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About the obstacle to proving the Baum—Connes conjecture
without coefficient for a non-cocompact lattice in Sp4 in a local
field

Benben Liao*

Abstract. We introduce property (Tschur, G, K) and prove it for some non-cocompact lattice
in Sp4 in a local field of finite characteristic. We show that property (Tschur, G, K) for a non-
cocompact lattice I in a higher rank almost simple algebraic group in a local field is an obstacle
to proving the Baum—Connes conjecture without coefficient for I with known methods, and
this is stronger than the well-known fact that I" does not have the property of rapid decay
(property (RD)). It is the first example (as announced in [7]) for which all known (as of March,
2015) methods for proving the Baum—Connes conjecture without coefficient fail.
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1. Introduction

N. Higson, V. Lafforgue, and G. Skandalis constructed counterexamples to the Baum—
Connes conjecture for discrete group actions on commutative C* algebras using
Gromov’s groups which do not uniformly embed into Hilbert space [3]. V. Lafforgue
introduced strong Banach property (7°) [5,6], proved it for SL3(Q,), and constructed
the first example of expander graphs which do not embed uniformly into any Banach
space of non-trivial type. Other examples of expander graphs non-embeddable in
Banach spaces of non-trivial type or Banach spaces of weaker properties have been
found [11,13,15]. In [8], V. Lafforgue introduced property (Tscnur) (Which is stronger
than strong property (7') [5]) and proved that it is an obstacle to proving Baum—Connes
conjecture for SL3(Q,) with commutative coefficient containing Co(SL3(Q,))
with known methods. In this article, we introduce property (7schur, G, K) in
Definition 1.1 as an analogue of property (Tschur), prove it for the non-cocompact
lattice T' = Sp4(F,[r~']) of Sp4(F4((r))) in Theorem 1.2 (which is the main result
of this article), and show that it is an obstacle to proving Baum—Connes conjecture
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without coefficients for the lattice I' with known methods, which is stronger than the
well-known fact that I" does not have the property of rapid decay (property (RD)). Itis
the first example for which all known methods for proving Baum—Connes conjecture
without coefficient fail.

We begin with some notations, and then state the main result of this article.

Let G be non-compact locally compact topological group, K & G a compact
subgroup. Let H € G be a non-compact closed subgroup. Let £ : G — Rxg be a
continuous length function on G. Denote by B,, the ball of radius n in G.

For any continuous function ¢ € C(G) on G, we introduce the following notation
for the norm of the Schur product by ¢ on the subspace

C(H N By) =1{f € Cc(H),supp(f) C Bn}

of functions on H with supports in By,

| Schure |c(anB,y) |

= || Schure |c(anB) | 2(cr ()
= sup{|| Schure flcx ). f € Ce(H).supp(f) C B | fllcrcay < 1}

where Schur, f € C.(H) denotes the Schur product
Schur, f(h) = c(h) f(h),Vh € H.

Definition 1.1. We say that H has property (Tschur, G, K) if for any continuous
length function £ : G — Rx, there exists so > 0 such that Vs € [0, s9) there exists
a continous function ¢ € Co(G) vanishing at infinity, such that VC > 0 and for
any family of K-biinvariant functions ¢ € C(G) with the following uniform Schur
condition

|| Schure [canB.) lcicpayy < Ce™, Vn €N, (1.1)

there exists a limit co, € C to which ¢ tends uniformly rapidly

lc(g) — cool < C(g).Vg €G.

Let IF; be a finite field of cardinality ¢ which is not divided by 2 (this assumption
is needed in the proofs due to technical reasons - we do not intend to discuss the
case of characteristic 2, since one example is sufficient to elaborate the obstacle
to proving the conjecture). Let G be Sp4(F,((r))) over the local field F,((rr)),
K = Sp4(F4[[]]) a maximal compact subgroup of G. Let I" be the non-cocompact
lattice Sp4(Fy[7~']) in G. Let H ¢ T be the unipotent subgroup consisting of
elements of the form

erl.

k.
*
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The following is the main result of this article.

Theorem 1.2. The unipotent group H has property (Tsehur, G, K) as in Definition 1.1.
As a consequence, the non-cocompact lattice T = Sps(Fy[n~']) € G =
Spa(Fq((r))) also has property (Tschur, G, K) .

Remark. That I has property (Tschur, G, K) follows from that H has property
(Tschur» G, K) . Indeed, it is clear from Definition 1.1 that for any two discrete
subgroups H € H’ C G, if H has property (Tschur, G, K) , then H’ also has
property (Tschur, G, K) .

H is an amenable group and thus satisfies the Baum—Connes conjecture.
Theorem 1.2 says that the constant function 1 on H cannot be deformed among
K-biinvariant functions on G satisfying the Schur type condition (1.1), whereas it
does not prevent the possibilities of deformations among other functions.

For the non-cocompact lattice I' = Sp4(F4[7']), property (Tschurs G, K)
is an obstacle of known methods for proving Baum—Connes conjecture (without
coefficient). It plays the role of property (7schur) for a locally compact group G
(e.g. SL3(Qp)) relative to some open compact subgroup (e.g. SL3(Zp)) as in [8]
being an obstacle of known methods for proving Baum—Connes conjecture for G
with commutative coefficient containing Co(G). Indeed, if a lattice in a higher rank
almost simple algebraic group has property (Tschur, G, K) , then it does not have
property (RD) (Proposition 2.3). A. Valette conjectured that any cocompact lattice
in a simple algebraic group over a local field has property (RD), thus cocompact
lattice wouldn’t seem to have property (Tschur, G, K) . What is shown in this article
is stronger: property (Tscnur, G, K) for a higher rank lattice I' prevents the existence
of any reasonable dense subalgebra of C*(I") for known methods for proving the
Baum—Connes conjecture (Proposition 2.1), in particular the Jolissaint algebra for
property (RD). We recall known methods for proving Baum—Connes conjecture for a
lattice in a reductive group over a local field in Section 2, and prove in Proposition 2.1
that the conditions of these methods are not satisfied for any lattice with property
(Tschur» G, K) (by adapting the arguments in [8] to our situation).

We will give two proofs of Theorem 1.2 in Sections 3 and 4, respectively.

The first proof is more in line with the arguments in [9], and is therefore more
transparent and more checkable. What is different from [9] is the use of two families
of parameters (i.e. n = 2 in Lemma 3.3) which yields an improved estimate ¢~/ in
the second inequality of Proposition 3.2.

The second proof makes use of two families of functions on H with exponentially
small C;* norms, and yields a slightly better constant s in Definition 1.1. The first
family of functions corresponding to the abelian subgroups are already constructed
and the corresponding estimate is obtained in [7], which we include in this article
using the same arguments. We construct in this article the other family of functions
corresponding to the discrete Heisenberg subgroup. The improved estimate in g~/
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is obtained using harmonic analysis on the Heisenberg group over the ring of
polynomials F, [z 1]

Acknowledgements. I would like to thank Vincent Lafforgue for his useful sug-
gestions and precise explanations of various aspects on this problem. I thank Georges
Skandalis for the discussion on algebra Ag. I thank Mikael de la Salle for several
corrections to this article, especially for pointing out a mistake in the parameterization
of the group of Heisenberg type.

2. An obstacle to proving the Baum—Connes conjecture without coefficient

In this section, G is an arbitary reductive group over a local field, K € G a maximal
compact subgroup, £ : G — Rx¢ a continuous length function, and I' ¢ G a lattice.

Adapting conditions (D) = (D1) + (D2) + (D3) + (D4) in [8] to our situation,
we list the following conditions (D’) = (D1) 4 (D2) 4+ (D3) 4+ (D4') to include all
known methods to prove Baum—Connes conjecture for I'. More precisely, conditions
(D1),(D2),(D3) are just specialization to A = C of conditions (D1), (D2),
(D3) [8], and condition (D4’) is a variant of (D4) [8] in which we require that
the representations of I" for the homotopy come from representations of G.

(D1) For any s > 0, there exists C; > 0, and a Banach subalgebra By C C;*(I")
containing C(I") as a dense subalgebra, such that Vn € N,V f € C(I') with

supp(f) C By,
I fllBs < Cse® |l fllcxrys

where B, C I denotes the ball of length n.

(D2) There exist a homotopy (E, 7, T) € EF?E}((C, Cl0, 1]) (? indicates that there
is no restriction on the norms of the representations of I') from 1 to the y
element, and (E,7,T) € E*(By, C}(I')[0, 1]) with (E=, E™) containing
(C(T", E=),C(T, E™)) as a dense subspace, such that the embeddings

is : C(T) — By, i, : C(T, C[0,1]) — C(T,C[0, 1]),
i<:C(I,ES)— E=<,i”:C(I,E”) — E~
and
() ESx E™ = CX()[0,1]
satisfy: V f € C(I'),¢ € C(I',C[0, 1]), F;, € C(T', E™), F, € C(T', E™),

i~(pF1) = i (@)i~(F1),i~(F1 f) =i~ (F)is(f),
i7(fF) =is(f)i~ (F2).i” (Fag) = i7" (Fp)i ().
and
ir((F1, F2)) = (i=(F1),i” (F2)).
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(D3) The C[0,1] pair (E=,E~) is in isometric duality as defined in [8,
Definition 2.13], i.e. the maps

E< —> £(C[0,1](E>» (C[O, 1]), E> —> [,(c[(),l](E<, (C[O, 1])

are isometries.

(D4’) The representation E of T is restriction of some representation of G on
which K acts by isometries, and Vx € E~,§ € E~,

lleo ® x|l g> < lIxlle>,lleo ® &l g< = Il E<.
where eg € C(I') is the Dirac function at the neutral element (and thus
eo®x e C(T,E™),eo® & € C(T, EY)).

Proposition 2.1. Suppose T has property (Tschur, G, K) as in Definition 1.1. Then
Jor any continuous length function L on G, the 4-tuple G, K,£,T" do not satisfy
(D) = (D1) + (D2) + (D3) + (D4).

The proof of Proposition 2.1 is an adaptation of the proof of Proposition 4.2 in [8]
to our situation.

Lemma 2.2. Suppose T satisfies (D1) + (D2) + (D4'). Then Vs > 0, there
exists Cg > 1, such that Vx € E~,& € E= both of norms < 1, putting c;(y) =
(&, m;(y)x),Vy € T, we have Vn € N,Vt € [0, 1],

| Schure, |crnB,) |l < Cse’”.

Proof. For any f € C(I') we have the following fundamental calculation

(eo ®E. fleo®x)) =Y f(y)(E. m(y)x)ey

yell
= Schur., f € C(I).

By condition (D2) and (D4'),

I Schure, flicyay = lleo ® &l g<If [l lleo @ x| g~
< [Ele<Iflslxle> < 1./ ls,-

When supp f C B, by condition (D1),

I Schure, flicyry < Cse™ I f llcy - -

Proof of Proposition 2.1. We prove it by contradiction. Suppose I', G, K, ¢ sat-
isfy (D’) and T has property (Tschur, G, K) . By Lemma 2.2 we see that when £, x
are both K-invariant, ¢;(g) is a Cauchy sequence

lei () — ci(g)] < Cs(@(2) + ¢(g')).Vg. 8’ € G.
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By condition (D3) we have

||§||Sup (€, (e (g) — 7 (g))x)| = [[(-, (w(exeg) — w(exeg))x) |l c(E<.cro.1))
<<l1,
K—irﬁ/ariant,

tef0,1]

= |[(w(exeg) — w(ekeg)) x| E>,

where e is the characteristic function of K C G. As a consequence, mw(exegek) is
also a Cauchy sequence

w(exegex) — m(exegex)|l copy(E<) < Cs(p(g) + ¢(g)).

For the same reason

7 (exegex) — mlexegrex) e (E>) < Cs(@(g) + ¢(g)).

Denote by P the limit of w(egegex). We see that g’k g tends to infinity when g’
tends to infinity since £(gkg’) > £(g’) — £(g~'). Therefore, we have

exeg P = ILrPJT(eK/ egkg’dkeK) = P,
K

and P? = limlimn(eK/ egkg/dkeK) = P.
g g K
Moreover, when E; is a Hilbert space and (7;, E;) is a unitary representation of G,

P, € L(E;) is the projection onto G-invariant vectors P;E; = EC. Indeed,
Vx e PE;,Vg €G,

2 2 2 2
I (eg)x — m(exeg)x|I” = | (eg)x|* = m(exeg)x]* = llx]* — [|x|I* = 0,

we have
x =mn(egeg)x = m(eg)x.

P € Lcpo,11(E) and consequently PTP € Lc[o,11(E). We denote by Im P
the C[0, 1]-pair whose underlying Banach spaces are the images of E=, E~ under
the maps P=,P>. We have that (Im P, PTP) € E"(C,C[0,1]). Indeed,
lexegex,T] € Kcpo,11(E), as a consequence [P, T] € K¢jo,1](E). Moreover,

P —(PTP)*P = P(1—T?) + P[P.T|T 4+ PTP[P.T] € Kcgo.11(E).

which means Idi, p —(PTP)? € Kcpo.1(Im P).

Now (7g, Eo) is the trivial representation of G (Ey = C), and (71, E7) is a
unitary representation of G without G-invariant vectors. PyToPy : C — 0 has
index 1 whereas P;71P; : 0 — 0 has index 0, this is a contradiction and the
proposition is proved. O
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Now let G be a semisimple group over a local field, K & G a maximal compact
subgroup, I' € G a lattice.

Let £ : G — Rs¢ be the K biinvariant length function induced from the
G-invariant Riemannian metric from the symmetric space or the Bruhat-Tits building
associated to G. Recall that when the split rank of G is > 2, I" has Kazhdan’s
property (7') and thus is finitely generated. The word metric and Riemannian metric
on I' are bi-Lipschitz [12].

When I' has property (RD), it is shown in [8] that G, K,{,T satisfy
conditions (D~’ ) above, and thus do not fulfil the condition in Definition 1.1. We
give a direct proof of this fact.

Proposition 2.3. If T" has property (Tschur, G, K) as in Definition 1.1, then T does
not have property (RD) for any continuous length function restricted from G. In
particular when the split rank of G is > 2, I does not have property (RD) for the
word length.

Proof. Suppose that I has property (RD) with respect to the polynomial P(n) = Rn®”

for some R, D > 0.
Denote by yp,, the characteristic function of B, (ball of radius m) for m € N.
For f € C(T") with supp f C B,, we have

I Schury . fllcyry < Rmin(m,n)? || Schury, - flle2y < RaP [ f lle2qry
< Rn®| flicy(r). ¥m € N.

Namely, for any s > 0, there exists Cy > 0 such that

| Schury , lc@ns,)ll < Cse®™, Vn € N.
Now let s € (0, s9), by property (Tschur, G, K) ,

|XBn (V)| = Csp(y).Vm e N,Vy €T,

which is a contradiction to the assumption that ¢ € Cy(I") is a function vanishing at
infinity. o

3. First proof of Theorem 1.2

First let us be more precise on the notations.

Let by F; a finite field of characteristic different from 2 with cardinality g.
Denote by F' = F,((rr)) the local field of Laurent series in 7 with coefficients in I,
O = F,[[r]] the ring of formal series in r, i.e. the ring of integers of F.
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Let G = Sp4(F), i.e. the symplectic group of 4 by 4 matrices A € My(F)
satisfying AJ' A = J, where ' A denotes the transpose of A and

0 0 0 1
0 0 10
/= 0 -1 0 O
-1 0 00

Let K = Sp4(0), a maximal compact subgroup of G.

Now let I' = Sp4(F,[7~']). By the well-known reduction theory of Harish-
Chandra—Borel-Behr—Harder, I is lattice in G, and by Godement’s compactness
criterion (see [14, IV 1.4] in the case of characteristic p), it is non-cocompact.

Denote by H the unipotent subgroup in I' consisting of elements of the form

1 a2 aiz ais
1 a3 az
3 er.
1 asz
1

Note that for a;; € F,1 <i < j <4, a matrix of this form is in Sp4(F) if and only
ifai, +asq =0and a3 — ajpazz —aze = 0.

We define an explicit length function on G. Denote by D(i, j) the diagonal
element

i
.. =/
D@, j) = i eG
-

for any (i, j) in the Weyl chamber A = {(i,j) € N,i > j}. By Cartan
decomposition, A is in bijection with the double coset K\G/K via the map
(i,j) = KD(@,j)K,(i,j) € A. Let £ : G — N be the length function on G
defined by £(kD(i, j)k') =i + j,(i,j) € A, k, k' € K. Tt is clear that £ is bi-
Lipschitz equivalent to the length function induced from the distance on the Bruhat—
Tits building associated to G. For any continuous length function £ : G — Ry,
there exists ¥ > 0 such that £’ < k(£ + 1).
It is clear that H surjects onto the double cosets K\G/ K, since

1 0 0 n/

—i
bz O leckni jk.

—
[e]
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The following theorem is a more precise statement of Theorem 1.2 in the
introduction.

Theorem 3.1. Let s = lo%q. There exists a constant C4 > 0 depending only on q,
such that the following holds. For any s € [0, so) and C > 0, for any K -biinvariant
function ¢ € C(G) with the following Schur condition

| Schure canp,ll < Ce™,  Vn €N, (3.1)
there exists a limit coo € C to which ¢ tends exponentially fast
le(g) — coo| < CCue HO=/4 yo e G.

Proof of Theorem 1.2 from Theorem 3.1. Let £’ be any length function on G. There
exists k > 0 such that Vg € G, ¢'(g) < k(£(g) + 1). With sy = so/k,s" € [0, ()

and ¢'(g) = qus"e_e(g)(s‘)_s")/“, Vg € G, Theorem. 1.2 is proved. O
Proposition 3.2. For any K biinvariant function ¢ € C(G), we have
(DG ) = e(DG.j + D) < 2q7 2 Schure canpynll. (32)
SJorany (i, j) € A withi > 1 and
|e(DG.J) = (DG +1.j = D) =2¢° - g7/ || Schure lenpy pll. - (3.3)

forany (i, j) € A with j > 3.

Proof of Theorem 3.1 from Proposition 3.2. The argument is very similar to that in
the proof of Proposition 3.1 by Lemma 3.3 and 3.4 in [11]. By hypothesis

| Schure [ccanByllcy iy < Ce™™. ¥n €N,
the two inequalities in Proposition 3.2 imply respectively
(DG j)) = e(DGi.j + )] = 2q~¢2Ce, (3:4)
le(D@, j) — (DG +1,j —1)| <2¢° - g7/ CHD. (3.5)
Combing the two inequalities above we have
[e(DB). j)) = e(DBj +3.j + )] < CCpem02a7,
By moving along the line i = 3; in the Weyl chamber as illustrated below, we have
lc(D(3), j)) = coo| < CCqe™108a=697,
Wheni > 3j,
lc(D(, j)) — coo)| < che—(logq—Gs)i/3 < che—(logq—6s)(i+j)/4'
Wheni < 3j,
¢(D, /) = €oo)| < CCqeloea=09GEDIA,
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(i.j)

i=3j

O

To prove Proposition 3.2, we quote the following lemma in [10], which will be
applied in the proof to some finite subgroups in H.

Lemma3.3 ([10,Lemma4.9]). Letm,n € N*, k € {1,2,...,m}. Let H be alocally
compact amenable group, a, B : (O/x™O)* — H two maps. Let f € C.(H)
satisfying

fla(ar,....an.D)B(x1.....X0.9)) = A, ify =Y _aixi + b+ 75 € O/x™0,
i=1

and
n

fla(ay,....an,D)B(x1,...., X, y)) = W, if y = Zaix,- +b+ e O/amO.

i=1
Then

A=l <2472 flswace
where
I/ Imsacey = supill Schur p (@)l ¢y @l ) = 13-

Let us remark that when H is an arbitrary locally compact group, the lemma
above still holds if in the conclusion || f||ar4(#) is replaced by

I/ Isoacery = sup {ll Schur r (@)l ¢ (o, By |0l a8y = 13-
B H—C*-algebra

But we do not need this generality in the proof of Proposition 3.2.
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Proof of the first inequality in Proposition 3.2. We adapt the arguments in the proof
of Lemma 2.1 in [9] to our situation by discretizing the matrices.
Denote by [] : F,(()) — F4[n '] the integral part of an element, i.e.

[ain™ +ain T b b amT dag +amym -]
= ain_i + ai_lﬂ_i+1 + -4 aim+ap,Va, €Fy.

Leto:O/7' 1O — O = F,[[x]] be any section. Definea, B:(O/7't10)? — H
by

1 0 [ﬂ_io(a)] [n_io(az —b)]
wamy= [0 T we@l |
0 0 0 1
10 [7770(x/2)] [z7'0(x*/4+y)]
sen=|o o | S
0 0 0 1
forany a,b,x,y € O/n'+10.
Compute a(a, b)B(x, y)
10 [r7(c(x/2) +0(@)] [ 7 (0(x*/4+y)+0(a® —b))]
I ! a7t [ (0(x/2) + o (a))]
10 0 1 0
0 0 1

We see that Ya,b,x,y € O/x' 1O, ||a(a,b)B(x,y)| = ¢' (the (2,3) matrix
element achieves the maximal norm). Moreover, we see that

ot ([n—i @ (x/2) +o@)] [T OC2/4+ )+ 0@ - b))])
7 [ (0(x/2) + 0(@))

=—7"2(y —ax —b) mod 7 " T1O.
Soforany/ € {0, 1,...,i}, when
y—ax —be 'O /7 t1O (3.6)
(where O denotes the group of units of ), we have
| A2 (@@, D)B(x. )l = g* .

That is to say for any / € {0,1,...,i}, whena,b,x,y € O/ni+1(9 satisfy 3.6, we
have
ala,b)B(x,y) € KD(,i — K.
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Now denote for any n € N*,
l(l)xz .
HY = ( {g),x,y,zelﬁq[n— L Ixl. Iyl 21 < g7,
1

which is a finite subgroup of H. Note that the images of & and B both lie in H|.
Apply Lemma 33ton = 1,m =i 4+ 1,k = i — j, the finite group H{, o, B as
above, and f = c|H{,/\ =c(D(,j)),u=c(D(@,j+ 1)), we have

. . _izi
(DG, j)) — (DG, j + 1) <2¢~ 2 || Schurg ||
1

_i=j
<2q~ 2 | Schur, |(C(HﬂBzi)||'

The last inequality is due to the facts that H! C H N By; and | f|| crl) =
I fllcy . Vf € C(H{) C C(H). 0

Proof of the second inequality in Proposition 3.2. We will use discretization as in
the proof of the first inequality, and improve the matrices in the proof of Lemma 2.2
in [9]. This improvement allows us to use the case of n = 2 of Lemma 3.3 (whereas
in the proof of the first inequality only n = 1 can be used), resulting in the better
factor ¢ =/

We first write the matrices that are useful in both cases when i + j is even and
when i + j isodd. Letm € N. Leto : O/n™T1O — O be any section. Define
a,B: (O/a™T10)3 — H by

a(ay,az,b)

1 —[z7" A+ mo(@)] [#7"'(1 + 7o (a2))] —[x "0 (b)]
10 1 0 [77" (1 + no(as))]
~ 1o 0 1 [z~ (1 4 7o (a1))]

0 0 0 1

B(x1,x2,y)

1 [r7"0(x2)] [r"o(x1)] a7z ™" (0(x1) + 0(x2)] + [77>" 0 ()]
o 7 0 [0 (x1)]

1o 0 1 —[r ™o (x2)]

0 0 0 1

foray,as,b,x1,x2,y € O/am 10,
Compute
1 =& & 1
aana b=l o 1 2
0O o0 0 1
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where

£ = [r7" (1 + no(ay) — mo(x2))],
£ = [ (1 + wo(az) + mo(x1))].
n=I[r"*"(c(y) —o®)] - [x "o (a)][r "o (x1)] — [t "0 (a2)][r "o (x2)]

= 7172"(y —b —ayx; —azx3) mod 71O,
Let us now prove the estimate wheni + j € 2N. Let
m=(@+j)/2-1
We see that for any a;,as, b, x1,x2,y € O/ +10,
I A% (a1, az. b)B(x1, x2, V)|l = ¢ +* = ¢' 1.
Moreover, when
y — (a1x1 + axxs + b) € ! O /a1 O, 1 € {0,1,...,m — 1}, (3.7)
we have
lr(ar,az, b)B(x1, x2, )| = ¢*" .
Summarizing, for ay, as, b, x1, x2,y € O/x™ 1O satisfying (3.7) above, we have
alay,az,b)B(x1,x2,y) € KD +j —2—-1,1 +2)K.
Define forn € N,

1xy z

Hy = ( K y)”ZEF[””] x] Iyl < ¢ |z] < ¢*"}.

1—x P77 q ’ ’ - ’ -
1

It is also a finite subgroup of H . Note that the images of & and § are both in H2(i+j )2,
Apply Lemma 33ton =2.m = (i + j)/2.k = j — 2,H2(’+J)/2, and «, B as
above, and f = ¢|,a+i/2,A = ¢(D(i, j)).p = ¢(D(@ + 1,j — 1)), and since
L 2
HITD2 ¢ H 0 By j, we have
|C(D(l’ J)) - C(D(Z + 1’ J - 1))| =< zq—(]—Z)” SChurC|H(i+J’)/2 ”
2
<2¢%-q 77| Schure lccanB; ) -

Now prove the estimate when i + j € 2N + 1. In this case let

m=(@+j—-1)/2—1.
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Define the embedding ¢ : F;, — H by

t(e) = |

0
1 n7le 0

ol Ve € IFy.

1

Define H)",n € N as the following subgroup of H»,
1xy z . _—
=102 Yl = qn ) s =
i

H," is stable under the conjugate action of ¢ (). Define 1:12” to be the finite subgroup
H} = u(F,)-H).
Now let @ : (O/x™T10)3 — H be the map defined by

@(ay,az,b) = t(Da(ay,as,b), Vai,ar,beO/x"10O.

By easy computation we see that Yay,a, b, x1,x2,y € O/a™ 10,

I =& & n
~ 10 1 a1 &+ ﬂ_lél
@(ar,a2,0)B(x1,x2, ) = | o 1 £
0O 0 0 1
We see o
[ A2 (@(ar,az,b)B(x1,x2,y))| = q2m+3 = qlﬂ-
And when
y — (a1x1 + azxz + b) € 'O /7x" 1O, 1 € {0,1,....,m — 1},
we have

&(ar, az, b)B(x1, x2, ¥)|| = ¢*" .

Namely in this case, we obtain the decomposition
alay,az,b)B(x1,x2,y) e KDi+j—1-3,14+3)K.

The images of & and § are both in I:Iz(iJrj_l)/z. Now apply Lemma 3.3 to
n=2m=(@G+j-1)/2k=j-3 "2 g gand f = C|g2(f+./71>/2,
A =c(D(@,j)), u=c(D@i+1,j—1)),and since 1-72(i+j_1)/2 C HN Bjyj, we
have

(DG ) = (DG + 1. j = 1)| = 24797V Schure| s |
2

<2¢%-q77| Schure lcmng;, pll- - O
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4. Second proof of Theorem 1.2

In this section, another proof of Theorem 1.2, more precisely of Theorem 3.1, is given
by showing the following proposition (a slightly improved version of Proposition 3.2
in the first inequality).

Proposition 4.1. For any K biinvariant function ¢ € C(G), we have
|e(D@, /) — (DG, j + D) < 27D Schure |cang,pll. @)
Jorany (i, j) € A withi > 1 where
ny =max({(D(, j),L(DGE, j+ 1)) =i+j+1
and
(DG, j)) —e(DG + 1, j — 1) < 2¢% -7 || Schure [cng, [, (42)
SJorany (i, j) € A with j > 3 where
ny =max({(D(@, j),L(DGE +1,j — 1) =i+ J.

Let H; be the abelian subgroup in H

10x z
Hy = {hi(x,y,z) = ( l{g),x,y,z eF, ']},
1

and let H, be the subgroup of Heisenberg type in H

1xy/2 z
Hy = {hy(x,y,z) = 1 ‘1) y/xZ X, y,z € Fy[n ™1}
1

The group law is as follows:

1
hao(x,y,2)ha(x', Y. 2y =ho(x + X,y + Y,z + 2/ + E(xy/ —yx").

The proof of the two inequalities in Proposition 4.1 relies on the construction as
follows of two family of explicit functions on H; and H» respectively.

Denote by [-] : F;((rr)) — F,4[n '] the integral part of an element as defined in
the previous section. Now fix (i, j) € A. Define

hiij =Eep (r—ialn—i [x—ia2l47—7)>
acO0/nt O

h2j = E ey, (tr-m@+ma),e—mbln—i 1+me))>
a,b,ceO/nt O
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where m = m;_; istheintegral partof (i +j)/2,i.e. wheni+j € 2N,m = (i+j)/2,
wheni + j € 2N+ 1,m = (i + j — 1)/2. More explicitly,
(" al, n 7 [ a?] + )
1 0 [n7%a] [z 'a?|4+n/
—i [n—ia]

_ 1 v i
= | 0 , a€Q/nx'0.

1

hy([r ™™ (1 + ma)], [x~™b], [x (1 + 7¢)))
1 w1 +ra)] [xb]/2 [r~( + nc)]

_ 1 0 [x=™Db]/2 i
= 1 (1 + wa)] | a,b,c e O/n'O.
1
The explicit functions are defined as
Avij =h1ij—hiij+1 € CHy,
Azij = haij—hait1,j—1 € CHa.
Proposition 4.2.
1AL llcp ey <2477 (4.3)
182 sllcr < 24° g7 (4.4)

Proof of Proposition 4.1 from Proposition 4.2. Recall that for any
8§ = (8a,p)1<ap<4 €G, g€ KD(, j)K
for (i, j) € A if and only if

lgll = max |gq.8 =4’
1<a,b<4

and

” /\2 g” = max |g(¥1,,31g0t2,)32 - gal,ﬁzgaz,ﬂ1| = qi+j'

1<a1,B1,00,82<4
By definition we have
h(x™'a).n ™" [x7 (@ + 7'77)]) € Hy N KD(i. j)K.

ie.
supphyi,; C Hi N KD(@, j)K.
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Since H is amenable, we have
e(DGi. j) = e(DGi.j + D) = | 3 cth)biay ()
heH
< || Schure (A i, /)l ey cary
< || Schure |c(anB, ) 1 A1, ll e o
Now that H is a subgroup of H, we have that [|Ay; jllcxay = | A1)l
so the first inequality is proved. The second inequality requires a bit more

computation.
First, when i 4+ j € 2N, we have by definition

Supphz,i,j C H, N KD(l, ])Kv

(DG ) = (DG + 1. = ) = | 3 ez h)

heH
< || Schure (A2 )Hlcx o)

< [I Sehure [c(anB,,,) 122,15 [l e (a)-
and
142, llcxay = 1A2.,5 ey -
Wheni + j € 2N + 1,
((Dha([z7™(1 + 7a)], [x ™), [x (1 + 7c)])
1 [#7™( + ma)] [#7™b]/2 [~ (1 4 7c)]
_ 1 a1 [x7"b]/2 — n  [m ™ (1 + 7a)]
- 1 —[7z7"( + ma)]
1
€ KD(, j)K,

Ya,b,c € O/n'O, where m = (i + j — 1)/2 as before, and

1 0 0 O
-1
t(e) = ! Eﬂl 8 . eely,.
1

Finally, we have
(DG ) = (DG + 1.5 = )] = | 3 (W) Aa; (D)
heH
< || Schure (Ly(—1) A2, )l a
=< || Schure [c(anB,) 11 Lo=1)A2,i,5 e (s
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and
L. =1)A2.,j

so the second inequality is proved. O

lcxy = 182,15l cx o)

Now it suffices to show Proposition 4.2, whose proof unlike Proposition 3.2 does
not rely on Lemma 4.9 in [10].

Proof of inequality (4.3) in Proposition 4.2. Here we follow [7].

Lemma 4.3 (Norm of quadratic Gauss sum). If the character n € O/n*O is non-
degenerate (i.e. 1| t-10/7t0 7 1), then

n(az)’ =q7"
ae(’)/n‘z(’)
Proof.
W@ =| E @0 = n((@—b)a +b))|.
aGO/nfo a,beo/nto a be(D/n'EO

Since ¢ is odd, we can introduce new variables x = a + b, y = a — b which is an
invertible linear transform on (O/7¢©)?, thus

)| =

n(xy)( =q" O

ae(’)/nZO x yEO/neO

Since H; is an abelian group, V¢ € CHj,

lellcyamy = sup [x(e)].
X€H,

Fix y € H, and Suppose 1, x2, X3 € Fy[m™1] such that Vx, y,z € F [z 1],
x(hi(x.y.2)) = x1(x0) x2(y) x3(2).

x(A1i) = 2@ (™) - X3(7T_j_1))a€OI/EniOX1([ﬂ_ia]))h([ﬂ_iaz])-

We see that unless y(Aj,; ;) = 0, we have Ker()(3([7r_i~])) C 7770, and
Ker()(l([n_i ])) D Ker()(g ([71 ‘])) (see footnote!). Consequently, there exists
6 € O, such that y1([x~"]) = x3([x ' 6"]).

'Tf we replace A ; j by the function

’
hy;;=E em([ria].[ri(1+nb>].[rfa2+rf(1+nc)1)s
a.b,ceO/xt O

_h/

we can then locate the support of A, Lij

’ . .
1i.j — h1 i.j+1 more precisely, i.e. we have

Ker(x3([7 l])) =xg"0orni /0,
KCT(XI([ﬂ_i'])) S>ai=/t1o and Ker()(z([n ’])) S O.

But this is not very useful in the current situation.
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Now we have

|x(Ari )] < Z)aeo@nmm([ﬂ_i (Ba + az)])‘-

Since ¢ is odd, (6/2)% + fa + a® = (0/2 + @), |x3([x 7" (6/2)%])| = 1, we
have by Lemma 4.3,

[x(Ari )] <2

E  xa([r 7" (6/2 + a)2])‘ <24~ @=N/2
ac0/nt O

(see footnote?). O

Proof of inequality (4.4) in Proposition 4.2. Let x, ' € Fq[nr™ '], x # 0. We define
a unitary representation of py,, : Ha — U(L*(F,[x~'])) by

1
P (ha(a.b. ) f(x) = f(x +a)x(xb)x(c + ab) 7' )
(it is well defined since ¢ is odd). L]
V. Lafforgue suggested the following formula for calculating the C,* norms on H,.

Lemma 4.4. Vo € CH,,

Il ) = sup lloxx @)l e, tz—11)-
XX €Fg [ 1], x#0

Remarks. (1) Beingacounterpart of H, in anumber field, the following discrete
Heisenberg group

1xy/2 z
Hy(Z) = {hy(x,y,z) = v J’_/x2 X,z €L,y €2}
i

also admits a similar formula for the C;* norms. More precisely, for 6,6’ € [0, 1),
define the unitary representation pg g : Ha(Z) — U({*(Z)) of central character 0
by a similar formula

0.7 (ol .)) f(x) = [ + ayemi0xb2rib(c b 2mit'h
then we have Yo € C(H,(Z)),

lellcx 2y = sup llpg,er (@)l c2@y)-
6,6"€[0,1)

2In fact, it suffices to prove this final inequality for rational y € 7—1\1 i.e. there exist Y € F vanishing
on £ O and being non zero on O, and 1, 2, t3 € Fy[mw 1] such that x; (-) = ¥ (t;+),i = 1,2, 3. Note
that lﬁ(l") vanishes on 7¢11O and is non zero on 7¢O if and only if |t| = g*. With this notation,
lt3] = ¢/ ~", |t1] < |t3] unless x(A1;,;) = 0.
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(2) The formula for the C;* norm in the first remark can be reduced to those
irrational € [0, 1)\Q and 8’ = 0, i.e. Yo € C(H»(Z)),

lellcr @y = sup 11po,0(@) 22z -
9e[0,1)\Q

(The analogues formula also holds for H,, but we don’t use it the proof). Indeed,
when 6 is irrational, pg o(H2(Z)) generates algebra Ag which is a simple C * algebra,
i.e. any representation of Ay is faithful. Moreover, for any C* algebra A and any
representation oy, 02 : A — L(H), we have

Kero1 C Keroz < |lo1(a)|| oy = llo2(a)llcy,  Va € A.

By applying the previous fact to the representation of Ay generated by pg g/ (H2(Z)),
we have

lpo,o (@Il = llpg,0(@)Il. V" €[0.1). Vo € C(Ha2(Z)).
Proof of Lemma 4.4. Let N, O H; be the following Heisenberg group

1xy/2 z
Ny ={ha(ey)=( 1022 ) xy.z e F =Fy((m))
1

and for a character n € F \{0}, denote by p, : N» — U(L?*(F)) the representation
defined by

pn(ha(a,b,c)) f(x) = f(x + a)n(xb)n(c + %ab),a,b,c,x €F.

Let D be the fundamental domain D = 7O for the translation of Fy[7 '] on F.
We have an isomorphism of representations of H

52
Pyl m, Z/D Pl 137l 1,640

defined by
- @
L*(F) — /D (F, [ ']ds,
2 -1
o ([re ot +9] e 2(F[x])) .
where 7|g, [z-17(3-) denotes the character [y — n(8y)] € Fq [w1]. O

We write the action of A, ; ; in the following form
Pxx (B2, ) f(x)
- e _ - -
=CE <f<x+[n m(1+ﬂa)]))(<<x+§[n m(1+7m)])[n mb])/([n mb])),

a,beO
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where
C= c]go(x([n—"(l + 7)) = x(Iw7 7 + nc)])).

We use constantly the following basic fact in the proof: for any finite abelian
group A and any unitary character n € A, we have

E n(a) = 1whenn € A is trivial;
acA

- 4.5)
EAn(a) = 0 when 1 € A is non-trivial.
ae

Lemma 4.5. If C # 0, then

Apm—it1o)=1€[x7 Ol and ylpg-i-1p) #1 € [x77'O).
Proof of Lemma 4.5. If x|(,—i—10) is trivial, then C = 0 since x(z1) — x(z2) = 0,

Vz; € [n7710), z; € [ O]. On the other hand, if X|{z—i+107 is non-trivial, then
by (4.5)

E (771 +70)]) = 4 E x2) =0,

ze[x—i+10]
—i—1 —i—1 _
Ex([x a4+ ma])ax T E 46 =0,
ze€[x 1 O]
and therefore C = 0. O

The matrix of py /(A2 ;,;) is block diagonal and each block corresponds to a coset
xo + [17™O], xo € Fy[n~1]. Indeed, the action of py 4 (Az ;. ;) on £2(F,[x~1])
only concerns translations of elements in [z~ (] and scalars.

It remains to show that each block of p, ,/(Az; ;) associated to the coset
Xo + [77™O] has norm < 2¢%7/,

loxx (B2,i ez xg+te-mon | ez o +tn-mony < 2477 (*)

Now fix a coset xo + [7 O] for some xo € Fy[7~!]. We provide two proofs
of (x). The two proofs are related, but the author thinks that both have merits and it
might be useful to write them down.

First proof of (). Denote by E the subset xo+7 e+ [x ™ T1O] C xo+[r™O]
for ¢ € F,. We have a disjoint union decomposition

xo + [x7"O] = Uger, E..



1264 B. Liao

For each ¢ € Fy, py,y (A2 ;) sends £2(E;) to £?(E¢—1), and thus the action of
Py (A2 ;) on €2 (xg + [x 7™ O]) has the following form of block matrix

0« 0 -+ 0
00 % - 0
00 0 - =
£ 0 0 - 0

where each block * has size ¢”~! and corresponds to the action £2(E,) — £?(Es_1).

The following lemma claims that after appropriate identification of E, and
E,_, the block * corresponding to ¢ is Cg~2"+1+i(~ ¢=/) times the projection
from ¢%(E,) onto [#™~* (O] invariant vectors in £2(E,), and thus our inequality
follows. More precisely, by identifying xo + 77" (¢ — 1) — y + y, € E,—; and
Xo+ 7w "e4+y € Eg, py,y(Azi;) sends Syt n—meyy to

—2m+1+i ‘
¢ aIeEogxo+n—ms+y+[zrm—’ af

and thus has norm less than 2¢ 2" +1+i < 24277, O
Remark. The identification of E._; and E, via
Xo+n "Me—1)+y.—y—>xo+n "e+y

corresponds to the fact that Ay , is an anti-diagonal in the second proof below (the
center of the anti-diagonal is xo + 77" (¢ — %) + % Ve)-

Lemma 46. [f py.x (B2 )leeo) 7.0 € L(?(E;),{?(Es—1)), then there exists
ye € [x M T1O), such that Vy € [x~™+10)]

Px,x’(Az,i,j)f(xo + ”_m(g -D+y)
= Cq2" I E fxo+ a7 =y + ye + [ ),
[ 4S]

foranyi > j > 2.
Proof of Lemma 4.6. By hypothesis there exist fy € {?(E;) and yo € [x~"T10]
such that

Py (D2, ;) folxo + 77" (e — 1) + yo)

= CaJEO(fO(Xo + 7"+ yo + [JT_mHa)])

x((xo + 77— 1)+ yo + %[n_m(l + na)])[n_mb]))(/([n_mb])) £ 0.
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By fixing a and averaging over b we see that there exists ag € O such that

2o + e = 1) o+ 3L+ mag) o) (b)) = 1,

Vb e O. (4.6)
Set ye = [ ag] + 2y¢ € [z HLO).
By definition V f € £2(E;), y € [x7""1O] we have
P (D2 ) fxo + 77" (e—1) + y)
=C E (f(xo +a ™+ y+ [ a))
a,beO
—m 1 —m —m —m
(o477 (e = 1)+ y + 3l (1 + T "Bl) (8.

by equality (4.6) it equals

=€, B (ftrota mey+la ™ al p{(—yor 5la " a—ao))r b))

by the change of variables a’ = a—ag+27™"1(y—yo) (Where 2™~ (y—yo) € F,)

it equals

=C B (ot eyt yes Gl

By hypotheses C # 0, and by Lemma 4.5 we have x|,-it10) = 1,
X|pz—i—10] # 1. There are two cases: x|i,-ip) = 1 and x|,—ip) # 1.
When x|,~io) = L, Xl[z—i-10] # 1, we have x([x7"c]/2) = 1,Vc € O and

then
x(%[n"”“a’][n"”b]) = X(%[n_zmﬂa’b]),\?’a’,b €0.

Thus
Py (D2 ) f(xo +m " (e—1)+y)

1
_ -m, _ —-m+1_/ S [—2m+1_/
= Ca/,]geo(f(xo +a Me—y+ye+[m a ]))((z[n a b])).

Being a Fourier transform for the non-degenerate character [0 X(% [x72mT1g))] €
m, it equals
Cq_2m+1+iaIEEof(xo + 1™ —y 4y + [7" ).
The case when x|;—i+10] = 1, x|{z-io] # | can be handled similarly. O
This ends the first proof of (x).
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Second proof of (x) (due to V. Lafforgue).

Lemma 4.7. If y|i-i+10) = 1 € [x "1 O) and y|[-i—10) # 1 € [ 771 O], then
unless w € [~ ™), we have that Vw € [x~" O],
1
e plhwe) =0
ZE[JT_mO]X 2wZ
or equivalently by (4.5)

1 —
|:z > X(sz):| € [x7™O] is non-trivial.

Proof of Lemma 4.7. We prove it by contradiction. Suppose w = 7" "%w, €

[nm—i—aox], wo € Fy + -+ n—m+i+an’a € {l,2,...,2m — i}, such that
Xlw[n_mO] =1le [JT_mO].

We have
X|7r—i—1w0(IFq+]Fq7r) = 1.
Indeed, since 1 < o < m, we have

7 o (Fy + Fym) = 77 % wo(Fyn® ! + Fym®)
C %o (Fy 4+ Fymr 4 - + Fyn™) = wz™"0O).
Now Vey, & € Fy, there exist &, &), € F, such that 1 + e, € wo(e] +&5m) +
720. Since x|j;-i+10) = 1, we have
2@ e+ e2m)) = p (T wo(e) + e37)) = 1

As a consequence )(|[,,_i—1 o] = 1, which is a contradiction to the hypothesis in the
lemma. 0

Let A = (Ax,y)x,yexo+x—m0o] be the matrix of the block of py ,/(Az; ;)
associated to £2(xg + [77™O)).

We will show that ”A”E(ZZ(X()—{-[JT_’" o) < qu_j.

First we have Ay, = O unless y € x + 7™ + [z~™%1()], and in this case,
(since [z~ O] = ¢"*1)

—m— Xty
Ary=Cqg™ ' E ’
ey =Cem B x(F5E)r ),
i.e. by (4.5)
Axy = Cq™ ™! when [z > )((x ; yz)x’(z)} € [n/_—%] is trivial, and

+y
2

Ax,y = 0 when [z > x(x 2) x/(z)] € [7 0] is non-trivial.
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Now suppose x, y, y" are elements in xo + [7 7" O] such that both A , and Ay ,/
are non-zero. By taking ratio we see that [z — X(%(y —yNz)] € [x~™O] is a trivial
character. By Lemma 4.7 we see that y — y’ € [z~ ().

By the same argument for x, x", y € xo + [7 7" O] such that both A, , and A/,
are non-zero, we have x — x’ € [~ ().

Therefore, each line and column in A has at most |[7~¢~™ ]| = ¢ non-
zero coefficients. Each coefficient in A has absolute value at most 2¢~"~!. The £>
norm of A is at most 2¢ 1. gi="m*T1 = 24'=2m < 24=/*1 and so is the operator
norm of A. O

i—m+1

Remark 1. By the same argument, for x, x’, y, y’ € x¢ + [7#7™ O] such that both
Ayx.y and Ay, are non-zero, we have (x + y) — (x’ + ') € [x~¢=™Q]. It means
that A is a block “anti-diagonal”.

Remark 2. Following the previous remark, we can write the action of A in the
following form (supposing A,y # 0)

AfGD) = Y7 Ay FO) = D Aveiymripom—ia) S (6 + y = X' + [ a]),

y'€xg+[r—" O] 1]

where Ay iy yryppm-igy = 0 or Cq~™1, which means that A is roughly
(the precise formula requires a more detailed analysis on Lemma 4.7) Cq'~?™
times the projection onto [z~ O]-invariant functions in £2(xo + [7™* O)), after

identifying x” to x + y — x’, corresponding to the arguments in the first proof above.
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