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Abstract. We characterise simplicity of twisted C *-algebras of row-finite k-graphs with no
sources. We show that each 2-cocycle on a cofinal k-graph determines a canonical second-
cohomology class for the periodicity group of the graph. The groupoid of the k-graph then acts
on the cartesian product of the infinite-path space of the graph with the dual group of the centre
of any bicharacter representing this second-cohomology class. The twisted k-graph algebra is
simple if and only if this action is minimal. We apply this result to characterise simplicity for
many twisted crossed products of k-graph algebras by quasifree actions of free abelian groups.
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1. Introduction

Higher-rank graphs, or k-graphs, are combinatorial objects introduced by the first
two authors in [22] as graph-based models for the higher-rank Cuntz—Krieger
algebras studied by Robertson and Steger [42]. These C *-algebras have been widely
studied [4,7, 11, 12], and their fundamental structure theory is by now fairly well
understood. They provide interesting examples in noncommutative geometry [33,48]
and have been used to establish weak semiprojectivity [49] and calculate nuclear
dimension [44] for UCT Kirchberg algebras.

Recently [24], we introduced a cohomology theory for k-graphs, and studied
the associated twisted k-graph algebras C*(A,c) [25,26]. These include many
examples that do not arise naturally from untwisted k-graph C *-algebras (see [26,
Example 7.10], [34], and Theorem 5.1 below). So twisted k-graph C *-algebras could
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serve as useful models of various classes of classifiable C *-algebras, particularly as
they are always nuclear and belong to the UCT class [26, Corollary 8.7].

It is therefore important to understand when twisted k-graph C*-algebras are
simple. Simplicity of untwisted k-graph algebras was characterised in [41], and [26,
Corollary 8.2] shows that if C*(A) is simple, so is every C *(A, ¢). But the converse
fails: regarding N? as a 2-graph T>, the associated 2-graph algebra C *(T») == C(T?)
is not simple, but for each irrational number 6 there is a cocycle cg such that
C* (T3, cp) is the irrational-rotation algebra Ag. This elementary example indicates
that characterising simplicity of C*(A,c) is a subtle problem — an indication
confirmed by the partial results in [45]. In this paper, we present a complete solution
to this problem: Theorem 3.4 gives a necessary and sufficient condition for C*(A, ¢)
to be simple.

The broad strokes of our solution are as follows. We show that C*(A,¢) is
isomorphic to the C*-algebra of a Fell bundle B, over a topologically principal
amenable étale quotient 7{ s of the k-graph groupoid introduced in [22]. Results of
Ionescu and Williams [16] show that if B is Fell bundle over a groupoid H, then H
acts on the primitive ideal space of the C*-subalgebra C*(H©; B) € C*(H;:B)
sitting over the unit space of 4. We prove that if H is topologically principal,
amenable and étale, then C *(H; B) is simple if and only if this action is minimal. In
particular, C*(Ha; B p) is simple if and only if the Ionescu—Williams action of H a
is minimal. Our task is then to identify the action; it turns out that this is quite
intricate.

The k-graph has a periodicity group Per(A) C ZF [6]. We use groupoid
technology to show that ¢ determines a class [w] € H?(Per(A),T). We then
identify a map from H 4 to the primitive ideal space of the noncommutative torus A4,
that becomes a homomorphism when Prim(4,,) is regarded as a quotient of T¥.
The map Hp — Prim(A4,) determines an action 8 of 2 on HE{)) x Prim(A).
We prove that there is a homeomorphism between this cartesian-product space and
Prim(C* (7—[58); B o)) which intertwines the action 8 with the action described in the
preceding paragraph, and deduce our main result.

Even the action 8 is not easy to compute in a generic example. So we develop some
key examples where it can be computed. Firstly, if A, is simple, then 6 is minimal
precisely when A is cofinal. So we show how to decide efficiently whether A,, is
simple. Secondly, we show how to recover many twisted crossed products of k-graph
algebras by quasifree actions of Z! as twisted (k + [)-graph algebras, and show that
our main theorem yields a very satisfactory characterisation of simplicity of many
such twisted crossed products.

The paper is organised as follows. In Section 2 we establish the background that we
need regarding k-graphs and their groupoids. This includes a fairly general technical
result giving a sufficient condition for the interior of the isotropy of a Hausdorff
étale groupoid to be closed. The main point is that the interior of the isotropy in the
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groupoid G of a cofinal k-graph A is always closed, and relatively easy to describe:
Corollary 2.2 says that if Per(A) is the periodicity group of the k-graph discussed
in [6], then the interior Z5 of the isotropy in G can be identified canonically with
gﬁ’) x Per(A). Moreover, we can form the quotient groupoid Ha := Ga/Zp, and
this quotient is itself a topologically principal amenable étale groupoid.

In Section 3, we study carefully the relationship between cocycles on a k-graph A,
and dynamics associated to the corresponding k-graph groupoid. In [22], the k-graph
algebra C *(A) isidentified with the C *-algebra of a groupoid G 5 with unit space A,
the space of infinite paths in A. We showed in [26] that each C*(A, ¢) can be realised
as a twisted C*-algebra C*(Ga, o0.) of the same groupoid. The restriction of the
groupoid cocycle o, to each fibre of Z5 determines a 2-cocycle of Per(A). We show
that these 2-cocycles are all cohomologous, and deduce in Proposition 3.1 that o is
cohomologous to a cocycle o whose restriction to Zp is of the form 1pc X w for
some bicharacter w of Per(A). We then have C*(A, ¢) = C*(Ga, 0), and we seek to
characterise simplicity of the latter. As in [29], the primitive-ideal space of each fibre
of C*(Zp, o) can be identified with the character space of the kernel Z,, C Per(A) of
the antisymmetric bicharacter associated to w. So Prim C*(Zx, ¢) can be identified
with A® x Z - We construct from o a Per(A) -valued 1-cocycle r? on Go. We then
have the wherewithal to state our main theorem, Theorem 3.4, although the proof
must wait until the end of the subsequent section. We show in Lemma 3.5 how to
compute the bicharacter w, and hence the group Z,, appearing in the main theorem,
without passing to the groupoid G5. We then show that r determines an action 6
of the quotient H 5 of G by the interior of its isotropy on A x Z . Theorem 3.4
can be recast as saying that C*(A,c¢) is simple if and only if 6 is minimal (see
Corollary 4.8).

In Section 4 we prove Theorem 3.4 using the technology of Fell bundles. We
use ideas from [8] (see also [37]) to recover C*(A,c) as the C*-algebra of a
Fell bundle B over the quotient H of Ga discussed above. We show that the
restriction C *(Hf{)); Ba) of C*(Ha; Ba) to the unit space of H 4 is isomorphic to
Co(A®®) ® C*(Per(A), w). Since Per(A) is a free abelian group, the C*-algebra
C*(Per(A), w) is a noncommutative torus, and has primitive ideal space A*° x Zo
(see, for example, [40]). Results of Tonescu and Williams [16] show that conjugation
in B determines an action of H on the primitive-ideal space of C *(H(O); Ba)
and hence on A® x Z,. By identifying specific elements in the fibres of B
that implement the Ionescu—Williams action, we prove that it matches up with the
action 6 of Section 3. In Lemma 4.6 and Corollary 4.7, we adapt the standard
argument in [38] to prove that if B is a Fell bundle over a topologically principal
amenable étale groupoid H, then C*(#; B) is simple if and only if the Ionescu—
Williams action of H is minimal. We then prove our main theorem by applying this
result to the bundle B p over H .

In Section 5, we investigate a broad class of examples of twisted higher-rank
graph C*-algebras where the hypotheses of our main result are readily checkable.
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We show how a T’-valued 1-cocycle on a k-graph combined with a bicharacter w
of Z! can be combined to obtain a 2-cocycle on the Cartesian-product (k + /)-graph
A x N! for which the associated twisted (k + /)-graph C*-algebra is isomorphic
to a twisted crossed product of C*(A) by Z!. We demonstrate that the hypotheses
of our main theorem can be effectively checked for these examples, and obtain a
usable characterisation of simplicity of crossed products arising in this way when A
is aperiodic.

We finish in Section 6 by presenting a number of concrete examples of our main
result, showing how all of its working parts interact and demonstrating that each
of the ingredients of the statement is genuinely necessary to obtain a satisfactory
characterisation of simplicity. We also present a somewhat unrelated example which
we believe is nevertheless interesting in its own right: a 3-graph all of whose twisted
C*-algebras (including the untwisted one) are simple, but for which the twisted
C *-algebras are not all mutually isomorphic.

2. Background

Throughout the paper, we regard N¥ as a monoid under addition, with identity 0 and
generators ey, ...,ex. Form,n € NK, we write m; for the i coordinate of m, and
define m v n € N¥ by (m v n); = max{m;,n;}.

Given a small category C, we write C*2 = {(A, ) € C xC : s(A) = r(u)} for
the collection of composable pairs in C. A T-valued 2-cocycle! ¢ on C is a map
¢ :C*? — Tsuchthatc(A,s(A)) = c(r(1),A) = 1forall A and c¢(u, v)c(A, uv) =
c(A, wye(Ap, v) for composable A, i, v. If b : C — T is a function with b(x) = 1
for every identity morphism « of C, then §'b(u,v) := b(u)b(v)b(uv) defines
a 2-cocycle called the 2-coboundary associated to b. Two 2-cocycles c¢,¢’ are
cohomologous if (i, v) = ¢(u, v)c’(i, v) is a 2-coboundary.

If C is a discrete group, then any function ¢ : C x C — T for which the
functions c(-, ) and ¢(B,-) are homomorphisms is a cocycle; such cocycles are
called bicharacters. 1If, in addition, C is abelian, every 2-cocycle is cohomologous
to a bicharacter (see [20, Theorem 7.1]). For more background on 2-cocycles and
bicharacters on abelian groups see [2, 20, 29] (note that in the first two references
2-cocycles are called multipliers).

2.1. k-graphs and twisted C *-algebras. Let A be a countable small category and
d : A — N be a functor. Write A" := d~'(n) for n € N¥. Then A is a k-graph
(see [22]) if d satisfies the factorisation property: (u,v) +— v is a bijection of
{(u,v) € A™ x A" : s(u) = r(v)} onto A" for each m,n € NF. We then have
A° = {id, : 0 € Obj(A)}, and so we regard the domain and codomain maps as maps

'In [26] these were called categorical cocycles, in contradistinction to cubical cocycles.
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5,7 : A — A°. Recall from [31] that for v, w € A® and X C A, we write

vX ={AeX:r(d) =v}, Xw:={_eX:s(4) =w},
and vXw =vX N Xw.

A k-graph A is row-finite with no sources if 0 < |[vA"| < oo for all v € A° and
n € N¥. See [22] for further details regarding the basic structure of k-graphs.

Let A be a row-finite k-graph with no sources. We recall the definition of the
infinite path space A°° given in [22, Definition 2.1]. We write Q2 for the k-graph
{(m,n) € Nk : m < n} with r(m,n) = (m,m), s(m,n) = (n,n), (m,n)(n, p) =
(m, p) and d(m,n) = n —m. We identify Q} with N¥ by (m,m) — m. We
define A® to be the collection of all k-graph morphisms x : Q; — A. For p € N¥,
wedefine 7?7 : A — A®by (T?x)(m,n) := x(m+p,n+ p)forall (m,n) € Q.
(Traditionally, as in [22], these shift maps 7”7 have been denoted o”, but we will
use o in this paper to denote a 2-cocycle on G5.) For x € A® we denote x(0) by
r(x). ForA € A and x € A® with r(x) = s(A), there is a unique element Ax € A
such that (Ax)(0,d(1)) = A and TP (Ax) = x.

As in [22, Definition 4.7], we say that A is cofinal if, for every x € A* and every
v € AY, there exists n € N¥ such that vAx(n) # 0. We say that A is aperiodic if it
satisfies the “aperiodicity condition" of [22, Definition 4.3]: for every v € A° there
exists x € A® with r(x) = v and T™(x) # T"(x) whenever m # n.

Given a k-graph A, the group of all 2-cocycles on A (as described above)
is denoted Z%(A,T). Let A be a row-finite k-graph with no sources, and fix
c e Z*(A,T). A Cuntz—Krieger (A, c)-family in a C*-algebra B is a function
t 1At from A to B such that

(CK1) {t, : v € A is a collection of mutually orthogonal projections;
(CK2) tuty = c(u, v)t,, whenever s(pu) = r(v);

(CK3) t)t) =ty forall A € A; and

(CK4) ty = > ) cpnn fat] forallv € A% and n € N¥.

C*(A,c) is then defined to be the universal C*-algebra generated by a Cuntz—
Krieger (A, ¢)-family (see [26, Notation 5.4]).

2.2. Groupoids. A groupoid is a small category G with inverses. We use standard
groupoid notation as in, for example, [38]. So GO is the set of identity morphisms
of G, called the unit space, and G @ denotes the set G*2 of composable pairs in G.
The groupoid G is an étale Hausdorff groupoid if it has a locally compact Hausdorff
topology under which all operations in G are continuous (when G@ c GgxgGis
given the relative topology) and the range and source maps r,s : G — G© are local
homeomorphisms. It then makes sense to talk about continuous cocycles on G. We
write Z2(G, T) for the group of continuous T-valued 2-cocycles on G and say that two
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continuous 2-cocycles are cohomologous if they differ by a continuous 2-coboundary
— that is, the coboundary §'b associated to a continuous map b : G — T such that
blgo = 1. A l-cocycle on G with values in a group G isamap p : G — G
that carries composition in G to the group operation in G. Given u € G© we
write G¥ for {y € G : r(y) = u}, Gy for{y € G : s(y) = u} and G}, = G¥ N Gy,.
The isotropy of G is the set | J,cq0 Gy of elements of G whose range and source
coincide. A groupoid is minimal if r(G,) is dense in GO for every unitu € G O 1t
is topologically principal if {u € GO : G¥ = {u}} is dense in GO,

It will be important later to know that the interior of the isotropy in the groupoid
associated to a cofinal k-graph is closed. This will follow from the following fairly
general result.

Proposition 2.1. Let G be an étale groupoid, let G be a countable discrete abelian
group, and let ¢ € Z'(G,G). Suppose that G is minimal and that for all x, the
restriction of ¢ to G5 is injective. Let I denote the interior of the isotropy of G. For
x,y €GO wehave c(IN G¥) = c(ZNG3). The set H defined by H := ¢(ZNGY)
for any x € GO isa subgroup of G, and s x ¢ induces an isomorphism from I to
GO x H. In particular the interior of the isotropy of G is closed.

Proof. For x € G© set T, := T N GF and note that H, := c(Z,) is a subgroup
of G. Fix x,y € G©; we prove that H, = Hy. By symmetry it suffices to show
that H, C Hy, so we fix h € H, and prove that h € H,. Fix o € Z, such that
c(a) = h. Since G is discrete and ¢ is continuous, there is an open neighbourhood U
of & suchthat U € ZN ¢~ (h). Since ¢ is injective on each G, this U is a bisection.
Since G is minimal, the set s(G”) is dense in GO and so there exists y € GY such
that s(y) € s(U). The unique element 8 of Z(,) N U satisfies ¢(B) = h, and then
yBy~! € I, satisfies c(yBy™") = c(y)c(B)c(y) = h. So h € Hy as required.
Thus the map s x ¢ yields an isomorphism from the interior of the isotropy of G
to G x H. Since 7 is the intersection of the closed set ¢ ~'(H) with the isotropy
of G, which is also closed, we deduce that 7 is closed. ]

Given an étale groupoid G and a 2-cocycle o € Z2(G, T), it is straightforward to
check that C.(G) is a *-algebra under the operations

(fO) = > om0 fmMg@) and f*y)=0ol.y ) (N
né=y

for f,g € C.(G). The twisted groupoid C*-algebra C*(G, o) is then defined to be
the closure of C.(G) under the maximal C *-norm (see [38] for more details).

2.3. k-graph groupoids. Following [22, Definition 2.7] we associate a groupoid G
to each row-finite k-graph A with no sources by putting

Ga i={(x.l—m,y) € A° xZF x A® : 1, m e NF, T!x = T™y}.
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For w,v € A with s(u) = s(v) define Z(u,v) C G by

Z(p.v) = A{(ux, d(u) —d(v),vx) : x € A%, r(x) = s(u)}.

For A € A, we define Z(A) := Z(A, A).

The sets Z(u,v) form a basis of compact open sets for a locally compact
Hausdorff topology on G under which it is an étale groupoid with structure maps
r(x.l—m.,y) = (x.0,x),s(x.[=m,y) = (y,0,y).and (x,[—m, y)(y. p—q.2) =
(x,l —m + p —q,z) (see [22, Proposition 2.8]). The Z(A) are then a basis for the
relative topology on gg’) C GA. We identify gf\") ={(x,0,x) : x € A°®} with A*>°.
Following [22, Proposition 2.8, Corollary 3.5] G, is an amenable étale groupoid.
Moreover G, is minimal if and only if A is cofinal [22, Proof of Proposition 4.8].

Suppose now that A is cofinal. As in [6], we define a relation on A by . ~ v if
and only if s(i) = s(v) and ux = vx for all x € s(u)A°. This is an equivalence
relation on A which respects range, source and composition. By [6, Theorem 4.2(1)],
the set Per(A) := {d(u) —d(v) : ,v € A and u ~ v} C ZF is a subgroup of Z*.
Since A is cofinal, [6, Lemma 4.6] gives

Per(A) C {m € 7k - (x,m, x) € G forall x € A*}.

Since Per(A) is a subgroup of Z¥, it is also a finitely generated free abelian group
and so Per(A) 2 Z! for some integer [ < k.

Corollary 2.2. Let A be a cofinal row-finite k-graph with no sources. Let Tp denote
the interior of the isotropy in Ga. Then Ly is closed and

Za ={(x,m,x):x € A%, m € Per(A)} = A*® x Per(A).

Moreover, Hp = Ga/Zp is an amenable, topologically principal, locally compact,
Hausdorff, étale groupoid.

Proof. Note that G is a minimal étale groupoid and the restriction of the canonical
cocycle ¢ € Z'(Ga,ZF), given by ¢(x,n,y) = n to (Ga)7 is injective for each
x € A®°. Hence by Proposition 2.1 Z, is closed.

By definition of the topology on G4, the set {(x,m, x) : x € A®°,m € Per(A)}
is contained in Zp, the interior of the isotropy of G5. Conversely, if & € Z,, then
o = (x,m,x) for some x € A® and m € Z¥, and Proposition 2.1 applied to the
cocycle ¢ of the preceding paragraph shows that (y,m,y) € Zx for every y. In
particular m € Per(A). SoZx = {(x,m,x) : x € A®°, m € Per(A)} as claimed.

It is routine to check that G /Zx is a locally compact Hausdorff étale groupoid
(see, for example, [47, Proposition 2.5]). Since c(Zp) = Per A, there exists
¢ € ZY(Ha,Z¥ ) Per A) such that é([(x,n, y)]) = n + Per A. The groupoid é~1(0)
is isomorphic to ¢~!(0) which is amenable by, for example, [52, Lemma 6.7]. Since
z* / Per(A) is abelian and hence amenable, it follows from [50, Proposition 9.3]
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that H, is amenable. By construction of Z,, the interior of the isotropy
of H a is trivial, and therefore H 4 is topologically principal by, for example, [39,
Proposition 3.6]. 0

We frequently identify Zo with A® x Per(A) as in Corollary 2.2.
Let A gxs A :={(u,v) € A x A :s(u) = s(v)}. Lemma 6.6 of [26] shows that
there exists P € A g*4 A such that

(A.s(1) e PforallA and Gp = | | Z(u.v). 2.1)
(w,v)eP

Given such a set P, for g € Go we write (ig,Vg) for the element of P with
g € Z(jug,vg). Fix c € Z*(A,T). Let d : Gao — Z* be the canonical 1-cocycle
d (x,n,y) = n. Lemma 6.3 of [26] shows that for composable g, h € G4, there exist
a,B,y € A and y € A such that

ved = UpP, Hgo = pegpy and vpf = vepy:
and
g = (ugay,d(g).veay), h= (unBy,d(h),viBy)
and gh = (ugnyy,d(gh),venyy). (2.2)

The formula

0c(g.h) = c(ug. a)c(vg. a)c(un, Bc(vp. B)e(iugn. y)c(vgn. v) (23)

does not depend on the choice of «, B, y, and determines a continuous groupoid
2-cocycle on Gp. If o/ is obtained from c¢ in the same way with respect to another
collection P’, then o, and o/ are cohomologous. Corollary 7.7 of [26] shows
that there is an isomorphism C*(A,c¢) =~ C*(Ga,0.) that carries each s, to the
characteristic function 173 s(1))-

3. An action of the k-graph groupoid associated to a k-graph 2-cocycle

We consider a row-finite k-graph A with no sources. Lemma 7.2 of [45] says that
if A is not cofinal, then C*(A, ¢) is nonsimple for every ¢ € Z?(A,T). Since we
are interested here in when C* (A, ¢) is simple, we shall therefore assume henceforth
that A is cofinal.

Recall that if o is a continuous T-valued 2-cocycle on a groupoid G, then there
is a groupoid extension GO x T — G x, T — G, where G x, T is equalto G x T
as a set, with unit space (G xo T)©@ = G x {1}, range map r(g,z) = (r(g). 1),
source map s(g,z) = (s(g), 1) and operations

(a0, w)(B.2) = (@B, 0(a, f)zw) and (a,w) ! = (@ !, o(x,a")w).
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Given o € Z2(Ga,T) we write Zp x, T for Zp x T regarded as a subgroupoid of
Ga %o T. We often implicitly identify (Go xo T)© with QX)).

Proposition 3.1. Let A be a cofinal row-finite k-graph with no sources, and suppose
ceZ*(A,T). Let P C Agsg A beasin(2.1), andleto, € Z*>(Ga, T) be as in (2.3).
For x € A, define 6 € Z*(Per(A), T) by 0} (p,q) = oc((x, p,x), (x,q,x)).
Then there is a bicharacter w of Per(A) such that o* is cohomologous to w for every
x € A®. For any such bicharacter w, there exists a cocycle 0 € Z*(Ga, T) such
that o is cohomologous to . and 0|z, = w X 1pco.

To prove the proposition, we first prove some lemmas.
Lemma 3.2. Let A be a row-finite k-graph with no sources, and take 0 € Z*(Gx, T).

Fora = (x,m,y) € GA and p € Per(A), define rJ : Per(A) — T by
rd(p) =o(a, (v, p.y))o((x.m + p,y).a ")o(a ). 3.1)
For x € A® define o, € Z*(Per(A),T) by ox(p,q) = o((x, p,x), (x,q,x)). For
each p € Per(A), the map r®(p) : Gn — T is continuous, and we have
re (P +q) = 0r@) (P, 4)Ts5(0)(P. D7 (P)Tg (@) (3.2)
If ox = 0y forall x,y, then « — rJ is a continuous Per(A) -valued 1-cocycle

on Ga.

Proof. The map « — rJ(p) is continuous because o is continuous.
A straightforward calculation in the central extension Gp X, T shows that for
w,z € T, we have

(@, w)(y, p, ¥), 2) (@, w) ™" = ((x, p, ), 75 (p)2).
Computing further in the central extension, we have
((x.p+4.%).rg(p +9))
= (&, (. p +4.7), D, D7
= (@, )((7, p, ), 05 (P )@, D™, D((y, ¢, y), D@, D7
= ((x. . x).7¢ (P)oy (P. )((x.4.%). 75 (9)
= ((x, p + ¢, %), 0x(p. )0y (P, Drg (P)rg (@)

giving (3.2).
Now suppose that o, = o, for all x, y. Then (3.2) implies immediately that
r¢ e Per(A)” for all @. Take p € Per(A) and composable a, 8 € Gp. Let

o
y = s(B). Computing again in Gp X, T, we have

(r@), rS (PG () = (@ DB D((v, po ). 1B D @ 1)
— (@B, 0 (e B)((r. p. ). 1) (@B, o (@, )"
= (r(@).1%5(p)).

Soa + rg is a 1-cocycle on Ga. OJ
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Given a cocycle w € Z2?(Per(A), T), we write w* for the cocycle (p,q)
w(gq, p). By [29, Proposition 3.2] (see also [20, Lemma 7.1]), the map ww™ is a
bicharacter of Per(A) which is antisymmetric? in the sense that (ww™*)(p,q) =
(ww*)(gq, p). Proposition 3.2 of [29] implies that v +— ww™* descends to an
isomorphism of H?2(Per(A), T) onto the group X 2(Per(A), T) of all antisymmetric
bicharacters of Per(A).

Lemma 3.3. Let A be a cofinal row-finite k-graph with no sources, and suppose
c € ZX(A,T). Let o, be a continuous cocycle on Ga of the form (2.3), so that
C*(Ga,0c) = C*(A,c). Foreachx € A, leto} € Z*(Per(A), T) be the cocycle
given by 0} (p.q) = oc((x. p.x),(x,q.x)). Then the cohomology class of o} is
independent of x.

Proof. The formula (2.3) shows that o, is locally constant as a function from
Gan xGpa — T. Restricting o, to Z,, we obtain cocycles o on the groups
(Zpa)x ={(x,p,x): p € Per(A)} = Per(A). For x € A®, let w, be the bicharacter
of Per(A) given by

a)X(p’ Q) = O-g((x’ va)v (X, CI»X))UCX((X’ q’x)v (X, pax))-

Fix free abelian generators g1, ..., g; for Per(A). Since each wy is a bicharacter,
it is determined by the values wx(gi,g;). Fix x € A®. Since o, is locally
constant, for each i, j there is a neighbourhood U; ; of x such that 0} (g;,g;) =
oc((x,gi,x),(x,gj,x)) is constant on U; ;. So for y € U := ﬂi’j U;,; we have
wy(gi,g&j) = wx(gi,g;) foralli, j, and hence w, = wx. Now [29, Proposition 3.2]
implies that the cohomology class (in H?(Per(A), T)) of o is locally constant
with respect to x. Since A is cofinal, G5 is minimal, and so every orbit in G4 is
dense; so to see that the cohomology class of o is globally constant, it suffices
to show that it is constant on orbits. For x € A, the subgroup {((x, p, x),z) :
p € Per(A),z € T} € (Ga Xg, T)%, which is isomorphic to the group extension
Per(A) x5x T of Per(A) by T. Conjugation by any & in Ga X4, T is an isomorphism
Ady : As@) = Ar@). Fory € Gy, let rf,’“ : Per(A) — T be the map of Lemma 3.2.
Fix 0 = (y.w) € Ga X, T, p € Per(A) and z € T, and let x = r(y) and
y = s(y). A quick calculation gives Adg((y, p,y).2) = ((x, p,x),ry°(p)z).
If p = 0, then (3.1) collapses to give Ady((y,0,y),z) = ((x,0,Xx),z) because
oc((x,m,y), (¥,0,y)) = 1. If g : Tp x5, T — A x Per(A) is the quotient map
((x, p,x),z) — (x, p), then

q(Ada((y. p. y).2)) = q((x, p. x). 1)< (p)z) = (x, p),

so that Ady descends through ¢ to the map (y, p) — (x, p). Thus conjugation by o

2In [29], the word “symplectic” is used instead of antisymmetric.



Simplicity of twisted k-graph algebras 525

determines an isomorphism

0 T Ay Per(A) 0
id Ady id
0 T Ay Per(A) 0

of extensions. Hence o is cohomologous to 0?'; so the cohomology class of o} is
constant on orbits. O

Proof of Proposition 3.1. Let o, be a continuous cocycle on G5 constructed in §2.3
so that C*(Ga,0.) = C*(A,c). By Lemma 3.3, the cohomology class of ¢ is
independent of x. So there exists a cocycle w € Z?(Per(A), T) whose cohomology
class agrees with that of 0¥ for each x. We may assume that o is a bicharacter.

The map ¢y : Per(A) x Per(A) — T defined by

(P,q) = x(p,q) := oc((x, p,x), (x,q,x))o(p,q)

is a coboundary on Per(A) for each x. Fix free abelian generators g1, ..., g; for
Per(A). Fix x € A, and define b,(0) = bx(g,;) = 1 € T for all j, and then
define b, on Per(A) inductively by

bu(mbe(m + g1) = &x(gi.m)  wheneverm € (g;:j <i).  (3.3)

Since x — ¢x(p, q) is continuous for each p, g, an induction argument shows that
X > byx(p) is continuous for each p.
We claim that each §'b, = ¢,. To see this, choose for each x a cochain
S alihvy

by : Per(A) — T such that §1b, = ¢y. The map ay(m) := ]_[f=1 Ex(g,-) "isa

1-cocycle on Per(A), and so §'a, = 1. Hence 8" (axby) = 8'by = éx. We have
(axbx)(0) = (axbyx)(gi) = 1foralli,andfori <landm € (g; : j <i), we have

(axgx)(m)(axgx)(m +gi) = (axgx)(gi)(axgx)(m)(axgx)(m + gi)
= 8" (axbx)(gi,m) = Ex(gi,m).

So b, and axl;x both take 0 and each g; to 1 and satisfy (3.3). Hence by, = axb~x,
and §'b, = ¢, for all x.

Since x + by (p) is continuous for each p, the map b : (x, p, x) — by(p) is a
continuous cochain on Zy . Since Z, is clopen in G, we can extend b to a cochain b
on all of G by setting BlgA\IA = 1.

Now 8!b is a continuous coboundary on Gp, so 0 := 0, - 8 1h represents the
same cohomology class as g.. Hence C*(Ga,0) =~ C*(Ga,0.) = C*(A,c¢) [38,
Proposition I1.1.2]. We have o ((x, p, x), (x,q,x)) = w(p,q) for p,q € Per(A) by
construction of 5. Each o} is cohomologous to @ by choice of w. 0
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Given an abelian group A4 and a cocycle w € Z?(A,T), we write
Zy ={peA:(ww*)(p,q)=1forallg e A} 3.4

for the kernel of the homomorphism p +— (ww™*)(p, -) from A to A induced by ww*.
Thus Z,, is a subgroup of A.
We now have all the ingredients needed to state our main theorem.

Theorem 3.4. Let A be a row-finite cofinal k-graph with no sources, and suppose
that ¢ € Z*(A,T). Suppose that 0 € Z*(Gp,T) and w € Z?*(Per(A),T)
satisfy C*(Ga,0) = C*(A,c) and 0|7y = @ X 1pco (such a pair o, exist by
Proposition 3.1). Let r° : Gx — Per(A) be the cocycle of Lemma 3.2. Then
C* (A, c) is simple if and only if {(r (y), 1y |z,,) : ¥ € (Ga)x} is dense in A> x Zo
for all x € A®°. In particular, if w is nondegenerate, then C*(A, ¢) is simple.

The proof of the main theorem will occupy the remainder of this section and most
of the next. Before we get started, we provide a practical method for computing Z,,
without reference to Gp. To see why this is useful, observe that to apply our main
theorem, it is typically necessary to compute a cocycle o on Gp with the required
properties, and this is not so easy to do. (We discuss a class of examples where this is
possible in Section 5.) But the last statement of the theorem says that if we know that
the centre of the bicharacter w is trivial, then no computations in G, are necessary.

In the following result, for m € ZF, we write m™* and m™ for m v 0 and (—m) v 0).
Som=m"—m~ andm®™ Am~ = 0.

Lemma 3.5. Let A be a row-finite cofinal k-graph with no sources, and suppose
that ¢ € Z*(AN,T). Let g1,...,8 be free generators for Per(A). There exists
v € A® such that Tgi+(x) =T8 (x)forallx € Zw)and 1 <i <[. Let N =
Zle gi+ + g, andfix A € vAN. For1 <i <, factorise A = pu;t; = v;p; where
d(ui) = gi+ and d(v;) = g - For 1 <i,j <1, factorise A = KijTij = VijpPij
where d(pij) = (gi + g;)" and d(vij) = (gi + gj)~. Let w be the bicharacter of
Per(A) such that

(g, gj) = c(i, t)cvi, pi)e(py, tj)e vy, pj)e(pij, tij)e (vij, pij)
for1 <i, j <. Then there exists o € Z>(Ga,T) and a bicharacter @' of Per(A)
such that C*(A,c) = C*(Ga,0), 0|z, = o' x 1500, and Zy = Z,. In particular,
if Z, = {0} then C*(A, ¢) is simple.
Proof. We claim that there is a set P € A g% A such that

{A,s(A) A e AYU{(ui,vi) ti <Ly U (g, vij) i1 # ) S P,

and such that Ga = | |, ,yep Z (1, V).
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To see this, we argue as in [26, Lemma 6.6] to see that the Z(A, s(A)) are mutually
disjoint and |_[; Z(A,s(1)) is clopen in G4 . Let

Po:={(A,s(A) 1 A € A} U{(wi,vi) i <I3U{(uij,vi) 1 1<i <j<I}.

For each i < [ either (i, v;) = (wi,s(ii)), or d(i) — d(v;) & N¥ and so
Z(i,vi) N Z(A,s(A)) = @ for all A; and likewise for each (u;;,v;;). Each
Z(i,vi) © A x{g;} x A®°, and each Z(p;j,vij) € A® x {g; + g;} x A*.
So the Z(u;,v;) and the Z(u;;,v;j) collectively are mutually disjoint. Hence the
Z(u,v) where (i, v) € Py are mutually disjoint, and I—l(u,v)epo Z(u,v) is clopen
in GA. Now the argument of the final two paragraphs of [26, Lemma 6.6] shows that
we can extend Py to the required collection P.

The formula (2.3) yields a cocycle o, € Z 2(GA,'T), and the construction of Py
shows that

oc((x,8i.x),(x,8;.x)) =w(gi,gj) forallx € Z(A)andi,j <1I.

Corollary 7.9 of [26] implies that C* (A, ¢) = C*(Ga, o.). Proposition 3.1 applied to
this P gives a bicharacter @’ of Per(A) and a cocycle o on G5 such that C*(Gp, 0) =~
C*(Ga,0.) = C*(A,c) and @’ is cohomologous to ¢ and hence to . Thus
Zy = Z, by [29, Proposition 3.2]. The final statement follows from Theorem 3.4.

]

We finish the section by showing that r¢ induces an action 6 of the quotient H 5
of G by the interior of its isotropy on the space A®® x Zo. In particular, we prove
that 6 is minimal if and only if {(r(y),r)|z,) : ¥ € (Ga)x} is dense in A x Zo
for all x € A® as in Theorem 3.4. In the next section we will realise C*(A,c¢)
as the C*-algebra of a Fell bundle over a quotient groupoid H of G, and show
that the action, given by [16], of H o on the primitive ideal space of the C *-algebra
over the unit space in this bundle is isomorphic as a groupoid action to 8. We then
prove our main theorem by showing that minimality of the action described in [16]
characterises simplicity of the C *-algebra of the Fell bundle.

Given A, ¢ and w as in Proposition 3.1, and with Z, as in (3.4), we can form the
quotient H := Per(A)/Z,. We then have H =~ Z1 < Per(A)™, so we regard H as
a subgroup of Per(A)~.

Lemma 3.6. Let A be a row-finite cofinal k-graph with no sources, and suppose
that ¢ € Z*(A,T). Suppose that o € Z*(G,T) is cohomologous to o, and that
w € Z*(Per(A),T) satisfies 0|z, = lace X @ as in Proposition 3.1. Let r° be
the Per(A) -valued 1-cocycle on Gy given by Lemma 3.2. For a € Ia, we have
rg € Zj;. Let 7w : Gn — Ha = Ga /LA be the quotient map. There is a continuous
Z »-valued 1-cocycle 7° on Ha such that fg(a)(p) =rJ(p) for all o € Gp and

p € Zy. There is an action 6 of Ha on A* x 20) such that

Ou (s(0). x) = (r(@). 7 - x) foralloa € Hp and y € Z.
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Proof. Suppose that p € Per(A) and ¢ € Z,,. Calculating in Gp X T, we have

(Cx, pox), D(Ce g x), D((x, pox), D7

= ((x,q,x),0((x, p,x), (x,4,%))o ((x, ¢, %), (x, p, x)))
= ((x.9.%). 00" (p.q)).

Hence r(‘;,p,x)(q) = (ww*)(p,q) = lsinceq € Z,.

Suppose that 7(«) = 7(B). Then o = By for some y € Zx. So for p € Z,
we have rJ(p) = rg (p)ry(p) = rg(p), showing that 79 is well defined. It is
continuous by definition of the quotient topology, and is a 1-cocycle because r? is.
For p, p’ € Z,,, we have

Fa@ @+ 1) =rg(p+ ) =13(P)rg (p") = Fr)(P)ir ) (P).

The final statement follows immediately. O

4. A Fell bundle associated to a k-graph 2-cocycle

To identify the twisted k-graph algebra C*(A,c¢) with the C*-algebra of a Fell
bundle, we must first construct the bundle. We start by describing what will become
the C*-algebra sitting over the unit-space in this bundle: the twisted C *-algebra
of 7, sitting inside that of G4.

Lemma 4.1. Let A be a row-finite cofinal k-graph with no sources, and take
c e Z*(A,T). Suppose that o € Z*(Ga,T) is cohomologous to o. and that
w € Z*(Per(A),T) satisfies 0|z, = lpaco X @ as in Proposition 3.1. There is
a x-homomorphism

D : C(A®) ® C*(Per(A), w) — Co(Zp,0)

such that ®(f @ up)(x,q.x) = 8p4 f(x) forall f € C.(A*) and p,q € Per(A).
This x-homomorphism extends to an isomorphism

®: Co(A®) @ C*(Per(A, w)) — C*(Zp,0).

Proof. Recall that we identify Zp with A®° x Per(A) as in Corollary 2.2. For
each p € Per(A), the characteristic function U, := lpcox(p is a unitary
multiplier of C*(Z,0). By construction of o, we have U,U; = w(p,q)Upiq4
for all p,q, so the universal property of C*(Per(A),w) gives a homomorphism
C*(Per(A), w) — MC*(Zp,0) satistying u, — U,. The U, clearly commute
with Cy(A°), so the universal property of the tensor product gives a homomorphism
Co(A®) ® C*(Per(A), w) — C*(Zp,0) satistying f Qup +— U, f. Forx € A,
we have (Z5)x = Per(A), and o|(z,), = @ by Proposition 3.1. Hence the regular
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representation of C*(Zx,0) on £2((Zp)y) is unitarily equivalent to the canonical
faithful representation of C*(Per(A), w) on £?(Per(A)). Thus the homomorphism
p:f®up— Upf is a fibrewise-injective homomorphism of Co(A°)-algebras,
and is injective on the central copy of Cy(A°°). Since the norm on a Cy(X)-algebra
is the same as the supremum norm on the algebra of sections of the associated upper-
semicontinuous bundle [51], it follows that p is injective. Since its range contains
Co(A®® x {p}) for each p, it is also surjective. O

Given a compact abelian group G, and an action j of a closed subgroup H of G
on a C*-algebra C, the induced algebra Indg C is defined by

IndgC ={f:G—>C| f(g—h)=pB(f(g)forge Gandh € H}

with pointwise operations. Note that we use additive notation to emphasize that G
must be abelian. This algebra carries an induced action It of G given by translation:
ltg (f)(g") = f(g' — g). Forh € H, we have lt,(f)(g) = Bn(f(g))-

If C is simple, then Prim(Indg C) is homeomorphicto G/H: forg+ H € G/H,
the corresponding primitive ideal /o4 g is the ideal { f € Indg C: flg+n = 0}
(see, for example, [36, Proposition 6.6]).

Now let A be a discrete abelian group and let @ be a T-valued 2-cocycle on A.
Let Z, C A be the centre of w as in (3.4). The antisymmetric bicharacter ww™
descends to an antisymmetric bicharacter (ww*) of B := A/Z,. There is a cocycle
@ € Z?(B,T) such that

0o (a+ Zy,a' + Z,) = (ww*)(a,d’) foralla,a’ € A.

By construction, the antisymmetric bicharacter (ww™*) is nondegenerate in the sense
that g + Zy, = (00*J(g + Ze. ) is injective (as a map from B to its dual B).

There is an action B4 : A — Aut(C*(A, w)) such that BA(U,) = y(a)U, for
XE A. Recall from [29, Lemma 5.11 and Theorem 6.3 that there is an A- -equivariant
isomorphism

C*(A,w) =~ 1n¢;;c*(3,ca),

and that C*(B, ®) is simple. Hence Prim(C*(4,w)) =~ 2//3\ ~ Z, [36, Prop-
osition 6.6]. In particular, in the situation of Lemma 4.1, we have

Prim(C*(Za,0)) 2 Prim (Co(A®) ® C*(Per(A), w)) = A X Z,,.

Now resume the hypotheses and notation of Lemma 4.1. We construct a Fell
bundle over H . We describe the fibres of the bundle and the multiplication and
involution operations first, and then prove in Proposition 4.2 that there is a topology
compatible with these operations under which we obtain the desired Fell bundle. We

3There is a typographical error in the statement of [29, Theorem 6.3]: G/G 2, should read G .
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write C*(H; B) for the full C *-algebra of a Fell bundle B over a groupoid H, and
C¥(H; B) for the corresponding reduced C *-algebra. We make the convention that
C*(H©; B) denotes the full C*-algebra of the restriction of B to the unit space;
this C*(H®;B) is a Co(H?)-algebra. For background on Fell bundles over étale
groupoids, see [21,28].

We identify both 7—[‘1)\ and Qf\o) with A®. We continue to write 7 : Go — Ha
for the quotient map, and we often write [y] for 7(y), and regard it as an equivalence
class in Ga; thatis [y] = {a € Ga : (@) = w(y)} = v - Za.

We define Ay = C*(Per(A), w) for x € A®, and we write A for the trivial
bundle A® x C*(Per(A),w). So C*(Zp,0) = C*(A>®; Ap), and Ay is the fibre

of Ap over x. For [y] € Ha, we let B["y] := C.([y]) as a vector space over C, and
we define multiplication B[‘jx R Bfﬁ] — B[‘jx 8] where s(«) = r(B), and involution
Bﬁx] — B[‘(’rl] by

(f*g)(y)=2 o(.0)f(mg@) and f*(y)=oc@.y H)f(y™).
ni=y,
nelal.L€lB]

We regard each B[°x] (where x € A®® = 7-[53) ) as a dense subspace of Ay, and

endow it with the norm inherited from A,. We write By, = B["x] ~ A, and
identify B, and A. For [y] € H, we define an A(,)-valued inner product on B["y]

by (/. &)s(y) 1= f* * g Then we obtain a norm on By, by || £ = (£, /)sc) "%,
and we write B[, for the completion of B["y] in this norm. Note that B[, is a full

right Ag(,)-Hilbert module. It is straightforward to show that || /' * g[| < || f[|[|g|| for
all f € B[‘;] and g € B["ﬁ] when s(«) = r (), and involution extends to an isometric
conjugate linear map Bly] — By—1.

Proposition 4.2. With notation as above there is a unique topology on By =
Ll[y]e?—t .« Bry) under which it is a Banach bundle and such that for each
f € Cc(Ga,0), the section [y] — [, is norm continuous. Under this topology,
the space B is a saturated continuous Fell bundle over H .

Proof. The first assertion follows from [13, Proposition 10.4] once we show that the
sections [y] +— f|[,] associated to elements f € C.(Ga,0) are norm continuous
and the ranges of these sections are pointwise dense. Let f € C.(Ga,0). Then
the restriction [x] > H Sl || is continuous on HES) = A® because C*(Zp,0) =
Co(A®) ® C*(Per(A),w) by Lemma 4.1. To show [y] — ||f|[y] H is continuous,

note that || |1l = II(f* * /)liseyll /2. Since [x] > || (f* * f)|(x]| is continuous
on ’HS?), and since the source map [y] + [s(y)] in H 4 is continuous, it follows that
[¥] = | f w1 is continuous.

It is straightforward to check that for each b € B? ;, there exists f € C.(Ga,0)
such that b = f|,;. Hence, for each [y], {f|] : f € Cc(Ga.0)} is dense
in Bp. ]
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We now establish that C* (A, ¢) can be identified with the C *-algebra of the Fell
bundle we have just constructed. Recall that if B is a Fell bundle over a groupoid G,
then C*(G; B), the C *-algebra of the bundle, is a universal completion of the algebra
of compactly supported sections of the bundle, and C*(G; B) is the corresponding
reduced C *-algebra.

Theorem 4.3. Let A be a row-finite cofinal k-graph with no sources, and take
c € Z2(A,T). Let Hp denote the quotient of Ga by the interior Ty of its isotropy,
and let Bp be the Fell bundle over Hp described in Proposition 4.2. Then
C*(Ha:Ba) = CF(Ha;Ba), and there is an isomorphism w : C*(A,c) =
C*(Ha; Ba) such that w(sp)([y]) = 1zg sy |y forall A € A and y € Ga.

Proof. Corollary 2.2 says that Ha is amenable. Hence C*(Ha;Bp) =
CY¥(Ha:Ba) by [46, Theorem 1]. Define elements #;, of C.(Ha:;Ba) by
(v == lzasoly) € B[oy] C B[y). Theorem 6.7 of [26] shows that the
1z(x,s(x)) form a Cuntz—Krieger (A, ¢)-family in C*(Ga, o). It follows that the 7,
constitute a Cuntz—Krieger (A, ¢)-family in C*(H a; Ba). So the universal property
of C*(A, ¢) yields a homomorphism 7 : C*(A,c) — C*(Ha:;Bp).

To see that m is injective, we aim to apply the gauge-invariant uniqueness
theorem [26, Corollary 7.7]. The projections {t, : v € A®} are nonzero because
the Z(v) are nonempty, so we just need to show that there is an action B of T*
on C*(Ha:Ba) such that B,(1;) = z9W¢y forall A € A. Letd : Gy — ZF
be the canonical cocycle (x,m,y) — m. Forz € T*, [y] € Hp and f € B["y]

define ,BE']( f) e B["y] by ﬂ?]( ) = 4@ f(a). Simple calculations show that

/ 7 —1
2 B2 N g) = BYVN(S  g) and that B2 (S %) = BEN(/)*. Forx € G,
the map ﬂ£"] : Ce(Zp,0) — Ce(Ip,0) extends to the canonical action of T* on
Ay = C*(Per(A),w), and so is isometric. It follows that the ,BLV] are isometric

for the norms on the fibres By,] of Bx. For f € C.(Ga,0) supported on a basic

open set Z(i, v), the map [y] — B B’]( ) is clearly continuous. Since such f span

C.(Ga,0), and by definition of the topology on B (see Proposition 4.2), it follows
that if p : By — Ha is the bundle map, then £ — B? ® (&) is continuous. So for
fixed z € T¥, the collection B P’] determines an automorphism of the bundle B4,
and hence induces an automorphism S, of C*(H ;B ). It is routine to check that
z > B, is an action of T on C*(Ha; Ba) such that B, (/)([¥]) = B (f(¥))
for f € Co(Ha:Ba) and z € T*. In particular, each B, (1;) = z¢M1,, and so the
gauge-invariant uniqueness theorem [26, Corollary 7.7] shows that 7 is injective as
required.

It remains to show that 7 is surjective. For this, it suffices to fix y, Y’ € Ga such
that [y] # [y’], and show that the set {7 (a)([y]) : a € C*(A,c),w(a)[y’] = 0} is
dense in By,). Since 7 is linear, it will suffice to show that for each o € [y] there
exists a € C*(A, ¢) such that 7 (a)([y’]) = 0 and 7w (a)([y]) = S«. Fix o € [y], say
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J(a) = m. Choose a compact open bisection U C d! (m). If m & Per(A) + cZ()/’),
then U N [y’] = @; otherwise, since [y’] # [«], either r (y’) # r(a) or s(y’') # s(a),
and so we may shrink U to ensure that U N [y’] = @. By definition of the topology
on Gy, there exist u,v € A such that @ € Z(p,v) € U. The function ¢, takes
values in T on Z(u, v), and so there is a complex scalar z € T such that a := zs,,5;
satisfies 7 (a)([y]) = 84 and 7 (a)([y']) = 0 as claimed. O

To prove Theorem 3.4, we aim to identify the action of H 5 on Prim(C* (7-[53) 1 Ba))
obtained from [16] with the action 6 of Lemma 3.6. To do this, we first give an explicit
description of the action from [16].

Lemma 4.4. Let B be a Fell bundle over a groupoid G with unital fibres over G©.
Let y € G and suppose that u € B, is unitary in the sense that u*u = 14, and
uu* = ly,,. For any ideal I of As(y), we have

s(¥)

ulu* = span{xay* :x,y € By,a € I}.

In particular, 1 +— ulu® is the map from Prim(Ayy)) to Prim(A,(,)) described
in [16, Lemma 2.1].

Proof. We clearly have u/u* C span{xay* : x,y € B,,a € I}. For the reverse
inclusion, fix x;, y; € By and a; € I, and observe that

Zx,'aiyi* = Zuu*xiayiuu* = M(Zu*xiayiu)u* culu®. O
i i i

We can now identify the action described in [16] with that of Lemma 3.6.

Theorem 4.5. Let A be a row-finite cofinal k-graph with no sources, and
suppose that ¢ € Z*(A,T). Take w as in Proposition 3.1, and let H, denote
the quotient of Ga by the interior Lp of its isotropy. Let Bp be the Fell
bundle over Hp described in Proposition 4.2, and let Ap denote the bundle of
C*-algebras obtained by restricting B to ”HSS). There is a homeomorphism
i :Prim(C*(’Hﬁe);‘BA)) — A® x Z,, that intertwines the action 0 of Ha on
A% x Z, described in Lemma 3.6 and the action of Ha on Prim(C*(’HE?); Ba))
described in [16].

Proof. Put H := Per(A)/Z,,. Take x € A®°. Then
Ay = C*(Per(A), ) = span{S(x,px) : p € Per(A)},
and there is an isomorphism i : A, — Indl;;r(A) C*(H, w) such that

ix(8x,p.0) () = x(P)Up+ 2,
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for y € Per(A)”. Inparticular iy is equivariant for the action of Per(A)” on A, given

by x - 8¢x,p.x) = X(P)8(x,p,x) and the action It of Per(A)™ on Indl;?(A) C*(H,w)
by translation.
Take y € Ga and p € Per(A). A straightforward calculation in B 5 shows that

8y * 8(sr).p.sr) * 8y = 15 (PISGr(v).pr () -

The element §,, is a unitary in the fibre B[,}, and so Lemma 4.4 shows that conjugation
by J, in B implements the homeomorphism «p,; of [16] from Prim(As,)) €

Prim(C*(Hg));BA)) to Prim(A4,(,)). We have i.() o Ads, oir_(;) = lt,¢, and
it follows that for y € Per(A)” the primitive ideal Ixﬁ of Ind],;;r(A) C*(H,w)
consisting of functions that vanish on X?I satisfies

. .1
(lr(y) @) Adgy Olr(y))(le-[\) = Ir;g')(ﬁ'

That is, the induced map (ir(y))«[y](ir(y))s' on Prim(Indl;;r(A) C*(H,w)) is
translation by 'r“[(;]. Lemma 4.1 yields a homeomorphism

i : Prim(C*(H©@:Br)) > A® x Z,,
such that i |pim(4,) = ix, and this homeomorphism does the job. ]

Recall from [21, Proposition 3.6] that if B is a Fell bundle over an étale*
groupoid H, then restriction of compactly supported sections to HO® extends to
a faithful conditional expectation P : C*(H;B) — C*(H©;B).

Lemma 4.6. Suppose that H is an étale topologically principal groupoid and
that B is a Fell bundle over H. If I is a nonzero ideal of C}(H;B), then
I NC*(HO;B) # {0,

Proof. Our argument is based on that of [1, Proposition 2.4] (see also [3, Lemma 4.2]
or [23, Lemma 3.5]).

Let I be a nonzero ideal of C*(H:B). Let P : C}(H;B) — C*(H©®;B)
be the faithful conditional expectation discussed above. Choose a € I such that
|P(a)|| = 1. Choose b € T.(H;B) N C*(H;B)" such that |la — b| < 1/4, so
that || P(b)|| > 3/4. Then b — P(b) € I'c(H;B); thus, K := supp(b — P(b)) is
compact and contained in H \ H®. Let U = {u € HO : |P(b)(w)| > 3/4}.
By [3, Lemma 3.3], there exists an open set V such that V € U and VKV = @.

Fix a continuous function 4 : R — [0, 1] such that / is identically 0 on (—oc0, 1/2]
and identically 1 on [3/4, c0). Then

h(P (b)) P(b) h(P (D)) = %h(P(b))z-

4The statement in [21] says “r-discrete”, but étale is meant.
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Choose g € C.(H©®) € MC*(H:B) such that || g||o = 1 and supp(g) S V. Let
f = gh(P(b)). Since |h(P(b))(u)|| = 1forallu € U, and since V C U, we have
f#0.

Since supp( f) < supp(g) C V, we have f(b — P(b))f = 0. Hence

fbf = F(PG) + (b= POY)f = [PB)f = gh(PB)) PB) A(PB))g
= PN = 5 S
Thus
faf = fbf =3 f* = POV ~ 1= 1>
Since faf € I and I is hereditary, we deduce that § 2 € INC*(H@; B)\{0}. O

Lemma 4.6 allows us to characterise the simplicity of C*(H;B) when H is
amenable and topologically principal.

Corollary 4.7. Suppose that H is a topologically principal amenable groupoid and
that B is a Fell bundle over H. Then C*(H;B) is simple if and only if the action
of H on Prim(C*(H©; B)) described in [16, Section 2] is minimal.

Proof. We denote the action of  on Prim(C*(H®; B)) by . First suppose that
is not minimal. Then there exists p in Prim(C*(#H(?; B)) such that H - p is not
dense in Prim(C*(H®;B)). Hence X := H - p is a nontrivial closed invariant
subspace of Prim(C*(H©; B)). The set Iy of sections of B, that vanish on X
is a nontrivial H A-invariant ideal of the C*-algebra C*(H®;B) sitting over the
unit space of . Thus the ideal of C*(H; B) generated by Iy is a proper nontrivial
ideal [16, Theorem 3.7] and so C*(H; B) is not simple.

Now suppose that ¢ is minimal. Let / be a nonzero ideal of C*(H;B).
Theorem 1 of [46] shows that C*(H;B) = C}(H:B), so Lemma 4.6 implies
that Iy := I N C*(H®; B) is nonzero. Let X denote the set of primitive ideals of
C*(H®; B) that contain Io. Since I is nonzero, X is nonempty, and it is closed by
definition of the topology on Prim(C *(H®; B)). Lemma 2.1 of [16] implies that X
is also ¥-invariant. Since ¥ is minimal, it follows that X = Prim(C*(H©®;B)),
and so Iy = C*(H©@;B). Since C*(H®; B) contains an approximate identity for
C}(H; B), it follows that I = C*(H; B) as required. O]

Since we established in Corollary 2.2 that H 5 is always topologically principal
and amenable, we obtain an immediate corollary.

Corollary 4.8. Let A be a row-finite cofinal k-graph with no sources, and suppose
that ¢ € Z*(A, T). Let 0 be the action of Ha on A® x Per(A) obtained from any
choice of o in Lemma 3.6. Then C*(A, ¢) is simple if and only if 6 is minimal.
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Proof. Theorem 4.3 shows that C*(A, ¢) is simple if and only if C*(Ha;BA) is
simple. Corollary 2.2 shows that H 5 is amenable and topologically principal, and
so Corollary 4.7 implies that C*(H a; B ) is simple if and only if the action of H
on Prim(C* (’H(O); BA)) is minimal. Theorem 4.5 shows that this action is minimal
if and only if 6 is minimal, giving the result. O

We can now prove our main theorem.

Proof of Theorem 3.4. By Corollary 4.8, it is enough to show that the set
{r (). rylz,) 1y € (Ga)x} (4.1)

is dense in A® x Z,, for every x € A if and only if the action 6 of Ha
on A% x Per(A)” is minimal. Clearly (4.1) is dense for every x if and only if
{r).rylz, 1) 1 v € (Ga)x} is dense in A x Z,, for every x and every x € Zo
which is precisely minimality of 6. O

5. Twists induced by torus-valued 1-cocycles, and crossed-products by quasifree
actions

In this section we describe a class of examples of twisted (k + [)-graph C *-algebras
arising from T’-valued 1-cocycles on aperiodic k-graphs. We describe the simplicity
criterion obtained from our main theorem for these examples. We then show that
these twisted C*-algebras can also be interpreted as twisted crossed-products of
k-graph algebras by quasifree actions, giving a characterisation of simplicity for the
latter. See also [5, Theorem 2.1] for the case where [ = 1.

Recall that we write 7; for N! when regarded as an /-graph with degree map the
identity functor.

Givenacocycle w € Z2(Z!, T) and an action « of Z! on a C *-algebra A, we write
AXg.0 7! for the twisted crossed product, which is the universal C *-algebra generated
by unitary multipliers {1, € M(A X4, Z') : n € Z!} and a homomorphism
7 A= AXew Z! such that umn(a)uy, = m(am(a)) for all m,a and such that
UmUy = (M, n)Uy,4p for all m, n. For further details on twisted crossed products,
see [30].

Let A be a row-finite k-graph with no sources. Consider a 1-cocycle ¢ €
ZY (A, TY). Define a 2-cocycle cy € Z*(A x T;,T) by

cp((A,m), (u,n)) = ¢(u)™ for composable A, € A andm,n € N = T;.
(5.1
There is a continuous cocycle ¢ € Z'(Ga, T!) such that

d(ux,d(n) —dv),vx) = ¢p(n)p(v) forall x € A% and pu,v € Ar(x).
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Let w be a bicharacter of Z’. There is a cocycle Cow € Z 2(A x T;, T) such that

¢pw((A.m). (. 1)) = ()" w(m.n). (5.2)

The next theorem is the main result of this section. It characterises simplicity of
C*(A xTj,c¢,0) in terms of ¢ and the centre Z,, of @ described in (3.4), under the
simplifying assumption that A is aperiodic.

Theorem 5.1. Let A be a row-finite k-graph with no sources. Take ¢ € Z LA, T,
and let w be a bicharacter of 7. Let ¢ € Z' (G, T) and Co0 € Z2(A x Ty, T) be
as above. Then
(1) there is an action B of Z! on C*(A) such that Bm(sy) = ¢(A)™sy, for all
AeAandm e 7 ;

(2) there is an isomorphism p : C*(A x Tj, cp.0) = C*(A) X0 7} such that

P(SA,m)) = T(sy)um forall A € A and m € T;; and

(3) if A isaperiodic, then C* (AXTL, Co,w) is simple ifand only if {(r (y), q~5(y)|zw) :
Y € (GA)x} is dense in A*° X Z, for all x € A®°.

Remark 5.2. The observant reader may be surprised to note that there is no cofinality
hypothesis on the preceding theorem. But a moment’s reflection shows that it is still
there, just hidden: each of the conditions that C*(A x T7, ¢g,,) is simple, and that

each {(r(y), <,5(y)|zw) 1Y € (Ga)x} is dense in A®° x Z,, implies that A is cofinal.
We prove (1) and (2) here and defer the proof of (3) to the end of the section.

Proof of Theorem 5.1(1) and (2). For part (1) observe that for each m € 7! the set
{p(A)™s, : A € A} is a Cuntz—Krieger A-family, so induces a homomorphism
Bm : C*(A) — C*(A) such that B,,,(s)) = ¢(A)™s,. Clearly Bo = id and
Bm © Bn = Bm+n, s0 B is an action.

For part (2) we first check that {7 (sy)us, : (A,m) € A x T;} is a Cuntz—Krieger
(A x T, cg,0)-family. For A € A and m € T; let t(y m) = w(sp)um. Itis easy
to check that (CK1), (CK3) and (CK4) hold because each B, fixes each s;ts/’{. To
check (CK2) we compute

tamytun) = TS )UmT($)Un = T0(S2)Um 0 (1)U gy U U
= ()7 (Bm (sp)) (M, n)umin = ¢(,U«)mw(m»n)77(s/l,u)um+n
= ()" (M, M)t m+n) = g0 (A M) (s W)V m) (n)-
Now the universal property of C*(A x T7,c4,) gives a homomorphism p
satisfying the desired formula. The gauge-invariant uniqueness theorem [26,

Corollary 7.7] shows that p is injective. The map p is surjective because its image
contains all the generators of the twisted crossed product. O
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In order to prove (3) we first do some preparatory work to identify the action 6 of
Lemma 3.6 in terms of the cocycle ¢ € Z2(Ga, T). Before that, though, a comment
on the hypotheses of Theorem 5.1 is in order.

Remark 5.3. Note that the aperiodicity hypothesis in Theorem 5.1 is needed
in our proof and simplifies the statement, but is not a necessary condition for
C*(A x Tj,cg,0) to be simple. To see this, consider A = Ty, which is N regarded
as a l-graph. Put/ = I, define ¢ : A — T by ¢(1) = ¢27'? and take w to be
trivial. Then A is cofinal, but certainly not aperiodic. We have A x T} = T5, and
Copw € Z2(To,T) is given by cg o, (m, 1) 1= e2mifmant so C*(A x Ty, Cé,w) is the
rotation algebra Ag, which is simple whenever 6 is irrational.

LetI" := A xT;. The proof of Theorem 5.1 (3) requires quite a bit of preliminary
work. To begin preparations, observe that the projection map = : I' — A given by
(A, m) — A induces a homeomorphism

oo : I'® — A such that moo (x)(m, n) = w(x((m,0), (n,0))).
There is an isomorphism Gr 2 Ga x Z! given by

(@ m)x.(d(@),m) = (d(B).n), (B.n)x)
= (oo (x). d(@) — d(B). Brico(x)). m —n).

Suppose that A is cofinal and aperiodic, and fix a subset P of A ;*s A such that
(u,s(un)) € P for all u € A and such that {Z(u,v) : (u,v) € P} is a partition
of Ga. For g € Gy, let (ug,vg) € P be the unique pair such that g € Z(ug, vg).
Observe that Per(I') = {0} x Z! € ZK+!. Recall that Hr is the quotient Gr/Zp of
the (k + [)-graph groupoid by the interior of its isotropy.

(5.3)

Proposition 5.4. Let A be a row-finite cofinal aperiodic k-graph with no sources,
and let ' := A x Tj. Then Per(I') = {0} x 7} C 7Z¥FL the identification of Gr
with Gp x Z described above carries It to gf\‘” x 7, and (g, m) - Ir + g gives
an isomorphism Hr = Gx. Let ¢ : A — T! be a 1-cocycle, and let w be a
bicharacter of Z'. Let Copw € Z 2(T',T) be the 2-cocycle of (5.2). There exists a
cocycle o € Z*(Gr, T) such that 0|z = 1pe0 X @, C*(Gr,0) = C*(T, c,0) and
the action 0 of Ga on A x Zo of Lemma 3.6 satisfies

O (s(8). X) = (r(8). (&) 2., X)- (5.4)

Before proving Proposition 5.4, we establish two technical lemmas that will help
in the proof. The first of these shows that the passage from a k-graph cocycle to a
groupoid cocycle described in (2.3) has no effect on cohomology when the k-graph
in question is N/ and its groupoid is Z.

Recall that for m € Z!, we write m* := m v 0 and m™ := (—m) Vv 0; so

m=mT—m andmt Am~ =0.
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Lemma 5.5. Let w be a bicharacter of 7. Then w|r,x1, belongs to Z%(T;, ).
The [-graph Ty has a unique infinite path x, and there is an isomorphism Gr, = 7!
given by (x,m,x) — m. Let P = {(m*.,m™) : m € Z'}. Then (A,s(})) € P for
all A € Ty, and G, = I_l(u,v)GP Z(u,v). Let o, € ZZ(QT,,']I') be the 2-cocycle
obtained from w and P as in (2.3). Then o, is cohomologous to w when regarded
as a cocycle on 7.

Proof. Every bicharacter of 7' is a 2-cocycle, so w restricts to a cocycle on 7. It is
clear that QT, ~ 7! as claimed. We identify QTI with Z! for the rest of the proof.

For m € Gr,, the pair (Um, vm) = (m™,m™) is the unique element of P such
that m € Z(im, vm). So for m,n € Gr,, equation (2.3) gives

0w (m,n) = o(m™, e)o(m=, e)on™, flom=, fo((m +n)T. y)o((m +n)~,y)

for any choice of a, 8,y € Ty suchthat m™ +a = m +n)t +y,n~ + B =
(m+n)~"+yandm™ +a=nt+ 8.

We show that o, (e;,ej) = w(e;,ej) forall i, j < [. For this observe that for
m = e; and n = e;, the elements « = e;, B = 0 and y = 0 satisfy the above
conditions, so

owlei,ej) = w(ei,ej)w(0,e;)w(e;,0)w(0,0)w(e; +e;,0)w(0,0) = w(e;, e;)

as claimed.

Hence (0,0,)(ei,ej) = (ww*)(e;,ej) foralli, j. These are bicharacters by [29,
Proposition 3.2] and so we have 0,0, = ww*. Thus [29, Proposition 3.2] implies
that o, is cohomologous to w as claimed. O

Our second technical result shows how to obtain a partition Q satisfying (2.1) for
the (k + [)-graph A x T; from a partition P satisfying (2.1) for A.

Lemma 5.6. Let A be a row-finite k-graph with no sources. Suppose that P C
A sxs A satisfies (n,s(n)) € P for all p, and Gy = I_l(u,,v)EP Z(u,v). Let
Q = {(u.m*),(v.m7)) : (w,v) € P.m € Z'\. Then (a.s(a)) € Q for all
a el andGr = I_l(a,,B)GQ Z(a, B).

Proof. Consider an element o = (ju,m) € I'. We have m™ = m and m~ = 0, and
(o, s(@)) = ((r, m), (s(u),0)). Since (1, s(1)) € P, we have

(1. m). (s(), 0)) = (. m™). (s(n),m™)) € Q.
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Let p: Gr — Ga X 7! denote the map (5.3). Then

Gr =p7'(Ga x 2 = || o7 (Z(p.v) x Z))

(u,v)erP

=11 L'y xim}

(u,v)EP mez!

=1l L] zu.m™.0.m)=]|2@p). O

(u,v)EP mez! (a,8)eQ
Proof of Proposition 5.4. Since the homeomorphism 7, : ' — A% in-
tertwines the shift maps, we have 7@ (x) = T@"(x) if and only if

T?(7oo(x)) = T4 (0o (x)). Hence Per(I") = Per(A) x Z! = {0} x Z! because A is
aperiodic. The next two assertions are straightforward to check using the definition
of the isomorphism Gr = GA x 7!,

We identify Gr with G x Z! for the remainder of this proof. Choose P € Ak A
such that (A,s(4)) € P forall A and Ga = ||, vyep Z(1t, V). For g € Ga, write
(g, vg) for the element of P with g € Z(ug.vg). Let

Q= {(u.m"),(v,m7): (u,v) € P.m e Z'}

as in Lemma 5.6. For (g,m) € Gr, let fig.m) = (g,m™), and V(g m) =
(vg.m™). Then (fi(g,m), V(g,m)) is the unique element of Q such that (g,m) €
Z(ﬂ(g’m), lj(g,m)). For ((x, 0, x), m) € Ir, we have

[L((x,O,x),m) = (V(X), m+) and 17((x,O,x),m) = (r(x), m_)'

Let @ denote the 2-cocycle on I' given by ((u«,m), (v,n)) — w(m,n), and
recall that ¢y € Z 2(A x T;,T) is given by (5.1). Let o » be the 2-cocycle on Gr
obtained from (2.3) applied to ¢y € Z 2(1", T) and O, and let o be the 2-cocycle
on Gr obtained in the same way from the cocycle ((u,m),(v,n)) +— w(m,n)
on I'. Using that ¢y, = cg@ and the definitions (2.3) of o,,, 05 and o, ,, it
is easy to see that o¢, , = 0¢,05. Letoy, € Z 2(971 , T) be the cocycle obtained
from w as in Lemma 5.5. The formulas for o4 and o, show that the identification
Or =~ Ga x Z! ~ G x Gr, carries 0 t0 1 z2(g, 1) X 04. Thus Lemma 5.5 shows
that o, ,, is cohomologous to the cocycle o € Z 2(Gr, T) given by

o((g.m). (h.n)) = oc,((g.m). (h.n))w(m,n).

Corollary 7.9 of [26] shows that C*(I', ¢y ) = C*(Gr.0c, ). Proposition I1.1.2
of [38] says that cohomologous groupoid cocycles determine isomorphic twisted
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groupoid C *-algebras, and so we have C*(I', ¢4,,) = C*(Gr,0). We have 0|7 =
Ipc0 X @ by construction, so it remains to calculate the action 77 of Go on Z,,
described in Lemma 3.6.

For this, we first claim that o, satisfies

acg ((g.m), (h,n)) = (G (1g)d (1tgn)” ((Wr)d (vgn))". (5.5)

To see this, choose @, 8,y € A and y € A satisfying (2.3). Then there exist
mq,mg and m, € N’ such that @ = (a,my), p = (B,mg) and y = (y, m,) satisty
equations (2.3) with respect to the fi’s and v’s. So

0cy ((g.m), (h,n)) = cy(fig. @)eg(Vg. @)cy(fin. B)Cs(Ph. B)Co (Bigh. 7)cs (Tgh. 7)

= 0" 5@" B BB SN )t
= (9@$()" (¢ ()". 5.6)

We have ¢ (1) (@) = (15) = (tgny) = §(ign)d(y). and rearranging gives

P(a)p(y) = ¢p(ng)d(ign), and similarly, (B)p(y) = ¢(vi)$(vgn). Substituting
this into (5.6), we obtain (5.5).

Now, fix p € Z, and (g,n) = ((x,m, y),n) € Gr. Using (5.5) at the second
equality, we calculate:

e m(P) =0((g.n), (5.0,), p))a((g.n+ p). (7", —n))o((g.n). (g7, —n))
= | @e)p (o))" (G (s ()"
[ @GO Gtee-1)" @O (2ge1) "]
[ @Bt 1) @19 (2ge) "]
(., pon + p.—n)o(n, —n)
= g0 P (tg) TP (-1 D (1) P (1) (. p(p.n)
= ((e)d ()" (@) (n, p).

=
Since p € Z,, we have (ww*)(n, p) = 1, and so rgg n)(p) = ¢(g) . Since

>
(g,n) > g induces an isomorphism Hr = G, we deduce that g (p) = ¢(g) for
g €Gaand p € Z,. So (5.4) follows from the definition of 6. ]

Proof of part (3) of Theorem 5.1. As observed in Remark 5.2, both conditions
appearing in statement (3) imply that A is cofinal, so we may assume that this is
the case. The cocycle o of Proposition 5.4 satisfies the hypotheses of Theorem 3.4.
So Theorem 3.4 combined with Proposition 5.4 says that C*(I", ¢y ) is simple
if and only if the action 8 of Gy on A*® x Z, described in (5.4) is minimal.
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The condition described in the statement of Theorem 5.1(3) is precisely the
statement that GA - (x, 1), the orbit of (x, 1) under 6, is dense for all x. Since
Ga-(x,2) ={(y,zw) : (y,w) € Ga - (x, 1)}, the result follows. O

As a special case of Theorem 5.1, we obtain the following.

Corollary 5.7. Let E be a strongly connected graph which is not a simple cycle.
Let ¢ be a function from E' to T. There is an action B : Z. — Aut(C*(E)) such that
Bn(se) = ¢p(e)'se foralle € E' andn € Z. If there is a cycle ju = iy -+ - fp, Such
that [[; ¢(ui) = 2™ for some 0 € Q, then C*(E) xg Z is simple.

Proof. We will apply Theorem 5.1 to the 1-graph E* and the extension of ¢ to a
I-cocycle ¢ : E* — T. Fix x € E°°. By Theorem 5.1, it suffices to show that

{r(). () 1y €Ge,s(y) = x} = E® xT.

Choose a basic open set Z(n) of E and z € T. It suffices to show that there are
elements y, with s(y,) = x and r(y,) € Z(1) such that ¢(y,) — z.

Since E is strongly connected, there exist € s(n) E*r () and § € r(u) E*r(x).
Theelements y, := (nau”Bx, d(nau”B), x) € Gg satisty s(yn) = x,r(yn) € Z(n),
and @ (yn) := €279 $(y0). Since 0 is irrational, these values are dense in T. O

We conclude the section by giving a version of Theorem 5.1 whose statement
does not require groupoid technology. Let A be a row-finite k-graph with no sources,
and take ¢ € Z'(A, T') and w a bicharacter of Z!. Regard each ¢ (1) as a character
of Z! so that ¢(A)|z, is a character of Z,,. Then A acts on A* x Zo by partial
homeomorphisms {1}, : A € A} where each dom(?¥;) = Z(s(1)) x Z o, and

91(0x, 1) = (Ax.d(W)z, ) for (x. 1) € Z(s(V) x Zo.
Define a relation ~ on A® X Z, by
(x, x) ~ (x', ¥) if and only if there exist (y, p) € A® x Zp, and A, € A ,
such that s(1) = s(i) = (), 92(y, p) = (x, x) and ¥, (v, p) = (x', x).

Then ~ is an equivalence relation; indeed, it is the equivalence relation induced by o
We write [x, x] for the equivalence class of (x, y) under ~.

Corollary 5.8. Let A be an aperiodic row-finite k-graph with no sources and take
¢ € ZY(A,TY). Let Copw € Z*(A x T}, T) be as defined in (5.2). Then C*(A x Ty,
Ocw) is simple if and only if [x, 1] is dense in A x Z, for all x € A*°.

Proof. 1t is routine to check that [x, 1] is equal to the set

{r(). 6z, 1 v € (Ga)x)
of Theorem 5.1 part (3). 0
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6. Examples

First we discuss an example of a nondegenerate 2-cocycle on Z? pulled back over
the degree map to a cocycle on a cofinal 2-graph for which the twisted C *-algebra
is not simple. This shows that the hypothesis of [45, Theorem 7.1] that ¢|pey(a) is
nondegenerate cannot be relaxed to the weaker assumption that ¢ is nondegenerate
as a cocycle on Zk.

Example 6.1. Let 0 € R\ Q, and define a 1-cocycle ¢ on Q; by ¢(m,n) =
e2mit=m  Ag in the preceding section, construct cy € Z2%(Q x T1,T) by
cop((a,m), (B,n)) = ¢(B)™. Then cy = w od where d : Q1 x T — N? is
the degree map, and w € Z2(Z2, T) is the cocycle w (m, n) = 2719211 Since 0
is irrational, the antisymmetric bicharacter associated to @ is nondegenerate. Note
that Per(A) = Z and so the restriction of @ to Per(A) is degenerate.

We have ggl ~ N x N as an equivalence relation. So 95(201) x T~ NxT, and
under this identification, the action 6 described in Proposition 5.4 boils down to

G(m,n) (n,z) = (m, 82ni9(n—m)z).
This is not minimal because each orbit intersects each {n} x T in a singleton. So the
resulting twisted C *-algebra is not simple.

We present a second example showing that the same pulled-back cocycle as used
in Example 6.1 can yield a simple C*-algebra if connectivity in the underlying
1-graph A is slightly more complicated than in €2;.

Example 6.2. Let A be a strongly connected 1-graph with at least one edge and
suppose that A is not a simple cycle. Then A is cofinal and aperiodic (see, for
example, [23]) and contains a nontrivial cycle A. A simple example is A = B, the
bouquet of 2 loops, so that C*(A) = O,.

Take # € R\ Q, and define a 1-cocycle ¢ on A by ¢(A) = 27140 Ag in the
preceding section, construct ¢g € Z*(A x Ty, T) by cg((er, m), (B,n)) = ¢(B)™.
Since 8 € R\Q, thepaths u = Aandv = r(A) satisfy r () = r(v) and s(u) = s(v),
and ¢ ()P (v) = 279 where d(1)6 is irrational. So Corollary 5.7 shows that
C*(A x Ty, cy) is simple.

Our next example shows that it is possible for the bicharacter @ of Per(A)

determined by ¢ as in Proposition 3.1 to be degenerate and still have C*(A, ¢)
simple.
Example 6.3. Let A be the 1-graph with vertex v and edges {e, f}, i.e. the
bouquet B, of two loops. Fix # € R\ Q and define ¢ : A! — T by ¢(e) = 1
and ¢(f) = €% As pointed out in [10, Page 917] one can check that the action
B = B? of Z on C*(A) as given in part (1) of Theorem 5.1 is outer. Hence
by [18, Theorem 3.1] C*(A) x g Z is simple (and purely infinite by [19, Lemma 10]).
Since Per(A x T1) = Z the bicharacter w of Proposition 3.1 is degenerate. Note that
we could also deduce simplicity of C*(A) xg Z from Corollary 5.8.
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The next example illustrates that the interaction between the action 6, the group
Per(A) and the subgroup Z,, can be fairly complicated.

Example 6.4. Consider the 4-graph A = B, x T3, where B; is the bouquet of two
loops as in the preceding example, and T3 denotes N3 regarded as a 3-graph. Choose
irrational numbers 6 and p. Choose any ¢ : B, — T> such that ¢(e); = 1 and
¢(f)1 = e*™% andletcy € Z%(By x Ty, T?) be as in (5.1). Define a bicharacter
of Z3 by w(p, q) = e2™P42P3_ Let ¢y 4 be the cocycle ¢y o (e, m, p), (B,1,q)) =
co((a,m), (B,n))w(p, q) of (5.2). We have Per(A) = {0} xZ> C Z*. Itis routine to
check using Lemma 3.5 that Z,, = {0} x Z x {0} C Per(A), so is a proper nontrivial
subgroup of Per(A). The argument of Corollary 5.7 shows that {(r(y), ¢(y)| Zw)
Y € (GB,)x} is dense in BS° x 2@ for all x € BS°. So Theorem 5.1(3) shows that
C*(A,cy,0) is simple. Note that {(r(y), d(y) iy € (GB,)x } may not be dense in
BS° x Per(A) for any x; for example if ¢ (e)3 = ¢(f)3 = 1.

Finally, we present an example which is not directly related to our simplicity

theorems here, but is of independent interest. Corollary 8.2 of [26] implies that if
C*(A) is simple, then each C*(A,c) is simple. Moreover, Theorem 5.4 of [25]
shows that C*(A) and C*(A, c) very frequently (perhaps always) have the same
K-theory. From this and the Kirchberg—Phillips theorem [17,35] we deduce that if
C*(A) is purely infinite and simple, then all its twisted C *-algebras for cocycles that
lift to R-valued cocycles coincide. On the other hand, the twisted C *-algebras of T,
for example, are rotation algebras and so different choices of cocycle yield different
twisted C*-algebras; but in this instance the untwisted algebra is not simple. We
were led to ask whether there exists a k-graph whose twisted C *-algebras (including
the untwisted one) are all simple but are not all identical. We present a 3-graph with
this property.
Example 6.5. Consider the 3-coloured graph with vertices {v, : n = 1,2,...}, blue
edges {e,; : n € N\ {0},i € Z/n?Z}, red edges {f, : n € N\ {0}} and green
edges {gn : n € N\ {0}, with r(es,i) = r(fn) = s(fn) = r(gn) = 5(gn) = vn
and s(ep, ;) = vp+1 forall n,i. The graph can be drawn as follows. (For those with
monochrome printers: the solid edges are blue, the dashed edges are red, and the
edges drawn in a dash-dot-dash pattern are green.)

N ) /3 Sn fnt1
PR PR €2.0 RN PN €n.0 RS
( ) ( ) ( ] ( ] { ]
\ s €1.0 \ //—(\\ s \ //\\ s

. N

V] ———<—— V2 = = U3 Up : Un+1
. N . \\/, N . \\;_/ . \
( ) [ ) [ ) [ ) { I
S~ < S €2.3 S S~ €y p2—1 =<~

81 82 &3 &n 8n+1

Specify commuting squares by fne,; = €n,it+1fa+1> néni = €ni+n&n+1 and

Jn&n = gn fn (addition in the subscripts of the e, ; takes place in the cyclic group
Z/n?Z). 1t is easy to check that this is a complete and associative collection of
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commuting squares as in [15], and so determines a 3-graph A, in whicheach d(e, ;) =
(1,0,0), each d(f,) = (0,1,0) and d(g,) = (0,0, 1). It is clear that A is cofinal.
We claim that it is also aperiodic. For this, [27, Remark 3.2 and Theorem 3.4] imply
that it is enough to show that if u, v € A satisfy

r(w) =r), s(u)=s@) and d)rdv)=0 (6.1)

and if uaA NvaA # @ for all @ € s(u)A® then u = v = r(u). Fix p,v
satisfying (6.1). Then u = f,§ and v = g, (or vice versa) for some p,q € N. Let
n = max{p,q}sothatm +n > p,q, and let &« = €;,,0€m+1,0** €m+n,0. The fac-
torisation property implies that po has the form ey, €m+1,i 11 " €m+n,p nf+n+1
and va has the form e, j,, €m+1,j, 11 " em+n,q(m+n)gfn+n+l. So paANvaA # 0
forces p = g(m +n) in Z/(m + n)?Z. Since m +n > p,q, this forces p = ¢ = 0
so that 4 = v = vy, as required. So A is aperiodic as claimed.

It now follows from [26, Corollary 8.2] that C*(A,c) is simple for every
ceZ*(A,T). Let & € [0,1) and define ¢y € Z>(A,T) by cg(u,v) =
e27i0d(W3d(v)2  We show that C*(A,cg) and C*(A,cp) are nonisomorphic
whenever 6 and p are rationally independent>.

For each n = 1,2,... the Cuntz—Krieger relations give s fns}n = s;n Sf, =
SgnSg, = Sg,Sgn = Pv,» SO Sf, and sg, are unitaries in C*({sy,, g, }). The
2mif

definition of cg gives sg, 57, = e“"'Ysz, s¢, . This is the defining relation for the
rotation algebra Ag andso C*({s,. 5S¢, }) = Ag. We observe that we can express the
corner py, C*(A, cg) pv, as the direct limit of the C *-algebras p,, C*(A,, cg) pv,,

where A, is the locally-convex 3-graph {vy,...,v,}A{v1,...,v,}. Each of these
subalgebras is canonically isomorphic to My, (Ag), where q, = :’;11 i% (note

g1 = q» = 1), so its Ko-group is isomorphic to Z>2.
We claim that if € is irrational, then the map on K¢ induced by the inclusion map

pv1C*(An’ C@)pm — pluC*(An-i-lv CG)pvl ’

is given by multiplication by n2. This is clear by direct computation using the

Cuntz—Krieger relation for the class [p,,] of the identity, and therefore for the class
of a minimal projection in My, (C1) € M,,(Ag). The other generating Ky-class
is that of the matrix p, € Ag € My, (Ap) with (1, 1)-entry equal to the Powers—
Rieffel projection and all other entries zero. The trace on My, (Ag) carries py+1
to 0/qn+1, while its restriction to the image of M, (Ap) must agree with the trace
on My, (Ag) so carries the image of py, t0 6/¢y,; 50 [t(pn)lo = (qn+1/4n)[Pn+1lo =

n?[pn+1lo-
We deduce from the continuity of K-theory as a functor into the category
of ordered abelian groups (see for example [43, Theorem 6.3.2]) that when 6 is

5In an earlier version of the paper, we proved only that C*(A, 8) and C*(A) are nonisomorphic
when 6 is irrational. We thank the anonymous referee for suggesting that we expand our analysis to
encompass the relationship between these algebras for different irrational values of 6. We believe that the
end product is cleaner and more informative even in in the situation we had originally considered.
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irrational, Ko(C*(A, cg)) is isomorphic as an ordered abelian group to Q + 6Q
with the order inherited from IR, and hence isomorphic as a group to Q2. Since
each cg is of exponential form, Theorem 5.4 of [25] (see also [14]) shows that
Ko(C*(A, cg)) = Q? for all 6.

Since the tracial-state space of each p,, C*(A,)py, is compact and nonempty,
and since the p, C*(A,)py, are nested, a compactness argument shows that
Pv; C* (A, cp) py, admits a trace  (or one can directly construct a trace using the ap-
proach of [32, Proposition 3.8]). The functional 74« on Ko(py, C* (A, cg) py, ) induced
by any trace t has range | J 7« | Ko(pv, C*(Ansco)poy)- Sinceeach py, C*(An.co)py, =
Mg, (Ap), uniqueness of the map on Ko(A4p) induced by a trace on Ag (see [9,
Lemma 2.3]) implies that every trace on p,, C*(A,cy)py, induces the same
functional 7o : Ko(py,C*(Apn.co)pv,) — R, and that this 7, has range
Un(Z +6Z)/gn = Q + 6Q.

It follows that the Morita-equivalence classes (and so in particular the
isomorphism classes) of C*(A,cg) and C*(A,c,) are distinct for rationally
independent 6 and p. In particular if 6 is irrational then C*(A,cg) and
C*(A) = C*(A, ¢cp) are not isomorphic.
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