for any r € G. This assumption permits to get new results.
The one-cocycle p is then given by p(r) = |9(r)[*1, where r — [9(r)|* is a
continuous group homomorphism. We identify 1 € B(H) and 1 € M(A) and we
omit few p’s.
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Since Dz(r) = z(r)D, we get from (2.6)
U, DU} = [z(r)z(r)*]7'D = p[p(r)"']1D = [#(r)| > D. (2.31)

The constraint (2.31) has some implication: if (4, H, D) is a unital spectral triple,
then D has a discrete spectrum and when A is a non-zero eigenvalue of D, the
continuous map r € G — [9(r)|*A € Spectrum(D) has a discrete image. This
implies that ¢ is constant on the connected components of G.

Moreover, equation (2.31) implies that (2.15) simplifies to

(DE)(r) = [9(r)*DE(r), forany £ € Cc(G,Y)
and, since (0 £)(r) = |9 (r)[*E(r),
(Tnw €)(r) = [n+ 0| (1)1 E(r).

In particular, D and Ty, commute and so the criteria of Proposition 2.10 can be
used. From (2.29), one gets

(1D. 3N E)(r) = Uf /G duc() D, fNUEC ), (2.32)

and the relation (2.9) is automatically satisfied if we suppose that a € A
[D,p(a)] € B(H) is continuous: then, by hypothesis on the original triple,
r € G — [D, f(r)] € B(H) is continuous, and since f is compactly supported, just
take

My, = sup [[D, p(f (r)]llscary < o0

rES/-

Proposition 2.26. Suppose that Hypothesis 2.3 are satisfied and z(r) = 9 (r)1 for
U (r) € C*. Suppose that the original triple (A, H, D) is real with a reality operator
J : H — H satisfying

JD =eDJ and J*=¢€, fore e e {1},

and

JU =U,J foranyr € G,

and assume 1) = € w.
Then the conjugate-linear isometry

TE)r) = A 2U, JECT), EeCu(G, H)

defines a reality operator [J := el Jor the modular-type B-twisted spectral triple
(B, m, D), which satisfies, for f, g € B,

JD=¢07'DJ, J* =€, n(f)x°@l=0 [[D.x(f) 7°(g)]=0.
where O is defined in (2.18) and n°(g) := J n(g) J.
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o~

Proof. When €1, &> € Co(G, H), one has
(18.78), = [ aee (TE00.TE0),
= [ 4n6) ()7 (U TE07), U TR0
= [ an6) 8t (180T B0Y),
= [ 4 (1807 B0),
= [ a6t (R0 010),, = (B E)
so that J is a conjugate-linear isometry. One has
TTEN) = Ag() 20,1 T A ) 20T E(r) = J2E(r) = € E(r).
On the one hand, for & € C.(G,Y),
(T DE)r) = A(r) 21U, T HPDECT)
= e Ag(N 29 HPU- DIECT
= e A2 HPP DU T EGCTY)
= ¢ Ag(r)2DU1JEGTY),
and on the other hand,
(DTE)r) = [P()PDAG) 201 T EGTY),
sothat 7D =€ D J. Now,
(T T.w&)() = A () 2U,—1J [n+ 09 HPIECT
= [9()[2lew [9(r) + en] Ag(r)"2U,—1 T E(r 7).
while, for € € Co(G, H),
(Tow JE)I) = [0+ 0[9() 2] Ag () 2 U1 T EGT),

~ ~1 ~
sothat J Ty . = €6 Ty, 0 J. Finally, this proves 7D = e ®~ 1 DJ.

Let us use the notation p°(g) := J p(g) J for any g € C.(G, A). Then one has
successively (omitting some 0’s)

@@ E)r) = /G dug(r) A (r) 2 U,—1 Ja, [g(r)] Ag (F )3

. U,r/J/é\(rr/)
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- /G dc () A () Tg ()T Up Err).
BB E)r) = /G dpG () a1 [F0)] (B°(2) E)(r'~'r)

- /G A (g (") A (") apat £ 6] T8 ()T
U EG V).

P°@P(E)r) = /G duG (") A (r")2 Tg(") I Upr (B(S)E) (")

B /G duG () dug (") Ag (r")2 Tg(r")J Upn dyrs =1 £ ()]
-E(r’_lrr’/)
- /G duG () dug (") Ag (r")2 Tg(r'")J ap—i [f(r)]

U €07,

The hypothesis [p(a), Jo(b)J] = 0 on the original triple, with a = «,—1 (f(r’)) and
b = g(r"), shows that the last two relations are equal, so that [p(f),0°(g)] = 0.

Because [7y.0. p(S)]p =nP(f)=1p(BLf]), onehas [ [Ty.0. P(S)]p. °(£)] =0
by the previous relation. Using (2.32), for § € Yz,

(D.B(Np () E)r)
=U; /G duc () [D, £ Uy (B°(2)E) ('~ 'r)

= U7 [ duo()dna ") At} 1D £V TG )T Uy By

=U; /G duG (') dug (r") Ag ()2 [D, £(r)]J ay-1[g ()T Uy EG'rr"),
and
®°(@)[D. 5(/)p E)(r)

= /G dug (r”) AG(r”)% Jg(r//)JUr// ([1/5’75(]?)]’6 /S\)(rr”)
= /GdMG (Y dug (") AG(r”)% Jg(r"yJ U U*.[D, £ Uyppr /E\(r/_lrr”)

=Ur /G A (r) dug (") A ()2 T api[g( N [D. fG N Urpr EG e,

The hypothesis [[D, p(a)], Jo(b)J] = 0 on the original triple, fora = f(r’'), b =
a,—1[g(r")], shows that these two relations are equal, so that [[B,ﬁ(f)]ﬂ, /,5°(g)] =0,
and this proves that [ [D, (f)]g. 7°(g)] = 0. O
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The summability of the modular-type B-twisted spectral triple (B,H,D) is
determined by the traceability of the operator O¢ 7r( f)(1 + D?)~/2.

Lemma 2.27. Assume that ©° 7 ( f)(L1+D2)"%/2 is trace-class for somec¢ > 0,5 > 1
and f € B. Then

TrO¢ 7 (f) (1 + D?) /2
=2 [ ke () 260) 90 Teu fleo) [14+ D2+ b+ ald ()PP
(2.33)
Proof. We have O¢ (f)(1 + D?)™%/2 = L(c, s, f) ® 1, on H where
Lc,s, f) =0 B()L + D>+ T,2,1 /% (2.34)
Using the fact that 8, D and 75, ,, commute, one has
[(@+ D2+ T,2,) 7% |(r) = 192D + 1()] (),
foré € H,r € G, with
() = 9O [1+ I + 0[#() ] > 0,
Then,
(L(c.s. f)E)()
= [9(r)* /G G () et £ 9 2D + 1 )] 25 )

= /G d,LLG(r/) KL(c,s,f) (r’ r/)g(r/)

where K1 s, 7)(r, ') is the function with values in B(ﬁ ) given by
Kiesp(r.r) i= [0 P07 A ()™ et [£(rr DI D + 1G]/,
Thus the trace of L(c,s, f) is

Trs Lic.s. f) = /G a1 (1) [0 Ag ()™ Tem a1 (e)] [D>+1()] /2.

Using (2.31) and the integral representation |A|* = ['(s/2)™! [;° £5/2-1=142 gy
one can show that

Ur [DZ +Z(r)]—s/2 Ur* — |l9(r)|25 [D2 + |19(r)|4t(r)]_s/2.

Thanks to this relation, (2.5) and |9 (r)|*1(r) = 1 + [n + |9 (r)|*]?, one finally
obtains (2.33) since Tr 11, = 2. O
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Remark 2.28 (About the kernel of ). If the kernel K of ¢ is such that the ug(K)
is infinite, so either replace the group G by the group G/K or add to 7y a Dirac-
like operator Dk which is sensitive to the space K (for instance using derivations
along K), in order that the modified integral in (2.33) is well behaved in the directions
of K so that the dimension of K is taken into account at the end. This point is not be
further developed here.

3. A construction via a relatively invariant weight

In this section, we propose a variant to Hypothesis 2.3, where the representation p
stems from a GNS construction based on a weight ¢ on which a part of the hypotheses
are reported.

Hypothesis 3.1. (1) (A, H, D) is a spectral triple where A is a dense x-subalgebra
in a C*-algebra A, and such that the representation p of A on H is the GNS
representation wy, of A on H = H,, for a weight ¢ on A which is faithful lower
semi-continuous and densely defined (thus semifinite and the GNS representation
is faithful and nondegenerate).

(2) The weight ¢ is KMS with respect to a (necessarily unique) norm continuous
one-parameter group o, which means (see [29]):
poor =¢, VteR,
pla*a] = ¢[oij2(a) 0i/2(a)*],  forany a € Dom(o;/,).

Let (A, G, a) be a C*-dynamical system, such that a,(A) = A foranyr € G.
(3) The weight ¢ and the action @ of G are related by
poa,—i[a] = ggmlal ;== ¢ [q(r)aq(r)*], foranyr € Ganda € Ay,
(3.1)

where q is a one-cocycle in Z'(G, M(A)*) such that the maps r € G —
q(r)~! a are continuous for each a € A.

Note that if g(r) = #(r) 1 where ¥ : G — R is a continuous morphism
of groups, see Section 2.7, then ¢ o a, = |q(r)|_2(p yielding the commutation
Q00 = 0 0Q.

3.1. The unitary representation of G based on a weight. Letus give some general
notations related to these structures. As usual we define

Ny :={a € A|g(a*a) < o0}, My :=NjN, =Span{a € A" | p(a) < oo}

so N, is a left ideal in the multiplier algebra M(A).
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The GNS construction defines a linear injective map A, : N, — H, for which
Ay(N,) is a dense subset of H, such that 7,(a) Ay(b) = Ay(ab) for any a € A,
b € N, and one has

(Ap(a), Ap(b)) i := @(b*a) forany a,b € N,.

There is a antiunitary operator J defined by J Ay(a) = Ayloi/2(a)*] for a €
N, N Dom(o;/») (and extended to H) and a strictly positive operator A on H such
that A" Ay (a) = Aylor(a)], fort € R, a € N,.

Define S by S Ay(a) := Ay(a*) for a € N, N NJ, then S*Ay(a) =
Agyloi(a)*]. We have A = S*S, S = JAY2 = A=V2), JA'J = A" and
JA''J = A fort € R.

To avoid cumbersome notations, we identify from times to times a € /\/'(p with
its image £ := Ay(a) € H. In particular, one uses the notation «,(§) for any
€ € N, C H. In the same way, the representation 7, can be written 7, (a) § = a §
forany a € A and § € N,.

Proposition 3.2. Suppose Hypothesis 3.1 is satisfied. Then for r € G and a € N,
the operator defined by

Ur Aglal := Aylar(a) q(r)*] (3.2)

extends to a strongly continuous unitary representation of G on H which implements
the action oo on M(A) (and so on A):

U ny(m) Up = mpla,—1(m)], r €Gandm e M(A). (3.3)

Proof. To show that (3.2) is well-defined, one first need to show that for any a € ./\/(,,
and r € G, one has o, (a) ¢(r)* € Ny:

o[ lar (@ q(r)*]" ar(@) q(r)*] = plg(ra, (@), (@)q(r)*] = pla*a] < oo
Then, for any § = A, (a), this computation gives
(U £.Ur ) = ¢([ar(@) q(r)*] ar(@) q(r)*) = p(a*a) = (£.§)

so that U, extends to a unitary operator.
Since ¢ is a cocycle, one has, for any r1,7, € G and a € N,

UrUrr Agla] = Ur Aplar(a) q(r')*] = Afp[ar [y (a) g (r')*] Q(r)*]
= A(p[arr’(a) (q(r)a, [Q(r,)])*] = Atp[arr’(a) Q(rr/)*] = Uyp A(o(a)7

and r — U, is a representation of G. Thus,

UF Ay(a) = Up—i Ay(a) = Ayla,—1(a) g(r™H*].
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So,forany r € G,a € Aand b € N,

Ur* JT,p(a) Ur A(p(b) = U,.)k Aw[a Olr(b) q(r)*] = Afﬂ[ar—l [a Otr(b)q(r)*] q(l’_l)*]
= Aplar-1@) b [a(r™ a1 (@(r)I*] = 7pla,—1 (@] Ay (b).

The extension o to M(A) is characterized by «,(ma) = or(m)a,(a) for all
m e M(A),a € A, and (3.3) follows directly from the previous result.

To show the strong continuity of the representation U, we adapt an argument
given in the proof of [38, Lemma 3.1]: let G, := {Aw | w € Fy, A €]0,1[}
be a directed subset of the set F, := {w | w € A}, w < ¢}. By [II,
Proposition 2.4], given w € §,, there exists a unique T € m,(A)’ such
that 0 < Ty < 1 and (Ay(a), Tw Ap(b)) = w(b*a) for all a, b € N,,.
Moreover (T ) weg, strongly converges to 1 since ¢ is lower-semicontinuous. Thus
{Tw Ap(b) | @ € Gy, b €Ny} is dense in H. For w € Gy, a, b € Ny, and
r € G, we have

(Ur Ap(a), T Ay (D)) = (Aglar(a) q(r)*]. Tew Ay (D)) = w[b™ atr(a) ¢(r)*].

Thus the continuity of the map r € G +— (U, Ay(a), T Ay(b)) follows from the
continuity of 7 and «, the continuity of » — ¢(r~!)"!a* by hypothesis and the
following

16% et (@)q (r)* — b*as(a)q(s)*|l
= lg(Mar(@*) b —q(s)as(@) b
= llarlg(r™) " a*1b — aslq (™) a]b||
< lar —a)lgr™H @ + aslg(r=) 7 a™ —q(s™H T a]] [1b]
< ey —a)lg(r=H ™ a1 IbI + g (D™ = g(s™H ™ a™ 111

Since | U, || = 1, we deduce by the €/3 arguments

(U = Us)§, &)
= [((Ur = Us)(€ = Ap(@)). &) + ((Ur = Us) Ap(a).§" — Tz Ay (D))
+{(Ur = Us) Ap(a), Twr Ay (D))
=206 = Ap @I Ell + 21 Ap @I IE" = T Ap (D) |
+ @b (ar(a)q(r)” — as(@)q(s)")].

that the map r € G +— (U, &, &’) is also continuous for any &, & € H yielding the
weak continuity of the unitary representation U, so its strong continuity. O

The map A, induces alinear injection Xw 1 Ce(G,Ny) — H =L%(G,dug) @ H
defined by Ay (f)(r) := Ay[f(r)] for any r € G. Then the space Ay[Cc (G, N,)]
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can be seen as a dense subspace of H and, for any/é\i = Kco [fi] € Ay[Ce(G,Ny)|C H,
one has

By = [ duo) BB = [ dusrolh0) ACL.

Remark 3.3. With the notations of Proposition 2.19, the weight ¢ satisfies
equation (3.1) for ¢’(r) := q(r) u(r)* € M(A). One has

q'(rr’) = qrrurr’)* = q(r) erlg (O] u(r) ar u(rNI* = q(r) ar[q () u(r)*
= q'(u(r)erlg' (Hu(r)* = q'(r) orlqg' (),

so that ¢’ is an o’-one cocycle in Z'(G, M(A)*). Moreover, r + ¢'(r)"'a is
continuous for each a € A since

lg'(N ™ a—q'() " all < ur) —u)]g(r) ™ all + lu@)g(r) ™" —q(s)"al.

The last proposition shows that

Corollary 3.4. Assume that Hypotheses 3.1, 2.3-(3,5,6,7) are satisfied for the
representation U of Proposition 3.2. Then the conclusion of Theorem 2.5 is valid.

3.2. The dual weight. There exists a faithful normal semifinite weight @ on
the von Neumann algebra M := m,(A)” such that ¢ o m, = ¢ and a unique
strongly continuous one-parameter modular group &; of the weight ¢ which satisfies
6; Ty = My 0p for t € R and G,(x) = A" x A7 for x € m,(A)”. Moreover,
Ay[61(x)] = AT Ay(x) fort € Rand x € N5, see [29].

The action « has an extension @ which defines a covariant W*-system (M, G, d@)
namely, & is a strongly continuous action @ of G on M with

ar(x):= U, x U} forx € M.

The crossed product von Neumann algebra G x7; M is defined as the von Neumann
algebra generated by M and A (G) acting on H= L?*(G,dug) ® Hy, (notice that
H, = H). We denote by ?r\;; the defining representation of G xz M on H, which
is (2.10) for p = JT(;’(GNS representation of M on H;;).

In order to define the dual weight @ of ¢ on G x3; M, we follow [44, Chap. X].
There, the von Neumann crossed product algebra is defined using another convention.
Let C.(G, M) be the space of o-strong™ continuous functions G — M. Then one
defines on C.(G, M) a product and involution [44, X.1.(15)]

(xxy)(r) := /Gd/LG(V')Olr/[x(VV')]Y(r'_l)» xF(r) = A () o [x ()],
(3.4)
for any x, y € C.(G, M).
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Equipped with this product and involution, this involutive algebra is denoted by
Cc(G, M, %). Let By := Cc(G, M) - Ny where N := {x € M | g(x*x) < oo}.
The linear map K; : B; — H defined by

Ay (f -x)(r) := f(r) Az(x), forany f-x € Byandr € G

is such that K; By N B%) is dense in H.
For x € Cc(G, M, x) and y € B, we define the representation [44, X.1.(24)]

g () Ag(y) 1= Ag(x % ). (3.5)

and we let G xz; M 1= 77{C.(G, M, %)]" C B(f] ). Then (B N B%) generates
G xy M.
The dual weight ¢ on G x3 M is defined by [44, X.1.(42)]:

@ [y (x)* 7g(x)] == T [(x* % x) (). (3.6)

and is normal and semifinite since @ is ( [5, I11.3.2.9]).
From [44, X.1.(25)] one has ¢ [(x* * x)(eg)] = <X’5(x), K’;(x)>ﬁ and 73y is a

semi-cyclic representation of G x3 M on H associated to the weight ¢.

From [44, Lemma X.1.13], there is a conjugate-linear involutive isometry J given
by
TE)) = 26(r) 201 JECT), foranyE € A,

where J is the conjugate-linear involutive isometry associated to the GNS
representation 7 of M on H. This is the expression given in Proposition 2.26,
but there we did not suppose that J was given by the modular theory on the original
spectral triple.

In 4.2, in the specific case of a group G acting on a group N, we will explicitly
give a unitary correspondence between the representation 7, of G x4 A on H and
the GNS representation TS on HZ; associated to the dual weight .

3.3. Derivations and twisted derivations. The existence of the unitary represen-
tation in Hypothesis 2.3-(4,5) is a consequence of Hypothesis 3.1, but, to fulfill
Hypothesis 2.3, one also has to assume Hypothesis 2.3-(5) and 2.3-(7). Here, we
consider another hypothesis which can replace Hypothesis 2.3-(5) and 2.3-(7).

The relation (2.6) is a compatibility condition between D, the action of G, and
the cocycle z. It is of the same kind as the second relation in [34, eq. (4.1)]. Another
equivalent relation can be assumed (see (3.7) below), when in the triple (A4, H, D),
D is based on derivations on A. We begin with some remarks on the twisting of
derivations using cocycles.
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Lemma 3.5. We assume that A and B = C.(G, A) are as in Lemma 2.12.
Suppose that there exists a (positive) continuous o-one-cocycle valued in Z(A)™,
r +— p(r), such that for a continuous derivation § of the algebra A

p(r)arod=8oa, foranyr € G. 3.7

Then, for any a-one-cocycle valued in Z(A)*, r +— c(r), such that ¢ and ¢~ are
continuous, §. defined on f € B by

B /) = () 8[e(r) f(). r € G (38
is a B-twisted derivations on B, where B is defined as in (2.13).

Notice that r > ¢(r) £(r) is in B for any f € B, so that 8, f € B.
Proof. One has
Bf w000 = [ ant) S0 e lgtr et
and, using &, (c(r'~1r)) = c(r)e (),

Bt =gl = [ au L0 etlel) ™ arletr' ),
BBl = [ aue) 16 pyon o 850y )]
oy (c(r' )Y

= /Gdu(r/) F")8[ar (g )] cr)er) ™ e e ()

With the simplified notations a := f(r'), b := an[g(r'"'r)], ¢ := c(r) and
¢’ := ¢(r'), the integrand in the sum of the last two expressions is

S[lac’l ¢ 'b + a8lbec’ /et = S[ac’ bec’ " ¢! = Slabe] ¢!

which is the integrand for gc (f »2)(r). O

This twisting of derivations by cocycles isrelated to [18,19]. Whenc(r) = 9(r) 1
(see Section 2.7), this twisted derivation reduces to

e [)(r) =8 (r). (3.9)
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Let us now consider the situation of Hypothesis 3.1, with the supplementary
assumption:

Lemma 3.6. Assume that D is defined on the dense subspace A C H by a derivation §
on A, D§ = 8¢, for &€ € A, and assume that hypotheses of Lemma 3.5 are satisfied
for the cocycles p and c(r) = q(r)*, where q satisfies also Hypothesis 3.1-(3). Then

[D.5(/)lg =pBe(f)] forany f €B.
Proof. Forany f € B = C.(G, A) andg eYs C 1/-7 one has, omitting p,

DANHEr) = /G due () UFs [ 107 UG )]
= / A () US| F() a(r) e B G/ ]
G

@IBUNDE)r) = /G duG () U p(r') f(r') Up DUy 81 r)

- /G dua(r) UF £(0) p(r) q(r)*

oy 0 8[q "™y e, G )]]

- /G diG () U7 £ ()" 8 e lg(r' ™ ) e, B0~

Using 0‘;1[‘1(’/_1”)*] = q(r)*q(r")*! and the simplified notations a := f(r’),

£:=a,[E(r"'r)],q* ;= q(r)*andg’* := q(r')*, the integrand in ([ﬁ,ﬁ(f)]ﬂ E)(r)
(without the first U}¥) is

8(aq*s) —aq™8lg* 1 q*El =8(aq™) ¢V q* E
so that
(D BN = /G duc () U S[£ () ()" 1q ()~ Uy B¢ r)
= B(E) ().
O

This result gives a natural D associated to a derivation. If there are several
derivations on A, we can use the gamma matrices as in (2.17) but in appropriate
dimension to define D.

4. C*-algebra of a semidirect product of groups

In this section, G and N are locally compact second countable Hausdorff' groups
with an action ¢ : G — Aut(N) such that (r,n) — ¢,(n) is continuous from G x N
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to N. Denote by g and p the Haar measures on G and N respectively, and by Ag
and Ay their modular functions.

We are interested into applying our construction to the action of G on C5;(N).
In that case, the final modular-type twisted spectral triple is a spectral triple on the
C *-algebra of the semidirect product K := G x¢ N.

We suppose that the original spectral triple is given by (Ay := C.(N), H =
L?>(N,duy), D) for the left regular representation Ay of A := CX;(N) on
L?(N,duy), and for an operator D not specified here.

4.1. The crossed products G Xy reqa Crog(N) and Coq(G xo N). The space

(& (&

Ay = C.(N) of compactly supported functions on N is a *-algebra for the product
and the involution given for fx,gn € Ay by

(/n*xngN)(n) = /Nduzv(n’) fn@)gn @' ™n),  fr@) = Anm) fy (),

This s-algebra generates the C*-algebra A := C2(N). The left regular
representation p = Ay of Aon H := L2(N,duy) is

[An(fN) El(n) = de/LN(n') fn@)E@m ™ n),  forany fy € Ay.& € H.

4.1
According to [45, Section 3.3], there exists a continuous homomorphism
v : G — RT such that

vU{A}WNOOfN@AnD=iAfWNOOmex forany fiy € Ay.r € G,

(4.2)
The continuous action of G on N induces a C*-dynamical system (A, G, @)
where the continuous morphism « : G — Aut(A) is given by

ar(fn)(n) :=v(r)~" fyls,~1(m)], forany fiy € Ay (4.3)

(see [45, Prop 3.11] with A = C and 8 = 1d). To show that &, is an automorphism
of the x-algebra Ay requires the relation

An[cr(n)] = Any(n), foranyn e N, 4.4)

which we suppose to hold. The relation (4.2) reflects an invariance of the Haar
measure of N by the action of G on Ay:

/ dpn (n) o (fn)(n) = / dun (n) fa(n).
N N
Formula (2.5) is satisfied for

Uy &)(n) = v(r) "2 & (5,1 (n)).
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Following the construction exposed in Section 2.1, the extended spectral triple is
defined on the Hilbert space

H := L*(G,dug) ® L3(N,duy) ~ L*(G x N, duc duy)

and the representation of C.(G, A) on H is given by
(PUNHE)r) = /G du (A (1 [F () EC" D).
for any f € C.(G,A) andg € H,and

(BHE)r) () = v(r) / dp (r'y dun () £") (s (n")EG ™ ) (' )

GxXN

- f dug (') dpw () F() @) EC 1) (51 (0" )n)

GxN

4.5)

for any f € C.(G,C.(N)) and /é\ € C.(G, H). By completion, the representation p
of C.(G, A) defines the crossed product C *-algebra B = G Xy req A.

Weequip Ay C A with the induced topology of A. Itis a dense x-subalgebra of A.
The vector space C.(G, C.(N)) is dense in C. (G, A), but the product f x4 g defined
by (2.3) of any elements f, g € C.(G,C.(N)) is not necessary in C.(G, C.(N)).
As an element in C. (G, A), this product is given by the double integral

(f *a ©)(r)(n) = f dpg (r') dun (n) f(r) (') e [g(r'~ )] (0"~ )

GxXN

= /duc(r’) dpn (') S0 (7 ) (g1 (2T Im)) v ()T,
GxN
(4.6)

and the involution of f € C.(G, C;(N)), defined in (2.4), is

F*)m) =v(r)™ Ag(r) T AN )T f(rT) (g1 (n7). (4.7)
There is a natural isomorphism C5 (G Xc N) >~ G Xgreq Cong(N) (see [45,

Prop. 3.11]) which permits to consider another description of the Hilbert space on
which the modular-type twisted spectral triple of Theorem 2.5 is defined. Moreover,
describing this isomorphism at the level of the spaces C.(G x. N) and C.(G, C.(N))
will produce a natural candidate for the algebra 5 C C.(G, C.(N)). This description
will also be used in 5.1.

Let K := G x¢ N be the semidirect product group, with elements (r,n) € Gx N,
product (r,n)(r’,n’) := (rr',n g, (n')), unit ex = (eg,en), and inverse (r,n)~! =
(r™tg—1(n™h). Let Ag := Cc(K) and Ag := Cy(K).
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The Haar measure on K is given by
dug(r,n) = v(r) "V dug(r) duy (n),
and its modular function is
Ag(r,n) = v(r)~' Ag(r) An(n).

The product of fx,gx € Ak is

(fk*xkgK)(r,n) = /dMG(”/) dun (') fx (', n") gk (r' =t g (0 T)) w(r) 7,

GxN
(4.8)
while the involution of fx € Ak is nothing else but
fern) =v(r) Ag(r) " An(m)™" fxk (1 g1 (n7Y)). (4.9)

The algebra C.5,(K) is obtained through the left regular representation A g of Ax

rel

on L?(K,dug):

Ak (fx)éx)(r,n) = / dug(r')dun (') fx (' n") €k (r' . g1 (W n)) v (') ~!

GxN

forany fx € Ag and £g € L?(K,dug).

The products xx and %, defined in (4.8) and (4.6) respectively are formally the
same, while the corresponding involutions, defined in (4.9) and (4.7), are not the
same but nevertheless, there is an isomorphism @ : C(K) = G Xg req Crog(N)
which is induced by the map (also denoted by) ® : Ax — C.(G, C.(N)) defined by

fr)@m) = @(fx)(r)(n) == v(r)~" fx(r,n),

which relates the equations (4.8) and (4.6) (resp. (4.9) and (4.7)). Notice that one
has to prove that r — ®(fx)(r) € C.(N) C Cty(N) is continuous: this can be
easily performed using the norm topology on L' (N, duy).

There is a corresponding unitary operator W : L?(K,dug) — L?>(G x N,

dug dun) given by

EN) = WER((m) = Ex(rsr (), forany Ex € Ce(K) C L*(K, dux),
(4.10)
which intertwines the representation Ag of CX(K) on L?*(K,dug) and the

re

representation p o ® of G Xg req Citg(N) on H = L%(G x N,dug duy):

Do ®(fx)(WEk) = WAk (fx)Ek.
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The relations between the algebras C 5y (K), G Xg red Creq (V) and their representations
can be summarized in the commutative diagram

*(K) —2 > G Xy eq CEy(N) =—=G Xgrea C54(N)

red red

Ak l l’g l,I;GNS 4.11)
L2(K,dpg) —2> L*(G x N.,dug duy) —— L2(G x N, dpicys)-

where V is given by

VE)r) (1) = v(r) " E(r)(s,-1 (),

and the last column will be described in Section 4.2.
Notice that the composite unitary operator VW : L?(K,dug) — L?>(G x N,
digns) is nothing else than

(VWER)(r)(n) = v(r)  Ex(r,n),

which is the same expression as the one defining ®.
The space
B:=®(C.(G x N)) C Cc(G,C:(N)) (4.12)

is a dense *-subalgebra in G Xq req Cng(N), and it is a good candidate to enter into

the construction of the spectral triple of Theorem 2.5. By construction, B is the
subspace of functions in C.(G, C.(N)) which are continuous in both variables.
Remark that the existence of a finitely summable spectral triple on a group
C*-algebra is not guaranteed: Connes proved in [12] that, for an infinite discrete
nonamenable group N, there exist no finitely summable spectral triples on

A =C} ,(N). However, there still exist §-summable spectral triples on A, that

. . _ 2
is, there exists fo > 0 such that Tr e D7 o forall t > to.

The construction presented here can also be used to transport the extended
modular-type twisted spectral triple of Theorem 2.5 defined on a crossed product
C*-algebra, to a spectral triple on a group C*-algebra. This will be done in
Section 5.1.3 in order to compare our extension with a spectral triple already proposed
for the affine group.

4.2. The Plancherel weight and its dual weight. For any locally compact group N,
the Plancherel weight is defined on positive elements of the von Neumann algebra
%

*1(N)" generated by the left regular representation A of N by

I g||iz vy When f 3= ~ (g) for some left bounded function
on(f) = g € L>(N,dun),
00 otherwise,
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and g € L2(N, duy) is called left bounded if f € Ay C L>(N,duy) — gxn f €
L?(N,duy) can be extended to a bounded operator on L2(N, du ). This weight is
faithful and semifinite on C5;(N)” [44, Chap. VII, Theorem 2.5].

On the generators fy € Ay of C5y(N), itreduces simply to on (fn) = fv(en).

This is a densely defined lower-semicontinuous weight on C%;(N) and because

oN(fy *N gN) = /N dun (n) fn(n) gn(n),

its GNS construction produces the Hilbert space L?(N, dju x) and the associated non-
degenerate representation is the faithful left regular representation An of Cr (N).
The Plancherel weight is a KMS-weight for the automorphism

on(fn)(n) := Ay(m)~ ! fx(n), forany fy € Ay, neN. (4.13)

One can also check directly that oy ( fy)* = 0{,1 (f¥)-
Proposition 4.1. For any fy € Ay andr € G, one has

en[fn] = on[v(r) o (f3)].

Moreover, o and o commute for r € G. In other words, Hypothesis 3.1 is satisfied
for the one-cocycle q*(r) := v(r) 1 where 1 is the unit in M(A).

Proof. The first relation follows from (4.3). The assumption (4.4) implies that oy
defined in (4.13) and o, commute for any » € G. Finally, ¢ is a one-cocycle since
v : G — R is a morphism of groups. O

The invertible conjugate-linear isometry

(N E)n) = Ay()? E*(n) = Ay(n) 2 E()) (4.14)

defined on § € Ay C L?*(N,duy) is the canonical modular conjugation on
L?(N,duy) with J 1%, = 1, and it intertwines the left regular representation Ay

and the right regular representation Ry, : Jnv AN (fy) JN = Ry (fN)-
Letus now consider the dual weight of . Themap v:Co.(GXN) — C.(GXN)

defined by v[x](r) := o [x(r)], that is v[x](r)(n) = v(r)"'x(r)(s,— (n)),
intertwines the two products and involutions given in (3.4) and (2.3-2.4), and satisfies
Dov = m,, where 7, is the representation of C. (G x N) (equipped with the product
and involution (3.4)) on H defined as in (3.5). The dual weight ¢ associated to ¢n
is defined by (3.6) for any x € C.(G x N), so that, with f = v[x] € C.(G x N), it
becomes

e P = on [(f* *a )]
We define ¢y on G Xg req Cohy(N) by

On(fF*a [) =0 () D] = on [(fF *a [)lec)]-
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Since

(f" *a )(eg) = /d/«LG(r) Ag(r)har[f(r) T ar[g(r™)]

G

_ / duc(r) a1 [f(r)* xw g(r)].

G

using oy [, -1 (f3)] = v(r) on [ /], we get

(" wu) = [ dna)on o 107" oy g0
G
— [ A6 dun ) v() T )0
GxN
The GNS construction for @ produces the Hilbert space of square integrable

functions on G x N for the measure (7, n) +— dugns(r,n) := v(r)dug(r) duy (n)
and the associated representation is

[Pans(f) E1(r,n) = f dpG (') dy () v() L) EE T (G (")),

GXN

This representation pgns is unitarily equivalent to the representation p via the unitary
equivalence V' : H= L*(G x N,dug duy) — Hgns = L?(G x N, djigns) which
is the extension of v to the respective Hilbert spaces. This corresponds to the last
column of (4.11)

5. Examples

5.1. The affine group R x R. We now show that the affine group K = Rx R is an
illustrative example of the above situation and how a spectral triple on C*(R) can be
extended to a modular-type twisted spectral triple on C*(K), which coincides with
the one defined in [32].

5.1.1. General considerations. The group G := R acts on N := R by ¢,(b) :=
e b for any a, b € R. This defines the product

(a,b) (@ ,b')=(a+a.b+e D)

on K := R x R. Following 4.1, a direct computation shows that v(a) = e~ ¢, so that
the modular function of R x R is Ak (a, b) = e%.
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The original spectral triple we consider is described by the following elements:
— A := C.(R) is a x-dense subalgebra (for the convolution product) of A := C*(R),
- H := L?*(R,db),

p = Ap is the left regular representation of R which induces the convolution
product given in (4.1),

D is the unbounded operator

(DE)(b) :=bE(b), foranyé e C.(R) C H.

Identifying H = L?(R, db) with L? (]1/@, dIS) by Fourier transform, where R is the
Pontryagin dual of R, D becomes the differential operator —i 0 B

The spectral triple (A, H, D) is non unital, and p is the GNS representation
of the Plancherel weight ¢( fr) := fr(0) defined for any fr € A.

The action (4.3) of G = Ron A = C*(R) is given by

aq(fR)(D) := e? fr(e®h), fora,b e Rand fr € A,

the algebra B = R x4 eq C*(R) has explicit product and involution (see (4.6)
and (4.7))

(f *g)(a)(b) = / da'db’ e f(a')(b') g(a —a')(e” (b b))
= / da'db’ f(a —a')(b — e @) g(a')(B'),
f*@)(b) = e* f(—a)(—e?b),

and the representation (4.5) of Bon H := L2(R,da) ® H ~ L?(R?,dadb) takes
the explicit form

(B E) @) (b) = e / da’ db' f(a') (e D) E(a —a')(b —b),

RxR

forany € € C.(R, C.(R)) C H and f € C.(R, C.(R)) C R Xgrea C*(R).
Proposition 4.1 gives ¢(a) := e~%/2, and from Proposition 3.2, the unitary
operator defined by

(Ua £)(b) = e E(e"b), foré € Ce(R) C H,
satisfies (2.5). A simple computation gives

(U DU, §)(b) = e“bE(b) = e*(D £)(b) = (2(0)* ™' Dz(a)™" €) (D)
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with z(a) := e~%/2 1, so that ¥ (a) = ¢~%/? and with
pla) :=e741,

one has p[p(a)] = z(a)z(a)* = e * 1.
Since z(a) does not depends on the variable b, one has

[D. p(f (@) z(@)]z(@)™" = [D, p(f(@))] = p[df (a)] (5.1)

for any f € C.(R, C.(R)), where 9 is the differential operator (dfg)(b) := b fr(b)
on A.

The operators entering the operator D of the modular-type twisted spectral triple
of Theorem 2.5 are given by

(DE)(a)(b) = e~ E(a)(b)
and, since (/9\/5\)(61) =e ¢ g(a),
(Tnw £)@)(B) = (1 + w ™) E(a)(b).

Moreover, the hypothesis of Proposition 2.10 holds true: [13, Tn,0] =0.
Similarly, for v € C?,

D, (E(@) ® v)(h) = bE(@)(b) ® y'v + () + we ) E(a)(b) ® yv.

We now check Hypothesis 2.3-(6): since

Y = {£ € L2(R?,dadb) | £(a) € Dom(D),
[a e R~ [0 £ioe ™) E@ 2z € L7(R,da)]}

contains
Sc(R?) := {Schwartz functions in (a, b) with compact support in a}

which is dense in L?(R?, dadb), this proves (2.8). The existence of Y3 will be given
in5.1.3.

By definition (2.13), 5(f)(a) = p(a) f(a) = e™? f(a) for any C.(R, C*(R)),
but B does not extend to an automorphism of R xgeq C*(R): if f(a)(b) =
e 12 g(p) for a g € C.(R), then f € LYR,C*(R)) and B(f)(a,b) =
e~atlal/2 g(p), but B(f) is not in L' (R, C*(R)).

5.1.2. Possible choices for B. The Hypothesis 2.3-(3) requires the existence of an
algebra B for the construction of the spectral triple described in Theorem 2.5. Here
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we present three possible algebras, which are related by inclusion, from the smallest
one to the largest one, and which are dense *-subalgebras of B = R x4 req C*(R).

— Since the present situation enters into the description of Section 4.1, we
can consider the algebra B; := ®(C.(R x R)) C C.(R, C.(R)) as in (4.12): this
corresponds to take A = C.(R) for the original spectral triple (as described before),
(2.7) is trivially satisfied, and, considering (5.1), one can take

My, := sup /Rdb |bf(a)(b)| < o0

aESf

to satisfy (2.9) for any f € By, where Sy = Supp(f). So we get the conclusion of
Theorem 2.5, postponing the compactness of the resolvent (2.2) to (5.4).

— The original spectral triple (A, H, D) can also be given using a Fréchet
x-algebra described as follows. For any b € R, let 0(b) := 1 + |b| be a m-sub-
polynomial scale on R (a weight in fact). Following [42], we define L{ (R) as the
space of Borel measurable functions fg : R — C such that the semi-norms

1 fellS, = /R db o (b)" | fu(b)]

are finite for any m € N. This is a m-convex Fréchet x-algebra for the semi-norms
| I, and the convolution product and involution. Then it is easy to check that
(A = LY(R), H, D) is a spectral triple, with the same H and D as before.

For any a € R, let w(a) := %(1 + el@l): this is a m-sub-polynomial scale on
G = R. Then one has o (e™%b) < 2w(a) o(b), and this implies that the action « is
m-o-tempered since

lloa ()l = /Rdb(l + b)) e f(e?b)|
= /Rdb/(l + 74D D™ LB = 2" w(@)™ || f 1l

The hypotheses of Lemma 2.12 are satisfied, so consider B, := C¢(R, L] (R)).
Then (2.7) holds true since functions in B, are compactly supported along the
variable a, (2.9) is satisfied for any f € B, with

My, = sup || f(@)[ < oo
a€Sy
(notice that the continuity of : @ € R — f(a) € L{(R) implies the continuity of
a | f(a)|]). Again, we get the conclusion of Theorem 2.5 for this algebra.

— The construction presented in Remark 2.13 leads to a m-convex Fréchet
x-algebra B3 := LY (R, L] (R)) [42, Theorem 3.1.7] since w_ = w. We denote by

1l = [, dadhw(@)” o) @)
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the family of semi-norms which topologizes B;. Note that B3 is not included into
C.:(R, A), so it does not satisfies all the requirements in Hypothesis 2.3 and we cannot

apply Theorem 2.5, but nevertheless we now show that we can proceed directly.
From the general theory, one has

B gy < 172 ey = /R da || £(@)l oy
< / da || £@)ll 11 gapy = |1 /]
R

0,0

This shows that the inclusion B3 — R X4 req C *(R) is continuous.
Following the same line of computations as in the proof of Lemma 2.24, one gets,
for £ in the dense subspace C.(R?) of H:

(DA = [ da'al! g(a)eb)Ea —a)(b )

with g(a)(b) = bf(a)(b) = (3/(a))(D).
Proposition 2.30 gives [Ty, ». p(f)]g = np(f) — np[B(f)], so that

1D B gy < gloo = 1/ N0
175,00 PUNg N gy < Il oo + 1011 £

This shows that the twisted commutators [D, 7( f)]g are bounded for f € B3 so
(B3, H,D) is also a modular-type B-twisted spectral triple. The algebra Bs, in
particular the behavior of its functions at infinity in the a and b directions (governed
by w and o), is perfectly adapted to the Dirac operator D proposed in Theorem 2.5.

1,0

5.1.3. The extended triple. Since we want to recover the spectral triple proposed
in [32], we choose to consider the algebra given there, defined by

B = Bs = S:.(R?).

Remark that B is a subalgebra of B, whose elements are smooth functions in both
variables (a, b). With slight modifications we could have chosen a larger subalgebra
(with minimal constraints on smoothness) in one of the three algebras quoted in
previous section.

The second part of Hypothesis 2.3-(6) is satisfied with

YBIZBC/Y\

where the inclusion has been proved before and the inclusion p(f) Y5 C Y5 (C )A’)
can be shown using the explicit expression of p, the compactness along the variable a
and the Schwartz behavior along b.
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Moreover, 8, (f)(a) := e %% f(a) defines an automorphism of By forany z € C
(see Remark 2.22).
The Hypothesis 3.1 is automatically satisfied, as proved in Proposition 4.1, for
the one-cocycle
g(@)? :=v(@) 1l =e 1.

Of course a € R — |q(a)] = e %2 is continuous, so ¢ is not only in

ZY (R, M(C*(R))™) but also in Z1 (R, Z(C.(R))>).
The constraint (2.21) with ¢ = 0 and s = 1 is never satisfied:

| d16@) A6 0) I8+ T, sy = [ dal+ 0+ we ) = oc,
(5.2)
However, the constraint (2.21) holds true for 0 < ¢ < s:

/G d () A6 () PPN 120y I + T e

o0
. e—2ac _ u2c—1
—Adam—A W i rewer )

and the last integral converges. Remark that it diverges for ¢ = 0 and any s, or for
s = 1 and any ¢ > 1. Since Proposition 2.10 asks for ¢ > 0 and s > 1, we finally
get, forany f € B,

O (f)(L + D?)~*/? is compact if s > ¢ > 1, (5.4)

so (2.2) is satisfied.

Open question: is the operator O (f)(1+D?)~"/2 compact? The lack of answer
explains why we used in (2.2) a weak form for the requirement of compactness of the
resolvent.

In [32] the modular spectral triple introduced on the k-Minkowski space is based
on the same algebra Bg. Denote by F the Fourier transform on R?, given by

F()@p)i= @) [ dadbf(@@peieetivs.

In [32], the variables (a, b) (resp. («, B)) are denoted by (po, p1) (resp. (xo,X1)),
and the Hilbert space of the representation of By is L?(R?,dadB) ® C2. The
Fourier transform F : H = L2(R2?,dadb) — L2%(R2, dadp) intertwines the
representations w defined here and the representation defined in [32], and it identifies
the Dirac operator proposed in [32] with D on H := H ® C2 for the specific values
n = 1and w = —1 (see Proposition 2.26 for the origin of the relation n = € @ and
comment below).

Let J be the reality operator on the original triple (A, H, D), which is given by
the modular theory of the GNS representation of the Plancherel weight on C*(R).
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Here o is trivial (R is unimodular), so that J&¢ = £* for any £ € C.(R), ie.
(JE)(D) = E(—D) (see (4.14)). A simple computation gives JD = —DJ, so that
€ = —1 in Proposition 2.26. Imposing the existence of the reality operator J of
Proposition 2.26 forces = —w, as noticed before, to recover the Dirac operator
in [32, Theorem 25], and this real structure is the one described in [32, Proposition 34].
As seen in Section 3.2, this is the natural reality operator defined in this context.

Remark 5.1. This twisted spectral triple is a modular spectral triples as in [25,
Definition 5.1] except it is non unital, so Hypothesis 2.3-7 is cancelled, and the
constraint on the resolvent has been modified in (2.2): the corresponding notations
are

N - BH), ¢ —Tr(®), As — Bs, 0 - 0,0 - B, D — D,

where G, (x) := @7/ x @', Since N° corresponds to {a € B(H)|[a,®"] =0,
Vit € R}, the affiliation of D to N9 means [D,®] = 0 which is satisfied here.
Remark that, for any s > 0, 7(a)(1 + D?)™%/2 is never in the set £'(#) of trace-
class operators on H [32]. Thus this twisted affine triple is not finitely summable.
The operators 7 ( f)(1L + D?)~(0+9/2 are ¢p-compact for any f € Band € > 0.

Theorem 5.2. For f.g € Bs, n(f)© (1 + D?)™5/2 n(g) € L' (H) when s > 2.
The main difficulty to prove this theorem is that the symbol a (x, £) of this operator

is not classical since some (0% 85 a)(x, &) can increase exponentially on non-zero
Lebesgue measure sets. Our strategy is to get traceability of the operator multiplied
by the unbounded operator ®¢ with ¢ > 0 using a result of Arsu [2], and then to get
rid of this modification by letting ¢ — 0 by showing that the trace-class property is
preserved via a result of Deift—Simon in [15] (see Lemma 5.7). A direct approach of
this method with ¢ = 0 fails.

So we first begin to show a result similar to the theorem where the replacement
of ® by ®!7¢ with ¢ > 0 plays a key role in the proof: actually, when ¢ = 0 in
the following proposition, this is Theorem 30 of [32] but the proof given there is not
correct.

Proposition 5.3. For any f € Bs, n(f)®¢ (1 + D?)~5/2 ¢ LY(H) forc > 0
ands > ¢ + 2.

Proof. Remark that 7( f) ®'7¢ (1 4 D?)™/2 € L1(H) is equivalent to
Ase() = PNE (14 D>+ T2, e L'(H). (5.5)
Forany & € H,
(As (N @)(b) = e~ /R dd'dD f(a—a) (e (b — b)) goela ) E@)B)
(5.6)

with
gs,c(a,b) = 6_(1+c)a[1 +e—2ab2 + (77 +Cl)€_a)2]_s/2.
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Using the Fourier transform JF, for any ¢ € L?(R?, dadf), one has

[As.c(f) El(e, B)
— G [, da'dpidaa eSO o () e i ) L)
(5.7)
with
as.c(f)le, f:a’, b
= /R | dadb ela=a)HiBb=bDp=a £ (g —a'y(e™(b — b)) gsc(d, D)

- /R da db 14 +1¢" B =2 £(a)(e~b) gy o (@', 1)

=27 F(h) (. e® B) gs.c(d’. b)),

where

h(a) := a—q[f(a)], thatis h(a)(b) = e~ f(a)(e™ D).
For f € Bg, h is smooth and compactly supported along a, and a Schwartz function
along b. So F(h) is a Schwartz function in both variables «, 8 (and in fact analytic
along o).

Since As.(f) on L*(R?,dadp) is a pseudo-differential operator with symbol
as.c(f), we can use the following result of Arsu to prove that As(f) € ﬁl(fl)
since az.c(f) has sufficiently many derivatives in L!(R? x R?). We will use the
following norm on the set of functions a € S'(R? x R?) where t = (t1,1;) € N?:

ne "B qnag qltb
lal, =, max 005" 050, aHLl < 00.
ng,np=ts
Using the orthogonal decomposition R?> = R x R, the conditions of [2,

Theorem 5.4 (i)] (with = 0) can be recast as

Theorem 5.4. Leta € S'(R* x R?) such that |a|, ; < oo fort = (1, 1). Then Op(a)
(defined as in (5.7) by the symbol a) has an extension which is a trace-class operator
on the Hilbert space L*(R?,dadpB) and |Op(a)|; < Cla|1, for some constant C.

So, we only need to prove that for a = a; . (f), we have:
- asc(f) € S'(R* xR,

- |as,c(f)|1,(1,1) < 0.

Let us check the second point while the first will be shown also in the proof,
see “Case (0,0, 0,0)” below. We have to consider derivatives of order at most 1 in
the four directions of the function (¢, B;a,b) — as.(f)(«, B;a,b). This gives 16
cases to consider.

Denote by (nq, 7,14, 1p) € {0, 1}* the order of derivations along the 4 variables.
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Case (0, 0,0, 0).
/dadﬂdadb|as,c(f)(a,/3;a,b)|
R4
= 271[ dadfdadb | F(h)(«, e“B)| gs,c(a, b)
R4

=2n |:/ dadf |]:(h)(a,,3)|:| |:/ dadb e_“gs,c(a,b)] ,
R2 R2

where in the second line we use the change of variable e*8 — f. The first
integral is finite since J(h) is Schwartz in both variables, and the second one is
[z dadb g c11(a,b), which is finite forc +1 > 0 and s > 2 + ¢ by Lemma 5.5
(see below).

Since as . (f) € LY(R*) forc + 1 > 0 and s > 2 + c, this shows that a, .(f) €
S'(R? x R?).

Cases (1,ng, nq,np). The derivative along o concerns only F (), and dy F (h) is
Schwartz in both variables. So, (1,ng,n4,np) is equivalent to (0,ng,n4,np).

Cases (nq,ng,ng,1). The derivative along b concerns only g, ., and |05 gs,| and
|040pgs,c| are dominated by g5 . by Lemma 5.5. So (nq,ng,n4, 1) is equivalent to

(naanﬂ,”aao)-

Cases (ny,ng,1,np). The derivative along a produces two terms:

— e9B(0gF(h))(a,e?B)gs,c(a,b): the function (a, B) — B(3gF(h))(a, B) is
Schwartz in both variables, so we reduce to the situation n, = 0.

— F(h) (e, e?B)(04a8s,c)(a, b): the function d, g5, is dominated by g .

So (ng,ng, 1,np) is equivalent to (ny, ng, 0, np). Combining all these equivalences,
the case (0, 0, 0, 0) covers the 8 cases (ny,0,n4,np).

Case (0,1, 0,0).
[, dadpdadd dpa(/)(a fia.b)
R4
=2r / dadBdadb e“|(85]:(h))(oz, e“,3)| gs.cla,b)
R4

=2 [/Rz dodp ’agf(h)(a,ﬂ)q [[Rz dadb gs,c(a,b)} .

The first integral is finite since dg F (h) is Schwartz in both variables, and the second
one is finite for ¢ > O and s > 1 4 ¢ by Lemma 5.5. This case covers the remaining
8 cases (ny, 1,nq,np).
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Since as(f) satisfies the hypothesis of Theorem 5.4, we end up with the
constraints ¢ > 0 and s > 2 + ¢, which are the hypothesis of Proposition 5.3. O
Lemma 5.5. The function gs . has the following properties:

1) gs.c € LY(R?,dadb) if and only ifc > O and s > 1 + c.
2) There exists a constant Mg > 0 such that |(X gs.c)(a,b)| < Ms.c gs.c(a,b)
for (a,b) € R?> when X = 0,, 33, or 0,0p.

Proof. 1) gg.c is positive and [, db gs.c(a, b) is finite if and only if s > 1 and in this
case,

/ db gy o(a.b) = YLD omea [ 4 (n 4+ we @267V (58)
R

Then

o0 o0
/ dae™ 1+ (n+w e_")z]_(s_l)/2 = / duu [l +(n+ o u)z]_(s_l)/2

—00 0

which is finite if and only if ¢ > Oand s > 1 + c.
2) For X = d,, we have

(b2+ 2) —2a+ —a
(0a8s.c)(a.b) = gs.c(a.b) [—(1 +o)+s 1+e§§b§+(n+1‘:ea)2]

and the bracket is bounded on R?. Similarly,

—2a
(985.0)(@.b) = 85.0(a. ) Tz rwe=ayz

and the fraction is bounded on R?. Finally,

e—2a
(0a9p8s,c)(a.b) = (0ags.c)(a.b) 1+e—2a12)2+(ﬂﬁ_we—a)2

. e—2ap e‘zab[(b2+c%)e_za+nwe_a]
4gs.c(a,b) |: 1+e29b2+ (n+we—9)2 [1+e20b2+(ntwe—)2]2

For the first term, we use previous argument and for the second one the bracket is
bounded on R2. O

We now show that the family of operators defined in (5.5) naturally converges in
norm when ¢ — 0:

Lemma 5.6. We have A5 o(f) = ||-||-liinAs,c(f),f0ranys >2and f € Bg.
cl0
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Proof. Using (5.6) and gso(a,b) = gsc(a,b)e?, the kernel of B (f) =
Ase(f) — Aso(f) on H = L*(R?, dadb) is

Koo ()@ bia' by = e f(a —a)e™ (b = b)) gs.c(a’ b)(1 = &),

To show that lim,_,o+||Bs.c(f)|l = 0, we use the inequality |Bsc(f)|| <
| Ks,c(f)|l 2. One has

| Kse(lIz2= / dadbda'db’ e | f(a —a') (€™ (b —b))| gse(@, ) (1 = e*)?
- [ [aaae s b)|2] [ [aatan e gy - ecaﬂ |

The first integral is finite and independent of s and c¢. Using (5.8), gsz,c (a,b) =
e—(1+0)a 82s,c(a,b) and after the change of variable u = e¢™“, the second integral
can be evaluated as

[e.¢]
- 2 2 _ /mT(s—1/2) w=1)?
/dadbe “ gs.cla,b)” (1 —e*)” = s ng) /0 du [1+(:)l-|-uwu)2]S_l/2 ’

Foru € [0, 1], (u®> — 1)? < 1, so that

/1d uu —1)>2 </1d u -
u u 0.
o [+ Mm+ou)?=V2 7 Jo 1+ 0+ ou)?s~1/2

Let ¢9 > O such that s > 2 4 ¢g. Then for any 0 < ¢ < ¢g and u € [1, 00), one has
ul+2C(l _ u—C)Z < u1+2c0, so that

e8] u(uc _ 1)2 o] u1+2c0
du < du < 00
/1 [1+ (7 + wu)?s=1/2 = /1 [1 4 (n + wu)?]s=1/2

c_1)2
since s > 2 + co. When u € [0, 0), % goes to 0 as ¢ — 0T, so, by
the dominated convergence theorem, one get lim,_, o+ || Ks,c (f) ||iz =0. O

Remark that previous lemma implies that the operator
Aso(f) = n(f) O + D)™

is compact for s > 2 (and conjectured to be in £(?)), but the result of (5.4) is
stronger.

Proof of Theorem 5.2. In the following, we fix s > 0, choose ¢y > 0 such that
s > 2 + c¢g, and we restrict ¢ to ¢ € (0, co).
For f € Bg and previous notations,

A (NP = BN (L 4+ D2+ T2 )12 3(f%)
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is a positive operator which is in LY(H) when s > 2 + ¢ since o(f*) is bounded
and Ay . (f) is also in £!(H) by Proposition 5.3. Its trace-norm can be evaluated as

[As.e (SIS Dy = Tr As,e (SIPCST) = Tr D(f ") As.e(f) = Tr Ag.e (f " * )

since Ag.c(f) and Ag(f* x f) are trace-class. Using the kernel of A5 .(f* * f)
given in (5.6),

Trdgo(f* % f) = [ dadb e~ (f* % £)(0)(0) gyc(a.b)
= (f* % N (0)(0) / dadb gs.c41(a. b)

which is finite since s > 2 + ¢ by Lemma 5.5, and the integral evaluates to

VATl - 1/2] [ u
[ dathgrcontanty = SRR |
Foru € [0, 1],

u¢ 1

<
[+ (7 + o)) 7 [1 4 (n + wu)?] V2

which is integrable on [0, 1], and for any u € [1, 00),

u‘ uco

<
[+ (0 + 0?2 7 1+ (4 0?72

which is integrable on [1, co0). So finally,

[As,c (RS Iy = TrAse (f* % f) =M < o0

uniformly in ¢ € (0, ¢p).

We deduce from Lemma 5.6 that ||-||-lim,_, o+ As.c(/)p(f*) = Aso(f)p(f¥).
One concludes by Lemma 5.7 that A;o(f)p(f*) € L! (H). By polarization,
As0(f)p(g) is trace-class for any f, g € By, and sois w(f) © (1 + D?)~*/2 n(g).

O

The next result can be found in [15, Prop. 2], but we include a proof for
completeness.

Lemma 5.7. Let A, € L' be a sequence such that ||-||- lim A, = A and
n—0oQ

sup || Apll; = M < oo. Then A € L.

n
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Proof. Let B be a finite rank operator. Then AB and (A — A,) B are trace-class, and
ITr(AB)| < [|A — Al I Blly + [ Anlly I1BIl < |4 — Axll | Bll; + M| B]|.

Taking n — oo on both sides, one gets |Tr(AB)| < M| B|| for any finite rank
operator B, with M independent of B. The linear form B +— Tr(AB) is thus
continuous, and extends uniquely to a continuous linear form on the Banach space
of compact operators. Since the duality £! = K* is realized by A > Tr(A-), one
has A € £!. (Remark that the hypothesis 4 = strong-limit A4,, is sufficient.) O

n—oo
As claimed after Theorem 5.2, the role of ¢ is important since for instance we
cannot use the inequality [|As,c(f)Il; = [Op(asc(fDI = Clase(f)la,1 of
Theorem 5.4 to get directly that A (f) € L£!(H) from previous lemma, because
Sup. <1 |as,e(f)|1,a1,1) is infinite.

Since the spectral dimension of a non-unital modular spectral triple is not yet well
settled, we use the following notion of modular dimension in our example

p:=inf{s >0 | Tr © n(a)(1 + D*)™/?7(a*) < 00, Ya € Bs}. (5.9)
The modular spectral triple given in [24] was only 1-summable, but here the
dimension increases:

Theorem 5.8. While the original spectral triple has spectral dimension 1, this
modular-type twisted spectral triple given by Theorem 2.5 has modular spectral
dimension 2.

Since by Theorem 5.2, the dimension is less or equal to 2, this follows from the
following:

Lemma 5.9. Forany f,g € Bs, n, ® € Rwithw # 0 and s > 2, we have
Tr (/) © (1 + D) ™2 2(g)

~ ez )| UVERN (Vi)

lwls—2) o  T(s/2)

2Fi(h 5 3|
where  Fy is some hypergeometric function. Moreover

lim(s —2) Tr (/) © (1 + D)™/ 7(g) = 2 Galg * /).
Proof. Thanks to Theorem 5.2,

T 2(f)© (L + D)2 n(g) = 2Te p(f) 8 (1 + D* + T2 ,) ™/ B(g).
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The kernel of A,(f, g) := p(f)0 (1 + D2 + T,Zw)_s/zﬁ(g) is
K(a,b;a',b) =
/ da"db" =" f(a—a")(e™*(b—b")) gs.0(a".b") g(a" —a') (e~ (" ~b"))
so that

Tr As(f, g) = / dadbda’db’ e f(a —a')(e"%(b — b)) gs.0(a’, b')
-g(d —a)(e ™ (b' - b))
= (g + )©O)0) f dadb e~ g, o(a. b)
where we have used (g x £)(0)(0) = [da’db’e? g(a')(b') f(—a')(—e?'b’). The
integral is
/dadb e “gsola,b) = /dadb gsa(a,b)

_ /7 T[(s —1)/2]
N I'(s/2)

B T n VT Tl(s = 1)/2] 1 s—1 3

- [|w|(s—2)_5 ['(s/2) 213 ’E’_”z)]'

—(s—1)/2

/da e ? [1 + (n+ a)e_“)z]

. . 1 s—1 3 2 — -
Since limg—s 2F1(3,55,35,—1°) = 1

dimension of the spectral triple is 2 and that

lim(s —2) Tr 7(f) © (1 + D*) ™2 m(g) = T Pule * f).

larcsinh(n), we see that the spectral

where g (g * f) = (g /)(0)(0). o

In fact, the Dixmier trace of ® 7 ( f) (1 + D?)~'7(g) appears to be proportional
to the dual weight ¢ (g * B[f]) exactly as in the unital case, see for instance [9]:

Proposition 5.10. We have 7(f) ©O(1 4+ D?)"! n(g) € L™ for any f. g € Bs.
Proof. We first show that for f € Bg,

lim (s —2) Tr x(f) O M+ D) Pa(f*) = ZGa(f*+ f).  (5.10)

where the operator is trace-class by Proposition 5.3.
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As in the proof of Lemma 5.9 and with g = f* % f,
Tr n(f) ©2 (1 4+ D)™ 2n(f*)

=20x(2) / dadbe /2 [1 4+ b% + (n + we )2 /2
R2

_ 2’¢R(g) ﬁF[(s — 1)/2] /Oo da e—as/Z[l + (77 + we—a)Z](l—s)/Z

['(s/2)
VrLl(s = 1)/2]
T(s/2)
2T (s/2)

Since Fo/a-1) =5~ 2 we get

o0
=20:(9) f duw’ 27 L+ () + 0wy’ 12,
0

hi'l’l(s — 2) Tr ”(f) @S/Z (]1 + DZ)—S/ZJT(f*)
52
o0
=49r(2) 7 lim 75— / du 21+ (n + o u)?) /2,
- 0

If I(u,s) := us?>" [1 + (n + wu)?]1)/2, then

/(;oodu I(u,s) = /Oldu I(u,s)+/loodu I(u,s)

where the first integral converges for any s > 2, so that

1
. 1 _
£1i'121m/; dul(u,s)—O

Moreover

/ du I(u,s) = / du [I(u,s) — — u=/? + — / duu™*/?,
1 1 lw|*® lw|*=1 Jy

with floo duu—s/?2 = % thus

) 1 1 /°° —s)2 1
lim duu = —.
si2 T(s/2 = 1) oS! Jy 3

—s5/2

For J(u,s) := I(u,s)—M%u , we get

_n _
J(M,Z) u;loo —mu 2

and (5.10) is proved since

1 e,0)
lim———— | duJd(,s)=0.
s1¢nzll"(s/2—1)/1 uJ @, s)



Crossed product extensions of spectral triples 123

We can now follow the arguments of the proof of [24, Proposition 5.12]: first we
show that 7 (f) (1 + D?)"'x(f*) € L1°(H) for any f € Bs: by (5.10) we get
for G := O(1 + D?)~!

sup (s' — D) Trr(f) G n(f*) < 0.

1<s/<2

Note that G is an injective positive operator since D and ® commutes and G < o~ '1
and we can apply [10] after a renormalisation of G. Thus, 7 (f) is in the algebra
B¢ (G) of [10, Definition 3.2], so by [10, Proposition 3.8], 7 (f) G =(f*) € L%
and finally by polarization, 7( f) G n(g) € L1 for any f. g € Bs. O

We conjecture that © 7(f)(1 + D?)~! = 7 (B[f]) O + D?>)~! € L1 for
any f € Bg and its Dixmier trace is equal to |2w—”| ¢r(f), which means that, within the
definition (5.9) of the modular dimension, the symmetrization in a is not necessary.

Remark 5.11. As quoted in Section 2.3, we compute now the spectral dimension of
our twisted affine triple represented on H and not on H. We have

[(px U)(f)(A + D>/ £](b)
= | [aanetr@n v @ 0372 o)
— [ dadt’ f@ ) W@+ D) 2E1b - )
=/ﬁaﬂﬂﬂwwﬁw”u+mww—bmﬂﬂ”wwwb—5»
= / db” / dae™? fla)(b—e D"y (1 + b") 2 £(")
= / db” K(b,b") £(b")

where K(b,b") = [dae™%? f(a)(b — e~*b") (1 + b")~*/2. Thus, computing
[z db K(b, D), we get

dbda e ? f(a)(b(1 —e™ %) (1 + b*>) /2,
2
(5.11)
Since in (5.11), f has a compact support in both variables @ and b, the above integral

always converges except eventually around ¢ = 0: assume thata € R — f(a) €
C¢(R) is locally constant in [—¢, €], then

Te(px U)(/)@+ D22 = [

R

/ db (1 + b2)~*/2 /eda 2| f(a)(b(1 — e%))|
R

—€

— 4sinh (%) |f(0)(0)|/ db (1 + b2)~s/2
R
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VT (s —1)/2)
[(s/2)

Thus the trace is finite for s > 1 and the dimension (2.20) of the twisted spectral
triple remains the same than those of the original triple which is one.

fors > 1.

— 4sinh (g) | £(0)(0)]

5.2. The group Z x R. This example is a variation of the previous one, in the
sense that the group G which acts on R is taken to be G = Z, and the action is the
restriction of the previous action ¢ to the subgroup Z C R. Many of the features of
the previous example are present in this simpler example, for instance the increase in
dimension.

The action of n € Z on b € R is ¢, (b) := e "b, the homomorphism of groups
defined in (4.2) is v(n) := e, it coincides with ¢ ()2, and the action of Z on C *(R)
is given on any fr € C.(R) as a, (fr)(b) = €” f(e"b). The unitary operator (3.2)
is (U, £)(b) = e"/2E(e"b) forany £ € C.(R) C H = L*(R, db).

Consider, as before, the Dirac operator (D &)(b) := b £(b) for any & € C.(R).
Then U, DU} & = e"DE, so that z(n) := e 21, p(n) = e "1 = g(n)?, and
O (n) = e M2,

As before, Hypothesis 3.1 and 2.3 are satisfied. The modular-type twisted spectral
triple of Theorem 2.5 is then given by the following operators:

(DE)m)(b) = e b Em)(b), and (T, &)n)(b) = (n + w e ™) Em) (D).

We check now that this twisted spectral triple is also 2-summable. As in the proof
of Lemma 5.9, using (2.33),

Tr O (f)(1 +D*)™*/?n(g)
=2 e " Try (g B(NON + D>+ (n+ we ™) />

nez

= 20x(g + BN Y [ dbe 1407 4 (1 w2

nez

r'is—1)/2
= 25ats N DD 5 o4 ey,
nez

Let an(s) = e[l + (n + we™)?]0=)/2 For n — +o0, an(s)~
e (1 +n?)1=9/2 50 that 3, an(s) < oo for any s € R. For n — —oo,
an(s) ~ e @175 elnl(1=9) — (1=5,In12=5) g6 that Y <1 @n(s) <ooiff s > 2.

This example shows that the spectral dimension of a original spectral triple can
increase under the action of a single automorphism (via Z), so our extension procedure
can be applied to dynamical systems.
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5.3. The conformal group of a Riemannian manifold. Letus consider the situation
of Case 2.2: let (M, g) be a n-dimensional smooth and complete Riemannian spin
manifold where g is a given metric on M and let [g] be the class of metrics conformally
equivalent to g. We do not assume that M is compact for the moment.

Let Conf(M, [g]) be the conformal group of smooth diffeomorphisms of M which
preserve the class [g] and the orientation. When n > 3, Conf(M, [g]) is a Lie group
for the compact-open topology which is of dimension less or equal to (n+1)(n+2)/2
by theorems of Montgomery and Kobayashi: it is the automorphism group of the
conformal structure of M which is a G-structure of finite type [28, I. Theorem 5.1
and IV. Theorem 6.1].

A subgroup K of Conf(M, [g]) is said to be essential if there existsno h € C*° (M)
such that K C Iso(M, e?" g) where Iso(M, g) is the group of isometries of M for the
metric g. By a theorem of Ferrand—Obata [20], for n > 2, if M is not conformally
equivalent with S” (with standard metric when M is compact) or R” (with Euclidean
metric when M is not compact), then G acts properly on M (implying that G is
compact when M is compact) and it is inessential. When M is not compact, the
conformal group is inessential if it is equicontinuous.

As original triple, we choose the commutative triple on M: A := C5°(M) is
the space of smooth functions on M which vanish at infinity as well as all their
derivatives, the Hilbert space is H := L*(M, $,), and D := [P, is the usual Dirac
operator associated to the metric g and the given spin structure, which is selfadjoint
since M is complete.

LetG := SCO(M, [g]) be the subgroup of Conf(M, [g]) which preserves the spin
structure, i.e. G lifts to the principal spin bundle. Thus G is the isotropy subgroup of
Conf(M, [g]) which fixes the class in H'(M, Z,) defining the spin structure, so G is
a Lie group. The group G acts on tensor structures on M by pull-back. In particular,
the action @ of ¢ € G on f € A is given by

¢ f = fo¢.
The Hilbert space L2(M, § ) decomposes as L?(M,dvolg) ® §,, where § is

the spinor bundle associated to g, and L?(M, dvoly ) is the GNS representation space
of the weight ¢, defined on the C *-algebra A := Cy(M) by

g (f) = /Mfdvolg forany f € AT,

The representation of f € A on L2(M,dvolg) is m,(f) & := f &, and it extends
diagonally to H. Notice that H depends on g.
By hypothesis, for any ¢ € G, there exists a smooth function sy on M such that

p*g =e*hog (5.12)
where the 4 is arbitrary but simplify (5.15). This implies that

¢*dvolg = dvolgrg = e 2" dvoly and e = det*(¢) L2
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From (5.12), or from det (¢ o ¢2) = (det ¢5) (det ¢]) o ¢, we deduce that the
function A4 satisfies the cocycle relation

he op, = hg, + ag,(hg,), forany ¢i,¢, € G. (5.13)
For ¢ € G and f € A, one has also

0o (f) :/Mfdvolg :/M¢*(fdvolg) :/M(¢*f)e_2”h¢ dvolg.  (5.14)

Denote by ¢~> the (well-defined) lift of ¢ to §2). Then there is a natural action
of ¢ on H definedby £ > ¢~ 0 & 0 .

Some of the relations presented above look similar to relations in the text. In order
to recover these relations, one needs to use the opposite group G°P of G. G°P has
the same space as G, and we denote by r € G > ¢, € G the (smooth) one-to-one
correspondence between G and ¢ € G as spaces. Then the product on G is
defined such that ¢,» = ¢, Py

Let o be the action of G°P on A defined by

ar(f) :=¢:f=fo¢r-

Then one can check that o, o = .

Since (G, M) is a Lie transformation group, it defines a C*-dynamical system
(A, G,a) with A = Co(M). Then one has M(A) >~ Cp(M) and Z(A) = C°(M).
When M is compact, A = C(M), M(A) = A and Z(A) = A = C>®(M).

The dense subspace

B:=C>®(G x M) of C.(G,A) CB

is a *-algebra for the product
(f *a &)(r.x) = / dug (') £('.x) g(r""'r. ¢ (x)), forany (r.x) € G x M,
G

and the involution f*(r, x) = f(r—1,¢r(x)), for any f geb.
The relation (5.14) can be written as

e (@1 [f]) = e (f e72"r) = 9g(q(r)* ),

which is Hypothesis 3.1-3 with ¢(r) := e "¢r . As a consequence of (5.13), ¢ is a
a-one-cocycle in Z!(G, C°(M)), where C2°(M) are strictly positive functions in
C (M) (which is a multiplicative group).

The action « is extended to an action «® on H as af(§) = (j;r_ Lo g o ¢, for
any § € H, with the property that af(f§) = o,(f)af(§). Then the unitary
representation of Proposition 3.2 is given by

Ur(§) i= q(r)af(§) = e ™or g1 ot 0 ¢, .
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This is the unitary operator defined in [34, eq. (3.3)]. In fact, since G preserves the
spin structure, this unitary links the two Hilbert spaces of spinors associated to two
different metrics, and it is shown in [6] (see [34, Lemma 3.1]) that

U D, UF = z(r)*7! Doz(r)™, withz(r) = e hor 1. (5.15)
This defines the one-cocycle p € Z!(G, C¥(M)) as

pr) = e 2hor

Lemma 5.12. The function (r,x) € G x M + hg,(x) is smooth.

Proof. In alocal chart of M with coordinates (x*), (5.12) gives

e Hher () — gV [x] 0u@F (x) dupy (x) &po[dr (X)].

Since (r,x) € G* x M +— ¢,(x) € M is smooth, the function (r, x) € GP x M +>
hg, (x) is smooth. O

Hypothesis 2.3-(6) holds true with the space Yz = C°(G x M, $g) cY
which is dense in H. Remark that, since (Eg)(r) = e or P p e—haer(r) and
(/9\/5\)(1") = e 2horod,— g(r), TD\g does not commute with 8 or Tn, -

The twist B defined by

B )(r,x) = e 2her® f(r x)

maps B into itself and is an automorphism of B as proved in Proposition 2.21.
When M is non compact, the function e~2"¢r need not be bounded on M, and so

does not belongs to M(A) = Cp(M). When M is compact, this function is always

bounded and then p(r) and ¢(r) belong to C°(M) C M(A) = A = C(M).

Corollary 5.13. When M is compact, the maps p,q.q~' : GP? — M(A) are
continuous.

Proof. Applying Lemma 5.12, each of functions (7, x) > p(r)(x), (r, x) — q(r)(x)
and (r, x) = ¢~ (r)(x) = q(r~1)(¢,(x)) are smooth on G x M.

Since M is compact, the topology of M(A) = A = C(M) is the sup-norm
topology, so, to show that p is continuous, we have to show that || p(r')— p(r)|| oo — 0
when r’ — r in G°. If this is not the case, then there exists € > 0 and sequences
rn € G and x,, € M such that r, — r and | p(ry)(x,) — p(r)(x,)| > €. But, by
the compactness of M, we can suppose that x, — x € M, and then, by continuity of
(r,x) = p(r)(x), one gets limy, o0 | p(7n) (xn) — p(r)(x,)| = 0and a contradiction.
The same argument applies to ¢ and ¢~ !. O



128 B. Iochum and T. Masson

Locally on M, one can write [p, = —iy*d,,. Then, for any r € G and f e B,
one has

[De, f(r)z(N]2(r)™" = [ Dy, f(r) e7hor] ehor
= iy, (f () + £ (r) dulhg,)].

By Lemma 5.12, the map r € G® f(r) e 2hér € A belongs to B, which
proves (2.7), and (2.9) is trivially satisfied for

M, =sup sup (9, (f(r))(x) + [ (r)(x) 0, )(x)]-
resupp(f) *€M

Moreover, here [P, p(r)] = Ziy”(auhd,r)e_ﬂ‘ﬂ’r.

Suppose now M is compact and G is the spin structure preserving conformal
group of (M, g). Then, G being compact, the norm of [, p(r)] is uniformly
bounded, so that [13, Ty, o] is bounded, and the integral in (2.21) is finite, so (2.2)
holds true even for ¢ = 0. Moreover, Hypotheses 2.3 (or 3.1) are fulfilled and one
can use Theorem 2.5 (or Corollary 3.4).

The fact that the group G is essential or not is directly related to the cocycle
property (5.13)of h : ¢ € G hy € C*°(M):

Proposition 5.14. G is inessential if and only if the class of q (resp. p) in
HY (G, Z(A)X) is trivial.

Proof. The proof is an adaptation of [3, Proposition 2.2] in our context.

If G is inessential, there is a metric gg = e*g € [g] such that ¢*go = go for
any ¢ € G, with A € C®(M). Then, for any r € G, ¢p*g = ¢p*(e *go) =
a,(eMgo = ar(e*)etg, so that e *or = e*q.(e™*). This shows that
q(r) = e"4a,(e7*) and p(r) = e*?a, (e */?), which means that they are
both coboundaries in Z'(G, C°(M)).

From the computation above, it is obvious that if p is a coboundary if and only
if the ¢ is a coboundary. So, let assume that p is a coboundary in Z!(G, C¥(M)):
p(r) = e*2a,(e7*/2) for some e*/2 € C°(M). This parametrization gives
e *or = et (e7*) as before. Then, defining g¢ := e*g € [g], the previous
computation shows that ¢*go = go for any ¢ € G, so that G is inessential. O

Notice that the metric gg in the previous proof gives rise to the Dirac operator D
of Proposition 2.20.

We now give an example showing that in Case 2.2 the spectral dimension can
change as in the affine case of Section 5.1 for the subgroup of dilations.

Consider the Euclidean space M = R" with n > 3 acted upon by the conformal
group G = SO(n + 1,1) with the simpler case of the action of the dilatation
subgroup (R, +) of G, which acts on (x*) € R” by (x*) — (e %x") for any
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a € R. Choose the original spectral triple (A, H, D) with A := S(R") the space
of Schwartz functions on R”, H := L?(R", §) the Hilbert space of L2-spinors and
D := § = iy"9,. Then, applying previous machinery, one gets z(a) = e™4/21
and p(a) = e7? 1, so that

(DE)a) = e #E(@),  (Tho)a) = (1+we ) Ea).

Following similar arguments as in Section 5.1.3, the dimension of the extended
spectral triple can be computed by evaluating the trace of

/ ” dae Try X(s),  X(s):= fO)[L + #* + (n + we )2 /2

o0

as a function of s, where f(0) € A. Let (b*) € R” be the Fourier transforms of
variables (x*) € R" and denote by f(a)”the Fourier transform of f(a) € A for
a € R. Then X(s) actson §" € H" := L%2(R",d"b) as

(X&) = [ @ SO G+ G =87+ (0 + 0P b 1)
= [ SO b =514 2 (4 0T,
where b2 := Y, (b")2. Thus
e X(5) = fO°O) [ @b[1407 + 1+ we 2"

Assume that ,w € Rand w # 0. Fors > n + 1, using

n/2 _
L d"b [1+b2+(77+a)€_a)2]_s/2 — 7 F[(S }’l)/2] [1+(n+we—a)2](n—s)/2

7n ['(s/2)

and by a similar argument as in the proof of Lemma 5.9, one gets

Tr © 7(f) (1 + D?)~5/?

_ ~ an/Z F[(S — I’Z)/z] * —a —a\21(n—s)/2
= 2/(0)"(0) T(6/2) /_oodae I+ (+we )]
. ”n/Z

=2/ (s

_[ﬁr[<s—n+1>/21 L T PRI 2)}

lo| (s —n — 1) o] 2y )y
So the extended (modular) spectral triple has dimension n + 1 and

lim (s—n—1)Tr @n(f) 1+ D)2 = 22702 £0)0).

s—n+1 T o|T[(n+1)/2]
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Remark 5.15. The kernel of ¢ includes the subgroups of translations and rotations.
Only the subgroup of homotheties is sensitive to .

The case where U, DU¥ — D is bounded (see Remark 2.8) has been considered
by A. Connes in [13, p. 346].

6. Perspectives

One of questions left open is a better control of this notion of summability for the
extended spectral triple. This seems linked to the modular operator and a good notion
of non-unital modular spectral triples has to be settled down before.

In the case of the C *-algebra of a semidirect group, it is probably possible to do
the same construction with a twisted convolution product instead of the product (2.3)
where the twist is given by a 2-cocycle valued in the circle, see [5, 11.10.7.4].

We expect that most of our construction could be transferred to (compact) quantum
groups. See also [35] for a different approach.
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