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Hopf algebras and universal Chern classes
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Abstract. We construct a variant K, of the Hopf algebra #,,, which acts directly on the
noncommutative model for the space of leaves of a general foliation rather than on its frame
bundle. We prove that the Hopf cyclic cohomology of /C;, is isomorphic to that of the pair
(Hn, gly) and thus consists of the universal Hopf cyclic Chern classes. We also realize these
classes in terms of geometric cocycles.
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1. Introduction

The application of Connes’ cyclic category [4] to the cohomology of Hopf algebras,
originally employed to compute the local index formula [6] for hypoelliptic operators
on spaces of leaves of foliations [7], has stimulated the interest in developing a theory
of Hopf cyclic characteristic classes in the framework of noncommutative geometry.
To this end the geometric characteristic classes of foliations (see e.g. [3]) have been
gradually reconfigured in the context of Hopf cyclic cohomology [18,19,21,22,24],
which holds the potential of being applicable to other noncommutative spaces
(cf. [10]).

In this paper we construct a variant /C,, of the Hopf algebra H, (cf. [7, 18]),
which acts directly on the noncommutative model for the generic space of leaves
rather than on its frame bundle. Associated to a Kac decomposition of the group
Diff(R") distinct from that employed in defining H,,, the Hopf algebra C, has a
different Hopf cyclic cohomology, which is no longer identifiable as the Gelfand—
Fuks cohomology of the Lie algebra a,, of formal vector fields of R”. Instead, in
analogy with the van Est isomorphism for algebraic groups (see [15]), the (absolute)
Hopf cyclic cohomology of IC,, is canonically isomorphic to the relative Lie algebra
cohomology of the pair (a,,, gl,, ), or equivalently to the Hopf cyclic cohomology of the
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pair (H,, gln) (cf. [18,19]), and therefore it also is a repository of the universal Hopf
cyclic Chern classes. The proof of this isomorphism is achieved by supplementing
our earlier techniques with those in [23]. By a construction parallel to that in [21],
we then realize these classes in terms of concrete geometric cocycles, in the spirit of
the Chern—Weil theory.

The paper is organized as follows. In §2 we define the Hopf algebra IC,, via its
natural action on the étale groupoid R” xDiff(R”)%. In broad outline this construction
parallels that of 7, at the level of the prolongation groupoid on frame bundle.
However, unlike H,, K, is no longer isomorphic as an algebra with a quotient of
a universal enveloping algebra, and its antipode is more intricate. To prove that it
actually is a Hopf algebra we employ the Lie—Hopf algebra techniques developed
in [23] in order to realize it as a bicrossed product.

In §3 we refine the Lie-Hopf algebra decomposition of X, by means of a
further bicrossed product factorization of its commutative Hopf subalgebra Fi.
Using the full factorization so obtained, we then prove in §4 that the Hopf cyclic
cohomology of C,, is isomorphic to the relative Hopf cyclic cohomology of the pair
(Hn, gln), and therefore (cf. [18]) to the truncated polynomial ring of Chern classes.
A crucial ingredient of the proof is supplied by [23, Theorem 4.10], which provides
the appropriate version of the van Est isomorphism in the present context.

The Chern—Weil type construction of cocycles representing the Hopf cyclic
classes of /C, is carried out in §5, by an adaptation of the methods developed
in [21,22]. This construction is then illustrated in a very concrete fashion in §6,
where we produce completely explicit cocycles representing the Hopf cyclic classes
of K1 and of the pair (H;,gl;). The detailed calculation shows clearly how
the equivariant Chern classes ¢9 = 1 and c¢; in the Bott complex become Hopf
cyclic Chern classes of Ky, respectively (Hi, gl1). Particularly noteworthy is the
metamorphosis of the (secondary) Godbillon—Vey cocycle of H; into a representative
of a (primary) Chern class. To further clarify this phenomenon we follow through
with an additional calculation which shows how to restore the Godbillon—Vey class.
This also serves to point out that in order to incorporate the secondary Hopf cyclic
transverse characteristic classes at the same direct level it is necessary to pass to a
topological enhancement of the Hopf algebra C;.

Consisting exclusively of primary classes, the Hopf cyclic cohomology of IC,, is
perfectly positioned to be a receptacle for the yet elusive transverse index formula
representing the Connes—Chern character in equivariant K-homology. On the other
hand, as mentioned above, a full Hopf cyclic representation of all the geometric
transverse characteristic classes requires the passage to a topological enhancement
of these Hopf algebras. This is a separate development of interest in its own, which
is work in progress and will make the object of a forthcoming paper [20].
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2. The Hopf algebra /C,, and its standard action

Let M = R” and let G := Diff(M)® be the group of all orientation preserving
diffeomorphisms of M equipped with the discrete topology. The Hopf algebra K,
arises in the same way as H, (cf. [7]), only at the level of the action groupoid M x G
rather than of its frame bundle prolongation M x G.

Thus, we consider the crossed product algebra A = Ag = CX(M) x G,
where G acts on C®(M) by ¢ > f = f o ¢~ . A typical element of Ag is a finite
sum ), fiUg;, where f; € C2°(M) and U, stands for ¢! € G. The product
of Ag is determined by the multiplication rule

fU; gUy = f-(gop)Uy,. 2.1
The vector fields X = 0y := axik are made to act on Ag by
X (fUp) = X (U, = (/U (2.2)

One observes that
Xe(fU, -gUy) = Xi(f - (g 0 9)Uy,
= (NS -gUs + Y (e - fUS iUy, )

which proves that for all a, b € A one has

Xi(ab) = Xp(@b + ) 0(@) X (b), (2.4)

where . .
o} (fU) = 0;(¢") f Uy (2.5)

Another elementary manipulation gives
ol (fUy - gUy) = 0h(f - (g09)Up, = 0,(¢") fUy - 0x(¥') gUy, (2.6)
k

showing that for any a, b € A

ot(ab) =Y oi(a) of (b). (2.7)
k

In addition, we introduce the Jacobian operator,

a(fU)) = detJ($)- fU, (2.8)

where J(¢)(x) = ¢’(x) stands for the Jacobian matrix of ¢ at x € V. It is an algebra
automorphism of .4, whose inverse acts by

o (fUy) =detJ(¢ ) op fU; =detJ(p)~" fU,. (2.9)
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Definition 2.1. The algebra K, is the unital subalgebra of £(.Ag) generated by the
operators { Xy, O’;, o ?|i,jk=1,...,n; peN}

Note that the algebra /C,, also contains 0 = ) ¢ (—1)”0;(1) e U;(n), as well

as the operators 0}15.“’].](, where | <1, ji,..., jkx <n,
i (SUG) = 85 -5, (9") - U, (2.10)
which are iteratively generated by the commutators
[Xe ’ 0—}]9"'31.]{] = 0}17"':jk9l’ (2‘11)
Other obvious relations are
[Xi. X;]=0, (2.12)
0}1’.._’]»/( = 0;”(1),_..,]-”(/{), for any permutation 7 € Sk, (2.13)
[0 i OF g =0, (070}, 21=0, (2.14)
o' Y (=D)oh gy 0n =1, (2.15)
TeSy
[Xp,0 ] =—02 Z (—1)”(071(1)/("'0;@) 4ot 0;(1)...(;;("),(), (2.16)

TeSy

Proposition 2.2. The following collection of operators forms linear basis for IC, :

-p i dm oy dl | vk .
o foy UJmXel sz, (2.17)
here 1 <iy,....im <n, 1 <4y,.... 0 <n, p,q1,....q¢ €L, and J, are finite

ordered sets J, = {j1 < j» < -+ < jmp}, with1 < j, <n.
Proof. Similar to that of [18, Proposition 1.3] . 0

We use the action of /C;, on Ag and the corresponding Leibnitz rules, such as (2.4),
(2.5), to equip K,, with the bialgebra structure defined by the condition

A(k) = ko ® ko iff k(ab) = ko) (a)ke) (b),
e(k)l 4 = k(1).

In particular,

AXe) =X ® 1 +0f ® X, (2.18)
A(0}) = of ® 0. 2.19)
Alo)=0®0, Al ) =0""®07", (2.20)
A0} x) = 0Ty ® 0, + 040} ® 0, ), 2.21)
A@S, 0 = [AXG), AGS e D), (2.22)

e(0)=e0c ) =1, e0}) =68 eX)=¢e( ;)=0. (2.23)
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Let K, be the commutative polynomial algebra generated by 0;'.1 ,,,,, it and o~
It is obvious that /Cy; is a subbialgebra of /.
For k € Ky, we define (k) : G — C*®(V) by
Pe(K)(W) = k(Uy)Uy. (2.24)
One readily checks that the following cocycle property holds
i (K)(Y1¥2) = 7 (k) (V2) i (k@) (Y1) © Y. (2.25)
Using the above operators we then define the map S : Ky — Ky by
S(NHEUY =y (NHW oy g Uy. (2.26)

Lemma 2.3. The map S defined in (2.26) is the antipode of K., and hence Ky, is a
Hopf algebra.

Proof. We should show that S is the inverse of Idg, in the convolution algebra
Hom(/Cyp, KCop). Indeed we first verify that S is the left inverse,

(Idk,, *S)(N)Uy) = forS(fe)Uy) = for(x(f)@ ™) oy Uy)
= r(fO) W) (f)W ) oy Uy (2.27)
= 7 (/))Uy = e(/)Uy,.

Here in the last two equalities we have used the cocycle property (2.25) of #, and
the very definition of ¢. Similarly, one proves that S is a right convolution inverse
to Id;gab. ]

To equip the algebra /C,, itself with a Hopf algebra structure, we shall check that
the Lie algebra V' generated by the X;’s together with the copposite Hopf algebra
Fi = Kp P form a Lie-Hopf pair in the sense of [23]. It will follow that the
universal enveloping algebra U/ (V') of V together with Fi form a matched pair of
Hopf algebras (cf. [16]), from which we will reassemble /C,,.

The Lie algebra V' acts on Fy from the left via

>:V&Fkx > Fr, X f=I[X, f] (2.28)
Explicitly, for f € Fi,
(Xew f)(gUy) = (Xef — [X)(gUy) = Xe(yc(f)gUy) — f(0e(8)Uy)
= 0 (f)gUy + 71 (/)0 Uy — 7 (f)(¥)0e() Uy,

= Xe(#c(/)gUy.
(2.29)

We also define the following right coaction of Fx. on V by
V.V VR F V(X)) = Xp ®oF . (2.30)
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Lemma 2.4. Via the action and coaction defined in (2.28) and (2.30), Fi is a V -Hopf
algebra.

Proof. Using the coproduct of 0;., it is straightforward to see that (2.30) defines a
coaction. We need to verify that the action > and the coaction V¥ satisfy the conditions
required for a Lie—Hopf pair (cf. [23]).

First we should check that for any g € Fi and any X € V one has

AXpg) =XeAl@ =g ®X>go +X_o. >80 QX__go. (2.31)
Indeedifa,b € Aand f € Ky, then
A(X¢ > f)(ab) = [Xg, fl(ab) = X f(ab) — fXe(ab)

= X¢(for (@) for (b)) — f(X¢(a)b + of (a) Xk (b))

= X¢(fr (@) for (b) + of (fr (@) Xi(fr (D))
— for(Xe(@) for (b) — fy (0F (@) for (Xi ()

= [X¢. fol(@) for (B) + of fo(@)[ Xk, fa](b)

=Xe> fo(@) fa(b) + (X~ fo)@) (X > f2) (D).
(2.32)

Thus, forany X € V,
AX> fl=X> fo® fo+X_fOo®X_.> fo. (2.33)

Since the Lie algebra V' is commutative and 0;., = ali’j the coaction V satisfies the
structure identity of V.

Finally, e(X,; > f) = 0 for any f € Ky, which completes the verification of the
axioms of a Lie—Hopf pair. O

As a consequence, the bicrossed product Hopf algebra Fic »<1 U(V) is well-
defined. We define the map

L:FewalU(V)— K, Z(fwadu) = fu. (2.34)
Proposition 2.5. The above map I is an isomorphism of bialgebras.

Proof. One uses the linear basis (2.17) for K to see that Z is an isomorphism of
vector spaces. Let us check that the map Z is an algebra homomorphism. We first
use (2.29) to see that uf = ua) > fue) in Iy,

uf(gUy) = u(yc(SW)gUy) = ulyc (S W)Uy
= un) (P (/)W) @)Uy = (U > flue)(gUy).

This shows that 7 is indeed an algebra map.

(2.35)
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To show that 7 is a coalgebra map it is necessary and sufficient to check that 7
commutes with coproduct on the generators. Indeed,

Z D) Arcmaum)(f»11) =T L) (fr »11) @L(fy A1)
= fo ® far = Vi, (f):

(Z ® D)(Arewaun(1 21 X)) = (Z @ I)(1 »<1 X @ 0 < 1
+1pa1®1»aXy)

=X ®0f +1® X, = Vi, (Xo). O
Corollary 2.6. The following defines the antipode of Ky :
S/C(u) = S]:}c (u<l>)SU(M<0>)’ S’C(f) = S]:}C (f) (236)

Hence KC,, is a Hopf algebra and T is an isomorphism of Hopf algebras.
Proof. One uses the antipode definition for a bicrossed product
S(feau)=0»a Su_o NS (fu,)pl), feF, uecl. (2.37)
and the fact that I/ is cocommutative and Fx is commutative to see
Srtmau(f <) = Sre(fuo,) w1 Sy(u_y.). (2.38)

Since Z is isomorphism of bialgebras and Fx »<1 U is a Hopf algebra, 7 induces a
unique antipode on /C,,. Equivalently, S : L — K is defined by the identity

Sk =ZoSz pqoI . O
One sees that
Sty =o"'m], (2.39)

where my = (=1)?T9det M}, with M) signifying the (n — 1) x (n — 1) matrix
obtained by removing the gth row and pth column of the matrix [0;]. Also,

So)=0"1, S =o,
S(oh) = =S()S(03)S(0f)o,. (2.40)
S(Xi) = —S(of) X

3. Bicrossed product decomposition of Fi

We start with the decomposition of G = T - GT, where

T={peG|epkx)=x+b, forsomeb € R"}, (3.1)
G'={y €G|y(0) =0} (3.2)
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Any ¢ € G can be written uniquely as

where
Pp(x) = x + ¢(0), Yg(x) = ¢(x) — ¢(0). (3.4)

This yields that (T, GT) is a matched pair of groups with respect to the left action
of G on T and the right action of T on G' determined by

Vo= (Yre) oy ae). (3.5)
Thus, for ¢ € G~ defined by ¢(x) = x + b, and for ¥ € G one has
Vo) =x+y(b), ¥aex)=1y(x+b)—y(b). (3.6)

The first equation shows that under the canonical identification of R” with the
translation group, ¢ € T < b = ¢(0) € R”, the action of G on T is just its
natural action on R”.

Let 7(GT) be the commutative unital algebra of functions on GT generated by
the coeflicients of the Taylor expansion at 0,

5‘1 ----- ]k(W):ajka]lwl(x) _0? liifjlv--'vjkinv wEGTa

3.7
 det(Biy)’

One proves as in [18, Proposition 2.5] that the group structure of G' induces a
Hopf algebra structure on F(G'), determined by

AYW1.92) = fW10V2), Y1.¥2 € G, (3.8)
S(HW) = fy™h, ¥ € GT, (3.9)
e(f) = f(e). (3.10)

One notes that for J;.l ix € IC,, we have

i ) = 20500, BTHW) = #eTHWO). G
There is a unique isomorphism of Hopf algebras

L K™ = Fie — F(GD), (3.12)
with the property that

o™y =8"" ol ) =B 1<iji....je<n keN (3.13)
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One uses the right action of T on GT to get a left action of T on F(GT) by
p> f(¥) = (¥ <9). (3.14)

We identify V' with the Lie algebra of the Lie group T, as the left invariant vector
fields, and hence get the following action of V' on F(T)

f(y <exp(tX)), feFGH, veG, XeVv. (3.15

=0

d
Xe ) = &

To illustrate this action on the generators we compute:

=3, (Y (x +1e") — y'(teh))
x=0 _ _ (3.16)
= ;¥ (x +teb) 0=(%WXw6

xX=

8, (¥ 2exp(tXp) (x)

and continue by

. d X
Xev Bi(y) = mn B (Y <exp(1Xy))
P (3.17)
= —|  @yHe’) =00;v (x)| =B
dt t=0 x=0
Similarly one proves that
Xew B = By (3.18)

One observe that the action of G on T is smooth and hence induces an action of GT
onV,

d
v X(g) = o g >exp(tX)), geCT[RY). (3.19)

1=

In dual fashion, the action of G on V defines a coaction
Yy .V > Ve FGH, (3.20)
defined by
Yy(Xg)=X;®f/, ifandonlyif f/(¥)X; =y > X, (3.21)

Let us explicitly compute this coaction. Since the action of GT on T is the natural
one,

¥ b exp(tXe)(x) = x + y(red). (3.22)
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So for any g € C°(R") one has,

d
(> Xg)(g)(x) = N g(¥ > exp(tXy))
_d ¢ 3.3
= i|_ swe) (323)

BV ()| = Xe (@B ().

=0
We thus proved that
Yy (Xo) = Xk ® By
This show that (3.15), makes F(G') a2/(V)-module algebra and the map ¢ : Fic —
F(GT) is V-linear, where action of V on F is defined by (2.28). Via the coaction

defined by (3.21) F(G") is a V-Hopf algebra. The map ¢ induces the following
isomorphism

L Id s Fre ma UV) = F(GHY ma U (V), (3.24)

Now we decompose the group G into G:g - N, where
Gl = (v e G| y(x) = ax, a e GL,}, (3.25)
N ={y e G' | y/(0) =1d}. (3.26)

Precisely, for any ¥ € ¢ we define A € GT, and v € N by
Ay () = ' (O)x, vy (x) = @ O) Y (x). (3.27)

This unique decomposition determines the actions of Gg on N and of N on Gg, by
the prescription
vodl=(rA)o(val), (3.28)

for A € Gg and v € N. More exactly, with A(x) = a- x, a € GL,(R),
veA=2A, and (v<al)(x)=alv(a-x), (3.29)

reflecting the fact that N is a normal subgroup of G'.
We let F (G:g) be the algebra generated by the functions

s =0;A(x)|  =d;. o« '(A) =det(a), forA(x)=a-x, (3.30)
x=0
i.e. the algebra P(GL,) of regular functions on GL, (R).
Similarly, we let F(N) be the algebra generated by the restrictions to N of the
Taylor coordinates (3.7) on G,

of )= (v) =00, Y (x) . vEN (3.31)

.....
0
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Once again, F (GZ;) and F(N) are in fact Hopf algebras with the usual structure,

AN YW1 ¥2) = fWova), e(f) = fle), S(HW) =S (32
In particular

A(O‘;’) = Ol]ic ® 0{5, A(C(_l) =g ! R a_l’ (3.33)

A(Ol;,k) = Oti-,k R1+1® oz;,k (3.34)

Thus, the restriction maps of Hopf algebras

™ F(GH —» F@G))., m: FGH - FIN).
m) =di, m@BH=a', mPp .
mB) =8, m@B =1 m@ )=

..........

(3.35)

are maps of Hopf algebras. These projections admit as cross-sections the obvious
inclusion maps Z; : F(G;") — FGYH,i=1,2.

Ti@y) =B L@ H=a'. T, ;) =P8 i (3.36)
Lemma 3.1. The map ¥ : F(N) — F(N) ® F(G{) defined by
V(. A) = f(vad), (3.37)

is a coaction and makes F(N) a F (GE) a comodule Hopf algebra.

Proof. Denoting the inclusion F(N) — F(GT) by

fW) = fvy). (3.38)

one observes that
YW, A) = fvad) = f(vod) (3.39)
= fo () fo ) = m(fo) @ T (fo)(1. ). (3.40)

Since « is a group action, it is easily seen that ¥ is a coaction. The fact that ¥
preserves the product,

YL =YY

is also clear.
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Next we show that F(N) is F (Gg)-comodule coalgebra. Indeed,

Seos) ® fo@® f_ - (V1,12, 1)
= foo- ® fom(Viov2,A)
= f((viovz) <A)
= f((v1 <(v2>A))o(v2 <))

(3.41)
= f((v1 <A) o (v2 <))
= fo(1<9d) fa(v2 <)
= frzo- 1) foro,o ) frz= (02) foro,- (A)
= f(1)<0> ® f(2)<0> ® f(1)<1> f(2)<1>(1)1, V2, )')
The last required condition is also satisfied:
(o)1= =V (f)(e. ) = fle <) (3.42)
= f(e) = (1l r@,6+) D). o

We note that, with the notation introduced above, the following identity holds:

=pL (3.43)

Since the action of F(N) on F (Gg) is trivial, that is given by ¢ , we see that all
conditions of matched pair of Hopf algebras are satisfied and we have the Hopf algebra
F (Gg) »<1 F(N). Moreover, as an algebra F (Gg) »<1 F(N) is just F (Gg) ® F(N)
and as a coalgebra it is F (G};) »< F(N). We will therefore adopt the latter notation.

There also is a natural left coaction of F(N) on F (Gg), which we record below.

Lemma 3.2. The map V1, : F(N) — F(G}) ® F(N) defined by

Yo ()R, v) =L2(f)(A,v). (3.44)
defines a left coaction, which satisfies

Vo ) =ai®al . (3.45)

......

We now define a natural map ® : F(G') — F (Gg) ® F(N) by

O(fHA,v) = f(Aov) =m(fo) @ m(f@)A,v). (3.46)
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Lemma 3.3. The map ® : F(G") — F (G:g) ® F(N) is an isomorphism of algebras.
Proof. ® is obviously linear, and

(1 ® 7)) =Ti(fHST(f 2 )T (f ) (3.47)

defines a two sided inverse for ®. Indeed,

By =o' @1, B H=a"'®l OB ) =c

.......... Jk°
>l @) =4, @' '®l) =" (3.48)
(1 ® B, i) = SBIB, -
Since both maps ® and ®~! are algebra maps, the claim follows. O

Proposition 3.4. The map ® : F(G') —» F (Gz;) ® F(N) is an isomorphism of Hopf
algebras.

Proof. Both sides being commutative, it suffice to check the compatibility of ® with
the coalgebra structures.

Let f € F(G') be of the form f = f!f2, with f; € F(G{), f» € F(N),
which means that ®(f) = f! »< f2. The comultiplication of ]-"(G:g) < F(N) is
given by

Az 6y s (P (A1, V1542, 12)
= (fl(l) < f2ge ® [l [P P< f2@) (A1, V15 A2, v2)
= o) 200 1) o (Aa) [y (A2) 22 (v2)
= (flo () fl2(R2) (f0oee (R2) fA_- (1) foo(v2)
= f1(A10A2) f20(v1 <A2) [P (v2)
= [T (10 22) f2((v1 94 A2) 0 12).
(3.49)

On the other hand one uses (3.28) and the fact that vi>A = A forany A € Gg and
any v € G; to see that

Q@ P(A(f)(A1,v1:A2,2) = B(f1)) (A1, 12)P(f @) (A2, 2))
= fay(A1 ov1) f (A2 0v2)
= f(ArovioAz01s) (3.50)
= f(A10A20(v2 <A1)0v7)
= f1 (A1 0A2) f2(v2 a9 A1) o 1y).
Finally it is easy to see that

€ (G 6N (P(S)) = fle)f2e) = fle) = erhy(f)- (3.51)
L]
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Via the above isomorphism we identify

i i -1 _ -1 i i s
By =aip<l, BT =aw<1, B . =oa;p<oj (3.52)
For oz;l AL have
i T iy, S1 ... 5
V(Otj1 ..... jk) =dg 5 ® S(a,)aj] . (3.53)

Let gl,, be the Lie algebra GL, (R). One defines a Hopf pairing between F (G;r))
and U(gl,) by extending the natural pairing

d
(fY)=Y() = &

1=

fexp(tY)), Y €gly,A €G] (3.54)
0

This means that

(120 = (flun)(fPoue), (fu'v?) = (fo,u'){(fo.u?),

(3.55)
(1) =e(f), (Lu)=e@), (f.SW)=(S(f) u).
We now define the action gl, ® F(N) — F(N) by
Yo f=f_.Y(f.). (3.56)

We denote the standard basis of gl,, by Yi 1 <i, Jj < n. One first observes that
Y} (ad) = 5;8‘; . Then we use the Hopf pairing properties (3.55) to see that

I o? — i P _ep i
Yieol o= &al o 8Pl . (3.57)
S

By restricting the action of G on T to G;r) we get the coaction

V>V ® F(G)),

(3.58)
X —> X ® O[}i.
We use this coaction to define an action of gl,, on V' via
Yo X =(X_,..Y)X_,_. (3.59)

Note that the action of Y]? on Xy is indeed the natural action of gl, on R”, i.e.

Yio X =68, X;. (3.60)
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4. Hopf cyclic cohomology of C,

For the reader’s convenience we recall two basic notions.
Given a Hopf algebra #, a character § : H — C and a group-like element 0 € H,
the pair (8, 0) is called a modular pair in involution if

§(c) =1, and S7 = Ad,, 4.1)

where Ady(h) = oho™! and Ss(h) = 8(ha))S(he)), h € H. To such a datum was
associated in [9] a cyclic module whose cohomology, called Hopf cyclic, is denoted
HC*(H; °Cs).

Let now g be a finite-dimensional Lie algebra and let F be a g-Hopf algebra
(cf. [23]), on which g coacts via Y5 : g — g ® F. The modular character of
6:9—>C,

8(X) = Trace(ady), X € g,
extends to a character of /(g). One then further extends § to a character of F »<1 U/ (g)
by
§(f »<tu) = e(f)8(u).
In a dual fashion, one defines a group-like element in JF as follows. The (first-order)
matrix coefficients f J? € F of the coaction V¥ 4 are given by the equation

n
VX)) =) X;® fl. n=dimg;
i=1

they satisfy the relation

A=Y K e fk
k=1

op =det(f}) =Y (=" fluy -+ [l (4.2)

TeSy

One then defines a group-like element in F »<1 {/(g) by setting

o:=oF A1, whereop =3 o5, (=Dl [l

It is shown in [23, Theorem 3.2] that the (8, o) defines a modular pair in involution
for the Hopf algebra F »<1 U(g).

We now return to the V-Hopf algebra Fi of §1, equipped with the action and
the coaction defined in (3.15) and (3.20). Since the Lie algebra V' is commutative, §
coincides with ¢ and hence (e, 0) is a modular pair in involution for Fi. »<1 U(V).
Denoting by ° C the one-dimensional left comodule and right module over Fic »<1 U
determined by the group-like o and the character ¢ respectively, we are thus in a
position to form the Hopf cyclic cohomology H C*(Fx »<1 U,° C) of the canonically
associated (b, B)-bicomplex (cf. [7-9]).
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In order to compute this cohomology, we employ a quasi-isomorphic bicomplex,
which takes advantage of the bicrossed product structure of the Hopf algebra K, as
well as of the particular nature of its components. Referring the reader to [14,18,19]
for details concerning the intermediate steps, we proceed to describe the resulting
quasi-isomorphic bicomplex.

The Lie algebra V admits the following right action on Fy®¢

Xe (fl Q- ® fq) = X(1)<0> > fl ®X(l)<l>(X(2)<0> > f2) Q-
@ X,y Xa-nos X > f1), (4.3)
On the other hand, since Fx is commutative, the coaction ¥ : V — V ® Fi., extends

from V to a unique coaction Yy : APV — APV Q Fi. After tensoring it with the
right coaction of °C we obtain the coaction

Yoconr A®X A AXT) = 10X _A--AXL @0 XL, - X1 _. (44)

<0>

Let {X; }1<i<n be the basis for V' and let {67 }1<j<n denote the dual basis of V*.
One defines the dual left coaction on ¥}, : V* — V* ® Fi by

V(0 =) B @67, where Vy (X)) = X; ® B}. (4.5)
J

We extend this coaction on A®V™* diagonally and observe that the result is a left
coaction just because Fy is commutative. For later use we record below that if
® = 01 A--- A B then
i i l l
a)<—1>®w<0>:Zflll.“flkk(gel/\.”/\ek' (46)
lflj <m

One uses the antipode of Fx to turn it into a right coaction Y .p* : APV* —
ANPV* Q@ Fi, as follows:

Yare(w) =w_. @ S(o__,.). “.7)

We now use the above ingredients to build the following bicomplex:

(4.8)

BV* av* av*
2 >«<b;<:’C 27/ * bj;:’c 27/ * ®2 b;—’c
ANV — A V*Q Fixc — > N V*Q Frc ™" ——>---

8V* av* 3v*
b7y bFy ®2 Prx
V* V*® Fr V* Q@ Fi®" ——
8V>(< 3V* av*
b, b7, b
C K Fi K Fi®? K
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The vertical coboundary dy« : CP4 — CP4%! is the Lie algebra cohomology
coboundary of the Lie algebra V with coefficients in Fi®?, where the action of V
is given by

10 f'®®@f7)4X=-10Xe(f'®--® [7). (4.9)

The horizontal b-coboundary b7, has the expression

q
b},c(a®f1®...®f‘1)=a®1®f1®...®fq+z(_1)ia®f1®m
i=1

QAN R I+ (D) Qe @ f'® @ fI®a_,.. (4.10)

At this stage we recall that by Proposition (3.4) the Hopf subalgebra has a further
factorization,

Fic = F(G)) »< F(N). 4.11)

This allows to apply the same treatment alluded to above to each row of the
bicomplex (4.8).
Let us describe the bicomplex which computes the cohomology of the pth row. To
simplify the notation, in what follows we abbreviate F; := F (Gg) and F, := F(N).
Diagrammatically,

* * *
bfl bfz bfz
b*

F1

b% b*
AV*QFS2 T APy @ FE2 R F| — - APV @ FE2 @ FO2 1L o ..

s, b, b,
bk b% bk
1 1 1
ANPV* QR F» ANPV* QR Fr @ F1 /\pV*®f2®f£®2ﬁ-
b, b, s,
s by by
APV ] APV* ® Fy - APV @ FRE

(4.12)
The gth row above is the Hochschild complex of the coalgebra F; with coefficients
in the comodule A?V* ® ]:2® 7 defined by
Viigr i NV Q@ F2* — FL @ A1V* @ F2°,

. ~ - (4.13)
'(a) ® f) = 60<_1>S(f<1>) ® Cl)<0> ® f<0>’

where we use the natural left coaction of F; on AP V* defined in (4.6).
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In the above bicomplex we also use the coaction of JF1 on F, defined in (3.37)
and extenditon f = fl ®--- ® f4 e‘;1:2®q by

f<0> ®];<1> = f1<0> ®”'®fq<0> ®f1<1>”'fq<1>’ (4.14)

The columns of the bicomplex are just the Hochschild complexes of the coalgebra F,
with trivial coefficients AP V* ® F2°.

Proposition 4.1. The cohomology of the qth row of the bicomplex (4.12) is
concentrated in the first column and coincides with (NP V* & .7:2® Tyaln,

Proof. The Lie algebra gl,, viewed as a subalgebra of formal vector fields on R”,
acts naturally on both V'* and on J5; it is this standard action which appears in the
above statement.

Set ZP4 = APV ®.7-"£® . The gth row is the Hochschild complex of the F; with
coefficients in Z 74, We use the identification of F; with P(GL,) and, since GL,, is
reductive, we are in a position to apply [23, Theorem 4.8] to infer that the cohomology
of the row is concentrated in the Oth cohomology group, in other words that

H¥(Fy, 2P0 =0, k >0, HO(F,ZP9) = (ZP9)71.  (4.15)

Here (Z?*9)71 is the space of coinvariants elements with respect to the coaction JF;
on Z P4 defined in (4.7), i.e.,

(Zpg) ' =10® f | Vygn@® f)=10w® f} (4.16)

The action of gl, on J is that defined in (3.57). The action of gl,, on V* comes
from the coaction of F; on V'* defined by (4.5). Explicitly,

0k ay] = (B{.Y]) 0" = 8k5, 0" = sk o', (4.17)

which is transpose of the standard action of gl on V' defined in (3.59).
Let us show that this space of coinvariants coincides with the invariants under gl,,.
The right action of gl,, on Z?+4 is given by

@& Y ={(0® /) .. ¥) (@® [, (4.18)

and we need to check that w ® f € (ZP9)71 if and only if 0 ® f € (ZP1)8"n or
equivalently,

w® fe(ZPN < waYQ®f—-0®Y> f =0. (4.19)
O

Theorem 4.2. The periodic Hopf cyclic cohomology HP*(ICy; ot C) is isomorphic
to the truncated ring of Chern classes Pyy[cy, ..., ¢yl
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Proof. By Proposition 4.1 the total cohomology of the bicomplex (4.12) reduces to
the cohomology of the following complex

* *

b b
APV T2 NPy @ Fp)otn T2

(4.20)

We still need to calculate the total cohomology of (4.8). Via the above identification,
that bicomplex is quaisi-isomorphic with the following one,

8V* av* av*
* * *

b b b
(R2V )il 2 (N2Y* @ Fp)iin — T3 (A2V* @ 878 s

BV* av* 3v*
*\gl b;z * [ b}z * ®2\gl, b;z
(V) ——— (V" ® F2)9™" (V*® F75)n ——
BV* av* 3v>k
b;f_-z bji_—z b;ﬁ_—z

C

(Fp)ot (Fo®%)9tn
4.21)
One uses (3.2), (3.26), and (3.31) on one hand and [ 18, Proposition 2.1, Definition 2.4]

on the other hand to observe that
For=Fy, 4.22)

where F5 C H, is the Hopf subalgebra, denoted by F(N) in [18], such that
H® = Fr <1 U(GEM).

After this identification one applies (3.56), (3.58), and (3.60) to observe that
the bicomplex (4.21) is identified with the bicomplex in [19, (4.12)] for h = gl,,
or alternately with the bicomplex in [18, (3.42)]. The total cohomology of the
latter bicomplex is computed in [18, Theorem 3.25], and shown to be isomorphic to
Pz,,[cl,...,cn]. ]

There is an alternative way to formulate the above result, which relies on
identifying, as coalgebras, K, and the quotient coalgebra Q,, := H, ®y(q1,) C.

First, one identifies the copposite coalgebra Q" to Fy <1 U(glaf) ®u(gty) C as
the U(gl,), is isomorphic to the crossed product coalgebras Fz, »< U(V), via the
map

Kkt Hy ®ugty C = (Fr < UGET)) @ugr,) C — Fr < UV)

(4.23)
kn(f P XY Qugiy 1) = e(Y) f »< X
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here F3 coacts on U(V) via its coaction on U(glif) followed by the projection
7 U(gRT)y — U(V) thatis defined by 7(XY) = &(Y) X, and is a map of coalgebras.
It is clear that x4 is an isomorphism.

We next consider the map kT : F(GT) w< U(V) — F5; »< U(V) by the formula

T i _ Qi S
K Bl s <) = 850 o g DU (4.24)
where 5; is the Kronecker’s delta tensor and a; = 8; This map is quite natural,

being the same as 1y ® Id, where r4; : F(GT) — F(N) 2 F; is the restriction map,
dual to the inclusion N < G,
cop

Theorem 4.3. The map « = k3;' okt : F(GT) w< U(V) — H, ®u(gty) C
is a morphism of coalgebras which induces a quasi-isomorphism of Hochschild
cohomology complexes

cop@e cop @e

{FCRK by = {Cs Qugr) @, - b}

This in turn yields an isomorphism HC*(IC; “_I(C) ~ HC(Hn, GL,; Cs).

Proof. Proposition 3.4 guarantees that  © is a map of coalgebras. Using the definition
(4.24), which in particular implies that « T (ﬂ;) = 8; it is easy to check that x induces
a chain map at the level of Hochchild complexes.

The second claim follows by combining the following two facts: the vanishing of
the Connes boundary map B at the level of both Hochschild complexes; the vanishing
of the Hochschild cohomology groups outside degree n of both sides, ensured by
Theorem 4.2, resp. [18, Theorem 3.25]. ]

5. Geometric representation of the Hopf cyclic Chern classes

In order to exhibit concrete cocycles representing a basis of HP*(IC,,; °C), we take
the same approach as in [21,22]. The gist of that construction is summarized below.

With M = R" and G = Diff(R")?, let {Q*(|AgM]|),d} be the complex
of Dupont’s [11] complex of de Rham simplicial compatible forms. We will
actually work with its homogeneous version {Q*(|AgM|),d}. The identification
between compatible forms @ = {w,} >0 in the first complex and their homogeneous
counterpart @ = {w,}p>o in the second, i.e. satisfying

a_)(t; /O()p’ ety ppp7 ') = ,O*a_)(t; p()a ety ppa ')5 Vp’ pl € G7
is made via the exchange relations

w(t;¢19"-7¢pax) = (,l_)(¢1 "'¢p’¢2"'¢p"'-a¢pax)’
resp. d(t:po, ..., pp.7) = Ppo(t: popy ', P13 Pp—1Pp ")
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In [22] we introduced the subcomplex {Qr’d(|AgM |),d} of the above complex
consisting of regular differentiable simplicial de Rham forms. These are compatible
forms @ = {w,}p>0 on the geometric realization [AgM | = ]_[;ozo AP x AgM|p]
of the simplicial manifold AgM = {G? x M },>¢, whose components (expressed
in homogeneous group coordinates, but with the “overline” mark omitted from the
notation from now on) have the property that

wp(t:po,...,pp.X) = Z P],_](t;x,j!:(p()),...,j)l:(pp))dl] Adxy, 5.1

with Py ; depending polynomially of a finite number of jet components of pg,
1<a<p and of (detp) (x))_l, where p/,(x) signifies the Jacobian matrix
P} = dipy(), 1<i.j <n.

QY(|AgM]) is a differential graded algebra, whose corresponding cohomology
ring H3(|AgM |, C) was shown in [22, Thm. 1.4] to be isomorphic to the truncated
polynomial ring of Chern classes Ppy[c1,...,Cnl.

More precisely, let V be the flat connection on the frame bundle FM — M, with

connection form wy = (wj) wh =y} dy?. = (y! dy);, i,j =1,....n.

The associated simplicial connection form-valued matrix @y = {@p}pen on the
frame bundle of |Ag M | has components

p
Bp(t:po.....pp) =Y _1;p} (@v): (5.2)
i=0

accordingly, the simplicial curvature form Qv := ddv + dv A dvy has components

p 14
Qp(tipo.....pp) = Y _dii Apf(wy) =Y _1;p} (@v) A p(wv)
i=0 i=0

p
+ Z titj p; (0v) A pj(ov). (5.3)
i,j=0
Under the action of p € G on FM the pull-back of the connection form is
LT i_+ i 9k h ek: —l_dk
p*(h) = ) + Yh(p) 6%, where 6% =y - dx)

. ; (5.4)
Vi@ y) = (v )7 020/ (x) - y), ¥k, x € M,y € GLy(R).

This clearly shows that the simplicial forms c?); and SAZ‘J belong to the regular
differentiable de Rham complex Q2°(| AGFM)).

The cohomology H 3 (| AgM ) of the Dupont complex for M was shown in [22]
to be isomorphic to the truncated polynomial ring of Chern classes Paj[c1, - .., ¢yl
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More precisely, by [22, Thm. 1.3 and Eq. (1.13)], the choice of the connection gives
rise to a canonical quasi-isomorphism of complexes

Cy™ - W (gly. GLy) — Qy(|AgM]). (5.5)

which in fact reproduces the classical Chern—Weil construction for the Diff-
equivariant case. Indeed, the left hand stands for the subalgebras consisting of
the GL,-basic elements in the quotient W(g ) = Wi(gl,)/Zsp, of the Weil algebra
Wi(gl,) = A®gly ® S(gl,) by the ideal generated by the elements of S(gl,) of
degree > 2n. The cohomology of I/f/(g[,,, GL,) is well known to be isomorphic

to Palcy,...,cn), With ¢q,...,c, given by the standard generators of the ring
S(gl,)C" of GL, (C)-invariant polynomials on gl, (C),
a(A) =" D (=DrAY, A% A€ gh(O). (5.6)
1<iy<- A€Sk
e <ip<n

The corresponding Chern forms ¢ (Qy) € Q:d(|AG FM|) are GL,-basic and thus
descend to forms in Qrzdk (J]AgM|). As aresult, the collection of closed forms

cr(2v) = ¢;,(Qv) A+ A ¢y, (Qv) € Q47N (1AM, (5.7

with J = (j1 < --- < jg) and |J| := j1 + -+ + j; < n, give a complete set of
representatives for a (linear) basis of the cohomology Hr:](lﬁ(;M |, C) of the Rham
complex {Q%(|AcM]),d}.

Consider now the subcomplex {C_’r:] (G,Q*(M)),8,d} of the (homogeneous
version of the) Bott bicomplex (see [1,2]) {C* (G, Q*(M)),§,d}, formed of regular
differentiable homogeneous group cochains. By definition (cf. [22]), a cochain
w € C_’rg (G, Q9(M)) if for any local chart U C M with coordinates (x!,...,x"),

0(po, - ppX) = 3 Pr (%Ko}, 0p)) dxr (59)

where the coefficients Py as in (5.1). By [22, Thm. 1.1], which is a variant of
Dupont’s [11, Theorem 2.3], the operation of integration along the fiber

Sé- 1 Qn(AcM|) — CY (G, Q*(M)) (5.9)

establishes a quasi-isomorphism between the complexes {25 |AgM|),d} and
{CY' (G, 2*(M)) .6 + d}. Thus, the composition of (5.5) and (5.9)

D = ?ﬁA oCE W (g, GL) — C§* (G.Q7(M))  (5.10)
is also a quasi-isomorphism. In conclusion the cocycles
Cr@w) =@ @) J=Gissipilsn. G
A.

represent a basis for the cohomology H (M, C) of {C_’rté’t (G, Q*(M)),6 +d}.
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On the other hand, in [19] we have introduced Hopf cyclic counterparts of the
Bott complexes. In particular, in the case of Fi the analogue of the homogeneous
Bott complex is the anti-symmetrized and coinvariant subcomplex of (4.8),

C(AV* AFx) = (NPV* @ AF)®, V=M=R" (5.12)

defined as follows. An element Y« ® f € (APV* @ A1 Fio)Fx if it satisfies the
Fic-coinvariance condition:

ZO‘<0> ® f® Sla,.) = ZO( ® f~<0> ® f~<1>; (5.13)
here for f = fO A--- A f4, we have denoted

foon ® foro =P Ao A fl @ [0 flo. (5.14)

One identifies the anti-symmetrized-coinvariant bicomplex as a homotopy retraction
sub-bicomplex of (4.8) as in [19].

O N 2N
2% ba o ok 2T \Fe oA 2% 3 \Fr br
ANV —5 (A2V* Q@ A Fi) K —= (A*V* @ AP Fi) K s - -

I N N

V* $ (V* ® /\2]:K)cm ba (V* ® /\3]:K)cm bA_)

In EIN EIN
C bn 2F )T b 3 F ) Fre 2
(C® A“Fk) (CRN Fr)'* ——
(5.15)
The identification simplifies the action of V on /\ Fi into the diagonal action
q
Xo (f'® @ f)=) f'8@Xef® [ (5.16)
i=0

and also the coboundaries are simplified to

ba@® fON-AfD=a@1AFON--A [, (5.17)
and

NER [ON A== 0 Na@ARX; > (fOn-n[T). (518)

The total cohomology of this bicomplex is denoted by H P (/Cp, o C).
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A similar bicomplex is defined for F%), namely
CoAV* AFp)" = (APV* @ ATHLF, )78 (5.19)

and the restriction map ry : Fx — F% induces a quasi-isomorphism between (5.15)
and (5.19).

The total cohomology of this bicomplex is denoted by H P2, (Hn.GL, : Cs)

Atthis stage we recall thatin [19, §3.2] we have constructed a map of bicomplexes,
® from the bicomplex C°®(A g, AF3)%" of antisymmetrized Fy-coinvariant
cochains to C*(G, Q*(FM)). In order to write its expression, we also need to
recall (cf. [18]) that there is a canonical isomorphism # : ’H:)p — Fpyand &= !
denotes its inverse. For f* € F, one defines the function #,,(f) : G — C*°(G) by

SSUNWy) = (/NP Ug., Yo eG, (5.20)

where the left hand side uses the action of H, on the crossed product algebra
C?(Gar) ¥ G, with Ga = V x GL,(R). The function 3, (f)(¢) € C*(G),
depends algebraically on the components of the k-jet of ¢, for some k € N. For
example, if ' = 773. key.., isone of the canonical algebra generators of F7;,

Niktyty () = Vige, 0, W)(€), ¥ €N (5.21)
then

P S Wie, o VW™ = Ve, o, ). (5.22)

With these notions clarified, the map © is given by the formula
@(Zou ® IfOn- A If”)(gbo,...,qsp)
I

=Y Y DT SCLTON(G ) -+ 9 (SCILTP)) (9, )dr. (5.23)

1 UGSP+1

where g.¢ is the Lie algebra of the affine group G,¢ =~ FM, and {&;} are the
left-invariant form associated to the elements of a basis {a7} C A°g}s.

From its very definition, it is obvious that ® actually lands in C_’ra (G, Q*(FM)).
It is also transparent that ® is injective.

On the other hand, ® is clearly GL,-equivariant and thus, by restriction to

GL,-invariants, it gives the map @ : C*(AV*, AFy)9" — C_’r:i(G, Q*(M)),

@GL”( Z dx; ® "fOn-A pr)(¢0,---,¢p)

[1|=q

=3 > DTy (SCFTON@G) (ST LT, Ndxr. (5.24)

I 0€Sp4
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Theorem 5.1. The chain map @St : C*(AV*, AFy)®n — CH(G,Q*(M)) is a
quasi-isomorphism.

Proof. The proof follows along exactly the same lines as that of [21, Thm. 3.6],
the only difference being that all the differentiable subcomplexes are replaced by
their regular differentiable counterparts. This also entails replacing the horizontal
homotopy used in the proof of [21, Thm. 1.2] by the algebraic homotopy employed
in the proof of [22, Thm. 1.3]. ]

The preimage by @61 of the cocycles Cy (Qv) defined by (5.11) can be exactly
computed. Indeed, first we observe that by [19, Remark 3.9] the map © is insensitive
to affine transformations, i.e. if @o, ..., ¢4 € Gag and Yo, ..., ¥4 € N, then

@(ZO&[ ® Ifo Ao A Ifq)((pol/fo,.--,(ﬂql/fq)
1

=0(Yar® fon- A ) Wo.o ¥g). (529)
1

Next we note that being given by invariant polynomials, the Chern cocycles (5.11)
are built out of the pull-back of the curvature form by the cross-section x € R”
(x,1) € R" x GL,. The resulting simplicial matrix-valued form is

p p
R(t:po.....¢p) = Y dtr AT(¢r) = Y 1y Dighr) AT (¢r)

r=0 r=0

p
+ > ity T(@) AT (@), where T'(g) := (@) -d@/, (5.26)

r,s=0

which by restriction to | ANM | becomes

p p p
Rt Yo.....¥p) = Y _dir AdY] =Y trdy, AdY; + Y trtgdy) Ady;.
r=0 r=0 r,s=0

(5.27)
Fory € N, (dy'); = 3 k= 99" dx*andso ()] [x=o= Y=y 0 (%) dx*.
This clearly shows that the restriction of the simplicial Chern form ¢ 7 (Qv) to | ANM |
evaluated at x = 0 gives by integration over the simplices a cocycle C; (ﬁ|o) €
C2(AM™, AF3). Moreover, by the very construction,

©% (Cy(Rlo)) = Cs(Qv). (5.28)
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Combining Theorem 5.1 with the statement (5.11) we obtain:

Corollary 5.2. The cocycles
Cr(Rlo) € C*(AV* AFn),
with J = (j1 < -+ < jg), |J| < n, represent classes which form a basis for the

cohomology HPS;(H,,GL, : Cy).

To reproduce the same approach for the algebra IC,;, we replace the map © by its
counterpart corresponding to the decomposition G = T- GT. The new chain map O,
from the subcomplex C*(AV*, AFx) of Fic-coinvariant cochains in C*(AV*, AFi)
to C*(G, Q*(FM)), is defined by the similar formula

@}C(Zal ® 1fOn-A pr)(¢07---v¢p)
I

=3 Y DTS TON@ ) 1 (SCFTP)) (@, Dar. (5.29)

I oeSp1

The analogous property to (5.25) reads as follows: if ¢o,...,¢; € T and
Vo, ..., ¥y € GT, then

®)C<Zal ® Ifon--n Ifq)(fpolﬂo,---vqu‘ﬂq)
7

=0c(Yar® fonn L) Wo . ¥g). (530)
1

This follows from the simple fact that for any translation ¢(x) = x + b, one has
o (Uy) = 8;U;.

The dual to the projection map ¥ € G vy € N gives an inclusion
ty + Fy — Fi, which is defined by

w(f) =271 f),

where ®~! is defined in (3.48). One observes that (4 is a cross-section of
the restriction map ry : Fx — Fx. In turn, 14 gives rise to a chain map
g, C*(AV* AFy) — C*(AV* AFx) at the level of Hochschild complexes.
Manifestly, one has
Ok o015, = @%n, (5.31)

Lemma 5.3. The chain map (3, : C*(AV* AFy)0'n — C*(AV*, AFx) is a quasi-
isomorphism of bicomplexes.

Proof. By construction, 73, o 13, = Id. On the other hand the very same arguments
invoked in the proof of Theorem 4.3 show that rJ is a quasi-isomorphism
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in Hochschild cohomology, which moreover induces an isomorphism in cyclic
cohomology. Therefore, its right inverse ¢3,, which is a chain map of bicomplexes,
gives an isomorphism in the cohomology of the total complexes. O

We next build the preimage by ®x of the cocycles Cy (fZ v) in exactly the same
fashion as for @Y7 except that instead of using the simplicial curvature (5.27) on
|ANM |, we use the simplicial curvature form (5.26) on |Ag+ M |. Note that the latter
involves the forms I'(y) := (¥/)~' - dy’, for ¥ € G. The cocycles thus obtained,

C}r (1§|0) are uniquely determined by the equation
Ox(CJ(Rlo)) = Cs(2v). (5.32)

Corollary 5.4. The cocycles C§(R|o) € C*(AV*, AFx), with = (j1 < --- < jg),

|J| < n, represent a basis of cohomology classes for H PC'E(ICn;‘T_l C).

Proof. The relation (5.31) implies that 15 (Cy(R|o)) = C;(mo), since O is
injective. The claim then follows from Lemma 5.3. O

6. Characteristic map and Hopf cyclic Chern cocycles

The crossed product algebra A = C°(M) x G has a canonical state-like functional
7 : A — C, determined by the standard volume formon M = R”, w = dx' A... A
dx"; it is given by

if ¢ = 1d,

t(fUy) = O[M J@. 6.1)

otherwise.

Unlike its forerunner on the frame bundle employed in [7, 8], the linear map 7 is not
a trace. It is however easy to check that 7 is a o L-trace, i.e.

t(ab) = t(bo~(a)), Va,be A, (6.2)
and that it is e-invariant with respect to the action of /C,;, meaning that
t(k(a)) = e(k)t(a), Vk ek, ac A; (6.3)

in particular, (o (a)) = t(a).
Having these two properties, one can define (cf. [7,9]) a characteristic map y, from

the standard Hopf cyclic (b, B)-complex C C* (K, 07! C) to the cyclic cohomology
(b, B)-complex CC*(A), by

xe(kt k) (ag ... ay) = t(agk' (@) ---k%(ay)), (6.4)
k',....k9 €Ky, ao,....aq €A (6.5)
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which is a map of cyclic complexes. As a matter of fact, this map is injective and
the model for the Hopf cyclic structure in the left hand side was originally imported
in [7] from that of the right hand side. We will show below that this structural
characteristic map also allows to transfer the geometric cocycles constructed in §5 to
the Hopf cyclic complex C C*(/C;;; o~ C).
Connes has constructed (see [5, I11.2.5]) a map of bicomplexes
O : C*(T,Q°(M)) — CC*(CX (M) x G),

whose definition we quickly recall.

Let Bg(M) denote the DG-algebra Q) (M) ® AC[G'], where G’ = G\ {e}
with the differential d ® Id. After labeling the generators of C[G] as yg, ¢ € G,
with y; = 0, one forms the crossed product Cg(M) = Bg(M) x G, with the
multiplication rules

UsoUp = ¢p™w, w € QL(M),
Ug 76:Us1 = Vonosy — V1. ¢1.92 € G.
Cg(M) is itself a DG-algebra, equipped with the differential
d(bUy) = dbUy — (—1)"bysUy. b€ Bg(G), ¢ €G, (6.6)
Any A € C9(G, QP (M)) gives rise a linear form A on Cg(G) as follows:
A(bUS) =0
forg # 1;if¢p = land b = 0 ® yp, ... ¥y, then

’)T(a)®yp1 ...ypq)=/Mk(1,p1,...,pq)/\a). (6.7)

The map ®¢ from C*(G,Q*(G)) to the (b, B)-complex of the algebra A =
C°(M) » G is now defined for A € C4(G, QP (M)) by

Dc(M)(@,...,a") = D +1)' Z( /=D (da’* ... da™a da' - da’)

(6.8)
where m = dimG — p+q,a°,...,a™ € A. Asprovedin [5,111.2, Thm. 14], ® is
a chain map to the total (b, B)-complex of the algebra A.

We denote by &4 the restriction of ®¢ to the subcomplex

CSNG, Q*(M)) := Ok (C*(AV*, AFx)) C CSH(G, Q*(M)).

By reasoning as in [7, pp. 223—234] it can be shown that if A € CZ 6(G, QP (M))
then there exists k()L) =Y, ks -®@kd € K& such that

de(d) = ZX,(k;, kg
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due to the faithfulness of y., the element k (L) is necessarily unique. This gives a
canonical identification between the two (b, B)-complexes,

CC*(Ky; ® ' C) = Im(Pyy), (6.9)

which allows us to regard @4 as a chain map to C C*'(C, ot C).

Theorem 6.1. The map &4 : CS(G, Q*(M)) — CCY(Ky; °~'C) is a quasi-
isomorphism. Moreover, via the above identification, the cocycles

k1 (Q2v) 1= @u(C (2v)) € CCV(K, 7 ©), (6.10)
with J = (j1 < -+ < jg), |J| < n, represent a basis of cohomology classes for
HP*(Kn:° ' C).

Proof. By construction,

®g0 O 01y, = Dy o O,

The right hand side was shown to be a quasi-isomorphism in [22, §2.2], while (3, is
quasi-isomorphism by Lemma 5.3. 0

7. Explicit calculations for n = 1

We illustrate the above results, by producing completely explicit cocycles for the
Hopf cyclic classes of K7 and (#1, GL,).

The connection form on FM = R xR* being w = a)ll := y~!dy, the associated
simplicial connection form is

p p
Bp(tpo.....pp) =Y _1ipf (@) =Y _si(pj_1 (@) — p} (@) + pj(®).
i=0 i=1

The pull-back of the connection form is
pr(@)) = o + i1 (p)y " -dx,

Y y) =y ()7 90/ (x) -y,
that is

p//
p*(w) =y ldy + Fdx.
One has

14 ,0/-/ ,0/~/ p//
Op(t;pos ...\ pp) = Zsi (i_—l — —’/) dx + —/pdx + y—ldy.
= \Pi-1 P Pp

i
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The simplicial curvature form = d@v + ®v A @v has components

. p p{/ p/_/
Qp(tpo,....pp) = Z (l—_l - —’,)dsidx

i=1 'O;—l 'Oi
p ,ON p// p//
+ (Zs,-( =1 —’,) + —/p)y_ldxdy.
=1 Pi1 P Pp

Its pull-back by the canonical section is the curvature form

. p P/‘/ ,0//
Ry(t;po,....pp) = Z( ﬁ_l — —’/)ds,-dx.
o \Pi1 P

The image {gSAp R p}p in the Bott complex is nontrivial only for p = 1, giving
the cochain ¢; € C1(G, Q' (M)),

1/ /!
c1(po. p1) = (p—? — p—})dx (7.1)
Lo P

Let us compute ®¢(c1). Recall that ¢; is the current
51(a®y¢,):/ a(lLp) na, aeQi(M), (7.2)
M
which only pairs nontrivially if « € Q2(M). Then

1.
®c(c1)(ag,ar) = 501(61611(10 + aopday), ap,a; € A. (7.3)

Takeaq = foU;‘O anda; = flU/;“1 with p1p9 = 1. Thena:=apa; = fop*(f1):=f,
hence
¢i1(da) = ¢1(df) = 0. (7.4)

So we can rewrite (7.3) as
1.
®c(cr)(ag.ar) = Ecl(déhao —dapay), ap,a; € A. (7.5)
One has

daiaog — dagay
= (df iUy, — five,Up) foUy — (@dfoUp, — foveoUpy) 1U,,
=dfU, foUy — five Uy, foUy — dfoUy /iUy + fove Uy, J1Uy,
= dfi p1*(fo) = f1 p1* (o) Vo, — dfo po™(f1) + fo po™ (f1) Vpo-
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Hence
2®c(c1)(ao, ar) = ¢1(foro™ (f1)Voo — J1P1*(f0)Vp1)
=/ fOPO*(fl)Cl(l’PO)_/ fip1* (fo)er (1, p1)
M M

1

So letting po = ¢, p1 = ¢~ ", one has

2®c(c1)(ao, ar) —/ fopo™ (fl)(——)dX—/ fipr™ (fo)(—p—”)dx

(¢ 1)//
- [ hihe ¢>—dx [ fithos ) S
Note now that, by substitution one has
[ wwnem s a
¢" (@' (x)

(@~ (x)dx

_ -1
= [ Ao o S

= /M [ (fo(@~ (29" (@™ () (™) (x)*dx

67",
¢ ()

_ / Ao ()
M

the last equality uses the elementary identity

@)'() _
@)

¢" (¢ (@ () +
Thus we get
1\7
2®c(c1)(ao, ar) —2[ Silfood™ 1)((2 1))/ (7.6)

=2t(0'o{,(ar)ao) = 2t(apo %0}, (a1)).

Equivalently,
®c(c1)(ao.a1) = x(0%01))(ao. a1). (7.7)

The other class arises from the constant simplicial form 1 € Q%(|AgM]|), which
gives the cochain ¢y € C%(G, Q°(M)),

co(p) =1; (7.8)

thus ¢y is the “transverse fundamental” current

(o) = /Ma, a e QO(M).
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As in the previous case, taking pg = ¢, p; = ¢! and using the similar observation
¢o(da) = 0, one has

2®¢(co)(ao,ar) = co(dayap — dagay)

o(dfip1* (fo) — dfopo™(f1))
/ (foo ¢~ )dfi - [ (f1 o $)dfo
M M

7.9
- / (foo ¢ X1 (fi)dx — / Fop)Xi(foydx
M M
=2 / (foo ¢™)X1 (fi)dx
M
= 27(X1(ar)ag) = 2t(apo ™" X1(a1)).
Thus,
®c(co)(ao. a1) = xo(0 " X1)(ao.ar). (7.10)

Summing up, we have established the following result.

Proposition 7.1. Via the characteristic map (6.4), the formulasl (7.10) and (7.7)
determine uniquely the cyclic cocycles ¢} and ¢l in CCY (K1, 9 C),

g =1®0'Xy, cf:=1®0 0], (7.11)

1

whose cohomology classes form a basis of HP*(KC1, ©  C).

_ We now recall the definition of the characteristic map for the action of H; on
A = C®(FM) x G. The group G acts on the frame bundle FM = R x R by
prolongation, i.e.,

P(x,y) = (9(x).9'(x)y). xeRyeR" ¢eG. (7.12)

Dual to the canonical framing by the horizontal and the vertical vector fields,
X1 = ydy ,resp. Y|! = yd,, there is the basis of 1-forms 8! =y ldx, w]{ =y~ 'dy.
The volume form @ = 0! A w] A = y~? dx A dy is G-invariant and gives rise to a
canonical trace 7 : A — C,

~ " w, if¢ =1d,
0, otherwise.
Besides the usual trace property
T(ab) = T(ba), Va,be A, (7.14)

T is also e-invariant with respect to the action of H,

T(h(a)) = e(h)i(a), Yh € Hy, a € A (7.15)
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Thanks to these properties the characteristic map yz from the standard Hopf cyclic
(b, B)-complex CC*(H1; Cs) to the cyclic cohomology (b, B)-complex CC*(A),
defined by

gl k) ao .. ag) = T(aoh' (@") -+ h(ap)),

) p - (7.16)
h',....ht € Hp, ao,....aq € A,

is a map of cyclic complexes. Moreover, this map is injective.
The relative version of this map for the pair (’HI,GLIL) (see [22] for general
dimension n € N) is obtained as follows. For a g-cochain in the relative cohomology

complexc = > ,1® hé R ﬁz € Cs Qugry) ch(’p@q, with / € Q; denoting
the class of &1 € H1, one defines

K@ @o ... ag) =Y w(@ohl@) - hi@g) ly=):  (117)

o

here a = f U Jt € A stands for the natural lift to the frame bundle FM = R x R*
ofa = fU q;" € A. Note that the twisted trace t of A is applied only after evaluating

aty = 1 a product which was performed in A; as will be seen in the computation
below, this compensates for the twisting.

Proposition 7.2. Via the characteristic map (7.17), the formulas (7.10) and (7.7)
cop

determine uniquely the cyclic cocycles CS{ and ¢t in Cg Qugt) 21
=10 X, =188, (7.18)

whose cohomology classes form a basis of HP®(H;, GLT ; Cs).

Proof. To recognize cjt, we note that in A one has

fqu{ X1(f1Up) = fo)U3 -y f{(0)Ug = fo(x)p™ (v f{ (x))
= fo(x)¢'(x)y f{ (@ (x)),

therefore,
a1 ® X1) = / Fo) &' (0) FL($ () dx = / Fol@™ (1)) f(x)dx.
M M

By (7.9), the last integral coincides with ®¢(cq). Since P and CDSLI are the same,
this proves the first identity in the statement.
Similarly,

@) (x)
@1y 1Y
@Y ()
(G

foUz 81 1(/iU) = fo(x)UZ -y

= fo(x)¢'(x)y S (X)),
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which implies

ST @D ()
(1@ 3L,) = /M Jog' () S A @ ()
_ -1 (™))" (x)
= | N Ao
By (7.6) the result coincides with ®¢(c1), completing the proof. O

Remark 7.3. In the model given by the Hopf—Chevalley—Eilenberg bicomplex (5.19)
the above classes are represented by the cocycles

Co(Rlo) =1€ Fy. Ci(Rlo) =0"®1rnal, €V*® A Fy. (7.19)
The corresponding cocycles, via the map ®y, in the bicomplex (5.15) are given by
Cy(Rlo) =1€Fx, Cl(Rlo)=0"@1ABT'BL, eV @ A2 F.  (7.20)

In contrast to the case of H 1, the Hopf cyclic cohomology of K; contains the Chern
class c{c but is missing the Godbillon—Vey class. The reason is the algebraic nature

of the cochains of the latter. We proceed to show that if one allows transcendental

cocycles, the Chern class C{C vanishes, while the Godbillon—Vey class reappears.

Indeed, let K1 be the Hopf algebra obtained by adjoining a primitive element
log o to K1, subject to the commutation relations

[X,logo] = 0_1011’1, [logo,0x,] =0, VkeN.
With the Hopf algebraic structure dictated by the Leibniz rule as follows,
A(logo) =logo ® 1 +1 ® logoy, (7.21)
Proposition 7.4. The 2-cochain
M:=190 'X; 02 logo (7.22)

is a Hochschild cocycle whose Connes boundary is c’f.

Proof. By transfer via the characteristic map y., we can work in the cyclic complex
of Ar. Denoting the transported cochain by

M (foUy,, 11Uy, f2Uy,) = T(foUJO AU T '10g(¢§)U$2),
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let us first check that it is a Hochschild cocycle.

b (foUg,..... f3Ug)

= (o (f1 0 $0)Us 09091 " 3Uj, % -fs'log(¢§)U,;‘3)
—t(foUgy @209 ™ (i (f2090) Ugog, 85~ - f3-102(#1)Ug,)

7 (foUpy®l ™" lUs (@3062) " o+ (f3 0 62) - 0g((#3 © 62))Ugep, )
— (/3 (fo0 9)Ugpe i+ UG 85"+ f2 - 102(@h) U, ).

By the Leibniz rule we see that,
(G20¢1) " - (fi- frogr)
= (Phod) ¢, - fl-(faod) +dhodi - fi-(fyod)
and
(¢30d2) " - fo- (f30¢2) -log((d3 © )
=¢30 ¢ “ ¢y (f3-log(¢3)) o 2 + ¢§_1 - f2 - log(¢h3)¢3 o ¢ frohn

which yields that

b(llll)(foUgo,...,ﬁU(;;)
-1 -1 -1
= (foUg 1™ UG 857" 1o 1og@h) U™ - U3,
— (U, foUpy 811U 837" f2 - Tog(@)Ug, ).
Finally by the o~ !-tracial property of t we see b(I';) = 0.
To show that B(I;) = c{c, we first observe that 1y is normalized. So we continue

by
B(My)(a,b) =My(1,a,b) — 1, (1,b,a).

B(M)(foUg,, /1U5))
= o(#" foUg " S loe@DU;, )
— (017 AU 96" folos(#)U, )-



106 H. Moscovici and B. Rangipour

Without loss of generality we assume that ¢ ! = ¢;. Then again by using the
o~ !-tracial property of T we have

o(¢17 - HUZB6 " fo-log(@)Ug, )
= (U001 Toxt@g 0 60) - 1) AU,
= —(foUp,$1 >+ f1 - log(@)U;, )

On the other hand one uses the integration by part property of t to see
o(6h+ SoUg®i ™ f1 - 102(@)Ug,)
= —o(foUg 81 (91017 - £ lox(0)) U, )
= —T<f0U$0¢i_1 S 10g(¢i)Uq);l) - T(foU(;O(QSi)_z - fi '¢¥Uq;k])'
This completes the proof of the claimed result. 0

When dealing with K1, one may import the Godbillon—Vey cocycle from the Bott
bicomplex via the characteristic map

yr: T C®K®2 - CCA,

as we show below.

Proposition 7.5. The element

GV =1®logo ® 0_2011,1 -1® 0_2011,1 ®o0 'logo € 'Cek K
is a cyclic cocycle.

Proof. On the one hand, one has

b(1®logo ® 0_2011’1) =1®1Q®logo ® 0_2011,1
-1®1®logo ® 0_2011’1 —-1Qlogo®1® 0_2011’1)
+1®logo®1® 0_2011,1 +1®logo ® 0_2011,1 ®c™! (7.23)
—1®logo ® 0_2011,1 ®o =0,

and also

b1®o %0, ®0 'logo) =1®1®0 %0{ , ®0c 'logo
-1® 0_2011,1 R0 '®c ogor —1®1® 0_2011,1 ®c logo
+1®0 %0, ®0 'logo®0 ' +1®0 %0f, ®0c ' ®logo  (7.24)
-1® 0_2011,1 ®oc llogo®ao™! =0.
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On the other hand,

(1®logo ® 0_2011’1)

=1® AS(logo) -0_2011,1 ®o!
=-1® A(logo) -0 %0{ ; ®0c " (7.25)
=-(1® 0_2011,1 logo®o ' +1® 0_2011’1 ® o 'logo),

151

while, taking into account that S(0—20{ ;) = —0 o] ,

(1® 0_2011,1 ® o logo)

=1® AS(O'_ZO'II,I) o 'ogo ® 0!
=-1Q® A(a_lall,l) .o 'logo®o™! (7.26)
=—-(1® 0_2011’1 logo ® 0 ' +1®logo ® 0_2011’1).

Therefore,

(1 ®logo ®o %0), —1®0 0], ®c 'logo)

=1Q®logo ® 0_2011,1 -1® 0_2011’1 ® o 'logo. (7.27)
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