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The derived non-commutative Poisson bracket
on Koszul Calabi-Yau algebras

Xiaojun Chen, Alimjon Eshmatov, Farkhod Eshmatov and Song Yang

Abstract. Let A be a Koszul (or more generally, N-Koszul) Calabi—Yau algebra. Inspired by
the works of Kontsevich, Ginzburg and Van den Bergh, we show that there is a derived non-
commutative Poisson structure on A, which induces a graded Lie algebra structure on the cyclic
homology of A; moreover, we show that the Hochschild homology of A is a Lie module over
the cyclic homology and the Connes long exact sequence is in fact a sequence of Lie modules.
Finally, we show that the Leibniz—Loday bracket associated to the derived non-commutative
Poisson structure on A is naturally mapped to the Gerstenhaber bracket on the Hochschild
cohomology of its Koszul dual algebra and hence on that of A itself. Relations with some other
brackets in literature are also discussed and several examples are given in detail.
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1. Introduction

The notion of Calabi—Yau algebras is introduced by Ginzburg [23], and has been
intensively studied in recent years. They are associative algebras with some additional
properties, and may be viewed as non-commutative generalization of affine Calabi—
Yau varieties. It turns out that they are related to representation theory, non-
commutative symplectic/algebraic geometry, mirror symmetry, and much more. For
more details, see, for example, [7, 8, 13,23, 32] and references therein.

In this paper, we study the derived non-commutative Poisson structure on Koszul
(or more generally, N-Koszul in the sense of Berger [4]) Calabi—Yau algebras,
continuing the work of Berest, Chen, Eshmatov and Ramadoss [1]. Let us start
with some background.

1.1. Derived non-commutative Poisson structures. Let k be an algebraically clo-
sed field of characteristic zero. In 2005 Crawley-Boevey [12] introduced for
associative algebras the notion of Hy-Poisson structure. Suppose A is an associative
algebra over k, then an Hy-Poisson structure on A is a Lie bracket on A/[A, A] such
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that
[@,—]: A/[A, A] - A/[A, A]

is introduced by a derivation d, : A — A, for all a € A/[A, A]. Such a notion
perfectly fits a principle raised by Kontsevich and Rosenberg [34] in the study of non-
commutative geometry, that is, any non-commutative geometric structure (such as the
non-commutative symplectic, non-commutative Poisson, etc.) on a non-commutative
space (here we mean an associative algebra) should induce its classical counterpart on
the moduli space of its representations, i.e. on its representation scheme. Recall that
for an associative algebra A, A/[A, A] is always considered as the space of functions
on A, and there is the canonical trace map

Tr: A/[A,A] — k[Repy(4)]

a — {p > trace(p(a))} (1.1)

from the functions on A to the functions on the representation scheme of A in a
k-vector space V. The trace map is GL(V)-invariant, and Crawley-Boevey showed
that if A admits an Hy-Poisson structure, then it naturally induces via the trace map
a unique Poisson structure on Repy, (4)//GL(V) for all n € N such that Tr is a map
of Lie algebras. The notation “Hy” means the zero-th homology, since A/[A, A] is
the zero-th Hochschild/cyclic homology of A.

In 2012 the Hy-Poisson structure was generalized to the higher degree case in [1],
where all cyclic homology groups are taken into account. The starting point is that the
trace map (1.1) is not perfect in the sense that in very rare cases Repy, (A4) is a smooth
variety (cf. [14] for further studies), and there are obstructions for Repy, (4) to have
the desired geometric property. The work [3] shows that instead one has to consider
the homotopy category (in the sense of Quillen) of DG associative algebras. The main
idea is to replace the associative algebra A by its cofibrant resolution Q A4, and then
consider the DG representations of Q A. It turns out that: (i) there is a surjective map
from the cyclic homology HC,.(A) to the homology of the commutator quotient space
QA/[QA, QA]; (ii) the n-dimensional DG representation scheme of Q A, which up
to homotopy is denoted by DRepy, (A), is smooth in the differential graded sense. By
passing to the homotopy category one obtains a natural map (called the derived trace
map)

HC.(A) — H.(DRepy, (A)) (1.2)

from the cyclic homology of A4 to the homology of the derived representation scheme
of A. For more details of DRepy, (4), one may refer to [2,3].

The work [1] may be viewed as an application of the general result of [2,3]. In that
paper, an algebra A is called to admit a derived non-commutative Poisson structure if
there is a DG non-commutative Poisson structure in the sense of Crawley-Boevey on
its cofibrant resolution. It is proved in [1] that if A admits a derived non-commutative
Poisson structure, then (1.2) induces a unique graded Poisson structure on the derived
representation schemes.
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As an important example, it is shown in [1] that the cobar construction £ (C) of
a cyclic coalgebra C (“cyclic” here means the dual space of C is a cyclic associative
algebra) admits a derived non-commutative Poisson structure. Since £ (C) is always a
quasi-free (and hence cofibrant) DG algebra, from the above argument one obtains that
any algebra A which is quasi-isomorphic to £ (C') admits a derived non-commutative
Poisson structure as well. It is exactly at this point that Koszul Calabi—Yau algebras
come in.

1.2. Koszul Calabi-Yau algebras. According to Ginzburg [23], an associative
algebra A is called Calabi-Yau of dimension d (or d-Calabi—Yau for short) if

— A is homologically smooth, that is, it has a finite resolution of finitely generated
projective 4 ® A°P modules;

— there exists an isomorphism
RHomgg» (4, A ® A) ~ A[—d]

in the derived category of A ® A°P modules.

Ginzburg in loc. cit. also showed that if a Calabi—Yau algebra A is Koszul, then its
Koszul dual algebra, denoted by A', is cyclic. Dually, the Koszul dual coalgebra
of A, denoted by A, is a cyclic coalgebra. From Koszul duality theory there is a
quasi-isomorphism

Q(A) > A,

and since R (A') is cofibrant, by the work [1] sketched above, we thus obtain a derived
non-commutative Poisson structure on A.

In fact, a slightly more general class of Calabi—Yau algebras has the above
property. In [4] Berger introduced the notion of N -Koszul algebras, where 2-Koszul
is Koszul in the usual sense. If a Calabi—Yau algebra A is N-Koszul, then is Koszul
dual coalgebra Ai is a cyclic Ax coalgebra. Denote the cobar construction of Ai
by 2,(A7); we still have 4 ~ R,,(A"). There are many examples of N-Koszul
Calabi—Yau algebras, such as the Sklyanin algebras, universal enveloping algebra of
semi-simple Lie algebras, and Yang—Mills algebras, etc. The theorem below studies
the derived non-commutative Poisson structure on N -Koszul Calabi—Yau algebras in
this general setting:

Theorem 1.1. Let A be an N -Koszul d-Calabi-Yau algebra. Then

(1) there is a degree 2 — d derived non-commutative Poisson structure on A, which
induces a degree 2 — d graded Lie algebra structure on the cyclic homology
HC.(A) of A; and

(2) thereisadegree2—d Lie module structure on the Hochschild homology HHe(A)
over HC4(A).
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The first statement in the theorem may be viewed as an application of [,
Lemma 11] to the Koszul Calabi—Yau case, and it also answers a question raised
in the last paragraph in loc. cit. §5.4; the second statement is new.

1.3. The Connes long exact sequence of Lie modules. The key ingredient in the
above theorem is the structure of a differential graded version of the double Poisson
bracket in the sense of Van den Bergh [45] on R (A1), where A1 := k @ Ai is the
co-augmentation of Al. According to Van den Bergh, a double Poisson bracket on
an associative algebra, say R, is a bilinear map

{——-}:RxR—->RQ®R

satisfying some additional conditions. If R admits a double Poisson structure, then the
commutator quotient space Ry = R/[R, R] naturally admits a Lie algebra structure
satisfying the criterion of Crawley-Boevey. From the famous result of Feigin and
Tsygan [20], for a Koszul algebra A, the homology of Sloo(/fi)u is exactly HC,.(A)
and Theorem 1.1 part (1) follows.

Moreover, we recall that for an associative algebra A there is a well-known long
exact sequence due to Connes, relating the cyclic and Hochschild homologies:

oo 2 HHL(4) 55 HCo(4) =25 HCus(A) 2> HH._ (4) = -

By using an elegant interpretation of the Hochschild and cyclic homology of an
algebra in terms of its bar construction, which is due to Quillen [41], and by
Theorem 1.1 part (1), we in fact obtain that HHe(A) and HC.(A) are Lie modules
over the Lie algebra HC,(A4), from which Theorem 1.1 part (2) follows, and we now
claim that

Theorem 1.2. The maps B, I and S are morphisms of Lie modules of degree 2 — d.

1.4. The Poisson structure on derived representation schemes. The significance
of the above two theorems is that the Lie module morphism naturally induces a Lie
module morphism on the (derived) representation scheme of the Calabi—Yau algebra.
As we mentioned above, there is a derived trace map

Tr: HCo(A) — He(DRepy (A)).

The images are GL(V)-invariant, and in [3, Theorem 5.2] this map is extended to
Hochschild homology and there is in fact a commutative diagram

HC.(A) £ HHao1(4) (1.3)

[ I

Ha (DRepy (A7) —"~ H,(Q" (DRepy (4)5M)),

where B in the upper line is the Connes differential, By in the bottom line is the
de Rham differential and (—)%“(") means the GL(V/)-invariant space.
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Now recall that in classical Poisson geometry, if a manifold M has a Poisson
structure, then the space of differential forms Q*(M) on M is a Lie module over the
space of functions Q°(M ), where the Lie action is given as follows: for f € Q%(M),
w € Q¥(M),

[foo] = Lx 0.

where Lx , is the Lie derivative of the vector field X s associated to f. In derived
non-commutative geometry, we have similar results, and claim that

Theorem 1.3 (to appear in [9]). Let A be a Koszul Calabi—Yau algebra. Then the
diagram (1.3) is a commutative diagram of Lie module morphisms.

To prove this theorem, we shall have to discuss the Lie derivative on the
derived representation schemes, which is very much involved. We decide to give
a complete proof in a separate paper; however, for reader’s convenience we give
enough backgrounds in §7.

1.5. Relations to the Gerstenhaber and the de Volcsey—Van den Bergh brackets.
The construction of the double Poisson bracket on 2, (A') is also inspired by the
Kontsevich bracket in non-commutative symplectic geometry (see Kontsevich [33]
as well as Ginzburg [22] and Van den Bergh [45] for further discussions). It is direct
to check that if {{—, —}} is a double Poisson bracket on R then

{—.—}=pof{— -} :RxR—>R

defines a Leibniz—Loday bracket on R, where w is the multiplication. For more
details of the Leibniz—Loday bracket, see §3. It has been interesting for a long time
to explore the relationships among the brackets such as the Gerstenhaber bracket, the
Leibniz—Loday bracket and the non-commutative Poisson bracket of Kontsevich and
Van den Bergh, etc. In this paper we also study this problem in the case of Koszul
Calabi—Yau algebras with some detail.

First, we observe that there is a natural quasi-isomorphism (a version of non-
commutative Poincaré duality originally due to Tradler [44])

® : CH, (A7) —> CH*(4")

from the Hochschild chain complex of Ai to the Hochschild cochain complex of A'.
Second, we observe that 2 (A7) naturally embeds into CHe(A') as chain complexes.
By combining these two observations, we obtain the following theorem:

Theorem 1.4. Let A be an N -Koszul d -Calabi—Yau algebra. Denote by Al its Koszul
dual coalgebra. Denote by {—, —}pncp the Leibniz—Loday bracket associated to the
derived non-commutative Poisson structure on A and by {—, —}¢ the Gerstenhaber
bracket on CH®(A"), respectively. Then we have

® o B{u,vipnee = {® o B(u), ® o B(v)}g,

Jorany u,v € Qs (A1), where B is the Connes cyclic operator.
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A classical result of Keller [31, Theorem 3.5] says that if A is Koszul, then the
Hochschild cohomology of A and of A' are isomorphic as Gerstenhaber algebras.
His theorem holds for N -Koszul algebras, too. Therefore, Theorem 1.4 implies that
® o B, composed with the isomorphism of Keller, maps the Leibniz—Loday bracket
of A to the Gerstenhaber bracket on the Hochschild cohomology of A itself.

The above result allows us to give an explicit formula for the Lie bracket on the
cyclic homology and the Lie module structure on the Hochschild homology. First,
we recall that (HH®(A), U) is a graded commutative algebra and (HHe(A), N) is a
graded module

N : HHp(A) ® HH"(A) — HHpn(A), @ ® f > a N f

and we denote ¢ s (a) := o N f. Now if A is d-Calabi—Yau, then there in fact exists
an element w € HH;(A) such that the cap product with w:

U :HH*(A) — HHy_o(A)

[ — o

is an isomorphism, which is called the non-commutative Van den Bergh—Poincaré
duality for A. We can show

Corollary 1.5. The Lie bracket of Theorem 1.1 on HC4(A) is given by

{o, Bloner = (=)Dt gy B(B) (1.4)

Jora, B € HCo(A), where B : HCo(A) — HHe41(A) is the Connes operator. The
Lie module structure on HHq(A) is also given by the bracket (1.4) for B € HHqo(A).

Another consequence of Theorem 1.4 is that it relates the Lie bracket {—, —}pncp
of Theorem 1.1 on HC,(A4) with the Lie bracket {—, —}qvy of de Volcsey—Van
den Bergh on the negative cyclic homology HC, (4) introduced in [17]. Let us
briefly recall their construction. Let CC, (A) be the negative cyclic complex and
let 7 : CC, (A) — CHl(A) be the natural projection in to the last two columns
(see e.g. [35, Section 5.1.4.1]). Next, let U be the cup product on HH®*(A). Then

{— —tavv: HC,(4) xHC, (4) — HC, . _,.,(4)
(1.112) = (=DMHB o W (W (1) U O (m(12))
(1.5)
where B : HH,(4) — HC_,(4) is the map induced from the Connes operator

and W is the non-commutative Poincaré duality. From the following commutative
diagram (see [35, Proposition 5.1.5])

HC.(A) HC,, ,(A) (1.6)
Lid ln
HC.4(4) —2— HH.11(4),
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we have
Theorem 1.6. Let A be an N -Koszul d-Calabi-Yau algebra. Then

B{a, Bipnee = {B(a). B(B)}avv
forany a, B € HC4(A).

The rest of the paper is devoted to the proof of the above theorems. It is organized
as follows: in §2 we recollect several basic notions such as the Hochschild and
cyclic homology of algebras and coalgebras; in §3 we recall the definition of double
Poisson algebras in the sense of Van den Bergh and their bimodules; in §4 we
show that for a class of coalgebras there is a double Poisson bracket on their cobar
construction; in §5 we continue to show that, for the cobar construction, when viewing
it as a DG algebra, its non-commutative differential 1-forms admit a double Poisson
bimodule structure; in §6 we show N-Koszul Calabi—Yau algebras have a derived
non-commutative Poisson structure; in §7 we give a brief introduction to derived
representation schemes and derived non-commutative Poisson structures; in §8 we
prove the main theorems listed in §1; and in §9 we give by explicit formulas several
brackets on the space of polynomials of several variables.

Acknowledgements. We would like to thank Yuri Berest for helpful communications
and NSFC (No. 112712609) for partial support.

2. Hochschild and cyclic homologies of coalgebras

2.1. Bar and cobar constructions. Let k be a field of characteristic zero. An
associative k-algebra A is said to be augmented if there is an algebra homomorphism
€ : A — k, called the augmentation map. In particular, A is canonically isomorphic,
as a vector space, to k @ A, where A = Ker(e).

The bar construction of an augmented algebra A, denoted by B(A4), is a DG
coalgebra defined as follows. First, recall that the suspension of a graded vector
space V is the graded vector space sV such that (sV); = V;_;. Similarly, the
desuspension is s~V such that (s™'V); = V;11. As a coalgebra B(A) is the tensor
coalgebra T (sA) of the underlying vector space of A located in degree one. The
coproduct is

n
Alay,...,ay) = Z(al,...,ai)®(ai+1,...,an)
i=0
while the differential is

n—1
bar,....an) =Y (=1 Nar.....a; - ait1.....an).

i=1
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The counit 7 : B(4) — k is the projection onto A®® = k and we will denote by
B(A) the Ker().

A coassociative coalgebra (C, A) is a coaugmented coalgebra if there is coalgebra
homomorphism u : k — C. Then C can be identified as a vector space to k & C,
where C is the Coker(u). Define the reduced coproduct A : C — C ® C as the
composite

et cec™ el

where i and 7 are canonical inclusion and projection. Then cobar construction of C
is a DG algebra @ (C) ! defined as follows. As an algebra it is the tensor algebra
T(s~'C) and the differential is

b'(ciy. . cn) = ZZ( DN er, . vefoel s en)

i=1 (¢;)

where A(c;) = Z(C y(ci,ci). The unit map € : k — R(C) is the inclusion

into C®° = k, and we will write @ (C) for Coker(¢), which is the reduced cobar
construction of C.

2.2. The cyclic bicomplex. Let C be a coalgebra over k. We write A(c) =
> () ¢ ®c” for the coproduct in C. Then we consider the following double complex
which is obtained by reversing the arrows in the standard (Tsygan) double complex
of an algebra:

b % b
N 1-T N 1-T
C®3 C®3 C®3
b % b
1-T 1-T
N C®2 C®2 N C®2
b % b
N C 1-T C N C 1-T
0 0 0

!In this paper the cobar construction is denoted by the bold face & while the standard €2 means the
non-commutative differential forms.
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This double complex is 2-periodic in horizontal direction, with operators ', b, T, N
given by

b'(cr,....cn) _ZZ( D er, . eliels e,

i=1 (c;)
b(cr.....cn) :=b(cr....ocn) + Y (1) (c].car.. . cnc)).
T(ct,...,cn) = (=1)""Y(cas...,cn,c1),

n—1
N := ZT".
i=0

The b-column is called the Hochschild chain complex CHo(C) of C: it defines the
Hochschild homology HHe(C). The b'-column is the reduced cobar construction
of co-augmented coalgebra C = k @ C shifted by degree one; here C is the co-
augmentation of C, which, as a vector space, is k @ C, with k being the co-unit. The
kernel of 1 — T from the b-complex to the b’-complex is called the cyclic complex
CC,(C): by definition, its homology is the cyclic homology HC, of C.

In practice, to compute the Hochschild and cyclic homologies, one usually
considers the normalized Hochschild complex. For a co-augmented coalgebra C, the
normalized Hochschild complex

CH,(C) :=C ® (C)®"

with the differential induced from b. Similarly to the algebra case, CHqo(C) and
CH,(C) are quasi-isomorphic; however, CH,(C) may be viewed as a tensor product
C ® R(C) with a twisted differential given by id ® b’ + 1. + 1, Where b’ is the
differential in the cobar construction, and 7i and tr are given by

1.(co,C1,...,Cpn) 1= Z(co,co,cl,..., 1)
(co)
tR(Co,C1, ... Cp) = Z(—l)”(c()’,cl, ey Cn,y C)-
(co)
Under this identification, one sees that the cobar construction embeds into the
Hochschild complex as complexes
Q) —> CH.(C) 1)
(c1,....cn) +— 1®(c1,....cn). ’

We now recall some facts about the cyclic bicomplex from Quillen [41,
Section 1.3]. Let A be an associative algebra. The commutator subspace of 4
is [A, A] which is the image of u — uo : A ® A — A where u is the product in A
and o is the switching operator, and the commutator quotient space is

Ay := A/[A, A] = Coker(u — po).
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Dually, for a coassociative coalgebra C the cocommutator subspace of C is
Cl:=Ker{A—0A:C >CQC)}.

Let A = k & A be the augmentation of A (recall that the augmentation of a
not-necessarily unital algebra A is the algebra A =k & A where k plays the role
of the unit). Let B be the reduced bar construction of A. The following lemma
is [41, Lemma 1.2]:

Lemma 2.1. The space 1_35, is the kernel of 1 — T acting on A®". Hence, we have
the isomorphism of complexes CCe_1(A) == BU.

Remark 2.2. For the convenience of later discussions, from now on we shall shift
the degrees of CC, (A) up by one, and just write the above identity and alike as
CC.(A4) = Bl

Dually, the space ((C )i)n is the cokernel of 1 — 7" acting on C®”. Thus, by
the isomorphisms

CCo(A) = Coker(1 = T) = Ker(1-T),

(2.2)
CCe(C) =Ker(1 — T) = Coker(1 — T),

we have the following lemma

Lemma 2.3. As complexes of k-vector spaces @ (C )y = CCo(C). Hence,
HC.(C) = Ho[R(C)y).

There is an efficient way to compute the cyclic homology. Let us recall that
(cf. [35]) for a unital and augmented algebra A = k @ A, its reduced cyclic chain
complex

CC,(A) := Coker{l — T : C®" — C®"}.
The associated homology is the reduced cyclic homology of A, and is denoted by
HC,.(A), and there is in fact a decomposition

HC,(A) = HC.(k) @ HC.(A).

The following is originally due to Feigin and Tsygan, and is now well-known (see
e.g. [3, Proposition 4.2]):

Proposition 2.4. Let R — A be a quasi-free resolution of an algebra A. Then
there is quasi-isomorphism CCq(A) — ﬁq inducing isomorphism of homologies
HC.(A4) ~ H, (Rh) where CCqo(—) and HC,(—) are the reduced cyclic chain complex
and reduced cyclic homology respectively.
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Thus, combining the above two results, one obtains

Corollary 2.5. Let C be a coaugmented ﬂalgebra spih that (C) > Aisa quasi-
free resolution of an algebra A. Then HCo(A) = HC4(C). Moreover, if A is an
augmented algebra then HC4(A) =~ HC,.(C).

Proof. First, by Proposition 2.4, HC,(A) ~ H,[R(C )4]. The later by definition is
isomorphic to HC.(C). Since C is coaugmented, using arguments similar to that
in [35, Proposition 2.2.16], we obtain HC.(C) = HC,(C).

The second part follows from the first one, since in this case HCo(A) = HC, (k) &
HC.(A4) and HC.(C) = HC. (k) ® HC,(C). O

2.3. Non-commutative differential forms on algebras and coalgebras. The most
of the material in this section is either taken from [15,41] or merely stating the dual
version of those results.

For a DG algebra R, we denote by Q}z the kernel of the multiplication map
R ® R — R. Itis a DG bimodule induced from outer bimodule structure on R ® R
and it represents Der(R, —), the complex of k-linear graded derivations. Thus, for
any R-bimodule M, we have

Der(R, M) =~ Homg.(Qk, M).

If M = Q, the derivation  : R — Q% then corresponding to the identity map
under this isomorphism, is a universal derivation.

Let V be a k-linear vector space and R be the free algebra ©,>0V ®". Then Q}e
can be identified with R ® V' ® R. Indeed, there is a bijection] : RV ® R — Q}e
(see [41, Example 3.10])

K1+ vp—1) ®Vp @ (Vpt1-++Um)}
= (V1 Vp) @ (Vpt1++-Um) — (V1" Vp—1) ® (Vp -+ Vm) (2.3)
and the universal derivation d : R — Q}Q is given by

m

I(V1va - V) = Z(Ul V1) @V @ (Vig1 -+ Um) .

i=1
A simple computation shows
L@(1v2: - Um)) = (V1V2 V) ® 1 = 1 ® (V102" V). 2.4)
Next, for an R-bimodule M, we define My := M/[R,M]. Then Q}en is
isomorphic to R ® V and the map d : R — Q}z " induced by 3 is defined as

m
A(V1vz - V) = Z(_l)(\vl|+'"+|vi\)(Ivi+1|+--'+|vm|)(UH_1 UL V1) @ V;.
i=1

(2.5)



122 X. Chen, A. Eshmatov, F. Eshmatov and S. Yang

One can also define a graded map 8 : Q' (R); — R given by

B((w1--vm) ® Vm+1)
= (vl e vmvm+1) _ (_1)|Um+l|(|vl|+"'+|vm|)(vm+lvl . vm) . (26)

It is easy to check that 80 = 9 = 0 (see [41, Proposition 3.8]).
The above maps give a commutative diagram

QL -~ R®R 27)
B
Q}?,ﬂ R

whereo : RO R — RQ R,r @ ¢ — (—1)"l4lg @ r the graded switching operator.

Now let (C, A) be a coalgebra. Then M is a bicomodule over C is a vector space
equipped with left and right coproducts Aj : M - C O M, Ay, - M - M QC
defining left and right comodule structures which commute: (A; ® 1) o A, =
(1® A;) o A;. The cocommutator subspace of M is

M"Y :=Ker{A; —0A, M > C Q@ M}.

We let Q€ the non-commutative differentials one-forms on C, be the bicomodule
Coker(A). The cocommutator subspace we denote by QC". We can introduce the
maps B : C — Q%Fand 9 : Q1 - C.

Recall that B is the bar construction of A. The following is proved in [41,
Theorem 4]:

Theorem 2.6. The complex QP is canonically isomorphic to CHe(A), the
Hochschild complex of A. Under this identification § =1 —T and d = N.

Dually we can show
Theorem 2.7. Let C be a coalgebra and let R = (C), where C := k & C. Then
the complex Q}e g IS isomorphic to CHe(C). Under this identification B = 1 —T
andd = N.

It has been pointed out in [41, Remark 5.14] that the cyclic bicomplex for the
algebra A can be identified with the periodic sequence of complexes

5 ]‘3 _ﬂ QB,E

N S 2.8)

Similarly, in view of Lemma 2.3 and Theorem 2.7 one has

Proposition 2.8. The cyclic bicomplex for the coalgebra C can be identified with

d B oy D -8
Qk Q) —-qk, " (2.9)
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The following result is essentially established in [30] (see also [10]):

Lemma2.9. Let C be a coaugmented coalgebra such that 2 (C) > Aisa quasi-free
resolution of an algebra A. Then HHq(A) = HH4(C).

Combining the above lemma with Theorem 2.7 one obtains

Corollary 2.10. If(C) S Aisa quasi-free resolution of A and R = R (C) then

HH.(A) = Ho(Q ;). (2.10)

2.4. The A algebra and coalgebra case. The advantage of rephrasing the Hoch-
schild and cyclic homology groups in the proceeding subsections is that they can be
easily generalized to the A algebra and coalgebra case.

Definition 2.11 (A, algebra). Let A be a graded vector space. An A algebra
structure on A is a sequence of linear operators

my: A®" — A, n=12,... (2.11)
of degree n — 2 such that

> D (0 @ my @1d®) = 0. 2.12)
r+s+t=n

An A algebra A is called unital, if there exists a map k — A which maps 1 to 1,
such that

/’Ll(l) =0, /’LZ(a7 1) = /’LZ(lva) =da,
and uy(ay,...,ai—1,1,a;+1,a,) =0, foralln >3,

where (1, o, ... are the Ao operators. It is called unital and augmented if
furthermore there is a map A — k such that the composition

k—> A—k

is the identity. In this case, A is decomposed into direct sum k - 1@ A of A, algebras.

Definition 2.12 (A, coalgebras). Let C be a graded vector space. An A coalgebra
structure on C is a sequence of linear operators

Dp:C—C® n=12,... (2.13)
of degree n — 2 such that

DS @ Ay ®1d®) A 14 = 0. (2.14)
r+s+t=n
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An Ao coalgebra C is said to be co-unital if there is a map n : C — k such that for
allc € C,

no Ay(c) =0,
M®id+id@n) o Ar(c) =1Q®c+cQ1,

and ( Z id® n ® id®k> oAy(c) =0, foralln > 3.
jtk+1=n

It is called co-unital and co-augmented if furthermore there is a map k — C such
that the composition & — C — k is the identity.

Assumption 2.13. From now on we shall assume? that for an Ao-coalgebra C,
in each grading C; is finite dimensional (in literature C is called locally finite
dimensional), and that all but finitely many /A, (v) vanish, for each v € C. In
particular, the Koszul dual A coalgebra Al of an N -Koszul algebra (to be studied
later), which only has A, and Ay, satisfies this assumption.

Definition 2.14 (Bar and cobar constructions). Suppose A is a unital and augmented
Ao algebra, and C is a co-unital and co-augmented Ao, coalgebra (satisfying
Assumption 2.13 above). The bar construction of A, denoted by Boo(A), is the quasi-
free graded coalgebra T (s A) generated by s A, with differential d = d; + d» + -+ -,
where d,, is defined on the co-generators by

d, : (sA)®" — sA C T(sA)

(5G1.....5Gy) +—> (=1)OD0alFO=Dlailt+lan—ilg o701, (ay,....an)

and is extended to 7' (s A) by derivation, where 7 : A — A is the projection.

Similarly, the cobar construction of C, denoted by R.,(C), is the quasi-free
graded algebra T'(s~'C) generated by s~'C with differential d defined on the
generators by

sTIC — T(710)
s — (sTlomo A+ H®2 0 @®%) 0 Ay +--4)(0),
which extends to T (s ~'(A4)) by derivation, where in the above expression, 7 : C —C
is the projection.
Definition 2.15 (Hochschild and cyclic homology of A, algebras and coalgebras).

(1) For an Ao algebra A, define its Hochschild homology HHe(A) to be
H, (B (A1) a5 in Theorem 2.6, and its cyclic homology HCe(A) to be He (Boo (4)Y)
as in Lemma 2.1.

2This assumption is also used by Prouté in his definition of A coalgebras; see [39, Définition 3.2].
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(2) For an Ay coalgebra C, define its Hochschild homology HHe(C) to

be H.(Q;z @) tl) as in Theorem 2.7, and its cyclic homology HCe(C) to be

He (200 (é)ﬂ) as in Lemma 2.3.

In the above definition, A and C are the augmentation of A and the co-
augmentation of C, respectively, which are defined to be the same as for algebras and
coalgebras.

Remark 2.16. As has been shown above, for DG algebras and coalgebras, the
definitions given above coincide with the standard ones (cf. Loday [35]).

Proposition 2.17. Throughout Lemma 2.1-Corollary 2.10, the statements remain
true when the algebra A is replaced by an Ao algebra A and respectively the
coalgebra C is replaced by an A coalgebra C.

Proof. In the proofs of these statements, the only fact that is used is that B(ff) isa
quasi-free DG coalgebra and  (C) is a quasi-free DG algebra, which is also true for
Boo(A) and R o (C) respectively. O

Finally, we show that for unital and augmented A, algebras and coalgebras, their
Hochschild chain complex is quasi-isomorphic to their normalized Hochschild chain
complex.

Proposition 2.18. Suppose A is a unital and augmented Ao, algebra and C is a
co-unital and co-augmented Ao coalgebra. The the following are quasi-isomorphic

CH.(A) ~ CH.(4), CH.(C) ~ CH.(C).

Proof. The same argument for algebras (see Loday [35, Proposition 1.6.5]) remains
to hold for the A, case. ]

As an application, we see that
CHe(4) ~ A @ Boo(4), CHl(C) >~ C ® 2450(C),
with the differential properly defined. In particular, there is an embedding

Qo(C) — CH.(C)

2.15
(ai,...,an) +— (l,ay,....ay) ( )

of chain complexes similar to the coalgebra case (compare with (2.1)).

3. Double Poisson algebras and bimodules

In this section we remind the definition of a double Poisson algebra A, and introduce
the notion of a double Poisson bimodule M. After that, we discuss the construction
of n-Poisson structures.
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3.1. Double Poisson algebras.

Definition 3.1. Suppose A is a unital, associative algebra over a field k. A double
bracket on A is a bilinear map {—, —}} : A x A —> A ® A which satisfies

fla.b}} = —{{b.a}}”, 3.1
fla.befy = bla. cfj + {la. bjjc, (3.2)
where (4 ® v)° = v ® u. Here the action of b and c is given via outer bimodule

structure on A ® A, that is, b(a; ® az)c := ba; ® arc. We recall that the inner
bimodule structure on 4 ® A is given by

bx (a1 ® az) *xc :=aic Q bas. (3.3)

The formulas (3.1) and (3.2) imply that {—, —}} is a derivation on its first argument
for the inner bimodule structure

flab,c}y = ax{b,c}} + {a,cl} = b. (3.4)
Suppose that {—, —}} is a double bracket on A. Fora, by,...,b, € A, let
fa.b1 @ - Qbuly = {a.b1}} ®b> Q-+ Q by,
and let
05(b1 ® -+ ® bp) 1= by—1(1) ® -+ ® by-1().

where s is a permutation of {1,2,...,n}. If furthermore A satisfies the following
double Jacobi identity

{{a’ {{bv C}}}}L + 0(123) {{bv {{Cv Cl}}}}L + 0(132) {{C’ {{a7 b}}}}L = Ov (35)
then A is called a double Poisson algebra.

Letu : AQ A — A denote the multiplicationon A, and let {—, —} := pof{—, —}} :
A®A — A. Then {—, —} induces well-defined maps Ay x A — A and Ay x Ay — Ay
(see [45, Lemma 2.4.1]). Futhermore, the latter bracket is anti-symmetric.

Definition 3.2. A left Leibniz—Loday algebra? is a vector space L with a bilinear
operation [—, —] such that it satisfies

la,[b.c]] = [[a.b].c] + [b,]a,c]].
From the definition one immediately sees that
Lemma 3.3. (A, {—, —}) is a left Leibniz—Loday algebra.

As a consequence of Lemma 3.3 and (3.1), we have

Corollary 3.4. If A is a double Poisson algebra, then {—, —} makes Ay = A/[A, A]
into a Lie algebra and A into a Lie module over Ay.

Proof. See Van den Bergh [45, Lemmas 2.4.2 and 2.6.2]. O

3This algebraic structure is introduced by Loday, which he calls Leibniz algebra, while some other
authors, for example, Van den Bergh [45], call it Loday algebra; we here combine these two terminologies
together.
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3.2. Double Poisson bimodules.

Definition 3.5. Let A be a double Poisson algebra with the double bracket {{—, —}}
and let M be an A-bimodule. Then a double Poisson bracket on M is a bilinear
product {{—, =} : AXM — (A® M) & (M ® A) such that the following axioms
holdforalla,b € Aand allm,n € M:

(i) fa.bmipy = {a.bfm + b{fa.mjjy,

fla.mbjjy = fa.mipyb +m{a. by

(i) fab,mipy = a* {b,mip + {a.mijp xb.
Remark 3.6. Expressions {{a, b}} m andm {{a, b}},, should be understood as follows.
Iffa, bl = {a, b} @{a,b})”, then {a, b}y m € AR M viathe leftactionof {a, b}}”
onm and m f{a, b}y € M ® A via the right action of {{a,b}’ on m. Also, * in
a x{{b,m}},, and {a,m}}, * b is the action of Aon A @ M and M ® A as inner
bimodules (compare to (3.3)).

Our next is to introduce the Jacobi identity for the double bracket {—, —}};,. For
this we need to define the following expressions: {{a b, mi }} x {{b {m,al} }}
{{m {b, a}}}} ;- First, we define

{m.bp = —({b.my)° (3.6)

that is, if {b,mf}y, = (b1 @ m1) & (M2 ® by), then {m, b}y = —(b2 @ m2) &
(m1 ® by). Then

Ha kb.myufyy = (fa by @mi) @ (fa.maffy, ®b2), 37
whichisin(A® AQ M) ® (A M ® A). Using (3.6) and (3.7) , we can define
{{b, {m,al} }}L Finally, if {a,b%} = {a,b}} ® {a,b}}”, then
{{m. {{a,b}}}}L = {{m, {{a,b}}/}}M Rfa, b} € (AIMRVA)D(M VAR A).

Definition 3.7. Let A be a double Poisson algebra with the double bracket {—, —}}
and let M be an A-bimodule with a double bracket {{—, —}} ;. Then we say that M
is a double Poisson A-bimodule it

(111) {{Cl, {{b7 m}}M}}L + 0(123) {{bv {{mv a}}M }}L + 0(132) {{m7 {{(l, b}}}}L =0 ’
(3.8)

L’

foralla,be€ Aandm,n € M.
Remark 3.8. It is clear that A itself a double Poisson A-bimodule.
Let (M, {—, —}},,) be a double Poisson A-bimodule. Then we define

=—m=umoll— -y AxXM—>M,

where (pr : (AQ M) ® (M ® A) — M is the bimodule action map. And one can
prove the following.
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Proposition 3.9. {—, —} ys induces well-defined maps Ayx M — M and Ay x My — My,
Proof. (1) Leta,b € Aandm € M. Then

lab —ba,myy = pmlab,miypy — pmiba, miy
= (@ * (b, mijp + a, mijp % b)
—im (b xfa,mppy + {b,mijy * a)
= {b.m}fyalb,mly + fa.myybia.myfy
— fla.m}ybila. mify — {b.mypalib.myy = 0.

(2) We let
{_’_}M’ﬂ Zzuo{—,—}M 2AXM—>MH, (39)

where ] : M — My is the projection map. Then
{a,em —mcipyy = ﬂ({a,c}m — m{a,c}) + h(c{a,m}M — {a,m}Mc) =0,
and hence by (1) we have {—, =}y 1 Ay X My — My. O]

Next, we establish the following statement
Proposition 3.10. The brackets {—, —}y and {—,—}py define on M and My
respectively Lie module structures over the Lie algebra Ay.

Proof. We need to show that
{{(l,b},m}M ={av{b7m}M}M_{bv{a7m}M}M' (310)

Indeed, we have

Ha.by.miy = pp[{{la. by -Ha. by m}},,]
= pm[fa. b} * {fa. by mi},, + {la. bl mly ), * a.b}"]
= UM [(1 ® M) © 0(132) {{m {b, a}}}}L
— (um ® 1) 0 oz {{m, fa. b}, ],
{a, tb.mypty = pae[{a. 4b.mYy, - 4b.mY ey, ]
= wu[{{a. §b.m¥y ) - (b m¥yy + €b.mByy - fa. b.mYy, 1}
= um[(um @ D) {a. gb.mBp
—(1®upm)o 0(123){{07 {im, b}}M}}L] )
{bfa.misty = pa[{b. da.mYy, - La.mYyr )]
= um[{b. a.mPy ) - La.mlyy + fa.mpyy - {b. fa.m¥y ]
= pum[(1 @ ua) {{b. fa.mp}},
— (M ® 1) 0 (123 {{b. {m, a}}M}}L] .

Using these identities and (3.8) we obtain (3.10). O



Koszul Calabi—Yau algebras 129

3.3. Double n-Poisson structures. One can easily generalize the above notions to
the n-graded case. Indeed, let A = ®;cz A; be a Z-graded vector space. We denote
by A[n] the graded vector space with degree shifted by n, explicitly, A[n] = ®(A[n]);
with (A[n]); = Ai_,. Then a double bracket of degree n on A is a bilinear map
{— -} :Ax A— (A® A)[—n] satisfying
fla by = ~(=DWHPHEDgp aye, (3.11)
fa.b b = fa.bl-c + (=1)PIb Y ey (3.12)
The pair (A, {{—, —}}) is a double n-Poisson algebra if in addition it satisfies the
n-graded version of the Jacobi identity

fatb.epl} + D PIHD g5 Hb. ey,
+ (_1)(|€|+n)(\a|+|b\)a(132){{C’ {{a’b}}}}L = 0.
Similarly, we can define the notion of a double n-Poisson bimodule and n-graded
version of results of previous two sections can be summarized in the following
proposition.

Proposition 3.11. Let A be a double n-Poisson algebra and M be a double n-Poisson
A-bimodule. Then

(i) the bracket {—, —} makes Ay into an n-Lie algebra and A into n-Lie module;

(ii) the brackets {—, —}p and {—, —}pry make M and My respectively into n-Lie
module over Ay.

4. Double Poisson structure on the cobar construction

In this section, we will define a natural double bracket on the DG algebra R which is
the cobar construction of a cyclic A, coalgebra.

4.1. Cyclic algebras and coalgebras. The notion of cyclic Ax algebras is first
introduced by Kontsevich [33]. Recall that a symmetric bilinear form of degree —d
on a graded vector space V' is a bilinear pairing (—, —) : V ® V — k|[d] such that

(v, w) = (=D v) forallv,we V. 4.1)

A cyclic A algebra A is an A, algebra with a non-degenerate symmetric bilinear
form of degree —d
(= —):A® A — k[d]

such that
(unlay,az,....an), any1)
= (_1)”+|an+l [(laq|+~+lanl) (/’Ln(an-{—l’ala o ,an—l)a an) (4.2)

foralln € N and all ag,aq,...,a, € A.
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Similarly, one can define cyclic A coalgebras:

Definition 4.1 (Cyclic A, coalgebra). Suppose (C,{A}) is an Ay, coalgebra. C
is called cyclic of degree —d if there is a non-degenerate symmetric bilinear form of
degree —d

(——):C®C —kl[d]

such that for any a, b € C,
(a,bl) . b2"'br — (_1)r+|bl|(|a|+r)<b’ar) .al “'ar—l c C®(r_1), (43)
where we write A, (a) = a'a?---a” and A, (b) = b'b%---b".

The notion of cyclic Ao, coalgebras will be useful for our next discussion. We
have the following lemma:

Lemma 4.2. Suppose C is of finite dimension. Then C is a cyclic A coalgebra if
and only if A :== C* = Homg (C, k) is a cyclic A algebra.

Proof. Denote the Ay operators of C and A by Aj, A,,... and i, o, ...,
respectively. Under the isomorphism of k-vector spaces

c 5 4

a +— a*:=(—,a),
consider the evaluation of both sides of (4.3) on any (x1, X2, ...,x,_1) € A®C~D,
We have:
(x1,%2, ..., xr—1)((b,a") (@’ ---ar_l)) =(b,a") - (x1,X2, ..., x,_1)(a'---a"h)

= (X1,X2,...Xr—1,b*)(@'a®---a")
= (xl,xz,---,xr—l,b*)Ar(a)
= (Ur(x1.%2,...,X,—1.b%)(a)
= (ur(x1,x2,....X,—1,b%),a"). (4.4)
Similarly, the evaluation
(x1. %2, .., xr—1) ({@, BN (B% -+ b")) = (@, x1. X2, ..., Xp—1) (B -+ D7)
= (a*, x1.x2,....Xr—1) Ar(b)
= ur(@*, x1.x2,...,x,-1)(b)
= (ur(@*, x1,x2,...,%,-1),b%). (45)
The most right hand side of (4.4) equals the most right hand side of (4.5) with sign
counted if and only if (4.2) holds, and thus the lemma follows. ]

Remark 4.3. By repeatedly applying (4.2) to (4.4) or to (4.5) one gets more identities
like

(@, by-a™t . a’at a7 = £(a, bY) b HTIR T (4.6)

We leave the check to the interested reader.
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4.2. Double bracket on the cobar construction. The following result has already
appeared in [1, Theorem 15] when C is a cyclic coalgebra (not A).

Lemma 4.4. Let C be a cyclic As coalgebra of degree —d and let R = Qo (0).
Then we define {—,—}} : Rx R — R® R by

frogh ==Y (=D ;) - (T rwr s wyogs T g s T o)
i=l..ky
I ® (s vy s wims T w5 wm) (A7)

1

forr = (s7lvys™lug sl o) and g = (s 'wys T wy 5T wyy,), where € is

(rl+d)(Is™ wi] + -+ s wj—1)
+ (s orl 4 s il F 5T w4+ A (s v - A 1T o).
Then the bracket (4.7) gives a DG double n-Poisson structure on R, wheren = 2—d.

Proof. The proof is essentially the same as in [1, Theorem 15]. We only need to show
that the bracket commutes with the differential, which involves the A, operators.
From the definition of the double bracket,

{d(araz---am), bibz---bn}} + (_1)|a|{{a1a2 . d(b1by---bp)}
—d ({araz---am,biby---by}})

contains summands whose coefficient are pairings of components of A (a) with b, or
pairings of a with components of A (b), namely,

DD af bbby ---bjaf e alaigy - am
i,j k

1 k—1
®ala2...ai_1ai...ai bj+1...bn

~ 33 @i b biba-bj b} b ag
ij & ®a1a2~-ai_1bf+1-~-b§b,~+1-~bn,
if we write Ag(a;) = ala?---a¥ and Ag(b;) = b}bjz----bﬁ. However, from the
cyclicity of the pairing (see (4.3) or its general form (4.6)), these two types of
terms exactly cancel with each other. Thus the double bracket commutes with the
differential. O

Remark 4.5. One can easily extend {—, —}} to R by taking {r, 1}} = 0.

5. Brackets on the bimodule of one-forms

Let C be a cyclic Ao coalgebra and let R := £4(C). Using the double bracket
on R defined in Lemma 4.4, we introduce a double bracket on Q}e and the induced
bracket on Q}e = Then we consider the corresponding Lie brackets on Q}e and Q}e -
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5.1. Double bracket on }z. First we define a double bracket
{——Yror:Rx(R®R) > R®(R®R) & (R®R) ® R

as follows

{r.p®qhrer = {r.p} ®q+DPp g, G

where {—, —}} is a double bracket on R defined in Lemma 4.4, and in the right-
hand side of (5.1), the first summand lies in R ® (R ® R) and the second lies in
(R ® R) ® R. Then one can show

Lemma 5.1. (R ® R, {—. —}}rer) is a DG double n-Poisson R-bimodule.

Proof. We need to verify axioms (i)—(iii) for the double bimodule. We first verify
@) fr.q-(p1® p2)irgr = {4} (P1 ® p2)
+ (=DM gk py @ pa YRR -

By definition the left hand side (LHS) is
4r.q-p1® p2lror = 4r.al - (p1 ® p2) + (=DM pi B @ ps
+ (_1)(|q\+|171|)(|r|+n)q - p1 @ dr, palt

which is identically equal to the right hand side (RHS). Next we verify
(i) {7 -q, p1 ® P2iirgr =T * 19: P1 @ P2JiReR
+ (=DlalipHlp2m g, P2l ReR * 4 -

Indeed, the LHS is equal to
{r-q.p1} ® po + ()P b @ (1 g, po)
=rx{q.p1}} ® po + (DA s g ® po
+ (=PI py @ (15 4ig. paly + (D2 ol q)

and the RHS is
redlg, pi} ® pr + (=DPIHID b g - s (g, po
+ (=1)lalUprl+Ipal+m+lallp2l g, i *q® pr
+ (_l)lql(lpl|+|172|~|-n)+\p1|(|r|+n)p1 Q{r. paly * ¢

and hence they are equal. Similarly, we can prove the Jacobi identity (iii).

Next we show that {{—, —}} g g commutes with the differential. Recall that
drer = dr ® 1 + 1 ® dg. So we need to prove

drlir, p ® Y rer = HdR(). p ® ¢l rer + (=D {r,dr(p ® ¢)} re&-



Koszul Calabi—Yau algebras 133

Indeed, using (5.1) one has
dr{(r.p ® Y ror = dri{r. p} ® ¢ + (=D i @ dr(g)

+ ()P aR (p) @ r g + (—=DIPIHHD b @ dpir g} :
{dr(r).p ® ¢} rer = {dr(r). p} ® ¢ + (=D)P/ "D p @ g (r). g :
{r.dr(p ® QY rer = {r.dr(p) ® q}} + (—D)"'{{r. p ® dr(q)}
= {{r.dr(p)} ® g + (=1)1PIFDIHD g (p) @ {r. q)
+ (=D'PIgr, p} ® dr(q) + ()P HD p @ 7 dr(g)}.

Combining the RHS of these identities we get
(drf(r. p3 — {dr(r), p}} — D" r dr(p)}) ® g
+ (=D)IPIUHE) b @ (dpfir g — (dr(r). q}} — (=D dr(@)}) (5.2)

and this expression is equal to 0, since by Lemma 4.4 {—, —}} commutes with dg.
This finishes our proof. O

We claim that the bracket in (5.1) can be restricted to %. Recall that QJ =
R ® s7'C ® R and Q} g = s71C ® R, where identifications are given by map I
defined in (2.3). Indeed, let

o= 6"Tvr T ) @5, @ (T uprr s T o) € Qk.

Then l(w) = b-s"1v, ® c —b ® s 1v, - ¢, where b = (s lvy---s71v,_1) and
c= (s_lva ---571v,,) and one has

{a. 1)) ror = fa.b 5710} @ ¢ + (~)IEHIT a0, 71y @ g, o)
—fa. by @5 vy — ()P @ ffa sy, ol
= fa. by & fa.bh? s, ® ¢ (5.3)
+ (=DPIp o sy Y @ fasT o, 3P @ (54)
+ (DT opblaltmp 1y @ a3 D @ fa. cp® (5.5)
—fa. bV @ fa. bP® @5 v, ¢ (5.6)
— (D b @ fa sV @ s TP e 65

_ (_1)(|b|+|s_1vp|)(|a|+n) h® s_lvp Ya, c}}(l) ® {la, C}}(Z).
(5.8)
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Now (5.3) 4 (5.6) € R ® Q} and (5.5) + (5.8) € Q} ® R. On the other hand

(5.4) — ()Pl @ o s, 0D e, s, P @ c e QR @R, (59)
(5.7) + (=D)Plal+mp @ g sy, 0D e s, 3P @ c € R@ QL. (5.10)
These two formulas hold since, for example in (5.9), by taking out the third common

component ¢ in the tensor, the first two components exactly lie in Q}e- Thus, we
define {— —}q1 : R x Qr > (R® QL) & (L ® R) as

Wa,0fqr = 4. 1()jrer (5.11)

and we have proved
Corollary 5.2. (QL. {—. —}¢ L ) is a DG double n-Poisson sub-bimodule of R ® R.

5.2. Lie brackets on Sl}e and SZ}e . Let us recall some notations from the previous
section. First, {—, —} := ug o {—, —}}, where g is the multiplication map on R.
Second,

{— _}Q}e = Mol © f{—. _}}Q}Q . A= _}Q}m =fo{- _}Q}e ,
where Il is the bimodule action map.

Theorem 5.3. Let C be a cyclic Ao coalgebra of degree —d and let R = R oo(C).
Letn :=2—d. Then

(@) {—,—} induces a DG n-Lie algebra structure on Ry and a DG n-Lie module
on R.

(b) {—, —}Q}R and {—, _}Q}M make Q% and Q}e,n into DG n-Lie modules over Ry.

In particular, He(Ry) is a graded n-Lie algebra and He(R), He (Q}Q) and H, (SZ}e n)
are n-Lie modules.

Proof. Follows from Proposition 3.11 for the double bracket on R defined in
Lemma 4.4 and the double bracket on Q}Q defined in Corollary 5.2. O

Now we turn our attention to the 2-periodic sequence of complexes

o1 B = G 1 B
—%Qb, R Qb

which by Proposition 2.8 is identical to the cyclic bicomplex of C. Our claim is

Theorem 5.4. 3 and B are morphisms of Lie modules, that s,

104r.a}) = {r.d@}gy, - Bir.ok = {r p@)}. (5.12)
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We need the following auxiliary statement.

Lemma 5.5. Letr € Randw = q ® s 'v € Q} g Then

{r,a)}Qkn =fo [{r,q}s_lv RI1—{r,q} ® s

+ DI T @ 1 - g @ (s )] 513)

Proof. 1Tt follows directly from the definition of the double bracket on Q}z- Indeed,
we have
{”aw}gz}Q
= pod{r, I(w)}}R®R
= Kgl © [{r.q-s7'v @ 1} rgr — {9 @ s v} rer]
= pgr o[{r.gh-s7 v 1-{rg} ®s™'v]
+ (DI g, ofg-dr Tl @ 1 - g ® {irsT oy]
={rqs T v®1—{rqgs v
+ (D16 o g frs TV @ s TP @1 —g @ insT vy @ 1]
+ (=D o [g @ tr sy @ 1—g ® s oY @ s P

={rgls v®1-{rql®s v
+ DI (g s @ (s TP g @ frs )

+ (DI (g sy @ 1—g - s T @ s @)

:{r,q}-s_lv®1—{r,q}®s_lv
i (_1)|q\(|r|+n)(q Ar s i®1l—-¢® {r,s—lv})_ O

Proof of Theorem 5.4. To prove the first identity of (5.12), it suffices to show
By (2.4), we have [(0{r,q}) = {r,q} ® 1 — 1 ® {r, q}. On the other hand

3@}l = noL i 10(@) i rer = Kot 5 ¢ ® 1 =1 ® qlirgr
=ug[{ra} @1 -1®{rq}]={rg}®1-1®{r.q}.

Letw = ¢ ® s 'vforsomeg € Rand v € C. Then

B)=q-sv— (=D sy g Iw)=g-sTvR®1—g®s 0,
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and

{r.B(w)} = 1{r.q -s—lv} — (_1)|s*1v|\q|{r,s—1v g}
={r,q}-s "+ (=DUrEmg g o~
— (—1)|S_lv||‘1‘{r’ s~y .q — (_1)|s—1v\(|q|+|r\+n)s_1v rq).
(5.14)

On the other hand, by the commutative diagram (2.7) for R, we have
Blir.ohy) = poo(lirlg,). (5.15)

Using (5.13), one has

Blr.wh) = tr.qh -5~y — ()OI g gy
+ (_1)|q|(|r|+n)q . {r’ s_lv} _ (_l)ls—lvlléﬂ{r’s—lv} q. (5.16)

We finish our proof by comparing (5.14) and (5.16). 0

6. N-Koszul Calabi-Yau algebras

Definition 6.1 (Ginzburg [23]). An associative algebra A is said to be a Calabi—Yau
algebra of dimension d if A is homologically smooth and there exists an isomorphism

n: RHomyg 0 (A4, A @ A) = A[—d]

in the derived category of A ® A°P-modules.

In the above definition, an algebra A is said to be homologically smooth if A is a
perfect A ® A°P-module, i.e. it has a finitely-generated projective resolution of finite
length.

Ever since they are first introduced by Ginzburg, Calabi—Yau algebras have been
widely studied by mathematicians from various fields.

So far, most of Calabi—Yau algebras appeared in literature are Koszul or N -Koszul,
(the most general case is due to Van den Bergh [46]), and hence they are all of the
form -

Qoo (A) > A,

where A is the Koszul dual A, coalgebra of A, which is a cyclic As, coalgebra.
We now recall the definition of N-Koszul algebras. Let V be a finite dimensional
vector space over k, and S be a subspace of VON where N > 2isan integer. Let TV
be the tensor algebra of V', and (S) be the two-sided ideal of TV generated by S.
The quotient algebra A := TV/(S) is called an N -homogeneous algebra, and is
denoted by A = A(V, S). The N-homogenous algebra AV := TV*/(S+) is called
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N -homogeneous dual algebra, where V* is the dual space of V and S+ c (V*)®V
is the orthogonal complement of S in (V*)®N. The N-Koszul dual algebra A' of
the N-homogenous algebra A is defined as follows: set

Nj. ifi =2j,

NG) =1, : .
Nj 41, ifi =2j +1,

and define A' := b, AX(i)' We also denote Ai := (A4')* C TV, which is called
N -Koszul dual coalgebra of A. Here we use the convention that the dual of a graded
space with finite-dimensional component is the direct sum of component-wise duals.
Definition 6.2 (Berger [4], N-Koszul algebra). An N-homogeneous algebra A is
(left) N -Koszul if the trivial left A-module 4k admits a linear projective resolution

N N -y A
with P; = A ® Ai., and if we choose a basis {¢;} for V and let {¢*} be the dual
basis, then the differential b = ?im 4 e; e’

One can define the right N-Koszul algebra similarly. In [4], it is proved that
an N-homogeneous algebra is left N-Koszul if and only if it is right N-Koszul.
Note that 2-Koszul algebras are Koszul algebras in the usual sense. For a 2-Koszul
algebra A, it is known that the Yoneda algebra Ext% (k, k) is an associative algebra.
The Ao algebra structure on Ext% (k, k) is started by Lu, Palmieri, Wu and Zhang in
papers [37,38].

Proposition 6.3 (Berger—Marconnet; He—Lu). Let A be an N -Koszul algebra. Then
its Yoneda algebra Ext(k, k) is isomorphic to its N-Koszul dual algebra A" as
unital, augmented Ao algebras.

Proof. See Berger—Marconnet [5, Proposition 3.1], or He-Lu [25, Theorem 6.5]. [

More precisely, the authors cited above showed that for N-Koszul algebras, all
the Ao, operators but m,,my vanish. Now if A is an N-Koszul algebra, then Al is
a co-unital, co-augmented A, coalgebra.

Theorem 6.4 (Dotsenko—Vallette). Let A be an N -Koszul algebra, and A" be its
N -Koszul dual Aeo coalgebra. Then the morphism of DG algebras R oo (A1) — A
is a quasi-isomorphism.

Proof. The N = 2 case is standard, see, for example, Loday—Vallette [36, Theo-
rem 3.4.6]. For the N -Koszul case, see Dotsenko—Vallette [18, Theorem 5.1]. ]

Proposition 6.5 (He—Van Oystaeyen—Zhang; Wu—Zhu). Let A be an N -Koszul
algebra (N > 3). Then the following conditions are equivalent:

(1) Aisad-Calabi-Yau algebra;
(2) Ext’ (k. k) is a unital and augmented cyclic A algebra of degree —d.



138 X. Chen, A. Eshmatov, F. Eshmatov and S. Yang

Proof. See Wu—Zhu [48, Corollary 4.11] and He—Van Oystaeyen—Zhang [27,
Proposition 3.3]. 0

In view of Lemma 4.2, we can summarize the above three results in terms of A
coalgebras in the following form (due to the works of Berger, Dotsenko—Vallette,
He-Lu, He—Van Oystaecyen—Zhang, Van den Bergh and Wu—Zhu cited above):

Theorem 6.6. Let A be an N -Koszul algebra. Then A is d-Calabi—Yau if and only
if the Koszul dual A coalgebra A is cyclic of degree —d. Moreover, in this case
R o (AY) is a cofibrant resolution of A.

The most general form of this theorem is due to Van den Bergh given in [46,
cf. Theorem 11.1]. Van den Bergh does not use the terminology “N -Koszul”, but it
is clear that all N-Koszul algebras are Koszul in the sense of [46], where the latter is
the linear dual of the bar construction. Since the finite dimensionality Ext% (k, k) is
essentially used in the following construction, we focus only on the N-Koszul case.

6.1. Examples. In this subsection, we list several known examples of N-Koszul
Calabi—Yau algebras, and therefore they all admit a derived non-commutative Poisson
structure. Note that by the above theorem, we only need to describe the cyclic A
algebra structure on their Koszul dual.

First let us remind that all graded 2- and 3-Calabi—Yau algebras are N-Koszul.
This fact is proved by Berger—Marconnet in [5, Proposition 5.2]. Being graded is
important here, since from Davison’s result there exist 3-Calabi—Yau algebras which
are not superpotential algebras and hence not N-Koszul [16].

6.1.1. Three dimensional Sklyanin algebras. Let a,b,c € k. The three dimen-
sional Sklyanin algebra A = A(a, b, ¢) is the graded k-algebra with generators x, y, z
of degree one, and relations

fi=cx?4+bzy+ayz =0,

fr=azx —|-cy2 + bxz =0,

f3=byx +axy +cz*> =0.
This Sklyanin algebra is one of the important examples of Ginzburg’s Calabi—Yau
algebras (see [23, Example 1.3.8]).

Smith showed in [42, Example 10.1] that A is Koszul, whose dual algebra A' is
generated by &1, &, £3 with relations

ck2€3 — b&3é, 5512 —abrés,
cE3E1 — bEEs,  bE; — akski,
cE16r — bErEr.  bE] —akibs.
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To describe the non-degenerate pairing, choose a basis for A':
AE) 01
Al 666
4888
A!3 16156263

The pairing (1, v) for homogeneous u,v € A' is given by the scalar of uv with
respect to £1£,63. This pairing is cyclically invariant, and therefore we obtain a
derived non-commutative Poisson structure on A.

6.1.2. Four dimensional Sklyanin algebras. Leta, 8,y € k such that
atp+y+afy=0 Ao p,y}Nn{0,£1}=0.
The four dimensional Sklyanin algebra A = A(w, B, y) is the graded k-algebra with
generators Xxg, X1, X2, X3 of degree one, and relations f; = 0, where
fl = X09X1 — X1X0 —(X(X2X3 + X3X2), f2 = XoX1 + X1X0 — (X2X3 — X3X2),
f3 = Xoxz — xaxo — B(x3x1 + X1X3),  f4 = XoX2 + X2X0 — (X3X1 — X1X3),
fs = Xox3 — x3x0 — y(X1X2 + X2X1), f6 = XoX3 + X3X0 — (X1X2 — X2X1).

As proved by Smith and Stafford [43, Propositions 4.3-4.9], A is Koszul, whose
Koszul dual algebra A' is generated by &, £, £, &3 with the following relations:

§=8=65=§=0,
28263 + (o + DEoé1 — (@ — 1)€150 = 0,
2836 + (o — Déoé1 — (@ + D&1&o = 0,
28361 + (B + Déos2 — (B — D260 = 0,
28163 + (B — Déosa — (B + D260 = 0,
2816 + (v + Déos — (v — D&360 = 0,
26261 + (v — Dbods — (v + Dé3éo = 0.

Smith and Stafford also showed that A' admits a non-degenerate symmetric pairing.
To see this, A' is spanned by the following elements:

AE, 1

A!1 £0,61,62,63

A @ Eok1. Eoba. Eok3, E1€0, E260. E360
A!3 : £0£150. £05250. 508360, §16061
Al 1 Eof1Eofy
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and all other degree components are zero. Also, in degree 4, we have the following
identities

Eokjkot; = —Ejkokj60 forl < j <3,  &o&ikos; =0 fori # j,

bobatofs = Tbofifutr
bofafofs = 1 T bobifufr

The pairing (a, b) for homogeneous a, b € A' is defined to be the scalar of ab with
respect to £9€1£0€1. One easily sees the pairing such defined is graded symmetric
and is cyclic. Therefore A(a, B, y) is Koszul Calabi—Yau of dimension 4, and there
is derived non-commutative Poisson structure on it.

6.1.3. Universal enveloping algebras. Let us first say a bit about linear-quadratic
Koszul algebras. Suppose V is a finite dimensional vector space. A linear quadratic
relation is a subspace S C V @ V' ®2. And we may define the linear quadratic algebra
A(V, S) as before.
In this subsection, we assume S satisfies the following two conditions:
SNV =0, (6.1)
(SRV+VRSINVe® =85snre® (6.2)

Let ¢S : S — V®2 be the projection.

Definition 6.7 (Linear quadratic Koszul algebra). A linear quadratic algebra 4 =
A(V, S) is said to be Koszul if it satisfies conditions (6.1) and (6.2) and if the quadratic
algebra A(V, ¢S) is Koszul.

Since ¢S is the image of the projection of S to V' ®2, we in fact have a map
¢:qS >V

such that S = {X — ¢(X)|X € ¢S}. Denote by (¢A)' the quadratic dual coalgebra
of T(V)/(gS), then this ¢ gives a map

dg : (qA) — qS — V,

which extends to a coderivation dy : (qA)' — T'(V).
Now if
SV +V SN S® Cgygs,

then the images of dy lie in (¢A)!. We in fact get a co-derivation

dg : (gA) — (qA)'.
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And if furthermore,
(SQV+V®SINS®?2cs® Ve, (6.3)

then (dy)? = 0, and we obtain a differential graded coalgebra ((¢A)!, dg), which is
the Koszul dual coalgebra of A(V,S), and is denoted by (A(V, S)i,d). Its linear
dual is a differential graded algebra, and is denoted by A(V, S)'. For more details,
see [36, §3.6].

Lemma 6.8. Suppose A(V,qS) is a Calabi-Yau algebra of dimension n. Then
AV, S) is a Calabi-Yau algebra of the same dimension if and only if any nonzero
element in A(V, S), is a cycle.

Proof. As underlying spaces, A(V, S)" is isomorphic to A(V, ¢S)". Since A(V,qS)
is Calabi—Yau, there is a cyclically invariant non-degenerate pairing on A(V,¢S)",
which then gives the same pairing on A(V, S)'. Thus to show A(V, S) is Calabi—
Yau, it is equivalent to show such pairing respects the differential, which is again
equivalent to show the fundamental chain (the top chain in A(V, S)7) is a cycle. This
completes the proof. 0

Suppose g is a Lie algebra, then the universal enveloping algebra U(g) has
Koszul dual differential graded coalgebra which is exactly the Chevalley—Eilenberg
complex (CE4(g),d). It is also known (cf. [24, Chapter V]) that the top chain of the
Chevalley-Eilenberg complex is a cycle if and only if Tr(ad(g)) = O for all g € g.
A Lie algebra satisfying this property is called unimodular. Examples of unimodular
Lie algebras are abelian Lie algebras, semi-simple Lie algebras, Heisenberg Lie
algebras, and the Lie algebra of compact groups. Thus as a corollary to Lemma 6.8,
we have the following statement, which is due to He, Van Oystaeyen, and Zhang [26,
Theorem 5.3].

Theorem 6.9 (He, Van Oystaeyen, and Zhang). Let g be a Lie algebra of dimension n.
Then the universal enveloping algebra U(g) is n-Calabi-Yau if and only if g is
unimodular.

The derived non-commutative Poisson structure on U(g) is highly nontrivial, even
in the polynomial case (i.e. the case where g is abelian); for more details see §9.

6.1.4. Yang-Mills algebras. Yang—Mills algebras are introduced by Connes and
Dubois-Violette [11]. An algebra A is called a Yang—Mills algebra if A is generated
by the elements x; (i € {1,...,n}) with the following relations:

gij[x,-,[xj,xl]] =0,le{l,2,...,n},

where (g'/) is a symmetric invertible n x n-matrix. Equivalently, 4 = A(V,S)is a
3-homogenous algebra, with V := @, kx;, and S C V®3 spanned by

g7 (6 ®@x; ®x1 + X1 ®x; ®X; —2x; ® X ® X;).
In literature, the above A is also denoted by YM(7).



142 X. Chen, A. Eshmatov, F. Eshmatov and S. Yang

Yang—Mills algebras are 3-Koszul 3-Calabi—Yau. In fact Connes and Dubois-
Violette [11, Theorem 1] proved that Yang—Mills algebras are 3-Koszul, and Berger—
Taillefer [6, Proposition 4.5] proved they are 3-Calabi—Yau.

We give a brief description of the A, operators and the pairing on YM(n)'. For
simplicity, we take (g'/) to be the identity matrix. Denote V = Span; {x1, X2, ..., X},

and
n

S = Spank{Z[xi,[xi,xj]] c1<j<nycVe,

i=1
Then
YM@n) =TV/(S).

And the homogeneous dual algebra of YM(n) is given as follows (see Connes
and Dubois-Violette [11, Proposition 1] and also Herscovich and Solotar [29,
Proposition 2.3]):

n
YM(n)y = k1, YM(n)y = V*, YM(n)Y = @ kxjx},
i,j=1

n
YM(n)Y = @ kxfz. YM@)] =kz>. YM(n)! =0 (i >4),
i=1
where z = )7_ (x*)2. The Koszul dual algebra of YM(n) is thus given taking
YM(n)y = YM(n)y. YM(n); = YM(n)y,
YM(n), = YM(n)y, YM(n)y = YM(n)},

and the Ao, operators (recall that we only have two nontrivial operators w, and 3
in this case) are given as follows: denoting the above identification by

¢ : YM(n)! > YM(n)Y,
then for f1, f2, f3 € YM(n)',

o7 (@) ¢(f2). ifP(f1)-p(f2) £ YM(n)],

(6.4)
0, otherwise,

w2 (f1, f2) = {

and

wa(fre fan f) = §¢_1(¢(f1)-¢(fz)~¢(f3)), if p(f1)-¢(f2)-d(f3) ¢ YM(n)3,

0, otherwise.

(6.5)

There is a pairing on YM(n)", which is again the scaler of the corresponding product
with respect to z2, and hence induces the pairing on YM(n)' via ¢.
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7. Derived representation schemes

As we mentioned in §1, according to the Kontsevich—-Rosenberg Principle, any
meaningful non-commutative geometric structure on an associative algebra A should
naturally induce its classical counterpart on the representative scheme Repy, (A4), for
all k-vector space V. Cuntz and Quillen in [14] first studied the smoothness problem
for associative algebras, and introduced the notion of smooth algebras. If an algebra
is smooth (e.g. cofibrant), then its representation scheme is smooth, too. However,
in practice, an algebra is rarely smooth, and therefore it is really difficult to study the
geometry on the representation scheme.

In the following, we first briefly recall the derived representation scheme of a DG
algebra, and then discuss its relations to cyclic homology; most materials are taken
from [2,3]. After that, we recall several results on derived non-commutative Poisson
structures from [1].

7.1. Derived representation scheme and cyclic homology. We start with the
representation scheme of associative algebras. Suppose A is an associative algebra,
and V is a k-vector space. Consider the following functor

Repy (A4) : CommAlg;, — Sets, B + Homag, (4,End(V) ® B),

where CommAlg,, is the category of commutative, unital k-algebras and Algy, is the
category of unital k-algebras. This functor is representable, which means there exists
a commutative algebra, which we denote by k[Repy, (A)], such that

Hompyg, (A,End(V) ® B) = Homcommaig, (k[Repy, (A4)], B).
Keeping V' fixed, we in fact get a functor
(—)v : Algy — CommAlg;, A k[Repy (A4)]

which we call the representation functor in V, and the corresponding scheme is
called the representation scheme. The representation functor can be extended to
the category of DG algebras, DGAy, which has a model structure in the sense of
Quillen [40]. In [3] the authors showed that (—)y defines a left Quillen functor
on DGA; and therefore it has a total derived functor

L(—)y : Ho(DGA;) — Ho(CDGAy)

from the homotopy category of DG algebras to the homotopy category of commutative
DG algebras. When applied to A, L(A)y is called the derived representation
scheme of A, and is represented by a commutative DG algebra, which we denote by
DRepy,(4). The homology of DRepy,(4), namely Ho (DRepy (A)), only depends
on A and V, and is called the representation homology of A. We have that
Ho(DRepy, (A)) is exactly k[Repy (A)].
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Now let us remind some results in model category theory (we recommend the
excellent survey of Dwyer and Spalinski [19] for an introduction to model categories).
Suppose A is a model category, then the homotopy category Ho(A) is a category
where the objects remain the same as .4, and the morphisms for two objects, say A
and B, are given by

Homyo(4)(A4, B) := Hom 4(Q A, QB)/quasi-equivalences,

where QA and QB are the cofibrant resolutions of A and B respectively (for more
details see [19, §5]). In the category of non-negatively (or non-positively) graded
DG algebras, any quasi-free resolution is a cofibrant resolution.

Now suppose A is a DG algebra, and R is its cofibrant resolution. Then by
definition L(A4)y can be represented by R — DRepy,(4). A key result in [3] is the
construction of the higher trace map

Tr : He(Ry) — He(DRepy, (A)).

Via Feigin—Tsygan’s result He (Ién) >~ HC,(A) (see [20] and also §2, Proposition 2.4)
and by the fact there is a surjective map HCos(A) — HC,.(A4), we in fact get a map

Tr : HCo(A) — He(DRepy, (A)), (7.1)

called the derived trace map, which, when restricting to degree zero, is exactly the
usual trace map Ay = A/[A, A] — k[Repy (A4)].

For an associative algebra A, Repy (A4) has a natural GL(}') action, and the
covariant space Repy (A)CMY) classifies the isomorphism classes of representations
of A on V. In the derived representation case, there is an analogous result, and
moreover, the authors of [3] showed that there is an isomorphism

He (DRepy (4)%")) = He (DRepy (4)) V)
and the derived trace map (7.1) is GL(V) invariant, and hence is a map

Tr : HC.(A) — Ho(DRepy (4))S-7).

7.2. Derived non-commutative Poisson structures. The above general setting is
successfully applied to the study of the derived non-commutative Poisson struc-
tures [1].

Suppose A is an associative algebra, or more generally a DG algebra. A derived
non-commutative Poisson structure on A, following the Kontsevich—-Rosenberg
Principle in a naive way, is such a structure on its cofibrant resolution QA that
naturally induces a DG Poisson structure on its derived representation scheme
DRepy, (A4) (or more precisely on DRepy, (4)°")), for all V. In [1], the authors
proposed the following:
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Definition 7.1 (Derived non-commutative Poisson structure; [1]). Let A be a DG
algebra. A derived non-commutative Poisson bracket of degree n on A is a DG
non-commutative Poisson bracket of degree n in the sense of Crawley-Boevey on its
cofibrant resolution Q A, namely, it is a differential graded Lie bracket of degree n
on (Q A)y such that

[a.—]: (QA); — (QA)y
is induced by a derivation d, : QA — Q A, which commutes with the differential.

The derived non-commutative Poisson bracket does not depend on the choice of
resolutions Q A up to homotopy, and hence is well defined on the homotopy category
of DG algebras. The following is the main result proved in [1]:

Theorem 7.2 ([1, Theorem 9]). Suppose A is an associative (DG) algebra equipped
with a derived n-Poisson structure. Then there exists a unique graded n-Poisson
algebra structure on He(DRepy, (AW for all V such that the derived trace map
is a map of graded Lie algebras.

8. Proof of main theorems

8.1. Proof of Theorems 1.1 and 1.2. Let A be an N -Koszul d-Calabi—Yau algebra.

Then by Theorem 6.6 there is a cofibrant resolution p : QA S A, where QA =
R (A7) and A is a cyclic A coalgebra of degree —d. Next, by Lemma 2.3 and
Corollary 2.5, we get

HC.(A) = HC4(A") = Ha[Ry),
where R = €0 (A1). And by Corollary 2.10, one has
HH.(A4) = Ho[Qp ;]

Proof of Theorem 1.1. By Theorem 5.3, there is a bracket {—, —} making H, [Rq] a
(2—d)-Lie algebra and a bracket {—, —}, . making He [Q}e t]] a Lie module over it.

Since, the first one can be identified with HC,(A) and the second one with HHq(4),
we have proved this theorem. O

Proof of Theorem 1.2. We recall (see (2.2)) that
CCe(C) =Ker(1 = T) = Coker(1—-T).

Hence from the 2-periodic complex (2.9) one obtains the following exact sequence
of complexes

0—>CC(C) L= al, L= R—2cCuC) —>0, &1
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since —f = 1 —T. Note we can identify CC,o(C) with Rn which is a Lie module and
the inclusion 7 is a DG Lie module homorphism. f is a DG Lie module homorphism
by Theorem 5.4 and so is the projection .

From (8.1) we get the Connes long exact sequence for the coalgebra C

— HH,(C) —= HC4(C) —> HC4y_»(C) —= HHqo_(C) —>

By the above discussion the maps between homologies are Lie module homomor-
phisms. Finally, by Corollary 2.5 and Lemma 2.9, this sequence can be identified
with the Connes long sequence for the algebra A. O

8.2. Proof of Theorem 1.4. Let us first remind the definition of Hochschild cohom-
ology groups.

Definition 8.1 (Hochschild cohomology). Let A be an associative algebra, and M
be an A-bimodule. The Hochschild cochain complex CH®(A; M) of A with value
in M is the complex whose underlying space is

P Hom(4®", M)

n>0

with coboundary § : Hom(A®", M) — Hom(A®"*!, M) defined by
(6f)(ag,ay,az,...,an) =ao f(ai,...,an)

n—1
+ Z(_l)i+1f(a01 ce ’aiai"rl’ e ,an) + (_l)nf(a()’ s aan—l)an- (82)
i=0

The associated cohomology is called the Hochschild cohomology of A with value
in M, and is denoted by HH*(A; M). In particular, if M = A, then HH®*(A4; A) is
called the Hochschild cohomology of A.

Definition 8.2. Let A be an associative algebra and let CH®*(A; A) be its Hochschild
cochain complex.

(1) The Gerstenhaber cup product on CH®(A; A) is defined as follows:
forany f € CH"(A4; A), g € CH"(A4;A),and ay,...,dn+m € A,

fUglay,...,anem) := (=D)"" f(ay,...,an)g@ns1,- - ant+m).

(2) Forany f € CH"(A; A), g € CH"(A4;A),and aq,...,dp+m—-1 € A, let

n—1
f o g(al, e an+m_1) = Z(_l)(m—l)(i—l)
i=1

<flar,....ai-1,8@i, ..., Qqixtm=1),Gitm, .- Antm—1)-
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The Gerstenhaber bracket on CH® (A; A) is defined to be
{f.glc = fog— (- DmDgo 1

(3) For any homogeneous elements f € CH"(A4; A) and @ = (ag,a1,...,am) €
CH,, (A, A), define the cap product

N : CH,,(A; A) x CH"(A; A) — CHyp,—, (A; A)

by
an f:=(aof(ay,....an),ans1,...,0m),
for m > n, and zero otherwise.

Both the Gerstenhaber product and the Gerstenhaber bracket induce a well-defined
product and bracket on Hochschild cohomology HH® (A4; A), which makes HH® (4; A)
into a Gerstenhaber algebra, and the cap product makes HHq (A) into an (HH®(A), U)
module. Recall that a Gerstenhaber algebra is a graded commutative algebra together
with a degree —1 Lie bracket {—, —} such that

a+ {a,b}

are derivations with respect to the product.

Theorem 8.3 (Gerstenhaber). Let A be an algebra. Then the Hochschild cohomology
HH®(A4; A) of A equipped with the Gerstenhaber cup product and the Gerstenhaber
bracket forms a Gerstenhaber algebra.

Proof. For a proof, see Gerstenhaber [21, Theorems 3-5]. O

The Gerstenhaber algebra structure is even more interesting in the case of cyclic
Ao algebra case. Tradler, in his paper [44], showed that for A, algebras, one may
similarly define the Gerstenhaber product and bracket on the Hochschild cochain
complex, where the Gerstenhaber product is associative up to homotopy, and hence
is well-defined on the cohomology level. Moreover he showed the following (see [44,
Theorem 2]):

Lemma 8.4 (Tradler). Suppose C is a cyclic Aoo coalgebra of degree —d, and denote
by A its dual Aso algebra. Then there is an isomorphism of graded vector spaces

® : HH,(C) =~ HHY~*(A).
Proof. Since C and hence A are locally finite dimensional, we have an isomorphism

o C — A[d]

c +— {c,—)
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of A-bimodules, from which we obtain an isomorphism of chain complexes

D CH.(C) — CH*(A)
(c1,¢1,-+.,cny1) +— {(ay,...,an) > (c1,a1) - (cn,an) - Pp(cn+1)}-

In other words the isomorphism is given by
D:(c1,¢2,...,cnp1) —> (C1,C2s ... Cn) ® P(Cn)
where the right hand side is viewed as an element in CH” (A4) via the isomorphism
Hom(A®", 4) = (4%")" @ A = (4*)*" ® A = C®" @ A. O

Proof of Theorem 1.4. Since A' is finite dimensional, from the above lemma any
homogeneous element f € CH®*(A') is a linear combination of elements in the form

(U1, Uz, ... Uy) ® U, whereu; € Al 71 € A"
For two elements, say f = (U1, Uz2,...,Uy) QuU, g = (V1,V2,...,0p) Q U,

{fgla(x1, X2, - Xnpm—1)

= Z(_D'h‘ SO Xic1, (X Xibm—1)s Xitms -+ s Xntm—1)
i

= Y ()WDY oy Xy f( X )

! Xj4nseoos Xngm—1)

= Y (=DM (xq) i ()1 (50 - O (K )W (D)W 1 (K m) -+
: o Up (Xpgm—1)U

= Y DT vy () v (DU () U (X )0 )V 41 (Xjn)
g U (Xn4+m-1)0,

for any homogeneous element (X1, X2, ..., Xp4m—1) € (4)®""~1 where n; =

lgl([x1] + -+ [xi=1]), n; = [f1(x1] + -+ |xj—1D and np = (| f| = D(|g] = D.
In other words,

{ﬁg}G = Z(—l)”fui(ﬁ)(ul,...,u,-_l,vl,...,vm,ui+1,...,un) Ru

1
—Z(—l)”+"fvj(ﬁ)(vl,...,vj_l,ul,...,un,vj+1,...,vm) ®v. (8.3)
J

Now let u = [uifuz|---|un], v = [v1|v2] - [vm] € Roo(AT) be two homo-
geneous elements where u;’s and v;’s are generically different from each other.
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Viewing them as elements in CHo(A') via the embedding (2.1) or (2.15), we have

n

B(u) = Z(—l)s" (Uig1s. o Up UL, UG,

i=1

m
B) =Y (D% Uj41.- o U V1. 0)),
ji=1

whereg; = (lug]+---+[ui)([uit1|+--+lun)ande; = (Jvr|+---+[v; ) (Jvj+1]+
.-+ =+ |vm|). Applying the above lemma to A', we have

n
®o B(u) = Z(—l)s" (Uig1, oo Up ULy Ui—1) ® 1, (8.4)
i=1
m
®oBW) =Y (=D¥ (Ujt1.- Vo V1 0j1) ® D) (8.5)
j=1
where ¥; = ¢(u;) and v; = ¢(v;). Thus for two summands in ® o B(u) and

® o B(v) respectively, say

(ula"-vun—l)®ﬁnv (Ulv-"avm—l)®l_}m9
by (8.3) we have
{1, ..., up—1) @ Uy, (V1,...,Vm-1) @ Um}g (8.6)
=) (=DM (50, U3} (U1 U1 VL V1 Ui 1) ®
i
- Z(_l)‘)j <Sun,svj)(vl,- . .,Uj_l,u],.. . ,Mn—l,vj+1,-- -,Um—l) ® l_)mv
J

where i = [vm|+ (o[ +d)(uit1]+-- -+ unl +d), v; = |up| + (Ju]+d)(Jv1] +
-+ 4+ |vj—1]), and (—, —) is the graded symmetric pairing on C.
On the other hand, by (4.7) we have

®o B{(uy,...un), (v1,...,vm)}pnep = @ o B(Z(—l)luiHe(sui,svj)

i,j
'(Ul,...,Uj_l,ul'_l,_l,...,un,ul,...,ui_l,vj+1,...,vm)) 8.7

where € is given as in (4.7). From this one sees that (8.6) are summands in (8.7). For
other summands in ® o B(u) and ® o B(v), by the same argument, their Gerstenhaber
brackets also lie in (8.7) as summands.
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Also, from (8.6) one sees that in the expression
{®o B(u),®o B(v)}s
none of the summands literally cancels with any other, and therefore to show
{®o B(u), ®o B(v)jg = ®o B{u,vipnce.

it is enough to show both sides have the same number of summands.
In fact, on one hand, from (8.4) and (8.5) we see that ® o B(u) and ® o B(v)
have n and m summands respectively, and therefore

{®o B(u),®o B(v)ic

has mn(m+n—2) summands. On the other hand, from (8.7) we know that {u, v }pncp
has mn summands, and each summand contains m +n —2 components, and therefore
® o B{u, vipncp has mn(m 4+ n — 2) summands. The numbers of summands are
equal, which proves the theorem. O

Let us now recall a theorem of Keller [31] (see also Herscovich [28]):
Theorem 8.5 (Keller). Let A be an N-Koszul algebra, and denote by A" its Koszul
dual algebra. Then we have isomorphism

E : HH®(4') —> HH*(4)

of Gerstenhaber algebras.

Proof. For N = 2, this is proved in Keller [31, Theorem 3.5]. For the general case,
it is proved by Herscovich in [28]. 0

Corollary 8.6. Let A be an N-Koszul Calabi-Yau algebra. Then & o ® o B maps
the Leibniz—Loday bracket {—, —}pncp on R = R o (A') to the Gerstenhaber bracket
{—,—}g on HH®*(A).

Proof. The claim follows from a combination of Theorem 1.4 and Theorem 8.5 of
Keller above. 0

Roughly speaking, the above corollary says that the derived non-commutative
Poisson bracket of a Koszul Calabi—Yau algebra is naturally mapped to the
Gerstenhaber bracket on its Hochschild cohomology.
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8.3. Proof of Theorem 1.6. Before we proceed to the proof of Theorem 1.6,
let us recall a Batalin—Vilkovisky algebra structure on the Hochshcild cohomology
HH®(A). In order to do that, let us first observe that, for an associative algebra A, we
have the following two structures:

— there is the Connes cyclic operator B : HHe(A) — HHey1(A) whose square is
zero; and

— there is a Gerstenhaber algebra structure on (HH®(A4), U), and HHe (A) is a module
over HH®(A4). Denote the action by N.

For a d-Calabi—Yau algebra A, these two structures are perfectly matched. Note that
there is an element @ € HH,; (A) such that the following map

U: HH°(A) —> HHy_.(A)

7D e (8.8)

is an isomorphism, called the non-commutative Van den Bergh—Poincaré duality; for
a proof of this result see [17, Proposition 5.5].

Definition 8.7 (Batalin—Vilkovisky algebra). Let (V, ¢) be a graded commutative
algebra. A Batalin—Vilkovisky operator on V is a degree —1 differential operator

A:V;—V,_y, foralli
such that the deviation from being a derivation
{a.b} = (=D (A(asb) — A(a)eb — (=1)ae A(b)), foralla,beV (8.9)
is a derivation for each component, i.e.
{a,becy = {a,byec + (—1)P1e=Dpety ¢y foralla,b,ceV.

The triple (V, o, A) is called a Batalin—Vilkoviksy algebra.

If (V, », A) is a Batalin—Vilkoviksy algebra, then by definition (V, »,{—,—}),
where {—, —} is given by (8.9), is a Gerstenhaber algebra. In other words, a Batalin—
Vilkovisky algebra is a special class of Gerstenhaber algebras.

Let A be a d-Calabi—Yau algebra and let

A:=W"1oBoW:HH*(4) - HH* }(4),

we have

Theorem 8.8 (Ginzburg [23, Theorem 3.4.3]). Suppose that A is an d-Calabi-Yau
algebra. Then (HH®(A; A), U, A) is a Batalin-Vilkovisky algebra. Moreover, the
bracket (8.9) for this triple is exactly the classical Gerstenhaber bracket {—, —}g.
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Recently the first author with the fourth author and G. D. Zhou proved in [10,
Theorem A] that for Koszul (and more generally, N-Koszul) Calabi—Yau algebras,
the isomorphism in Theorem 8.5 is in fact an isomorphism of Batalin—Vilkovisky
algebras. The key point in the proof is that there is a canonical complex (the Koszul
complex equipped with an appropriate differential) which computes both HHe(A)
and HH, (A"), and we have the following commutative diagram

HH"(4") = HH®(A) (8.10)
o |
HHy_o(A") ==——==HHg_«(A).

Proof of Theorem 1.6. Leta, B € HC4(A). Then
{B(@). B(B)} yyy = (DT B o W(U ((B(a)) U ¥ ((B(B))) (8.11)

= (=) Y o A(WT! (7 (B(@) U W ((B(B)))
= (=Dl*HHw o A(AWT (@) UAWTH(B)))
— (—1)|a|+d+1+d_‘°“_llIl{A(lI/_l(a)), A(qj—l(ﬂ))}G
= W{W 1 (B(@). ¥ (B(B)},
= WE{ET (U (B@). ET' (¥ BB,
=& {®o B(a), Po B(f)},

= B{O" IB}DNCP’

where the first two equalities follow definitions of {—, —}4yv and A respectively, the
third one follows from (1.6) and the definition of A, the fourth equality follows from
applying (8.9), the fifth equality follows again from the definition of A, the sixth
equality holds due to Theorem 8.5, the seventh equality follows from (8.10), and
finally the eighth equality follows from Theorem 1.4. O

Proof of Corollary 1.5. Tt follows from (8.11) that
Bia. Bionce = (=D B o w(UTH(B(@)) U ¥TH(B(B))).

Since A is a graded algebra the Connes operator B is injective (see e.g. [47,
Theorem 9.9.1]) and hence

{e, Bionee = (=D HITIU (T (B(a) U U (B(B))).
Note that by (8.8) the RHS of the above identity
W((B(@) UWH(B(B))) = tu—1(Ba))uw—1 (B)®
= L 1(B) 1 (BB)H?
= ly—1(B(a)) B(B).

and the result follows. O
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9. Example: the polynomial algebra

Let A be the symmetric algebra Sym(}') where V is a vector space of dimension
m > 1 concentrated in homological degree 0. This is a quadratic Koszul, Calabi—
Yau algebra of dimension m. By the well-known result of Hochschild—Kostant—
Rosenberg, we can identify HHe (4) =~ Q°(V) and HH®*(A) = O4(V), where Q*(V)
is the vector spaces of differential forms and ®4 (1) is that of polyvector fields on V.
Moreover, HC,(A) can be identified with ©,Q"(V)/d(Q"~1(V)), where d is the
de Rham differential. Using Corollary 8.6 we will give an geometric description of
{—, —}pncp (to simplify the notation in the following we write {—, —}pncp as {—, —}).

9.1. Koszul dual coalgebra. We recall that A4 is a quadratic Koszul algebra defined
by the quadratic data (V, S) with S C V ® V spanned by the vectors of the form
v ® u —u ® v, which has a minimal semi-free resolution R := (C) given by
the cobar construction of the Koszul dual coalgebra C := Al = C(sV,s2S). The
coalgebra C is an exterior coalgebra whose degree n elements we denote by

w1, 02, ..., 0p) = (SV] ASU2 A ASUy).

We can always assume that vq,...,v, are linearly independent. The coproduct
A:C — C ® C is given by

A(M(vlv v25 ce ey Un))
n

= Z sgn(a) ,u(va(l), e, vo'(p)) R /L(vg(p+1), Cey Uo(n))v
p=0 ceShpn—p

where Shp,—p C S, is the subset of (p,n — p) shuffles. We denote counit in C
by e. For example, we have

A(u(vr,v2)) = e ® u(v, v2) + u(v1, v2) ®e + 1(v1) @ p(v2) — p(v2) ® p(vy)-.

We recall that a symmetric bilinear form of degree —d on C is a pairing (, ) :
C ® C — k[d] such that

(a,b) = (=D)I4Plp 4y, foralla,b e C . 9.1)

It is cyclic if
(a,bz) bl = (al,b) .a®, foralla,b e C, 9.2)

where A(a) = Y a' ® a? and A(b) = Y b' ® b? using Sweedler’s notation.
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9.2. Cyclic forms on C. First we show
Proposition 9.1. Let (—, —) be a cyclic form on C. Then
(1) (e, u(v1,v2,...,v,)) =0forn <m—1.
(2) (u(vi,v2,.. ., v0), p(wr, ..., wp)) =0forl <m—1,

if each v; € Span{wy, ..., w;}.

Proof. (1) Since n < m — 1 we can choose v € V such that v is not in
Span{vy,...,v,}. Leta = pw(v) and b = p(vq, va,...,vr). Then

Ala) =e®u) +puv) e,
AD)=e® u(1,...,05) + p(v1,...,0p) Qe+ ---.

Using (9.2) we get

(), pw(v1,....vp)) - e+ (n(v), ) - p(vr, ..., vp) + -
= (/,L(U), M(Uh LR Un)> e+ <€, /,L(l)], LR Un)) : [,L('U)
Since the left hand side does not contain the term with p(v) we can conclude this
statement.
(2) Due to linearity of the form it suffices to show it in the case when each v; is

of one w;’s and after reordering we can also assume that vi = wy,..., v, = Wy.
So we only need to show

(u(wy, wa, ..., wy), w(wy,...,wy)) =0.

First, we choose v € V such that v ¢ Span{w;,...,w;}. Second, let a =
w(wy,...,wy)and b = u(wq,...,w;,v). Then

Ala) =e® u(w,...,wy) + u(wy,...,wy) Qe +---,

Ab) =+ pwi.....w) ® p(v) + (=) @) ® p(wr, ..., wp) + -+ .

Now using (9.2) we get

D i, wn), w ) - (i, wr)
+ (n(wi, ..., wn), w(wr, ..., wp)) - w(v) + -
= (e, p(wi, ..., wr,v)) - p(wr, ..., wn)
+ (w(wy, ..., wy), w(wy,...,w;,v))-e+---

Left side has no term with @ (v) while right side has only one term with wu(v) and
therefore coefficient in front of this term must vanish. O
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Next, we prove the following statement.

Proposition 9.2. Ifv ¢ Span{vy,...,v,, wy,...,w;} then
(ri,v2, .o vp,v), (Wi, .oy wp)) = (v, v2, .00, 0n), (U, w1 W)
Proof. Fora = u(vy,va,...,v,,v)and b = u(v, wy,...,w;):
Aa) = pw(vr, ... o) ® p(v) + (=1)"pu(@) @ p(vr, ..., va) + -
AB) = p(v) ® p(wi. ... w) + D pwr...ow) @ p() + -+

Since v ¢ Span{vy,...,v,, wy,...,w;}, the above terms in coproducts of a and b
are the only terms containing p(v). By (9.2) we have

(1, v2, ..., 00, 0), p(wr, ..o, wp)) (V) + -
= (L(v1,v2, ..o, Un), (U, W1, W) (V) o

This finishes our proof. 0

The next corollary follows immediately from Propositions 9.1 and 9.2.

Corollary 9.3. We have

(u(vy,va,...,05), w(wy,...,w;p)) =0

unless W := Span{vy, v, ..., v, Wy,..., Wiy = V.

Proof. Let W # V. First, we consider the case when none of v;’s in W. Then using
Proposition 9.2 we obtain

(u(vy,v2,...,0p), w(wy,...,wp)) = (e, u(vy,v2,..., 04, Wy,...,wW;7)).

The RHS is 0 by Proposition 9.1 part (1).

Second, we can assume that v; € W foralli = 1,...,n. Otherwise, we can
repeatedly use Proposition 9.2 to move those v;’s which are not in W to the right.
Finally, by Proposition 9.1 part (2), we have vanishing of the bilinear form in this
case. 0

The above results can be summarized into the following statement

Proposition 9.4. Let V be an m-dimensional vector space and let A := Sym(V).
Then the Koszul dual coalgebra C has a unique cyclic form and it is of degree —m.
This form is completely determined by its value (e, (vy,va,...,vy)), where
{v1,V2,..., U} is a basis for V.
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9.3. Lie bracket on HCo(A). We have anisomorphism W : @ (V) — Q™ k()
such that W(§) = tgw. The space O, (V') equipped with BV operator A : O« (V) —
®4_1(V) such that the following diagram commutes:

O (V) —2—— 0,1 (V)
s o
Qn_k(V) d Qm—k+1 )

By Corollary 8.6, the bracket {—, —} on Q*(V) is given by
di, B} = W{¥ ! (da), ¥ ([dB)}c

where o, B € Q*(V) and {—, —}g is the Gerstenbaher bracket of poly-vector fields.

Lemma 9.5. For given forms o and B, their bracket is given by
d{a, B} = ()" =14 edp = (—1)m=lel=Dm=BD g | dq
where V! (da) = &€ and V™' (dB) = 1.

Proof. Recall for a,b € ©,(V) their Gerstenbaher bracket can expressed in terms
of A
{a,b}c = (=D (A@@ A b) — A(a) Ab— (=1)a A AD)).

Hence using commutativity above diagram we have
(U (da), W (dB)lc = (1) T AW (do) A WTH(dB)),
and applying W we have

W (da), ¥TH(dB)} = (=)™ A (P (da) A BT (dB))
= ()" 1 o (W (da) A U (AB)).

Now using the well-known formula
Lean® = g (Ilyw) = (—1)|5H"‘Ln/\ga)
we obtain
(W (da) A WTHAB)) = byt (dayaw—1 @p) @
= Ly—1(da) (Lw—1(28) @) = Ly—1(4a) 4B,

from which the result immediately follows. O
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Since HHe(A4) = Q*(V) and HC.(4) = @,Q"(V)/d(Q"1(V)), we have
established

Corollary 9.6. The Lie bracket on HC4(A) and the Lie module structure on HHq(A)
in Theorem 1.1 for A = Sym(V) is given as follows. For a,B € HC4(A) or
B € HH (A), we have

{a, B} = (_1)(m—lal—l)(m—lﬂ\)[nda’

where n = W~ 1(dp).

Remark 9.7. One can directly check that {—, —} is not a Lie bracket on *(V'), since
the Jacobi identity fails. Thus {—, —} defines only a Lie module structure on HHq(A)
not Lie algebra.

More precisely, let

o =x>yzdx, B =xyzdy, y=xzdz,

and ® = dx A dy A dz, then

_ ad d
WTHdB) = yz o =Xy

U (da) = —xzzi + x2y 9 ox
X

0z ay’
1 d
v dy) =~z
dy
and we have

{Ha, B) vy} = x?yz%dx — x3yzdz,

{o, {B,y}} = —x22dy — x’yzdz,
(B e y}} = 2x%yz2dx + 207 yzdz.

Thus we have

{{(X7 13}9 V} - {(X, {:3’ y}} + {:3’ {(X, V}} = 3x2yZ2dX + x322dy + 2x3yZdZ

=d(x’yz?),
which is not zero, and therefore HHo(A) with {—, —} above does not form a Lie
algebra.
References

[1] Y. Berest, X. Chen, F. Eshmatov, and A. Ramadoss, Non-commutative Poisson structures,
derived representation schemes and Calabi—Yau algebras, in Mathematical aspects of
quantization, 219-246, Contemp. Math., 583, Amer. Math. Soc., Providence, RI, 2012.
Zbl 1316.17015 MR 3013096


https://zbmath.org/?q=an:1316.17015
http://www.ams.org/mathscinet-getitem?mr=3013096

158

(2]

(31

(4]

(51

(6]

(7]

(8]

[9]

[10]

(11]

(12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

X. Chen, A. Eshmatov, F. Eshmatov and S. Yang

Y. Berest, G. Felder, and A. Ramadoss, Derived representation schemes and non-
commutative geometry, in Expository lectures on representation theory, 113-162,
Contemp. Math., 607, Amer. Math. Soc., Providence, RI, 2014. Zbl 1333.16014
MR 3204869

Y. Berest, G. Khachatryan, and A. Ramadoss, Derived representation schemes and cyclic
homology, Adv. Math., 245 (2013), 625-689. Zbl 1291.14006 MR 3084440

R. Berger, Koszulity for nonquadratic algebras, J. Algebra, 239 (2001), 705-734.
Zbl 1035.16023 MR 1832913

R. Berger and N. Marconnet, Koszul and Gorenstein properties for homogeneous algebras,
Algebr. Represent. Theory, 9 (2006), 67-97. Zbl 1125.16017 MR 2233117

R. Berger and R. Taillefer, Poincaré-Birkhoff-Witt deformations of Calabi—Yau algebras,
J. Noncommut. Geom., 1 (2007), 241-270. Zbl 1161.16022 MR 2308306

R. Bocklandt, Graded Calabi—Yau algebras of dimension 3, with an appendix “The signs
of Serre functor” by M. Van den Bergh, J. Pure Appl. Algebra, 212 (2008), 14-32.
Zbl 1132.16017 MR 2355031

T. Bridgeland and D. Stern, Helices on del Pezzo surfaces and tilting Calabi—Yau algebras,
Adv. Math., 224 (2010), 1672-1716. Zbl 1193.14022 MR 2646308

X. Chen, Y. Chen, A. Eshmatov, and F. Eshmatov, The shifted Poisson structure on derived
representation schemes of Koszul Calabi—Yau algebras, in preparation.

X. Chen, S. Yang and G. D. Zhou, Batalin—Vilkovisky algebras and the non-commutative
Poincaré duality of Koszul Calabi—Yau algebras, J. Pure Appl. Algebra, 220 (2016), no. 7,
2500-2532. Zbl 06546716 MR 3457981

A. Connes and M. Dubois-Violette, Yang—Mills Algebra, Lett. Math. Phys., 61 (2002),
149-158. Zbl 1028.53025 MR 1936574

W. Crawley-Boevey, Poisson structures on moduli spaces of representations, J. Algebra,
325 (2011), 205-215. Zbl 1255.17012 MR 2745537

W. Crawley-Boevey, P. Etingof, and V. Ginzburg, Non-commutative geometry and quiver
algebras, Adv. Math., 209 (2007), 274-336. Zbl 1111.53066 MR 2294224

J. Cuntz and D. Quillen, Algebra extensions and nonsingularity, J. Amer. Math. Soc., 8
(1995), 251-289. Zbl 0838.19001 MR 1303029

J. Cuntz and D. Quillen, Operators on non-commutative differential forms and cyclic
homology, in Geometry, topology, & physics for Raoul Bott, 77-111, Conf. Proc.
Lecture Notes Geom. Topology, IV, Int. Press, Cambridge, MA, 1995. Zbl 0865.18009
MR 1358613

B. Davison, Superpotential algebras and manifolds, Adv. Math., 231 (2012), 879-912.
Zbl 1278.53083 MR 2955196

L. de Thanhoffer de Volcsey and M. Van den Bergh, Calabi-Yau Deformations and
Negative Cyclic Homology, to appear in J. Noncommut. Geom. arXiv:1201.1520

V. Dotsenko and B. Vallette, Higher Koszul duality for associative algebras, Glasg. Math.
J., 55 (2013), 55-74. Zbl 1284.18026 MR 3110804

W. G. Dwyer and J. Spalinski, Homotopy theories and model categories, in Handbook of
Algebraic Topology, 73—126, Elsevier, 1995. Zbl 0869.55018 MR 1361887


https://zbmath.org/?q=an:1333.16014
http://www.ams.org/mathscinet-getitem?mr=3204869
https://zbmath.org/?q=an:1291.14006
http://www.ams.org/mathscinet-getitem?mr=3084440
https://zbmath.org/?q=an:1035.16023
http://www.ams.org/mathscinet-getitem?mr=1832913
https://zbmath.org/?q=an:1125.16017
http://www.ams.org/mathscinet-getitem?mr=2233117
https://zbmath.org/?q=an:1161.16022
http://www.ams.org/mathscinet-getitem?mr=2308306
https://zbmath.org/?q=an:1132.16017
http://www.ams.org/mathscinet-getitem?mr=2355031
https://zbmath.org/?q=an:1193.14022
http://www.ams.org/mathscinet-getitem?mr=2646308
https://zbmath.org/?q=an:06546716
http://www.ams.org/mathscinet-getitem?mr=3457981
https://zbmath.org/?q=an:1028.53025
http://www.ams.org/mathscinet-getitem?mr=1936574
https://zbmath.org/?q=an:1255.17012
http://www.ams.org/mathscinet-getitem?mr=2745537
https://zbmath.org/?q=an:1111.53066
http://www.ams.org/mathscinet-getitem?mr=2294224
https://zbmath.org/?q=an:0838.19001
http://www.ams.org/mathscinet-getitem?mr=1303029
https://zbmath.org/?q=an:0865.18009
http://www.ams.org/mathscinet-getitem?mr=1358613
https://zbmath.org/?q=an:1278.53083
http://www.ams.org/mathscinet-getitem?mr=2955196
https://arxiv.org/abs/1201.1520
https://zbmath.org/?q=an:1284.18026
http://www.ams.org/mathscinet-getitem?mr=3110804
https://zbmath.org/?q=an:0869.55018
http://www.ams.org/mathscinet-getitem?mr=1361887

(20]

(21]

(22]

(23]
(24]

(25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

Koszul Calabi—Yau algebras 159

B. Feigin and B. Tsygan, Additive K-theory and crystalline cohomology, Funct. Anal.
Appl., 19 (1985), 124-132. Zbl 0585.18007 MR 800920

M. Gerstenhaber, The cohomology structure of an associative ring, Ann. of Math., 78
(1963), 267-288. Zbl 0131.27302 MR 161898

V. Ginzburg, Non-commutative symplectic geometry, quiver varieties, and operads, Math.
Res. Lett., 8 (2001), 377-400. Zbl 1113.17306 MR 1839485

V. Ginzburg, Calabi—Yau algebras, preprint, 2006. arXiv:math/0612139

W. Greub, S. Halperin, and R. Vanstone, Connections, curvature, and cohomology, Vol. 111,
Academic Press, 1976. Zbl 0372.57001 MR 400275

J.-W. He and D.-M. Lu, Higher Koszul algebras and A-infinity algebras, J. Algebra, 293
(2005), 335-362. Zbl 1143.16027 MR 2172343

J.-W. He, F. Van Oystaeyen, and Y. Zhang, Cocommutative Calabi—Yau Hopf algebras and
deformations, J. Algebra, 324 (2010), 1921-1939. Zbl 1213.16026 MR 2678828

J.-W. He, F. Van Oystaeyen, and Y. Zhang, Hopf algebra actions on differential
graded algebras and applications, Bulletin of Belgian Math. Soc., 18 (2011), 99—111.
Zbl 1228.16011 MR 2809906

E. Herscovich, Hochschild (co)homology and Koszul duality, 2015. arXiv:1405.2247

E. Herscovich and A. Solotar, Hochschild and cyclic homology of Yang—Mills algebras,
J. Reine Angew. Math., 665 (2012), 73—156. Zbl 1305.17018 MR 2908741

J. D. S. Jones and J. McCleary, Hochschild homology, cyclic homology, and the cobar
construction, in Adams Memorial Symposium on Algebraic Topology, 1 (Manchester,
1990), 53-65, London Math. Soc. Lecture Note Ser., 175, Cambridge Univ. Press,
Cambridge, 1992. Zbl 0752.55003 MR 1170570

B. Keller, Derived invariance of higher structures on the Hochschild complex. Available
athttp://www.math. jussieu. fr/~keller/publ/index.html

B. Keller, Deformed Calabi—Yau completions. With an appendix by Michel Van den Bergh,
J. Reine Angew. Math., 654 (2011), 125-180. Zbl 1220.18012 MR 2795754

M. Kontsevich, Feynman diagrams and low-dimensional topology, in First European
Congress of Mathematics, Vol. II (Paris, 1992), 97-121, Progr. Math., 120, Birkhéuser,
Basel, 1994. Zbl 0872.57001 MR 1341841

M. Kontsevich and A. Rosenberg, Non-commutative smooth spaces, in The Gelfand
Mathematical Seminars 1996—1999, 85-108, Gelfand Math. Sem., Birkhduser Boston,
Boston, MA, 2000. Zbl 1003.14001 MR 1731635

J.-L. Loday, Cyclic homology, 2nd edition, Grundl. Math. Wiss, 301, Springer-Verlag,
Berlin, 1998. Zbl 0885.18007 MR 1600246

J.-L. Loday and B. Vallette, Algebraic operads, Grundl. Math. Wiss, 346, Springer-Verlag,
2012. Zbl 1260.18001 MR 2954392

D.-M. Lu, J. H. Palmieri, Q.-S. Wu, and J. J. Zhang, Regular algebras of dimension 4 and
their A o-Ext-algebras, Duke Math. J.,137 (2007),537-584.7Zb11193.16014 MR 2309153

D.-M. Lu, J. H. Palmieri, Q.-S. Wu, and J. J. Zhang, Ao structure on Ext-algebras, J.
Pure Appl. Algebra, 213 (2009), 2017-2037. Zbl 1231.16008 MR 2533303


https://zbmath.org/?q=an:0585.18007
http://www.ams.org/mathscinet-getitem?mr=800920
https://zbmath.org/?q=an:0131.27302
http://www.ams.org/mathscinet-getitem?mr=161898
https://zbmath.org/?q=an:1113.17306
http://www.ams.org/mathscinet-getitem?mr=1839485
https://arxiv.org/abs/math/0612139
https://zbmath.org/?q=an:0372.57001
http://www.ams.org/mathscinet-getitem?mr=400275
https://zbmath.org/?q=an:1143.16027
http://www.ams.org/mathscinet-getitem?mr=2172343
https://zbmath.org/?q=an:1213.16026
http://www.ams.org/mathscinet-getitem?mr=2678828
https://zbmath.org/?q=an:1228.16011
http://www.ams.org/mathscinet-getitem?mr=2809906
https://arxiv.org/abs/1405.2247
https://zbmath.org/?q=an:1305.17018
http://www.ams.org/mathscinet-getitem?mr=2908741
https://zbmath.org/?q=an:0752.55003
http://www.ams.org/mathscinet-getitem?mr=1170570
http://www.math.jussieu.fr/~keller/publ/index.html
https://zbmath.org/?q=an:1220.18012
http://www.ams.org/mathscinet-getitem?mr=2795754
https://zbmath.org/?q=an:0872.57001
http://www.ams.org/mathscinet-getitem?mr=1341841
https://zbmath.org/?q=an:1003.14001
http://www.ams.org/mathscinet-getitem?mr=1731635
https://zbmath.org/?q=an:0885.18007
http://www.ams.org/mathscinet-getitem?mr=1600246
https://zbmath.org/?q=an:1260.18001
http://www.ams.org/mathscinet-getitem?mr=2954392
https://zbmath.org/?q=an:1193.16014
http://www.ams.org/mathscinet-getitem?mr=2309153
https://zbmath.org/?q=an:1231.16008
http://www.ams.org/mathscinet-getitem?mr=2533303

160

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

X. Chen, A. Eshmatov, F. Eshmatov and S. Yang

A. Prouté, Aoo-structues: Modeles Minimaux de Baues-Lemaire et Kadeishvili et
Homologie des Fibrations, reprint of the 1986 original, with a preface to the reprint
by Jean-Louis Loday, Repr. Theory Appl. Categ., (2011), no. 21, 1-99. Zbl 1245.55007
MR 2844537

D. Quillen, Homotopical algebra, Lecture Notes in Mathematics, 43, Springer-Verlag,
Berlin-New York, 1967. Zbl 0168.20903 MR 223432

D. Quillen, Algebra cochains and cyclic conomology, Inst. Hautes Etudes Sci. Publ. Math.,
68 (1989), 139-174. Zbl 0696.16021 MR 1001452

S. P. Smith, Some finite dimensional algebras related to elliptic curves, in Representation
Theory of Algebras and Related Topics (Mexico City, 1994), 315-348, CMS Conf. Proc.,
19, Amer. Math. Soc., Providence, 1996. Zbl 0856.16009 MR 1388568

S. P. Smith and J. T. Stafford, Regularity of the four dimensional Sklyanin algebra,
Compositio Math., 83 (1992), 259-289. Zbl 0758.16001 MR 1175941

T. Tradler, The Batalin—Vilkovisky algebra on Hochschild cohomology induced by infinity
inner products, Ann. Inst. Fourier (Grenoble), 58 (2008), 2351-2379. Zbl 1218.16004
MR 2498354

M. Van den Bergh, Double Poisson algebras, Trans. Amer. Math. Soc., 360 (2008), 5711-
5769. Zbl 1157.53046 MR 2425689

M. Van den Bergh, Calabi—Yau algebras and superpotentials, Sel. Math. New Ser., 21
(2015), no. 2, 555-603. Zbl 06441727 MR 3338683

C. Weibel, An introduction to homological algebra, Cambridge Studies in Adv. Math., 38,
Cambridge University Press, 1994. Zbl 0797.18001 MR 1269324

Q.-S. Wu and C. Zhu, Skew group algebras of Calabi—Yau algebras, J. Algebra, 340 (2011),
53-76. Zbl 1248.16010 MR 2813562

Received 28 May, 2015

X. Chen, Department of Mathematics, Sichuan University,
Chengdu, Sichuan Province 610064, P. R. China

E-mail: xjchen@scu.edu.cn

A. Eshmatov, Department of Mathematics, University of Western Ontario,
London, Ontario N6A 5B7, Canada

E-mail: aeshmato@uwo.ca

F. Eshmatov, Department of Mathematics, Sichuan University,
Chengdu, Sichuan Province 610064, P. R. China

E-mail: olimjon55 @hotmail.com

S. Yang, Department of Mathematics, Sichuan University,
Chengdu, Sichuan Province 610064, P. R. China

E-mail: syang.math@gmail.com


https://zbmath.org/?q=an:1245.55007
http://www.ams.org/mathscinet-getitem?mr=2844537
https://zbmath.org/?q=an:0168.20903
http://www.ams.org/mathscinet-getitem?mr=223432
https://zbmath.org/?q=an:0696.16021
http://www.ams.org/mathscinet-getitem?mr=1001452
https://zbmath.org/?q=an:0856.16009
http://www.ams.org/mathscinet-getitem?mr=1388568
https://zbmath.org/?q=an:0758.16001
http://www.ams.org/mathscinet-getitem?mr=1175941
https://zbmath.org/?q=an:1218.16004
http://www.ams.org/mathscinet-getitem?mr=2498354
https://zbmath.org/?q=an:1157.53046
http://www.ams.org/mathscinet-getitem?mr=2425689
https://zbmath.org/?q=an:06441727
http://www.ams.org/mathscinet-getitem?mr=3338683
https://zbmath.org/?q=an:0797.18001
http://www.ams.org/mathscinet-getitem?mr=1269324
https://zbmath.org/?q=an:1248.16010
http://www.ams.org/mathscinet-getitem?mr=2813562
mailto:xjchen@scu.edu.cn
mailto:aeshmato@uwo.ca
mailto:olimjon55@hotmail.com
mailto:syang.math@gmail.com

	Introduction
	Derived non-commutative Poisson structures
	Koszul Calabi–Yau algebras
	The Connes long exact sequence of Lie modules
	The Poisson structure on derived representation schemes
	Relations to the Gerstenhaber and the de Völcsey–Van den Bergh brackets

	Hochschild and cyclic homologies of coalgebras
	Bar and cobar constructions
	The cyclic bicomplex
	Non-commutative differential forms on algebras and coalgebras
	The A algebra and coalgebra case

	Double Poisson algebras and bimodules
	Double Poisson algebras
	Double Poisson bimodules
	Double n-Poisson structures

	Double Poisson structure on the cobar construction
	Cyclic algebras and coalgebras
	Double bracket on the cobar construction

	Brackets on the bimodule of one-forms
	Double bracket on 1R
	Lie brackets on 1R and 1R,

	N-Koszul Calabi–Yau algebras
	Examples

	Derived representation schemes
	Derived representation scheme and cyclic homology
	Derived non-commutative Poisson structures

	Proof of main theorems
	Proof of Theorems 1.1 and 1.2
	Proof of Theorem 1.4
	Proof of Theorem 1.6

	Example: the polynomial algebra
	Koszul dual coalgebra
	Cyclic forms on C
	Lie bracket on HC(A)


