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Spectral theory of von Neumann algebra valued differential
operators over non-compact manifolds
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Abstract. We provide criteria for self-adjointness and t-Fredholmness of first and second
order differential operators acting on sections of infinite dimensional bundles, whose fibers are
modules of finite type over a von Neumann algebra A endowed with a trace t. We extend the
Callias-type index to operators acting on sections of such bundles and show that this index is
stable under compact perturbations.
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1. Introduction

In this paper we extend some results about the spectral properties of first and second
order differential operators on complete Riemannian manifolds (see [6, 10,16, 18,24,
27,29,30]) to operators acting on sections of certain infinite dimensional bundles,
called A-Hilbert bundles of finite type, cf. Section 3.3. As a main example we
consider lifts of operators acting on a finite dimensional vector bundle over a complete
Riemannian manifold M to a Galois cover M of M.

Let A be a von Neumann algebra with a finite, faithful, normal trace t. Let E +
and £~ be A-Hilbert bundles of finite type over a complete Riemannian manifold M,
cf. Section 3.3. In particular, this means that the fibers of E* are Hilbert spaces
endowed with an action of A. We consider a first order differential operator
D:C®(M,ET) — C2°(M, E™) (here C2 denotes the space of smooth compactly
supported sections). We also fix an A-linear bundle map V : ET — E~.

We give a criterion for self-adjointness of the generalized Schrodinger operator
Hy := D*D + V. Then we show that if there exists a constant C > 0 such that
V(x) > C forall x outside of a compact subset of M, then the von Neumann spectral
counting function N;(A; Hy) of Hy is finite for all A < C. For operators acting on
finite dimensional bundles this result is obtained in [1].

*Supported in part by the NSF grant DMS-1005888.
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One of the motivations for our study is an attempt to extend Atiayh’s L2-index
theory for covering manifolds, [3, 28], to coverings of non-compact manifolds. As
a first application to index theory we develop in Section 7 a Callias-type index
theory, [2,5, 13, 15], for operators acting on A-Hilbert bundles over non-compact
manifolds.

More specifically, given a bundle map F : ET — E~ we provide a criterion for
t-Fredholmness of the operator D := D 4 F. The t-Fredholmness implies that
the kernel of Dr and D7 have finite 7-dimension, where D7, is the formal adjoint
of Dfr. Hence, we can define the 7-index ind,; D r. We prove that this index is stable
under compact perturbations of F'.

Another possible application of our analysis, which will be discussed elsewhere,
is to the equivariant index theory of operators acting on a non-compact manifold
with a proper action of a Lie group G. A significant progress was achieved recently
in developing the equivariant index theory of operators acting on sections of a finite
dimensional bundle over such manifolds, [7-9, 19, 21-23,26]. These results find
applications in the study of geometric quantization, representations of reductive
groups and other areas. This paper provides the analytic tools needed to extend these
results to operators acting on A-Hilbert bundles.

The paper is organized as follows. In Section 2 we formulate our main results.
In Section 3 we recall the basic properties of von Neumann algebras and A-Hilbert
modules. In Sections 4 and 5 we prove criteria of self-adjointness for first and
second order operators respectively. In Section 6 we prove criteria for finiteness
of the spectral counting function N;(A; Hy) and for Fredholmness of the operator
Dfr := D + F. In Section 7 we introduce the Callias-type 7-index and prove its
stability.

Acknowledgements. We are very grateful to Ognjen Milatovic for very careful
reading of the manuscript and providing a lot of useful remarks and corrections.

2. The main results

In this section we formulate the main results of the paper.

2.1. An operator of order one. Let A be a von Neumann algebra with a finite,
faithful, normal trace 7 : A — C. Let E = ET @ E” be a Z,-graded A-Hilbert
bundle of finite type over a complete Riemannian manifold M, cf. Section 3.3. In
particular, this means that the fibers of E¥ are Hilbert spaces endowed with an action
of A. We denote the Riemannian metric on M by g™

Consider a first order differential operator D: C®°(M,E*) — C(M,E™)
(here C2° denotes the space of smooth compactly supported sections). We assume
that the principal symbol o (D) of D is injective so that D is elliptic.
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Assumption. Throughout the paper we assume that there exists a constant ¢ > 0
such that

0 < |o(D)(x,&)|| <clg], forallx € M,E e T)M\{0}. (2.1)

Here |£| denotes the length of ¢ defined by the Riemannian metricon M, o (D)(x, §) :
E — E7 is the leading symbol of D, and ||o(D)(x, §)|| is its operator norm.

An interesting class of examples of operators satisfying (2.1) is given by Dirac-
type operators on M paired with a connection on an A-Hilbert bundle, cf. [28,
Section 7.4].

2.2. Self-adjointness of a first order operator. Let du be a smooth measure on M .
We don’t assume that dy is the measure defined by the Riemannian metric g7 .
Let L2(M, ET) denote the space of square-integrable sections of E*. We also set
E:=E* ® E~. Then

L>(M,E)=L*(M,E")® L*(M,E").

Let D* denote the formal adjoint of D. Consider the operator

(0 D*
p._(D O). 22)

Then D is an unbounded operator on L2(M, E).
Our first result is the following extension of [18, Th. 1.17]:

Theorem 2.1. Suppose that D: C®° (M, E™) — C2°(M, E~) satisfies (2.1) and the
Riemannian metric g™ is complete. Then D is essentially self-adjoint with initial
domain C°(M,E) = C°(M, ENH o CX(M,E™).

The proof is given is Section 4.

2.3. A Schrodinger-type operator. Consider the Schrodinger-type operator
Hy = D*D +V, (2.3)

where V(x) : E ;_ - F j is an A-linear self-adjoint bundle endomorphism.

We view Hy as an unbounded operator on L?(M, E1) with initial domain
C2(M, E™) and give a sufficient condition for self-adjointness of this operator. For
simplicity we assume that the potential V' is a measurable section which belongs
to L1

loc*

Much more general potentials were considered in [10]. It would be interesting to extend the results
we present in this paper to the type of potentials considered in [10].
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Our next result is the following extension of [10, Th. 2.7] to A-Hilbert bundles:
Theorem 2.2. Suppose there exists a function g: M — R such that
(1) V(x) > —q(x)Idforall x € M;
(2) g = 1and q_1/2 is globally Lipschitz, i.e. there exists a constant L > 0 such
that, for every x1,x, € M,

g2 (x1) — g2 (x2)] < Ld(x1.x2), 24

where d is the distance induced by the metric g™™ ;
(3) the metric g := q~'g™ on M is complete.
Then Hy is essentially self-adjoint on C2°(M, E™).
The proof is given in Section 5.

Remark 2.3. We say that a curve y: [a, 00) — M goes to infinity if for any compact
set K C M there exists tx > 0 such that y(¢) € K, for all t > tx. Condition (3)
of the theorem is equivalent to the condition that the integral f y j—% = oo for every

going to infinity curve y.

Corollary 2.4. If V(x) is bounded below, i.e. there exists a constant b > 0 such that
V(x) > —b, then the operator Hy is essentially self-adjoint.

In the rest of this paper we denote by Hy both the operator and its self-adjoint
closure.

2.4. The spectral counting function of a Schrodinger-type operator. The trace
7 : A — C on A extends to a (possibly infinite) trace Tr; on the space of bounded
A-linear operators acting on L2(M, E*).

Foreach A € R let P, denote the orthogonal projection onto the spectral subspace
of the operator Hy corresponding to the ray (—oo, A] and define the spectral counting
function

N:(A; Hy) :=Tr, P). (2.5)
Theorem 2.5. Suppose there exist a compact K C M and a constant C such that
V(x)>C, foralx¢K. (2.6)

Then
N:(A; Hy) < o0, forall A <C. 2.7

Remark 2.6. Inequality (2.6) implies that V'(x) is bounded below and, hence, the
operator Hy is self-adjoint by Corollary 2.4.
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2.5. t-Fredholmness. We first recall the notion of Fredholmness in the von Neu-
mann setting, cf. [11, Section 3]. Let H; and H, be A-Hilbert spaces and
T : Dom(T) C Hy — H; be a closed A-operator.

Definition 2.7. We say that the operator T is t-Fredholm if the following two
conditions are satisfied:

(i) Ker T has finite T-dimension;

(ii) there exists an A-Hilbert subspace L of H, such that L C im7 and
dim; Lt < oo.

Remark 2.8. If H; and H, are Hilbert spaces over C, an operator T : Hy — H
is called Fredholm if its kernel and cokernel are finite dimensional. Equivalently,
this means that the kernels of 7 and T* are finite dimensional and the image of T is
closed. The image of a t-Fredholm operator does not need to be closed. Moreover,
the image of T is not in general an A-Hilbert space and the t-dimension of the
cokernel of 7' is not defined. Because of this we need to replace the condition of
finite-dimensionality of the cokernel by Condition (ii) of Definition 2.7.

Consider the operator

0o T*
T = T 0 ‘Hi® H, — H{ ® H,. (2.8)
Lemma 2.9. The operator T is T-Fredholm if and only if there exists A > 0 such that

N:(A; T?) < 0. (2.9)

The lemma is proven in Section 6.5.

Remark 2.10. The inequality (2.9) is equivalent to
N.(A;T*T) <oo and N, (A;TT*) < oc.

Remark 2.11. The condition (2.9) is often taken as a definition of t-Fredholmness,
cf. for example [20, §2.1.1].

2.6. 7-Fredholmness of a Callias-type operator. Let D be as in Section 2.1 and
let F: EY — E~ be an A-linear bundle map. We set

(0 F*
F=(p %)

0 D* + F*
D+ F 0 '

and consider the operator

D, :=D+]—"=( (2.10)
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This operator satisfies the conditions of Theorem 2.1 and, hence, is essentially self-
adjoint. Its self-adjoint closure is denoted by the same symbol Dx.
Let

{D,}'}::Do]-'—i—]—"ol):(D F+F°D 0 )

0 DF* + FD*
denote the anti-commutator of D and F. We also set Dg := D + F.
Definition 2.12. We say that the operators D and Dx are of Callias-type if

(1) the leading symbol o (D) anti-commutes with F so that the anti-commutator
{D, F} is an A-linear bundle endomorphism of £ = E* & E~;

(2) there exist a compact set K C M and € > 0 such that
F2(x) = [{D, Fy ()| + € 2.11)

forall x € M\K.
Here ||{D, F} (x)|| denotes the norm of the A-linear map {D, F} (x) : Ex — Ex.
In Section 6 we get the following corollary of Theorem 2.5:

Theorem 2.13. A Callias-type operator D is t-Fredholm.

2.7. A Callias-type index. Suppose now that D is an operator of Callias-type.
By Theorem 2.13, dim; Ker D and dim; Ker D7, are finite. Hence, we can define
the t-index of D by

ind; Df := dim; Ker Dg — dim; Ker D7.. (2.12)

For operators acting on sections of finite-dimensional bundles (i.e. when the von
Neumann algebra A = C) this index was introduced by C. Callias [15] and was
extended and studied in many papers including [2, 5, 13]. We refer to (2.12) as the
Callias-type t-index of the pair (D, F).

In Section 7 we prove the following stability property of the Callias-type t-index:

Theorem 2.14. Let Fy and Fy be two A-linear bundle maps E* — E~ satisfying
conditions (1) and (2) of Definition 2.12. If there exists a compact set K C M such
that Fo(x) = F1(x) forall x € K, then

ind; Dg, = ind; DF,. (2.13)

3. A-Hilbert bundles

In this section we recall some basic properties of von Neumann algebras, cf. [4], and
recall the definitions of A-Hilbert space and A-Hilbert bundle, cf. [28].
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3.1. A Hilbert space completion. Let A be a von Neumann algebra endowed with
a finite, faithful, normal trace 7 : A — C, cf. [4, II1.2.5]. We normalize the trace so
that t(Id) = 1.

We define on A the inner product

(a,b), :=t(ab*), a,beA, (3.1)

and denote by /%(A) the Hilbert space completion of A with respect to this inner
product. Notice that /2(A) is an Hilbert space endowed with an A-module structure.

Example 3.1. Suppose I is a discrete group and denote by /?(I") the Hilbert space of
complex valued square summable functions on I'. The right regular representation
of T is the unitary representation R : I' — B(/?(I")) defined by

(Rgu)(h) =u(hg), h,gel;uec 12(I).

The smallest subalgebra of B(/%(I")) which is weakly closed and contains all the
operators Ry (g € I) is called the von Neumann algebra of T and is denoted by N'T.
On N'T we have the canonical faithful positive trace t defined by:

t(f) = (f(e).8e)i2ry. [ €NT, (3.2)

where 8, € [?(T") is by definition the characteristic function of the unit element.
The completion /2(NT') of NT with respect to this inner product is canonically
isomorphic to /2(T"), cf. [28, Example 7.11].

3.2. A-Hilbert spaces. Let A be a von Neumnn algebra endowed with a trace t
satisfying the same properties as in section 3.1. Suppose A acts on a Hilbert space H .
The action of A on H is said to be compatible with the inner product if

(xa*,y) = (x,ya), ae€A;x,yeH. (3.3)
Notice, that the action of N'T on /?(I") in Example 3.1 is compatible with the inner

product on /2(T).

Definition 3.2. An A-Hilbert space is a Hilbert space H endowed with a compatible
A-module structure such that there exists a separable Hilbert space Vg and an
isometric A-linear embedding

i:H — [*(A)®Vy.
We say that H is an A-Hilbert space of finite type if Vg can be chosen finite

dimensional.

Notice, that since the action of A is compatible with the scalar product, the
orthogonal complement i (H )L to i (H) in [?(A) ® Vg is also an A-module. In other
words H is a projective A-module, cf. [4].
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3.3. A-Hilbert bundles.

Definition 3.3. An A-Hilbert bundle E on a manifold M is a locally trivial bundle
of A-Hilbert spaces, the transition functions being A-Hilbert space isomorphisms.

If the fibers are A-Hilbert spaces of finite type, the bundle is called an A-Hilbert
bundle of finite type.

We denote by C°(M, E) the space of smooth compactly supported sections
of E.

If M is endowed with a smooth measure dju we define the L2-scalar product

(51,82)2 1= /M(sl(x),sz(x))du, 51,82 € CX(M,E),

and by L?(M, E) the completion of C2°(M, E) with respect to this scalar product.
We set |s(x)| := (s(x), s(x))"/2 and denote by

1/2
Il := ( / |s|2du)
M

Example 3.4. Let M be a smooth compact manifold and 7: M — M be the Galois
cover of M with deck transformation group I". We let I' act on the Hilbert space /2(I")
by left and right convolution.

Let A = NT denote the von Neumann algebra of I". The right action of T’
extends to a right action of 4 on /?(I") commuting with the left I"-action. Therefore,
E =M xr [2(T") is an A-Hilbert bundle of finite type on M.

Notice that the space L*(M, E) coincides with the space LZ(M) of square-
integrable functions on M.

the L2-norm of s.

4. Self-adjointness of first order differential operators

In this section we prove Theorem 2.1.

Since the operator D is formally self-adjoint, to show that it is essentially self-
adjoint we need to prove that its maximal and minimal extensions coincide. Since
the domain Dom(D,,;,) of the minimal extension is closed in the operator norm of D,
it is enough to show that for every s € Dom(Dy,,y) there exists a sequence {si}
in Dom(Dyyi,) such that

lim s =5, lim Dsp = Ds, 4.1)
k—o00

k—o00

where the limits are in L2-norm topology.
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4.1. The minimal extension. Recall that the Sobolev spaces of sections of an
A-vector bundle were defined by Misc¢enko and Fomenko [17]. In particular,
if & C M is an open set with compact closure, the Sobolev space H{(£2, E) is
defined as the closure in Sobolev norm of the space C5°(£2, E) of smooth sections,
having compact support in Q. If 7 is a differential operator of order k, then T
extends to a bounded operator

T:HNQ, E) = L2(M,E).

Recall that the minimal domain Dom(7 s ) is the closure of C°(M, E) with respect
to the graph norm of 7. We conclude that

HE (. E) € Dom(Tpyn) (4.2)

for any open set 2 whose closure is compact.

4.2. The maximal extension. Recall that the domain Dom(7},,x) of the maximal
extension consists of all sections s € L2(M, E) suchthat Ts € L?(M, E), where T's
is understood in distributional sense.

Since D is a first order elliptic operator, Dom(Dyax) C H,L (M, E). It follows
now from (4.2), that for any Lipschitz function ¢ € C2(M) and any s € Dom(Dyax)

¢s € Dom(Dpy). 4.3)

4.3. Proof of Theorem 2.1. By Lemma 8.9 of [10] there exists a sequence {¢y} of
Lipschitz functions with compact support on M such that

i 0<¢x <1;
1
() |dex| < 0 (4.4)

(iii) lim ¢g(x) =1, forallx € M.
k—o0

For any s € Dom(Dy.x) set s = ¢xs. Then sp € Dom(Dpyy) by (4.3) and
limy _, o0 S = S. It remains to show that Dsy converges to Ds in the L2-norm.
We have:
Dsy = ¢ Ds + [D, ¢ ]s. 4.5

Notice that
[D. ¢il(x) = —io (D) (x, dgr(x))
is a bundle map. From (4.4) and (2.1) we conclude that

|, ¢ls| = [o(D)x. dgro)s| < - - Isll.

¢
k
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Hence, limy_o0[D, ¢x] = 0. Since ¢ Ds — Ds in L?-norm we obtain

lim Ds; = Ds.
k—o00
The essential self-adjointness of the operator D is proved. O

5. Self-adjointness of a Schrodinger-type operator

In this section we prove Theorem 2.2. We use the notation of Section 2.3.

We denote by Hy,o the restriction of the operator (2.3) to the space C2°(M, E™)
of smooth compactly supported sections of E*. Let H ;’0 denote the operator adjoint
to Hy, and let Dom(H; ;) denote its domain.

Since the operator H 1’/,0 is symmetric, to show that its closure is self-adjoint it is
enough to prove that

(HVSl,Sz) = (S], HVSz), S1,952 € DOIII(H;,O). (51)

To prove (5.1) we need some information about the behavior of sections from
Dom(Hy; ,) at infinity. This information is provided by the following

Proposition 5.1. Suppose q : M — R is a function satisfying the assumptions of
Theorem 2.2. If s € Dom(H{ﬁ’O), then g~'2Ds is square integrable and

lg™"2Ds|? < 2((1 +2L7)Is|1* + sl [ Hysll), (5.2)

where L is the Lipschitz constant introduced in (2.4).

Remark 5.2. For the Schrodinger operator on scalar valued functions on R” an
analogous lemma was established in [27]. The proof was adapted in [24,25] to the
case of a Riemannian manifold and to differential forms in [6]. The case of a general
operator D and a singular potential V' was considered in [10].

5.1. Regularity of sections from Dom(H;’o). The theory of elliptic (pseudo)-
differential operators on A-Hilbert bundles of finite type was developed in [14]
(see also [17] for a similar theory for bundles of finitely generated A-modules). In
particular, the Sobolev spaces of sections of such bundles are introduced in these
papers and it is shown that any s € Dom(H {;’0) belongs to the Sobolev space H2,.
Hence,

Dse Ly (M. E7), Vse Ly (M E"), foranys e Dom(Hy,). (5.3)

loc loc

The new information provided by Proposition 5.1 is about the rate of decay of Ds at
infinity.
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Remark 5.3. The equation (5.3) is the only place in the proof of Theorem 2.2 where
we use the fact that the fibers of E¥ are modules of finite type. The rest of the
proof of Theorem 2.2 follows the lines of [10, §9] with almost no changes. It is even
simpler, since in [10] much more singular potentials are considered.

Set D = —io (D). Then
D(¢s) = D(d¢)s + ¢Ds.
Note that D* = —(13)*.

5.2. Proof of Proposition 5.1. Let i/ be a Lipschitz function with compact support
suchthata 0 < ¥ < ¢~ /2 < 1. Set

C =esssup | D(dy)].
xeM

Using (5.3) we obtain

lyDs||> = (D*(¥Ds).s) = (¥2D*Ds.s) + 2(¢ D*(dy) Ds. s)
= Re(Y2D* Ds, 5) + 2Re(y D*(dy) Ds, s)
<Re(y>D*Ds,s) + 2C |y Ds||||s||
= Re(Y*Hys.s) — (Y*Vs.s) + 2C| |y Ds|| |s]).

(5.4)

Since V > —¢1d, ¢ > 1 and qwz < 1, we have
W2Vs,s) = Vs, ¥s) = —(q¥s, ¥s) = —|is]*. (5.5)
Using the inequality ab < 1a? + 15 we obtain
1
2C1yDs| sl = S1¥Ds|* +2C2 s> (5.6)

Combining (5.4), (5.5), and (5.6) and using that 2 < g~! < 1 we get

1
lyDs|I? < [ Hys| lIsll + EIIWDSII2 + (1 +20)Is]I*,

and
lwDs|? < 2((1 +2C?)|Is|I> + lIs|| | Hy sll). (5.7)

To prove (5.2) we now make a special choice of the function . Let ¢ be as
in (4.4) and set V¥ := ¢ -q_l/z. Then 0 < Y < q_l/z, and

Ay < |dpr] - g% + dldg™"?].

Therefore, |dyy| < % + L. Since Y (x) — ¢~ "/?(x) as k — oo, the dominated
convergence theorem applied to (5.7) with ¥ = v immediately implies (5.2). O
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5.3. Proof of Theorem 2.2. Let sq,s, € Dom(H{ﬁ,O). Then

(¢s1, D*Ds3) = (D(¢s1), Ds2) = (D(d)s1, Ds2) + (Ds1, Ds2).

Similarly,
(D*Dsy,¢s2) = (Dsy, D(d¢)sz) + (¢Dsy, Ds3)

Hence,
(¢s1. Hysz) — (Hys1, ¢s2) = (D(d¢)s1, Dsz) — (Ds1, D(dg)s).

By (2.1),
ess sup |D(d¢)| < cess sup |dp(x)],
€

xeM xeM

Therefore,

|(ps1, Hys2) — (Hys1, $s2)|
< cess it;p(ldqﬁlq”z) (Is1lllg™ > Dsall + lIs2lllg™" > Dsall). (5.8)
xX€

Consider a metric g := ¢~ 'gT™ . By condition (iii) of Theorem 2.2 this metric is
complete. By Lemma 8.9 of [10] there exists a sequence {¢y } of Lipschitz functions
such that

(1) 0 < ¢y < 1and |dei|g < ¢;
(2) limg oo Pr(x) =1, forall x € M.
Since |d¢x|g = q'/2|d¢y|, we conclude

1
ess sup(|dgpilq ' (x)) < -
xeM
Using (5.8), we obtain

[(¢ru, Hyv) — (Hyu, gpv)|
C _ —
< (Isilllg™2Dsall + g™ 2 Dsills2]]) 0. ask — oo,

where the convergence to 0 of the RHS of this inequality follows from Proposition 5.1.
On the other side, by the dominated convergence theorem we have

(prs1. Hys2) — (Hy sy, ¢rs2) —> (s1. Hys2) — (Hy s1,52)

as k — oo. Thus (Hys1,s2) = (s1, Hys2), for all 51,55 € Dom(Hy; ). Therefore,
Hy is essentially self-adjoint. O
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6. Fredholmness
In this section we prove Theorems 2.5 and 2.13.

6.1. Variational principle. We make use of a variational principle in the von
Neumann setting, stated in the following:

Lemma 6.1. Let H be an A-Hilbert space and T be a self-adjoint operator
commuting with the action of A. Then, for every A € R,

N:(A;T) = supdim, L, 6.1)
L

where L varies among the A-Hilbert subspaces of H with L. C Dom(T) and
satisfying:
(Tu,u) < A(u,u), uelL.

This lemma is well-known. For the proof we refer to [31, Lemma 2.4] where the
case A = NT is treated (the case of a general finite von Neumann algebra A follows
with minor modifications).

6.2. Restriction to a compact subset. Note, first, that for any A-linear self-adjoint
operator 7" and any /, A € R we have:

N:A+1L;T +1) =N (A T). (6.2)

Therefore, by replacing V(x) with V(x) + [ in Theorem 2.5, we can assume that
C,A>0in(2.6)and (2.7) and V(x) > O forall x € M.
Let the compact set K C M be as in (2.6). For any A > 0 consider the set

M) ={xeM:V(x)=>A}

Then
Q) = M\M,

is an open set. We denote its closure by ;. We now assume that 0 < A < C and
choose A1 suchthat 0 < A < Ay < C. Then

Q,CQu, Qi CQc, QCK.
Let¢ : M — [0, 1] be a smooth function such that
Ple,, =1 dlmacr=0.
Define the A-linear restriction map p : L*>(M, E) — L*(Q¢c, E|q..) by the formula

o(s) = ¢s. (6.3)
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Lemma 6.2. Let L C Dom(Hy) be an A-Hilbert subspace of L>(M, E) satisfying
(Hys,s) < A(s,s), se€L. (6.4)

Then p is injective when restricted to L and p(L) is a closed A-invariant subspace
of L*(Q4, Ela,)-

Proof. The potential V satisfies the inequality V' (x) > 0 for any x € M. Hence, the
operator Hy satisfies the conditions of Theorem 2.2 with ¢ = const. It follows from
Proposition 5.1 that for any s € Dom(Hy ) we have Ds € L?(M, E). Hence,

(Hys,s) = | Ds||*> + (Vs,s) > (Vs,s). (6.5)

In particular, (Vs,s) < oc.
For any s € L using (6.5) we obtain

Mis|? = (Hys,s) > (Vs.s) > Ay /M ls(x)|? dp(x)

Q/ll
and
A / SR dp(x) = (- 2) [ GO du ().
QAI M\Q)m]
Hence,
2 2 )“1_’\ 2
oI = [ P dut) = 25 [ s duo).
11 M\,
Therefore,

Is|? = / s dpu(x) + / s dp(x)
Q, M\Qy, 66)

A A
< 1o + - 11 = (15 ) Il

This inequality together with the fact that p is a bounded A-equivariant map proves
the lemma. =

6.3. Extension to a closed manifold. Choose a closed manifold M containing Q¢
as an open subset. Let E = Et @ E~ be a graded A-Hilbert bundle of finite type
over M extending E|q.. Let D : C®(E1) > C®(E7)and V : EY — Et bea
first order elliptic differential operator and a positive bundle map which agree with D
and V on Q¢. Set L R

Hy = D*D + V.
Then the restrictions of Hy and H/V\ to Q¢ coincide.

We view p(L) C L2(Q¢, ET|q.) as a subspace of L2(M, E*).
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Lemma 6.3. Under the assumptions of Lemma 6.2, there exists a constant R > 0
such that for any u € p(L) we have

(Hpu,u) < R(u,u). (6.7)

Proof. Set
a = max o (D) (x. dg (x)).

Notice that the maximum exists, since ¢ has compact support.
For u € p(L) there exists s € L such that u = p(s) = ¢s. Then

I1Dul® = [D@9)1? = (IDs] + I[D. gls]l)*

) 5 s (6.8)
< (IIDsl +alisl)”™ < 21 Ds|I* + 2a*|s]|.
Also, since V(x) > 0 for all x € M we conclude
(Vu,u) = (¢*Vs.s) < (Vs.s). (6.9)
By using (6.8) and (6.9) we obtain
(Hou,u) = | Dul + (Vu,u) < 2 Ds|]? + 2a%|s|)* + (Vs. s)
< 2(||Ds||2 + (Vs,s)) + 2azl|s||2 =2(Hys,s) + 2a2||s||2.
Using (6.4) and (6.6) we now conclude
A
(guou) =20+ sl 200+ 0 (12 )
Hence, (6.7) holds with R = 2(% + a2) (Af_ix) 0
6.4. Proof of Theorem 2.5. Since V > (0, we have
N:(A: Hp) < N:(\:D*D), AeR. (6.10)

It is shown in [14, §2.4] that the spectral counting function N;(A; 13*13) is finite.
Hence, it follows from (6.10) and Lemmas 6.1 and 6.3 that

dim; p(L) < N{(R; H?;) < 0.

From Lemma 6.2 and the open mapping theorem we deduce that the map p|r : L —
p(L) is an isomorphism of Hilbert A-spaces. By [20, Theorem 1.12 (2)]

dim; L = dim; p(L) < N(R; Hy). (6.11)
Hence, by Lemma 6.1 we get
N‘c(k; HV) = N‘L'(R; H/V\) < 00.

Theorem 2.5 is proven. 0
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6.5. Proof of Lemma 2.9. Consider the bounded operator

O(T) =T +T?2, 6.12)

where T is the operator defined in (2.8). Observe that the operator ®(7) is
t-Fredholm if and only if T is r-Fredholm, and

N:(A:T?) = Ng (H—L)t q>(7jZ) .

Thus Lemma 2.9 is a direct consequence of the following:

Lemma 6.4. Let S be a bounded self-adjoint A-linear operator on an A-Hilbert
space H. Then S is t-Fredholm if and only if there exists A > 0 such that

N:(1;5?%) < o0. (6.13)

Proof. Suppose N;(A;S?) < oo for some A > 0. We need to show that S is
t-Fredholm in the sense of Definition 2.7.
Since the function N (-; S?) is nondecreasing, we have:

dim; Ker S = N;(0; Sz) < NT(A;SZ) < 0.

Thus the condition (i) of Definition 2.7 is satisfied.

Set L := im(/ — P5(S?)), where P;(S?) denotes the orthogonal projection
onto the spectral subspace of the operator S? corresponding to [0, A]. Then L is
A-invariant, L € im S? € im S and

dim; Lt = dim;(P;.(S)) = N¢(A; S?) < oo.

Hence the condition (ii) of Definition 2.7 is also satisfied.
Suppose now that S is t-Fredholm and let L be an A-Hilbert subspace of H such
that L € im S and dim; L+ < oo.
The map
S1:= S|kersyL : (KerS)t — H (6.14)

is one-to-one. Set
Ly :=S7NL) C (KerS)*.

Then L, is a closed A-invariant subspace of H and S : L; — L is a bijection. It
follows from the Open Mapping Theorem that there exists € > 0 such that

|Su|| > €||lu||, foranyu € L. (6.15)

We finish the proof of the lemma by showing that any A < €2 satisfies (6.13).
Recall that P; (S?) denotes the orthogonal projection on the spectral subspace of S?
corresponding to the interval [0, A]. Thus

ISul < VA |lull < e€lul, foranyu €im Py (S?). (6.16)
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From (6.15) and (6.16) we now conclude that im P3(S?) N L; = {0}. Hence, it
follows from [20, Theorem 1.12] that

Ny(A;8%) < dim, L. (6.17)

To finish the proof of the lemma it is now enough to show that dim; L1 < oo.
Let L, be the orthogonal complement of L, in (Ker S)*. Then

dim, L{ = dim, L, + dim, Ker S. (6.18)

Since § is 7-Fredholm, dim; Ker § is finite and it suffices to prove that dim, L, is
finite.

Notice that, by (6.15), S(L») is a closed subspace of H and S : L, — S(L>) is
a topological isomorphism. Hence,

dim; S(L,) = dim; L, (6.19)
cf. [20, Lemma 1.13]. Since the map (6.14) is one-to-one, we conclude that
S(L)NL = 81(Ly) N L ={0}.
Let Py be the orthogonal projection onto the subspace L. Then
I —Pp:S(Ly)— Lt
is a one-to one map. Therefore, by [20, Theorem 1.12(2)],
dim; S(L,) < dim; L < co.

From (6.17), (6.18), and (6.19) we now conclude that N;(1; S?) < oco. O

6.6. Proof of Theorem 2.13. We are now ready to prove t-Fredholmness of a
Callias-type operator D + F. The operator (2.10) satisfies the conditions of
Theorem 2.1 and, hence, is essentially self-adjoint. Hence

N:(A;Dr) = N-(A*; D). (6.20)
Moreover
D2 =D>*+{D,F}+F*=D*+V, (6.21)

where V = {D, F} + F2. By the Callias condition (2.11), V(x) > € for all x €
M\ K. Hence, it follows from Theorem 2.5 that N (e; D% ) is finite. Theorem 2.13
follows now from Lemma 2.9. O
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7. Stability of the Callias-type 7-index

In this section we prove Theorem 2.14.

7.1. Continuous perturbations. We start with an abstract result. Let H{ and H»
be A-Hilbert spaces and suppose that 7 : H; — H; is a closed A-linear operator.
We denote by Dom(7") the domain of 7" considered as a Hilbert space with the graph
scalar product

(X, y)Dom(T) = (x, y)H] + (Dx’Dy)HQ‘

Then T : Dom(T) — H> is a bounded A-linear operator.
Assume in addition that T is t-Fredholm, cf. Definition 2.7.

Definition 7.1. A one parameter family {7}};¢[0,1] of T-Fredholm operators T; :
H, — H,; is called a continuous perturbation of T with fixed domain if Ty = T,
Dom(7;) = Dom(T) for all ¢ € [0, 1], and the induced family 7; : Dom(7T) — H
is continuous in operator norm (as a family of maps between the Hilbert spaces
Dom(T) and H»).

The next lemma shows that the t-index is stable with respect to continuous
perturbations with fixed domain.

Lemma 7.2. Let {T;}:¢[0,1] be a continuous perturbation of T with fixed domain.
Then

ind, T; = ind, T, forallt € [0, 1]. (7.1)

Proof. In general, note that the operator
(I + T*T)? : Dom(T) — H,
is an isometric isomorphism of A-Hilbert spaces and consider the family of operators
O(Ty) :=T,(I + T*T)"% : Hy — H,.
The operators ®(7;) form a continuous family of bounded 7-Fredholm operators and
ind; ®(Ty) = ind, T;.
Hence, it is enough to prove the lemma for the case when Dom(7") = H; and T

is a continuous family of bounded operators. In this case the lemma is proven
in [12, Theorem 4]. O
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7.2. Proof of Theorem 2.14. For0 < < 1, we set:
D, =D+ Fy + [(Fl — F())

Since the A-endomorphism F; — Fy vanishes outside of the compact set K, all Dy
satisfy the condition (2.11) and, hence, are Callias-type operators. It follows from
Theorem 2.13 that all the operators D, are t-Fredholm.

Since F1 — Fy : L>(M, E*) — L?(M, E™) is abounded A-operator, the domain
of D; is independent of ¢. Finally, we have:

|Ds — Dl = |s —t] || F1 — Fol|, foralls,t e [0,1].

Thus the family {D;} is continuous in operator norm. Theorem 2.13 follows now
from Lemma 7.2. 0
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