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Noncommutative geometry and conformal geometry, II.
Connes—Chern character and the local equivariant index
theorem
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Abstract. This paper is the second part of a series of papers on noncommutative geometry
and conformal geometry. In this paper, we compute explicitly the Connes—Chern character of
an equivariant Dirac spectral triple. The formula that we obtain is used in the first paper of
the series. The computation has two main steps. The first step is the justification that the CM
cocycle represents the Connes—Chern character. The second step is the computation of the CM
cocycle as a byproduct of a new proof of the local equivariant index theorem of Donnelly—
Patodi, Gilkey and Kawasaki. The proof combines the rescaling method of Getzler with an
equivariant version of the Greiner-Hadamard approach to the heat kernel asymptotics. Finally,
as a further application of this approach, we compute the short-time limit of the JLO cocycle of
an equivariant Dirac spectral triple.
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1. Introduction

The paper is the second part of a series of papers whose aim is to use tools
of noncommutative geometry to study conformal geometry and noncommutative
versions of conformal geometry. In the prequel [57] (referred throughout this
paper as Part I) we derived a local index formula in conformal-diffeomorphism
invariant geometry and exhibited a new class of conformal invariants taking into
account the action by a group of conformal-diffeomorphisms (i.e., the conformal
gauge group). These results make use of the conformal Dirac spectral triple
of Connes—Moscovici [29] and two key features of its Connes—Chern character,
namely, its conformal invariance and its explicit computation in terms of equivariant
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characteristic forms. The former feature is established in Part I. The latter is one of
the main goals of this paper.

It should be stressed out that the conformal Dirac spectral triple is not an ordinary
spectral triple, but a twisted spectral triple in the sense of [29]. As shown by
Connes—Moscovici [28], under suitable conditions, the Connes—Chern character is
represented by a cocycle, called CM cocycle, which is given by formulas that are
“local” in the sense of noncommutative geometry. Except for a small class of twisted
spectral triples, which don’t include the conformal Dirac spectral triple, there is no
analogue of the CM cocycle for twisted spectral triples (see [5S0] and the related
discussion in Part I). However, in the case of the conformal Dirac spectral triple, the
conformal invariance of the Connes—Chern character allows us to choose any metric
in the given conformal class. In particular, when the conformal structure is non-flat,
thanks to the Ferrand—Obata theorem we may choose a metric invariant under the
whole conformal-diffeomorphism group. Moreover, in this case the conformal Dirac
spectral triple becomes an ordinary spectral triple, namely, an equivariant Dirac
spectral triple (C*°(M) x G, Lé (M, 8), D,). We are thus reduced to computing
the Connes—Chern character of such a Dirac spectral triple.

A main goal of this paper is the explicit computation of the Connes—Chern
character of an equivariant Dirac spectral triple (C*° (M) %G, Lg (M, $), D), where
(M", g) is a compact Riemannian oriented spin manifold of even dimension, P, is
the Dirac operator acting on the spinor bundle §, and C*°(M) x G is the (discrete)
crossed product of the algebra C°°(M) with a group G of orientation-preserving
isometries preserving the spin structure. As it turns out, the construction in Part I
of the conformal invariants actually used the representation of the Connes—Chern
character in the periodic cyclic cohomology of continuous cochains on the locally
convex algebra C°°(M) x G, rather than the usual representation in the periodic
cyclic cohomology of arbitrary cochains. Therefore, we actually aim at computing the
Connes—Chern character of (C*° (M) x G, Lz, (M, 8), D) in the cyclic cohomology
HP? (C%°(M) x G) of continuous cochains. We refer to Theorem 7.8 for the explicit
formula for this Connes—Chern character. The computation has two main steps. The
first step is the justification that the CM cocycle makes sense and represents the
Connes—Chern character in HP® (C*° (M) x G) (and not just in the ordinary periodic
cyclic cohomology HP? (C®(M) x G). The second step is the actual computation
of the CM cocycle.

In the original paper of Connes-Moscovi [28], the existence of the CM cocycle
and the representation of the Connes—Chern character by this cocycle was proved
under several assumptions, which were subsequently relaxed (see, e.g., [18,39]). In
Part I, we introduced a natural class of spectral triples over locally convex algebras,
called smooth spectral triples. Given a smooth spectral triple (A, H, D), it was
shown that the Connes—Chern character descends to a class Ch(D) in HP?(A). It is
natural to ask for further conditions ensuring us that the CM cocycle represents the
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Connes—Chern character in HP®(A). Such conditions can be figured out by a careful
look at the construction of the CM cocycle in [28] and [39] (see [54] and Section 5).
For our purpose, it is useful to re-express these conditions in terms of heat-trace
asymptotics (see Proposition 6.7). Using the differentiable equivariant heat kernel
asymptotics that we establish in Section 3, it is fairly straightforward to check these
conditions. Therefore, the Connes—Chern character of (C*°(M)xG, Lf, (M, $),D,)
is represented in HP? (C°° (M) x G) by the CM cocycle (Proposition 7.5).

We then are left with computing the CM cocycle of the equivariant Dirac spectral
triple (C*°(M) x G, Lé (M,§), Dg). As it turns out, Azmi [7] computed the CM
cocycle when G is a finite group. However, she did not check the assumptions
of [28] hold in her setting, and so she did not show that the CM cocycle represents
the Connes—Chern character. Likewise, Chern—Hu [19] computed the CM cocycle
defined as an equivariant periodic cyclic cochain, but they didn’t verify the conditions
of [28]. Note also that in these papers the computations are carried out by elaborating
on the approach of Lafferty—Yu—Zhang [43] to the local equivariant index theorem,
but some additional work is required to derive the heat-kernel asymptotics that are
needed in the computation of the CM cocycle.

Another goal of this paper is to give a new proof of the local equivariant index
theorem of Donnelly—Patodi [30], Gilkey [35], and Kawasaki [42] (see also [10, 13,
43,46]). More precisely, we produce a proof which, as an immediate byproduct,
yields a differentiable version of the local equivariant index theorem. Once it is
recasted in terms of heat kernel asymptotics (see Proposition 6.7), the computation
of the CM cocycle then becomes a simple corollary of this differentiable version of
the local equivariant index theorem. Thus, hardly any additional work is required to
compute the CM cocycle.

Recall that the local equivariant index theorem provides us with a heat kernel
proof of the equivariant index theorem of Atiyah—Segal-Singer [5, 6], which is a
fundamental extension of both the index theorem of Atiyah—Singer [4, 6] and the
fixed-point formula of Atiyah—Bott [1,2]. Given a G-equivariant Hermitian vector
bundle E, any ¢ € G gives rise to a unitary operator Uy of L2(M, § ® E). If we let
Py e be the Dirac operator associated to a G-equivariant connection VE on E, then
the local equivariant index theorem for Dirac operators states that, for all ¢ € G, we
have

2
lim Str [e_’DvE Uqb]

t—0+

DY (2n)—‘5/ d)/f(RTMd))/\ng (RN¢>ACh¢ (FEY, (1)
0<a<n Mg

where M[f is the a-th dimensional submanifold component of the fixed-point set M ¢
of ¢, and A(RTM?), V), (RNQS), Chg (FE) are polynomials in ¢’ and the respective
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curvatures RT™M d’, RN d’, FE of the tangent space TM ¢ its normal bundle ¢ and
the bundle E (see Section 4 for their precise definitions). The differentiable version of

2
the local index theorem gives a similar asymptotic for Str [Pe_tDVE U¢] ast — 0,
where P is a differential operator acting on the sections of § ® E (see Theorem 4.24
for the precise statement).

Our approach to the proof of the local equivariant index theorem is an equivariant
version of the approach of [52] to the proof of the local index theorem. Namely,
it combines the rescaling method of Getzler [32] with an equivariant version of
the Greiner—-Hadamard approach to the heat kernel asymptotics ([36]; see also [9]).
Given a positive elliptic differential operator L, the Greiner—Hadamard approach
derives the short-time asymptotics for the heat kernel of L by exploiting the well
known fact that the heat semi-group enables us to invert the heat operator L + 9,
(see Section 2). As it turns out, the inverse (L + d;)~! lies in a natural class of
WDOs, called Volterra WDOs (see [36,51]). These operators have the Volterra
property, in the sense that they are causal and time-translation invariant. The short-
time asymptotics for the heat kernel then follows from the short-time asymptotics
for kernels of Volterra WDOs. Observing that, given any differential operator P, the
operator P(L + d;)"! is a Volterra WDO, the Greiner-Hadamard approach yields
for free a short-time asymptotic for the kernel of Pe~*L. That is, it provides us
for free with differentiable heat kernel asymptotics. It should also be mentioned
that the Volterra pseudodifferential calculus reduces the derivation of the short-time
asymptotics for kernels of Volterra WDOs to a mere application of Taylor’s formula.

There is no difficulty to extend the Greiner—-Hadamard approach to the equivariant
setting by working in tubular coordinates (see Proposition 3.7). Like in the non-
equivariant setting, the equivariant asymptotics for kernels of Volterra WDOs follow
from an application of Taylor’s formula (¢f. Lemma 3.3). Once these equivariant
asymptotics are established, we can extend the approach of [52] to prove the local
equivariant index theorem. More precisely, as observed in [52], the rescaling of
Getzler [32] defines a natural filtration on Volterra WDOs. Incidentally, this gives
rise to a finer notion of order for Volterra WDOs (called Getzler order) and a
notion of model operator (see Section 4). The existence of a limit in (1.1) and
its computation by means of the inverse kernel of the model heat operator then follow
from elementary considerations on Getzler orders and model operators of Volterra
WDOs (see Lemmas 4.17 and 4.16). The proof of the local equivariant index theorem
is then completed by the computation of this inverse kernel. This is done by using
Melher’s formula for the heat kernel of an harmonic oscillator (see [46] and Section 4).

Asitis based on considerations on Volterra WDOs, this approach to the proof of the
local equivariant index theorem actually yields a version of the local equivariant index
theorem for Volterra WDOs (Theorem 4.22). In particular, specializing this theorem
to operators of the form P (D% + 9,)”! then provides us with the differentiable
version of the local equivariant index theorem (Theorem 4.24) which we need in the
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computation of the CM cocycle. This enables us to complete the computation of
the Connes—Chern character of the equivariant Dirac spectral triple (C*°(M) x G,
L2(M.$), D).

As mentioned above, the existence of the CM cocycle, as defined in [28], requires
various assumptions. One of these assumptions is the regularity condition which
can be regarded as some kind of operator theoretic version of the scalarness of the
principal symbol of the square of the Dirac operator (cf. Definition 5.10). However,
there are natural geometric examples of spectral triples associated to hypoelliptic
operators on contact or more generally Carnot manifolds which are not regular.
Nevertheless, for these spectral triples the Connes—Chern character is represented by
the short-time partie finie (finite part) of the JLO cocycle. When the spectral triple
is regular the short-time partie finie of the JLO cocycle agrees with that of the CM
cocycle.

In the case of a Dirac spectral triple, the JLO cocycle actually has a short-time
limit, and all previous computations of this limit implicitly used the regularity of the
Dirac spectral triple as they involved commuting the heat semi-group with Clifford
elements. As a further application of our version of the local equivariant index
theorem alluded to above, we give a computation of the short-time limit of the JLO
cocycle of an equivariant Dirac spectral triple that does not assume the regularity
of this spectral triple (Theorem 8.1). To our knowledge this seems to be the first
computation of the short-time limit of the JLO cocycle of a Dirac spectral triple that
does not use the regularity of this spectral triple. In some sense, this paves the way
for the computation of the Connes—Chern character of spectral triples associated with
hypoelliptic operators on contact or Carnot manifolds.

It is believed that the approach of this paper to the proof of the local equivariant
index theorem and computation of the Connes—Chern character is fairly general and
can be applied to numerous geometric situations. In particular, it can be extended to
spin manifolds with boundary equipped with b-metric (cf. Remark 8.8; see also [49])
and to various (non-equivariant or equivariant) family settings or even bivariant
settings (cf. Remarks 4.26 and 8.6; see also [61, 62]).

In this paper, the computation of the Connes—Chern character and short-time limit
of the JLO cocycle is carried out in even dimension only. We refer to [55] for an
extension of these results to odd dimension (see also Remark 4.25 and 7.10). Note
also that [55] contains applications to the construction of the eta cochain for a Dirac
spectral triple (see also Remark 8.7 on this point).

The paper is organized as follows. In Section 2, we review the Volterra
pseudodifferential calculus and its relationship with the heat kernel. In Section 3,
we use the Volterra pseudodifferential calculus to derive equivariant heat kernel
asymptotics. In Section 4, we present our proof of the local equivariant index
theorem, which leads us to a version of the local equivariant index theorem for
Volterra WDOs. In Section 5, we review the construction of the Connes—Chern
character and CM cocycle in the framework of smooth spectral triples. In Section 6,
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we re-interpret the CM cocycle in terms of heat kernel asymptotics. In Section 7,
we determine the Connes—Chern character of an equivariant Dirac spectral triple by
computing its CM cocycle. In Section 8, we use the version of the local equivariant
index theorem for Volterra WDOs to compute the short-time limit of the JLO cocycle
of an equivariant Dirac spectral triple.

Acknowledgements. The authors wish to thank Xiaonan Ma and Bai-Ling Wang
for useful discussions related to the subject matter of this paper. They also would like
to thank the following institutions for their hospitality during the preparation of this
manuscript: Yau Mathematical Sciences Center of Tsinghua University, Research
Institute of Mathematical Sciences of Kyoto University, University of California at
Berkeley, and University Paris 6 (RP), Seoul National University (HW), Australian
National University, Chern Institute of Mathematics of Nankai University, and Fudan
University (RP+HW).

2. Volterra pseudodifferential calculus and heat kernels

In this section, we recall the main definitions and properties of the Volterra
pseudodifferential calculus and its relationship with the heat kernel of an elliptic
operator. The pseudodifferential representation of the heat kernel appeared in [36],
but some of the ideas can be traced back to Hadamard [38]. The presentation here
follows closely that of [9].

Let (M", g) be acompact Riemannian manifold and £ a Hermitian vector bundle
over M. The metrics of M and E naturally define a continuous inner product on
the space L2(M, E) of L?-sections of E. In addition, we let L : C®(M, E) —
C*°(M, E) be a selfadjoint 2nd order differential operator whose principal symbol is
positive-definite. In particular, L is elliptic. The operator L then generates a smooth
semigroup (0,00) 3 t — e 'L € L(L?*(M, E)) (called heat semigroup) such that,
forallu € L?>(M, E), we have

d
lim ey =u and —e Lu=—Le Ty Vi>o0. 2.1
t—0Tt dt

In what follows, we shall make some abuse of notation by denoting by E the
vector bundle over M x R obtained as the pullback of E by the projection the
projection (x,¢) — x (so that the fiber at (x,?) is Ey). The heat operator L + 9,
then acts on the sections of this vector bundle. As is well known, the heat semigroup
enables us to invert this operator. More precisely, let us denote by C 2 (R, L*(M,E ))
the space of continuous functions u : R — L2(M, E) that are supported on some
interval I, = [c,00), ¢ € R. We also denote by C{°(M x R, E) the subspace of
C®(M x R, E) consisting of sections supported on M x I, for some ¢ € R. We
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shall regard C$°(M x R, E) as a subspace of C? (R, L?(M, E)). We then define a
linear operator (L 4+ 9;)~' : C{ (R, L*(M, E)) — C? (R, L*(M. E)) by

(L + 3:) tu(s) := /00 e Lu(s —1)dt Yu € Cﬂ(M xR, E). (2.2)
0

The following result shows that (L + 9,)~! is really an inverse for the heat operator.
Proposition 2.1 ([9,36]). Forallu € Cf’ (M xR, E), we have

(L+ ;) YL+ d)u=(L~+3)L+03)"u=u. (2.3)
Remark 2.2. The space C 2 (]R, L*(M,E )) carries a natural locally convex topology
defined as follows. For I, = [c,00), ¢ € R, denote by C;)C (R, L*(M, E)) the
subspace of C° (R, L?(M, E)) consisting of functions supported on /.. We equip
C}. (R, L*(M, E)) with the induced topology. The topology of C{ (R, L*(M, E))
then is the coarsest locally convex topology that makes continuous the inclusion of
Cg_ (R, L*(M, E)) into C? (R, L*(M, E)) for all ¢ € R. We observe that with
respect to this topology the inclusion of C°(M x R, E) into Cg (R, L*(M, E)) is
continuous.
Remark 2.3. Letc e Randu € CIOL_ (R,L?(M, E)). Then, forall s € R,

(L +3) tu(s) = [ e Lu(s —1)dtr.

{0<t<s—c}

Therefore, we see that (L + 9;) " 'u € CIOC (R,L*(M, E)) and, for s > ¢, we have
S—C
I(L + 03 u(s)|| < / le™Eu(s — t)lldt < (s — ) sup{Jlu(s")|; ¢ <" <s}.
0

We then deduce that (L + 9;)”! induces a continuous endomorphism of C;)C R,
L*(M, E)) forallc € R, and hence is a continuous operator from CY (R, L*(M, E))
to itself.
Remark 2.4. The space C°(M x R, E) carries a natural locally convex topology
defined in a similar fashion as the topology of Cﬂ (R, L*(M, E)) described in
Remark 2.2. Furthermore, by using the ellipticity of L it can be further shown
that with respect to this topology the operator (L + 9,)~! induces a continuous
endomorphism of C°(M x R, E) (see also Remark 2.22 below on this point).

Let us denote by E X E* the vector bundle over M x M x R whose fiber at
(x,y,t) e M x M xRis Hom(E,, Ex). We define the heat kernel k;(x, y),t > 0,
as the smooth section of E X E* over M x M x (0, o) such that

e hu(x) = / kiGroyu)ldy]  Yu e L2(M. E), 2.4)
M
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where |dy| is the Riemannian density defined by g on M. That s, k; (x, y)|dy| is the
Schwartz kernel of e*L. In addition, as (L + 9;)~ ! is a continuous linear operator
from CE (R, L>(M,E )) to itself, we may regard it as a continuous linear operator
from C°(M xR, E)to C°(M xR, E). Assuchithasakernel k(; ,5,)-1(x,s,y,1) €
CO%(M, x Ry, E)®D' (M, x R;, E) such that

(L +9) Mu(x,s) = (krta,y-1(x,5,9,0),u(y, 1)) Yu e C(M xR, E).
We then observe that, at the level of Schwartz kernels, the definition (2.3) means that

ks—¢(x,y) fors—t >0,
k —1(x,s,y,t) = 2.5
@y y.0) 0 fors —t < 0. 5)

It then follows that (L + d;)~! has the Volterra property in the sense of the following
definition.

Definition 2.5 ([51]). A linear operator Q : C®(M xR, E) — C%(M xR, E) has
the Volterra property when the following two conditions are satisfied:

(i) Time-Translation Invariance. For allu € C°(M xR, E) and ¢ € R,
Quc(x,t) = (Qu)(x,t +c¢) for all (x,7) e M xR,

where u.(x,t) = u(x,t +c).
(ii) Causality Principle. For allu € C°(M xR, E) and tg € R,

u=0onM x (—oo,ty)] = Qu(x,tp) =0forallx € M.

Remark 2.6. If we further assume that Q is a continuous linear operator from
CX(M xR, E) to C®(M x R, E), then the Volterra property implies that the
Schwartz kernel of Q takes the form,

ko(x,s,y,t) = Ko(x,y,s —1),

for some K¢ (x,y,t)in C®(M, E)®D’(M x R, E) such that Ko (x, y,t) = 0 for
t < 0. The distribution K¢ (x, y, t) is then called the Volterra kernel of Q. We also
observe that in this case Q uniquely extends to a continuous linear operator from
Cf(M x R, E) to itself.

The Volterra WDO calculus aims at constructing a class of WDOs which is a
natural receptacle for the inverse of the heat operator. The idea is to modify the
classical ¥DO calculus in order to take into account the following properties:

(i) The aforementioned Volterra property.

(ii) The parabolic homogeneity of the heat operator L + 9y, i.e., the homogeneity
with respect to the dilations,

A€, T) = (AEA%T)  V(E 1) e R*"TI VA e R*,
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In what follows, for G € S'(R"*!) and A # 0, we denote by G, the distribution in
S'(R"*1) defined by

(Gag. D) u(E, D) == A" G E 1) (A2 D) Vi e SR, (2.6)

In addition, we denote by C_ the complex halfplane {J7 < 0} with closure C_.
Definition 2.7. A distribution G € S'(R"*!) is (parabolic) homogeneous of
degree m, m € 7, when

G, =A"G  VAeR\O. 2.7)

‘We mention the following version of Paley—Wiener—Schwartz Theorem.

Lemma 2.8 ([9, Prop. 1.9]). Let q(¢§,7) € C®((R" x R) \ 0) be a parabolic
homogeneous function of degree m, m € 7, such that

(i) q(&, ) extends to a continuous function on (R" x C_) \ 0 in such way to be
holomorphic with respect to the variable T on R" x C_.

Then there is a unique G € S'(R**1) agreeing with ¢ on R" 1\ 0 and such that
(ii) G is homogeneous of degree m.
(iii) The inverse Fourier transform é(x, t) vanishes fort < 0.

Remark 2.9 (See [9]). The homogeneity of G implies that
Gp = |A"DA"G VA e R

In particular, we see that G is positively homogeneous of degree —(m + n + 2).

Let U be an open subset of R”. We define Volterra symbols and Volterra ¥DOs
on U x R*T1\ 0 as follows.

Definition 2.10. S7*(U x R"*1) ' m € Z, consists of smooth functions g(x, &, 7) on

U x R" x R with an asymptotic expansion g (x, &, 1) ~ ijo qm—j(x,§, 1), where

- qi(x,&,1) € C®°WU x [(R* x R) \ 0]) is a homogeneous Volterra symbol

of degree [, i.e., q; is parabolic homogeneous of degree [ and satisfies the
property (i) in Lemma 2.8 with respect to the variables & and 7.

— The asymptotic expansion is meant in the sense that, for all compact sets
K C U, integers N and k and multi-orders « and B, there is a constant
Cnkapk > 0 such that, for all (x,£,7) € K x R” x R with [§| + |‘L’|% > 1,
we have

agaga’;(q -3 qm_,')(x,é, 7)

J<N

< Cniapi(|&] + |2|V/2ym=N-lBI=2k,

(2.8)
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In what follows, for a symbol g(x,§,7) € S*(U x R) we shall denote by
q(x, Dy, D) the operator from C2°(U x R) to C*°(U x R) defined by

q(x, Dy, Doyu(x,1) = 2m)~"+V // S EHD g (x £, T)A(E, T)dEA T
Yu e CZ(U x R).
Definition 2.11. ¥* (U xR), m € Z, consists of continuous linear operators Q from
CX(Ux x Ry) to C°(Uyx x Ry) such that
(i) Q has the Volterra property in the sense of Definition 2.5.
(ii) Q can be put in the form,

Q =q(x,Dx,D;) + R, (2.9)

for some symbol g(x, &, 7) € SI"(U x R) and some smoothing operator R.

Remark 2.12. For any operator Q € W (U x R) there is a unique Volterra kernel
Ko(x,y,t)in C®(U,D'(U x R)) such that Ko (x, y,t) = 0fort < 0 and

Qu(x,s) = (Ko(x,y,s —t),u(y,1)) Yu € C¥(U xR).

In fact, if we put Q in the form (2.9) and we denote by kr(x,s, y,t) the Schwartz
kernel of the smoothing operator R as defined in (2.4), then

KQ(x’y’t) = q(xvx —Y:f) +kR(x,0, y,_t)

Example 2.13. Let P be a differential operator of order 2 on U with principal symbol
p2(x,€). Then the operator P + 0, is a Volterra WDO of order 2 with principal
symbol pa(x,§) + it. In particular, if p>(x,§) > 0 for all (x,§) € U x (R"\0),
then py(x,&) +it #Oforall (x,&,7) € U x[(R" x C_-) \ 0].

The following definition provides us with further examples of Volterra WDOs.

Definition 2.14. Let g,,(x, £, 7) € C®(U x (R*™1\ 0)) be a homogeneous Volterra
symbol of order m and let Gp(x,§,7) € C® (U, S'(R"*')) denote its unique
homogeneous extension given by Lemma 2.8. Then

— gm(x, y,t) is the inverse Fourier transform of G, (x, €, ) w.r.t. the last n + 1
variables.

— The operator ¢p(x, Dy, D;) : CZ°(U x R) — C*°(U x R) is defined by
qm(x, Dx, Du(x,s) := (Gm(x, x—y,s—1),u(y,t)) Yu € C°(UxR).
(2.10)

Remark 2.15. It follows from the proof of [9, Prop. 1.9] that the homogeneous
extension G, (x, &, t) depends smoothly on x, i.e., it belongs to C*° (U, S’(R”“)).
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Lemma 2.16. The operator qm(x, Dy, Dy) is a Volterra WYDO of order m with
symbol g ~ qpm.

Sketch of Proof. Set Q = ¢m(x, Dy, Dy). Since ¢, (x, y,t) belongs to C* (U,
S'(R"t1)), it follows from (2.10) that the operator ¢, (x, Dy, D;) is continuous
and satisfies the Volterra property. Denote by G, (x, €, ) the unique homogeneous
extension of gm(x,&,7) given by Lemma 2.8. In addition, let ¢ € C°(R"*1)
be such that ¢(&,7) = 1 near (§,7) = (0,0). Then the symbol G, (x,&, 1) =
(1= @(&,7)) gm(x, & 7) lies in S™(U x R"*1!) and we have

Ko(x,y.1) = (Gm)"(x,y.1) + (9Gm) " (x. y.1),

Observe that (¢ G,)Y (x, y,t) is smooth since this is the inverse Fourier transform
of a compactly supported function. Thus Q agrees with ¢,,(x, Dy, D;) up to a
smoothing operator, and hence is a Volterra WDO of order m. Furthermore, it has
symbol G, ~ ¢nm. The proof is complete. 0

We gather the main properties of Volterra WDOs in the following statement.
Proposition 2.17 ([9,36,51]). The following properties hold.

(1) Pseudolocality. For any Q € W"(U x R), the Volterra kernel Ko (x,y,t) is
smooth on the open subset {(x,y,t) € M x M xR; x # y ort # 0}.

(2) Proper Support. Forany Q € WI'(U xR) there exists Q' € W' (U x R) such
that Q' is properly supported and Q — Q' is a smoothing operator.

(3) Composition. Let Q; € W (U xR), j = 1,2, have symbol q j and assume
that Q1 or Q» is properly supported. Then Q1Q lies in W™ 1"2(U x R)
and has symbol q1#q> ~ Y %agql Diqo.

(4) Parametrices. Any Q € W*(U x R) admits a parametrix in V™ (U X R) if
and only if its principal symbol is nowhere vanishing on U x [(R" x C_) \ 0].

(5) Diffeomorphism Invariance. Let ¢ be a diffeomorphism from U onto an open
subset V of R". Then for any Q € W (U x R) the operator (¢ @ idr)+Q is
contained in W' (V x R).

Remark 2.18. Most properties of Volterra WDOs can be proved in the same way as
with classical WDOs or by observing that Volterra WDOs are WDOs of type (%, 0)
in the sense of [40]. One important exception is the asymptotic completeness, i.e.,
given homogeneous Volterra symbols ¢, ; of degreem — j, j = 0,1,..., thereisa
Volterra WDO with symbol ¢ ~ Y gm,m—j. This property is a crucial ingredient in the
parametrix construction in Proposition 2.17 (see [53] for a discussion on this point).

As usual with ¥DOs, the asymptotic expansion (2.8) for the symbol of a given
WDO can be translated in terms of an asymptotic expansion for the Schwartz kernel
in terms of distributions that are smoother and smoother. For Volterra YDOs we
obtain the following result.
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Proposition 2.19 ([9,36,51]). Let Q € W (U x R) have symbol g ~ 3 i~ qm—;-
Then, for all N € Ny, there is J € N such that

Ko(x,y,t) = Zém_j(x,x—y,t) mod CN(U x U x R). (2.11)
j=<J

Sketch of Proof. As Volterra WDOs are WDOs of type (%, 0), the kernel of a Volterra
WDO of order < —(n 4+ 2 4+ 2N) is CN (see [40]). Let us choose J so that
m—J <—(n+1+2N),then Q — 3, _;gm—j(x, Dx, D;) is a Volterra YDOs
with symbol g7 ~ ijJH qm—j,andhenceithasorderm—J —1 < —(n+2+2N).
Therefore, its kernel is C™V. This proves the result. 0

The invariance property in Proposition 2.17 enables us to define Volterra WDOs
on products of manifolds with R and acting on sections of vector bundles. In
particular, we can define Volterra WDOs on the manifold M x R and acting on the
sections of our vector bundle E (seen as a vector bundle over M x R). All the
aforementioned properties of Volterra WDOs hold verbatim in this context. We shall
denote by W (M x R, E) the space of Volterra WDOs of order m on M x R acting
on sections of E.

Remark 2.20. By Remark 2.6 Volterra ¥YDOs on M x R uniquely extend to
continuous operators C2°(M x R, E) to itself. Therefore, the composition of such
Volterra WDOs always make sense as a continuous operator from C2°(M x R, E)
to itself. This enables us to drop the proper support assumption in part (3) of
Proposition 2.17.

If Q € U™(M x R, E), then there is a unique Ko(x,y,1)€C®(M x R)®
D'(M, E) such that Ko (x,y,t) =0fort < 0and

Qu(x,s) = (Ko(x,y,s —t),u(y,t)) Yu e CP(M xR, E).

We shall refer to Ko (x, y,t) as the Volterra kernel of Q. Proposition 2.17 ensures
us that K¢ (x, y, t) is smooth for ¢ # 0. Therefore, on M x M x R* we may regard
Ko(x,y,t) as a smooth section of £ X E* over M x M x R* such that

(Ko(x.y D) u(y.0)) = / KoGr.y.0u(y.0ldyldt  Yu € C(M xR*,E).
M xR

where on the Lh.s. Kg(x, y,1) is an element of C*®°(M x R)®D'(M, E) and on the
r.h.s. it is a smooth section of £ X E*.

It follows from Example 2.13 and Proposition 2.17 that the heat operator L + 9;
admits a parametrix in W;2(M x R, E). Comparing such a parametrix with the
inverse (L + ;)! defined by (2.2) and using (2.5) we arrive at the following result.
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Proposition 2.21 ([36,51], [9, pp. 363-362]). The operator (L + 3;)~"! defined
by (2.2) is a Volterra DO of order —2. Moreover, we have

ki(x,y) = Kp49,)-1(x,y,1) vt > 0. (2.12)

Remark 2.22. The fact that (L + 9,)~! is a Volterra ¥DO implies that it induces a
continuous linear operator from C{°(M X R, E) to itself (c¢f. Remark 2.4).

Proposition 2.21 provides us with a representation of the heat kernel as the
(Volterra) kernel of a Volterra WDO. Combining it with (2.11) enables us to describe
the asymptotic behaviour of k; (x, x) as ¢t — 07 (see [9,36] and next section). More
generally, we have the following result.

Proposition 2.23. Let P : C*°(M, E) — C*(M, E) be a differential operator of
order m. Fort > 0 denote by h,(x, y) the kernel of Pe™L defined as in (2.4). Then,
P(L + 9;)" Y is a Volterra WDO of order m — 2, and we have

he(x,y) = Kppta,)-1(x,y,1) vt > 0.

Proof. As the order of P as a Volterra WDO is m, it follows from Proposition 2.17
that P(L + 9,)~! is a Volterra WDO of order m — 2. Moreover, we have

he(x,y) = Pxki(x,y) = PxKp4a)-1(x, y,1) = Kpp49,)-1(x, ,1).

The proof is complete. 0

3. Equivariant heat kernel asymptotics

In this section, we explain how to use the representation of the heat kernel given in the
previous section to derive equivariant heat kernel asymptotics. We shall keep using
the notation of the previous section. In particular, we let (M”", g) be a Riemannian
manifold. In addition, we let G be a group of isometric diffeomorphisms and let £
be a G-equivariant Hermitian vector bundle over M. Given ¢ € G, we denote by ¢p©
the unitary vector bundle isomorphism from E onto ¢* E induced by the action of E.
This defines a unitary operator Uy : L2(M, E) — L*(M, E) by

Upu(x) = ¢= (o7 (x))u (o7 (x)) Yu € L2(M, E). (3.1)
The goal of this section is to derive short-time asymptotic expansions of equivariant

traces Tr [Pe_’L U¢], where ¢ ranges over G and P ranges over differential operators
acting on the sections of E.
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Let¢ € G. Fort > 0, let h;(x, y) be the kernel of Pe*L as defined in (2.4). We
observe that the Schwartz kernel of Pe~"LUy is hy(x, $(y))¢E (x), and so we have

Tt [Pe U] = / tr [he (x,  ()$E (¥)] Idx|

M (3.2)

- / trg [ (0)he (x, §(x))] 1dx].

M

We are thus led to understand the short-time behavior of /;(x, ¢ (x)). Since by
Proposition 2.23 we can represent A, (x, y) as the kernel of a Volterra WDO, we
shall more generally study the short-time behavior of Ko (x,¢(x),t), where O €
WM xR, E),m € Z.

In what follows, we denote by M ¢ the fixed-point set of ¢, and fora = 0, ..., n,
we let Mad’ be the subset of M ? consisting of fixed-points x at which ¢’(x) — 1 has
rank n — a, i.e., the eigenvalue 1 of ¢’(x) has multiplicity a. Therefore, we have the
disjoint-sum decomposition,

M?= | | MP

0<a<n

In addition, we pick some €y € (0, pg), where py is the injectivity radius of (M, g).

Let x¢ be a point in some component Mf . Denote by By, (€o) the ball of radius €
around the origin in Tx, M. Then exp,, induces a diffeomorphism from By, (€o)
onto an open neighborhood Ug, of xo in M. Moreover, as ¢ is an isometry, for all
X € By,(ep), we have

¢ (expyry (X)) = eXPy(xy) (@' (x0) X) = exp,, (¢’ (x0) X). (3.3)

Thus under exp, 5, (¢, the diffeomorphism ¢ corresponds to ¢’(x¢), and hence

o(€o
M? N U, is identified with Bffo (€0) 1= By,(€0) N ker(¢'(xg) — 1). Incidentally,
the tangent bundle TMS&M Ve, is identified with Bfo (€0) x ker(¢'(xo) — 1) and
the normal bundle (TM ¢)|J1'u¢ Ve is identified with B,dc’0 (€0) x ker(¢’(xo) — 1)*.
Note also that when a = 0 this shows that x¢ is an isolated fixed-point. It follows
from this that each component M[f is a (closed) submanifold of dimension a of M
and over Mad’ the set N := L, cps0 ker(¢/(x) — 1)+ can be organized as a smooth
vector bundle. We denote by 7 : N'® — M? the corresponding canonical map.
We shall refer to N'? as the normal bundle of M?¢. Note that ¢’ induces (over each
component Mf ) an isometric vector bundle isomorphism of A'¢ onto itself.

As is well known, using the normal bundle A’® we can construct a tubular
neighborhood of M? as follows. Let N?(ey) be the ball bundle of N'¢ of

radius € around the zero-section. Then the map N%(eg) > X — €XPr(x) (X)
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is a homeomorphism from N ?(€p) onto an open tubular neighborhood V¢, of M?
in M. Moreover, over each submanifold Mf ,a=20,1,...,n, this maps induces a
diffeomorphism from N'¢ (eo)| ¢ Onto its image. Let us fix some € € (0, o) and let

(x,1) € M? x (0, 00). Observe that, in view of (3.3), forall v € N;f(e), we have

Ko (expy v, exp, (¢/ (x)v). 1) = Ko (expy v. p(expy v).1).
Forx € M? and ¢ > 0 set

Io(x.t):= dE(x)7! / oF (exp, v) Ko (expx v,expx((p’(x)v),t) |[dv|. (3.4)
N
This defines a smooth section of End E over M? x (0, 00), since ¢ £ (x) € End E,
forall x € M?.

In what follows, we shall say that a function f(z) is O(t*°) as t — 0T when f(¢)
isO(tV) forall N € N.

Lemma 3.1. Ast — 01, we have

/ tre [¢F (1)Ko (x, ¢ (x), )] |dx| = [ tre [¢F (0) [0 (x,0)] |dx| + O().
M M®

Proof. If weregard Ko (x, y,t) asadistributional section of EX E* over M x M xR,
then Proposition 2.17 tells us that Ko (x, y, t) is smoothon {(x, y,t) € M x M x R;
x # y}. Incidentally, K¢ (x, ¢(x),?) is smoothon (M \M?)xR. Let N € N. Since
Ko(x,y,t) = 0fort < 0, we see that 3 Ko (x, ¢ (x),0) = 0forall x € M \ M?.
The Taylor formula at ¢ = 0 then implies that, uniformly on compact subsets of
M\ M?, we have

Ko (x,¢(x),t) =0(@Y) ast - 07,

As M is compact and V, is an open neighborhood of M?, the complement M \ V,
is a compact subset of M \ M?. Thus,

/ g [6F (1)Ko (x. ¢ (x). 1)] |dx|

M

= / trg [¢E(x)KQ(x,¢(x),t)] |dx| + O(tN)

Ve

- / / it [ (expe (1)) Ko (expy (). $(expy (). 0] [dv] | ldx] + 0(Y)
M? \ N2 (o)

= / trg [¢F () 1o (x,1)] |dx| + O@™N).

M

This proves the lemma. O
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Thanks to Lemma 3.1 we are reduced to study the short-time behavior of /g (x, 7).
Note this is a purely local issue and /g (x,?) depends on € only up to terms that
are O(¢*) near t = 0. Therefore, upon choosing €y small enough so that there is a
local trivialization of E over the tubular neighborhood V,, we may assume that £
is a trivial vector bundle.

Given a fixed-point xo in a submanifold component Mf , consider some local

coordinates x = (x', ..., x%) around x,. Setting b = n — a, we may further assume
that over the range of the domain of the local coordinates there is an orthonormal
frame e (x), ..., ep(x) of N, This defines fiber coordinates v = (v',...,v?).

Composing with the map N?(&g) > (x,v) — exp,, v we then get local coordinates
xbooo x% el L, v? for M near the fixed-point xo. We shall refer to this type of
coordinates as tubular coordinates. Let q(x,v;&,v;7) ~ ijo gm—j(x,v;€,v;7)
be the symbol Q in these tubular coordinates, where ~ has the same meaning as in
Definition 2.10. We denote by Ko (x, v; y, w; ) the kernel of Q in these coordinates.

In the local coordinates x!, ..., x% we have

Io(x,1) = /d)E(x,O)_quE(x,v)KQ(x,v;x,gb/(x)v;t)dv, (3.5)

lv|<e

where ¢F (x,v) is ¢ in the tubular coordinates (x, v).

In what follows, we let U be the open subset of R% over which the coordinates
x = (x',...,x%) range. Moreover, we denote by B(eg) (resp., B(¢)) the open ball
about the origin in R? with radius €, (resp., €). Note thatthe range of v = (v!, ..., v? )
is B(€gp). In addition, for j = 0,1, ... we set

G (6, 036,:7) 1= @5 (2,007 9F (X, 0)gm—j (v, v:E 01 D). (3.6)

Lemma 3.2. Ast — 0% and uniformly on compact subsets of U, we have

Io(x.0) ~ Y /(q,f;_j)v (x,v;0, (1 = ¢'(x))v; 1) dv.

JZO|v|<e

Proof. Let N € Ny. By Proposition 2.19 thereis J € Nsuchthat Ko =, _; §m—;
is CN. Set

Ry(x,v,1):= Ko (x,v;x,¢'(x)v;1) — Z Gm—j (x,v:0, (1 — ¢'(x))v:1).

i=J

Then Ry (x,v,t)is CY on U x B(eg) xR. Moreover Ry (x, v,t) = Ofort < 0, since
Ko(x,v;y,w;t) and all the §,,—; (x,v; y, w;t) vanish for # < 0. This implies that
3/ Ry (x,v,0) = Oforall j < N. Applying Taylor’s formulaat? = Oto Ry (x,v,?)
then shows that, as 1 — 07 and uniformly on compact subsets of U x B(€), the
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function Ry (x,v,1) is O(ZN), that is,

Ko(x,v:x, ¢ (X)vit) = Y Gm—j (x.v:0.(1 = ¢'(x)v:1) + O@™).
j=J

Therefore, uniformly on compact subsets of U,
Io(x.0) =Y /(qn}f_j)v (x,v:0,(1 — ¢'(x))v:t) dv + O ™).
j=J |lv|<e
This proves the lemma. O

Lemma 3.3. Ast — 0% and uniformly on compact subsets of U, we have

/ (qr}i—j)v (x,v:0,(1 —¢'(x))v:1) dv

lv|<e
j—(m+a o @
N Z t% / U_' (agqus_j)v (x’();()’ (1 —¢'(x))v; 1) dv. (3.7
o+ j tmtn .

even Rb

Proof. Let h(x, v, w,t) be the function on U x B(€g) X [(Rb x R) \ 0] defined by
h(x,v,w, 1) := (qh_ ;)" (x,v:0, (1 — ¢'(x))w:1) dv.

We observe that 2 (x, v, w, t) is smooth on U X B(eg) X (]Rb \ 0) x R and vanishes
for t < 0. Moreover, the homogeneity of §,,—; in the sense of (2.7) implies that

h(x,v, Aw, A%t) = [A|7OFPDA T h(x v, w, 1) VA € R (3.8)
Setting k = j — (m + n + 2), we see that, for all ¢ > 0, we have
/ h(x,v,v,0)dv = 13 / h(x, Vv, Viv, t)dv = 15" / h(x, Vv, v, 1)dv.
e () ()

Let N € N. By Taylor’s formula,

(3.9)

la]
2 v*
hxVivoo D) = Y a0, 0,0, 1) + 1 F Ry (x, Vv, ), (3.10)
al ol
la|<N
where Ry (x, v, w) is the function on U x B(ey) x R? given by

1

Ry(x,v,w) = Z (1 —s)N_lwo‘a‘l’fh(x,sv,w, 1)ds.
le|=N |
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Let K be a compact subset of U. As w*d$h(x, v, w,t) is smooth on U x B(ep) X
(R \ 0) x R and vanishes for t < 0, we see that w"‘aﬁ 05h(x, v, w,0) = 0 for all
| € Ny. Therefore, using once more Taylor’s formula at ¢ = 0 shows that, for all
| € Ny, there is a constant Cg,; > 0 such that

|w*3%h(x, v, w.1)| < Cxarlt]!  V(x,v,w.1) € K x B(€) x S271 x (0, 1).

In addition, the homogeneity of & (x, v, w, t) implies that, when w # 0, we have
w*dyh(x,v,w,1) = w“|w|kavh(x, v, |w|_1w, |w|_2).

Thus,

w3 (x, v, w, 1)| < Crra|wF %21 V(x,v,w) € K x B(e) x (R? \ 0).

The above estimate shows that w*d, /i (x, v, w, 1) has rapid decay in w uniformly
with respect to x and v, as x ranges over K and v ranges over B(¢). Incidentally,
both w*d,h(x, v, w, 1) and Ry (x, v, w) are uniformly bounded on K x B(¢) x R?.
It then follows that there is a constant Cgny > 0 such that

|Rn (x, v1v,v)| < Ckn V(x,v) € K x B(e).

Therefore, integrating both sides of (3.10) with respect to v over B (\%) we see that,

ast — 0T and uniformly on K, we have

/h(x,«/?v,v,l)dv= > ¢'s / v—83‘h(x,0,v,1)dv+o(zNz_b).
o!
8(%) (%)

le|<N
B

Together with (3.9) this proves that, as # — 07 and uniformly on K, we have

/h(x,v,v,t)dv ~ Z;"*”J"" /”—'agh(x,o,v,ndv. (3.11)
ol
lv|<e B(%)

We observe that k + b = j — (m + a + 2). Moreover, as mentioned above, the
function w*9%h(x, 0, w, 1) has rapid decay uniformly with respect to x, as x ranges
over K. Therefore, as t — 07 and uniformly on K, we have

/ v*5h(x,0,v, 1)dv = / v*95h(x,0,v, 1)dv + O(™). (3.12)
(%) #
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In addition, the homogeneity property (3.8) for A = —1 gives

fv“a;jh(x,o,v,l)dv= /(—v)“agh(x,o,—v,(—1)21)dv
RP RO
= (—1)lalt+i—m / v*3%h(x,0, v, 1)dv.
R

Thus [p» v*9%h(x,0,v, 1)dv = 0 whenever |a| + j —m is odd. Combining this
with (3.11) and (3.12) shows that, as  — 0" and uniformly on K, we have

—(m+a o o
/h(x,v,v,l‘)de DA (bt /U—'a‘jh(x,o,v,l)dv.
o

|oe|+j—m

lv]<e even R

This proves the lemma. O

Combining Lemmas 3.2 and 3.3 we see that, ast — 0™ and uniformly on compact
subsets of U, we have

Jj—(m+ta+2)+lal v¢ v
Io(x,1) ~ Z t 2 / " (agq,’j_j) (x,0;0,(1 —¢'(x))v; 1) dv
SR RO

(3.13)

—(m+a+2)+j+e| mta_
2 2 L,

If |o|+ j —m is even, then
i.e., it is greater than or equal to — [’”TJF“] — 1. We actually have an equality when

= |a| = 0 and m is even and when |¢| + j = 1 and m is odd. Thus, grouping
together all the terms with same powers of #, we can rewrite the above asymptotic
expansion in the form,

TIo(x.t) ~ Y = (HEIFD+ 1) (x), (3.14)
Jj=0

is aninteger and is greater than —

where we have set

190 =3 [ (el ) (00,0 g1 o

la|<m— 2 +2 J 2
(3.15)
Therefore, we arrive at the following result.

Proposition 3.4. Let Q € V'(M x R, E), m € Z. Uniformly on each fixed-point
submanifold Mf, a=20,2,...,n, we have

Io(x.t) ~ Y GBI+ D0 ast — 0, (3.16)
Jj=0

where | (QJ )(x) is the section of End E over M? defined by (3.15) in terms of the
symbol of Q in local tubular coordinates over which E is trivialized.
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[ . . . _(L"l"l+l)
Remark 3.5. On M, the leading termin (3.16)is¢ \ 2
depends only on the principal symbol of Q. Namely,

1 S)) (x), where (QO) (x)

19 (x) = / (qE)¥ (x.0;0, (1 — ¢/ (x))v: v
R

=1 —¢'(x)|! / Gm(x,0;0,v; 1)dv.
Rb

Remark 3.6. The asymptotic (3.16) is expressed in terms of the symbol of Q
in tubular coordinates. However, we usually start with a symbol in some local
coordinates before passing to tubular coordinates. We determine the symbol in the
tubular coordinates by using the change of variable formula for symbols (as given,
e.g., in [40]) in the case of the change of variables ¥ (x, v) = exp, (v).

We are now in a position to state and prove the main result of this section.

Proposition 3.7. Let P : C®°(M,E) — C*®(M, E) be a differential operator of
order m.

(1) Uniformly on each fixed-point submanifold M[f, a=20,2,...,n, we have

Iptay—1(x,1) ~ Z t_(7+[7])+j11(>]()L+3t)—1 (x) ast — 0",
Jj=0
(3.17)

where 11(9].()L+31)*1(x) is the section of End E over M? defined by (3.15) in

terms of the symbol of P(L + ;)™ ' in any tubular coordinates over which E
is trivial.

(2) Ast — 0T, we have

Tr[Pe LUy | = /trE [¢F () p(r 1o (x.1)] ldx| + O(™)

Mo
~ 3 Z,—(%+[’3])+j/trE [¢E(x)11gf(>L+at)_l(x)] ldx|. (3.18)

0<a<n j>0
=az=nj= Mg,

Proof. The first part is an immediate consequence of Proposition 3.4, since
P(L + 93;)7! is a Volterra WDO of order m — 2. Combining Proposition 2.23
and (3.2) shows that

Tr[Pe LUy | = /M trg [¢F () Kppqa,)-1 (x.¢(x),1)].

The 2nd part then follows from Lemma 3.1 and the first part. The proof is complete.
O
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Remark 3.8. When P = 1, the asymptotic (3.18) was originally established by
Gilkey [35] and Shih-Chi Lee [44].

Remark 3.9. The formula (3.15) expresses the coefficients / ;,j()L 1o,
of the homogeneous components of the symbol of P(L + 9;)~!. Therefore, in order
to compute them at a given point xo € M?, we may replace P(L + 9;)~! by PQ,
where Q is Volterra WDO parametrix of L + d; defined near xo. In particular, we

have

- (x) in terms

IpL+a)-1(X0.1) = Ipg(xo.1) + O(™).

4. The local equivariant index theorem

In this section, we shall use the Volterra pseudodifferential calculus and the
equivariant heat kernel asymptotics from the previous section to give a new proof of
the local equivariant index theorem for Dirac operators.

Let (M", g) be an even dimensional compact spin oriented Riemannian manifold
with spinor bundle § = $§7 @ $~. We let G be a subgroup of the connected
component of the group of smooth orientation-preserving isometries of (M, g)
preserving the spin structure. Then any ¢ € G uniquely lifts to a unitary vector bundle
isomorphism ¢ : § — ¢.8 (see [17]). In addition, we let E be a G-equivariant
Hermitian vector bundle over M of rank p equipped with a G-equivariant Hermitian
connection V. We also form the G-equivariant Z,-graded Hermitian vector bundle
SQE=FT®E)® (@ QE),andletPyr : C*(M,§ QE) - C®(M,$ @ E)
be the Dirac operator associated with these data. Namely,

Pye =P, ®1g+ (c®1g)oVE,

where P, : C*®°(M,§) — C*(M, §) is the Dirac operator of M and ¢ : T*M x
§ — § is the Clifford action of 7*M on §. Note that with respect to the splitting
$®E=(§"®E)®(§ ® E) the Dirac operator Py~ takes the form,

DVE:( g D;E)’ DjVEE1C°°(M,$i®E)—>COO(M’$$®E)'
DvE 0

Given ¢ € G, as in the previous section, we let ¢£ be the unitary vector bundle
isomorphism from E onto ¢, E induced by the action of ¢ on E. Then ¢ ® ¢F is
a lift of ¢ to a unitary vector bundle isomorphism from § ® E onto ¢ ® ¢ E =
¢+(8 ® E). As in the previous section, this defines a unitary operator Uy, : L?(M,
$ ® E) > L*(M,$ ® E). Note that the G-equivariant setup implies that Uy
commutes with the Dirac operator Py x. The equivariant index Pyr : G — Z is
defined by

indPye(p) =Tr |:U¢|kerD4V_Ei| —Tr |:U¢|kCrD;E:| V¢ € G.
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When ¢ = idps we recover the Fredholm index of )y . When ¢ has only isolated
fixed-points, the equivariant index of ¢ agrees with the Lefschetz number associated
with the spin complex with coefficient in E (see [1]). The equivariant index theorem
of Atiyah—Segal-Singer [5, 6] expresses the equivariant index in terms of universal
curvature polynomials defined as follows.

Let ¢ € G. As in the previous section, we shall denote by M? the fixed-point
set of ¢ and by N the normal bundle of M?. We observe that, as ¢ preserves the
orientation, the fixed-point submanifolds Mf have even dimensions. Moreover, we
shall orient each fixed-point submanifold Mf ,a=20,2,...,n,asin [12, Prop. 6.14],
so that ¢% gives rise to a section of A” 4N ¢)|*M"’ which is positive with respect to

the orientation of N'? defined by the orientations of M and Mf .

Let R™ be the curvature of (M, g), regarded as a section of A2T*M ®
End(TM). The G-equivariance of Levi-Civita connection V'™ implies that, its
restriction to each fixed-point submanifold Mf ,a = 0,2,...,n, preserves the
splitting TM, M = TMf ® N? over Mf . Therefore, it induces connections V74 *

and VN on TMf and N9, respectively, so that we have

™ _ oTM? N ¢
V‘TML? =V eV on M7 .

Note that VIM? is the Levi-Civita connection of TMf . Let RTM? and RV be the
respective curvatures of V7'M ? and VV’. We observe that

Ripopye = R™" & RV, 4.1)
Define
TM?
ARTM?) = qeth [ B /2
sinh(RTM? /2)
)
and Vs (RNé) = det_% (1 — ¢Ne_RN ) , 4.2)

-1 N _RN?Y . . . .
where det™ 2 (1 —¢Ve ) is defined in the same way as in [12, Section 6.3].

In addition, let FE be the curvature of the G-equivariant connection V£
and denote by FE its restriction to M. Note that FE is a smooth section of

(AZT*M;”) ® End(E). We then define

Chy (FE) :=Tr[¢F exp (—Ff)] € C® (M2, A**T*M?).
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We can now state the equivariant index theorem in the following form.

Theorem 4.1 (Equivariant Index Theorem [5,6]). For all ¢ € G, we have

indPyr (@) = (—)% Y @n)¢ / ARTM?Y Ay, (RN“’)ACh¢ (FE).
Oasggnn M;f’

(4.3)
Remark 4.2. When ¢ = idjs we recover the index theorem of Atiyah—Singer [4, 6]
for Dirac operators. In case ¢ has only isolated fixed-points, the formula (4.3) reduces
to the fixed-point formula of Atiyah—Bott [1,2].

Let us recall how the equivariant index theorem can be proved by heat kernel
techniques. In what follows we let strggp = Ug+or —Us QF be the supertrace on

the fibers of the Z,-graded bundle § @ E = (§ T ® E) ® (§~ ® E). We also denote
by Str the corresponding supertrace on £! (L2(M B QF )) By the equivariant
McKean—Singer formula (see, e.g., [12, Prop. 6.3]), for any given ¢ € G, we have

2
indPve(¢) = Str [e_tva U¢] for all 1 > 0.

Therefore, the equivariant index theorem is a consequence of the following result.

Theorem 4.3 (Local Equivariant Index Theorem [30, 35,42]). For all ¢ € G, we
have

lim Str [e_tpsz U¢]
t—>0t+

I / ART™™*Y AV, (RN"’) AChy (FE). (44)

OaS eavgnn Mg’

Remark 4.4. The local equivariant index theorem for the Dirac complex with
coeflicients in a vector bundle is originally due to Gilkey [35], who also obtained
versions of this theorem for several other elliptic complexes. Versions for the signature
complex were also given by Donnelly—Patodi [30] and Kawasaki [42] around the
same time. All these proofs partly rely on Riemannian invariant theory. Purely
analytical proofs were subsequently given by Bismut [13], Berline—Vergne [10, 12]
and Lafferty—Yu—Zhang [43]. In addition, Liu—Ma [46] proved a version of the local
equivariant index theorem for families of Dirac operators.

In what follows, for any given differential form w on Mf ,a =20,2,...,n, we
shall denote by |@|( its Berezin integral, i.e., its pointwise inner product with the
volume form of Mf . In particular, we have

/la)(x)|(“)|dx|= /a) (4.5)

Mg M
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Bearing this in mind, let ¢ € G. Applying the 2nd part of Proposition 3.7 to
L = DZVE and P = y, where y = id$+®E —idg—gE is the grading operator, we
see that, as t — 07, we have

_ 2
Str [e Py U¢] = / StTs@E |:¢S®E(X)I(D2VE+<%)_1(x’t)] |dx| + O(*).
M

Therefore, we see that the local equivariant index theorem is a consequence of the
following result.

Theorem 4.5. Let ¢ € G. Then, ast — 0 and uniformly on each fixed-point
submanifold Mf , we have

Strsep [¢S®E(x0)1(p2v5+at),l(xo,z)] -

(@)

(=) @m) "8 |AR™™*) A Vy (RY*) A Chy (FE) (o) +0(). (4.6)

We shall now prove Theorem 4.5. By the 1st part of Proposition 3.7, as t — 07
and uniformly on each fixed-point submanifold M‘? , we have

N -5+ 7()
I(DZVE +3t)71(x’ 2 ;}t ’ I(D2VE +9,)~1 ). “.7)
J=Z

Comparing the asymptotics (4.6) and (4.7) we deduce that in order to prove
Theorem 4.5 it is enough to show that the asymptotics (4.6) hold pointwise at any
fixed-point of ¢.

Let xo € Mf, a = 0,2,...,n. By Remark 3.9, given any Volterra YDO
parametrix Q defined near x, we have

](DZVE'i'at)_l (x0.7) = IQ(XO, 1) + O(too) (4.8)

As a result we may replace the Dirac operator Py £ by any differential operator that
agrees with D vz in a given local chart near xo. In other words, this enables us to
localize the problem and replace )) y = by a Dirac operator on R” acting on the trivial
bundle with fiber §, ® C?, where §, is the spinor space of R” and p is the rank
of E.

To wit let eq,...,e, be an oriented orthonormal basis of Ty,M such that
€1,...,€q Span TxOM¢ and e44+1,...,€, Span ./\/}1’0. This provides us with
normal coordinates (x!,...,x") — €XPy, (xlel 4ot x”en). Moreover, using
parallel transport enables us to construct a synchronous local oriented tangent frame
e1(x),...,ey(x) such that e1(x),...,eq(x) form an oriented frame of TMf and
eqat1(x), ..., e,(x) form an (oriented) frame N’ (when both frames are restricted
to M?). This gives rise to trivializations of the tangent and spinor bundles. We also
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trivialize E near xo. Using these coordinates and trivializations, we let /) be a Dirac
operator on R” acting on the trivial bundle with fiber §, ® C? associated with a
metric on R” and a connection on C? that agree near x = 0 with the metric g and
connection V£, respectively. Incidentally, Py~ agrees with J) near x = 0. Note
that ej(x) = d; at x = 0. Moreover, the coefficients g;; (x) of the metric and the
coefficients w;x; := (ViTM ex, ;) of the Levi-Civita connection satisfy

1 .
gij (x) = 8;j + O(|x|?), w1 (x) = _ERijkli +0(x[*). (4.9

where R;jx; := (RTM(0)(d;,0;)dx, d;) are the coefficients of the curvature tensor
at x = 0 (see, e.g, [12, Chap. 1]). Moreover, in order to simplify the notation we
shall denote by ¢’ the endomorphism ¢’(0) of R”. We shall use a similar notation for
#V(0), % (0), and ¢~ (0). In particular, ¢* is the element of SO(n — a) such that

, 1 0
¢:(0 ¢N)‘

Let O € U;2(R" x R, §,, ® C?) be a parametrix for P% + 9. Using (4.8) we
obtain

SUgQE |:¢$®E (XO)I(D2V5+3t)_1 (x0. t):|

= (strg @cr) [((pﬁ ® $E)15(0, z)] +O(™). (4.10)

The supertrace of an endomorphism on spinors is computed as follows. Let
A(n) = AZR" be the complexified exterior algebra of R”. We shall use the following
gradings on A(n),

Am= P Nm= P Am),
1<j=n l1<k<a
1<l<n—a
where A7 (n) is the space of forms of degree j and A%’ (n) is the span of forms
dx"V A AdxkH with 1 < iy < -+ <ip <aanda+1 <igyq < <igq; <n.
Given a form w € A(n) we shall denote by @) (resp., D)) its component in
A7 (n) (resp., AR (n)). Let Cl(n) be the complexified Clifford algebra of R” (seen as
a subalgebra of End A(n)) andletc : A(n) — Cl(n) be the linear isomorphism given
by the Clifford action of A(n) on itself. Composing ¢ with the spinor representation
Cl(n) — Endf§, (which is an algebra isomorphism since n is even), we get a
linear isomorphism A (n) — End $,,, which we shall also denote by ¢. We denote by
o :End§, — A(n)itsinverse. We note that, although ¢ and o are not isomorphisms
of algebras, for w; € INIEY, (n), j = 1,2, we have

o [c(wy)c(wy)] = w1 A wy; mod @ A*L (), 4.11)
(k,l)eK

where K consists of all pairs (k, /) such that, either k < ki +k, —2and! <[y + 5,
ork <kj+kyand! <y +1,—2.
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Lemma 4.6 ([31, Thm. 1.8]; see also [12, Prop. 3.21]). Let a € End $,,. Then
strg [a] = (=2)2 |o(a)|™.

In the case of (]5’8 we have the following result.

Lemma 4.7 ([12,43]). The form o [¢’S] belongs to A©2%) (n) and we have

(09 - ) n—a
0[¢$] T S 2 deth (1 - ¢M)dx A A d, (4.12)

Proof. As ¢V is an element of SO(n — a), there is an oriented orthonormal
basis {Vg41,..., s} of {0} x R"™% such for j = % + 1,...,7 the subspace
Span{vy;_1,v2;} is invariant under ¢V and the matrix of ¢V with respect to the
basis {v2j_1, V2, } is a rotation matrix of the form,

costj —sin6;\ 0 -0 _
(sinej COSGj)_eXp(QJ- 0 )’ 0<bj=m

Using [12, Egs. (3.4)—(3.5)] we then see that

¢$ = 1_[ (cos (%’) + sin (%’) c(vzf_l)c(vz'j)) , (4.13)

a ; n
2<J=72

where {v¢T1 ... v"} is the basis of A%!(n) that is dual to {vg11,...,v,}. It then
follows that o'(¢#) is an element of A%2°(n) and we have

0.
olpF1On= = 1_[ sin (7]) VAT A A"

a : n
2<J=2

= 27" det2 (1 — ¢N)dx T A - A di",

where we have used the equality 4 sin? % = | 1__;‘;1509 ljigoz 0 ‘ The proof is complete.
O

We shall determine the short-time behavior of o [q&‘g tree [¢E 1o(0, t)]] in (4.10)
by means of elementary considerations on Getzler orders of Volterra WDOs as in [52].
This notion of order is intimately related to the rescaling of Getzler [32], which is
motivated by the following assignment of degrees:

degd; = degc(dx’) =1, degd; =2, degx’/ = —1. (4.14)

As observed in [52] this defines another filtration on Volterra WDOs as follows.
LetQ € \I';”/(R” xR, §, ®C?) have symbol g(x,&,7) ~ 3 o s Gmr—r (X, &, 7).
Taking components in each subspace A/ TZR™ and using Taylor expansions at x = 0
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we get asymptotic expansions of symbols,

olg(x, &0 ~ Y 0lgm—r(x. £, 0] ~ Y ’;—,o[azafqm/_r(o’s, I
j.r A

(4.15)
The last asymptotic is meant in the following sense: for j = 0,...,nandall N € N,
asx — Oand |§] + |‘L’|% — 00, we have

. x¢% .
olg(e.& 01 = 37 ol gm (0.6 0]
r+lal=N+j

=0 (lle.<I™ (1x1 + &, 717)") . @.16)

where we have set ||§, 7] = |&| + |‘L’|%, and there are similar asymptotics for all
8? 84‘ -derivatives (upon replacing the exponent m’ by m’ — |B| — k). Moreover, the
degree assignment (4.14) leads us to define (Getzler-)rescaling operators §7, A € R,
on Volterra symbols with coefficients in A(n) ® M,(C) by letting

85q(x,£,1) == M qg(A7'x, A6, 1%1) Vg € SXR"xR"xR)@A’ (1)@ M,(C).

Note that in (4.15) each symbol x* %0 [¢,n'—r (0, £, 7)]V) is homogeneous of degree
u:=m'—r + j — |a| with respect to this rescaling. We shall say that such a symbol
is Getzler homogeneous of degree (. The asymptotic expansion (4.15) then implies
that, in the sense of (4.16), we have

olg(r. e 01~ Y qgox.£7).

w<m

where ¢(,,)(x, £, 7) is the Getzler-homogeneous symbol of degree y given by

x“% )
qu.E0) = Y o0t gm (0.6 0], 4.17)
m'—r+j—lel=ji

and m is the greatest integer p such that g,y # 0.
Alternatively, in terms of the rescaling operators §7, forall (x, &, t) € R?xR" xR,
(&,7) # 0, we have

Siolg(x.£. 0] ~ Y Mguy(x.&.1)  asi —0.

p<m

We observe that the homogeneous symbols g, (x,§, ) are uniquely determined
by the above asymptotic expansion. In particular, the leading Getzler-homogeneous
symbol () (x, &, ) is uniquely determined by

850lq(x, & )] = A" qem (x, €, 7) + O™ ). (4.18)
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Remark 4.8. Let S(R" x R) be the Fréchet space of Schwartz-class functions on
R" x R. As each symbol g(,,)(x, £, 7) is a polynomial with respect to the variable x,
it defines an element g(,,)(x, Dy, D;) of L (S(R" x R, C?)) ® A(n) by

9wy (X, Dy, Du(x,s) = (g(x,x —y,s —t),u(y,1)) Yu € S(R" xR, C?).
(4.19)
Note that by using the action of A(n) on itself by left-multiplication we may regard
q(w) (x, Dy, D;) as an actual operator of S(R” x R, A(n) ® C?) to itself.

Definition 4.9 ([52]). Bearing in mind the notation of (4.17) and (4.19), we make the
following definitions:

(1) The integer m is called the Getzler order of Q,

(2) The symbol g, is called the principal Getzler-homogeneous symbol of Q,

(3) The operator Q () = q(m)(x, Dx, D;) is called the model operator of Q.
Remark 4.10. As the symbol o[0% Bf gm—r(0, &, 7)]Y) is Getzler-homogeneous of
degree m’'—r+ j —|a| < m’+n, we see that the Getzler order of Q is always < m’+n.

Example 4.11. Let A = A;dx’ be the connection 1-form on C?. Then it follows
from (4.9) that the covariant derivative V; = 0; + %wikl (x)c(ek)c(el ) + A; on
5, ® C? has Getzler order 1 and its model operator is

Viay = 8; — iR,-,xf, where R;j = Y RIM(0)dx* A dx'. (4.20)
k<l
Remark 4.12. In what follows, we shall often look at symbols or operators up to terms
that have lower Getzler orders. For this reason, it is convenient to use the notation
Og (m) to denote any remainder term (symbol or operator) of Getzler order < m.
Note that in view of (4.18) a Volterra symbol ¢ € S (R” xR"” xR, M,(C)) ® A(n)
is Og (m) if and only if, for all (x,&,7) e R? xR? xR, (§,7) # 0,

§5q(x, &, 1) = O(A™) as A — 0. 4.21)

Moreover, two Volterra symbols have Getzler order m and same leading Getzler-
homogeneous symbol if and only if their difference is Og (m — 1).

Lemma 4.13 ([52]). For j = 1,2, let Q; € WX(R" xR, $, ® C?) have Getzler
order mj and model operator Q ;) and assume that either Q1 or Q3 is properly
supported. Then

0[0102] = Om)Qimy) + Oc(my +my —1). (4.22)

Example 4.14. By Lichnerowicz’s formula, near x = 0, we have

P?=pye =g (VOEVI®E —TEVE®E) 4 2 4 Se(ee(@) FE o)),
(4.23)
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where the Flkj are the Christoffel symbols of the metric, k is the scalar curvature,

and {e’} is the coframe dual to the synchronous frame {e;}. Therefore, combining
Lemma 4.13 with (4.9) and (4.20) shows thatDzV £ has Getzler order 2 and its model
operator is

Py = Hg + FE(0), (4.24)
where we have set
n n 1
Hr=-=Y ;=Y -R;ix’)?> and FE@©) = FE@0)(3;,0;)dx" Adx’.
R l;(, ];4u ) (0) Z]: (0)(0;.9;)

In what follows, it would be convenient to introduce the variables x’ =
(x',....,x% and x” = (x%*1,...,x"), so that x = (x/,x”). When using
these variables we shall denote by ¢(x’, x”;£",£”;v) and Ko (x',x";y’, y";1) the
respective symbol and kernel of any given “operator” Q € W*(R"” xR, C?) ® A(n).
We then define

Io(x',t):= | Ko (x',x";0,(1—¢)x";t)dx",  x' eR% (4.25)
RYI—U
Lemma 4.15. Ler Q € V) (R"” x R, §, ® C?) have Getzler order m and model
operator Q m). In addition, let j be an integer < n.
(1) If m — j is an odd integer, then

J—m—a

ollo0.0]9) =0 ™27)  ast —0F,

(2) If m — j is an even integer, then

J—m—a _ J

o[Io(0, 0] =175 1o, 0.HD + 05 ast — 0"
(4.26)

Proof. Let q(x,£,7) ~ Y i qk(x,&, 7) be the symbol of Q and denote by
qm)(x, &, 7) its principal Getzler homogeneous symbol. Recall that Proposition 3.4
provides us with an asymptotic for /g (x, ¢) in terms of the symbol of Q in tubular
coordinates. We shall use the tubular coordinates (x’, v) € R% x R"™? given by the
change of variable,

x = Y(x',v) = expy (Vieat1(x)) + - + vpen(x')) . (x',v) e R x R" 74,

where on the far right-hand side we have identified x” with (x’,0) € R”. Note that,
as the original coordinates are normal coordinates, for all v € R"7%, we have

¥ (0,v) = exp, (V10g4+1 + -+ + Un—a0y) = (0, v). 4.27)
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Furthermore, in what follows, upon identifying R” and R?* x R"74, it will be
convenient to regard functions on R” x R” x R as functions on R* x R"?7¢ x R% x
R"™% x R.

Let g(x",v;&,vit) ~ D pop Gr(x',v;:E,v;7) be the symbol of Q in the
tubular coordinates, i.e., §(x’, v;_E/, v; T) is the symbol of * Q. As in the tubular
coordinates, the derivative ¢’ is constant along the fibers of N'?, we see that ¢* too
is fiberwise constant. Incidentally, in the notation of (3.6) the symbols c},’f and g
agree for all k < m’. Bearing this mind, Proposition 3.4 shows that, as 1 — 07,

allo(0,0)]Y

ol —(kta o . \2
N th / ”_'(ago[qk]“’) (0,0:0, (1 — N (0))v; 1)dv. (4.28)
|| — k even R7?—a >

k<m’

Using (4.27), the change of variable formula for symbols ( [40, Thm. 18.1.17]) gives
Gk (0,v:€,viT) = ) aup (0, v)E" Df qr (0.v:E',vi7)
I-|Bl+ly|=k

2ly|=<IBI

where the ag, (x’, v) are some smooth functions such that ag,(x) = 1 when =
y = 0. Thus,

; lal=l+IBl—lyl=(a+2) _(;
ollg@.0) ~ Y R (429)
jal =1 + 1B] — Iy] even
I=m’, 2|y|<|B|

where we have set

. va A\ VY
Lingy = /aaﬂ(O,v); (32‘0[§y05qz](’)) (0,0:0, (1 — ¢ (0)v: 1) dv.

Rn —d

Note that the symbol v"‘ag‘a[ql](j )(O, 0;&',v;1) is Getzler homogeneous of
degree [ 4+ j — |o|. Therefore, it must be zero if [ + j — || > m, since otherwise Q
would have Getzler order > m. This implies that in (4.29) all the coefficients / l(é ;3
with [ + j — |a| > m must be zero. Furthermore, the condition 2|y| < |B| implies
that |y| — |B] < —%|,8|, and hence |y| — |B| < —1 unless B = y = 0. Therefore, if
I+ — || <mand2|y| <|B|, then ¢ 2(al-I+IBI-lvI=@+2) j5 O(;2(—m—(@+2))
and even is o(t%(f_m_(““))) if we further have / + j — |a| < m or (B, y) # (0,0).
Observe that the asymptotic expansion (4.29) contains only integer powers of ¢ (non-
negative or negative). Therefore, from the above observations we deduce thatif m — j
is odd, then all the (non-zero) terms in (4.29) are O(t 30 _’”_(“+1))), and hence

ollo(0,0]Y =0 (z%U—m—(aH))) .
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Likewise, if m — j is even, then all the terms in (4.29) with [ 4+ j — || # m or with
| —|a| =m—j and (B, y) # (0,0) are O(t%(j_m_“)). Thus,
P J—=(m+a+2) 6] J—=(m+a)
olloO.0P =2 Y 2 +0@ >

a
I—|a|=m—j

). (4.30)

To complete the proof it remains to identify the coefficient of ¢ S i (4.30)

with 1o, (0, 1)U, To this end observe that the formula (4.17) for gy at x' = 0
gives
. ¥ .
4o O v:E D) = 30 0% (0lga] ) (0.0:8.v: ).

k+j—|a|l=m
Thus,

. va N\ VY
104y 0. DY = 3 /a(ago—[qm_jw]m) (0,0:0, (1 — ™ (O)v: 1) dv
k—|a|=m—jRnfa )
— ()
- Z IIJOO'
I-lal=m—j

This completes the proof. O

We are now in a position to prove the key lemma of the proof of Theorem 4.5.
Lemma 4.16. Ler Q € V) (R" x R, 8, ® C?) have Getzler order m and model
operator Q ().

(1) If m is an odd integer, then
strg @ep [¢$®51Q(0, z)] — 0"y ast — 0. 431)
(2) If m is an even integer, then, ast — 0T, we have

(strs, scr) [ 979 10 (0.1)]

= (—)3 B+ D28 det? (1 — ¢V) [trer [pF To,,, (O, 1)]|(“’°)

+0(™%).
(4.32)
Proof. Fort > Oseta(t) = (g, ®tGC)[¢EIQ (0,1)]. Then by Lemma 4.6 we have

(n)

(Str5n®¢;p)[¢’s®E1Q(0, z)] — (—2i)% o[qﬁ‘ga(t)]‘ forallr > 0. (4.33)

As Lemma 4.7 ensures us that o [¢$] is an element of A©2%)(n), using (4.11) we
deduce that

o [#* a(t)](n) =o[¢* ](O’n_a) Ao @] + 3 o (o [a@]“??),

1 5(5%(n—a)

where ¢ : A©29(n) — A”(n) is a linear map which does not depend on a(z).
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Moreover, for{ =0,1, ..., %(n —a), Lemma 4.15 ensures that, as ¢t — 0T, we have
e o[a@®)]“%?® =0 (te_mTH) when m is odd.

° 0 [a(t)](“’zz) =7 gy [d)EIQ(m)(O, 1)(“’26)] +0 <te_%) when m is
even.

Therefore, when m is odd, we obtain
(n) m
o [qb’ga(t)] =0 (l_%) ast — 0T,

Combining this with (4.33) we get the asymptotic (4.31) when m is odd. When m is
even, we see that, as t — 01, we have

- [(psa(t)](") _ B, [¢s]

Combining this with (4.33) and the formula (4.12) for o [¢’g yields the
asymptotic (4.32) when m is even. The proof is complete. O

(0,n—a) m
Atrer[pE g, (0, D@D + O™ 7).

](O,n—a)

As in [43] it is convenient to introduce the following curvature matrices:
R':= (Rij)sijza and  R":=(Ratia+j)sijzn—a-

Note that (4.1) implies that the component in A*%(n) of R’ (resp., R") is RTM? 0)

(resp., RV’ (0)).

Lemma 4.17. Let Q € V7 2(R" xR, 8, ® C?) be a parametrix for P* + 9. Then
(1) Q has Getzler order —2 and its model operator is

Q2 = (Hp + 3)" 1 Aexp (—tFE(O)) .
(2) Forallt > 0, we have

195,0,1) = Iy ora,y-1(0,1) Aexp (—tFE(0)), (4.34)

(47t)~2 1 tR)2 -4 NetR"
I B O’Z — d t2 d t 2 1 - .
Hg+2)~1(0.7) det? (1 —¢) = GSinh(R772) ) & ( ne )

(4.35)

Proof. The first part is contained in [52, Lemma 5]. This immediately gives the
formula (4.34). The formula for /(g ,)-1(0,7) is obtained exactly like in [46,
p. 459]. For reader’s convenience we mention the main details of this computation.
The kernel of (Hg + 9,)”! can be determined from the arguments of [32]. More
precisely, let A € s0,(R) and set B = A’ A. Consider the harmonic oscillators,

. 1
Hy:=— Y (0 +V-14;x/)> and Hp:=- ) a,.2+Z(Bx,x).

1<i<n 1<i=zn
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In particular substituting A = %«/ —1R in the formula for H4 gives Hg. In addition,

define
X :=+-1 ZAijxiaj = /-1 ZAij(xiaj —Xjai).
ij i<j
Note that H4 = Hp + X. Observe also that, as X is a linear combination of
the infinitesimal rotations x'd; — x/0;, the O(n)-invariance of Hpg implies that
[Hp, X] = 0. Thus,

e tHA — p7tX ,~tHp Vi > 0. (4.36)

The heat kernel of Hp is determined by using Melher’s formula in its version
of [32]. We get

n 1 t«/E 1
K —1(x,y,t) = (@mt) 2det2 | ——— Jexp| ——Op(x, y,1) |,
(Hp+op—1 (X, y.1) = (4xt) (sinh(t\/E)) P( 7 B(x,y ))
(4.37)

where we have set

8 o) o}

Op(x,y,t) i={———x,x)+{———, —x,
B(x.7.0) <tanh(t\/§) tanh(t\/E)y Y sinh(f+/B) Y

where +/B is any square root of B (e.g., /B = +~/—1A4). Note that the right-hand
side of (4.37) is actually an analytic function of (+/B)?2.

We also observe that for € R the matrix e~*¥~14 is an element of O(n),
since in a suitable orthonormal basis it can be written as a block diagonal of 2 x 2
rotation matrices with purely imaginary angles. Moreover, the family of operators
u — u(e™! EA), t € R, is a one-parameter group of operators on L2(R") with
infinitesimal generator X, so it agrees with e /X for¢ > 0. Combining this with (4.36)
and (4.37) then gives

n 1 t\/E 1
K “1(x,y,t) = (dmt) 2det2 | —————— |exp| ——Oq(x,y,1) ],
(Ha+op—1 (X, y.1) = (471) (sinh(zﬁ)) p( ; alx,y ))

t~B tvB _ VB —t/—14 >
tanh(t«/ﬁ)x’ x> - <tanh(l\/§)y’ y> 2<Sinh(t~/§)e )

where we have used the fact that e=*¥~14 is an orthogonal matrix. Substituting
A= %\/—IR and v/B = %R then gives the kernel of (Hg + 9;)~'. We obtain

O4(x,y,1) = <

_n 1 tR/2 1
K(HR+at)—1(x,y,t) = (47Tl) 2det?2 (m) exXp (—4—I®R(X,y,t)) ,

t >0, (4.38)
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where we have set

@R(X’y’t):=< tR/2 > <% >_2< IR/2  rps >

anh(tR/2)" " T \anner/2)” Y| \simner/2)¢ Y

We are ready to compute /(g1 5,)-1(0,7). From (4.25) and (4.38) we get

_n 1 tR/2 1
I(HR+at)_l(O’t) = (47'[[) 2det?2 (m) / eXp (—4—Z®(U,[)) dl),

Rn—(l
(4.39)
where O (v, 1) := Or(v,¢pNv,1). Set & = %IR”. As [¢pV, o7] = 0, we see that

®(U’t)_<tanh;zfv’v>+<tanhszf¢ v.¢ v>_2<sinh%e v.¢7v

(cosh = (V) e ) v, v>.

_ 2< 4
sinh .o/
Note that
(cosh o7 — ()" e) + (cosh o/ — (%) ")
—e? 4o 7 — (¢N)—1 e? — ¢pNe
— o (1 _ (¢N)‘1) (1 — pNe™2).

Therefore, using the formula for the integral of a Gaussian function and its extension
to Gaussian functions associated to form-valued symmetric matrices, we get

/ exp (—4%@(1), t)) dv

Rn —a

1 o - _
= [exp (_4_z<sinh;zied (1—(¢N) 1) (1—¢Ne 2”)v,v>) dv

Rn—a

1 1

= (4m) 2" det2 (ﬁ) det™2 [e“” (1 — (ng)_l)] det™2(1 — ¢V e 2).

We observe that det™> [e‘” (1 — (QSN)_l)] = det™2 (1 —¢"), and so using (4.39)
we get
I(HR-H);)*I (Ov t)

S der= (1 — MV derd [ R/2 ~1 (| _ 4N iR
= (4m)” 2det (1 ¢ )det (sinh(tR’/Z))det (1 e )

This proves (4.35) and completes the proof. O
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Let us go back to the proof of Theorem 4.5. Let Q € ¥2(R" x R, §, ® C?)
be a parametrix for p? + 9,. Thanks to Lemma 4.17 we know that Q has Getzler
order —2. Therefore, using (4.10) and (4.32) we see that, as t — 0,

Strﬁ@E |:¢5®E (XO)I(DZVE+81)_1 (X(), t):|
= (strs, e0r) [@F ® 9F)10(0.0)] + 0(™)

= (—i)32%det? (1 — ¢") |trer[pZ To,,, (0, ]|

+ O(2).
(4.40)

As noted above, the components in A*°(n) of the curvatures R’ and R” are RTM ¢ (V)
and RV’ (0), respectively. Likewise, the component in A*°(n) of the curvature
FE(0) is F£(0). Therefore, using (4.34)~(4.35) we see that the component in
A*0(n) of lg ., (0,1)is

(47r)_%

Io,_, (0, 1)(0,0) = 7 -
o det? (1 —¢N)

ARTM? (0)) AV, (RN”’ (0)) A Chy (FE(0)).

4.41)
Combining this with (4.40) we deduce that, as t — 0T, we have

S E |:¢S(XO)I(DZVE+3I)71 (xo0, t)]

(a,0)
= (=) 2 2n)" 2| A(RTM? (0)) AV, (RN¢(O))/\Ch¢ (FE©)|  +0@).

This gives the asymptotic expansion (4.6) at the point xo. This completes the proof
of Theorem 4.5 and the local equivariant index theorem.

Remark 4.18. As Theorem 4.5 is a purely local statement, it also allows us to obtain
the local equivariant index theorem for Dirac operators acting on sections of any
G-equivariant Clifford module E, where G is any compact group of orientation-
preserving isometries. This only amounts to replace Chy(F%) by Chy(FE /%),
where FE/¥ is the twisted curvature in the sense of [12]. In particular, this enables
us to recover the local equivariant index theorem for the de Rham and signature
complexes with coefficients in any G-equivariant Hermitian vector bundle.

It should be stressed out that the above proof of the local equivariant index theorem
actually gives a more general result. The key lemma in the proof is Lemma 4.16,
which was specialized to Q = (P> + 9;)~!. This lemma actually holds for general
Volterra WDOs. As a result, this allows us to obtain a version of Theorem 4.5 for
Volterra WDOs as follows.

Following [52] we shall call synchronous normal coordinates centered at a point
Xo € M the data of normal coordinates centered at xo and trivialization of the spinor
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bundle via synchronous tangent frame associated to an oriented orthonormal basis
er,....,en of Ty M. If x¢ € Mf for a given ¢ € G, we shall call such a basis
admissible if ey, ..., e, is an oriented orthonormal basis of Ty, Mf (which implies
thate, i1, ..., ey, is an oriented orthonormal basis of N\, ,?0).

Definition 4.19. Let Q € V3(M xR, § ® E).

(1) We shall say that Q has Getzler order m at a given point xo € M, when, for any
synchronous normal coordinates centered at xo over which E is trivialized, the
operator Q agrees up near x = 0 with an operator O € Ve (R" xR, 8,®CP)
that has Getzler order m.

(2) Given asubset S C M, we shall say that Q has Getzler order m along S when
it has Getzler order < m at every point of S

Example 4.20. The operator (Dzv £ + 9;)7! has Getzler order —2 at every point
of M.

Remark 4.21. It can be shown that the condition in (1) holds for some synchronous
normal coordinates centered at xy and some trivialization of E over these coordinates,
then it holds for any such data. That is, the notion of Getzler of order at a given
point of M is independent of the choice of the synchronous normal coordinates and
trivialization of E near that point.

Theorem 4.22. Given ¢ € G, let Q € V(M xR, § ® E) have Getzler order m
along the fixed-point set M®.
(1) If m is odd, then, uniformly on M,

SigoE [¢$®E () o (x, z)] =o(i™F)  wsi—o0t. @4

(2) If m is even, then, as t — 07 and uniformly on each fixed-point submanifold
Mf , we have

Srgor [¢$®E () o (x, z)] = yo(Q) ()21 + 0 (f%) L (443)

where y4(Q)(x) is a function on Mf such that, for all x¢ € Mad’, in any
synchronous normal coordinates centered at xo over which E is trivialized,
we have

Y6(0)(0) = (i) 325 det? (1 — ¢V (0)) |tr [¢F (0)Ig,,,, (0, 1)][“

where Q () is the model operator of Q.

Proof. The proof follows the outline of the proof of Theorem 4.5. More precisely,
as in the proof of Theorem 4.5 it is enough to prove the asymptotics (4.42)—(4.43)
pointwise, since we are already provided by a uniform short-time asymptotic for
Io(x,t) thanks to Proposition 3.4. However, these asymptotics are nothing but the
contents of Lemma 4.16. The proof is complete. 0
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Remark 4.23. With some additional work it can be shown that, if Q € W3 (M x R,
§ ® E) have Getzler order m along M®?, then, for alla = 0,2,...,n, there is a

unique section Y (Q)(x) of (AéT“Mg’ ) ® End(E) over M2 such that, for every

point xo € Mf , in any admissible synchronous normal coordinates centered at xg
over which FE is trivialized, we have

Y5(0)(0) = (—i)32%det? (1 — ¢ (0)) Ig,,, (0, 1)
We then have
76(0)(x) = |tz [$5 () Tp(@)(0)]| forallx € M?.

An interesting consequence of Theorem 4.22 is that it provides us with the
following differentiable version of the local equivariant index theorem.

Proposition 4.24. Given ¢ € G, let P : C*(M,§ ® E) > C*(M,$ ® E) be a
differentiable operator of Getzler order m along the fixed-point set M?.

(1) If m is odd, then
Str [Pe_tDZVE U¢,] —0 (z—'”T‘l) ast — 0%, (4.44)
(2) If m is even, then, ast — 0%, we have
Str[Pe_tDZVE U¢] - % / ve(P:Dye)(x)|dx] +o(f%+1), (4.45)
Mo

where yy(P;Dye)(X) is a function on M? such that, for all xo € M2,
a =0,2,...,n, in any synchronous normal coordinates centered at xy over
which E is trivialized, we have

N2 aa 1
Vo (PiPyr)()(0) = (=i)222detz (1 - ¢™(0))
E E @)
|8 [65 Oy, ttgesay-1 0. 1) nexp(=FEO)]|
where Py is the model operator of P.

Proof. By Proposition 3.7, as t — 07, we have
e
Str [Pe Py U¢] = / SUs@E [¢$®E(X)IP(D2VE+3,)71(XJ)] |dx| 4+ O@r).
Mé

As the operator Q = P(DzV £ + 0;)7! has Getzler order m — 2, using Theorem 4.22
we see that, when m is odd the asymptotics (4.44) holds. Moreover, when m is even,
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ast — 01, we obtain

SH[Péﬁp%N%]:ﬁ_?l/}@U%DVEdeM+4DG_g+O,
M®

where we have set y4 (P;Pye)(x) = y(Q)(x).
Let xg € M,f’ ,a=0,2,...,n,and let us consider admissible normal coordinates
centered at xo. Then the operator Q = P@% £ + 9;)~! has model operator

Qm—2) = Pomy(HR +8:) ™" Aexp(=1FE(0)).
Therefore, setting u = (—i)22% det? (1 - ¢N(O)), we get

16(0)(0) = 1t |irg [$F O, (0. 1]

(a)
=MbEkﬁm@Wwﬁm4mnAam4%wﬂ‘.
This proves (4.45) and completes the proof. 0

Remark 4.25. The considerations of this section on Getzler order and model
operators of operators in W (R” x R, 8, ® C?) are restricted to even dimension n
in order to use the isomorphism Endf$, =~ Clc(n). As pointed out in [52]
the notions of Getzler order and model operator make sense for elements of
W (R" xR, C?)®Cle(n) independently of the parity of n. In particular, Lemma 4.15
holds verbatim in this context. When 7 is odd, Clg(n) is a 2-cover to End §,,, but,
as observed in [15], the trace on Clc(n)™ = ¢ (A2°+1(n)) behaves essentially like
the supertrace on End §, in even dimension. We refer to [55] for odd-dimensional
analogues of Lemma 4.16 and Theorem 4.22 and some of their applications.

Remark 4.26. It is not difficult to extend to various family settings the considerations
of this sections on Getzler orders and model operators on Volterra WDOs (see,
e.g., [61,62]). In particular, this provides us with proofs of the local equivariant
family index theorem of Liu—Ma [46] and the infinitesimal equivariant index theorem
(a.k.a. Kirillov Formula) of Berline—Vergne [11] (see also [14]). We refer to [61]
for a proof of the former result and to [62] for the proof of the latter. We note that
the proofs of [61,62] rely on Lemma 9.5 of [56], which is not correct. This can be
fixed by using the approriate extensions of Lemma 4.16 and Theorem 4.22 to the
respective family settings at stake in [61] and [62].

5. Connes—Chern character and CM cocycle

In this section, we briefly recall the framework for the local index formula and explain
how to extend it to the setup of spectral triples over locally convex algebras. In what
follows we assume the notation, definitions and results of the prequel [57] (which we
shall refer to as Part I).
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5.1. The Connes—Chern character. The role of manifolds in noncommutative
geometry is played by spectral triples. More specifically, a spectral triple is a triple
(A, H, D), where

e H =H"' & H is a Z,-graded Hilbert space.
e A is a *x-algebra represented by bounded operators on H preserving its Z,-
grading.
¢ D is a selfadjoint unbounded operator on H such that
— D maps dom(D) N H* to HT.
— The resolvent (D + i)~ is a compact operator.
— adom(D) C dom(D) and [D, a] is bounded for all a € A.

In particular, with respect to the splitting H = H™* & H~ the operator D takes the
form,

D=(DO+ %_), D* :dom(D) N HE — HT.

The paradigm of a spectral triple is given by a Dirac spectral triple,

(Co(M), Lg(M. $).D,),

where (M", g) is a compact spin Riemannian manifold (n even) and P, is its Dirac
operator acting on the spinor bundle § = $* @ $~. Given any Hermitian vector
bundle E over M, the datum of any Hermitian connection on E enables us to form
the coupled operator Py acting on the sections of § ® E. Its Fredholm index
depends only on the K-theory class of E and is given by the local index formula for
Atiyah—Singer [4, 6], i.e., the equivariant index formula (4.1) in the case ¢ = idyy.

Likewise, given any spectral triple (A, H, D) and a Hermitian finitely generated
projective module £ over A, the datum of any Hermitian connection V€ on £ gives rise
to an unbounded operator Dye on the Hilbert space H(E) = H ® 4 £. Furthermore,
with respect to the splitting H(E) = H(ET) @ H(E7), where H(ET) := HE R4 E,
the coupled operator takes the form,

Dye = ( (?I_ D;E)’ D:vtg sdom(DF) @4 € - HT(E).
DI 0

The operator Dye is selfadjoint and Fredholm, and its Fredholm index is defined by

ind Dye = ind D%Fg = dim ker D%rg —dimker Dy .

This index depends only on the class of £ in the K-theory Ko(.A), and hence gives
rise to an additive index map indp : Ko(A) — Z.

Let us further assume that the spectral triple is p-summable for some p > 1,
i.e, the operator |D|™7 is trace-class. In this case, Connes [22] constructed an
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even periodic cyclic cohomology class Ch(D) € HP°(A), called Connes—Chern
character, whose pairing with K-theory computes the index map. This construction
is described in Part I in the more general setting of twisted spectral triples. For
reader’s convenience, we recall this construction in the special case of ordinary
spectral triples.

Proposition 5.1 (Connes [22]). Assume that (A, H, D) is p-summable and D is
invertible.

(1) For any q > %(p — 1) the following formula defines a 2q-cyclic cocycle on
the algebra A:

1 ¢! _ _ ;
D @°,....a%) = 5(2_61)!3&{1) '[D,a°]---D7'[D,a*]}, a’ €A,

where Str = Try+ — Try— is the supertrace on L' (H).

(2) The class of the cocycle 12131 in the periodic cyclic cohomology HP®(A) is
independent of the value of q.

The case where D is non-invertible is dealt with by passing to the invertible
double (A, H, D). Here H = H @ H is equipped with the Z,-grading y = y @ y

and A = A®C is the unitalization of A represented in 7 by (a, 1) — (a g A g)
The operator D is given by

= (D T

D = (Ho —D) , (5.1)

where Il is the orthogonal projection onto ker D. This provides us with a
p-summable spectral triple (A, 7, D) and it can be checked that the operator D
is invertible. We thus have well defined cyclic cocycles rqu, q > %( p—1),0on A.

Proposition 5.2 (Connes [22]). Assume that (A, H, D) is p-summable. For q >
%( p — 1), denote by ?qu the restriction to A of the cyclic cocycle 12%.

(1) The cochain ?qu is a cyclic cocycle on Awhose class in HP® (A) is independent
of the value of q.

(2) When D is invertible, the cyclic cocycles 12121 and ?Z are cohomologous in

HC?4(A), and hence define the same class in HP®(A).

Remark 5.3. The homotopy invariance of the cohomology class of ?Eq shows that,
forg > % (p+1), the class of ?qu in Hik (A) remains unchanged if in the formula (5.1)

for D we replace the projection 1y by any operators of the form #; + #, 1o, with
ti>0,t1+5>0 (cf. [22)).
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Definition 5.4 (Connes [22]). Assume that (A, H, D) is p-summable. The Connes—
Chern character of (A, H, D), denoted by Ch(D), is defined as follows:

o If D is invertible, then Ch(D) is the common class in HP?(A) of the cyclic
cocycles rqu and ?fq, with g > %(p —1).

e If D is not invertible, then Ch(D) is the common class in HP? (A) of the cyclic
cocycles ?qu, q > %(p —1).

The above definition is motivated by the following index formula.

Proposition 5.5 (Connes [22]). For any Hermitian finitely generated projective
module £ over A and any Hermitian connection V¢ on £, we have

ind Dye = (Ch(D), Ch(£)), (5.2)

where (-, -} is the duality pairing between cyclic cohomology and cyclic homology and
Ch(E) is the Connes—Chern character of £ in the periodic cyclic homology HP®(A)
(ctf. Part ).

Remark 5.6. All the above results continue to hold if in the definition of the cocycles
‘62131 and ?qu we replace the operator D by any operator D|D|™" with ¢ € [0, 1].
In particular, for # = 1 we obtain the sign operator F = D|D|~!, which is often

convenient to use for defining the Connes—Chern character.

5.2. The CM cocycle. The cocycles rqu and ?é)q used in the definition of the
Connes—Chern character are difficult to compute in practice, even in the case of
a Dirac spectral triple (see [16,20]). Therefore, it was sought for an alternative
representative of the Connes—Chern character which would be easier to compute.
Such a representative is provided by the CM cocycle [28], which is constructed as
follows.

In what follows we shall assume that (A, H, D) is p*-summable for some p > 1,
that is,

_ L .
pj(D™H) =0(j"7)  asj— oo,
where (D7) is the (j + 1)-th eigenvalue of |D™!| = |D|™! counted with

multiplicity. This implies that (A, H, D) is p-summable for all ¢ > p. In addition,
we set

DY (A) = A+ [D, Al (5.3)

Note that the very definition of a spectral triple implies that the operators in DY, (.A)
are bounded.

Definition 5.7. We shall say that (A, H, D) is hypo-regular when, for every
X e D(I)) (A), all the operators D™ XD ™™ m € Ny, are bounded.
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From now on we further assume that (A, H, D) is hypo-regular. Set H*® =
(>0 dom(D~™) and equip H*® with the Fréchet space topology defined by the
seminorms § — ((1 + D?™)£, &), m > 0. Then the hypo-regularity condition
implies that every X € DY, (A) induces a continuous linear operator from H> to
itself. Note also that {*° is a dense subspace of #. In addition, for m > 0, we
denote by D’} (A) the class of unbounded operators on #, where D% (A) is defined
as in (5.3), and

D'(A) = DDY(A) + DY (A)D,
"(A) = DY A)DE (A + D*(A)DB2A) + -+ + DY AD(A), m > 2.

Alternatively, we may regard each class D7} (A) as a subspace of L(H™). A
spanning set of D7} (A) is then obtained as follows. For m € Ny, define

P(m) = {(@.B) € N2 x (0. 17" o] = o + -+ + g = m}.
Then D7 (A) is spanned by operators of the form,

Pyp(a®,... ,a')y = D (@%)Po[D,a’'Po ... Do (a"PI[D,a]' B DU+
(5.4)
where the pair («, ) ranges over P(m) and a°,...,a' range over A. Setting
X7 = (a’)Pi[D,a’]*~P; such an operator can be rewritten as

(D(xOXOD—ao)(DOlQ-Hxl XID—(OC()-Hxl)) . (D(xo-l—'"-HXm XmD—(txo—I—"'-me))Dm’

This and the hypo-regularity condition imply that the operator Py g (a®,...,a™)D™™
is bounded. Combining this with the p™-summability of D we then deduce that, for
all X € D5 (A), the operator X |D |72~ is trace-class for iz > p, and so by taking
its super-trace we then obtain a function z — Str [X | D|~#7"] which is holomorphic
on the half-plane Rz > p.

Definition 5.8. We say that (A, H, D) has discrete and simple dimension spectrum
when (A, H, D) is hypo-regular and there is a discrete subset X C C such that, for all
m € Ng and X € D7 (A), the function Str [X |D|~?7"™] has an analytic continuation
to C \ X with at worst simple pole singularities on X. The dimension spectrum of
(A, H, D) is then defined as the smallest such set.
Remark 5.9. The p*-summability of D implies that the dimension spectrum of
(A, H, D) is contained in the half-space Nz < p.

In what follows, given X € D% (A), for j = 0,1,2,... we denote by X U1 the
Jj -th iterated commutator of D? with X, i.e.,

J times

xO—=x  xUl=[p2[p% ... [D%X]---]], j=>1

Note that X /1 is an element of Dsz (A).
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Definition 5.10. We say that (A, H, D) is regular when, for every X € DY (A), all
the operators X [mIp—m m e Ny, are bounded.

Assume that the spectral triple (A, H, D) is regular and has simple and discrete
dimension spectrum. Then, as shown by Connes—Moscovici [28], we can construct
a class of ¥DOs and an analogue of Guillemin—Wodzicki’s noncommutative residue
trace as follows.

In the following we denote by B the class of unbounded operators on H that
are linear combinations of operators of the form X|D|=" with X € DY (A) and
m € Ny. The regularity assumption implies that all the operators in 53 are bounded.
Moreover, for r € R we denote by OP" the class of unbounded operators 7" on H
such that dom(7") D H () and T|D|™" is bounded.

Definition 5.11. W% (A), g € C, consists of unbounded operators P on A such that
the domain of P contains H* and there is an asymptotic expansion of the form,

P~ "bIDI"7.  bjeB,
Jj=0
in the sense that
(P -y bj|D|q-f) e OPM~N  yN eN.
Jj<N

In particular, the above definition implies that any operator in \IJ% (A) induces a
continuous linear operator from H to itself. Moreover, the operators in \IIqD (A)
with g < 0extend to bounded operators of H to itself. Those operators are compact
(resp., trace-class) when Rg < O (resp., Hg < —p). Furthermore, it can be shown
(see [28,39]) that if X € DY (A), then, forall j € Nand z € C,

ID|22x[j] ~ Z (Z‘)X'[j-l-k]lD|22—2k7
k>0 J
and hence | D|?? XU is contained in ‘Ilf)zﬂ (A). This implies that
VL (AL (A) Cc WL T2 (A) Vg eC.

In addition, the existence of a discrete and simple dimension spectrum implies
that, for any P € W% (A), the function z — Str[P|D|™??] has a meromorphic
extension to the entire complex plane with at worst simple pole singularities. Note
that the poles are contained in the half-plane Rz < %( p + Nq). We then set

][P := Res;—o Str [ P|D| %] VP e U (A). (5.5)
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As it turns out (cf. [28]), this defines a trace on W3, (A), i.e.,

][PIPZ =][ P,Py  forall P; € W (A).

This residual functional is the analogue of the noncommutative residue trace of
Guillemin [37] and Wodzicki [63]. Note also that it vanishes on all operators
P e \IJ% (A) with Rg < —p, and so this is a local functional.

In what follows forg > 1 and « € Ngq we set

(@ — Doy + -+ + azg)!

= (=1l :
Cg.a = (=1) al(@r + 1) (g + 29)

(5.6)

Theorem 5.12 (Connes—Moscovici [28]). Assume that (A, H, D) is pT-summable,
regular and has a discrete and simple dimension spectrum. Then

(1) The following formulas define an even periodic cyclic cocycle ™ =
(5340 on A:

oM (@®) = Re(s) {T'(z) Str [a0|D|_22]} + Str [aOHO] , ad’e A, (5.7
7=
‘Pgév[(ao’ o aZQ) — Z Cq,a][ yaO[D, al][on] .. [D’a2q][azq]|D|—2(|a|+q).
aeNg
(5.3)

(2) The cocycle 9™ represents the Connes—Chern character Ch(D) in HP? (A).

(3) For any Hermitian finitely projective module £ over A and any Hermitian
connection V¢ over £, we have

ind Dye = (™M, Ch(E)).

Remark 5.13. The formulas (5.7)—(5.8) provide us with the local index formula in
noncommutative geometry [28]. The cocycle ¢ is called the CM cocycle of the
spectral triple (A, H, D).

Remark 5.14. Connes—Moscovici [28] proved Theorem 5.12 under the additional
assumption that the functions I'(z) Str[X|D|~*], X € DY, (A), have rapid decay
along vertical lines in the complex plane. This technical assumption is removed
in [39].

Example 5.15. A Dirac spectral triple (C*° (M), L§ (M, $).D,) is nT-summable
withn = dim M. It is also regular and has a discrete dimension spectrum contained

in {k € N; k < n}. Each space \IJ% (A), g € C, is contained in the space of classical
WDOs of order ¢. In addition, the residual trace f agrees with the noncommutative
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residue trace of Guillemin and Wodzicki. Finally (see [28, Remark II.1], [52]) the
CM cocycle 9™ = (¢5)")g>0 is given by
Qim)~3

CM/ r0 2q\ __
SO S = T

/fodflA---Adfzq/\A(RTM), [/ e C®M).
M

Combining this with (5.2) enables us to recover the local index formula of Atiyah—
Singer [4, 6].

5.3. The CM cocycle of a smooth spectral triple. We shall now explain how to
specialize the framework of the local index formula in noncommutative geometry to
spectral triples over locally convex algebras, more precisely, for the smooth spectral
triples considered in Part 1.

In what follows by a locally convex x-algebra we shall mean a *-algebra A
equipped with a locally convex topology with respect to which its product is a
(jointly) continuous bilinear map A x A — A and its involution is a continuous
antilinear map A — A. A spectral triple (A, H, D) over such an algebra is called
smooth when the representation of A and the map a — [D, a] are continuous linear
maps from A to L£(H). If we further assume p-summability, then the Connes—Chern
character of (A, H, D) descends to a cohomology class

Ch(D) € HP°(A),

where HP®*(A) is the periodic cyclic cohomology of continuous cochains on A
(cf- Part I). More precisely, the cyclic cocycles ?fq, q > %( p — 1), are continuous
and define the same class in HP®(.4). It then is natural to ask under which conditions
the CM cocycle may represent the Connes—Chern character in HP? (A).

In what follows we let (A, H, D) be a smooth spectral triple which is p*-
summable and hypo-regular.

Definition 5.16. We say that (A, H, D) is uniformly hypo-regular when, for all
m € Ny, the linear maps a — D™a D™ and a — D™[D,a]D™™ are continuous

from A to L(H).

We observe that the hypo-regularity assumption enables us to endow each space
D7} (A), m > 0, with the norm,

IXllny = I1X(1 4+ D?)™2||, X € Dp(A).

This gives rise to a natural normed topology on each space D7} (A), m > 0.
In what follows, given any open 2 C C, we shall denote by Hol(£2) the Fréchet
space of holomorphic functions on €.

Remark 5.17. If (A4, H, D) is uniformly hypo-regular, then, for any pair (&, 8) € P(m),
m € Ny, the map (a°,...,a™) — Py p(a®, ...,a™) is a continuous (m + 1)-linear
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map from A"+ to D (A), where the operator Py g(a®, ... a™) is given by (5.4).
It then follows that we obtain a continuous (m + 1)-linear map,

A" 5 @0 . a™) — Str [Pa’,g(ao, ....a™)|D|7*7™] € Hol(Rz > p).

The above remark leads us to the following notion of uniform dimension spectrum.

Definition 5.18. We say that (A, H, D) has a simple and discrete uniform dimension
spectrum when it is uniformly hypo-regular and has a simple and discrete dimension
spectrum in such way that, for any m € Ny and pair (o, B) € P(m), the following
conditions are satisfied:

(i) The (m 4+ 1)-linear map (a°,...,a™) — Str [Pa,ﬂ @, ..., am)|D|_z_m] i
continuous from A™*! to Hol(C \ ).

(ii) Anyo € ¥ has an open neighbourhood 2 C C such that X NQ = {o} and the
(m + 1)-linear map (a°,...,a™) — (z —0) Str[ Py g(a®, ....a™)|D|777™]
is continuous from A™*! to Hol(2).

Definition 5.19. We say that (A, H, D) is uniformly regular when it is regular and, for
all m € Ny, the linear maps a — a™ D™ and a — [D, a]"! D~ are continuous
from A to L(H).

We are now in a position to answer the question about the representation of the
Connes—Chern character Ch(D) € HP?(.4) by means of the CM cocycle.

Proposition 5.20 ([54]). Suppose that (A, H, D) is smooth, p™ -summable, uniform-
ly regular and has a discrete and simple uniform dimension spectrum. Then

(1) The components (5.7)~(5.8) of the CM cocycle o™ are continuous cochains
on A.

(2) The class of 9™ in HP® (A) agrees with the Connes—Chern character Ch(D).

6. CM cocycle and heat-trace asymptotics

In this section, we shall now re-interpret the CM cocycle and its representation of
the Connes—Chern character in terms of heat-trace asymptotics. As we shall see,
this is especially convenient for smooth spectral triples over barelled locally convex
algebras.

In what follows we let (A, H, D) be a hypo-regular p*-summable spectral triple.
We denote by £!(#) the Banach ideal of trace-class operators on H equipped with
the norm ||T||; := Tr|T|, T € £'(#). In addition, we denote by ITy the orthogonal
projection onto ker D. Note that Iy is a finite-rank operator whose range is contained
in H°.

Lemma 6.1. Assume that (A, H, D) is hypo-regular, and let m € Ny.
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(1) Forall X € D(A), the operators X e 0% 1 >0, form a continuous family
of trace-class operators.

(2) Forall g > p, there is a constant Cyyq > 0 such that

1Xe ™|y < Cogl X lomt™ " forallt > 0and X € DT(A).
6.1)

(3) Let Ag be the smallest eigenvalue of D?. Forall ¢ > p, there are a time ty >0
and a constant Cpq > 0, such that

1X(1 = TIo)e 2|y < Cngl| X mye ™™™ forallt > 1y and X € D3 (A).
(6.2)

Proof. The proof relies on the fact that £!(#) is a two-sided ideal and its norm is
symmetric, i.e.,

[AiTAz |y < [T 1l A2l YT € LY(H) VA; € L(H).  (6.3)
Letg > p and X € D} (A). Forall t > 0, we have
Xe D% = X(l —Tlo)e*P? + XTI,
—myD=1(:D?) "3 (1 — Mo)e P> + X . (6.4)

We note that X I has finite-rank, and hence is trace-class. In addition, the operators

XD, (tDz)mTJrqe_’D % and D~ are trace-class. Therefore, we see that Xe P % is
trace-class for all ¢ > 0.
Using (6.3) and the fact that [Ty = (1 + D2?)" 211y we get

IXTo[ly = 1X(1 + D)~ 3 Tolly < [[X lgmy I Toll1- (6.5)
Using (6.3) and (6.4) we also obtain

_+D2 m
IX(1-Tlo)e P ||y <t~

D D) P71, (6.6)

We observe that

IXD™™|| = | X(1 + D?)~% -(14+ D)Z D™ < [X |l (1 + D) Z D™,
6.7)

1(tD?) "2 (1 = To)e ™P%|| < sup{p "2  e™; ju > tho} < sup{u™ " e~ > 0}.
(6.8)

Combining this with (6.5)~(6.6) and the fact that Xe 2% = X(1—TII¢)e~*2° + XTI,
we deduce there is a constant Cy,4; > 0 such that, for all # > 0 and X € D (A), we
have

_+D2 _ _m+q
1Xe™ %l < | X(1 = To)e ™2 |y + [ XTolly < Crmg ™ 2" + DXl (m)-
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+
We further observe that the function © — [Lm2 ‘e~ has a single critical point pi
on (0, 00) and is decreasing on [y, 00). Therefore, if we set 7, = pzAy !, then,

. mtq . .
for all t > ¢4, the function © — pu 2 e * is decreasing on [fAg, 00), and hence

m+q

u 2 et < (t/\o)we_”““ for all 4 > tAg. Combining this with (6.6)—(6.8) we
deduce there is a constant C,,, > 0 such that

IX(1 = o)e ™% ||y < Cpy IX e ™20 forallt > 1, and X € D3 (A).

To complete the proof it remains to show that, for any X € D’} (A), the family

(Xe_’Dz)t>0 is a continuous family in £! (). To thisend letc > Oand¢; € (c, 00),
j =1,2. Sett = min{ty,t,} and h = |t; —t»|. In addition, let f(x) be the function
on [0, 0o) defined by f(x) = x~ (1 —e™¥) forx > 0 and f(0) = 1. Note that f(x)
is a continuous function on [0, co) with values in (0, 1]. We then have

Xe11P? _ xe=2D? = £ xo™1P?(] — ¢7hD?) = pxDP2e=¢P? e~ (t=D? £ D2).

(6.92)
As XD? is contained in D72 (A), the first part of the proof shows that X D2e =P
is a trace-class operator. We also note that

le=C=9P% £(hD?)|| < [le==OP%|||| f(hD?)| < max f < 1.
Therefore, combining (6.3) and (6.9) we obtain
| Xe™1P% — xe™2P% ||} < h|XD2%~P%||,  Vi; € (c.00).

This proves that (Xe_’Dz) ;=0 is a continuous family in LY(H). The proof is
complete. O

Remark 6.2. It follows from Lemma 6.1 that, for any X € D, (A), the supertrace

Str [X e~tD 2] is well defined for all ¢ > 0. Moreover, the inequalities (6.1)—(6.2)
imply that, for all m € Ny, we actually have continuous linear maps,

A > X — "3 s [Xe"Dz] € CL(0,1], q > p,
mA) > X — et Str [X(l — Ho)e_’Dz] e CP[1,00),

where Cl?(O, 1] (resp., Cl?[l,oo)) is the Banach space of bounded continuous
functions on (0, 1] (resp., [1, 00)).

Definition 6.3. Given a discrete subset X of (—oo, p|, we shall say that (A, H, D)
has the asymptotic expansion property relatively to ¥ when it is hypo-regular and,
for any X € D (A), m > 0, there is an asymptotic expansion of the form,

Str [Xe_tDz] ~ Y @) s s o, (6.10)

(AP
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Remark 6.4. Let 6(¢) be a function on (0, oo) whichast — 0T admits an asymptotic
expansion of the form (6.10). We shall call by partie finie (i.e., finite part), and denote

by Pf+ Ox (1), the constant coefficient in this asymptotic expansion. For instance, in
=0
the notation of (6.10), for any X € Dj(A), m > 0,and 0 € X, we have

ai™(X) = P {z%("+m) Str [Xe_’Dz]} 6.11)
— 1lim zi(0+m){5tr [Xe_’Dz] =Y a0 e (6.12)
t—0+
G;EE
g >0

Note also that both right-hand sides make sense when o ¢ X.

Remark 6.5. The asymptotic expansion property implies that, for any m € Ny, we
may define a linear map Ry : D (A, D) — CZ?(O, 1] by

RN(X)(f)=1_N{Str|:Xe_tD2]_ 3 al (x)r~xe+m
O'EES(]”)

X e DA(A), 1 € (0.1], (6.13)

where we have set EX,") ={0e€X o+m>2N}

Lemma 6.6. Assume that (A, H, D) has the asymptotic expansion property relatively
to X. Then

(1) (A, H, D) has a discrete and simple dimension spectrum contained in X.

(2) Forany X € D} (A) and g > 0, we have

Pf 14 Sir | Xe~t”] ifq > 0.
Res {F(Z) Str [X|D|—2(z+q)]} — Jr=0t .
o PE_Str[Xe™P”] —Su[XTlg] ifg = 0.

=0t
(6.14)

Proof. Let X € D} (A), m = 0. In the following, given any z € C we set Z =
%(Z + m). Using the Mellin formula '(3)|D|~¢+™) = fooo 71— Ho)e—tDzdt,
NRZ > 0, and the boundedness of X |D|™™, it can be shown that, for iz > 0, we have

o0
)X |D|~E+m = / 71X (1 = Tp)e P2 dr,

0

where the integral converges in £(7). In fact, Lemma 6.1 further ensures us that,

for Rz > p the operators th(l - Ho)e_’Dz, t > 0, form a continuous family
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in £!(#) which remains bounded as t — 0™ and decay exponentially fast as  — oo.
Therefore, for Rz > p, we have

(%) Str [X|D|_(Z+m)] — /0 R [X(l _ no)e—’Dz] dt. 6.15)
That is, when regarded as a function of the variable Z, the function
(%) Str [X|D |—(Z+m)]
is the Mellin transform of the function,
Ox () = Str [X(l - no)e—’Dz] — Str [Xe_’Dz] _Sw[XM,], >0

It is well known how to relate the short-time behavior of 8y (¢) to the meromorphic
singularities of its Mellin transform (see, e.g., [12,34]). First, the fact that tZx.
(1 — gy)e*P ®,t > 1, is a continuous family with rapid decay in £!(7) enables
us to define an entire function F(X)(z) := floo 127195 (1)dt, z € C. We then may
rewrite (6.15) as

F(f)Str[X|D|_(Z+m)] = /zf—lex(z)dt, Nz > p. (6.16)
1

Second, the asymptotic expansion (6.10) implies that, for all N € N, we can write

Ox(t) =Y 17%alP(X) - Suw[XTo] + "Ry (X)(1).  0<t=1. (6.17)

(m)
0ET

where Ry (X)(¢) is the bounded continuous function on (0, 1] defined by (6.13).
The boundedness of Ry (X)(¢) enables us to define a holomorphic function
Hy(X)(2) := fol tZ*N=1Rn (X)(t)dt on the half-plane %z > —N (i.e., the half-
plane Rz > —(2N + m)). Combining this with (6.16) and (6.17) we see that on the
half-plane iz > p the function I'(2) Str [X |D|~C¢ +’”)] is equal to

[e.¢] o0
> / 12E=0)=1g(m (x) gy — / £2GHm) S [X Mol dt + Hy (X)(2) + F(X)(2)
oex( 1 1

=2 fg%m —- _2m Str[X o] + Hy (X)(2) + F(X)(2).

OGE%”

This shows that, for all N € N, the function I'(Z) Str [X |D|~C +m)] has a
meromorphic continuation to the half-plane Rz > —(2N + m) with at worst simple
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pole singularities on Zg\',”) U {—m}. Furthermore, for all o € EX,") with o # —m,

we have

Res {F(i) Str [XIDI‘(”'”)]} =24 (X) = 2 P, {z" Str [X(l - no)e—sz]} ,
(6.18)

while for 0 = —m we obtain

Res {F(é) Str [X|D|—<Z+'")]} =2 Pf St [X(l - Ho)e_’Dz] —28tr [X o]
z=—m t=0
(6.19)
AsTE ™ =T (3(z+ m))_1 is an entire function that vanishes on —m — 2N,
we then deduce that the function Str [X |D|~C +m)] has a meromorphic extension

to C with at worst simple pole singularities on | J N>1 Eg\',") = X. This proves that

(A, H, D) has a simple and discrete dimension spectrum contained in X. Finally,
the formula (6.14) follows from (6.18)—(6.19) and the fact that, for ¢ > 0 both sides
of (6.14) vanish when g & % (X + m). The proof is complete. O

Combining Lemma 6.6 with Theorem 5.12 we then arrive at the following result.

Proposition 6.7 ( [54]). Assume that (A, H, D) is p*-summable, regular and has
the asymptotic property. Then

(1) (A, H, D) has a discrete and simple dimension spectrum, and, hence, the
Connes—Chern character Ch(D) is represented by the CM cocycle (5.7)—(5.8).

(2) We have the following formulas for the components (pzcgl, q > 0, of the CM
cocycle:

oM (@®) = Pf+ Str [aoe_tDz] , a® e A, (6.20)
1=0

(pZCtII\A(aO’ L) = Z cqal (Ja| + Q)_llfg+ {tlaH'q Str [Tq’ae_tDz]} ,
aeNéq -

(6.21)

where cg o is given by (5.6) and we have set Ty o = a°[D, alllerl...[D, q29]le2d],

In the rest of this section we further assume that (A, H, D) is smooth (in addition
to be p*-summable and hypo-regular).

Definition 6.8. Given a discrete subset X C R, we say that (A, H, D) has the
uniform asymptotic expansion property relatively to X when (A, H, D) is uniformly
hypo-regular and it has the asymptotic expansion property relatively to 3 in such way
that, for any m € Ny and pair («, 8) € P(m), the following properties are satisfied:

(i) Forallo € X, the (m+1)-linear form (a°,...,a™) — a((,m) (Pa,,g (a®,.. .,am))
is continuous on A™+1,
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(ii) For all N € Ny, the (m + 1)-linear map
@°,....a™) — Ry (Paﬁ(ao, cd™) (@)

is continuous from A™*+1 to C2(0, 1] (where Ry is defined as in (6.13)).
Remark 6.9. The condition (i) means there is a continuous seminorm N :;% on A
such that

’a((,m) (Pap(a®, ... ,am))‘ < N™ (@ ... N (gm) foralla’ € A. (6.22)

— Y Voap oaf
Likewise, the condition (ii) means there is a continuous semi-norm N 1(\;33 on A such
that

RN (Pap(@®.....a™) ()] < Nyuy(@®) -+ Nyny (a™)
foralla’ € Aandt € (0,1]. (6.23)

As the following lemma shows, requiring uniformness in the heat trace
asymptotics (6.10) turns out to be irrelevant when the A has a barelled locally convex
topology. We refer to [59] for the precise definition of a barelled locally convex
topology. For our purpose it is enough to know that the Banach—Steinhaus theorem
continues to hold for barelled topological vector spaces, and the main examples
of barelled topological spaces include Baire topological vector spaces, as well as
inductive limits of such spaces (cf. [59]). In particular, Fréchet spaces and inductive
limits of Fréchet spaces are barelled locally convex spaces.

Lemma 6.10. Assume that the topology of A is barelled, and let ¥ be a discrete
subset of (—oo, p|. Then the following are equivalent:

(1) (A, H, D) has the uniform asymptotic expansion property relatively to 3.

2) (A, H, D) is uniformly hypo-regular and has the asymptotic expansion
property relatively to 3.

Proof. Tt is immediate that (1) implies (2), so we only need to prove the converse.
Assume that (A, H, D) is uniformly hypo-regular and has the asymptotic expansion
property relatively to 3. Let m € Ny and («, 8) € P(m). By Remark 5.17,
the (m + 1)-linear map (a°,...,a™) — P, p(a®, ...,a™) is continuous from
A™t1 to D (A). Lett > 0. As the estimate (6.1) implies that the linear form
X — Str [X e~tP 2] is continuous on D’} (A), we deduce that the (m + 1)-linear form
(@®,....a™) — Str[ Py p(d®, ... ,a’")e_’Dz] is continuous on A™*1,

Bearing this in mind, let us enumerate ¥ as a decreasing sequence o9 > o1 > ---.
Then by (6.11) we have

a((,’g) (Pa,,g a°,.. .,a’”)) = tli)r;lJr t%("“m) Str [Pa,ﬁ @, ... ,am)e_”y] Va' € A.
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Therefore, we see that a((,’g) (Pa, B @®,... ,am)) is the pointwise limit of continuous
(m + 1)-linear forms on A. As the topology of A is barrelled, the Banach—Steinhaus
theorem holds, and hence ensures us that (m + 1)-linear form (a°,...,a™) —
a((,'g) (Pa,p(a®,....a™)) is continuous on A™*!. More generally, using (6.12), an
induction on j and repeated use of the Banach—Steinhaus theorem show that, for all
j =0,1,2,..., the (m + 1)-linear form (a°,...,a™) — a((,';’) (Pop(a®, ... ,am))
is continuous on A™*!. That is, condition (i) of Definition 6.8 is satisfied.
Bearing this in mind, let N € Ny. An examination of (6.13) shows that, for
all # € (0,1], the (m + 1)-linear form (a°,...,a™) — Ry (Pag(a® ....a™)) (t)
is continuous on A™*!. Moreover, the asymptotic expansion property implies that
lim; o+ Ry (Pa,p(a®,...,a™)) (r) exists for all a/ € A. The Banach-Steinhaus
theorem then implies that we obtain an equicontinuous family of (m + 1)-linear
forms on A parametrized by ¢ € (0, 1]. That is, the estimate (6.23) holds. Therefore,
using Remark 6.9 we see that condition (ii) of Definition 6.8 holds as well. This
shows that (A, H, D) has the uniform asymptotic expansion property. The proof is
complete. O

The following lemma provides us with a relationship between uniform asymptotic
property and uniform dimension spectrum.

Lemma 6.11. [f (A, H, D) has the uniform asymptotic expansion property, then it
has a simple and discrete uniform dimension spectrum.

Proof. We know by Lemma 6.6 that (A, 2, D) has a discrete and simple dimension
spectrum contained in X. Therefore, we only need to show that the dimension

spectrum is uniform. Given m € Ny, the proof of Lemma 6.6 shows that, given any
X e D(A)and N € N, for iz > p we have

T'(2)Str [X|D|_(Z+m)]

as(X) —

2 2
:Z z—o0 z—m

(m)
OEX Y

Str[X o] + Hy (X)(z) + F(X)(z). (6.24)

where Fx(z) and Hy (X)(z) are given by
o
F(X)(z) = / 271 sy [X(l - Hg)e_’Dz] dt

1
1

and Hy(X)(z) = / 2N Ry (X)(2) dt.
0

Recall also that F(X)(z) is an entire function and the function Hy (X)(z) is
holomorphic on the half-plane Rz > —(2N + m).
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Let ¢ € Ng”“, || = m, and B € {0,1}™. By assumption, for all
o € X, the (m + 1)-linear map (a°,...,a™) — a((,m)(Pa,ﬂ (@, ... ,am)) is
continuous on A™T!. Moreover, it follows from the seminorm estimate (6.23)
that Hy (Pa,ﬂ @, ..., am)) (z) satisfies a uniform estimate of the form (6.23) on
any closed halfspace iz > —(2N 4+ m) + ¢, € > 0. In addition, as pointed
out in Remark 5.17, the (m + 1)-linear map (a°,...,a™) — P, p(@a°...,a™)
is continuous from A™*! to D% (A). Combining this with the estimate (6.2) we
deduce that F (Pgg(a®, ... ,a™)) (z) satisfies a uniform estimate of the form (6.23)
on any closed vertical stripe ¢; < Rz < ¢3, ¢; € R. Combining these observations
with (6.24) we then deduce that the conditions (i)—(ii) of Definition 5.18 are satisfied
on any halfspace iz > —(2N +m), N € N. This shows that (A, H, D) has a simple
and discrete uniform dimension spectrum. The proof is complete. O

Combining Lemmas 6.10 and 6.11 with Proposition 5.20 we then arrive at the
final result of this section.

Proposition 6.12 ([54]). Assume that (A, H, D) is smooth, p™ -summable, uniformly
regular, and one of the following conditions holds:

(i) (A, H, D) has the uniform asymptotic expansion property.

(ii) The topology of A is barelled and (A, H, D) has the asymptotic expansion
property.

Then the CM cocycle represents the Connes—Chern character Ch(D) in HP®(A)
and its components are computed by the formulas (6.20)—(6.21).

7. The Connes—Chern character of an equivariant Dirac spectral triple

The aim of this section is to compute the Connes—Chern character of an equivariant
Dirac spectral triple by means of its representation by the CM cocycle. By Connes—
Chern character we shall mean its version as a class in the periodic cyclic cohomology
of continuous cochains.

Throughout this section we let (M", g) be an even dimensional compact spin
oriented Riemannian manifold. We denote by P, its Dirac operator acting on the
spinor bundle § = $* @ $. In addition, we let G be a subgroup of the connected
component of the group of orientation-preserving smooth isometries preserving the
spin structure. For ¢ € G we denote by Uy the unitary operator of L§ (M, $)
defined by (3.1) using the unique lift of ¢ to a unitary vector bundle isomorphism
¢’g : 5 — ¢«8. The map ¢ — Uy then provides us with a unitary representation
of G in the Hilbert space Lz, (M, $).
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Recall that the crossed-product algebra C*° (M) x G is given by the vector space
C*®°(M) ® CG and the product and involution defined by

(1®¢1) (R ¢2) = fi(faod1" ) ® P12, fi €CP®(M), ¢p; €G, (1.1)
(fop* =0 feC®M), peG. (12

Given f € C*®(M) and ¢ € G, it is convenient to denote the elements f ® 1 and
1 ® ¢ by f and ug, respectively, so that we have f @ ¢ = (f @ 1)(1 @ ¢) = fuy.
Using this notation, the relations (7.1)—(7.2) give the relations,

upf = (fo¢ Dug  and  uy=uy' =us. (7.3)

The crossed-product algebra C °° (M )xG carries a natural Fréchet space topology,
with respect to which it is a locally convex *-algebra. We refer to Part I for a detailed
description of this topology. This topology appears as the inductive limit of the
topologies of the Fréchet spaces C®(M) x F = C®(M) ® CF ~ C®(M)F,
where F ranges over finite subsets of G and C®(M)¥ is equipped with the product
topology. In particular, the topology of C*°(M) x G is barelled. Moreover, given
any topological vector space X, a linear map ® : C*°(M) x G — X is continuous
if and only if, for all ¢ € G, the map f — ®(fuy) is a continuous linear map from
C®(M)to X.

We also observe that the relations (7.3) are satisfied by the operators Uy,
¢ € G, and the functions f € C% (M) are represented as multiplication operators
on LE(M .$). Therefore, we have a natural representation fugy — fUg of the
crossed-product algebra C°°(M) x G as bounded operators on Lé (M, 8).

Proposition 7.1. (C*°(M) %G, L; (M, 8),D,)isan n* -summable smooth spectral
triple.

Proof. We know that (C*°(M), Lg, (M, $),D,) is an nT-summable spectral triple.
As the Dirac operator ), commutes with the unitary operators Uy, ¢ € G, we see
that (C*° (M) %G, Lé (M, 8),D,) is aspectral triple as well. Obviously, this spectral
triple is 7 -summable.

. 2 .

In order to show that the spectral triple (C*°(M) x G, L5 (M, §),P ) is smooth
we only need to show that, given any ¢ € G, the linear maps f — fUs and
f = [Pg. fUg] are continuous from C*°(M) to L (L} (M, §)). The continuity of
the former map is immediate and that of the latter is a consequence of the identities

Dg, fUpl =Py, f1Us = c(df)Ug. The proof is complete. O

As(C®(M)xG, Li, (M, $),D,)isan n*-summable smooth spectral triple it has
a well defined Chern-Connes character Ch(P ) in HP°(C (M) xG). The first step
is showing that this Connes—Chern character is represented in HP®(C®(M) x G)
by the CM cocycle.
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In what follows, as in Section 5, for m € Ny, we let D™ (M, §) be the Fréchet
space of m-th order differential operators on M acting on the sections of ,§. We then
have the following result.

Lemma 7.2. Let m € Ng and ¢ € G. Then the linear map P — PD;'" Uy from
D"™(M, 8) to E(L; (M, §)) is continuous.

Proof. Let WO(M, 8) be the space of zero-th order WDOs on M acting on the sections
of 8. We equip it with its standard Fréchet space topology (see, e.g., [48, Appendix A]
for a description of this topology). We note that with respect to this topology the
following properties are satisfied:

* The inclusion of WO(M, §) into L(LZ (M. $)) is continuous.

» For all m € Ny, the linear map P — PD;'" from D™ (M, §) to VO(M, $) is
continuous.

Using these two properties we deduce that, for all m € Ny and ¢ € G, the linear
map P — PD:" Uy is continuous from D™ (M, §) to L(L?(M, §)), proving the
lemma. O

Lemma 7.3. The spectral triple (C*°(M) x G, Lg(M, $).D ) is uniformly hypo-
regular and uniformly regular.

Proof. Letm € Ng and ¢ € G. As the operators Uy and ), commute with each
other we see that, for any f € C°°(M), we have

PLSURT" = WFIP"Us and DY NIUWST = WFe(f 070
As the linear maps f — D¢’ f and f — D[P, f] are continuous from C*°(M)
to D™(M, $), using Lemma 7.2 we then deduce that, for all m € Ny and ¢ € G, the
linearmaps f — Py fP,™ and f — D[P, f1P,™ are continuous from C*°(M )
to L‘(Lz, (M, 8)). This proves that the spectral triple (C*°(M) x G, Lé (M, 3),D,)
is uniformly hypo-regular.

Similarly, given m € Ng and ¢ € G, for all f € C* (M), we have

(FUDP,™ = 7P Uy and (D, £1Us) "™ P3™ = (c(df )™ D™ Uy

As the principal symbol ofﬂi, is scalar, we see that £ and (c(df ))[m Vare m-th order
differential operators. Incidentally, the linear maps f — £ and f — (c(df ))[m]
are continuous from C*° (M) to D™ (M, §). Combining this with the equalities (7.4)
and using Lemma 7.2 we deduce that, for all m € Ny and ¢ € G, the linear maps
f — (fU¢)[m]D;m and [ — ([D,. f]U¢)[m]D;m are continuous from C (M)
to E(L;(M, $)). Tt then follows that (C*°(M) x G, Lg,(M,S),l)g) is uniformly
regular. The proof is complete. O
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Lemma74. Set X = {3(n —{); £ € No}. Then (C®(M)»G,L2(M,$).D,) has
the asymptotic expansion property relatively to X.

Proof. Set A= C>®(M)and Ag = C*°(M)xG. Inaddition, form € Ny, we shall
denote by D™ (M, 8) x G unbounded operators on H that are linear combinations of
operators of the form P Uy, where P ranges over D™ (M, §) and ¢ ranges over G.
Note that Dgg(.AG) is spanned by operators of the form f Uy and [P, fUp] =

c(df)Uy, with f € A and ¢ € G. Therefore, the space D}DQ(AG) is spanned by
Dgg (Ag) and operators of the form

PgfUs, fUsDg = fPgUp, Pgcldf)Us, c(df)UsDy = c(df)PoUs,

where f ranges over A and ¢ ranges over G. We thus see that Dgg (Ag) (resp.,
D}Dg (Ag)) is contained in D°(M, $) x G (resp., D (M, §) x G). An induction on
m then shows that

D;D”g(.AG) CD"(M,$)xG for all m € Ny.

Bearing this in mind, let ¢ € G and P € D™(M, §), m € No. As ), commutes
with the action of G, we see that the unitary operator Uy commutes with the heat

semigroup e P % Thus,
Str [PU¢e—’D§] = Str [Pe—fl’if U¢] for all ¢ > 0. (7.5)

Using Proposition 3.7 we then see that, as t — 0T, we have

Str[PU¢e—’D§]~ 3 Zz—(‘é+[’5’1)+f/Str[qsﬁ(x)l(f) (x)i| \dx].

, P(PZ+0)"!
0<a<n j>0 &
a even M,

Combining this with (6.10) shows that (C*°(M) x G, L§ (M,$).D,) has the
asymptotic expansion property relatively to ¥ = {%(n —{); £ € No}. The lemma
is proved. O

As the topology of C °°(M ) x G is barelled, combining Lemma 7.3 and Lemma 7.4
with Proposition 6.12 and Proposition 7.1 we then obtain the following statement.
Proposition 7.5. The Connes—Chern character of (C*°(M) x G, L; (M, 8),D,) is
represented in HP® (C (M) xG) by the CM cocycle. Moreover, the formulas (6.20)—
(6.21) compute this cocycle.

It then remains to compute the CM cocycle by using the formulas (6.20)—(6.21).
As we shall see the computation will follow from the differentiable version of the
local equivariant index theorem provided by Theorem 4.24 .
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Fora = 0,2,...,n, let us denote by ¢ M the embedding given by the inclusion
of Mf into M. Given any differential form w on M, we denote by (¢ M;f)*") the
pullback of w by ¢ mo 02 differential form on Mf . In the following, we shall slightly
abuse notation by denoting by || the Berezin integral of (¢ M:Ip)* and denoting by

/. o @ the integral of (t,,4)* over Mf . In particular, with these conventions, we
a a

have
/a): /(tMg:)*w: / || @ |dx]|. (7.6)
M2 M2

M?

Proposition7.6. Let¢ € G and f°, ..., f29in C®(M). Whenq > 1 and o € Ng?
set

P‘Iaa = fo[pg7 fl][a]]"'[pg” qu][Olzq]‘
In addition, set Py = f° when q = 0.
(1) Ifq = 1and o # 0, then

Str [Pq,ae—”’i U¢] -0 (z—(|“|+q>+1) ast — 0%, (1.7)

) Ifa =0, then, ast — 0%, we have

Str[Pq,oe—fD§U¢] =174y (@)% / T, +0( Y, (78)

0<a<n @
a even M,

where we have set T, = —i)2 fOdfIN---Adf2 AA(RTM¢)AV¢ (RN¢>.

Remark 7.7. The above result is proved in [19] (see Theorem 2 of [19] for (7.7)
and Corollary 3.16 of [19] for (7.8); see also [7]). Our aim here is to show that
these asymptotics are simple consequences of the differentiable version of the local
equivariant index theorem provided by Theorem 4.24 .

Proof of Proposition 7.6. Let x¢ € Mg’, a = 0,2,...,n, and let us work in
admissible normal coordinates centered at x. The results of Section 4 show that
« The multiplication operator f° has Getzler order 0 and model operator f°(0).

* Each Clifford multiplication operator ¢ (df 7) has Getzler order 1 and model
operator df 7 (0).

* The operator Dz, has Getzler order 2 and model operator Hg.

Therefore, using Lemma 4.13 we deduce that, at x = 0, we have

0 [Pra] = £OO)df O af?a(0)2d) + 06 2(la| +9)—1), (7.9
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where df 7 (0)[*/] is the « j-th iterated commutator with Hg. In fact, as Hg takes
coefficients in forms of degree 0 and degree 2, it commutes with the forms df/ (0),
and hence df/(0)*/] = 0 whenever « i # 0. Therefore, if « # 0, then we see
that P, has Getzler order 2(la| + q) — 1. As 2(Ja| + g) — 1 is an odd integer,
Theorem 4.24 shows that, when o # 0, we have

Str [Pq,ae_tpé U¢] =0 (t_(“"Hq)H) ast — 0T,

Suppose now that o = 0 and set o = fOdf' A--- A df?4. Then (7.9) shows
that Py, has Getzler order 2¢ and model operator (P4,0) Q) = (0). It then follows
that

K - 1)y=K - t
(Pa.0) oy Hi 4301 (52 72 1) = Kooa(g+a,)=1 (X, 1) 7.10)

=w0) A Kgpta,)-1(x,9,1).
Thus,
I(Pq,o)(zq)(HRMz)*‘(x’t) = 0(0) A (40,1 (X, 1). (7.11)
Combining this with (4.41) we deduce that

(,0)
](Pq'O)(zq)(HR"‘af)fl ©.1

N
T det? (1= o)

Therefore, we obtain

0(0)*9 A ARTM? (0)) A Vy (RN ¢ (0)) .

n_a 1 (a)
7(Pooi D) (0) = (<) 828 detd (1 = ¥ O) | (5, o) (a1 ©. )]

= 02em ¢ [0 A AR ) AV, (R )]

(7.12)

As P, o has Getzler order 2q, combining this with Theorem 4.24 and using (7.6)
gives the asymptotic (7.8). The proof is complete. 0

We are now in a position to prove the main result of this section.
Theorem 7.8. The Connes—Chern character of (C*°(M) x G, L;(M,S),Dg) is
represented in HP®(C° (M) x G) by the CM cocycle o™ = ((pgy). Moreover, for
all f°,..., f29in C®(M) and o, ..., $2q in G, we have

(—i)? _a ~
OSM(fOUpys ..., [HUs,,) = (2;)! Osagn(zn) $ / o4 FU A

a even Mf(Z‘I)

cond f2UNARTMNY AV, (Rqu)) . (7.13)

where we have set ¢ := ¢ 0 --- 0 ¢ag andfj = fj °¢j—1"'¢0_1-
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Proof. Thanks to Proposition 7.6 we know that the Connes—Chern character Ch(P ;)

is represented in HP?(C > (M) x G) by the CM cocycle ¢M = ((pgg/[). Moreover,

this CM cocycle is given by the formulas (7.7)—(7.8). It then remains to compute
the CM cocycle 9™ = (p5p") by using these formulas. Note that ¢5)' = 0 for

q > %n + 1, since (C®°(M) x G, L;(M,S),Dg) is n T -summable, and so we only

have to compute gozcg/[ forq =0,..., %n.

Let ¢g € G and f° € C°°(M). Using (7.7) and (7.5) we get
0 (S Ugg) = PE St fOUpe ™3] = PE Str[ /2 ™PiUp,|.
t=0"+ =0t
Combining this with (4.4) then gives

N —a ° &, P,
oM (fOUs) = ()% Y (@n) 7% / FOARTM) A Vg, (RV),
0<a<n %0
a even M,

which is the formula (7.13) for g = 0. .
Given g € {I%n} let p; € G and f/ € C*(M), j =0,...,q. In

addition, for @ € No7, set Ty 4 = fOUp, [D,. f1U¢1][a1] [Py, fqu¢2q][a2"].
We observe that, as ), commutes with the action of G, given any 1 and ¥» in G
and f € C*°(M), for all j € N, we have

Uy, [pg’ fU‘!’z][j] = [pg’ UWIfUlle][j]U% Uy, = [Dg’ fo ‘/fl_ll[j]UWWz‘
(7.14)
Repeated use of these equalities enables us to rewrite 7y o as

~ lar] N [aog]
Ty = PoaUpoy: Pya i= f© [pg’fl] [pg,fzq] 7

where we have set ¢ := ¢ o --- 0 ¢, and fj = fJo i1 ---¢0_1. Therefore,
using (7.8) and (7.5) we obtain
054 (fUsgs -, [21Us,,)
= > cqal(lal + )" PF, fpleia Str[Pq,ae—’D§U¢]}.
t=0

aENgq
Combining this with Proposition 7.6 then gives
(pgtllvl(foU%v s fqu¢2q) = Cq,OF(‘I)_l Z (2m)~2 / Ty,
0<a<n

a even M, ;f’

where we have set

Yy = (D)2 f0df A nd [N AR AV (RN¢).
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As cq,0T'(q)" is equal to ((2¢)!) ™! this gives the formula (7.13) forg = 1,..., 1n.
The proof is complete. O]

Remark 7.9. To understand the formula (7.13) it is worth looking at the top-degree
component M. For ¢ = %n the r.h.s. of (7.13) reduces to an integral over M,‘f and
this submanifold is empty unless ¢ = id. Thus,

(p,?M(fOUd,O,. ..,fnUd,n)

. M

0 otherwise.

That is, q)EM agrees with the transverse fundamental class cocycle of Connes [21].
This implies that the Hochschild class of the Connes—Chern character agrees with
Connes’ transverse fundamental class (see also [50, Proposition 3.7]).

Remark 7.10. We refer to [55] for the computation of the Connes—Chern character
of a crossed-product Dirac spectral triple (C*°(M) x G, Lé (M, $),D,) in odd
dimensions. In this case the spectral triple is an odd spectral triple. The Connes—
Chern character then is defined as a class Ch(D) € HP! (C®(M) x G) and is
represented by a CM cocycle. The formula for the CM cocycle is similar to that in
the even dimensional case given by (7.13).

8. The JLO cocycle of a Dirac spectral triple

In this section, as a further application of Theorem 4.22, we shall compute the short-
time limit of the JLO cocycle of an equivariant Dirac spectral triple. As we shall
see, with our approach, the computation of the short-time limit of JLO-type cochains
associated with a Dirac spectral triple is not much more difficult than the computation
of the CM cocycle.

8.1. The JLO cocycle of a spectral triple. Let (A, 7, D) be a pT-summable
spectral triple. In what follows, given operators X°,..., X™ in D% (A), for all
t > 0, we define

H/(X°,... . X") = / X0ems0tD? ylgms1tD? . yme=smtD? g,

Alﬂ
where A, = {s = (s0,...,5») € [0,1]" 59 + --- + 5, = 1}. The JLO
cochain [41] is actually a family of infinite even cochains (ngO = ((pg;l?t)qzo, t >0,
where ¢3-9, is the 2¢-cochain on A defined by

e 0@®,...,a%?) =19 Str [H, (ao, [D,al],..., [D,azq])] , a’ € A.
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Let A be the Banach *-algebra obtained as the completion of A with respect to
the norm a — |la|| + ||[[D,a]|. Then it can be shown that ¢/"© gives rise to
a cocycle in the entire cyclic cohomology of A whose class is independent of ¢
(see [34,41]). Moreover, this class agrees with the Connes—Chern character in entire
cyclic cohomology [23,24]. In fact, as pointed out by Quillen [58], the JLO cocycle
can be naturally interpreted as the Chern character of a suitable superconnection with
values in cochains. It should also be mentioned that the definition of the JLO cocycle
and its aforementioned properties only require the spectral triple (A, H, D) to be

6-summable, which is a weaker condition than pT-summability or p-summability.

When (A, H, D) is p-summable, Connes—Moscovici [27] showed that the JLO
cocycle retracts to a periodic cyclic cocycle representing the Connes—Chern character
in HP®(A). They also proved that, under suitable short-time asymptotic properties
for the supertraces Str [H, (XO, Xt ..., X’”)], X/ e DID (A), we can define parties
finies Pf,_y+ (p%l;l?t @®,...,a%9), a’ € A, in such way to obtain a periodic cyclic
cocycle Pf,_q+ ¢/'© representing the Connes—Chern character in HP(A). In fact,
this cocycle is naturally identified with the CM cocycle (see [28]).

We stress out that the results of [27] do not require the spectral triple (A, H, D)
to be regular. Therefore, computing Pf,_q+ ¢;© is an alternative to the computation
of the CM cocycle for spectral triples that are not regular. Note that there are natural
geometric examples of spectral triples associated to hypoelliptic operators on contact
manifolds or even Carnot manifolds, which are not regular and satisfy the asymptotic
expansion assumptions of [27]. In fact, the regularity property is an operator-thereotic
reformulation of the scalarness of the principal symbol of the square of the Dirac
operator. Therefore, it should not be surprising that this property may fail in some

“highly” noncommutative examples.

Block-Fox [16] computed Pf,_q+ ¢/© for a Dirac spectral triple by using the
asymptotic pseudodifferential calculus of Getzler [31]. As we shall explain below,
for Dirac spectral triples the computation of Pf,_+ ¢;-© is not much more difficult
than the computation of the CM cocycle given in Section 7 (or in [52] in the non-

equivariant setting).

8.2. Equivariant Dirac spectral triple. As a further example of application of the
local equivariant index theorem for Volterra WDOs provided by Theorem 4.22, we
shall now show how this result enables us to establish the short-time limit of the JLO
cocycle ¢;"© of an equivariant Dirac spectral triple (C®(M) x G, L2(M,$).D,).
As in previous sections, (M", g) is an even dimensional compact spin oriented
Riemannian manifold, /) , is its Dirac operators acting on spinors, and G is a subgroup
of the connected component of the identity component of the group of orientation-
preserving isometries preserving the spin structure. More precisely, our goal is to
prove the following result.
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Theorem 8.1. Forall f°,..., f29in C®(M) and ¢y, ..., P24 in G, we have

. JLO [ £0 2q _ (—i)? -4 07 F1 o ...
im0 oo f1Upa) = <5 5 0;’1(271) >SS A

a even M;?

cond f2 N ARTMY AV, (RW) . (8.

where we have set ¢ = ¢g o -+ o ¢y and fj = f/o(poo-o0dj_1)7}
j=1,...,2q.

Remark 8.2. When G = {id} we recover the result of Block—Fox [16] on the
short-time limit of the JLO cocycle of a non-equivariant Dirac spectral triple

(C®(M). Ly (M. $).D ).
In what follows, given differential operators X°, ..., X™ on M acting on spinors
we set

QX ... X™) = X(Pg +0)~" - X" (P + 07"
Note that Q(X?, ..., X™)is a Volterra WDO of order ord X ® +- - -+ ord X" —2m —2.
We will deduce Theorem 8.1 from the following result.
Proposition 8.3. Given ¢ € G, let f € C®(M) and v’/ € C®(M, M), j =
1,...,2q. In addition, set Q = Q (f, c(wh),.. .,c(a)zq)). Then, ast — 0T and

uniformly on each fixed-point submanifold Mf , we have

strg |:¢’S (x)1o(x, t)]
1

29)!

The proof of Proposition 8.3 is a direct application of Theorem 8.1. Before getting

to this let us explain how Proposition 8.3 enables us to prove Theorem 8.1. The key
observation is the following elementary lemma.

N (@)
14 ‘f AWl A A A ARTM?) A v¢(RN¢)‘ + 0@, (8.2

Lemma 8.4. Let X°, ..., X™ be differential operators on M acting on spinors. For
t > 0 denote by h;(X°, ..., X™)(x,y) the kernel of H;(X°, ..., X™) in the sense
of (2.4). Then

(X0 ..., X™)(x,y) = 7" Koxo,. xmy(x,y,1) forallt > 0.
Proof. Letu € C$°(R, L*(M, $)). Then

oo

OX°, ..., X™u() = / X% 020X, X™u(t — to)dto

0

oo o0
=//Xoe_t"AXle_"AQ(Xz,...,Xm)u(t—to—tl)dtodtl.

0 0
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An induction then shows that

OX°, ... X™u(t)

o0 oo
= / / XOeTl0A . xMeTtmBy(f —tg — -+ — tyy)dito - - dip.
0 0
The change of variableso = fo + -+ 4+ f,, and 5; = J_ltj, j=0,...,m,gives
o
OX, ..., X™u(t) = / / X0e™5008 ... xMe=moAy (1 — 5)o™dsdo
0 Ay
o0
= /amHU(XO,...,X’")u(Z—U)dU. (8.3)
0

In the same way as we obtained (2.5) this shows that

Koxo,..xmy(x,y. 1) =t"h (X% ..., X")(x,y)  forallz > 0.

.....

The lemma is proved. O

Remark 8.5. The formula (8.3) is reminiscent of the resolvent formula for the JLO
cocycle given by Connes [24, Eq. (17)]. In fact, at least at a formal level, we can go
from one formula to the other by a conjugation by the Laplace transform with respect
to the variable ¢, since this transforms the inverse heat operator (Dz, + ;)" ! into the

resolvent (Dz, - LA>0.

Proof of Theorem 8.1. Let f/ € C®°(M) and ¢; € G, j = 0,1,...,2q. By
definition, for all # > 0, we have

fpgéf)z(fOU%’ SRR fqu¢2q)
=198t [Hy (f°Upo. g [ U 1, [Py, 21Uy, 1)] -

As the unitary operators Up; commute with the heat semigroup e P z’ t >0, by
arguing as in (7.14) it can be shown that, for all # > 0, we have

H, (fOUd)o’ [pg’ f1U¢1]7'- < [Dg? fqu¢2q])
= H; (foi[pg’fl]""’[ g!fzq])U¢
= H (/% e@f).....ed ) Uy,
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where we have set ¢ = ¢ o --- 0 ¢4 and fj = f/ o(poo-o0¢j_1) L,

j = 1,...,2q. Therefore, using Lemma 8.4 and its notation, we see that, for all
t > 0, we have
03t (fUsg. ... [21Us,,) (8.4)

— 19 S [H, (f",c(dfl), N .,c(df24)> U¢]
=19 [ srg [08 e (£ 7). e F20) (.9 )l

M

- / strg [¢$(x)KQ(x,¢(x),z)] \dx|,
M

where we have set 0 = Q (fo,c(dfl), .. .,c(dfzq)). Moreover, Lemma 3.1 and

Proposition 8.3 imply that, as t — 0T, we have

/ strg [¢$(x)KQ(x,¢(x),z)] ldx| = / strg [¢$(x)1Q(x,z)] |dx| + O(t™)

M M
1 a
— q -7 q+1
= (zq)!’ > @n)E / T, + 0@,
0<a<n @
aeven Mg
where we have set Y, = (—i)2 f0d f1 A--- A d f29 A ARTM?) AV, (R/W).
Combining this with (8.4) proves (8.1). The proof is complete. O

It remains to prove Proposition 8.3. The rest of the subsection is devoted to
proving this result.

Proof of Proposition 8.3. Given¢ € G,let f € C®(M)andw’/ € C®(M,TEM),
j =1,...,2q. In addition, set

0 =0 (fic@h),...,c(@*)
= f@% + ) (@D Pg +0)7" (@D PG + )7
Here f has Getzler order 0, each Clifford multiplication operator ¢(w”) has Getzler
order 1, and the inverse heat operator (Dz + 9,)~! has Getzler order —2, and so
using Lemma 4.13 we see that Q has Getzler order 2g —2(2g + 1) = —2(q + 1).

Therefore, Theorem 4.22 ensures us that, as f — 01 and uniformly on each fixed-
point submanifold Mf , we have

strg [¢$ () o(x. z)] = 179,(Q)(x) + O (t971). (8.5)
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To complete the proof it then remains to identify y4(Q)(x).

Let x¢ be a point in some fixed-point submanifold Mf ,a=20,2,...,n,and let
us work in admissible normal coordinates centered at xo. At x = 0 the respective
model operators of f, ¢(w’) and (Dé + ;)" L are f(0), w/(0) and (Hg + ;)" L.
Therefore, using Lemma 4.13 we see that Q has model operator

Q(2g-2) = fO)(Hg + 0) ' (0)(Hg + 9;)~" - 0*?(0)(Hg + 0;) "

As pointed out in the proof of Theorem 4.5 in Section 4, the operator (Hg + 9;)™*
commutes with with the forms w/ (0). Thus, setting @ = fw! A--- A @29, we can
rewrite O (_p4—2) as

Q(2g-2) = f(0)@' (0) A+ A @ (0) A (HR + 3;)~ 9D
= w(0) A (Hg + 98,)~ @D,
Therefore, arguing as in (7.10)—(7.11) shows that
19 5,0 (x,1) = 0(0) A L (g p19,)-a+1 (X, 1). (8.6)
Claim 1. Let m € Ny. Then

1
I(HR+3I)—(m+1)(X,[) = %tmI(HR+3Z)_1(x,t). (87)

Proof. The proof is based on the following observation: forany Q € ¥¢(R"” xR) ®
A(n), the commutator [, Q] has kernel (t —s)Ko(x,y,t —s), and hence

Kir,01(x,y.1t) =tKg(x,y,t) and I, 01(x,1) = tlg(x,1). (8.8)

Bearing this in mind, we shall prove (8.7) by induction on m. Itis immediate that (8.7)
is true for m = 0. Assume it is true for m > 0. As [Hg + 0¢,t] = [0s,¢] = 1, we
have

[t.(HR + 9;)""] = (Hr + 8:) ' [Hr + 8:.1](Hr + 9,)™" = (Hg + 9,)>.
This implies that [t, (Hr + d;)™™] is equal to
> (Hr+0)77[t.(Hr + 00) ' J(Hg + 0) ™"/ = m(Hg + 0,)""*D.

0<j=<m—1
Combining this with (8.8) we then get
1 1
L g+ap-omv (6. 1) = g (Hg+0)~m (6 1) = -t (o) —m (X, 1).
As formula (8.7) is true for m, we deduce that
I(Hgta)—om+v (X, 1) = mlm+ll(HR+at)_] (x.1).

This shows that formula (8.7) is true for m 4+ 1. The proof of the claim is thus
complete. O



Noncommutative geometry and conformal geometry, 1. 373

Let us go back to the proof of Proposition 8.3. Combining (8.6) with (8.7) shows
that

1
IQ(_2q_2)(X, [) = @0)(0) A I(HR+at)_] (X,[).

Therefore, by arguing as in (7.12) we obtain

1 o —al (e : @ ® (a.0)
7(Q)(0) = o (=2 @m)72 [0 A ARTHTO0) A Vs (R¥ @)
Combining this with (8.5) gives the asymptotic (8.2). The proof of Proposition 8.3
is complete. O

Remark 8.6. There is no major difficulty to extend this approach to the computation
of the JLO cocycle of a Dirac spectral triple to various equivariant and non-equivariant
family settings, as those discussed in Remark 4.26. In particular, this approach can
be used to compute the bivariant JLO cocycle of an equivariant Dirac spectral triple
with coefficients in suitable algebras (compare [8]). As pointed out by Wu [65] (who
introduced the bivariant JLO cocycle), this enables us to recover the higher-index
theorem of Connes—Moscovici [26] (in the formulation of Lott [47]). This approach
can also be used to simplify the computations of the infinitesimal equivariant JLO
cocycle and proof of the integrability of the transgressed infinitesimal equivariant
JLO cocycle in [62].

Remark 8.7. The eta cochain of Wu [64] implements the explicit homotopy between
the large-time limit of the JLO cocycle and its short-time finite part. It also naturally
appears in the description of the Connes—Chern character of a spin manifold with
boundary equipped with a b-metric (see [33, 45, 64]). In particular, in the odd
dimensional case, its first degree component agrees with the eta invariant of Atiyah—
Patodi-Singer [3]. The eta cochain is formally defined as the integral over [0, oo) of
a transgressed version of the JLO cocycle. The main issue at stake in this defintion
is the integrability near t = 0 of the transgressed JLO cocycle [64]. We refer
to [55] for further applications of Lemma 8.4 and Theorem 4.22 to a new proof of the
integrability at ¢ = 0 of the transgressed JLO cocycle of an equivariant Dirac spectral
triple. In particular, this bypasses the crossing with S! and the use of a Grassmannian
variable from the previous approaches of Wu [64] in the non-equivariant case and
Yong Wang [60] in the equivariant case.

Remark 8.8. By combining the heat b-calculus of Melrose [49] with a version of
Theorem 4.22 for the b-differential operators we also can compute the short-time
limit of the relative JLO cocycle of Lesch—-Moscovici—Pflaum [45] associated with a
Dirac operator on a spin manifold with boundary equipped with a »-metric. It would
be interesting to extend the results of [45] to the equivariant setting.
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