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The Ext algebra of a Brauer graph algebra
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Abstract. In this paper we study finite generation of the Ext algebra of a Brauer graph algebra by
determining the degrees of the generators. As a consequence we characterize the Brauer graph
algebras that are Koszul and those that are 5.

Mathematics Subject Classification (2010). 16G20, 16S37, 16E05, 16E30.

Keywords. Brauer graph algebra, Koszul, d-Koszul, Ext algebra, finite generation.

1. Introduction

This paper studies finite generation, and the corresponding degrees of the generators,
of the Ext algebra of a Brauer graph algebra. We show that if the Brauer graph has
no truncated edges then the Ext algebra of the associated Brauer graph algebra is
finitely generated in degrees 0, 1 and 2. As a result we characterize those Brauer
graph algebras that are K, in the sense of Cassidy and Shelton [7]. Moreover, we
determine the Koszul and the d-Koszul Brauer graph algebras.

Let K be a field, Q a finite quiver and / an admissible ideal of KQ. Assume
that the algebra A = KQ/I is finite dimensional and indecomposable. Koszul
algebras play an important role in representation theory, and it is well-known that
if A = KQ/I is a Koszul algebra then the Ext algebra E(A) is finitely generated
in degrees 0 and 1. Moreover the ideal / is quadratic, that is, I is generated by
homogeneous elements of length 2. This work was motivated by the study of the
Koszul Brauer graph algebras, and we determine these algebras in Theorem 3.4,
before investigating several generalizations of this concept among Brauer graph
algebras.

One such generalization is the class of d-Koszul algebras, where d > 2; these
algebras were introduced by Berger in [3], in order to include some cubic Artin—
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Schelter regular algebras and anti-symmetrizer algebras. Berger, Dubois-Violette
and Wambst [4], and Green, Marcos, Martinez-Villa and Zhang [11] both continued
the study of d -Koszul algebras, extending known properties of Koszul algebras. It has
since been shown that some quantum groups and Yang—Mills algebras are included
in this framework.

A graded algebra A = KQ/I is a d-Koszul algebra if the nth projective module
in a minimal graded projective A-resolution of A¢ (the K-space spanned by the
vertices of Q) can be generated in degree §(n), where the map 6 : N — N is defined
by
5d if n is even,

S =
(0 =Vastg 41 ifnis odd.

In particular, the ideal I of a d-Koszul algebra K Q/1 is generated by homogeneous
elements of length d. Note that if d = 2, we recover the usual (quadratic) Koszul
algebras. The d-Koszul Brauer graph algebras are fully determined in Theorem 3.4.

It was shown in [11] that the Ext algebra of a d -Koszul algebra is finitely generated
in degrees 0, 1 and 2; thus d-Koszul algebras are K, algebras in the sense of
Cassidy and Shelton [7]. They define a graded algebra A to be K if its Ext algebra
E(A) is generated as an algebra in degrees 0, 1 and 2. In Theorem 9.1, we give
a sufficient condition for the Ext algebra of a Brauer graph algebra to be finitely
generated in degrees 0, 1 and 2. We then characterize the K, Brauer graph algebras
in Theorem 10.4.

Many other generalizations of Koszul algebras have been introduced more
recently, such as almost Koszul algebras [5], piecewise Koszul algebras [17],
(p, A)-Koszul algebras [18], and multi-Koszul algebras [14]. In this paper, we
study a generalization of the Koszul property by Green and Marcos [10], where
they considered algebras K Q/I in which the ideal I is generated by homogeneous
elements of more than one length. The algebra K Q/I is 2-d -homogeneous if I can
be generated by homogeneous elements of lengths 2 and d. Green and Marcos
then introduced 2-d-determined and 2-d-Koszul algebras in [10]. We discuss
these algebras in Section 10, but note here simply that a 2-d-Koszul algebra is
2-d-determined, which in turn is 2-d-homogeneous; moreover a 2-d -determined
algebra is 2-d-Koszul if its Ext algebra is finitely generated. Having determined the
2-d-homogeneous Brauer graph algebras in Section 3, we return to these algebras
in Section 10, where we give a positive answer for Brauer graph algebras to all
three questions posed in [10]. As a consequence we are also able to give new
classes of 2-d-Koszul algebras, which was one of our motivations for this paper.
In particular, the second question in [10] asks whether it is the case that the Ext
algebra of a 2-d-Koszul algebra of infinite global dimension is necessarily generated
in degrees 0, 1 and 2. This is indeed the case for Brauer graph algebras. Moreover,
for a 2-d-homogeneous Brauer graph algebra Ar with Brauer graph I', we show
in Theorem 10.6, that the following four conditions are equivalent: (1) I' has no
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truncated edges, (2) Ar is 2-d-determined, (3) Ar is 2-d-Koszul, and (4) the Ext
algebra of Ar is generated in degrees 0, 1 and 2 (that is, Ar is ). It should be noted
that these properties are not, in general, equivalent, as is demonstrated by Cassidy
and Phan in [6].

This paper extends the work of Antipov and Generalov, who showed in [1] that
the Ext algebra of a symmetric Brauer graph algebra is finitely generated. We remark
that [1] used different methods, and gave no details of the degrees of the generators.

The body of the paper proves the necessary structural results to describe the
uniserial modules, string modules, syzygies and projective resolutions of the simple
modules. The paper uses the covering theory for Brauer graphs and Brauer graph
algebras developed in [12]. We see at the start of Section 4, that [12] enables us to
reduce to the case where the Brauer graph has no loops or multiple edges and where
the multiplicity function is identically one; this vastly reduces the computations
required to determine the Ext algebra. The definition of a Brauer graph algebra
also requires a quantizing function q in order to define some of the relations (see
Section 2). If the field is algebraically closed and if either the Brauer graph is a tree
or the Brauer graph algebra is symmetric, then we may choose ¢ = 1. At the end
of Section 4, we discuss the quantizing function q when the Brauer graph algebra is
graded (but not necessarily symmetric or a Brauer tree algebra), and we show that
we can assume, given some mild assumptions on the field K, that ¢ = 1 in the study
of the Ext algebra.

We would like to thank the referee for their helpful comments.

2. Background and notation

We now introduce Brauer graph algebras, giving the definitions and notation which
we use throughout the paper.

Let I be a finite connected graph with at least one edge. We denote by I'y the
set of vertices of I' and by I'; the set of edges of I'. We equip I" with a multiplicity
Sfunction m: Ty — N\ {0} and, for each vertex in I", we fix a cyclic ordering o of the
edges incident with this vertex. We call the triple (I', 0, m) a Brauer graph. We may
denote a Brauer graph by I', where the choice of cyclic ordering and multiplicity
function are suppressed. In all examples a planar embedding of T is given and we
choose the cyclic ordering to be the clockwise ordering of the edges around each
vertex.

For each « € Ty, let val(«) denote the valency of «, that is, the number of edges
incident with o where we count each loop as two edges. We let Fl(a) denote the set of
edges of I" which are incident with the vertex «. Let Dy, ={a € 'y | m() val(a) = 1}.
If s is an edge in I" such that s € Ffa) for some o € Dy, then we say that s is a
truncated edge at the vertex o. Thus an edge s is truncated at « if and only if m(a) = 1
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and val(o) = 1. If s € Fl(a) for some o € I’y \ Dy, then we say that an edge ¢ in I’
is the immediate successor of the edge s at the vertex « if t € Fl(a) and ¢ directly
follows s in the cyclic ordering around «. We denote the immediate successor of s at
the vertex o by s”. In particular, if s € Fl(a) where val(o) = 1 and m(«) > 1, then s
is its own immediate successor so s~ = s. An edge s which is a truncated edge at
the vertex « has no immediate successor at the vertex «. For ease of notation, from
now on we will simply write successor instead of immediate successor. We remark
that truncated edges are of fundamental importance in determining the behaviour of
the Ext algebra of a Brauer graph algebra.

Following [2] and [15], we let K be a field and introduce the Brauer graph algebra
of a Brauer graph I'. We associate to I a quiver Qr and a set of relations pr in the
path algebra K Qr, which we call the Brauer graph relations, defined below. Let It
be the ideal of K Qr which is generated by the set pr. We define the Brauer graph
algebra Ar of T to be the quotient Ar = KQr/Ir. We keep the notation of [12]
throughout this paper, and now define Qr and pr.

If the Brauer graph I is « B with m(a) = m(B) = 1 then Qr is O x
and pr = {x?} so the Brauer graph algebra is K[x]/(x?).

In the general case, for a Brauer graph (I, 0, m), which is distinct from «
with m(a) = m(B) = 1, we define the associated quiver Qr by

B

(Qr)o ={vs | s €1}
(Qr) = U {vs —> V> |5 € I'fa)}.

@€l'0\Dm

Now let « € T'g \ Dy, and let s € Fl(a). In the case where val() = 1 and
m(a) > 1, we define the successor sequence of s at the vertex « as the sequence of
one element s = s9. When val(a) > 1, we define the successor sequence of s at o

as the sequence so, S1, . . . , Syal()—1 Which has the following properties:

® 5 =35

o5, =5, fori =1,...,val(a) — 1.
Note that the loops incident with « are listed twice and the other edges precisely
once. Observe also that if s = 59, 51,52,...,8,—1 is the successor sequence for s
at vertex o, then s1,52,...,5,—1, So is the successor sequence for s; at . We set

Sval(e) = §, noting that s is the successor of sy,)(o)—1 in this case.

In case I' has at least one loop, care must be taken. In such circumstances,
for each vertex o, we choose a distinguished edge, s, incident with . If £ is a
loop at «, £ occurs twice in the successor sequence of so. We distinguish the first
and second occurrences of £ in this sequence and view the two occurrences as two
edges in I';. Thus, T'; is the set of all edges with the proviso that loops are listed
twice and have different successors. For example, suppose that the Brauer graph is
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t

'=s é\a “_ B withm(B) = 1 so that u is truncated at 8. Then both s and ¢
occur twice in the successor sequence of u at «; the successor sequence of u at o
isu,s,t,s,t,and there is no successor sequence of u at 8. In this case the quiver Qr

=\

is vy v . Note that there are two arrows in Qr from vy to vy.

N

Uy

In order to define the Brauer graph relations pr we need a quantizing function q.
Let AT be the set of pairs (s, ) such that « € Iy, s € Ffa) and s is not truncated
at either of its endpoints, and let q: AT — K \ {0} be a set function. We denote
q((s,@)) by qs,,. With this additional data we call (I', o, m, q) a quantized Brauer
graph. We remark that if the Brauer graph I' is o B then AT = 0. If the field
is algebraically closed and if either the Brauer graph is a tree or the Brauer graph
algebra is symmetric, then q = 1 (see [2]).

There are three types of relations for (I", 0, m, q). Note that we write our paths

from left to right. Fora € 'y \ D, and s € Fl(a), let s = s9, 51, ..., 8vl(@)—1 be the
successor sequence of s at « and let Cg 4 be the cycle in Qr given by

Cs,oz = dodi - Ayal(a)—1
. . a; .
where a; is the arrow of Qr given by vy, — Uiy, fori =0,..., val(a) — 1.

Relations of type one. Let o, € Tp \ Dy and let s € T N T# . Thus s is
not truncated at either o or 8. Then pr contains either gy, Cg.y ) g sC ™B) o

5:8Cs.8
45,8C Sméﬂ ) s Cs‘}fa). We call this a type one relation. Note that since one of these

relations is the negative of the other, the ideal /T does not depend on this choice.
Relations of type two. Let « € D,,,,8 € I'g \ D, and let s € Fl(a) N Ffﬂ).
Thus s is truncated at o but not at 8. Then pr contains C:ﬂ(ﬂ )bo where Cs g =
boby -+ byay(py—1-

Relations of type three. These relations are quadratic monomial relations of the
form ab in K Qr where ab is not a subpath of any C ;?a(a).

We note that it is well-known that a Brauer graph algebra is special biserial and
weakly symmetric.

Throughout this paper, all modules are right modules. We denote the Jacobson
radical r 4. of the Brauer graph algebra Ar by r when no confusion can arise. We
will use lower case letters such as s and ¢ to denote edges in I', capital letters S
and T to denote the corresponding simple Ar-modules, and vy and v, to denote
the corresponding vertices in Qr. If S is a simple .Ar-module, then we denote the
projective Ar-cover of S by 7g: Ps — S.
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We recall the structure of the indecomposable projective modules from [2,
Section 4.18]. Let P be an indecomposable projective Ar-module corresponding to
the vertex vy in Or and edge s in . If the edge s is not truncated, then P has both
top and socle isomorphic to S, and rad P/ Soc P is a direct sum of two uniserial
modules. Let the vertices of s be o and B and let s, 51, ..., Sya(a)—1 be the successor
sequence for s ata, and s, 71, . .., fya(g)—1 be the successor sequence for s at 8. Then
rad P/Soc P = U & V, where U and V have composition series

Sl’---asval(u)—hS’Slw--’Sval(a)—lv-‘-7S’S17~-7Sval(a)—l

and

Tl’ L] Tval(ﬁ)—lv Sa Tla LI ] TVle(ﬂ)—l? ] S? T17 ] Tval(,B)—l
respectively, such that, for i = 1,...,val(a) — 1, the simple module S; occurs
precisely m(«) times and is associated to the edge s; in I, and, for j=1, . .., val(8)—1,

the simple module 7; occurs precisely m(f) times and is associated to the edge ¢,
inT.

In the case where s is truncated, then P is itself uniserial. Suppose that s is not
truncated at vertex o and let s, 51, . . ., Svai(e)—1 be the successor sequence for s at o.
Then P has composition series

S7S17"'7SV211((1)—17S7 Sl?“'vsval(a)—17"'7S7 Sl7'--aSval(a)—l7S

where, fori = 1,...,val(a) — 1, the simple module S; occurs precisely m(«) times
and is associated to the edge s; in I.

3. d-homogeneous and 2-d -homogeneous Brauer graph algebras

Suppose that A = KQ/I where I is a homogeneous ideal with respect to the
length grading. Let p be a minimal set of generators for /; the elements in p are
necessarily homogeneous. Let d = 2 and d’ = 2 be distinct integers. We say that A
is d-homogeneous (or quadratic when d = 2) if p contains homogeneous elements
of length d only. We say that A is d-d’-homogeneous if A is not d-homogeneous or
d’-homogeneous and p consists of homogeneous elements of length d or d’. Note
that this does not depend on the choice of minimal generating set p for /.

In this section we investigate the d-homogeneous and 2-d -homogeneous Brauer
graph algebras. Therefore we need to know a minimal generating set for /. Recall
that, for an integer n = 1, A, is the graph - e - with n
vertices and A, is the circular graph with n + 1 vertices.

Lemma 3.1. Let (I, 0,m, q) be a quantized Brauer graph such that T is not A,,
and let Ar = KQr/Ir be the associated Brauer graph algebra. Let p C pr be
a minimal generating set for It. Then p contains all the relations of types one and
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three, and it contains the relation of type two associated to the edge s truncated at o
if and only if the successor of s at its other endpoint B is also truncated.

Proof. Tt is clear that relations of type one and three must be in p, so we must prove
the condition on relations of type two. Since I' # A, and s is truncated at «, the
edge s has a successor s; distinct from s at . Let s = So, 51, ..., Sva(g)—1 be the
successor sequence of s at 8, and let R, be the relation of type two associated to s,
so that R, = m(ﬁ)bo where Cs g = boby «+ bya(py—1-

First assume that s1 is not truncated at its other endpoint y. We want to prove that
the relation R, isnotin p. Since s; is not truncated at either of its endpoints, there is a
relation of type one associated to s1, of the form R := g, g Cs":’(g) — s,y C:ll,(y) € p.
We have Cs, g = by -+ byag)—1bo, and we let CS1 y = @od1 -+ dyi(y)—1. Therefore
Ry = Cm(ﬂ)bo = bocn:(ﬁ) = qj, ﬂbORl + Cls1 pUs1yRaar - avay)- 1Cs1, 2
where R3 = boag € p is a relation of type three. Therefore R, & p.

Conversely, assume that s; is truncated at y. Suppose that R, ¢ p, so that we
can write Ry = Y 7_ A; RVp, + YA R(])/L/ + 3 e l)L”R(k) for some
/\,-,/V Al M,,u] wy in KQr and relations R®. jo), ng) of type one, two and
three in p. We work in K Qr, which is graded by length.

The relation R, is monomial, hence must occur in one of the summands. By
definition, the R(k) are not subpaths of R, (since the proper subpaths of R, are all
subpaths of some Cy; g and R; has length at least 3). Moreover, if /V R(] ),u’j = Ry,

then Rg) is a product of (some of) the arrows b, for 0 < £ < val(f) — 1, so that jo)
must be a cyclic permutation of R, and hence equal to R;, a contradiction. Finally,
if R, is in the term A; RS’) Wi, then R; @) s a K-linear combination of C, m(ﬂ ) for
some ¢, and another cycle that does not contaln a by, and, for length reasons, we must
havet = Oort = 1. Butsg = s and s; are truncated at o and y respectively, so there
are no relations of type one associated to these edges. We have again a contradiction,
and therefore conclude that R5 is in p. O

We start by describing all d-homogeneous Brauer graph algebras for d = 2

Proposition 3.2. Let (T, 0,m,q) be a quantized Brauer graph and let Ar be the
associated Brauer graph algebra. Then Ar is quadratic if and only if (', 0,m) is
one of the following Brauer graphs.

() F'=Awithm=1landq=1.

) I' = A, with n = 2, all multiplicities equal to 1 except at the first and last
vertices which are equal to 2.

3) I' = A, withn = 3, all multiplicities equal to 1 except at one end vertex which
is equal to 2.

@ IF'=A,withn =>4 m=1landq=1.
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(5) T = A, withn = 1andm = 1.
6 =) withm = 1.

Proof. Suppose that Ar is quadratic. Let p C pr be a minimal generating set for /.
If @ is a vertex in " such that val(«) > 2, then there is a relation of type one or type
two of length at least 3 in p. This contradicts the fact that Ar is quadratic. Therefore
val(a) < 2 for all vertices « in I'. There are two cases to consider.

(i) We assume that there is a vertex « in I with val(a) = 1.

Then there is a unique edge s in I' with endpoint @. Let 8 denote the other
endpoint of s. There are two subcases to consider here.

First suppose that edge s is truncated at «, that is, m(e) = 1. If val(f) = 1,
then, since I is connected, Ar = K[x]/(x™®*1) which is quadratic if and only
if m(8) = 1. Thus ' = A, and m = 1; this is (1). Note that we can assume that
q = 1 since there are no relations of type one. On the other hand, if val(8) = 2,
then we have a relation of type two of length val(8)m(8) + 1 = 3 in I associated
to the edge s incident with vertex 8. This relation cannot be in p, so the successor
s1 of s at B is not truncated at its other endpoint y, by Lemma 3.1. Hence we
have a relation of type one associated to s1, of length m(8) val(8) = m(y) val(y),
in p. Therefore m(B) val(8) = m(y) val(y) = 2. If val(y) = 1 then m(y) = 2 so
that ' = A3 and the multiplicities are (1, 1, 2); this is part of (3). If val(y) = 2,
then m(y) = 1 and we continue, to get A, with n = 4 and multiplicities either
(1,1,...,1,1)or (1,1,...,1,2) (the last edge can be truncated if n = 4). We have
thus obtained (3) and (4).

We may now assume that there are no truncated edges. Since the edge s is not
truncated at either of its endpoints « and 8, we have a relation of type one associated
to s in p so that val(f)m(B) = 2 = val(e)m(«). Since val(«x) = 1, we have that
m(a) = 2. Moreover, either val(f) = 1 in which case I is the graph A, withm = 2,
or val(8) = 2, m(B) = 1 and we continue to get the graph A, with multiplicities
(2,1,1,...,1,2). This gives (2).

(i) We assume that all vertices have valency 2.

Let o be a vertex in I'. Since val(a) = 2, there is either a loop, a double edge or
two single edges at o.

If there is a loop s at «, then, since I" is connected, I is equal to « D s . Then
there is a relation of type one associated to s so that val(e)m(«) = 2 and therefore
m(a) = 1. This is the graph of (6). If there is a double edge at «, then a similar
argument shows that m(w) = 1. If B is the other vertex of this double edge, then
we have val(f) = 2. However, all vertices in I have valency at most 2, so that
val(f) = 2. Sol'is « B with m = 1, and we have the graph A; of (5).
Finally, suppose there are two edges s and ¢ which are incident with . By assumption,
neither s nor ¢ is truncated, so that there is a relation of type one associated to both s
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and 7, and therefore val(a¢)m(er) = 2 and m(er) = 1. Continuing this argument,
shows that I' = A, withn = 2 and m = 1, which is (5).

This gives all possible Brauer graphs (I', 0, m, q). We now give the associated
Brauer graph algebras, which are all quadratic.

() Ar = K[x]/(x?).

(2) Ar = KQr/Ir where Qr is the quiver

a a» an—2
b 17 27 s 2 1 )b
0 ~~— ~>¥—~7 § S— " el
ap a an—2

and the ideal I is generated by a;a; —a;—1a;—1,a;—1a; and a;a;—; for2 <i < n—-2,
aai —b%, én_zan_z—qbﬁ_l, boai,a1bg, ay,_2by_1 and b,,_1a,—_» for some nonzero
q € K. Note that we have scaled the arrows in the quiver so that the quantizing
function q is 1 except for one value which we have denoted by ¢; moreover, if ¢ has

a square root in K, then we can replace ¢g by 1 (see [9]).
(3) Ar = KQr/Ir where QOr is the quiver

ai az an—2
=\ =\ —
1 2 3 n—2 n—1 bp—1
N~— ~—7~ ~—
ai az an—2

and the ideal It is generated by a;a; —a;—1a;—1,ai—1a; anda;a;—; for2 <i < n-2,
Ap_20p_n — qbﬁ_l, an—pby—1 and b,_1a,—, for some nonzero ¢ € K, which can be

replaced by 1 if ¢ has a square root in K.
(4) Ar = KQr/Ir where Qr is the quiver

ai as an—2
TN, N, T
S " ~— "
ai az an—2

and the ideal I is generated by a;a; —a;—1a;—1,a;—1a; anda;a;—; for2 <i < n—2.
Note that we have scaled the arrows in the quiver so that g = 1.

(5) Ar = KQr/Ir where Qr is the quiver with n vertices and 2n arrows
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and the ideal It is generated by a;a;+1, aij—1di—» and a;a; — qia;—1a;—1, for
i=0,...,m—1,withgq; € K, ¢; # 0, where the subscripts are taken modulo n and
where a; denotes the arrow that goes from vertex i to vertex i + 1 and a; denotes
the arrow that goes from vertex i 4 1 to vertex i. Again we can rescale the arrows so
that q is 1 at all but one place (see [8]).

6) Ar =K [ B CQa ]/(aﬁ—qﬁa,az, B?) for some nonzerog € K. [
We now turn to d-homogeneous algebras with d > 3.

Proposition 3.3. Let (T, 0,m,q) be a quantized Brauer graph and let Ar be the
associated Brauer graph algebra. Then Ar is d-homogeneous with d = 3 if and
only if T' is a star with n edges, for some n = 1, such that n divides d — 1, the
multiplicity of the central vertex is % and the other multiplicities are equal to 1.
The algebra Ar is uniquely determined by (T, 0, m); it is the symmetric Nakayama
algebra whose quiver is a cycle of length n and its ideal It is generated by all paths

of length d.

Proof. If Ar is d-homogeneous, then there are no relations of type three, so the
quiver Qr cannot contain distinct cycles at the same vertex. In terms of the graph T,
this means that all edges in I" are truncated at exactly one vertex. Therefore I is a
star in which all the outer vertices have multiplicity 1. Let n be the number of edges
in T and m the multiplicity of the central vertex. The only relations in the algebra Ar
are of type two and are of length nm + 1. Hence nm = d — 1. Finally, since Ar is
monomial, we may assume that q = 1. O

It is well known that all the Brauer graph algebras in Proposition 3.2(1), (2), (5),
(6) and in Proposition 3.3 are d-Koszul (see for instance [8,9,21] and the references
therein). However, it is easy to verify that the algebras of Proposition 3.2(3) and (4)
are not Koszul, since the resolution of the simple module at the vertex 1 is not linear
in either of these cases. This gives the following result.

Theorem 3.4. Let (T',0,m,q) be a quantized Brauer graph and let Ar be the
associated Brauer graph algebra. Then Ar is Koszul if and only if it is quadratic
and either I' = A, or T has no truncated edges. For d = 3, the Brauer graph
algebra Ar is d-Koszul if and only if it is d-homogeneous.

Now, fix an integer d > 2. We describe the 2-d-homogeneous Brauer graph
algebras.

Proposition 3.5. Let (T, 0,m,q) be a quantized Brauer graph and let Ar be the
associated Brauer graph algebra. Then Ar is 2-d-homogeneous if and only if
(T, 0, m, q) satisfies one of the following conditions.

(1) For all vertices a in T, we have m(a) val(a) = d.

(2) T has a truncated edge, I' # A,, no two successors are truncated, and for every
vertex o in I" we have m(x) val(e) € {1,d}.
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Proof. Note that there must be at least one edge in I” that is not truncated at either of its
endpoints, otherwise we are in the situation of Proposition 3.2(1) or of Proposition 3.3,
and the algebra Ar is quadratic or d-homogeneous. Let p C pr be a minimal set of
generators for /r. The proof has two cases.

(i) First assume that there is an edge s in I" that is truncated at the vertex ¢ in T'.
Let B be the other endpoint of s. If val(8) = 1, then we only have relations of
type two in p, all of the same length, so that Ar is homogeneous, which gives a
contradiction.

We may therefore assume that there is an edge ¢ in I', incident with B and
such that ¢t # s. There is a relation of type two associated to s at 8 of length
val(B)m(B) + 1 = 3. If ¢ is the successor of s at B and if ¢ is truncated at
its other endpoint, then, by Lemma 3.1, this relation of type two is in p, so that
val(B)m(B) + 1 = d. However, Ar is not d-homogeneous so there must be a
nontruncated edge u incident with 8 so that val(8) = 3. Thus there is a relation of
type one associated to u of length val(8)m(8) = d — 1 so that we have d — 1 = 2,
since Ar is 2-d-homogeneous. But val() = 3 so that we have a contradiction. This
shows that no two successors are truncated and none of the relations of type two are
in p.

Therefore the successor ¢ of s at 8 is not truncated, and there is a relation of type
one associated to ¢ of length val(8)m(8) = val(y)m(y), where y is the other endpoint
of t. Since Ar is not quadratic, we must have val()m(8) = val(y)m(y) = d.
Continuing in this way, we see that every relation of type one must have length d and
we get (2). Moreover, if (2) is satisfied, then there are (quadratic) relations of type
three since there are at least two adjacent cycles Cy g and C;,, in Qr. Since there are
no relations of type two in p and all relations of type one are of length d, it follows
that Ar is indeed 2-d-homogeneous.

(i) Now assume that there are no truncated edges in I'. Therefore there are no
relations of type two.

We suppose first that all vertices have valency at least 2. Then the relations of
type one have length 2 or d. More precisely, for any edge s with endpoints « and 3,
we must have val(a)m(x) = val(8)m(B) € {2,d}. Since I' is connected and Ar
is not quadratic, we must have val(e)m(et) = d for all vertices «, and we are in
case (1). Moreover, if all vertices « have valency at least 2 and val(e)m(x) = d,
then there are relations of type three so that Ar is 2-d-homogeneous.

Finally, we consider the case where there is a vertex « with val(e) = 1. Let s
be the edge incident with o and let B be the other endpoint of 5. Since s is not
truncated at either endpoint, we have m(«) > 1 and val(8)m(B) > 1. If val(B) = 1,
then there are quadratic relations of type three, and a relation of type one associated
to s of length m(er) = m(f), and so m() = m(B) must equal d. Thus I' = A,
with multiplicity d at each vertex. It is easy to see that the corresponding algebra is
2-d-homogeneous. On the other hand, if val(8) > 1, let ¢ be another edge incident
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with 8. By assumption, the edge ¢ is not truncated at its other endpoint y. Then
there are quadratic relations of type three, a relation of type one associated to s
of length m(cx) = val(f)m(B) and a relation of type one associated to ¢ of length
val(B)m(B) = val(y)m(y). Therefore m(a) = val(f)m(B) = val(y)m(y) = d.
Continuing in this way, we have val(s)m(e) = d at every vertex ¢ in I', which
completes (1). The corresponding algebra is 2-d -homogeneous. O

We end this section with two corollaries which describe in more detail the
2-d-homogeneous Brauer graph algebras Ar in the cases where I' is a star and
where I is A,,.

Corollary 3.6. Suppose I' is a star whose central vertex is ag and the other vertices
are ordered cyclically oy, ...,q,, set a,41 = &1. Then the associated Brauer
graph algebra is 2-d-homogeneous if and only if n divides d, the vertex oo has
multiplicity % and for every i with 1 < i < n we have m(e;) € {1,d} and
m(o;)m(aiyq) € {d,dz}.

Corollary 3.7. Suppose I' = A,. Then the associated generalized Brauer tree
algebra is 2-d-homogeneous if and only if n = 3, d is even, the multiplicities of the
first and last vertex are in {1, d} with at least one of them equal to d if n = 3, and
the multiplicities of the other vertices are all equal to %.

We now look more generally at the Ext algebra of a Brauer graph algebra. We
will return in Section 10 to 2-d -homogeneous Brauer graph algebras and the degrees

in which the Ext algebra is generated.

4. The Ext algebra and coverings

In this section, we use the covering theory for Brauer graphs which was developed
in [12] to simplify the calculation of the Ext algebra. We show that we may assume,
without any loss of generality, that our quantized Brauer graph (I, 0, m, q) hasm = 1
and contains no loops or multiple edges. We then discuss the quantizing function g,
proving in Proposition 4.2, that if the field K is algebraically closed and if the
associated Brauer graph algebra Ar is length graded, then the number of generators
of the Ext algebra E(Ar) and their degrees do not depend on g.

For a finite dimensional indecomposable algebra A = K Q/I defined by a finite
quiver © and an admissible ideal 7, let J be the ideal in K Q which is generated by
the arrows of Q and let r denote the Jacobson radical J/I of A. The Ext algebra
(or cohomology ring) of A is given by

E(A) = Ext) (A/r,A/r) = @,20 Ext} (A/r, A/r)

with the Yoneda product. If the ideal I is generated by length homogeneous elements,
then the length grading of K Q induces a grading A = Ag® A1 DAL, P---, where Ag
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is the K-space spanned by the vertices of Q. The graded Jacobson radical of A is
r=A1®A,PD---,and Ay == A/l'

Let (T, 0,m, q) be a quantized Brauer graph and let Ar denote the associated
Brauer graph algebra. We recall the following definitions from [12]. For each
o € Ty, we define Z, to be the set

Zo ={(s,t) | s,t € ', is the successor of s at vertex «}.

Let Zr be the disjoint union

Zr = U Z,.

aely

Let G be a finite abelian group. A set function W: Zr — G is called a successor
weighting of the Brauer graph (I, 0, m, q). For ¢ € I'¢ we define the order of «,
denoted ord(e), to be the order in G of the element w, = ]_[(S’,)e z, W, 1), A
successor weighting W: Zr — G of the Brauer graph (I, 0, m, q) is called a Brauer
weighting if ord(«) | m(x) for all @ € Tg.

Let W:Zr — G be a Brauer weighting, and let Ar,, be the Brauer graph
algebra associated to the quantized Brauer covering graph (I'w,ow,mw, qw).
Let r 4 (respectively, r ‘AFW) be the Jacobson radical of Ar (respectively, Ary;, ).
By [12, Theorem 5.3], Ar,, is the covering algebra associated to a weight function
W*:(Qr)1 — G. Hence the Ext algebra Ext’y . (Ar/rap, Ar/r.ap) is generated in
degrees dy, ..., ds if and only if the Ext algebra EXt;lrW (Ary /T ar,, . Ary /Tar,)
is generated in degrees d, . . ., ds. In fact, we have the following well-known result.

Proposition 4.1. Keeping the notation above, the ring structure of

Ext . (Ar/rap, Ar/rar)

can be completely determined from the ring structure of
Extj‘rw (Ary, /T ary, - Ary [Tar,,)-

Proof. The G-grading on Ar induced by the weight function W*:(Qr); — G
induces a G-grading on Ext}y  (Ar/r ., Ar/r ;) such that, if ¢ € G,and S and T
are simple Ar-modules then

Ext) .(S,T)g = Extg,(S,0(8)7T),

where the right hand side is the graded Ext-group, S and T are viewed as graded
modules with support in degree 1, and o is the shift functor. The graded Yoneda
product Extg, (T, 0 (g)U) x Ext¢,.(S, o (h)T) is defined in the usual way after noting
that Ext, (T, 0(g)U) = Extg, (o (h)T, o (h)o(g)U). Finally, using that the category
of G-graded Ar-modules is equivalent to the category of Ar,, -modules we obtain
the desired result. O
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Now, in [12, Theorem 7.7], it was shown, for any quantized Brauer graph
(T, 00, Mg, qo), that there is a tower of quantized Brauer covering graphs
(To, 00, mg. q0), (I'1, 01, m1, q1), (I'2, 02, M2, q2), (I'3, 03, m3, q3) such that the top-
most quantized Brauer covering graph (I's, 03, m3, q3) has multiplicity function m3
identically one, and the graph I'; has no loops or multiple edges.

Hence, with Proposition 4.1, we may assume that (I", 0, m, q) is a quantized Brauer
graph with m = 1 and with no loops or multiple edges.

We now consider the quantizing function q in the case where Ar is length graded.
It is known that if the field is algebraically closed and if either the Brauer graph is a
tree or the Brauer graph algebra is symmetric, then we can always rescale the arrows
so that ¢ = 1. The next result shows that we may also assume that q¢ = 1 in the case
where Ar is length graded, since the number of generators of the Ext algebra E (Ar)
and their degrees do not depend on g.

We begin by introducing some additional notation. If edge ¢ is the successor of
edge s in I at vertex «, we denote the corresponding arrow in Qr from vertex vy
to vertex vy by a(s,t, ). In fact, this arrow is uniquely determined by s and ¢. For,
suppose there are vertices « and 8 in I" such that a(s, ¢, @) and a(s, ¢, B) are arrows.
Since there are no loops in I', we have s # ¢. If @ # 8, then s and ¢ are distinct edges
with endpoints « and 8, contradicting the assumption that there are no multiple edges
in I'. Hence « = B. So if edge ¢ is the successor of edge s at vertex « in I, then
the vertex « is unique. Thus we denote the arrow in Or from vertex vy to vertex vy
simply by a(s, t).

Proposition 4.2. Let K be an algebraically closed field and let (I',0,m, q) be a
quantized Brauer graph with m = 1 and with no loops or multiple edges. Let Ar be
the associated Brauer graph algebra. Suppose that Ar is length graded. Then the
number of generators of Ext u- (Ar /r ap, Ar/r.ay) and their degrees do not depend
on q.

Proof. Let (I', 0, m) be a Brauer graph with m = 1 and with no loops or multiple
edges. We may assume that I" is not a star (A, included) since the associated Brauer
graph algebras are all monomial and hence do not depend on a quantizing function .
Therefore there exists an edge s with endpoints « and 8 such that v := val(x) > 1
and val(8) > 1.

Let A be the Brauer graph algebra associated to (I, 0, m) with quantizing function
identically 1. We shall twist A by a graded algebra automorphism ¢ of A4 so that A°
is the Brauer graph algebra associated to the quantized Brauer graph (I, 0,m, q)
with q equal to 1 except at (s, «) and (s, B), then use [7] to see that the Ext algebras
of A and A° have the same number of generators in the same degrees. This means
that we will have changed precisely one relation in the generating set for /T, namely
Cs,o — Cs g will become q5,4Cs,0 — q5,8Cs,p or, to simplify notation, rCs, — Cs g
where r = q s,aq;}g. None of the other relations will change.
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Recall that the product in A9 is given by x - y = xo*®)(y) where x and y are
length homogeneous elements in A and £(x) is the length of x.

Let s = 59,51,52,...,8,—1 be the successor sequence of s at «, and let a; =
a(s;, si+1) be the corresponding arrows in the quiver Qr, fori = 0,1,...,v — 1
(where s, = s). In this notation, Cs o = aoaj---ay—1. We shall define a graded
algebra automorphism ¢ of A4 by setting, fori = 0,1,...,v — 1, o(a;) = rja; for
some r; € K\ {0} to be determined, and fixing all other arrows and vertices in Qr.
Suppose we have such an automorphism ¢. Then, in A, the cycle C;, becomes
r1r22 e r}j:llaoal -++ay—_1. The arrows ay, ..., a,_1 occur in at most v relations of

type one, involving the cyclic permutations of C; . Therefore we want

2 v—2_v—1

riry «=-ry_ory—14ody - dy—2ay—1 = rdody - dy—20ay—1
2 v—2_v—1

Ipry---r,_{rg aidz---dy—10do = ad1dz---dy—1do

2 v—2_ v—1
rory ==+ ry_3r,_,dy—1dody - - dy—2 = dy—1dody -+ dy-2,

so we must solve the system

2 v—=2 v—1
FUFy ~ o Ty 5Ty 1 =T
rarz -t T =1

2 v—2 v—1 __
rori To_3ly_s =1

If v = 2, the system is immediately solved: r; = rand ro = 1. If v = 3, it
is easy to see that ro = ry2, r, = r{ and r} = r so that choosing a 9th root of r
for r1 defines 0. Now suppose that v > 3. Starting with the last equation, we can

express ro interms of 71, . .., ry,—» and then r,—; alsoin terms of ry, ..., ry—». Atthe
next stage, r,—, may be written in terms of rq, . . . , ry—3, so that ro and r,—; may also
be written in terms of ryq, ..., r,—3. Continuing in this way, we see that ry,...,r,_»

must be equal up to vth roots of unity so that

ro =8ory, r3 =311, ... Fy—2 = {y-al
. (v 1) _ D=2
for some vthroots of unity {5, .. ., {y—. Wethenhaverg = 53 -+- ¢,
@+ w=3)
and ry_; = é‘z §(v 2y (DH)(U D= . Therefore
r=rrdeeriT = G g0 ) T =
where p(v) = @ Choosing a ¢(v)throotof r forry and {o = -+ = {5 =1

defines an automorphism o as required. Note that ¢(3) = 9, so that we have defined
the same automorphism o in the case v = 3.
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We now use [7], where the authors show that the Ext algebra of A is obtained
from the Ext algebra of A by twisting (they consider a connected graded algebra, but
the proof and result are easily adapted to a quotient of a path algebra by a length
homogeneous ideal). Twisting does not change the number of generators of the Ext
algebra or their degrees.

Proceeding in this way for each relation of type one, we see that the number of
generators of the Ext algebra and their degrees do not depend on q. O

As a corollary of the proof, we may relax the condition that K is algebraically
closed.

Corollary 4.3. Let K be a field and let (I', 0, m, q) be a quantized Brauer graph with
m = 1 and with no loops or multiple edges. Let Ar be the associated Brauer graph
algebra. We assume that one of the following conditions holds:

(i) the valency of every vertex in I is at most two, or

(ii) there is an integer k such that the valency of every vertex in T is either 1 or k
and the field K contains a root of the polynomial Xk Gke=1)/2 _ r foranyr € K.

Then the number of generators of Extap. (Ar/rap, Ar/ray) and their degrees do
not depend on q.

Proof. In both cases, the ideal I is length homogeneous, and hence Ar is length
graded. It then follows from the proof of Proposition 4.2 that the result holds. O

From now on, we assume that ¢ = 1, and write (', 0, m) for a Brauer graph with
q = 1. We assume that (I, 0, m) is a Brauer graph with no loops or multiple edges
and m = 1. The next sections describe the structure of certain classes of modules of
a Brauer graph algebra.

5. Structure of indecomposable modules

Let (T, 0, m) be a Brauer graph with no loops or multiple edges and m = 1. Let Ar
denote the associated Brauer graph algebra. We assume q = 1. The following result
is used in Sections 6 and 7 where we determine the structure of uniserial and string
Ar-modules.

Proposition 5.1. Let (I',0,m) with m = 1 be a Brauer graph with no loops or
multiple edges and let Ar denote the associated Brauer graph algebra. Let S and T
be simple Ar-modules associated to the edges s and t inT.

(1) If S & T, then dimg (Hom 4. (Ps, Pr)) < L.
(2) If S = T, then dimg (Hom 4. (Ps, Pr)) = 2.
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(3) We have that dimg (Hom 4. (Ps, Pr)) = 1if, and only if, S % T and there is
a uniserial module with top S and socle T. In this case, the uniserial module is
unique up to isomorphism.

Proof. (1) Suppose that S 2 T and assume for contradiction that
dimg (Hom 4. (Ps, Pr)) = 2.

Denote the endpoints of edge ¢ in I" by & and . By our no loops assumption,
a # B. Since Ar is a special biserial selfinjective algebra, rad(Pr)/ Soc(Pr) is
either a uniserial module U or a direct sum of two uniserial modules .1 & L,. Since
dimg (Hom 4. (Ps, Pr)) = 2 and Soc(Pr) = T, the simple S occurs at least twice
as a composition factor of rad(Pr)/ Soc(Pr). If S occurs as a composition factor
of either U or one of the L;’s at least two times, then either m(a) = 2, m(f) = 2
or s is a loop, which all contradict our hypothesis. On the other hand, suppose that S
occurs as a composition factor of both L and L,. Then s occurs in the successor
sequences of ¢ at both vertices o and 8. Hence, s also has endpoints « and 8. But
then s and ¢ are distinct edges between o and 8, which contradicts the hypothesis
that there are no multiple edges. Thus dimg (Hom 4. (Ps, Pr)) < 1.

(2) This is proved by a similar argument to that in (1).

(3) First assume that S 2¢ T and there is a uniserial module V' having top S
and socle 7. Then V embeds in the injective module Py. Hence S must be a
composition factor of Pr. Then dimg (Hom 4. (Ps, Pr)) = 1 by (1). Next suppose
that dimg (Hom 4. (Ps, Pr)) = 1. By (2), S % T. If Pr is uniserial, then it
follows that there is a uniserial submodule of Pr with top S and socle T since S is
a composition factor of Pr. Otherwise, we may suppose that rad(Pr)/ Soc(Pr) =
L1 & L,, and, by assumption, S is a composition factor of exactly one of L;
or L,. So suppose that S is a composition factor of L; and g is the composition
of the canonical surjections rad(Pr) — rad(Pr)/T and rad(Pr)/T — L;. Let
V = g Y(Ly). Then V is a uniserial submodule of P7 having S as a composition
factor. Hence, there is a uniserial module with top S and socle 7.

It remains to show that if V; and V5 are uniserial modules with top S and socle T,
then V; =~ V,. Note that V; and V, both embed in Pr. If V; 2 V5, then S would
occur at least twice as a composition factor of Pr, contradicting (1). This completes
the proof. O

Corollary 5.2. Let (I', 0, m) withm = 1 be a Brauer graph with no loops or multiple
edges and let Ar denote the associated Brauer graph algebra. Let S and T be simple
Ar-modules associated to the edges s and t in T. Then we have the following.

(1) If f, g: Ps — rad(Pr) are nonzero morphisms, then Im( f) = Im(g).

(2) There are only a finite number of submodules of an indecomposable projective
Ar-module.
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(3) A submodule M of an indecomposable projective Ar-module is determined by
the simple Ar-modules occurring in the top of M.

(4) There are only a finite number of quotient modules of an indecomposable
projective Ar-module.

Proof. We see that (1) follows from Proposition 5.1(1) and (2).

To show (2) and (3), let Py be an indecomposable projective Apr-module and
let M be a nonprojective, nonsimple submodule of Pr. Then we have an inclusion
f: M — Pr. If Pg is an indecomposable projective Ar-module and g: Ps — M is
a module homomorphism such that the induced map g: Ps — M/ rad M is nonzero,
then there is a nonzero map h = f o g: Ps — rad(Pr). By (1), Im(k) is unique.
Now Pr is either uniserial or biserial. If P7 is uniserial, then M = Im(/) and, by
Proposition 5.1, both (2) and (3) follow.

Now suppose that Pr is biserial with rad(Pr)/Soc(Pr) = Ly & L,. By
Proposition 5.1(1), we see Im(4)/ Soc(Pr) C Ly or Im(h)/ Soc(Pr) C L,. Assume,
without loss of generality, that Im(%#)/ Soc(Pr) € L. If M/Soc(Pr) C L; then
M = Im(h) and there are only a finite number of such submodules M. So suppose
that M/ Soc(Pr) € Ly so that M # Im(h). Note that M/ Soc(Pr) € L,. Then,
since rad(Pr)/ Soc(Pr) = L1 ® Ly, wehave M/rad M =~ S & S’, for some simple
Ar-module S’. By Proposition 5.1(1) and (2), S % S’. Defining 4': Ps; — Pr
in a similar fashion to the definition of &, we see that Im(k’)/ Soc(Pr) € L, and
M/ Soc(Pr) = Im(h)/ Soc(Pr) ® Im(h')/ Soc(Pr). Parts (2) and (3) now follow.

The proof of (4) follows from (2). O

Let S be the simple Ar-module associated to the edge s in I'.  We remarked
at the end of Section 2 that Pgs is uniserial if and only if s is a truncated edge.
The next result is more specific on the structure of the indecomposable projective
Ar-modules, in the case where m = 1 and I' has no loops or multiple edges; its
proof is straightforward and we leave it to the reader.

Lemma 5.3. Let (T, 0, m) with m = 1 be a Brauer graph with no loops or multiple
edges and let Ar denote the associated Brauer graph algebra. Assume S is a simple
Ar-module such that Ps is biserial and U is a simple Ar-module such that Py is
uniserial. If s is the edge in T associated to S and s has endpoints o and B, then
let s = $50,51,52,...,8Sm—1 and s = ty,t1,1t2,...,ty—1 be the successor sequences
for s at vertices a and B respectively. Let S; (resp. T;) be the simple Ar-module
associated to the edge s; (resp. t;). If u is the edge in I" associated to U and u has
endpoints o' and B’ with u truncated at B, then let u = ug,u1,uz, ..., up—1 be the
successor sequence for u at «'. Let U; be the simple Ar-module associated to the
edge u;.

(1) The composition factors of Ps are {S,S1,...,Sm-1,T1,...,Tp—1,S}.
(2) The composition factors of Py are {U,Uy, ..., Up_1,U}.
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3) Fori=1,....m—1landj =1,....n—1,8; #Tj.
4) For0<i<j<m-—1_5; #85j.
() For0<i<j<n—-1T #T,.
6) ForO0<i<j<p—-1U; £U,.

6. Structure of uniserial modules

In this section we describe the structure of the uniserial modules of a Brauer graph
algebra.

Proposition 6.1. Let (', o, m) withm = 1 be a Brauer graph with no loops or multiple
edges and let Ar denote the associated Brauer graph algebra. Assume S is a simple
Ar-module such that Ps is biserial and U is a simple Ar-module such that Py is
uniserial. If s is the edge in T associated to S and s has endpoints o and B, then let
S = 50,51,52,...,Sm—1 and s = ty, 11,12, ...,t,—1 be the successor sequences for s
at vertices o and P respectively. Let S; (resp. T; ) be the simple Ar-module associated
to the edge s; (resp. ti)and Sy, = T, = S. Ifu is the edge in I associated to U and u
has endpoints o’ and B’ with u truncated at ', then let u = ug,uy, Uz, ..., Up—1
be the successor sequence for u at o’. Let U; be the simple Ar-module associated
to the edge u; and U, = Uy = U. Let L be a nonzero uniserial Ar-module with
composition series for L, (0) = Lp4; C Ly C---C Ly C Lo = L.

(1) If the socle of L is isomorphic to S, then either 0 < k < m — 1 and, for
J=0,....k, Lj/Ljy1 = Spkyjor0<k <n-—1land for j =0,...,k,
Lj/Ljy1 = Thkj.

(2) If the socle of L is isomorphic to U, then 0 < k < pand j = 0,...,k,
Li/Ljt1 = Upfesj.

Proof. We prove (1) and leave (2) to the reader. If L is a simple module, then
L =~ § = S, and taking k = 0 we see that (1) follows. Now assume that L is
a nonsimple uniserial module with socle S. It follows that L is isomorphic to a
submodule of Pgs since Pg is the injective envelope of S. Since m = 1 and I" has no
loops or multiple edges, rad( Pg) is the sum of two uniserial modules X and Y such
that

(i) X NY = Soc(Ps),
(i) if 0 = X;, C Xiy—1 C -+ C Xo = X is the composition series for X, then,
forj =0,...,m— I,Xj/Xj_H = Sj+1,
(iii) if 0 =Y, C Y,—1 C --- C Yy = Y is the composition series for Y, then, for
j=0,....,n— 1,Yj/Yj+1 =1j41.
By Corollary 5.2(3) and Lemma 5.3(5), the uniserial module L must be isomorphic
to a submodule of either X or Y and the result follows. ]
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An immediate consequence of the above result is the following.

Corollary 6.2. Let (I', 0, m) with m = 1 be a Brauer graph with no loops or multiple
edges and let Ar denote the associated Brauer graph algebra. If L and L’ are two
nonsimple, nonprojective uniserial Ar-modules such that Soc(L) == Soc(L’) and
Top(L) = Top(L'), then L =~ L'.

7. Structure of string modules

Let (', 0, m) with m = 1 be a Brauer graph with no loops or multiple edges and
let Ar denote the associated Brauer graph algebra. We now classify the string
modules for Ar and begin with uniserial modules. Let L be a (nonzero) uniserial
Ar-module. There are 3 cases to consider. The first case is that L is a projective-
injective module. There is no special notation for this case. The second case is that L
is isomorphic to a simple Ar-module, S. Let s be the edge in T" associated to S. In
this case, we denote L (up to isomorphism) by str(s™), where str(s*) = S. The
final case is that L is a nonsimple nonprojective uniserial module with top 7" and
socle S. Let s and ¢ be the edges in ' associated to the simple modules S and T
respectively. By Corollary 6.2, T and S completely determine L up to isomorphism.
We denote L by either str(z™, s™) or str(s—, 7).

If s and ¢ are edges in I', and the successor sequence for s at vertex « is s =
80,51, ---,Sm—1, then we say t occurs in the successor sequence for s at vertex o
if  is a nontruncated endpoint of s and ¢ = s;, forsome 1 <i < m — 1. Clearly ¢
occurs in the successor sequence for s at vertex « if and only if s occurs in the
successor sequence for ¢ at vertex «. Note also that 7 cannot occur in the successor
sequence for s at both endpoints & and 8, for otherwise « = B which contradicts the
assumption that there are no loops in I'. Let S and T be the simple Apr-modules
associated to s and ¢ respectively. By Proposition 6.1 and its proof, we see that there
is a uniserial module L, unique up to isomorphism, with top 7" and socle S, if and
only if s = ¢ or ¢ occurs in the successor sequence for s at some vertex o.

Thus, summarizing the description of uniserial string modules, we have the
projective-injective uniserial modules, the simple modules str(s ™), and the modules
of the form str(z™,s™) where 7 occurs in the successor sequence for s at some
vertex .

We now describe the nonuniserial string modules for Ar in terms of sequences
of weighted edges in the Brauer graph I'.

Definition 7.1. Forn > 2, let §y,..., 5, be edges in I'. We assign either + or — to
each edge §; and denote this assignment by either §l+ or §;. Consider the sequence
o =381",82,....8.", wheree; € {+,—}fori =1,...,n. Wesay o is an acceptable
sequence of weighted edges if the following hold.

(ST1) Fori =1,...,n—1,¢; # e;41.
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(ST2) Fori = 1,...,n — 1, there is ; € Ty such that §; and §; 4 belong to Fl(ai).
(ST3) Fori = 1,....n— 1,5 # §i1.
(ST4) Fori =1,...,n —2,0; # tjt1.

Conditions (ST2) and (ST3) combined mean that fori = 1,...,n — 1, there are
vertices ¢; in I, such that §; 11 occurs in the successor sequence for §; at vertex o;.

We note that, for i = 1,...,n — 1, the vertex «; is uniquely determined by §;
and §;4+1 by our assumption that I has no loops or multiple edges. We use the
notation § in order to distinguish acceptable sequences and successor sequences, but
it may happen that §; 1 is in fact the successor of §; at one of its vertices.

The following result is straightforward and the proof is left to the reader.

Lemma 7.2. Let (T', 0, m) with m = 1 be a Brauer graph with no loops or multiple
edges and suppose that 0 = s1 , s2 ..., 857 is an acceptable sequence of weighted
edges in I" withn = 2. Then

(1) $pm, 877", ..., 87" is an acceptable sequence of weighted edges in T,

(2) §7',852,...,8{" is an acceptable sequence of weighted edges in T,
fori =2,...,n, and,

(3)f0rz—1 ,n, lf€ = + when e; = —, and e} = — when e; = +,
then § s ,§§2 s,, is an acceptable sequence of weighted edges in T'.
Suppose that o = §7',852,-++ ,§;" is an acceptable sequence of weighted edges
inI". Fori =1,...,n,let S, be the simple Ar-module associated to the edge §;.

We define str(o’) inductively such that the top of str(o) is ®; ¢, =+ S; and the socle
of str(o) is @y Iei=—}‘§i- We say str(o) satisfies the fop and socle condition.
Definition 7.3. Let 0 = 51 ,sgz, ..., 5 be an acceptable sequence of weighted
edges in I', and let n = 2. Forn = 2, str(§f1 , s22) was defined above, and clearly
satisfies the top and socle condition.

A€1 gp€2 en 1

Assume n = 3 and suppose we have defined str(s}',5,°, ... ) satisfying

’ n 1
the top and socle condition. There are two cases: e,—; = —and e;,—; = +.
(i) Suppose e,—1 = —, so that e, = 4. We set
str(o) = coker(ju: Sp—1 — str(5%", ..., 57,5, ) @ str(5,_ 1. 50)),

where w is induced from the map on socles given by

SAn—l e (§2 ® 54 ®---D Sn—l) & §n—1

with x — ((0,...,0,x),x) ifnisodd,
Sic1 > (S1DS3B---B Sp—1) D Su—1

with x — ((0,...,0,x),x) ifniseven.
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(i) Now suppose that e,_; = +. Then e, = —. We define str(o’) to be the kernel
of the composition

~e ACp— A4 At A—
str(sy', ..., 8,757, 5,) @str(s,_,.5,)
A A VPN
= (Bi|ej=+1<i<n—1}51) ® Sp—1 = Sn—1,
where the first map is given by canonical surjection onto the tops of

o€l oén—1 oén—1 gén : :
str(sy',...,8,”7") and str(5,"7", 5, ) and v is given by

((J’Z,y4,--~7)’n—1)ay;,_1)HYn—l_Y;,g_l ifniSOdd
((V1.Y3+ s Yn=1) Yp_1) > Yn—1— Yp_; if niseven,

where y; € S; and Yn_1 € Sp1.
The reader may check that the top and socle condition is satisfied by str(c) in all
cases. The next proposition gives an alternative definition for str(o).

Proposition 7.4. Let (I',0,m) with m = 1 be a Brauer graph with no loops or
multiple edges and let Ar denote the associated Brauer graph algebra. Suppose that

o= §f1A, 852,...,84" is an acceptable sequence of weighted edges in T withn = 3
and let S; be the simple Ar-module associated to §;. Let2 <k <n — 1.

(1) Ifex = —, then we set
X = coker(p: Sk — str(35',....57%) @ str(§*, ..., 5om)),
where  is induced from the map on socles given by
Sk > (@81 @dS) DSk @ Sk2® )
with x — ((0,...,0,x),(x,0,...,0)) ifk iseven,
Sk=> (519530 DSk) D (Sk D Sk42D++)
with x — ((0,...,0,x),(x,0,...,0)) ifk isodd.

(2) If ex = +, then we set X to be the kernel of the composition of canonical
surjections onto tops

~e ~e ~€e A
str(57',....5%) @str(s.f, ..., 5"

= (e =+ 1<i<k)S1) ® (B =+ k<i<nySi)
with
V: (Bie;=+,1<i<k}Si) B (Die; =+,k<i<n}Si)—>Sk,

where v is given by

(V25 Y455 Vi), Of» Yht2s -+ )) B> Yk — ¥y ik is even,
(V15302 Y6 Vs Yhg2s - ) > Y — Y ifkis odd,
with y; € S; and Yy € Sk.
Then str(o) = X.
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Proof. We proceed by induction on n. Forn = 3, k must be 2 = n — 1 and the
result follows from the definition of str(c). Now assume the result is true for all m,
3<m<n—1 Fix2<k<n-—1. Ifk =n—1, then the result again follows
from the definition of str(c). Assume k < n — 1. There are many cases to consider:
er equal to + or —, k even or odd, and n even or odd. The cases all have similar
proofs. We prove one case and leave the others to the reader.

The case we prove is for n even, k even, and e, = +. Note that we then have,

fori odd, ¢;, = — and, for i even, ¢; = +. For ease of notation, we set
Zy =ste(S7, ..., 8,1), Za=str($,_..5)),
Uy =str(S7.....50), Uz =str(§F,....50),
— At A
and Vi = str(s.,...,5,_1).

From the definition of str(c), we have a short exact sequence of Ar-modules
0= Sp_1 > Z1 @ Z» — str(o) — 0.
By induction, we have a short exact sequence
0> 27, S U @ 5 S — 0.

From this short exact sequence we obtain

g 0
0 IdZ2

0>2Z180Z, — (Ui ®V)®Zr— Sk d0—0.

Also by induction, we have a short exact sequence

A ¢
0—>S,_.1—>Vi®Zy, - U, — 0.
From this short exact sequence we obtain

IdUIO
A 0 ¢
0—>O@Sn_1—>U1@(V1@Zz)(—> U ® U, — 0.
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Using the above sequences and that Uy & V1 & Z, = (U; & V1) & Z, =
U, & (V1 & Z,), we obtain an exact commutative diagram:

0 0

0 Sp_1 L Zi®Zy——str(6) —=0

Lg & 0 dy, ©
0 ldz, o

~ 0
0—>0@Sn_1—>U1®V1®ZQ—> 1@U2—>0

>
IR

?Cr/b

0 0

The reader may check that the exact sequence that appears as the last column in the
diagram above proves that X = str(o) in this case. 0

Corollary 7.5. Let (I',0,m) with m = 1 be a Brauer graph with no loops or
multiple edges and let Ar denote the associated Brauer graph algebra. Suppose that

o =381",852,....8:" is an acceptable sequence of weighted edges in T with n = 2.
Then v = §;",8,"7",...,8]" is also an acceptable sequence of weighted edges in T
and

str(o) = str(t).

Proof. By Lemma 7.2(1), t is an acceptable sequence of weighted edges in I'.
For n = 2, the result follows from the definitions. If n > 3, taking k = 2 in
Proposition 7.4, and induction yields the result. 0

By Corollary 7.5, we see that there are 3 types of string modules over Ar.
Suppose o = §f1 ,..., 8" is an acceptable sequence of weighted edges in I". We say
that str(o) is a positive string module if ey = + = e,, a negative string module if
e1 = — = ey, and a mixed string module if ey # e,. We will see that the positive
string modules play an important role in the cohomology theory of Ar.

8. Syzygies and resolutions in a Brauer graph algebra with no truncated edges

In this section we assume that (I", 0, m) with m = 1 is a Brauer graph with no loops
or multiple edges, and let Ar denote the associated Brauer graph algebra. The main
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result here is Theorem 8.4, where we give a minimal projective resolution of a simple
Ar-module, in the case where I" has no truncated edges.

We begin by fixing a nontruncated edge s in I with endpoints & and 8. Since
m = 1, both & and 8 have valency at least 2. Let edge s’ be in the successor sequence
of s at vertex o. We say edge s” follows (s’, s) if s” is the successor of s at vertex j.
The following diagram illustrates this definition:

[e] (o] [e]
o s B
o o o :
O ............................... o o
Asin Section 7, ife = 4+, welete* = —, and if e = —, we lete* = +. We are

now in a position to describe the first syzygy of a positive string module. For this, we
introduce the following notational conventions. The string module str(s™, =, u™)
will be schematically represented by

A R4

.

For a nontruncated edge s, the indecomposable projective Ar-module with top S
will be schematically represented by

where the edge ¢ in I is in the successor sequence for s at one endpoint of s, and the
edge u is in the successor sequence for s at the other endpoint of s. If a solid line

S

T

appears, then that signifies that not only is ¢ in the successor sequence of s at some
vertex of I', but ¢ is the successor of s at that vertex.
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Proposition 8.1. Let (I',0,m) with m = 1 be a Brauer graph with no loops or
multiple edges, and let Ar denote the associated Brauer graph algebra. Suppose
that M = str(0) is a positive string module, where 0 = §f1 s..., 8" is an acceptable
sequence of weighted edges in I', and n = 3. Suppose also, for each i with e; = +,
that §; is a nontruncated edge. Then the first syzygy of M is isomorphic to the positive
string module str(t), where

~eq AET Ae;; ~ep
T=0580,8 »--»5", 8,1

and where §q follows (5,,51) and §,,+1 follows (Sy—1, Sp).

Proof. Since str(o) is a positive string module, 7 is an odd integer, say n = 2m + 1.

By assumption, m = 1. The projective cover of M is P§1 &) P§3 S RERNS>) P§2m+1

and the socle of M is given by Sz ® §4 B §2m. Thus M structurally looks like:

A A A

S1 S3 i Sn
S> S4 Sn—1
Since $§1, 53, ..., Sam+1 are all nontruncated edges, the corresponding indecompos-
able projectives P¢s , Po ,..., Pg are biserial. Thus, from the definition of
S1° 783 Som+1

“follows”, P§] (&) P§3 D--- D P§2m+1 looks like:

3, S5 Su

So. Sg @ 52 3469 @Sn—_l S+t

: 8, ; . 8, . . S‘n .

From these diagrams, the reader can easily provide the remaining details of the
proof. O

We assume for the rest of this section that I" contains no truncated edges.

To describe projective resolutions of simple Ar-modules, we will need further
notation. For s an edge in T, we represent the simple Ar-module S by vs(Ar/r),
where vy is the vertex in Qr associated to the edge s. Here we are viewing vy as
the idempotent in Ar corresponding to the edge s in I'. We also set the projective
Ar-module Pg to be vs(Ar).
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Let §o be an edge in I'. We now present a minimal projective Ar-resolution of
the simple module v;, (Ar/r),

Q% f): =07 —>Q1—>Q —>vs0(Ar/r)—>0

We see that 00 = V3, (Ar) with f 0 being the canonical surjection and the first
syzygy is str(sT,, 55, 5;), where §_; and §; are the successors of §y at its endpoints.
Applying Proposition 8.1 repeatedly, we see that, if n is odd, then the nth syzygy
of vz, (Ar/r) is

(vSO(AF/r)) = Str( _na A_n+17§i—n+2,- . -,§i—1,§0_,§ii_,.. . ,§;_1,§;_ 5

and, if n is even, then the nth syzygy of v;, (Ar/r) is

" s (Ar/r)) = ste(8F, 87,188, o0 8780805008,

where, for i = 2,...,n, 5—; follows (§_;4+2,5—;+1), and §; follows (5;—5,8;—1).
From this we obtain the next result.

Proposition 8.2. Keeping the above notation, let Q" be the nth projective in a

minimal projective Ar-resolution of the simple module vy, (Ar/r), and let n > 0.
If n is odd,

Q"=P; ®P; @ -@®P; SPg @ ®P; B Pg.

and, if n is even,
Q" =P ,OP;, ,® 0P, OP; ®P5, & O Fg D P,

where, S_1 and §y are the successors of Sg at its endpoints, and, fori =2,...,n, S—;
Jollows (S—i+2,5—i+1), and §; follows (§;—2, Si—1).

It remains to describe the maps f” in the projective resolution. We recall from
Section 4 that, if edge ¢ is the successor of edge s in I" at vertex «, then we denote the
corresponding arrow in Qr from vertex v to vertex vy by a(s, t), since there are no
loops or multiple edges in I". Suppose that s = s¢, 51,52, ...,S,—1 iS the successor
sequence for s at the vertex « in I', and set s, = so. If 1 < k < n — 1, we denote
the path a(so, s1)a(s1,s2) - - - a(sk—1, Sk), from vy, to v, in Or, by p(so, sx). Note
that our assumptions on I show that p(sg, si) is well-defined.

Lemma 8.3. Suppose that s is an edge in " with endpoints « and B and that
S = 850,51, ...,81—1 IS the successor sequence for s at a. Let s, = sg since Sq is the
successor of s,—1. Assume that t is in the successor sequence of s at f3.

(1) If0<i <j <k <n,then p(si,s;)p(s;.sk) = p(si.sx) #O.
(2) If 1 <i < n, then p(t,s0)p(so,si) =0.
(B3) If0<i <n-—1,then p(si,sp)p(so,t) = 0.
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Proof. To prove (1), we note that

p(si,s;) = a(si,Siy1)---a(sj—1,8;)

and p(sj sk) =a(sj,sj+1) - a(Sk—1,Sk).

Hence p(si,s;)p(sj,sk) = p(si,sk). That p(s;, sg) # 0 follows from the relations
defining It and the fact that p(s;, sx) is a factor of Cs 4.

The other parts follow from the relations defining It, and the fact that p(so, s;)
and p(s;,s,) are associated to the successor sequence for s at vertex o, whereas
the paths p(z,s0) and p(so,t) are associated to the successor sequence for s at
vertex B. O

We are now in a position to define the maps f”: 0" — Q"7 !, forn > 0.
The map f%:v;,(Ar) — vg,(Ar/r) is the canonical surjection. Recall that, for
each edge s € T, we are setting Ps = vs(Ar). Using our description of the
projective module Q" in Proposition 8.2, forn = 1, we write Q" asan (n + 1) x 1
column vector. Then f” will be given as an n X (n + 1) matrix with the (i, j )th entry
invg_, . (Ar)vs_, ., ,» representing a map from PS_,,+2,-_2 = V3,405 (AD)
= V5, 42i—1 (Ar).

The map f!: Q' — QU is given by the 1 x 2 matrix

(p(o.5-1) p(S0.51)).

where §_; and §; are the successors of §p at its endpoints, so that p(5¢,5-1) =
a(8o,5-1) and p(So,81) = a(8o, 51).
Forn = 2, f" is given by the matrix

(=1)" 1 pGnt1,8-n) PB—n+1,5-n+2) 0 0 0
0 (=1)" " p(n+3,8-n+2) PG—n+3,8-n+4) 0 0
0 0 D" pGnts, Sonta) -+ 0 0
0 0 0 0 0
Pn=3,51-2) 0

0 0 0 o (=D PGt 8n—2)  pGa-1.5n)

‘We now come to the main result of this section, which shows that we have indeed
described a minimal projective Ar-resolution of the simple module v;, (Ar/r).

Theorem 8.4. Let (I', 0, m) with m = 1 be a Brauer graph with no loops or multiple
edges and no truncated edges, and let Ar denote the associated Brauer graph algebra.
Let $o be an edge in T and

0%/ =025 01 L 00 L s (Ar/r) — 0

be as given above. Then (Q°, f*) is aminimal projective Ar-resolution of vz, (Ar /r).
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Proof. We begin by showing that f*~!o f* = 0, forn > 1. Forn = 1 this
is clear since, from the definitions of £ and f!, we see that Im(f') = vzr =
str(5F,,55,3)) = Ker(f°). That f! o f2 = 0 can be proved directly from the
matrices. So assume n = 3.

Let A be the matrix representing f”

(71)n71p(§7n+1~57n) PG—nt1.5-n+2) 0 0 0
0 —D)" ' pBn+3.5-n+2) PG—nt3.5-n+4) 0 0
0 0 (=D)" ' pGnts, Sonta) -+ 0 0
0 0 0 0 0
P(n-3,5n-2) 0

0 0 0 s (=D PGt Sn—2)  pGa-1,5n)

and B be the matrix representing 71

(=1D)"2pB-n+2,8-n+1) PB—n+2,5-n+3) 0 0 0
0 (_1)"72P(~Ln+4~,&7n+3) PB-n+a,5-n+s) 0 0
0 0 (D" 2p@Bn+6:5-nts) - 0 0
0 0 0 0 0
P(n-a,5n-3) 0

0 0 0 (*1)"_2P(§n—2,3n—3) PBn—2.51-1)

We show BA is the zero matrix. The (1, 1)-entry of BA is

—P—n+2,5-n+1)PE—n+1,5-p).

But §_,4+, and §_, are in the successor sequences for §_,1 at different vertices.
Hence p(5_n42,5—n+1) P(8—n+1,5—n) = 0by Lemma 8.3(3). The remaining entries
of the first column in BA are all 0.

The (1, 2)-entry of BA is

(—1D)" 2 p(S—nt2. S—nt1) PGn+1. 5-n+2)

+ (=" pBont2,5-nt3) PG-n+3, 8—n+2).

Suppose the endpoints of §_,, 4 are and fin I". If §_,, 11 is in the successor sequence
of §_,+2 at the vertex o, then p(S—n+2,5—n+1)PB—n+1,5-n+2) = Cs_, 1, o We
must also have that §_, 43 is in the successor sequence of §_, 4, at the vertex 8, and
PG—n+2,5-n+3)P(S—n+3,5-n+2) = Cs_,,, . Hence we see that the (1,2)-entry
of BA is (—1)”_2(C§_n e —Cs ) which is a scalar multiple of a relation of
type one in It and hence O.

The (2,2)-entry of BA is (=1)"?p(_p+4.5-n+3)(=1)" "' p(_n13.5-n+2).
But §_,+4 and §_, are in the successor sequences for §_, 43 at different vertices.
Hence p(S—n+4,8—n+3)p(—n+3,5-n+2) = 0by Lemma 8.3. The remaining entries
of the second column in BA are all 0.

This alternating pattern continues for the remaining columns and we have shown
BA is the zero matrix. Thus Im( /") € Ker(f*1).

—n+2’ﬂ
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To show equality, we note that the top of Q" maps into Ker( f”~1). Inductively,
we may assume that Ker( /") is isomorphic to Q7 - (v5,(Ar/r)). The uniqueness
of the simple composition factors of indecomposable projective Ar-modules given
in Lemma 5.3(3), together with the structure of the syzygies given in Proposition 8.1,
show that the top of Q" maps isomorphically to the top of Ker(f”~!). Hence
Im(f™) = Ker(f"™).

Since, forn = 1, the image of f” is contained in Q”_lr, the resolution is minimal
and the proof is complete. O

9. The Ext algebra of a Brauer graph algebra with no truncated edges

In this section, we assume that (I', 0, m) is a Brauer graph with no truncated edges.
We prove one of the main results of this paper, showing that the Ext algebra of the
associated Brauer graph algebra Ar is finitely generated in degrees 0, 1 and 2.

Let G be a finite abelian group and let W: Zr — G be a Brauer weighting
such that the Brauer covering graph (I'w,ow, mw ) has mp = 1 and no loops
or multiple edges (see Section 4). Suppose that s is an edge in I" incident with
vertex o in I', and s, is an edge in I'y incident with vertex «, in I'w, such that s,
lies over s and og lies over « for some g € G. Then, by [12, Proposition 4.4 and
Definition 4.5], m(a) valr (o) = mw (ag) valry, (og ), where valr (o) and valr,, (ag)
denote the valencies of o and a, respectively. It follows that edge s in I is truncated
at vertex « in I if and only if edge s, in I'w is truncated at vertex og in I'yy. Thus, to
study the Ext algebra of a Brauer graph algebra associated to a Brauer graph (T, 0, m)
with no truncated edges, it follows from the above discussion and Proposition 4.1 that
we may assume (I, 0, m) is a Brauer graph with m = 1, with no loops or multiple
edges and no truncated edges.

Let Ar denote the associated Brauer graph algebra and let r denote the Jacobson
radical of Ar. The Ext algebra of Ar is E(Ar) = ®n=0 Ext'f4r (Ar/r, Ar/r) with
the Yoneda product. Let §o be an edge in T and 5‘0 = v3,(Ar/r) the associated
simple Ar-module, where vg, is the idempotent in Ar associated to So. Let

o oy, 2 /2 1 S 0 Y
Q% /> 0= 0 = 0" = v(Ar/r) > 0
be the minimal projective Ar-resolution of So given in Theorem 8.4, with

0" = PS_” D P§—n+2 D---D P§_2 b PS‘o ® PSZ DD Pﬁn’ for n even,

Pg &Py &8 P; &P & ®Pg, for n odd.

Since each Pg is an indecomposable projective Ar-module, we choose a K-basis
G! (So), wherei € {—n,—n+2,...,n—2,n}, for Ext (So, Ar/r), where G (SO)
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. n & . g
represents the element in Ext’ . (So, Ar/r) given by the composition
Qn e PSA, —> S'i o A]"/l‘,
1
where the first map is the projection map, the second map is the canonical surjection,

and the third map is inclusion. We call {G} (5’0)},~€{_n,_n+2,m,n_2,n} the canonical
basis of Bxty . (So., Ar/r). Since Ar/r = Dsper, So, so that

ExtY (Ar/r, Ar/r) = @ Ext’.(So. Ar/r).
Soel
we abuse notation and view
U {Gin(§0)}iE{—n,—n+2,...,n—2,n}
So€l
as a K-basis of Ext'f4r (Ar/r, Ar/r).
We now present the main result of this section.
Theorem 9.1. Let (T, 0, m) be a Brauer graph with no truncated edges, and let Ar

denote the associated Brauer graph algebra. Then the Ext algebra, E(Ar), is finitely
generated in degrees 0, 1 and 2.

Proof. From the above discussion, we may assume (I", 0, m) is a Brauer graph with
m = 1, with no loops or multiple edges and no truncated edges. Fix an edge $§o
in T with associated simple Ap-module So. We keep the previous notation. Since
Ar/r = @er, T, we have Ext) (S’o, Ar/r) = ®rer, Ext)y . (ﬁo, T), and hence,
fori € {—n,—n+2,...,n—2,n}, we may view G”(So) as amap G”(SO): 0" — S;.

First we suppose that n = 2 is an even integer. Leti € {2,4,. —2,n}, and

let
(R g% : - —> R*%s CRVE RS vsl (Ar/r) =0

be the minimal projective Ar-resolution of Si_l given in Theorem 8.4. We show
that

G}'(So) = G (So) * G} (Si-1).
where the right hand side is viewed in the Yoneda product Ext}4r (Si—1, Si) x
Ext’f“;1 (3'0, A, 1). For ease of notation and consistency, we set fo = §;_; (noting

that i # 0). Let f; and 7_; be the edges in T that are the successors of 7y at the
endpoints of fo. Define the sequence fn, t_n+1, et In recursively:

fori > 1, #; follows (f;_,%;_1) and —; follows (f—;42,7—i11).
With this notation,
Pf’, @ P
Pf_ ® P

GB---EBPtzEBPfOEBPTz EB---EBme, for m even,
EB---EBPf_IEBPﬁEB---EBme, for m odd,

Rm — T_ma2
T_ m—+2
and the maps g™: R™ — R™! are given in a similar fashion to the maps f” in the
resolution of Sy.
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We begin by finding maps ¢ and v such that the following diagram commutes.

Qn l) Qn—l (*)
lw jw%mw
1 0
1 0o
R\ % - pR_%2.4

Since o = §;_1 and since §; follows (§;_», §;_1), we see that §; is the successor
of §;_1 at one of its endpoints. Furthermore, §;_» is in the successor sequence of §;_;
at the other endpoint 8 of §;_;. Thus, after reordering, we may assume that 7; = §;
and that both §;_, and 7_; are in the successor sequence of §;_; at the vertex S8,
with 7_; being the successor of §;_; at 8. The following diagram illustrates this.

(o) o]
§i=th
“Si—a B Si—1=to .
) ) )
i
) !

From this we see that R® = Pf"o = Pgi—l and R! = Pf"—1 ® Pf] = Pf’—l 4> P§,~'

Define ¥: Q"' — RO by ¥o(X—nt1, X—nt3:...,Xn—3,Xn—1) = X;j—1 and define
¥1: 0" — R! by the 2 x n matrix

0 -+ 0 —p@-1.5i2) 0 0 -+ 0
0 - 0 0 ve, 0 o 0

1

where the first nonzero column represents the map from Pﬁl;z to Py & Pgi and
the next nonzero column represents the map from Pﬁi to Pf‘_l @ Pﬁi‘ The reader
may now check the commutativity of ().

Next we see from the diagram

Qn g Qn—l

61— (So)
¥ Yo
1

0

R\ % RO % .3 |

Gl‘l (Sk n

S;

that G} (Si—1) o Y1 = G (So) * G} (Si-1) = GI (o).
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Nextsupposei € {—n,—n+2,...,—2}. The proof that G} (So) *G1(Sit+1) =
G! (§0) is similar and is left to the reader. In fact, interchanging §; with §_; for
i €{2,...,n—2,n} in the above proof, gives the result.

For n even, it remains to consider the case when i = 0. Here we show that
—2,8 2,8 3
G 7 (So) * G5(So) = G (So).

This is clear if n = 2 so assume n = 4. We find explicit maps 6y, 01, and 6, such
that the following diagram commutes.

f fn—l

Qn " Qn—l Qn—2 (**)
6> 0, 6o
0r Lot L g0 T g,

We have that Qi = qu_i ® Pb:_i+2 ®--- D PS’i—z @ PS,[. Thus, for i = 3, and
j =i—2k,withk =0,

Ql — Pﬁ—i D PS_i+2 D---P ])S_j_2 fan) QJ Jas) P§j+2 D---P PS‘,-'

We then take y, 01, and 6, to be the projections Q' — O/, for the appropriate i’s
and j’s. The reader may check that (x*) commutes. Noting that the composition
G%(S’o) o 6, is just G(’}(S’o), we have that Gg_z(S’o) * Gg(S’o) = G(’)’(S’o). This
completes the study of the case when 7 is even.

Now suppose that 7 is odd, n = 3. We claim that, fori € {1,3,...,n —2,n},

G (S0) * G} (Si—1) = GI'(Sy).
and fori € {—1,-3,...,—n + 2, —n},
Gt (So) * G} (Si41) = GI(So).

For i # —1, 1, the proof is analogous to the n even case. Fori = —1 ori = +1,
keeping 6y and 6, as above, we get a commutative diagram

Qn " Qn—l
b, g
(1 6o

1 0 N
o' L0 L5,

and it is now immediate that

G (So) * G} (So) = G(So).
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Thus we have shown that every basis element in Ext’;lr (§0, T) is the product
of an element in some Ext’j{r1 (S’i, T) with an element in Extilr ($'0, SA'Z'), or is the

product of an element in some Ext’f‘\;2 (S;, T) with an element in Extir (So. S;). This
completes the proof. O

We end this section with an immediate application to X, algebras. The concept
of a I, algebra was introduced by Cassidy and Shelton in [7, Definition 1.1], where
they defined a graded algebra A to be K, if the Ext algebra, E(A), is generated as an
algebra in degrees 0, 1 and 2. This class of algebras is a natural generalization of the
class of Koszul algebras.

Corollary 9.2. Let K be an algebraically closed field and let (I',0,m,q) be a
quantized Brauer graph with no truncated edges. Let Ar denote the associated
Brauer graph algebra. Suppose Ar is length graded. Then Ar is a K, algebra.

Proof. From the discussion at the beginning of this section, we may assume that
(T, 0, m, q) is a quantized Brauer graph with m = 1, with no loops or multiple edges
and no truncated edges. From Proposition 4.2, we may assume further that q = 1
since the number of generators of the Ext algebra, E(Ar), and their degrees do not
depend on q. The result now follows from Theorem 9.1 and the fact that Ar is a
graded algebra. O

We consider [C; algebras and other generalizations of Koszul algebras further in
the next section.

10. Length graded Brauer graph algebras

In this section, (T, 0, m) is a Brauer graph and Ar denotes the associated Brauer
graph algebra.

Our first results lead to Theorem 10.4, where we characterise the Brauer graph
algebras Ar where the Ext algebra, E(Ar), is finitely generated in degrees 0, 1
and 2. This provides a converse to Theorem 9.1. In the remainder of the section we
consider length graded Brauer graph algebras .Ar. We recall the definition from [10]
of a 2-d-Koszul algebra. We then complete our study of generalizations of Koszul
algebras with Theorem 10.6, where we classify the Brauer graph algebras that are
2-d-Koszul. Indeed, Theorem 10.6 shows that a Brauer graph algebra is a 2-d -Koszul
algebra if and only if it is 2-d-homogeneous and a /C; algebra.

We begin with a result on syzygies of string modules where the Brauer graph I"
may have both truncated and nontruncated edges.



The Ext algebra of a Brauer graph algebra 571

Proposition 10.1. Ler (I',0,m) with m = 1 be a Brauer graph with no loops

or multiple edges, and let Ar denote the associated Brauer graph algebra. Let

o= §f‘ ..., 83" be an acceptable sequence of weighted edges in T, and n = 2. Let

M = str(o).

(1) Suppose that n = 2. Then without loss of generality, M is the uniserial module
Str(§i", 55). Let o be the vertex at which §1 and $ are both incident and let il be
the successor of §» at a.

e If §1 is a nontruncated edge, then the first syzygy of M is isomorphic to the
string module str(4*,37,71) if i # §1, and to the string module str(37,17)
if i = 8§y, where { follows (5, §1).

e If 81 is a truncated edge, then the first syzygy of M is isomorphic to the string
module str(i, §7) if it # §1, and to the simple module str(5) if i = 3.

(2) Suppose thatn = 3 and e1 = +.

e If §1 is a nontruncated edge, then the first syzygy of M is isomorphic to the
string module str(t), where T begins as in Proposition 8.1.
o If§1 is a truncated edge, then the first syzygy of M is isomorphic to the string

. ey ne>
module str(t), where T begins t = §,',5,%, ...

(3) Suppose thatn = 3 and e; = —.

e If§1 and §, are incident at the vertex a and if §, is the successor of §1 at o,
then the first syzygy of M is isomorphic to the string module str(t), where t
begins T = §§;,§§;, ..

e If§1 and §, are incident at the vertex a and if 5, is not the successor of §1 at o,
then the first SYzy8y of*M is isomorphic to the string module str(t), where t

. A A€ N4 A, A
begins T =11,5,%,85>, ..., and where { is the successor of §; at a.

(4) The first syzygy of M may be fully determined using (1), (2), (3) and Corollary 7.5.

The proof is similar to that of Proposition 8.1; note that these syzygies also appear
in [1] where they consider the Ext algebra of a symmetric Brauer graph algebra.

For a string module str(c’), where o = §f‘ ,..., 8" is an acceptable sequence of
weighted edges in T, we see that the only §; that can be truncated edges are §1 and §y,.
We may use Proposition 10.1 to find all syzygies of the simple Ar-modules. In the
case where S is the simple .4r-module corresponding to a truncated edge s in T', we
can simplify Proposition 10.1, and have the following corollary.

Corollary 10.2. Let (', o, m) withm = 1 be a Brauer graph with no loops or multiple
edges, and assume that T # A,. Let Ar denote the associated Brauer graph algebra.
Suppose that edge s in T is truncated at vertex . Define edges §; recursively, so that
So = s, 81 is the successor of s at the endpoint 8 # «, and, for m = 1, if §,, is not
truncated at the vertex which is not incident with §p,—1, then Sy, +1 follows (S;—1, Sm).
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Then,

(1) there is some n = 1 so that §,, is a truncated edge in T';
(2) for 1 <m < n, the mth syzygy of S is ste($,5, 5, _,);
(3) the (n + 1)-st syzygy of S is str(5;).

Moreover, S is a periodic Ar-module.

The sequence (8o, §1,...,38,) of Corollary 10.2 is precisely the Green walk for
s = Sp; see [16] and [13]. We note that it is also known from [19, Corollary 2.7]
that S is a periodic .Ar-module when s is a truncated edge in T".

For the next result, we recall that Hom, (—,—) denotes the Ar-module
homomorphisms modulo those homomorphisms which factor through a projective
Ar-module.

Theorem 10.3. Let (I, o, m) withm = 1 be a Brauer graph with no loops or multiple
edges. Let Ar denote the associated Brauer graph algebra. If T has both truncated
and nontruncated edges, then the Ext algebra, E(Ar), is not generated in degrees 0,
1 and 2 alone.

In particular, if we have a sequence of edges Sg, 51, . . ., Sy withn = 2, where

(i) So and S, are truncated edges,
(i) $1,82,...,8,—1 are nontruncated edges,
(iii) §, is the successor of S,
(iv) Sij41 follows (§;—1,8;) for 1 <i <n—1,
then there is an element of Ext’flll (5'0, 5',,) which is not in the subalgebra of E(Ar)

generated by the elements of degree at most n.

Proof. Note that we continue to assume that the Brauer graph I' is connected. We
shall use Corollary 10.2 repeatedly without comment. Recall that

Ext¥ . (So. T) = Hom . (Q¥(So). T) = Hom , . (¥ 4(S,), Q4(T))

for any simple module 7', and that for simple modules S, 7' and U, and integers k
and £, the Yoneda product Extﬁr (T,U) x Ext’;lr (S, 7)) —» Extljdjz (S,U) can be
identified with the composition of maps

Hom , (T(S), 4(T)) x Hom 4. (Q4(T), U) — Hom 4. (25(5). U).
Since § is a truncated edge, we know that

Ext! (So. ) 2 Homu,- ("1 (S0). Sp) = Homap-(Sy. Sp)

I

K.

We must prove that homomorphisms from S, to itself cannot be written as sums of
Yoneda products of elements of Ext’AF (So,T) and Extf4F (T, S,) with T a simple
Ar-module,i + j =n + 1 and i and j nonzero.
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First note that
Ext'y,. (So. T) 2 Homp-(Q'(So). T) 2 Homu (Top(Q' (So)). T).

and we have Top(Qi(ﬁo)) = §; for some i with 1 <i < n. Therefore T = S;.
Moreover,

Extly,.(S0. §;) = Hom (27 ($0). 7 ($1)
= Hom, (2"*"(80). 2/ (5;) = Hom.a (8. @ ($))

and Extf4r (5}, 3,,) >~ Hom (Qj(S’i), 5’,,). These two spaces must be nonzero;
therefore 5‘ must be in the socle and in the top of Q/ (S‘ ). Since §, is truncated,
this means that 7 (S;) is a mixed string module, of the form str(s 85, by
Proposition 10.1. But then the composition S, — QJ (S ) —> S, must be Zero,
unless Q/ (§ ) = S,, since the first map must go into the socle and the second map
comes from the top. Hence assume that Q7 ($;) = S,. Since S, = Q”+1(§0)
and Ar is selfinjective, this implies that S = Qrt1=i(§y) = Qi(Sy) so that
Q! (SO) is simple. However, Q! (So) is the nonsimple uniserial module with top S;
and socle S;_ 1, so that we have a contradiction. Therefore any Yoneda product
Ext’y +1 T, Sy) x ExtA (So.T) — Ext"+1(S0,S )with 1 <i < nand T simple
is zero and we have the required result. O

The next theorem characterizes the Brauer graph algebras Ar where the Ext
algebra, E(Ar), is finitely generated in degrees 0, 1 and 2, providing a converse to
Theorem 9.1.

Theorem 10.4. Ler (T, 0,m) be a Brauer graph and let Ar denote the associated
Brauer graph algebra. Then the Ext algebra, E(Ar), is finitely generated in degrees
0, 1 and 2 if and only if T does not have both truncated and nontruncated edges.

Proof. If T has no truncated edges, then it follows from Theorem 9.1 that E(Ar) is
finitely generated in degrees 0,1 and 2. So suppose that I" has at least one truncated
edge. If all the edges are truncated then I is a star (including the case I' = A;) and
the associated Brauer graph algebra Ar is a Nakayama algebra. It is well-known
that such an algebra is d-Koszul (for d = 2) and hence, by [11], its Ext algebra is
generated in degrees (at most) 0, 1 and 2. (Indeed, a d-Koszul algebra is also length
graded and so is K5.)

Thus we may assume that I" has both truncated and nontruncated edges. From the
discussion at the start of Section 9 and Proposition 4.1, we may assume that (I, 0, m)
is a Brauer graph with m = 1, with no loops or multiple edges and which also has
both truncated and nontruncated edges. It is now immediate from Theorem 10.3, that
E(Ar) cannot be generated only in degrees 0, 1 and 2. O
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Corollary 10.5. Let (T, 0, m) be a Brauer graph and let Ar denote the associated
Brauer graph algebra. Suppose Ar is length graded. Then Ar is K5 if and only if T
does not have both truncated and nontruncated edges.

We now introduce 2-d -Koszul algebras, a class of graded algebras which includes
the Koszul algebras. Recall from Section 3 that an algebra A = KQ/I is
a 2-d-homogeneous algebra if I can be generated by homogeneous elements of
lengths 2 and d.

Let A = KQ/I where [ is generated by homogeneous elements, so that A is
length graded with A = Ag D A1 B A, & ---. Following Green and Marcos in [10],
and for a function F: N — N, the algebra A is said to be F-determined (respectively,
weakly F-determined) if the nth projective module in a minimal graded projective
resolution of Ay (viewed as a graded A-module in degree 0) can be generated in
degree F(n) (respectively, < F(n)), for alln € N. Let 6: N — N be the map given
by

5(n) = %fll %fn %s even,
S=d +1 ifnisodd.
An algebra A = KQ/I is then said to be a 2-d-determined algebra if I can
be generated by homogeneous elements of degrees 2 and d, and if A is weakly
d-determined. Thus a 2-d-determined algebra is a 2-d-homogeneous algebra.
Furthermore, a 2-d -determined algebra is said to be 2-d -Koszul if its Ext algebra is
finitely generated.

Assume that (T, 0, m,q) is a quantized Brauer graph and let Ar denote the
associated Brauer graph algebra. Suppose that Ar is graded with the length grading.
Then the conclusions of Theorems 9.1 and 10.4 are still true for Ar, provided the
field K satisfies one of the two conditions in Corollary 4.3. This is the case if K is
algebraically closed, for which see Proposition 4.2 and also Corollary 9.2. This allows
us to classify the 2-d -homogeneous Brauer graph algebras which are 2-d -determined.

Theorem 10.6. Let (I',0,m,q) be a quantized Brauer graph, let Ar denote the
associated Brauer graph algebra, and assume that either ¢ = 1 or the field K
satisfies the conditions in Corollary 4.3. Let d = 3 and suppose that Ar is 2-d -
homogeneous. Then the following are equivalent:

(1) T has no truncated edges,

(2) Ar is 2-d-determined,

(3) Ar is 2-d-Koszul,

(4) A[‘ is ICz.

Proof. The equivalence between (1) and (4) follows from Corollary 10.5, since
a 2-d-homogeneous Brauer graph algebra cannot have only truncated edges. By
definition, (3) implies (2). We prove that (1) and (2) are equivalent, and then that (2)
implies (3). Suppose throughout that Ar is 2-d -homogeneous.
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(2) = (1). Suppose that I" has at least one truncated edge s. By Proposition 3.5,
we know that no two successors are truncated and that for any vertex o in I" we
have m(a) val(e) € {l,d}. There are edges §o = $,51,...,8,—1,8, such that §,
is truncated, n = 2, §1,...,S,—1 are not truncated, §; is the successor of §o at the
vertex 7 and for each integer m with 1 < m < n the edge §,+1 follows ($;—1, §m)
at the vertex o;,+41, as in Corollary 10.2. Note that when §,, is a loop, it occurs
twice in the successor sequence of §,,—1; when we say that §,,41 follows (§;,—1, $m)
in this case, we have considered one instance of the loop being in the successor
sequence of §,,—1, and S§p,4+1 is the successor of §,_; at the other instance of this
loop in the successor sequence of §,,—1. We shall now prove that the third projective
in a minimal projective resolution of the simple Apr-module S,—1 has a generator in
degree d + 2 > §(3) so that Ar cannot be 2-d -determined.

Let ¢ be the successor of §,_1 at o, and, if ¢ is not truncated, let u follow
(Sn—1,1). Then the indecomposable projective module PS‘,, is the uniserial module
Sn

Y
Snt”
Sn
The indecomposable projective module PS‘nfl is biserial, we represent it by

Sn—l
VN T

Ps;nfl = )T( %', where X is the uniserial module of length d — 1 with top T
A\S'n—l/

and socle S,—; (defined from the successor sequence of ¢ at o;,—;). We shall also

need Pr and Py which we represent as follows:

of length d whose top and socle are §n, which we represent by Pﬁn =

n—1

T
U

X . . . .
Sns if 7 is truncated, z if u is truncated

T U

Pr = and Py =
v ~x U
5 if ¢ is not truncated if u is not truncated,
Z S ) T
T/

where U, Z and L are uniserial modules defined as before from the appropriate
SUCCessor sequences.

Let (Q°, f°) be a minimal projective resolution of Sp,—1. Then Q! is
generated in degree 1 (by arrows in the quiver). If the edge ¢ is truncated, then

Q2(S,_1) = T/S”*'\SA the module Q2 is generated in degree d, the next syzygy

is Q3(S,_1) = X\g _I/Y and Q3 is generated in degree d + 2 > §(3). If the
~ u R
edge 7 not is truncated, then Q2(S,—1) = 2 $»—1_, , and the module Q2
T Sy
is generated in degrees 2 and d. If the edge u is truncated, the next syzygy

R T
is Q3(S,_1) = v’ \X\A _¥ and Q3 is generated in degrees d + 1 and d +2 > §(3).

n—1
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LT
Finally, if the edge u is not truncated, the next syzygy is 23(S,—1) = R \X\ Pt

Sn—1
and Q3 is generated in degrees 3, d + 1 and d + 2 > §(3).

Therefore, if T" has a truncated edge, then Ar is not 2-d-determined. Hence (2)
implies (1).

(1) = (2). Now assume that I' does not have any truncated edges. Then by
Proposition 3.5, we know that for any vertex « in I' we have m(«) val(e) = d. To
prove that Ar is 2-d-determined, we shall follow the lines of Proposition 8.2 and
give a projective resolution of the simple module So, in which the projectives will
be generated in appropriate degrees. We need to be more precise in our notation,
since we are no longer assuming that there are no multiple edges; in particular, in the
notation a(s, ¢, o) defined in Section 4, the vertex & must be specified.

Let §o be an edge in T, and let «g and B¢ be its endpoints. Let §; be the successor
of §¢ at ap and let y be the other endpoint of §;. Let §_; be the successor of §y at B¢
and let B, be the other endpoint of §_1. For an integer n = 2 and for any integer i
with 2 < i < n, let §; be the the edge that follows (S;—5, §;—1) at o;—1, let @; be
the other endpoint of §;, let §_; be the the edge that follows (5_;4+2,5—;+1) at Bi—1,
let B; be the other endpoint of §_;. Then the projectives Q" in a minimal projective
resolution of Sy are as in Proposition 8.2. The map f!: Q' — Q9 is given by the
martrix

(a(§o, 5-1,B0) a(So, 81, Olo)-)

In order to define the maps f” : Q" — Q" ! forn > 2, we need to define, for
0<j< L%J, the following paths of length d — 1 :

~ A ~ L ~ ~ m(ety—2;—2)—1
p(sn—Zj—l’sn—Zj—Z» an—2]—2) = p(sn—ZJ—I»Sn—Zj—Zs an_2]_2)C§n—2j—2,an—2j—2

and

PB—ni2j+1.8-n+2j42, Bn—2j-2)
Cm(ﬂn—zj—z)—l

= PEnt2jtt. Sont2jt2. Bontajra) S_ny2j42:Bn—2j—2"

Ifn >2isevenand 0 < j < 2 — 1, the matrix of f : Q" — Q" ! is described as

follows,

n
2

its (j, j)-entry is —a(8—n+2j+1,5-n+2j Bn—2j-1)

its (j, j + 1)-entry is p(S§_n42j+1.5—n+2j+2, Pn—2j—2)

its (I’l —-1- j,l’l —-1- j)-entry is — p~(§n—2j—17§n—2j—2,Oln—2j—2)
its(n—1— j,n— j)-entry is a(fn_zj_l,fn_zj, an—zj—l)-
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Ifn >3isoddand 0 < j < % the matrix of " : Q" — Q" ! is described as
follows,

its (j, j)-entry is a(8—n+2j+1,8—n+2j, Bn—2j-1)

its (j, j + 1)-entry is p(S—p42j+1.5-n+2j+2. Bn—2j-2)
its(n—1—j,n—1— j)-entryis p(Sp—2j—1.50—2j—2,Un—2j-2)
its(n —1— j,n— j)-entryis a(Sy—2j—1.8n—2j, ¥n—2j—1)

its (”2;1, ";1)—entry is a(So, 5—1, Bo)

its (%, ”TH)-entry is a(8¢, 51, Q).

The projective Q! is generated in degree 1 (by arrows in the quiver Qr), the
projective 02 is generated in degrees 2 and d (by some elements in the set of
minimal generators of the ideal I, but this can also be seen directly). It can then be
seen inductively, using the resolution given above, that Q" is generated in degrees
at most §(n); more precisely, the modules Pgn—zj and Pﬁ—n+2j are generated in
degrees n + j(d —2) with 0 < j < |5 |. This is true of the resolution of any simple
Ar-module, and therefore Ar is 2-d-determined. Thus (1) implies (2), and we have
that (1), (2) and (4) are equivalent.

(2) = (3). Suppose Ar is 2-d-determined. Then, by the equivalence of (2)
and (4), we know that Ar is KC,. Hence the Ext algebra, E(Ar), is generated in
degrees 0, 1 and 2 and so is finitely generated. Thus Ar is 2-d-Koszul and hence (3)
holds. This completes the proof. 0

This theorem gives a positive answer for Brauer graph algebras to all three
questions asked by Green and Marcos in [10, Section 5]. Specifically, we have
shown, for a Brauer graph algebra Ar which is 2-d-homogeneous, that

(1) if Ar is a 2-d-determined algebra, then E(Ar) is finitely generated;

(2) if Ar is a2-d-determined algebra and if E(Ar) is finitely generated, then E (Ar)
is generated in degrees 0O, 1 and 2;

(3) if E(Ar) is generated in degrees 0, 1 and 2, then Ar is a 2-d -determined algebra.

In addition, note that algebras A x of [20], where N = 1, are all Brauer graph
algebras, where I' is the oriented cycle with every vertex having multiplicity N.
Moreover, these algebras are 2-2 N -homogeneous and, using Theorem 10.6, we see
that they are also 2-2N-Koszul. This example gives a new class of 2-d-Koszul
algebras.

In contrast to Theorem 10.6, a negative answer was given by Cassidy and Phan to
the first two questions posed by Green and Marcos in [10]. In [6], Cassidy and Phan
give specific infinite-dimensional algebras 4 and B such that A is 2-4-determined
but E(A) is not finitely generated, and B is 2-4-determined of infinite global
dimension, E (B) is finitely generated, but £ (B) is not generated in degrees 0, 1 and 2.
Another generalization of Koszul is given by Herscovich and Rey in [14], where they
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study multi-Koszul algebras. In particular, they remark that aleft {2, d }-multi-Koszul
algebra is a 2-d-Koszul algebra in the sense of [10], though the converse does not
hold. However, they showed that the Ext algebra of a multi-Koszul algebra A is
generated in degrees 0, 1 and 2, so that the algebra A itself is /C5.
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