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K -theory for the crossed products by certain actions of Z?>

Selguk Barlak™

Abstract. We investigate the K -theory of crossed product C*-algebras by actions of Z2. Given a
7Z2-action, we associate to it a homomorphism between certain subquotients of the K -theory of
the underlying C*-algebra, which we call the obstruction homomorphism. This homomorphism
together with the K-theory of the underlying algebra and the induced action in K-theory
determine the K-theory of the associated crossed product C*-algebra up to group extension
problems. A concrete description of this obstruction homomorphism is provided as well. We
give examples of Z2-actions, where the associated obstruction homomorphisms are non-trivial.
One class of examples comprises certain outer Z2-actions on Kirchberg algebras, which act
trivially on K K-theory. This relies on a classification result by Izumi and Matui. A second
class of examples consists of certain pointwise inner Z2-actions. One instance is given as a
natural action on the group C*-algebra of the discrete Heisenberg group. We also compute
the K-theory of the corresponding crossed product. A general and concrete construction yields
various examples of pointwise inner Z2-actions on amalgamated free product C*-algebras with
non-trivial obstruction homomorphisms. Among these, there are actions that are universal, in a
suitable sense, for pointwise inner Z2-actions with non-trivial obstruction homomorphisms. We
also compute the K -theory of the crossed products associated with these universal C*-dynamical
systems.
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1. Introduction

The study of group actions on C*-algebras and their associated crossed product
C*-algebras plays an important role within the field of operator algebra theory.
Beside the fact that many interesting and prominent C*-algebras arise naturally as
crossed products, their importance is also due to the various connections to other
fields such as representation theory, index theory and topological dynamical systems.
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One of the most important invariants for crossed product C*-algebras is
topological K-theory. However, given an action of a locally compact group on a
C*-algebra, it is often very difficult to compute the K-theory of the corresponding
crossed product, even if the K -theory of the underlying C*-algebra is well understood.
One approach to the computation of the K-theory of the reduced crossed product,
which is accessible via topological methods, is proposed by the famous Baum-
Connes Conjecture [2,3]. The conjecture is known to hold for a strikingly large class
of groups. In this context, we emphasize the deep work of Higson and Kasparov [12]
on groups with the Haagerup property, and of Lafforgue [16] on hyperbolic groups.

For actions of the integer group, the celebrated Pimsner—Voiculescu exact
sequence [20] is a very powerful tool to compute the K-theory of the corresponding
crossed products. Given a C*-dynamical system (A4, o, Z), it gives in particular rise
to a short exact sequence

0 —— coker(K(a) — id) — K« (A Xy Z) — ker(Kx+1 () —id) — 0.

This shows that K (A Xy Z) is determined by the action K. () : Z ~, K« (A) up to
a group extension problem.

It is natural to ask to what extends this property of Z-actions generalises to actions
of Z". More concretely, we can ask the following:

Question. Given a C*-dynamical system (A4, a, Z"), does the K-theory of A xy Z"
only depend on K, (@) : Z" ~, K«(A) up to group extension problems?

In this paper, we provide examples of ZZ2-actions giving a negative answer to
this question. To this end, we associate to a given C*-dynamical system (4, o, Z?)
a group homomorphism d(«) between certain subquotients of K.(A), which we
call the obstruction homomorphism. It is constructed using the Pimsner—Voiculescu
sequence and its naturality property. This homomorphism together with the action
K«(a) : Z? ~ Ki(A) determines K. (A4 x4 Z?) up to group extension problems.
The name for d, (@) justifies since it obstructs Ky (A X Z?) to be solely determined
by K« (@) : Z? ~ K«(A) up to group extension problems.

The instances of Z?2-actions with negative answer to the above question that we
discuss in this work all act trivially on K -theory, but give rise to non-trivial obstruction
homomorphisms. The first class of examples consists of certain Z2-actions on
Kirchberg algebras. The fact that many such actions induce non-trivial obstruction
homomorphisms turns out to be a consequence of Izumi’s and Matui’s classification
of outer locally K K-trivial Z?-actions on Kirchberg algebras, see [13].

As a second class, we consider pointwise inner 7.%-actions. Contrary to the naive
expectation, we find examples with non-trivial obstruction homomorphisms even
within this class of actions. This is even more remarkable, as ZZ-actions arising
from group representations into the unitary group of the underlying C*-algebra all
give rise to isomorphic crossed products. An instructive example, which is also of
interest in its own right, is given as a natural pointwise inner Z2-action on the group
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C*-algebra of the discrete Heisenberg group. This C*-algebra has already obtained a
great deal of attention, whereat we point out the thorough investigation of Anderson
and Paschke [1]. We conclude this paper by giving a general construction of pointwise
inner Z2-actions on certain amalgamated free product C*-algebras. Among these,
we find actions that are universal, in a suitable sense, for non-trivial obstruction
homomorphisms coming from pointwise inner Z2-actions. We also compute the
K-theory of the crossed products associated with these universal actions.

The paper is organised as follows. In Section 2, we provide concrete lifts for
images under the boundary map of the Pimsner—Voiculescu sequence py : K« (A4 Xg
Z) — Kx4+1(A). The lifts for p; are well-known and easily found by using the partial
isometry picture of the index map. They are all given as, what we call, generalised
Bott elements associated with a commuting pair of a projection and a unitary. Finding
suitable lifts for pg is less obvious. These are given as generalised Bott elements in
the sense of Exel [11]. To define these lifts, we use a result by Dadarlat [9], which
provides a better suitable description of the K;-group for a unital C*-algebra.

In Section 3, we define the obstruction homomorphism associated with a
Z*-action. We use the results of Section 2 to give a concrete description of this
homomorphism in terms of generalised Bott elements.

In Section 4, we make use of Izumi’s and Matui’s classification result [13] to show
the existence of ZZ2-actions on Kirchberg algebras, whose associated obstruction
homomorphisms do not vanish. Given a Kirchberg algebra A, we show that their
classification invariant of a locally K K -trivial Z2-action on A, which is an element in
KK(A, SA), descends to the associated obstruction homomorphism, which basically
amounts to a homomorphism K4(A4) — Ki41(A). They prove that every element
in KK(A, SA) is realised as the invariant of such a Z?-action, provided that A is
stable. Consequently, if A moreover satisfies the universal coefficient theorem (UCT)
by Rosenberg and Schochet [21], then every homomorphism K.(A) — Kit1(A)
occurs as the obstruction homomorphism of some Z?-action on A.

In Section 5, we provide examples of pointwise inner Z2-actions, which induce
non-trivial obstruction homomorphisms. We first consider the group C*-algebra of
the discrete Heisenberg group, C*(H3), equipped with a natural pointwise inner
action. This action is universal in the sense that every pointwise inner Z2-action
on a unital C*-algebra B gives rise to an equivariant and unital *-homomorphism
C*(H3) — B. We show that the associated obstruction homomorphism is non-trivial
and compute the K -theory of the corresponding crossed product. It turns out that this
crossed product is not isomorphic in K -theory to the crossed product of C*(H3) by
the trivial Z2-action. Finally, we present a general method of constructing pointwise
inner actions, which induce non-trivial obstruction homomorphisms. All occurring
C*-algebras are given as amalgamated free products of the form A (1) B. We
require that A4 is equipped with a poinwise inner action, which has the property that
the commutator of the two implementing unitaries has full spectrum. Moreover, B is
supposed to contain a central unitary with full spectrum, which gets identified with the
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commutator. The action of A extends to a pointwise inner action on the amalgamated
free product, and an additional, relatively mild K -theoretical assumption on B ensures
that the associated obstruction homomorphism is non-trivial. Among the constructed
examples, we find C*-dynamical systems which are universal, in a suitable sense, for
non-trivial obstruction homomorphisms associated with pointwise inner Z2-actions.
We compute the K-theory of the crossed products associated with these universal
C*-dynamical systems by employing a six-term exact sequence for amalgamated free
products by Thomsen [22].
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2. The boundary map of the Pimsner—Voiculescu sequence

Let us first recall Exel’s [11] definition and some basic properties of Bott elements
associated with almost commuting unitaries. Let 7 denote the Toeplitz algebra and XC
the algebra of compact operators on a separable infinite dimensional Hilbert space.
Consider the following extension of C*-algebras

0—=K®C(T) —=T ®C(T) —=C(T) ® C(T) —= 0

induced by the canonical surjection 7 — C(T). Up to a sign, the Bott element b €
Ko(C(T?)) is characterised by the property that its image under the corresponding
index map pg : Ko(C(T) ® C(T)) — K;(C(T)) is a generator for K;(C(T)). We
fix the convention that po(b) = [z], with z := id¢(T).

For ¢ > 0, Exel [11] defines the soft torus A, as the universal C*-algebra

Ag := C*(ug, ve unitaries : ||[ug, ve]|| < &),

where [ug, vg] = U v, — V.U, denotes the commutator of u, and v,. It is obvious from
the definition that A9 = C(T?), and that for & > 2 the soft torus A, coincides with
the full group C*-algebra of the free group in two generators. There is a canonical
surjective *-homomorphism

0 Ae > C(T?)  with @ (ug) 1= 21, 9 (ve) 1= 22,
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where z; and z, denote the projections onto the first and second coordinate,
respectively. By [11, Theorem 2.4], K. (¢.) is an isomorphism whenever & < 2,
and in this case we define

be := KO(‘/’S)_I([’) € Ko(Ae).

Definition 2.1 (cf. [11]). Let 0 < ¢ < 2, B a unital C*-algebra, and u,v € B
unitaries satisfying || [u, v] | < e. The universal property of the soft torus A, yields
a unique *x-homomorphism ¢ : A, — B with ¢(u;) = u and ¢(ve) = v. Then the
Bott element associated with u and v is defined as

K(u,v) := Ko(p)(be) € Ko(B).

Note that «x(u, v) is independent of ¢ as long as || [u,v] || < e. By definition,
k(z1,z2) = b € Ko(C(T?)). If ¢ : A — B is a unital *-homomorphism and
u,v € A are unitaries with || [u, v] || < 2, then

Ko(@)(kc(u, v)) = k(p(u). ¢(v)).

For small ¢ > 0, the Bott element «(u, v) is given (up to a sign) by the following
description due to Loring [17]. Consider the real-valued functions f,g,h € C(T)
defined as

7 z,m) 1 —2t, ifo<t<1/2,
e =
—142t, if1/2<t<]I,
(27t = (f(exp(2rit)) — f(exp(Rmit))®)V/2, if0 <t <1/2,
§ o, ifl1/2<t<1,
h(e2™it) = 0, ifo<t<1/2,
(f(exp(2mit)) — f(expmit))®)V/2, if1/2<t <1,
and set

— J) g() + h(v)u
)= (g orny V0
One checks that e(u, v) is always self-adjoint and a projection whenever u and v
commute. Loring observed in [17, Proposition 3.5] that there is a universal constant
8 > 0 such that whenever || [u,v]| < &, then the spectrum of e(u,v) does not
contain 1/2. In this case, x[1/2,00)(e(,v)) € M>(B) is a projection, and Loring’s
Bott element is given as

[X[1/2,00)(e(u, v))] = [1] € Ko(B).

The Bott elements also have the following well-known properties. We leave the
proof to the reader.

) € M»(B).
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Proposition 2.2. Let B be a unital C*-algebra and u,v,u1,v1,...,Uy, vy € B
unitaries. Then the following statements hold true:

(i) Ifu; € B is a homotopy of unitaries with || [u;, v] || < 2 forallt € [0, 1], then
Kk(uo,v) = k(u1,v).

(i) If || [ui, vi] | < 2fori = 1,...,n, then

n

k(diag(uq, ..., u,),diag(vy,...,vy)) = Zk(ui, v;).

i=1

n

(iii) If i | [u, vi] || <2, then k(u,viva...v,) = > k(u,v;).

i=1 i=1
@v) If || [u,v] || <2, then k(u,v) = —k(u,v*) = —«(v, u).

For a unital, purely infinite and simple C*-algebra A, Elliott and Rgrdam showed
in [10, Theorem 2.2.1] that every element x € Ky(A) is a Bott element x = x(u, v)
for some pair of commuting unitaries u,v € A (with full spectrum). On the other
hand, if A is a unital C*-algebra admitting a tracial state t, then every Bott element
in K¢(A) associated with exactly commuting unitaries vanishes under K¢ (7). In fact,
if 7o denotes the induced (unnormalized) trace on M5(A), then 5 (e(u, v)) = 1.

It will turn out to be convenient to consider the following analogous notion of
Bott elements in the K-group of a unital C*-algebra.

Notation 2.3. Let A be a unital C*-algebra. Let p € A be a projectionand u € 4 a
unitary commuting with p. Then pup + 1 — p € A is a unitary, and we define the
Bott element associated with p and u as

k(p,u) = [pup +1— p] € K1(4).

Observe that the Bott isomorphism K¢(A) =K 1(SA) indeed sends [p] to k(p, z).

Now let A be a C*-algebra and o € Aut(A) an automorphism on A. Recall the
Pimsner-Voiculescu exact sequence [20]

Ko(a)—id Ko(5)
—_—

Ko(A) Ko(A) Ko(A %y Z)
o1 lpo
K1(A xq Z) X0 Ki(4) K@) K1(A)

with j : A — A x4 Z denoting the canonical embedding. It is natural in the sense
that for any equivariant *-homomorphism ¢ : (4, «, Z) — (B, B, Z), the following
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diagram commutes

Ky (a)—id

K(A) Ku(A) — Ku(A % Z) 2> Koy 1(A)

LK*(‘P)

LK*(w) jK*(J)) lK*+1(<ﬂ)
K*(B) K*(,B)_id

Ku(B) — Ku(B xg Z) *— Ky11(B)

where ¢ : AXg7Z — BxpgZ denotes the natural extension of ¢ to a *-homomorphism
between the crossed products. Furthermore, we recall that the boundary maps
of the Pimsner—Voiculescu sequence coincide (at least up to an application of the
stabilisation isomorphism) with the ones of the six-term exact sequence associated
with the Toeplitz extension

0—>K®A—>T(A,0) —= Axg Z —0,

where

T(A,a) =C*"(v®au : ac A) CT Q@ (Axy7Z)
is the crossed Toeplitz-algebra associated with o, see also [8]. Here, v € T denotes
the canonical isometry and u € M (A %y Z) denotes the canonical unitary in the
multiplier algebra of A x, Z implementing c.
Notation 2.4. For a C*-algebra A and n € N, let P,(A4) denote the set of
projections in M, (A). If A is unital, then U4, (A) denotes the set of unitaries
in M, (A). Furthermore, if « € Aut(A4) is an automorphism, then we write
a® = a®id € Aut(A® M, (C)). Similarly, we definea™ := a®1, € AQM,(C)
fora € A.

Assume that A is unital. We now describe preimages of the boundary map
p1: K1(AxqZ) — Ko(A) of the Pimsner—Voiculescu sequence. Observe that every
element g € Ko(A) can be expressed as g =[p] —[1,] for some p € P,,,(A) and n > 0.
It is obvious that g € ker(Ko(c) — id) if and only if [p] € ker(Ko(«) — id). Hence,
it suffices to describe lifts for elements of the form [p] € im(p;) = ker(Ko(a) —id).
Proposition 2.5. Let A be a unital C*-algebra, a € Aut(A), and p € Pr(A) a
projection satisfying [p] € ker(Ko(«) — id). By the standard picture of Ko(A), we
find l,m > 0 and a unitary w € U, (A) such that

a"(g) = wquw*,
wheren :==k + 1 + m and q := diag(p, 1;,0,,) € P, (A). Then
pr(e(q, wu™) —[u®)) = [p].
Proof. Assume first that k = 1 and [ = m = 0. It is easy to verify that

y=vQ(puwup)+10 (1 —-p)eTA, a)
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is an isometry that lifts pwu*p +1— p € A x4 Z. Using the partial isometry picture
of the index map, one computes

p1((p,w*u)) = [1 = yy*] = [l = y*y] = [1 = yy7]
=[(1-vv*)® p] € Ko(K ® A).
By the stabilisation isomorphism Ko(A4) = Ko(K ® A), we deduce that
p1(k(p, w*u)) = [p] € Ko(A).

Now, let ¢ € P,(A) and w € U, (A) be as in the statement. The canonical

isomorphism 1 : My, (A) Xgm Z —> A X Z ® M, (C) gives rise to a commutative
diagram
(n)
P
Ko (M (A) %y Z) L K1 (4)

K*(W)L /
K (A xq Z)
relating the boundary maps of the respective Pimsner—Voiculescu sequences. Hence,
p1(ic(g. wu™)) = (p1 0 Ky () (e(g. w*u)) = pi" (e(q. w*u)) = [q].
It follows that
pr(ic(g, w*u™) —[u']) = [q] - [11] = [diag(p, 1] - [11] = [p). O

For the boundary map pg : Ko(A Xq Z) — K;1(A), we use an alternative picture
for K (A), derived from the natural identification K. (A4) =~ KK(C(T), A) together
with Dadarlat’s result [9, Theorem A] applied to T.

Theorem 2.6 (cf. [9]). Let A be a unital C*-algebra and u,v € U(A) two unitaries.
Then [u] =[v] € K1(A) ifand only if for every ¢ > 0, there existk >1, A1, ..., Ay €T,
and a unitary w € My 1(A) such that

|w(diag(u, Ay, ..., Ap))w* —diag(v, A1,..., Ap)|| < e.
For 0 < ¢ < 2, define the universal C*-algebra
T, := C* (s isometry, u unitary : | [s,u] || <&, uss® = ss*u).

Consider the extension of C*-algebras

0 I, T, Ag 0

induced by the canonical surjection 7, — A, mapping s to u, and u to v,.
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We denote the exponential map of the associated six-term exact sequence by

Pe . Ko(Ag) = K1(I;). Sete :=1—ss5* € I,. Asu and ss* commute, eu + 1 — e
defines a unitary in the minimal unitization of /.

Lemma 2.7. The exponential map p. : Ko(A:) — K1 (1) satisfies
pe(be) =[eu +1—e].

Proof. Using that u and e commute, one computes
s* O\ feu+1—e 0\ (s e) (1 0
e s 0 u)\0 s*)  \O0 eu+sus*)’

As |[[s,u]l| <,
1 0 _ 1 0 e <2
0 eu+ sus* 0 ul|— ’

Thus, the above computation shows that in K1 (Tg),

eu+1l—e 0| |[(1 0 (1 0
0 u) |  |\O eu+sus*)| |\0O u/|’
and hence [eu + 1 —e] = 0 € K;(T;). Consequently,

[eu + 1 —e] € im(pe) C K1(1¢),

so that we find n € Z such that p,(n - b;) = [eu + 1 —e].
Consider now the commutative diagram with exact rows

0 15 TE Aé‘ 0

e -

0—=K®C(T) —=T ®C(T) —=C(T) ® C(T) —= 0

induced by the surjective x-homomorphism v, : T, — 7 ® C(T) given by ¥ (s) =
v ® 1 and ¥.(u) = 1 ® z. Naturality of K-theory yields a commutative diagram

Ko(4,) — 2~ K1 (I,)

Ko(%)j jKl We)
Ko(C(T) ® C(T)) 22~ K, (C(T))
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Thus,
n - Ki(¥g) o pe(be) = K1 () ([eu + 1 —e]) = [z] = po(b)
= po © Ko(ge)(be) = K1(yp) © pe(be),
which implies that n = 1. This completes the proof. O

Proposition 2.8. Let A be a unital C*-algebra, @ € Aut(A), and x € Ur(A) a
unitary satisfying [x] € ker(Ky(a) —id). An application of Theorem 2.6 yields
1 >0, A1,...,A0; € T, and w € Uy, (A) satisfying

Ha(m)(y) - wyw*H <2,
where m := k 4+ [ and y := diag(x, A1, ..., A1) € U (A). Then

polk(w*u®™, y)) = [x].

Proof. First assume that k = 1 and / = 0. For suitably chosen 0 < ¢ < 2, there
exists a *-homomorphism

V:Te—>TAa), ¥()=vQuw*u, yu)=1Q x.

This homomorphism fits into the commutative diagram

0 I, T: A, 0

T

0—>K®A—>T(Aa)—> AxgZ —>0

where ¢ is given by ¢(u,) = w*u and ¢(v,) = x. By Lemma 2.7 and stability of
K-theory,

po(k(w*u, x)) = po o Ko(¢)(be) = K1 (¥') 0 pe(by)
= Ki(y)([eu + 1 —e]) = [x] € K1(A).

If w,y € Uy,(A) are as in the statement, then by a similar reasoning as in the
proof of Proposition 2.5,

po(k(w*u™ . y)) = (oo © Ko(n))(k(w*u, y))
= p" (k(w*u, y)) = [y] = [x]. 0
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3. The obstruction homomorphism

Notation 3.1. For a C*-dynamical system (4, «, Zz), we write a7 and o for the
automorphisms corresponding to (1, 0) and (0, 1), respectively. Moreover, we denote
by ds : AXg, Z — AXq, Z the natural extension of o, to an automorphism of AXy, Z.

Given a C*-dynamical system (4, o, Z?), we denote by

K« (ap) : ker(K(ap) —id) — ker(Ky(aq) — id),
cox(arp) : coker(Ky(oep) — id) — coker(K«(oep) — id)

the endomorphisms induced by K. (a,) — id. We remark that these are well-defined
as a1 and ap, commute. By naturality of the Pimsner—Voiculescu sequence, the
equivariant x-automorphism «, : (A4, a1, Z) — (A, @y, Z) givesrise to the following
commutative diagram with exact rows

0 — coker(Kx (1) —id) — K« (A X, Z) P ker(Ky«+1(ay) —id) —= 0
lCO*(az) lK*(&Z)_id lk*+l(a2)
0 —> coker(Ky (1) — id) —> Ko (A Xq, Z) —2> ker(Kyy1(ar1) — id) —= 0
3.1)

Applying the snake lemma (see e.g. [23, 1.3.2]) to this diagram, we obtain a group
homomorphism dy () : Sx(a) = Tx41(ct), where

S«(0) := ker(Kx«(a7) — id) N ker(K (o) — id),

Ti(o) := K« (A) / (im(K«(aq) —id), im(Ky (a2) —id)) .
We call d«(«) the obstruction homomorphism associated with «. It satisfies the
following naturality property.
Proposition 3.2. If¢ : (A, a, Z?) — (B, B, Z?) is an equivariant x-homomorphism

between C*-dynamical systems, then the following diagram commutes

Se(@) =L 7, (@)

K*(w)l LK*+1(¢)
d«(B)
S«(B) — Tx41(B)

Proof. This follows directly from the naturality of the Pimsner—Voiculescu sequence
and the naturality of the snake lemma exact sequence. O

The K-theory of A x, Z? is determined by (K« (A), Ky(at1), Ku(02), di())
up to group extension problems. In this sense, d«(«) is indeed an obstruction
for that K4 (A xg Z?) only depends on K (A), K«(a1), and Ky (az) up to group
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extension problems. To see this, observe first that the Pimsner—Voiculescu sequence
for (A Xg, Z, a>, Z) induces a short exact sequence

0 —> coker(Kx(t2) — id) —= Ky (A g Z2) 2= ker(K st 1(d2) — id) —= 0.

Moreover, by definition of the obstruction homomorphism, the snake lemma exact
sequence associated with (3.1) splits into two extensions, namely

0 —— ker(cox(02)) — ker(K«(at2) — id) —ker(dy+1(a)) ——0
and

0 — coker(dx+1(a)) — coker(K(&z) — id) — coker(Ky+1 (o)) — 0.

We proceed with a concrete description of the obstruction homomorphism in
terms of generalised Bott elements.

Theorem 3.3. Let A be a unital C*-algebra and o : 7> ~ A an action. Let
p € Pi(A) be a projection satisfying [p] € So(). Find [,m > 0 and unitaries
v, w € Uy, (A) with

o (q) = vqv* and of”(g) = wquw*,
wheren ==k + 1 + m and q := diag(p, 1;,0,,) € P, (A). Then

do(@)([p)) = [k(g, w*ad” ) *a\P (w)v)] € T1 ().

Proof. It p1 : K1(A %, Z) — Ko(A) denotes the index map of the Pimsner—
Voiculescu sequence for a1, then Proposition 2.5 yields

p1(x(q, v u™) — [u(l)]) = [p].
One computes that
(Ko(d2) — id) (g, v u™) — [uD]) = (Ko(d2) — id)(k (g, v*u™))

= K(“én)(‘])’aén)(v)*u(n)) — k(g v*u™)
= k(wqw*, e ) u™) + (g, u™ v)
= k(g w*ad” ) u™w) + k(q.u™"v)
= k(g w*a” ) uwu™"v)

= k(q. w*a ()*a™ (w)v) € K;(A).

By definition of the snake lemma homomorphism, we get that

do(@)([p]) = [k(g, w*ad” () *a\P (w)v)] € Ti (). O
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Observe that do(«) is completely determined by Theorem 3.3. In fact, for any
g € So(a), there is a projection p € P,,(A) and some n > 0 such that g =
[p] — [1,] € Ko(A). In this situation, [p] € So() and do(x)(g) = do(@)([p])-

For the description of d; («), we need the following perturbation result.

Lemma 34. Let 0 < ¢ < 2. Let A be a unital C*-algebra and u,ii,v € U(A)

3
unitaries satisfying
u —afl, || u, v] ]| <e.

Then there is a homotopy u; € U(A) withug = u, u1 = i, and || [uz, v] || < 3e for
allt € [0,1].

Proof. Since |lu — i < % the spectrum of u*# does not contain —1. Therefore,

we can define i := —ilog(u*i) € A, where log denotes the principal branch of
the logarithm. This yields a continuous path of unitaries u; := uexp(ith) € A,
t €[0,1], withug = u and u; = u exp(log(u*ii)) = u. Fors,t € [0, 1],

s —uell = 11 —exp(i(s =) || < [[1 —exp(h)|| = [lu — ]| <.
One now computes
ez o] < Mluzv — vl + flowy —vuel| + [ fu, v] | < 3e. o

Theorem 3.5. Let A be a unital C*-algebra and o : 7> ~ A an action. Let
v € Ur(A) be a unitary satisfying [v] € Si(«). By Theorem 2.6, there are | > 0,
Al,..., A € T, and unitaries x, y € Uy, (A) such that

where m := k 4+ [ and w := diag(v, A1, ..., A7) € U (A). Then

di@)([v]) = [k(r*ad™ (x)*a™ (y)x, w)] € To(@).

Proof. Using the isomorphism M, (A X, Z) = Mpu(A) % o Z, we compute that
1

1
™ (w) — ywy*| < T

“aim)(w) —xwx*

I [x*u(m),w]H = Hu(’”)wu(m)* —xwx*| = ”agm)(w) —xwx*| < %

By Proposition 2.8, the boundary map pg : Ko(A xq, Z) — K1(A) of the Pimsner—
Voiculescu sequence for o) satisfies

polie (™ u™ w)) = [v].
The naturality of the Bott elements and Proposition 2.2(iv) yield
(Ko@) — id) (c(x*u®™, w)) = e(eg™ ()" 1™, " (w)) — e (x"u ™, w)

= K(aém)(x)*u(m),aém)(w)) @™ x, w).
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Since

I

we can apply Lemma 3.4 and find a homotopy w, € Uy, (A) between aém)(w) and
ywy™ such that

1
||ot§m)(lU) _ ywy* |[Oém)(x)*u(m)’aém)(w)]” < 5

3
”[wt,agm)(x)*u(m)]u <5 forall 7 € [0, 1].
By Proposition 2.2(i) and the naturality of the Bott elements, we obtain that
(@™ () u™ g™ (W) = ey (1) U™, ywy®)
= K(y*aém)(x)*u(m)y, w).

Moreover,

1 3
[ e w] + |yres™ @ uy ]| < 5+ 5 =2.

and therefore Proposition 2.2(iii) yields

(Ko(6z) — id) (k (x*u™, w)) = K(y*agm)(x)*u("’)y, w) + /c(u(m)*x, w)
= K(y*agm)(x)*u(m)yu(m)*x, w)

= K(y*agm)(x)*aim)(y)x, w) € Ko(A).
By the definition of the snake lemma homomorphism, it follows that

di@)([v]) = [k(r*ad™ (x)*a™ (y)x, w)] € To(@). O

4. Locally KK -trivial Z2-actions on Kirchberg algebras

Let A be a C*-algebra and « : Z? ~, A an action. We present another description of
the obstruction homomorphism d. (o), making use of the mapping torus for oy,

Ma, (4) :={f €C([0.1]. 4) : f(1) = a1 (f(0))}.
Consider the short exact sequence
00— SA—— My, (A) =>4 ——>0

induced by evaluation at 0. It is well-known that the Pimsner—Voiculescu exact
sequence can be derived from the six-term exact sequence corresponding to
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More concretely, there is an isomorphism Ky(A4 Xo, Z) =

this extension.
Ky41(Mg, (A)) making the following diagram commute

&K*(A X, Z)

jp*

K*+1(A)

K« (A)

|

K*+1(Ma1(A))m

1R

where the left vertical map is given by composition of the natural map Ky1(S4) —
Ky+1(Myg, (A)) with the Bott isomorphism. We refer to [6] and [18] for details.

Denote by @, € Aut(My, (4)) the automorphism given by

a(f)@) == aa(f(1), f € Ma(4), 1€][0,1].
This indeed is a self map of Mg, (A4), as o; and o, commute. The isomorphism
Ki(A Xg, Z) = Kyy1(Mg, (A)) is natural, so that in particular, the diagram

K+(A ¥q, Z) —== Kig1(Ma, (4))

K*(&z)l lK*-q-l(&z)

Ku(A %q, Z) —=> Ky y1(Mq, (4))

is commutative. It now follows from the construction of the obstruction
homomorphism that the snake lemma homomorphism associated with the diagram

coker(K i 1(ar) — id) > Ky(Ma, (4)) X% ker(K, (1) — id)

cox41(a2) K+ (az2)—id jk* (a2)
K (evo)

coker(Ky41 (1) — id)—— Ky (Mg, (4)) —— ker(K(o1) — id)

with exact rows coincides with d (o).
Now assume that oy is homotopic to id 4 in Aut(A4). Fix a homotopy 8; € Aut(A)

id4 and consider the induced *-automorphism ¢ €

between B¢ = o and B;
Aut(4 ® C(T)) given by

o(f)(exprit)) = (Broaz 0 B') (f(exp(2mit))),

for f € A®C(T) and ¢t € [0, 1]. Note that ¢ is well-defined since «; and «y
commute. Obviously, ¢ restricts to an automorphism ¢’ : SA —> SA and fits into
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the following commutative diagram with split-exact rows

J

evy

0 SA A®C(T) A 0 4.1)
Lw’ l(ﬂ jaz
0 SA AQC(T)—Ls 4 0

J
Here, j : A —> A ® C(T) denotes the canonical embedding. Futhermore, there is
a *-isomorphism ¥ : My, (4) — A ® C(T) satisfying

V(N (expQrit)) = (Broay N(f(1), [ € May(a), 1 €[0,1].

Its restriction ¥" € Aut(SA) is homotopic to ids4 via ¥, € Aut(SA) given by

V()O) = Bse ooy N(f(1)), [ €SA st €[0,1].

Proposition 4.1. Let A be a C*-algebra and o : 72> ~, A an action such that o is
homotopic to id4 in Aut(A). Then the obstruction homomorphism d. (o) : K«(A) —
Kiy1(A) satisfies

dy (o) = (K« (@) —id) 0 Ki(j).

where we use the Bott isomorphism to identify Ky+1(A) = K« (SA) C K. (AQC(T)).

Proof. The isomorphism y : Mg, (A) =4 ®C(T) and (4.1) induce the following
commutative diagram

0 SA A®C(T) A

7
w |

0 SA A®C(T) A 0

7

0 SA Ma, (A)

0
a
0

0

Observe that all occurring rows are split-exact. Apply K-theory to the whole diagram,
use Bott periodicity for the left hand square involving the suspensions of A and
subtract the respective identity morphism at each vertical arrow. The snake lemma
homomorphism of the resulting front diagram is d« (), and the one of the back side



K -theory for the crossed products by certain actions of Z2 1575

diagram is (K« (¢) —id) o K« (j). The naturality of the snake lemma homomorphism
and the fact that ¥’ acts trivially on K-theory yield that these two homomorphisms
coincide. O

Assume now that o : Z2 ~, A is an action on a Kirchberg algebra. We follow [13]
and say that « is locally KK -trivial it KK(x1) = KK(az) = 14. Moreover, we
call two actions o, B : Z? ~ A KK-trivially cocycle conjugate if there exists an a-
cocyle u, that is, a map u : Z? — U(M(A)) into the unitary group of the multiplier
algebra of A satisfying ugae (up) = ugy for all g, € Z2, and an automorphism
w € Aut(A) with KK (u) = 14 such that Ad(ug)oag = poBgou~! forall g € Z2.

Given a locally KK-trivial action o on a Kirchberg algebra A, Izumi and
Matui [13] associate an element ®(«) € KK (A, SA) as follows. Since KK (a1) =
14 € KK(A, A), [19, Theorem 4.1.1] yields a homotopy B; € Aut(4 ® K)
between By = o1 ® idc and B; = idggx. As above, we define the automorphism
¢ € Aut(A ® K ® C(T)) by

o(f)(exp2rit)) = (B; o (2 ®id) o B; ) (f (exp(27it)))

for f e AQK QC(T)andt € [0,1]. Denoteby j : AQK — A QK ® C(T)
the canonical embedding. Using stability of the K K-bifunctor and the fact that
KK(az) = 14, we obtain that

®(a) := KK(poj)— KK(j) € KK(A,SA) C KK(A,A®C(T)).
If
v« . KK(A, SA) — Hom(K«(A4), K«+1(A))
denotes the natural homomorphism, then Izumi’s and Matui’s result is given as
follows.

Theorem 4.2 (cf. [13]). Let A be a unital Kirchberg algebra. The assignment
o = D(a) induces a well-defined bijection between the following two sets:
(i) KK-trivial cocycle conjugacy classes of locally K K-trivial outer Z?-actions
on A;
(i) {x € KK(4,S4) : yo(x)([1]) = 0 € K1 (A)}.
If A is a stable Kirchberg algebra, then the statement remains true when we take
KK(A, SA) as a classifying invariant.

By the definition of p.,
Yx(®(@) = Kilgpoj)—Ku(j) = (Ki(p)—id)o Ki(j) € Hom(K«(A4), Kit1(A))

for any locally KK-trivial Z?-action a. Hence, y«(®(a)) coincides with the
obstruction homomorphism associated with (4 ® K, @ ®idi, Z?) by Proposition 4.1.
Using stability of K-theory and Proposition 3.2, we conclude that y.(®(«)) = d« ().
Combining this observation with Theorem 4.2, we draw the following consequence.
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Corollary 4.3. Let A be a unital Kirchberg algebra satisfying the UCT. Let 1y :
K+«(A) = Ky«i11(A) be a homomorphisms with no([1]) = 0. Then there is a locally
K K-trivial Z.*-action o on A such that di(a) = n«. Moreover, Ki(A %y Z?) fits
into a six-term exact sequence

K1(A) @ Ko(A) 2% Ko(A) @ K1(A)

|

K1 (A %y Z?) <—— K1 (A) & Ko(A) <0 Ko(A) ® K1(A)

Ko(A g Z2)

If A is a stable Kirchberg algebra satisfying the UCT, then the statement remains true
if the condition on the class of the unit is removed.

Proof. Since A satisfies the UCT, we find some element x € KK (A, SA) satisfying
Yx(x) = n«. Observe that if A is unital, then the condition yo(x)([1]) = 0 is satisfied
by assumption. Theorem 4.2 yields a locally K K-trivial action @ with ®(«) = x,
and hence

Nx = Y (X) = yx(®(@)) = dx().
As a1 ®idy is homotopic to id 4@, we have that K; (A Xq, Z) = Ko(A)® K1(A)
for i = 0,1. The claim now follows from the Pimsner—Voiculescu sequence for
(A Xal Z,&z,Z). O

5. Pointwise inner Z2-actions with non-trivial obstruction homomorphisms

Definition 5.1. Let A be a unital C*-algebra and n € N. We say that an action
a : Z" ~ A is pointwise inner if ag is an inner automorphisms for all g € Z".
Ifn =2, ¥y = Ad(v), and a, = Ad(w) for unitaries v, w € U(A), then we call
u(a) ;= v*w*vw € U(A) the commutator associated with .

It is easy to check that u(«) € Z(A) and that u (o) does not depend on the choice
of the implementing unitaries. Here and in the following, Z(A) denotes the center
of A.

Next, we give a description of the obstruction homomorphism associated with a
pointwise inner Z2-action.

Corollary 5.2. Let A be a unital C*-algebra and o : 7> ~, A a pointwise inner
action. Letn > 1, x € U, (A), and p € P,(A). Then

do(@)([p]) = k(p,u(@)™) and di(@)([x]) = k@)™, x).
Proof. One computes that

w¥ar(v)*ap(w)v = wrwv wrrwv*v = v wrvw = u(a).
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As the automorphisms oy = Ad(v) and ap = Ad(w) satisfy
o (p) = v p®” and 0§ (p) = w® pu®”,
Theorem 3.3 implies that
do(@)([p]) = k(p,u(@)™).
The proof for d; («)([x]) follows similarly from Theorem 3.5. O

Consequently, d« (o) can only be non-trivial if the unitary u (c) has full spectrum.
Otherwise, u(«) is connected to 1 by unitaries in C*(u(«)) € Z(A). In fact, we
have the following result.

Proposition 5.3. Let A be a unital C*-algebra and ay, . . ., a, pairwise commuting
inner automorphisms on A. Let o : 7" ~ A denote the induced pointwise inner
action. Assume that for i, j € {1,...,n}, the commutator associated with the 7,>-

action generated by o; and o j is homotopic to 1 in U(Z(A)). Then Ky(A Xy Z") =
K«(A®C(T™)).

Proof. The proof goes by induction over n € N. For a single automorphism, this
is trivial since A Xaq(p) Z = A ® C(T). Assume now that the statement is true
for n — 1. Denote by & the Z" !-action on A X4, Z induced by &s, ..., d&,. For
i,j €{l,...,n}, let v(i, j) denote the commutator associated with the Z2-action
generated by «; and «;. As inner automorphisms fix the center pointwise, it holds
that v(i, j) € Z(A) € Z(A Xq, Z). Hence, as,...,a, give rise to a pointwise
inner action o’ : Z" 1 ~, A Xq, Z. Observe that o’ is as in the statement, so that
we can apply the induction hypothesis to it. Fori = 1,...,n, we find homotopies
wri € U(Z(A)), t € [0,1], with wo; = v(i,1) and w;; = 1. Since these
homotopies lie in the centre of A X, Z, we can define automorphisms

Gri+ A Xgy Z — A Moy L, @ria@) = ai(a), ¢ri(u) = wyu.

Foralls,t € [0,1] and i, j = 2,...,n, one computes that
Ps,i © Pr,j (U) = Wy, jWs, iU = We,j Wr, jU = @y, © Psi (1)

Thus, the ¢;; define a homotopy between the Z"-actions & and «’. In particular,
the corresponding crossed products have isomorphic K-theory. By the induction
hypothesis, we therefore obtain that

Ku(A xg Z™) = Ku(A Xg, Z x5 Z" ) = Ki(A Xgy Z X0 Z"71)

> Ku((A Xg, Z) ® C(T" 1)) = Ku(A ® C(T™)). O

The next result shows that there are certain restrictions on obstruction
homomorphisms associated with pointwise inner Z2-actions.
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Proposition 5.4. Let A be a unital C*-algebra and a : Z? ~ A a pointwise inner
action. Then dyy1(a) o dy () = 0.

Proof. Using the canonical isomorphism
K« (C(T) ® C(T)) = K«(C(T)) & K+(C(T)),
we compute
kKz®z,zd 1) =k(z,2) D k(z,1) =0 € Ko(C(T)) & Ko(C(T)).
Given a projection p € P, (A), there exists a unital x-homomorphism ¢ : C(T) &

C(T) — M, (A) satisfying ¢(z ®z) = u(a)™ and ¢(160) = p. By Corollary 5.2,
we get that

di (@) (k(p, u(@)™)) = k (@)™, pu(@)™p + 1, — p)
= Ko(@)(k(z @ 2,2 @ 1))
=0.

This shows that d; () o do(ar) = 0. Applying this to (4 ® C(T),a ® id, Z?), we
conclude that the obstruction homomorphism for (SA, S, Z?) also has this property.
Bott periodicity thus shows that dy(a) o dq () = 0. O

5.1. A natural action on the group C*-algebra of the discrete Heisenberg group.
Recall the discrete Heisenberg group

H; .= (r,s crsr sl central)
and its associated (full) group C*-algebra
C*(H3) := C*(u, v unitaries : uvu™*v* is central).

Consider the pointwise inner ZZ2-action o on C*(H3) given by a; = Ad(u) and
o = Ad(v). The associated C*-dynamical system (C*(H3), o, Z?) is universal in
the following sense. Let B be a unital C*-algebra and B : Z2 ~ B a pointwise
inner action. If 8; = Ad(x) and B8, = Ad(y), then there is a unital and equivariant
x-homomorphism ¢ : (C*(H3),a,Z?) — (B, B,Z?) satisfying ¢(u) = x and
p(v) = y.

The Heisenberg group also admits the following description as a semidirect
product

H; :Z2 Xg 7, with&(el) 261,5(62) =e1 + es.

Hence, the *-automorphism o € Aut(C(T?)) satisfying 0(z;) = z; and 0(z;) =
z1zp gives rise to an isomorphism

C*(H3) = C(T*) %g Z, ur>u, v zy,
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where u € C(T?) %, Z denotes the canonical unitary implementing o. Using this
identification, the action « is given by «; = Ad(u) and o = Ad(z»), and the
commutator associated with « satisfies

u(er) = u*ziuzy = 212525 = z1 € C(T?) x4 Z.

The Bott projection e := e(zy,z3) € M,(C(T?)) is unitarily equivalent
to 0@ (e), see [1, Section 1]. So, we find a unitary x € Us(C(T?)) with 6@ (e) =
xex*, which in turn gives rise to a Bott element « (¢, x*u®) € K,(C*(H3)).

Let us recall the K-theory of C*(H3), which was determined in [1, Proposi-
tion 1.4(a)]. For the reader’s convenience, we also provide a short proof.

Proposition 5.5. The K-theory of C*(H3) is given by

Ko(C*(H3)) = Z*[k(z1. 22) .k (z1. ). [1]].
K1(C*(H3)) = Z*[[z2]. [u]. k(e. x*u®)].

Proof. As Ky(0) = id, the Pimsner—Voiculescu sequence for o is of the form

Ko(C(T?)) —— Ko(C(T?)) — Ko(C(T?) xg Z)

Ki(C(T?) % Z) ~—— K1 (C(T?) <= K1 (C(T2)

Moreover, ker(K;(0) —id) = Z][z1]. This yields
Ko(C*(H3)) = K1(C*(H3)) = Z°.

We also conclude that the natural inclusions Ko(C(T?)) «— Ko(C(T?) x4 Z)
and Z[z3] <> K{(C(T?) x4 Z) are split-injective. Proposition 2.5 implies that
p1([u]) = [1] and py (k (e, x*u@)) = [e]. This shows the assertion for K| (C*(H3)).
Analogously, the claim for K¢(C*(H3)) follows since po(k(z1,u)) = [z1] by
Proposition 2.8. O

Theorem 5.6. The obstruction homomorphism associated with the natural action
o : Z? ~, C*(Hs) is non-trivial. The K -theory of the crossed product C*(Hs3) x4 Z?
satisfies

Ko(C*(H3) xq Z%) = K (C*(H3) g Z*) = 7.°.

In particular, C* (H3) %y Z? and C*(H3) ® C(T?) are not isomorphic in K-theory.

Proof. By applying Corollary 5.2 to dy(a) : K1(C*(H3)) — Ko(C*(H3)), we
obtain

di(@)([z2]) = k(u(a), z2) = k(z1,22) and dy(a)([u])) = «(z1.u).
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The discussion in Section 2 shows that the canonical trace on C*(H3) prevents
[1] € Ko(C*(H3)) from being a Bott element associated with two exactly commuting
unitaries. Since o is pointwise inner, every element in the image of dj(«) is
representable in such a way. Hence,

im(d; (@) = Z* [k(z1.22). k(z1,u)] C Ko(C*(H3)),

which sits inside Ko(C*(H3)) as a direct summand.

It holds that do(a)([1]) = 0, and by Proposition 5.4, we also have that dy () o
dy(a) = 0. It now follows from Proposition 5.5 that do () = 0.

If Gy := Ko(C*(H3)) and G := K;{(C*(H3)), then the Pimsner-Voiculescu
sequence for (C*(H3) %o, Z, a2, Z) is of the form

G1® Go—" % Go @ Gy — Ko(C*(H) »q Z2) 5.1)

| |

K1 (C*(H3) Xg Z2) ~—— G, ® Go ~———— G & G,

The result now follows by splitting up this six-term exact sequence into two extension,
and then comparing the ranks of the occurring abelian groups. O

We also find pointwise inner Z2-actions on C* (H3) whose corresponding crossed
products have torsion in K-theory.

Corollary 5.7. Let m,n € N and denote by & the pointwise inner Z2-action on
C*(H3) generated by o' and of. Then

Ko(C*(H3) g Z*) = Z'° @ Z /mnZ & Z/mnZ,
K1(C*(H3) xg Z°) = 7.1°.

Proof. A similar proof as in Theorem 5.6 shows that the K -theory of C*(H3) xg Z?2
fits into the exact sequence (5.1) with dy(«) replaced by d1(&) = mn - di(a). O

5.2. Certain pointwise inner actions on amalgamated free product C*-algebras.
Throughout this section, A denotes a unital, separable C*-algebra and « : Z2 ~, A
a pointwise inner action whose associated commutator u () has full spectrum. Let
u,v € A be unitaries satisfying «; = Ad(u) and o = Ad(v).

Let B be a unital, separable C*-algebra whose K-groups both do not vanish.
Also assume that there exists a central unitary w € U(Z(B)), some n € N, and a
projection p € P, (B) such that

k(p,w™) # k[w] € K{(B) forallk € Z. (5.2)

Observe that w must have full spectrum.
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Consider the two injective *x-homomorphisms
i1:C(T)y— A, i1(z) :=u(e) and iy :C(T)—> B, ir(z) := w,

and form the amalgamated free product C := A *¢(T) B, see [5, Section 10.11.11].
There are natural unital *-homomorphisms j; : A — C and j, : B — C, which
are also injective by [4, Theorem 3.1]. Since u(a) = w is central in C, the action
on A extends to a pointwise inner Z%-action on C, which we also denote by . The
associated obstruction homomorphism dy (o) : K«(C) — Kx«41(C) satisfies

do(@)([p]) = k(p.u(@™) = x(p.w™) € K1(C).
Lemma 5.8. We have that do()([p]) = k(p, w™) # 0 € K,(C).
Proof. By [22, Theorem 6.3], there exists a six-term exact sequence

Ko(i1)®Ko(i2) Ko(j1)—Ko(j2)

Ko(C(T)) Ko(A) & Ko(B) Ko(C) (5.3)
K1 (C) K1(j1)—K1(j2) K1 (A) ® K1 (B) K1 (i1)®K1G2) K, (C(T))
Since

(K1(j1) — K1(j2))(0 & =k (p, w™)) = k(p, w™),

it suffices to check that 0 @ —«(p, w™) ¢ im(K,(i;) ® K1(i2)). We have that
[u(x)] = 0 € K1(A), and therefore

im(K1(i1) ® K1(i2)) = 0 Z[w].
By assumption, «(p, w™) # k[w] for all k € Z, and the proof is complete. O

As the conditions on 4 and B are very mild, Lemma 5.8 applies in many situations.
We would like to discuss one example, which is of particular interest. Take A :=
C*(H3) and equip it with the natural action « defined in the last subsection. Let
B :=C(T)®C(T)andsetw := zHz and p := 14 0. Observe that these elements
satisfy (5.2). Define the amalgamated free product Cy := A *¢(T) B and consider
the pointwise inner action on C; induced by « : Z? ~, A, which we also denote by .
By Lemma 5.8, x(p, w) # 0 € K;(Cy).

The C*-dynamical system (Cp,a,Z?) is universal for Kj-obstructions for
pointwise inner Z2-actions in the following sense. For every unital C*-algebra D,
any pointwise inner action y : Z? ~, D with y; = Ad(ii) and y, = Ad(?), and
every projection p € D, there is a unital and equivariant x-homomorphism

¢0:(Ci,0,Z% — (D,y,Z%), uvwii,v>7, pr> p.
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By naturality of the obstruction homomorphism (Proposition 3.2),

K1 (@) (do(@)([p])) = do(¥)([P])-

Therefore, we can think of do(a)([p]) = «(p,u(x)) € K1(Cy) as the universal
K -obstruction for pointwise inner Z2-actions.

The universal property of (Cy, a, Z?) also yields that « (p, u(a)) € K;(Cy) has
infinite order and induces a split-injection Z [k (p, u(«))] —> K;(Cy). To see this,
consider the C*-dynamical system (4 ® O™, a ® id, Z?), where O is the (unique)
UCT Kirchberg algebra with Ko(O*°) = 0 and K;(O*°) =~ Z. The proof of
Theorem 5.6 and the fact that A ® O is properly infinite show that there exists a
projection g € A ® O such that the cyclic subgroup generated by

0 # do(x ® id)([g]) € K1 (4 ® O)

sits inside K1(A ® O®) == Z3 as a direct summand. Hence, the universal property
of (Cy,a, Z?) applied to (4 ® O, a ® id, Z?) and q yields the desired result.

Proposition 5.9. The canonical embedding j, : A —> C; is split-injective in
K-theory and induces the following decompositions:

Ko(C1) = Ko(A) ® Z[p] and Ky(C1) = K1(A) & Z[k(p, u(w))].
In particular, Ko(Cy) = K,(Cy) = Z*.
Proof. Direct computation shows that
Ky(i1) @ Ki(iz) : K«(C(T)) — Ku(A) ® K«(B)
is split-injective. Hence the six-term exact sequence (5.3) associated with the
amalgamated free product C; = A *¢(T) B reduces to a split-extension

Ky (i1))®Kx«(i2) K« (j1)—Kx«(j2)
_— _—

0 ——= K«(C(T)) K«(A) ® K«(B) Ky (C1) —=0.
(5.4)

Consequently, K, (C}) is torsion-free. As Ko(A) = K(A) = Z3 by Proposition 5.5,
we conclude that Ko(Cy) = K(Cy) = Z*.

The universal property of the amalgamated free product yields a homomorphism
¢ C1 — Asatisfying ¢ o j1 = id4, (¢ 0 j2)(p) = 1, and (¢ o j2)(w) = u(a).
Obviously, ¢ is surjective with splitting j; : A — Cjp. This shows that K« (j1) is
split-injective. Moreover, we get that [p] € K¢(C1) has infinite order and induces
a split-injection Z[p] — Ko(C1). Since we already know that the analogous
statement for x(p, u(a)) € K1(Cy) is true as well, it remains to show that [p] and
k(p,u(a)) both do not lie in K« (j1)(K«(A)) € K«(C1).

Suppose that there is some g € K¢(A) with Ko(j1)(g) = [p]. As

(Ko(j1) — Ko(j2))(0 ® —[1 & 0]) = [p],
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exactness of (5.4) yields the existence of some k € Z satisfying
k([(lelel)+go0=08—-[100]

This is a contradiction, and thus [p] ¢ Ko(j1)(Ko(A)). A similar argument yields
k(p,u(@)) ¢ Ki(j1)(K1(A)) using that

(K1(j1) — K1(j2)(0 ® —[z ® 0]) = «(p,u(a)) € K1(Cy). 0

Theorem 5.10. The obstruction homomorphism associated with o : 7> ~, Cj is
non-trivial. Moreover, the K -theory of Cy X 7.2 satisfies

Ko(Cy X Z2) = K1 (Cy xg Z°) = 713,
In particular, K(C1 xq Z?) 2 K+(C1 ® C(T?)).
Proof. We have that

do(@)([p]) = k(p.u(w)) and di(e)(x(p,u(@))) =0,

where the second equality is a consequence of Proposition 5.4. As K.(j1) :
K« (A) — K. (C) is split-injective by Proposition 5.9, naturality of the obstruction
homomorphism yields that on K«(A) C K«(Cy), d«(a) : Ku(C1) — Kiy1(Cy)
coincides with the obstruction homomorphism associated with (A4, a, Z?). The proof
of Theorem 5.6 therefore yields that

coker(do(a)) = ker(dp()) = Z*> and coker(d;(a)) = ker(d;(x)) = Z>.

As in the proof of Theorem 5.6, the statement now follows from the Pimsner—
Voiculescu sequence associated with (Cy X, Z, 0t2, Z). ]

Let us present another instance of a C*-dynamical with non-trivial obstruction
homomorphism arising from the above construction. Whereas (Cy,a,Z?) is
interesting for its universal property, the next C*-dynamical system is minimal
concerning the K-groups of the underlying C*-algebra.

Theorem 5.11. There exists a unital, separable C*-algebra C with Ko(C) =~
K1(C) = Z, which admits a pointwise inner Z*-action « that is pointwise homotopic
to the trivial action inside Inn(A) and whose associated obstruction homomorphism
is non-trivial. The K-theory of the associated crossed product is given by

Ko(C g 2%) = K, (C xq Z?) = 73.

In particular, K(C x4 Z?) 2 K«(C ® C(T?)).
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Proof. Define A := C*(H3) ® O, and note that this C*-algebra has trivial
K-theory, see [7, Theorem 2.3]. Kirchberg’s absorption theorem [15] implies that
A =~ A® Z, where Z denotes the Jiang-Su algebra. Hence A is K;-injective
by [14, Corollary 2.10]. The unitaries ¥ ® 1 and v ® 1 € A are therefore homotopic
to 1 € U(A). By identifying u(e) ® 1 € Awithz @z € C(T) & C(T), we can form
the amalgamated free product

C:=A4 *c(T) (C(T) (&) C(T))

Consider the pointwise inner Z2-action o on C induced by Ad(u ® 1) and Ad(v ® 1),
which is obviously pointwise homotopic to the trivial action inside Inn(A4). A
similar calculation as in the proof of Proposition 5.9 shows that Ko(C) = Z[p] and
K1(C) = Z[k(p,u(a))], where p := 1 & 0. Moreover, do(x)([p]) = «(p, u(x))
and dq(«) = 0. The result now follows from the Pimsner—Voiculescu sequence for
(C %o, Z,05, 7). O

Next, we present an analogous construction yielding pointwise inner Z2-actions a
on amalgamated free product C*-algebras with non-trivial obstruction homomor-
phisms d;(«). Let B be a unital, separable C*-algebra whose K-groups both do
not vanish. Assume further that there is a central unitary w € U (Z(B)) with full
spectrum and a unitary x € U, (B) such that

k(w™, x) #k[1] € Ko(B) forallk € Z. (5.5)
The two injective *-homomorphisms
i1:C(T) — A, i1(z) ;==u(e) and i, :C(T)—> B, ir(z) :=w,

give rise to an amalgamated free product C := A x¢(T) B. Observe that u(a) = w is
a central unitary in C, and hence o extends to a pointwise inner action on C, which
we also denote by «. Then d;(«) : K1(C) — Ko(C) satisfies

dy(@)([x]) = k@)™, x) = k@™, x) € Ko(C).
Lemma 5.12. It holds that d; () ([x]) = k(w™, x) # 0 € Ko(C).
Proof. The proof is very similar to the one of Lemma 5.8. O

Remark 5.13. If [1] € K((A) has infinite order, then Lemma 5.12 remains true if
we replace (5.5) by the condition that k (w™, x) # 0 € Ko(B).

There exists a C*-dynamical system (Co,a, Z?) which is universal for K-
obstructions for pointwise inner Z2-actions. To define it, let again A := C*(H3)
and equip it with the natural Z2-action « from the last subsection. Moreover, let
B := C(T?) and set w := z; and x = z5. Ask(w,x) = b € Ko(B), (5.5) is
clearly satisfied. Form the amalgamated free product Co := A *¢() C(T?), which
carries the induced pointwise inner Z2-action a.
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Universality of this system expresses in the following property. Given a unital
C*-algebra D, a pointwise inner action y : Z? ~, D with y; = Ad(ii) and y, =
Ad(?) and a unitary X € U(D), there is a unital and equivariant x-homomorphism

@ (Co,a,Zz) — (D,y,Zz), U U, V=D, X — X.
By the naturality of the obstruction homomorphism (Proposition 3.2),

Ko(@)(di(@)([x])) = di(y)([X]).

In this way, d; (a)([x]) = k(u(x), x) € Ko(Cp) can be considered as the universal
Ko-obstruction for pointwise inner Z2-actions.

Note that the proof of Theorem 5.6 shows that k (u(«), x) € Ko(Cop) has infinite
order and that Z [« (u(), x)] —> Ko(Cp) is split-injective.

Proposition 5.14. The canonical embedding j1 : A — Cy is split-injective in
K-theory and induces the following decompositions:

Ko(Co) = Ko(A) ® Zlk (u(e),x)] and Ki(Co) = K1(A) & Z[x].
In particular, Ko(Cp) = K1(Co) = Z*.
Proof. The proof is similar to the one of Proposition 5.9. O

Theorem 5.15. The obstruction homomorphism associated with o : 7> ~, Cy is
non-trivial. Moreover, the K -theory of Co X 7.2 satisfies

Ko(Co xgq Z?) = K1 (Cy xq Z2) = 7.13.
In particular, K.(Co % Z2) % K+(Co ® C(T2)).
Proof. Tt holds that
di(@)([x]) = k(u(a),x) and do(e)(k(u(),x)) =0,

where the second equality is a consequence of Proposition 5.4. As Ki«(ji) :
K« (A) = K«(Cyp) is split-injective by Proposition 5.14, naturality of the obstruction
homomorphism yields that on K«(A) C K«(Cp), dx(a) : Ku(Cop) — Ki41(Co)
coincides with the obstruction homomorphism associated with (A4, «, Z?). The proof
of Theorem 5.6 therefore yields

do(a) =0 and ker(d;(a)) = coker(d;(a)) = Z.

Finally, we proceed as in the proof of Theorem 5.6, and consider the Pimsner—
Voiculescu sequence for (Co Xy, Z, 02, Z). ]



1586 S. Barlak

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(11]

[12]

[13]

[14]

[15]

J. Anderson and W. Paschke, The rotation algebra, Houston J. Math., 15 (1989),
no. 1, 1-26. Zbl 0703.22005 MR 1002078

P. Baum and A. Connes, Geometric K-theory for Lie groups and foliations,
Enseign. Math. (2), 46 (2000), no. 1-2, 3-42. Zbl 0985.46042 MR 1769535

P. Baum, A. Connes and N. Higson, Classifying space for proper actions and
K-theory of group C*-algebras, in C*-algebras: 1943-1993 (San Antonio, TX,
1993),240-291, Contemp. Math., 167, Amer. Math. Soc., Providence, RI, 1994.
Zbl 0830.46061 MR 1292018

B. Blackadar, Weak expectations and nuclear C*-algebras, Indiana Univ. Math.
J., 27 (1978), 1021-1026. Zbl 0393.46047 MR 0511256

B. Blackadar, K-Theory for Operator Algebras, second edition, Math. Sci. Res.
Inst. Publ., 5, Springer-Verlag, New York, 1998. Zbl 0913.46054 MR 1656031

A. Connes, An analogue of the Thom isomorphism for crossed products by an
action of R, Adv. Math., 39 (1981), no. 1, 31-55. Zbl 0461.46043 MR 0605351

J. Cuntz, K-theory for certain C*-algebras, Ann. of Math., 113 (1981), no. 1,
181-197. Zbl 0437.46060 MR 0604046

J. Cuntz, K-theory and C*-algebras, Springer Lecture Notes in Mathematics,
1046 (1984), 55-79. Zbl 0548.46056 MR 0750677

M. Dadarlat, Approximately unitarily equivalent morphisms and inductive limit
C*-algebras, K-theory, 9 (1995), no. 2, 117-137. Zbl 0828.46055 MR 1340842

G. Elliott and M. Rgrdam, Classification of certain simple infinite C*-algebras.
II, Comment. Math. Helv., 70 (1995), 615-638. Zbl 0864.46038 MR 1360606

R. Exel, The soft torus and applications to almost commuting matrices, Pacific
J. Math., 160 (1993), no. 2, 207-217. Zbl 0781.46048 MR 1233352

N. Higson and G. G. Kasparov, E-theory and K K-theory for groups which act
properly and isometrically on Hilbert space, Invent. Math., 144 (2001), 23-74.
7Zbl 0988.19003 MR 1821144

M. Izumi and H. Matui, Z2-actions on Kirchberg algebras, Adv. Math., 224
(2010), no. 2, 355-400. Zbl 1195.46077 MR 2609009

X. Jiang, Non-stable K-theory for Z-stable C*-algebras, preprint, 1997.
arXiv:math.OA/9707228

E. Kirchberg and N. C. Phillips, Embedding of exact C*-algebras in the
Cuntz algebra O,, J. Reine Angew. Math., 525 (2000), 17-53. Zbl 0973.46048
MR 1780426


https://zbmath.org/?q=an:0703.22005
http://www.ams.org/mathscinet-getitem?mr=1002078
https://zbmath.org/?q=an:0985.46042
http://www.ams.org/mathscinet-getitem?mr=1769535
https://zbmath.org/?q=an:0830.46061
http://www.ams.org/mathscinet-getitem?mr=1292018
https://zbmath.org/?q=an:0393.46047
http://www.ams.org/mathscinet-getitem?mr=0511256
https://zbmath.org/?q=an:0913.46054
http://www.ams.org/mathscinet-getitem?mr=1656031
https://zbmath.org/?q=an:0461.46043
http://www.ams.org/mathscinet-getitem?mr=0605351
https://zbmath.org/?q=an:0437.46060
http://www.ams.org/mathscinet-getitem?mr=0604046
https://zbmath.org/?q=an:0548.46056
http://www.ams.org/mathscinet-getitem?mr=0750677
https://zbmath.org/?q=an:0828.46055
http://www.ams.org/mathscinet-getitem?mr=1340842
https://zbmath.org/?q=an:0864.46038
http://www.ams.org/mathscinet-getitem?mr=1360606
https://zbmath.org/?q=an:0781.46048
http://www.ams.org/mathscinet-getitem?mr=1233352
https://zbmath.org/?q=an:0988.19003
http://www.ams.org/mathscinet-getitem?mr=1821144
https://zbmath.org/?q=an:1195.46077
http://www.ams.org/mathscinet-getitem?mr=2609009
http://arxiv.org/abs/math/9707228
https://zbmath.org/?q=an:0973.46048
http://www.ams.org/mathscinet-getitem?mr=1780426

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

K -theory for the crossed products by certain actions of Z2 1587

V. Lafforgue, La conjecture de Baum—Connes a coefficients pour les groupes
hyperboliques, J. Noncommut. Geom., 6 (2012), 1-197. Zbl 1328.19010
MR 2874956

T. A. Loring, K-theory and asymptotically commuting matrices, Canad. J.
Math., 40 (1988), no. 1, 197-216. Zbl 0647.18007 MR (0928219

W. L. Paschke, On the mapping torus of an automorphism, Proc. Amer. Math.
Soc., 88 (1983), no. 3, 481-485. Zbl 0541.46053 MR 0699418

N. C. Phillips, A classification theorem for nuclear purely infinite C*-algebras,
Doc. Math., 5 (2000), 49-114. Zbl 0943.46037 MR 1745197

M. Pimsner and D. Voiculescu, Exact sequences for K-groups and E xt-groups
of certain cross-product C*-algebras, J. Operator Theory, 4 (1980), no. 1, 93—
118. Zbl 0474.46059 MR 0587369

J. Rosenberg and C. Schochet, The Kiinneth theorem and the universal
coeflicient theorem for Kasparov’s generalized K-functor, Duke Math. J., 55
(1987), no. 2, 431-474. Zbl 0644.46051 MR 0894590

K. Thomsen, On the K K-theory and E-theory of amalgamated free products of
C*-algebras, J. Funct. Anal., 201 (2003), 30-56. Zbl 1034.46076 MR 1986154

C. A. Weibel, An Introduction to Homological Algebra, Cambridge Stud. Adv.
Math., 38, Cambridge University Press, 1994. Zbl 0797.18001 MR 1269324

Received 27 April, 2015

S. Barlak, Department of Mathematics and Computer Science,
University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark

E-mail: barlak @imada.sdu.dk


https://zbmath.org/?q=an:1328.19010
http://www.ams.org/mathscinet-getitem?mr=2874956
https://zbmath.org/?q=an:0647.18007
http://www.ams.org/mathscinet-getitem?mr=0928219
https://zbmath.org/?q=an:0541.46053
http://www.ams.org/mathscinet-getitem?mr=0699418
https://zbmath.org/?q=an:0943.46037
http://www.ams.org/mathscinet-getitem?mr=1745197
https://zbmath.org/?q=an:0474.46059
http://www.ams.org/mathscinet-getitem?mr=0587369
https://zbmath.org/?q=an:0644.46051
http://www.ams.org/mathscinet-getitem?mr=0894590
https://zbmath.org/?q=an:1034.46076
http://www.ams.org/mathscinet-getitem?mr=1986154
https://zbmath.org/?q=an:0797.18001
http://www.ams.org/mathscinet-getitem?mr=1269324
mailto:barlak@imada.sdu.dk

	Introduction
	The boundary map of the Pimsner–Voiculescu sequence
	The obstruction homomorphism
	Locally KK-trivial Z2-actions on Kirchberg algebras
	Pointwise inner Z2-actions with non-trivial obstruction homomorphisms
	A natural action on the group C*-algebra of the discrete Heisenberg group
	Certain pointwise inner actions on amalgamated free product C*-algebras


