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The Standard Model in noncommutative geometry
and Morita equivalence
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Abstract. We discuss some properties of the spectral triple (Ar, Hr, D, JF, yFr) describing
the internal space in the noncommutative geometry approach to the Standard Model, with
Ap = C @ H & M3(C). We show that, if we want Hr to be a Morita equivalence bimodule
between A r and the associated Clifford algebra, two terms must be added to the Dirac operator;
we then study its relation with the orientability condition for a spectral triple. We also illustrate
what changes if one considers a spectral triple with a degenerate representation, based on the
complex algebra B = C & M>(C) & M3(C).
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1. Introduction

In the spectral action approach to (quantum) field theory, the space of the theory
is the product of an ordinary spin manifold M with a finite noncommutative space
(cf. [11,23] and references therein). States of the system are represented by unit
vectors in L2(M,S) ® H, where L?(M, S) are square integrable sections of the
spinor bundle S — M and H is a finite-dimensional Hilbert space representing the
internal degrees of freedom of a particle. The algebra containing the observables is
the tensor product of smooth functions C *° (M) on M with certain finite dimensional
algebra A. More precisely, one has an “almost commutative” geometry described by
a product of spectral triples, with Dirac operator constructed from the Dirac operator
of M and certain selfadjoint operator (a Hermitian matrix) D on H.

A deep algebraic characterization of the space of Dirac spinor fields L?(M, S)
on a spin manifold is as the Morita equivalence bimodule between C (M) and the
algebra C£(M) of sections of the Clifford bundle of M. It is natural to investigate if
also the finite-dimensional spectral triple of the Standard Model (A4, H, D) describes
a (noncommutative) spin manifold, and in particular if the elements of H are in some
sense “spinors”’. This condition — which we name “property (M)” in Def. 2.4 —
can be precisely formulated again in terms of Morita equivalence involving A and
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certain noncommutative analogue of C£(M ), and is satisfied in some basic examples
like e.g. Einstein—Yang—Mills systems.

We investigate the consequence of such a requirement on the finite non-
commutative geometry that should describe the Standard Model of elementary
particles. We shall show that in order to satisfy such a condition, we are forced
to introduce two additional terms in the Dirac operator, and consider a non-standard
grading. In order to get the correct experimental value of the Higgs mass, various
modifications of the original model have been proposed: to enlarge the Hilbert space
thus introducing new fermions [22]; to turn one of the elements of the internal Dirac
operator into a field by hand [4] rather than getting it as a fluctuation of the metric; to
break (relax) the 1st order condition [6,7], thus allowing the presence of new terms
in the Dirac operator; to enlarge the algebra [14] and use a twisted spectral triple [15]
with bounded twisted commutators. In the present paper from the Morita condition
and a different grading we get two extra fields (without breaking any of the other
conditions). We postpone to future work a discussion of the physical implications
and, in particular, how the Higgs mass is modified.

Besides the original model, which is built around the real algebra:

Ar =CoH® M3(C), (1.1)

where H denotes the division ring of quaternions, we shall also consider the complex
algebra

Br =C® M2(C) & M3(C) , (1.2)

which has an interesting interpretation from quantum group theory. Namely, it is the
semisimple part [12] of a certain quotient of Uy (s/(2)) for ¢ a 3rd root of unity. As
explained in [13], the dual compact quantum group Q fits into the exact sequence

1 > Q — SL,(2) > SL(2.C) —> 1.

Recall that SL(2, C) is a double covering of the restricted Lorentz group. One might
argue that trading a commutative space for an almost commutative one, the Lorentz
group should be replaced by a compact quantum group covering it, which takes into
account the symmetries of the internal space as well. (For preliminary studies of
Hopf-algebra symmetries of Ap/BF see [12,13,17]; for compact quantum group
symmetries see [1,2].)

We show that a minimal modification in the representation allows to replace Ar
by Br without changing the content of the theory. In particular, at the representation
level the complexification w(Af)c of w(AF) is the minimal unitalization of the
degenerate representation w(Bf) (the representations, here denoted by the same
symbol which we will omit later on, are introduced in §3); adding the identity
operator (which commutes with the Dirac operator) doesn’t produce new fields.
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The plan of the paper is the following. In §2 we review some basic ideas of
noncommutative geometry [8, 16, 19], with a view to applications to gauge theory
[11,23]. In §3, we review the derivation of the finite spectral triple of the Standard
Model and discuss an alternative based on the complex algebra Br (§3.3). In §4, we
describe the most general Dirac operator satisfying the 1st order condition (which
is necessary for the “property (M)” in Def. 2.4), and in §5 two possible grading
operators; the Dirac operator of Chamseddine—Connes [3,5,9, 11] appears in §5.3.
In §6, we discuss the natural condition for a spectral triple to be “spin®”, based on
Morita equivalence, and derive some necessary conditions for this to be satisfied;
we show that in order to satisfy these condition one has to introduce two additional
terms in the Dirac operator of Chamseddine—Connes, one mixing eg with vg and
one mixing leptons with quarks (for a study of lepto-quarks in this setting, one can
see [21]). The last term is also necessary in order to have an irreducible spectral
triple, cf. §7.2. In §7.1, we study the problem of orientability for the modified Dirac
operator. In §7.3 we discuss the irreducibility of the Pati—Salam model. We conclude
in §8 with some final remarks.

2. Mathematical set-up

Let M be a closed oriented Riemannian manifold, C (M) and C°°(M) the algebras
of complex-valued continuous resp. smooth functions, and C£(M) the algebra
of continuous sections of the bundle of (complexified) Clifford algebras: as a
C(M)-module, it is equivalent to the module of continuous sections of the bundle
A*TEM — M, but with product defined by the Clifford multiplication. The
manifold M is spin® if and only if there exists a Morita equivalence C£(M)-C(M)
bimodule X (see e.g. §1 of [24]). Such a X is automatically projective and finitely
generated, hence by Serre-Swan theorem ¥ = I'(S) is the module of sections of
some complex vector bundle S — M, the spinor bundle in the conventional picture
from differential geometry.

Once we have S, we can introduce the Dirac operator I, a self-adjoint operator
on the Hilbert space L?(M, S) of square integrable sections of S — M [24, §1.4].
Let 7 be the representation of C(M) on L?(M, S) by pointwise multiplication and ¢
the representation of C£(M) by Clifford multiplication (see e.g. [16] or [24] for the
details). The data

(C®(M).,m,L*(M,S). D) 2.1)

is the prototypical example of commutative spectral triple, and one can indeed prove
under some additional assumptions that any commutative spectral triple comes from
such a construction [10, Thm. 1.2]. The spectral triple (2.1) is Z,-graded if M is
even dimensional.
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There is an algebraic characterization for spin manifolds as well: a spin® mani-
fold M is spin if and only if there exists a real structure for the spectral triple (2.1)
(whose definition we recall below in the finite-dimensional case).

Let us observe that, forany f € C®(M),i[ID, 7 (f)] = c(df) is the operator of
Clifford multiplication by d f* and such operators generate C£(M ). In the even case,
the grading y belongs to C£(M).

For later use, we recall the definition of spectral triple in the finite-dimensional
case, adapted to our purposes.

Definition 2.1. A finite dimensional spectral triple (A, 7, H, D) is given by a finite
dimensional complex Hilbert space H, a Hermitian operator D on H, and a real
or complex C*-algebra with a faithful *-representation 7 : A — Endc(H). The
spectral triple is even if H is Z,-graded, 7w (A) is even and D is odd; we denote by y
the grading operator. The spectral triple is real if there is an antilinear isometry J
on H — called the real structure — satisfying

J? =e€idy , JD =€'DJ , Jy = €"yJ (only in the even case)
for some ¢, €/, ¢” € {£1}, together with the Oth order condition
[7(a), Jr(b)J =0 Va,beA,
and the Ist order condition:
[D,7(a)],Jn(b)J1]=0 Va,beA. (2.2)

In order to simplify the notations, we will often omit the representation symbol
and set y := 1 if we have an odd spectral triple. Note that we don’t loose generality
by assuming that the representation is faithful. Note also that H is complex even
when A is real. The values of ¢, ¢/, ¢’ determine the KO-dimension of the spectral
triple (according to the table that is, for example, in [24, §3.8]).

Definition 2.2. Let (A, H, D, y) be a spectral triple (with y := 1 if the spectral
triple is odd) and Q' (A4) := Span{a[D,b] : a,b € A}. We call C{(A), the complex
x-algebra generated by A and Q', and C£(A). the complex *-algebra generated
by C£(A), and y.

This is similar to Definition 3.19 of [20] (C£(A), is their Cp(A) in the even case,
while in the odd case they double the Hilbert space to get a Z,-graded algebra).

Let A° := JAJ™! be the opposite algebra (thought of as a subalgebra of
Endc(H)). Recall that a linear map 7rp : (A ® A°) ® A®" — Endc(H) is given by

C=Z(af,®b(i))®a’i®---®a; — mp(c) :=Za6b6[D,a’i]---[D,ai ,

finite finite
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for all a; € A and b)) € A°. By restriction (take b)) = 1) we get a surjective map

D @M A®"HL s Cu(A),

which we denote by the same symbol. Note that y is in the image of the latter map if
and only if the two Clifford algebras coincide: C£(A). = C£(A),. This in particular
happens when the spectral triple is orientable, cf. below.

Definition 2.3. Letn > 0. A spectral triple is orientable (resp. orientable in a weak
sense), with global dimension < n, if there exists a Hochschild cycle with coefficients
in A (resp.in A ® A°) such that wp(c) = y.

Note that ¢ defines a class [¢] € HH,(A) (resp. [c] € H,(A,A ® A°)). For
a finite-dimensional real or complex C *-algebra, HH,(A) and H,(A, A ® A°) are
zero if n > 0 (we thank U. Krahmer for this remark). On the other hand, since 7 p is
only defined on chains, rather than on homology classes ([c] = 0 & wp(c) = 0), it
still makes sense to study orientability for arbitrary n > 0.

The Oth and 1st order conditions imply that H is a C£(A).-A° bimodule. Indeed a
and [D, a] commute with b° for alla € A, b° € A°, and y commutes with A° since
it commutes with A and Jy = €”yJ. Inspired by the example (2.1) we give then the
following definition (much similar to the “condition 5 of [20]):

Definition 2.4. A spectral triple (A, H, D, J, y) has the property (M) (resp. prop-
erty (M) with grading) if H is a Morita equivalence bimodule between A° and C£(A),
(resp. CL(A).).

Since CL(A), C CL(A)., clearly the “property (M) with grading” is weaker. The
two conditions are equivalent if the spectral triple is odd (so y = 1) or orientable.

Example 2.5. If H = A, J(a) = a* and D = 0, the spectral triple has the
property (M).

2.1. The gauge group of a real spectral triple. Let (4,7, H, D, J) be a real
spectral triple, and assume that A is a unital and 7 is a unital representation. Let U(A)
be the group of unitary elements of A. Due to the Oth order condition, the map
p : U(A) — Autc(H) given by

o) == uJuJ !, 2.3)

is a representation, called adjoint representation.
The gauge group G(A) of a real spectral triple is defined as

G(A) := {uJuJ_1 ‘U € U(A)} .

Example 2.6. In the spectral triple (M, (C), M,(C),0, J) of the Einstein Yang—
Mills system the algebra acts by left multiplication, J(a) = a* is the Hermitian
conjugation, and the gauge group is G(A4) = PU(n). This spectral triple has the
property (M), cf. Example 2.5.
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2.2. Spectral triples with a degenerate representation. A necessary and sufficient
condition for the map p in (2.3) to send U(A) into invertible operators is that
p(1) = 1 (then automatically, p(u~!) = p(u)™!). A sufficient condition is that 7
is a unital representation, that is 7(1) = 1. For a spectral triple with a degenerate
representation, the unit of A is not the identity operator on H, and (2.3) is in general
not a representation of the unitary group U(A). Here we explain how to bypass this
problem.

Degenerate representations appear for example when one tries to sum a real
spectral triple with one which has no real structure. Let (A, 7o, Hp,0) and
(A, 1, Hy,0, J1) be two finite-dimensional spectral triples, the latter one real with
J2 =1, and both with the same algebra A and null Dirac operator. Then we can
define a new real spectral triple (A4, 7, H,0, J) as follows. We set

H:=Ho® Ho & H
where Hy = (Ho)* is the dual space. We define

ﬂ(a)(x’y»z) = (0’ 7_70(0))7’771(“)2) 5 J(xvy7z) = (y*vX*s JIZ) s

forall x € Hy,y € Hy, z € H;. Note that the representation r is degenerate. If we
extend 1o and m; trivially to H (as zero on Hy @ H; resp. Hy @ I:IO), then we can
simply write:

T = 77[0 + .

Since 7 is degenerate, the map u — m(u)Jw(u)J is not a representation of U(A)
in Aut(H) (it doesn’t map 1 — 1, and u into an invertible operator). A unitary
representation p of U(A) on H is given by

o) == mo(u) + Jmo(u)J + my(u)Jmi(u)J . 2.4)

Indeed 7o (1) = idg,, m1(1) = idg, and J7o(1)J = idg,. So p(1) = 1. Moreover,
7o, J7o(.)J, w1 and Jmy(.)J are mutually commuting, hence p is multiplicative,
and from p(u)p(u*) = p(uu*) = 1 we deduce that the representation is also unitary.

Basically, we are considering the direct sum of three representations of U(A): the
fundamental associated to 7y and its dual, and the adjoint representation of ;.

In §3.3 we exhibit a possible choice of the above data, such that U(A4) contains
(strictly) the gauge group Ggsps of the Standard Model (modulo a finite subgroup),
and p|gg,, gives the correct representation.

3. From particles to algebras

In this section we give a review of the derivation of the data (Ar, Hr, Jr) from
physical considerations, and collect at the end few results about the algebra and its
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commutant that will be useful in the following sections. In some sense, these data
reflect the “topology” of the finite noncommutative manifold describing the internal
space of the Standard Model, while the Dirac operator encodes the metric properties.
In §3.3 we explain how to get the same gauge group from a spectral triple based on
the complex algebra (1.2) with a degenerate representation. For simplicity, we work
with only one generation of leptons/quarks.

3.1. The gauge group of the Standard Model. Let
Gsum := U(1) x SU(2) x SU(3)

be the usual gauge group of the Standard Model, let H be the finite-dimensional
Hilbert space representing the internal degrees of freedom of elementary fermions.
Let us recall what is the representation of Gsym. We have a decomposition
H = F @ F*, with F* the dual space of F. The vector space F (for fermions)

has basis
C
(VL) (“L) VR {UR}e=1.2,3
e d¢ €R dpte=1,2,3
L L =123 { R}C 52,

where v stands for neutrino, e for electron, u¢ for up-quark and d¢ for down-quark
with color ¢ = 1,2, 3, L, R stands for left-handed resp. right-handed. We will use
the label 1 for the first particle in each column (neutrino or quark up) and | for the
second one (electron or quark down). Left-handed doublets carry the fundamental
representation of SU(2), while right handed particles are SU(2)-invariant; in
particular, the 1 particle in each doublet has weak isospin I3, = 1/2 and the |
has weak isospin /3, = —1/2. The SU(2)-singlets have weak isospin /3, = 0.
Each one of the color triplets carry the fundamental representation of SU(3), the other
particles being SU(3)-invariant. Each particle carries a 1-dimensional representation
A — A3Yw of U(1), where Yy, € %Z is the weak hypercharge; it is computed from the
formula Q = I35, + %Yw where Q is the charge of the particle. The value of 3Y,,
is given by the following table:

particle | vp,ep ug.d;j vp er u%y dy
3Yw -3 1 0 -6 4 =2

The final representation is actually the direct sum of n copies of H = F & F*,
where 7 is the number of generations (n = 3 according to our current knowledge).
For simplicity, the factor taking into account generations will be neglected.
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For the computations, it will be convenient to encode the complex vector space F
of dimension 16 as F >~ M4(C). Namely we arrange the particles in a 4 x 4 matrix
as follows

We put in the first column leptons, in the other three the quarks according to the color.
In the rows we put in the order: * R, | R, 1 L, | L.

Let e;; the 4x4 matrix with 1 in position (i, j ) and zero everywhere else. Matrices
{eij };‘, j=1 form an orthonormal basis of M4(C) for the inner product associated to
the trace {a,b) = Tr(a*b). With this notation, for example, the state associated to
the unit vector e3; represents a left handed neutrino.

In the dual representation F*, one has:

VR er VL erL
=1 71 =1 71
g dg U dp
Uk dg o1 dp
up dp uyp dj

Elements of H are then of the form a @ b with a,b € M4(C).

Endomorphisms of F ~ F* ~ M4(C) are given by M4(C) ® M4(C), where
the first factor acts on F = M4(C) via row-by-column multiplication from the left,
and the second via row-by-column multiplication from the right. From the weak
hypercharge table we get the following representation g3 of G sym on H:

A2 0 10 o Blo o0 o0
0 A2 |0 0 0
asm(A,q,m) = 0 ® 0 L

0 0 1 0
Ao 0 0 A0 [0 0
0 0 A3 10 0

®1 0 Jm ®170 0 )

0 0 0 q

for all A € U(1), g € SU(2) and m € SU(3). Here the first summand acts on F and
the second one on F*.

Computing the kernel of g7 one sees that the relevant group is not exactly 65 M
but a quotient by a finite subgroup. Let Zg := {u € C : u® = 1} the group of 6-th
roots of unity. There is an injective morphism of groups:

Ze > > (. 1315, u*13) € G 3.1)
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One easily checks that the image is exactly the kernel of wgys, so that there is an
exact sequence

1 > Zg =kermsy — 55M —->Imagy — 1

We want to identify Immwsps = ESM/Z6. Let Gsy := S(U(2) x U(3)) be the
group of SU(5) matrices of the form

2 x 2 block 0
0 3 x 3 block

There is a surjective morphism of groups

— A3q
Gsm 3 (A, q.m) — 25| € Gsum , (3.2)

where m = (m*)'. An element (A, g, m) is in the kernel of the map Gsu — Gsu
ifand only if ¢ = 231, and m = A215. Butdet(g) = det(m) = A® must be 1, hence
A € Ze and

Imasy >~ Gsup .

The representation can be linearized as follows. Let J : H — H be the antilinear
operator J(a & b) := b* @ a*, transforming a particle into its antiparticle. We can
write

wsm (o q,m) = 7(h, q,m) Ja (A, q, )] !

where /i ;= Am € U(3), A := A3 and

A0 0 0 Alo o o
_x =10 0
m(A.q.m) = 00 AO ® 1@ (()) 7 ® 1
0 0 1 0

The latter can be now extended in an obvious way, by R-linearity, as a representation
of the real algebra A in (1.1), where we think of quaternions as matrices in M5 (C)

of the form
a p
[_B & } ) avﬂ e(cv

so that with this identification U(H) = SU(2).

3.2. The data (Ar, A%, Hr, Jr). With the identifications as in the previous
section the Hilbert space becomes Hr = Mgx4(C), with elements:

v = [Ul] ) v1, V2 € M4(C),
U2
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and inner product (v, w) = Tr(v*w). Linear operators on Hp are finite sums
L =)";a; ®b;, with a; € Mg(C) acting via row-by-column multiplication from
the left and b; € M4(C) acting via row-by-column multiplication from the right.
One easily checks that the adjoint of L is L* = ), a} ® b}, with a}, b} denoting
Hermitian conjugation.

The real structure Jg is the operator

JF[E]::E%]' (3.3)
1

We identify Arp = C @& H @& M3(C) with the subalgebra of elements a ® 1 €
Endc(HF), with a of the form:

o O
o O

S OO >
S Ol > O

(3.4)

with A € C, ¢ € H and m € M3(C) (with zeros on the off-diagonal blocks).

We denote by A, = JrpAfpJF the subalgebra of elements Endc(HF) of the
form:

[0 0 0

A

0 0 0

0 m +[0 J®
0

o O
e es]

S OO >
S O > O

Q

(On the first factor of each tensor 0, 1 € M4(C) are the zero and the identity matrix.)

If A C Endc(HF) is areal x-subalgebra, we denote by A the complex linear span
of the elements in A; note that A and A¢ have the same commutant in Endc(HF).
The map a + a° = JraJr (here a = (a*)") gives two isomorphisms Ar — A%
and (Ap)c — (A%)c.
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Lemma 3.1. The commutant of the algebra of elements (3.4) in Mg(C) is the
algebra Cf with elements

q11 qd12

Bl, , (3.5)

q21 q22

51y

where the B-block is 2 x 2, the §-block is 3 x 3, and all other framed blocks are 1 x 1
(a,B,8 € C, g = (qij) € M2(C)). All other blocks are zero (zeroes are omitted).
The commutant of Ar in Endc(H) is Ay = Crp ® M4(C).

Proof. By direct computation. O

Note that A%, ~ M4(C)®3 @ Mg(C). The map x +— JrXJp is an isomorphism
between A’ and (A% )’. From this, we get the following result.

Lemma 3.2. The commutant (A}) of A} has elements

b b
a®eqr + |: C:| ® ez + |: d:| ® (e33 + e44) (3.6)
witha € Mg(C), b.c.d € My(C).

3.3. Thedata (Br, Hy, Hy). In this section we explain how to get the same gauge
group from a spectral triple based on the complex algebra (1.2) with a degenerate
representation.

Let us put particles into a row vector and a 3 x 4 matrix as follows

VR u}q u% ”;’e
1 g2 g3 T .2 3
[eR dg dg dR]’ VL up uyp up .

er di d? d}

Thus a particle is represented by a vector in C3 @ M3x4(C), with inner product given
on each summand by (v, w) = Tr(v*w). Antiparticles belong to the dual space.
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The Hilbert space is then H = Hy & Ho & Hy, where elements of Hy ~ C* are
row vectors, elements of Hy ~ C* are column vectors, and H; has elements

|:Z:| , a € M3x4(C),b € M4x3(C).

The real structure J is the antilinear operator:

Jlvpowd =w v d . 3.7
b a*

We define two unital x-representations

J_IO . BF d End@(ﬁo) and Ty BF d End@(Hl)

of the algebra BF = C & M»(C) & M3(C) in (1.2) as follows

Ao 0 o0
B} 0
ﬂO(A’q’m): 0 m s
0
T A]0 0 7]
0
0 q
m(A,q.m) = Ao 0 071,
0
0 m
_ 0 i

both acting via row-by-column multiplication from the left. Here A € C, ¢ € M,(C)
and m € M3(C) are 2 x 2 and 3 x 3 blocks, and the off-diagonal 3 x 4 and 4 x 3
blocks are zero.
An (injective) representation p of U(A) = U(1) x U(2) x U(3) is given by (2.4).
One can check that p, composed with the map

Gsm =U() xSUQ) xSUB) S UA),  (A.q.m) > (A5, A3q, A%m)

gives the correct representation of Gsu (in particular, each particle has the correct
weak hypercharge). The kernel ¢ is given again by the elements in (3.1), so that the

range of ¢ is Gsyr >~ G sy /Ze. The map

U(A) D Gsy > (A, q.m) — [‘7 m} € S(U(2) x U(3))
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is an isomorphism. We then recover Gsps as the subgroup of U(A) satisfying the
unimodularity condition

detmo(u) =detmy(u) = 1.

The relation with Ap is as follows. Let {a; ?:1 be the rows of a € M4(C) and
{b; }‘}:1 the columns of b € M4(C). With the isometry

ai
as
ay

by bz by

H>3a,®b,® — |:Z:| € Msx4(C)

we transform J in (3.7) into the real structure J in (3.3), and  into the representation
(denoted by the same symbols):

[ A O 0 0 ]

0 0 0 0

0 0 J

0 0

7(A,q,m) = /\‘0 0 0 1, (3.8)

0
0 m
0

where A € C, g € M>(C) and m € M5(C).

Note that the only difference between the matrix in (3.8) and the one in (3.4)
is the zero in position (2, 2) replacing A. More precisely, the algebra (A r)c is the
minimal unitalization of w(BF) in Endc(HF), and (A% )c is the unitalization of
A° = JFT[(BF)JF.

Adding the identity doesn’t change the commutant, nor Q!. Thus, the results in
the next section which we state for the algebra A are valid for Br as well.

4. The 1st order condition

In this section, we describe the most general Dirac operator satisfying the 1st order
condition, which is the crucial one for a study of the property (M). To keep things
general, at the beginning we make no assumption regarding the other axioms (parity,
KO-dimension, etc.). We will then impose the additional requirement Jr D =
DF JF, with the plus sign on the right hand side dictated by the physical content
of the theory (the mass terms in the spectral action come from elements commuting
with Jg). It turns out that for any D satisfying the 1st order condition, there is
one commuting with Jr which gives the same Clifford algebra (so, the condition
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JrDr = DfJF does not create any particular problem). In the next sections, we
will discuss the issue of the grading and the property (M), with or without grading.

The next proposition was originally stated in [18, §3.4], and proved by
decomposing the A-bimodule H into irreducible ones and determining the
corresponding matrix elements of D. Here, without assuming the orientability
condition, we present an alternative proof that doesn’t make use of such a
decomposition.

Proposition 4.1. Let H be an A ® A°-bimodule (i.e. [a,b°] = 0V a € A and
b° € A°). Then D € Endc(H ) satisfies the 1st order condition—i.e. [[D, a],b°] = 0
Vae A b° e A° —ifand only if it is of the form

D = Dy+ D,

where Do € (A°) and D1 € A'.
We need a preliminary Lemma.

Lemma4.2. Let H be finite-dimensional and V any *x-subalgebra of End(H ). Then,
there exists a direct complement W of V in End(H ) satisfying [V, W] C W.

Proof. Modulo an isomorphism, we can assume H = C” for some n, and End(H) =
M, (C). Let W = V+ be the orthogonal complement with respect to the Hilbert—
Schmidt inner product: (v, w)yg := Tr(v*w) V v,w € M,(C). Foralla,b € V
and ¢ € V-, using the cyclic property of the trace, we derive:

(@.[b.cllus = ([b*.a].c)us =0,

where in last step we noticed that [b*,a] € V, since V is a *-algebra, and then the
inner product is zero. Thus [b,c] € V+, and [V, V4] C V+. O

Proof of Prop. 4.1. The “if” part is trivial; we now prove the “only if”. We want to
prove that the 1st order condition implies D € A’ + (A°)’, where by A’ + (A°) we
mean the vector space generated by the commutants A" and (A°)’ (not the algebra).

We apply Lemma 4.2 to V = A’ and decompose D = Dy + Dy with Dy € A’
and D, € W. From the 1st order condition:

[a.[D1.0°]] = [[D1.al.b°] = [D1.[a.b°]] = [[D.al.b°] + 0 =0

foralla € A, b° € A°. Hence [D1,b°] € A’ for all b° € A°. But A° C A’ and from
Lemma 4.2 we also have [D1, b°] € W. Since the sum End(H) = A’ @ W is direct,
it must be [D1, b°] = 0. This means that D € (4°). O]

Note that, contrary to [18], here the decomposition in Prop. 4.1 is not necessarily
unique. Uniqueness of the decomposition in [18] follows from the orientability
condition. However, we’ll see that in the Standard Model example, the spectral triple
is not orientable (cf. §7.1) and A’z N (A% )’ is not zero.
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We now come back to the Standard Model. In the rest of the paper, we employ
Af, A%, HF, JF as defined in §3.2, but the same results are valid for the algebra B
and the representation discussed in §3.3.

Proposition 4.3. An operator D = D7, as in Prop. 4.1 commutes with Jr if and
only if it is of the form:
DfF = Do+ JrDoJF
with Do = D§ € (A%).
Proof. x — JpXJF givesabijection A, — (A%)". Thecondition Jr DrJr = D
gives
(JFDoJF — D1) + (JFD1JF — Do) = 0.
Since the first term is in A% and the second in (A%)’, the sum is zero if and
only if both Jr DoJr — Dy and Jr D1 JF — Dy belong to A, N (A%)". Called
D’ = Dy — Jgp Do JF, one has the decomposition
Drp = Do+ JrDoJF + D'

From JFDpJr—DFr = Jr D' Jr — D’ one deduces that Jr and D’ must commute.
So D = (Do + D’/2) + Jgp (Do + D’/2)JF and we get the decomposition (4.2),
after renaming Do + D’/2 — Dy.

Decompose Dy = S +iT with § and T selfadjoint. Since JF is antilinear and
Jr = Jg:

Dp — Dy =2i(T —JpTJF)
which must be zero. But this implies
DF =S+ JpSIF+i(T—JrpTJp) =S+ JrSJF .

Renaming S ~> D¢ (which now is selfadjoint) we conclude the proof. O

Remark 4.4. Note that the D; term does not contribute to C£(AF) (it commutes
with AF). Then, for any Dirac operator as in Prop. 4.1, we can find one commuting
with JF (replacing D1 by Jr Do JF) without changing the Clifford algebra C£(AF).
In particular, the property (M) puts constrains only on Dy.

It is useful to reformulate Prop. 4.1 and Prop. 4.3 as follows. Let
D = (Yges1 + Tres) ® e , 4.1)
with Tr € C. Note that Dg € A’z N (A%) and JFDgr = DRrJF.
Proposition 4.5. The most general Dr = D7, satisfying the 1st order condition is
Dr = Do+ Dy + Dgr 4.2)

where Do = D§ € (A%) and Dy = D} € A’y have null entry in direction of
e15 ® ey and esy ® ey1, and D1 = Jp DoJF if DF and Jp commute.

In this way we isolated all the terms which do not contribute to Q!. For any
a € Ar and D asin (4.2), [DF,a] = [Dy,a].
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5. The grading operator

Lemma 5.1. Let yr be a grading operator. Any odd Dirac operator satisfying the
1st order condition can be written in the form D = Do+ D1+ «Dpg asin Prop. 4.5,
with both Dy and D odd operators and k = 0 or 1 depending on the parity of DRg.

Proof. From Prop. 4.1, we can write D = Do 4+ D; + Ty + T1 where Dy,
To € (A%), D1, Ty € Ay, Do, Dy are odd and Ty, Ty are even. From

YEDryr + DF =2(To +T1) =0

we deduce Ty + 71 = 0, so that D = Do + Dy with both Dy and D; odd
operators. O

Lemma 5.2. Let yr be a grading operator either commuting or anticommuting
with Jr. Any odd Dirac operator satisfying the st order condition and commuting
with Jr can be written in the form D = Do + JrF DoJF + kDR as in Prop. 4.5,
with Do an odd operator and k = 0 or 1 depending on the parity of Dp.

Proof. Itfollows from Lemma5.1. Since Dy = Jg Do JF, the condition yr Doyr =
—Dy implies yr D1y = —D;. O

We now study the form of Dy for Dirac operators of the type described by Lemma 5.1
or 5.2 for two natural choices of the grading operator (we ignore D, cf. Remark 4.4).
It is worth noticing that both such gradings anticommute with J¢, and then give real
spectral triples of KO-dimension 6.

5.1. The standard grading. The grading in [3,5,9, 11] (the chirality operator) is:
1>
0 1
VF = —1, @ly+|* ®| 2 . (5.1)
—14 -1,
04
It follows from Lemma 3.2 that any D¢ anticommuting with (5.1) has the form:

® ® @
® ® @

* * *

* %

Dy = ®en+ |” ® (I—e11),

®@®®
@B®® * * *

where the asterisks indicate the only positions where one can have non-zero matrix
entries. The circled entries (®) are the ones that are not allowed by the non-standard
grading (5.2).
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5.2. A non-standard grading. Let

1

04
1
YF = —1, ® +
1,
04

—1 ®[12 ] (5.2)
—1,
13

This operator assigns opposite parity to chiral leptons and quarks (left resp. right
handed leptons have the same parity of right resp. left handed quarks).
Again from Lemma 3.2, any D anticommuting with (5.2) has the form:

5

|

=

‘s
* %
.
:

® ®

[CHEXE)

B DD

®

S

-
*

. x
* %
s

N ® ® (1—en)

® ® @

® ® @

® ® @

+ ® ® ® ® ex + ® ® ® ® (833 + 6’44)

® ®
® ®
® ®

The circled entries (®) are the ones that are not allowed by the standard grading (5.1).

5.3. Chamseddine—Connes’s Dirac operator. Let

Tl{
® (1—ern),

® e+

where all Y’s and €2 are complex numbers and A € R. The Dirac operator of
Chamseddine—Connes [3,5,9,11] is

D =Doyg+ JpDoJr + Dg

with Dg given by (4.1), D¢ as above, and 2 = A = 0. It is compatible with both
gradings of previous sections.

6. The property (M)

Suppose H is a finite-dimensional complex Hilbert space and A, B two (real or
complex) unital C*-subalgebras of Endc(H ), that commute one with the other.
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Let Z(A) be the center of A and Z(B) be the center of B. Note that
ANBCZANZB)cANB (6.1)

and that Z(A) = Z(A") = AN A’, and similarly for B.

Recall that H is a Morita equivalence A-B°-bimodule iff A = B’, which is
equivalent to the condition A* = B (by von Neumann Bicommutant Theorem:
A” = A and B” = B in the finite-dimensional case).

Lemma 6.1. If H is a Morita equivalence A-B°-bimodule, then the inclusions (6.1)
are equalities.

Proof. Tt follows trivially from Z(A) = AN A’ and A’ = B, and similar for Z(B).
O

Proposition 6.2.

i) If DF and yF are as in §5.1, the property (M), with or without grading, is not
satisfied.

ii) Let D and yr be as in §5.2. If the property (M), with or without grading,
holds then
* each summand in Dy must have at least one circled coefficient (® ) different
from zero;

* in each of the first two summands, in both the 1st and 2nd row there must
be at least one non-zero element;

* inthe first summand: at least one element in the 5th row must be non-zero
and at least one element in the upper-right block must be non-zero.

Proof. 1t is enough to give the proof for the property (M) with grading (the weaker
one).

We apply Lemma 6.1 to A = CL(AF)., B = (A%)c and H = HFp. Let Dy
and yr be as in §5.1 or §5.2. Note that A is generated by Ar, [Do, Ar] and yF.
Moreover, due to the 1st order condition, 4 and B are mutually commuting.

Any operator X € A%z N (A%)" commuting with D¢ and yr belongs to A’ N B’
(since it also commute with [Dg, Ar]). If we can exhibit such an X and prove that
X ¢ Z(B), then the property (M) with grading is not satisfied. Note that Z(B) has

elements:
0 0
A 0 0

0
0 ﬂ12

Ao o0 0
. 1 o0 0 0 0
a _[0 0}‘3’ 0 ols +[0 1]®
0

with A, A", o, B € C. For Dy, yF as in §5.1, the operator X = es5 ® (1 — e11) does
the job:

~

S oS >
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1) it commutes with Dy and yF,

2) it belongs to A%, = Cr ® M4(C) (ess € Cr: take g2 = 1 and all other
coeflicients zero in (3.5)),

3) it belongs to (A% )’ (cf. Lemma 3.2),
4) and it does not belong to Z(B).

Let now Dy and yF be as in §5.2. Concerning the first summand:

« if all the circled terms (®) are zero, then X = (egs + €77 + €gg) @ €11 satisfies
the conditions (1-4) above;

o if all the elements in the 1st resp. 2nd row are zero (and then also in Ist
resp. 2nd column, by hermiticity), then X = e;; ® €11 resp. X = ez ® e
satisfies (1-4);

e if all the elements in the Sth row are zero, similarly by hermiticity X =

es5 ® eqq satisfies the conditions (1-4) above;

« if all the elements in the upper-right blocks are zero, then X = (e1; + ez +
e33 + e44) ® e satisfies the conditions (1-4) above.

Concerning the second summand:

* if all the elements in the 1stresp. 2nd row are zero (and then also in 1stresp. 2nd
column, by hermiticity), then X = e1; @ (1 —ej1) resp. X = e2o ® (1 —eq1)
satisfies the conditions (1-4) above;

Concerning the third resp. fourth summands:

« if the circled terms (®) are zero, X = e55 ® €25 resp. X = e55 ® (€33 + €44)
satisfies the conditions (1-4) above. ]

Corollary 6.3. Let D be as in §5.3 and yg one of the two gradings (5.1) or (5.2).
If A = 0 or Q = 0, the property (M), with or without grading, is not satisfied.

The operator Dp in §5.3, with Q # 0 and A # 0, represents a minimal
modification of the Dirac operator of [3,5,9, 11] which satisfies all the conditions
in Prop. 6.2. We will now show that for such an operator, the Morita condition is
satisfied.

6.1. Morita with a grading. This section is devoted to prove the following theorem.

Theorem 6.4. Let yr be asin §5.2, D as in §5.3 with all coefficients different from
zero, and assume that at least one of the following conditions holds:

LTy #+Ty, 2. T.#+Ys.



570 F. D’Andrea and L. Dgbrowski

Then, the spectral triple:
i) does not satisfy the property (M),
ii) it satisfies the property (M) with grading.
As a corollary, CL(AF)o # CL(AF)e, so yr ¢ CL(AF)o.

We need a preliminary lemma. From now on, we assume that the hypothesis of
Thm. 6.4 are satisfied.

Lemma 6.5. The Ar-bimodule Q' is generated by the four elements:
Wy = e31 ®(Tu€11 +Tu(1—€11)) ) E=esx®er1,
we = €42 ® (Yeerr + Ya(1—err)) . n=-esc®1,
and their adjoints.
Proof. A linear basis of (AF)c is given by the elements:
Xij =e¢;; ®1 with i, j = 3,4, Y i =en®1,
Zi i=ex @1 with k,1 =6,7,8, T:=(e11+ess5)®1.

For any projection p? = p = p*, the commutator

[Dr.pl=[DF.p*] = p[Dr.pl+[DF.plp

is alinear combination of p[D F, p] andits adjoint —[D g, p] p. Hence X33[DF, X33]
and X44[DF, X44] can be taken as generators, instead of [D g, X33] and [DF, X44].
An explicit computation gives:

—X33[DF, X33] = w, , —X4[DF, X44] = we .
Note that [D r, X34] is also the adjoint of [D g, X43], and
[DF, X43] = (X340¢)" — X430y
is still generated by w,, w, and adjoints. Next
[DF.Y]Y = we + Q& , [DF,ZeslZes = AN .

Since 2, A # 0, this proves that £, € Q1.

Furthermore [Dp,Z¢r] = AnZe¢r and [Dp,Zrs]l = —[Dr,Zgr]* are
combinations of 7 and n* for all k = 7,8, and [Dp,Zj;] = 0if j k = 7,8.
Finally

—T[Dp,T] = w; + Q€ + An,

proving that the elements w,,w,,&,n and their adjoints are a generating family
for Q1. 0
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Proof of Theorem 6.4. We now prove that: (i) CL(AF), 2 (A%)c (it is strictly
greater), i.e. the property (M) is not satisfied. (ii) C£(AFr), = (A% )c, ie. the
property (M) with grading is satisfied.

CL(AF)) is given by the set of elements in Lemma 3.1 that commute with the
generators in Lemma 6.5. A tensor )  x;; ® e;j, with each x;; as in (3.5), commutes
with 7 and n* iff g12 = g21 = 0 and g25 = 8. Hence, the most general ¢ € A,
commuting with 7, n* is:

p=e1®a+en®b+ (e33+ess) Qc + (Zf‘zseii) ®d

witha, b, c,d € M4(C) arbitrary matrices. Its commutator with £ and £* vanishes iff

dei1 = e1b e1nd = beq . (6.2)
Its commutator with w,,, w, and their adjoints vanishes iff:
Ea =cE , aFE = Ec, Fb=cF, bF = Fc, (6.3)
where
[0 0 0 Y.|0 0 0
E:= g T, 1s ’ Fi= (()) Ty15 :
0 0

are invertible by hypothesis. It follows from (6.3) that ¢ commutes with both E?
and F2. If the hypothesis of Theorem 6.4 are satisfied, at least one of the matrices
E?, F? is not proportional to the identity. Its commutation with ¢ implies that

Ao 0 0
S

0 m ’

0

for some A € C and m € M3(C). But then ¢c commutes with £ and F as well, and it
follows from (6.3) thata = E~'cE = cand b = F~'cF = c¢. Now, b commutes
with ey as well, and from (6.2) we get

Ao 0 0
0
d= 0 m’ ’
0
with the same A as before, and with m" € M3(C). Thus, C{(AF)) has elements
A0 0 0 Ao o0 o0
1 0 0 0 0 0
¢—[O O}@ ol +[0 1]@ PR I

0
0

with A € Cand m,m’ € M3(C), and is strictly greater than (4% )c.
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Imposing the extra condition [¢, yr] = 0, we reduce one M3(C) to C & M, (C).
Indeed [¢, yr] = 0 iff d commutes with the matrix

)

i.e. m' belongs to C & M>(C) C M3(C). This proves that C£(AF), = (A%)c. O
6.2. Morita without the grading. Let Dg be as in §5.3 and
D = Do+ JpDoJF + Dr,
with "
Do := Do + I'(es7 + e75) @ €22 .

Note that this is still of the type described in §5.2. Here we have three additional
parameters with respect to [3,5,9,11]: Q € C and A € R as in §5.3, and the new
one I' € R.

Theorem 6.6. Let T, Yo, Ty, Vg, 2, A, T be all different from zero, and at least
one of the following two conditions satisfied.:

LYy #+Ty, 2. T.#£Ys.

Then (Ap, Hp, D, JF) satisfies the property (M).

Lemma 6.7. If Q, A, T # 0, the Ap-bimodule Q' is generated by the elements in
Lemma 6.5 plus the element
{=es7®en

and its adjoint.

Proof. Repeating the proof of Lemma 6.5, the only change is:

[DF,Z717)Z77 =T¢, [DF,Z78] =T¢Z7s ,
~T[Df, Tl =w; +QE+An+T¢, and [Df,Zg7] = —[Df,Zz7]". O
Proof of Theorem 6.6. CL(AF) now is the set of elements ¢ in (6.4) which in

addition commute with ¢. But [¢,{] = 0 iff m" € C ® M»(C) C M3(C), so
CU(AF), = (A% )c and the property (M) holds. O

7. Some remarks on orientability and irreducibility

7.1. Orientability. A classification of finite-dimensional spectral triples satisfying,
among other axioms, the orientability condition is in [18]; in fact, in the classification
of Dirac operators such assumption plays a crucial role: for example, the uniqueness
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of the decomposition in §3.4 follows immediately from the orientability condition.
In our case (in the Standard Model with neutrino mixing), the sum A% + (4%)’
is not direct, the term Dpg in (4.1) being an example of non-trivial element in the
intersection. This already suggests that the orientability condition in global dimension
zero is not satisfied. In fact, we can say something more.

Proposition 7.1. Let either
(1) DfF and yF be as in Theorem 6.4, or

(2) yF be the standard grading in §5.1 and D F any operator of the type described
in§5.1.

In both cases, there is no chain ¢ € A%"H such that wp(c) = yF, foranyn > 0.

Proof. (1) yr ¢ CL(AF),, as stated in Theorem 6.4.

(2) Let X := e55 ® ep3. This operator commutes with Ar and Dy, hence with any
element of C£(AF),. Butit anticommutes with yr, proving that yg ¢ CL(AF),. [

A stronger statement holds for Chamseddine—Connes Dirac operator.

Proposition 7.2. Let yr as in (5.1) or (5.2) and Df as in §5.3. If Y, 2, A are
all zero, then there is no chain ¢ € (Ar @ A%) ® A%n such that wp(c) = yF, for
anyn > 0.

Proof. The element X = ej5 ® ey commutes with Ar, A% and Dy, hence with
any element in the image of the map mp, but it anticommutes with yr, hence

yr & Im(7p). O

For 0-chains, it follows from the argument in [ 18] that, no matter which Dirac operator
one chooses, the orientability conditions cannot be satisfied.

Proposition 7.3. For yp as in (5.1) or (5.2) there is no ¢ € Ap ® A% such that
np(c) = YF.

Proof. The operator X := ej5 ® ey belongs to A%z N (A%)’, but anticommutes
with yr. Hence yF is not in the algebra generated by Ar and A%. O

For the spectral triple of Theorem 6.6, on the other hand, since yr € (A%)
and (A%)" = CL(AF), due to the property (M), it immediately follows that
YF € CL(AF)o.

Proposition 7.4. Let the spectral triple be as in Theorem 6.6. Then there is a
¢ €Dpso A?”H such that wp(c) = yF.

Of course, this gives no clue on whether ¢ in previous proposition is a simple
tensor (so, a chain) or possibly a cycle.
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7.2. Irreducibility. We say that a real spectral triple (A, H, D, J) is irreducible if
there is no proper subspace of H, other than {0}, which carries a subrepresentation
of A and is stable under D, J and (in the even case) y. Equivalently, it is irreducible
if there is no non-trivial projection p = p* = p? € Endc(H) (so, other than 0
and 1), which commute with A, D, J and y in the even case [16, Def. 11.2].

Let Df be the operator in §5.3, and yr one of the gradings in (5.1) or (5.2).
If A = 0 (and possibly Q # 0), then (A, Hr, DF,yr, JF) is clearly reducible.
Take:

p= (Z?:ﬁii) ®er; +es55 Q1

the operator projecting on the subspace of Hr containing only leptons. It clearly
commutes with Ag, Df, yr and JF.
In order to have irreducibility, we need in Dz a term mixing leptons and quarks.

Proposition 7.5. The even spectral triple of Theorem 6.4 and the odd spectral triple
of Theorem 6.6 are both irreducible.

Proof. For the even spectral triple of Theorem 6.4, if p is a projection commuting
with Ap, D, yr. Jr. Thenitbelongs to CL(AF), = A% (property (M)). Similarly,
for the odd spectral triple of Theorem 6.6, one proves that p must belong to
CU(AF), = (A%)c. But it also commutes with A, = JrAfpJF, so it belongs
to the center of (A% )c. Hence:

Ao 0 0 A 00 0

1 0 0 0 0 0 XM |0 0

p=[o o}‘g 0 Bl +[0 1}‘8 00| o |
0 0 0 ?

with A, A", 8,6 € C. Since
JEpJr = {A(e11 + ess) + Mean + 8(ess + eas) + Bless +egs +e77)} @ 1,

if p commutes with J it is proportional to the identity, hence p = Qor p = 1. [

Let us mention that other inequivalent definitions of irreducibility can be used. For
example, the one adopted in §18.3 of [11] says that a real spectral triple is irreducible
if H carries an irreducible representation of A and J. Such a condition is stronger
than the one used by us, and is the condition leading to the algebra M, (H) 4+ M4(C).
This is later reduced to Ar (which allows to introduce a grading and leads to the
original Dirac operator of [3,5,9, 11]), thus loosing the irreducibility property. In the
next section, we discuss the intermediate algebra A% of the Pati—Salam model.
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7.3. On the Pati-Salam model. The Pati—Salam model is a grand unified theory
with gauge group Spin(4) x Spin(6) >~ SU(2) x SU(2) x SU(4). The relevant
algebra is now A% = H & H & M4(C), which we identify with the subalgebra of
elements ¢ ® 1 € End¢(HF), with a of the form:

with x, y € H (and we think of them as 2 x 2 complex matrices) and m € M4(C).
All off-diagonal blocks are zero.

The data (A%, Hp, JF, yr, DF), with D asin §5.3 and yF as in (5.1), satisfies
all the conditions of a real spectral triple except for the 1st order condition [6,7] (and
then the property (M) cannot be satisfied). On the other hand, it is a simple check
to verify that irreducibility, in the stronger sense of §18.3 of [11] (so, without yr
and D) is satisfied.

Lemma 7.6. The commutant (A%)" has elements ) a @ b withb € M4(C) arbitrary
and a € Mg(C) of the form

O(lz

a= Bl ,

e

where the o and B-blocks are 2 x 2, the §-block is 4 x 4, and «, 8,8 € C.

Proof. By direct computation. O

Proposition 7.7. There is no non-trivial projections on Hr commuting with A%
and Jf.

Proof. It follows from previous lemma that any p commuting with A® has the form
p=1(e11+en)@a+(e33+e14) QP + (Z?:seii) ®6,

where now «, 8,8 € M4(C) are three projections. Since (in 4 x 4 blocks):

0 O 0 O 5§ 0
JFPJF=|:O a}®(€11+€22)+|:0 ﬂ}®(633+€44)+|:0 O}(X)l,

we deduce that p commutes with Jg if and only if « = 8 = § are proportional to
the identity, and then p = 0 or p = 1 is a trivial projection. 0
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Orientability (in the weak sense) is also easy to check, since in (5.1) the first
summand belongs to A% and the second is minus the conjugated by Jr. So,
yr € AY + Jrp A% JF (which implies weak orientability, since every 0-chain is a
cycle).

8. Conclusions

In this paper we studied the property (M), cf. Def. 2.4, which is a possible natural
mathematical generalization of the notion of spin-manifold and of Dirac spinors to
noncommutative geometry. Although the original Chamseddine—Connes’ spectral
triple is shown not to satisfy this property, we find that it is enough to add two
terms to the Dirac operator D and slightly change the grading in order to satisfy
it. The new terms in the Dirac operator will generate of course new fields (they are
introduced with the purpose of enlarging the module of 1-forms, and then the Clifford
algebra; generators are given in Lemma 6.5). Then study of whether (and how) they
contribute to the action functional of the model is however beyond the scope of this
paper. Obviously the non zero (for the property (M)) constants €2, A in front of the
new terms can be arbitrarily small and so below the current experimental observation
threshold. Their fine-tuning in order to get the correct value of the Higgs mass could
be studied in future work.

Of the two terms, the ©2-term is compatible with both the original and the modified
grading of §5.1 and §5.2. The A-term on the other hand is compatible (anticommutes)
only with the modified grading. Such a term may potentially (see [21]) mix quarks and
leptons, and although it may seem exotic, it is also necessary for the irreducibility of
the spectral triple (cf. §7.2): without this term, the leptonic and quark sectors of Hr
carry each one a sub-spectral triple. A third additional term (with coefficient I")
in D is instead necessary (though non sufficient) if one wants the spectral triple to
be also orientable, cf. Prop. 7.4 for the precise statement.

Concerning the grading, the one in (5.2) is minimal a modification the one in (5.1):
they agree on leptons and have opposite sign on baryons (quarks). A study of the
physical consequences of this modification are beyond the scope of this paper. The
internal grading contributes to the grading of the full spectral triple, product of the
finite-dimensional one with the canonical spectral triple of a 4-dimensional spin
manifold. The full grading is used to project out from the Hilbert space unphysical
degrees of freedom (and partially solve the quadrupling of degrees of freedom, cf. [11]
for the details). Thus, changing the grading in principle could affect this part of the
theory, which should be studied in the future.

We close by stressing again that the aim of this paper was a mathematical study
of the property (M), and few related issues, but a detailed analysis of the physical
aspects of our model (for example, understanding what happens to the Higgs mass)
goes beyond the scope of the paper and is postponed to future works.
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