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From homotopy operads to infinity-operads

Brice Le Grignou*

Abstract. The goal of the present paper is to compare, in a precise way, two approaches of
operads up to homotopy which appear in the literature. Namely, we construct a functor from
the category of strict unital homotopy colored operads to the category of infinity-operads. The
former notion, that we make precise, is the operadic generalization of the notion of A-infinity-
categories and the latter notion was defined by Moerdijk—Weiss in order to generalize the
simplicial notion of infinity-category of Joyal-Lurie. This functor extends in two directions the
simplicial nerve of Faonte-Lurie for A-infinity-categories and the homotopy coherent nerve of
Moerdijk—Weiss for differential graded operads; it is also shown to be equivalent to a big nerve
a la Lurie for differential graded operads. We prove that it satisfies some homotopy properties
with respect to weak equivalences and fibrations; for instance, it is shown to be a right Quillen
functor.
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1. Introduction

In algebra, the structure relations hold strictly. This is for instance the case for sets,
groups, rings, vector spaces, etc. So all of these examples are well encoded by
categories. In this context, two objects are considered to represent equivalent notions
if they are related by an isomorphism. However, in some areas of Mathematics,
this equivalence relation is too strong and one would like to consider only weakly
equivalent objects. For example, two categories are considered to be essentially the
same if they are equivalent, two chain complexes give rise to the same homology
groups when they are quasi-isomorphic, and two topological spaces have the same
homotopy type if they are related by weak homotopy equivalences. In these
examples, one can consider the Dwyer—Kan localization with respect to the class
of weak equivalences. This provides us with a higher category structure made
up of 2-morphisms, which are morphisms between morphisms, and, in general,
n-morphisms, which are morphisms between (n — 1)-morphisms, for integers .
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These n-morphisms are invertible for » > 2 and they encode coherent higher
homotopies. In this way, one can perform higher algebra in these (oo, 1)-categories,
which can actually be either categories enriched in simplicial sets, like the Dwyer—
Kan localization, or Joyal’s quasi-categories, called oco-categories by Jacob Lurie
[16]. Recall that a quasi-category is a simplicial set satisfying a lifting condition,
which defines the composition of morphisms up to homotopy.

Categories enriched in chain complexes, called dg categories, are a kind of linear
version of co-categories. In his book [17], Jacob Lurie presents several ways to
interpret dg categories as co-categories. Relaxing the associativity relation of the
composition rule in a dg category leads to the definition of an 4..-category, notion
which now plays a key role in symplectic geometry [9]. In [8], Giovanni Faonte
extends one of Lurie’s constructions to the case of Ay -categories and so builds a
simplicial nerve of Aqo-categories. Let [1] be the poset 0 < 1 < --+ < n canonically
enriched into a dg category; the simplicial nerve of an A..-category C is defined by
the following simplicial set:

N (C)n := Hom 4 cat([1], C) ,

for any integer n. Faonte’s main result asserts that this actually forms a quasi-category.

Representations of associative algebras are made up of linear operators. To encode
multi-linear operators, which are operators with many inputs but one output, one can
use representations of operads. Furthermore, to encode multi-linear operators on a
many components object, one can use reprensentations of colored operads. A colored
operad &7 is the data of a set of colors and sets of multi-linear operations, with inputs
and output labeled by the colors. One can only compose operations with matching
colors. Moreover, the action of the symmetric groups allows one to permute the
inputs. Note that any category may be viewed as a colored operad, where the objects
are the colors and where the maps are operations of arity one.

On the one hand, the notion of quasi-category has an analogue in the world
of operads which is called an oo-operad; this notion has been developed by Ieke
Moerijk and Ittay Weiss in [21]. First one needs an operadic generalization of the
notion of a simplicial set: it is defined as a contravariant functor from trees to sets
and called a dendroidal set. In the same way as a quasi-category is a simplicial set
satisfying a lifting property, an oco-operad is a dendroidal set satisfying a similar
lifting property. On the other hand, the differential graded notion of an .A-algebra
has also been extended by Pepijn Van der Laan [24] to a notion called homotopy
operad. A homotopy operad is the data of operations, with zero or many inputs
but one output, structured in a family of differential graded K-modules. The group
actions and composition maps are well defined but the latter ones are “associative”
only up to a family of higher homotopies. Actually, a homotopy operad whose
operations only have one input is an A .,-algebra.
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The present paper has the following two main goals. The first one is to define a
suitable notion of homotopy colored operads, with a homotopy control of the unit,
and which completes the following commutative diagram.

multi—linear operations

algebras operads
dg categories l colored operads
up to homotopy Axo-algebras homotopy operads

/

strict unital homotopy
colored operads

Aso-categories

The second goal is to extend the nerve of Faonte—Lurie to the operadic level, study
this extension and compare it with other constructions which appear in the literature.
More precisely, we build a nerve functor N® from the category of strict unital
homotopy colored operads to dendroidal sets, such that for any Ay,-category A, the
simplicial set induced by the dendroidal set N¥(A) is equal to N 4__(A).

N
Aso-categories Ao simplicial sets
. . NQ T
strict unital homotopy colored operads —— - dendroidal sets

This dendroidal nerve is defined as follows. For any tree 7, let us denote
by KQ(T') the canonical algebraic colored operad induced by T and consider it as
a strict unital homotopy colored operad. The dendroidal nerve N (£?) of a strict
unital homotopy colored operad &7 is defined by

N®(P)r := Homgop,, (KQ(T), 2) ,

where suOp,, is the category of strict unital homotopy colored operads, with their
morphisms, sometimes called co-morphisms. The following theorem gives the first
comparison statement between the two worlds of homotopy operads and co-operads.

Theorem 3. The dendroidal nerve of a strict unital homotopy colored operad is an
oo-operad.

Moreover, we extend the Boardman—Vogt construction of dg colored operads to
the category of strict unital homotopy colored operads. This later one is shown to
provide us with a rectification functor, that is it is left adjoint to the inclusion functor
from the category of dg colored operads to the category of strict unital homotopy
colored operads. As a direct corollary, the dendroidal nerve N generalises the
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homotopy coherent nerve hcN of colored operads on chain complexes built by Ieke
Moerdijk and Ittay Weiss in [21]: there is a canonical isomorphism

heN(Z) ~ N¥(2) ,

which is natural in dg colored operads &2.

We prove that the dendroidal nerve functor satisfies some nice homotopy
properties. For instance, if we endow the category of dendroidal sets with the
Cisinski—-Moerdijk model structure introduced in [5], we can characterize the
morphisms of strict unital homotopy colored operads whose image under the
nerve N¥ are weak equivalences (resp. fibrations). As a consequence, if we consider
the category of colored operads on chain complexes over a field of characteristic
zero with the model structure introduced in [4], then we can show that the homotopy
coherent nerve hcN is a right Quillen functor.

Theorem 6. There is a Quillen adjunction

w'e
dSet % dg-Op .

Finally, from a category enriched in chain complexes, one can truncate the
mapping spaces and apply to them the Dold—Kan construction to obtain a simplicial
category. Then, one can apply the simplicial nerve of simplicial categories and
get a quasi-category. This procedure, called the big nerve, is introduced by Lurie
in [17, Section 1.3.1]. He shows that this nerve is equivalent to the simplicial
nerve N 4. The big nerve and the latter result can be extended to the operadic level.

Theorem 7. There exists a transformation of functors a* from the big nerve of dg
operads to the homotopy coherent nerve such that, for any dg colored operad &, the
morphism o* (&) : Ngrgg(@) — hcN(Z?) is a weak equivalence of dendroidal sets.

Layout. In the first section of this paper, we recall the definitions of colored operads,
dendroidal sets, and oco-operads; we provide the reader with more details on the
relations between trees and operads. In the second section, we define colored
generalizations of the notions of cooperads, homotopy operads and strict unital
homotopy operads. Moreover, we extend the Boardman—Vogt construction to strict
unital homotopy colored operads. The third section is the main part of this paper.
There, we introduce the dendroidal nerve which goes from the category of strict
unital colored homotopy operads to the category of dendroidal sets. We prove that
its image actually lands in the category of co-operads and we show that its restriction
to dg operads is equal to the homotopy coherent nerve of Moerdijk—Weiss. Then we
investigate its homotopical behavior and show that the homotopy coherent nerve is a
right Quillen functor. In the fourth section, we introduce the big nerve of dg colored
operads which extends the big nerve of dg categories of Lurie. Finally, we show that
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it is pointwise equivalent to the homotopy coherent nerve. In the appendix, we prove
an equivalence between two notions of operations spaces of co-operads.

Acknowledgements. 1 would like to thank Damien Calaque for leading me to the
idea of this paper, Clemens Berger for sharing his clear approach to colored operads
and my advisor Bruno Vallette for his precious advice and careful review of this
paper. I am very grateful to Ieke Moerdijk for sharing with me some of his ideas
about the homotopy theory of dendroidal sets.

Conventions.
> We work over a unital commutative ring K.

> We denote by Set the category of sets, A the category of finite sets {0, ..., n}, for
n > 0, with monotonic functions and sSet the category of simplicial sets.

> We denote by gr-Mod the category of graded K-modules, dg-Mod the category
of chain complexes of K-modules, and dg-Mod=° the category of nonnegatively
graded chain complexes of K-modules. These three categories are endowed with
their canonical symmetric monoidal structure.

> For any chain complex V, the suspension of V is the shifted chain complex sV
such that (sV), := V,—1 and dsy (sv) := —sdy (v).

> If x is a homogeneous element of a graded K-module, then its degree is denoted
by |x|.

> Let gr-Mod?? be the category of graded K-modules with graded morphisms.

> Finally, we let [n] denote the poset 0 < 1 <--- < n and n the set {1,...,n}.

2. Recollections on colored operads and dendroidal sets

In this section, we recall the notions of colored operads, dendroidal sets and
oo-operads. These concepts are intimately related to the properties of trees. First, we
make more precise the appendix of [2] defining colored operads as monoids. This
clear presentation will allow us to introduce the relevant new operadic notions in the
next section. Then, we give a short survey on dendroidal sets and co-operads together
with their homotopical properties after the original references [21], [5] and [6].

2.1. Colored operads as monoids. We give a monoidal definition of colored
operads over a symmetric monoidal category (E, ®, 1g) with colimits preserved
by the monoidal product. This notion can be found in the appendix of the paper [2]
by Berger—-Moerdijk. We start working over a fixed set of colors C.
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Definition 1 (The groupoid Bijc). Let Bijc be the category whose objects are pairs
(x : X = C;c), where c is a color in C and y is a function from a finite set X to the
set C. A morphism from (¢; y : X — C)to (y' : Y — C;c) consists of a bijection
B : X — Y such that the following diagram commutes

X—ﬂ>Y
A
C.

There are no morphisms between objects (y; ¢) and (y’;¢’) when ¢ # ¢’

Definition 2 ((C, S)-module). A (C,S)-module is an E-presheaf on Bijc, ie. a
functor from the category Bij(ép to E. The category of (C, S)-modules is the category
of E-presheaves on Bij-. We denote it by (C, S)-Mod.

Notation. Let V be a (C, S)-module, letc, cq, . . ., ¢y be elements of C and let ¢ the
function from n to C which sends i to ¢;. We will sometimes write V(c1, ..., cm; )
to denote V(¢; ¢).

One can interpret a (C, S)-module as a collection of operations with one output
and zero or many inputs labeled by colors. For example, let )V be a (C, S)-module, let
x : X — C be a function and let ¢ be an element of C. Then V(y; ¢) represents the
operations whose inputs are the elements x € X colored by y(x) and whose output
is colored by ¢. To compose operations of two (C, S)-modules with respect to the
colors, we introduce the following composite product.

Definition 3 (Composite product). Let V and W be two (C, S)-modules. Their
composite product is the (C,S)-module V o W which sends every object
(x : X — C;c) of the category Bij¢ to the following colimit:

VoW(:X - Cic):=

]_[( 11 ]_[vw;c>®wu|a1(1>:w(1>>®---®wu|a1(k)zwk>)) ,
Sk

k>1 \¢¥:k—>C a:X—k

where the second coproduct is taken over all functions ¥ : k — C and where the
third coproduct is taken over all functions @ : X — k. This colimit is a coset under
the following actions of the symmetric groups Sg, for integers k > 1.

> A permutation o in Sy induces an isomorphism (Yo~';¢) — (¥;c) in the
groupoid Bij¢ and so an isomorphism V(o) : V(¥;¢) — V(Yo ;¢) in E.
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> This permutation also induces an isomorphism ¢* from

W(@g-10); V(1) ® -+ @ W(Pjo—11): ¥ (k)
to

W(Bla—1-1y): V(O (1)) ® -+ @ W(Pjg—1 (o—1y): ¥ (07 (k)))

through the symmetric monoidal structure of E.

The global action of Si is given by the isomorphisms V(o) ® o*, for every
permutation o € Sg.

Let I¢ be the (C, S)-module defined by Ic(c;c) := Ic(x + ¢;c) = 1g, for
any ¢ € C,and by Ic(x : X — C;c) = 0 (the initial object in the category E) if
the cardinal of X is not 1 or if the image of y is different from the color {c} of the
output.

Proposition 1. The category of (C, S)-modules together with the composite product o
and the unit object I¢ forms a monoidal category.

Proof. The proof is similar to the classical case of non-colored operads, see [15,
Section 5.1]. ]

Definition 4 (C-colored operad). A C-colored operad is a monoid (P, y, n) in the
monoidal category of (C, S)-modules: the composition map y : PoP — P is
associative and the map n : I¢ — P is a unit.

2.2. Morphisms of colored operads. We provide here a detailed definition of the
suitable notion of morphism between two operads colored over possibly different sets
of colors. From now on, we consider the set of colors to be part of the data and we
work over varying sets of colors.

Definition 5 (Colored S-module). A colored S-module (C,)) is made up of a set C
of colors and a (C, S)-module V.

We will define morphisms of (C, S)-modules in an analogous way as morphisms
of presheaves on topological spaces are defined. Let us recall that an E-presheaf
on a topological space X is a E-presheaf over the category Openy of open subsets
of X with inclusions. Let X and Y be topological spaces and let F and G be
presheaves respectively on X and Y. Any continuous function f : X — Y
induces a functor F from Openy to Openy. The presheaf f~'G on X is defined
by f71G(U) := lims@)cy G(V) and the presheaf fxF on Y by foF(U) :=
F(f~Y(U)) = F(F(U)). Furthermore, a morphism of presheaves on topological
spaces from (X, F) to (Y, G) is the data of a continuous function f from X to Y, and
hence a functor F' from Openy to Openy, together with a morphism of presheaves
over Openy from G to f,F, or equivalently, a morphism of presheaves over Openy

from f~1G to F.
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Definition 6 (Pullback and pushforward of colored S-module). Let ¢ : C — D be
a function between two sets of colors and let } and W be a (C, S)-module and a
(D, S)-module respectively. We define ¢* W to be the following (C, S)-module

P W(x:c) = W(dx: ¢(c))

and we define ¢ ) to be the following (D, S)-module

¢V(p:d) = [ [ V(o)
p=0x,
¢(c)=d
forany p : X — D and d € D. The coproduct is taken over the colors ¢ in C such
that ¢(c¢) = d and the functions y : X — C such that p = ¢y.
These two constructions are functorial.

Lemma 1. For any function ¢ : C — D, the functor ¢p* is right adjoint to the
functor ¢\; equivalently there exist natural bijections

Hom(p s)-moa(¢1V, W) = Hom(c,s)-moa (V. W) .
Proof. The proof is straightforward and left to the reader. 0

These functors behave well with respect to the composition of functions: for any

functions ¢ : B — C and ¢ : C — D, (Y¢)* = ¢*¢* and (V)1 = ynér.

Definition 7 (Morphism of colored S-modules). A morphism of colored S-modules
from (C,V) to (D, V) amounts to the data of a function ¢ from C to D and a
morphism f* of (C, S)-modules from V to ¢*W, or equivalently, a morphism f
of (D, S)-modules from ¢V to W. Such a morphism, defined either by the
couple (¢, f*) or by the couple (¢, f1), will be denoted simply by f.

A morphism f : (C,V) — (D, W) of colored S-modules is therefore the data of
a function ¢ : C — D and morphisms f*(y;c) : V(x;c) = W(¢yx; ¢(c)) for any
object (y : X — C;c) of Bijc such that, for any bijection 8 : ¥ — X, the following
diagram commutes.

S*(ee)
_

Vi(c: x) W(dx:¢(c))
V(ﬁ)L wa)
V(xB;c) ———=WI(dxB:¢(c)) .

S*(xBsc)

Proposition 2. Colored S-modules and their morphisms form a category, denoted
by S-Mod.
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Proof. One defines the composite of two morphisms f = (¢, f*) and g = (¥, g¥)
by

gf == We.¢(g")f7). o
Remark 1. For any set C, there is an inclusion of categories (C, S)-Mod <— S-Mod
which sends a (C, S)-module V to the S-module (C, V). A morphism f = (¢, )
is in the image of this inclusion if and only if ¢ is the identity of the set C.
Lemma 2. For any function ¢ : C — D, the functor ¢* is lax monoidal, i.e. there
are morphisms ¢3,,,, : ¢*V 0 ¢*W — ¢*(V o W), natural in V and W and
¢7 : Ic — ¢*Ip, satisfying associativity and unitality conditions, see [19] for more
details.

Proof. For any (D, S)-modules V and W, the morphism ¢y, ), is built from the
following equality:

P*V)W:0) @ ¢* V) (Xja—11): ¥ (1)) ® -+ ® ¢ V) (X a1 4y ¥ (K))
=V(©@V:¢() @W@B)ja—101): (W (1) ® - @ W(P)ja—1): ¢ (¥ (K))) .

O

Remark 2. The monoidal functor ¢* is strong if and only if the map ¢ is bijective.

Proposition 3. Let ¢ : C — D be a function, and let (P,y,n) be a
D-colored operad. The (C,S)-module ¢*'P has a canonical structure of C -operad
(¢* P, y®, n?) induced by the structure of D-operad on P.

Proof. This is a corollary of the previous lemma since the image of a monoid under
a lax monoidal functor is again a monoid. O

Definition 8 (The category of colored operads).

> A colored operad & = (C, P, y,n) is the data of a set of colors C and a C -colored
operad (P, v, n).

> A morphism of colored operads from & = (C,P,y,n) to 2 = (D, 9, v,0) is
a morphism of colored S-modules f = (¢, f*) such that f* is a morphism of
C-operads from (P, y,n) to (¢*Q,v?,0?), i.e. a morphism of monoids in the
monoidal category of (C, S)-modules.

Proposition 4. Colored operads together with their morphisms form a category
denoted Op.

Proof. We first prove that the composite of two morphisms of colored operads is
a morphism of colored operads. Let & = (C,P,y,n), £ = (D, Q,v,0) and
X = (E,R, u,v) be three colored operads, and let f = (¢, f*) : &Z — 2 and
g =, g% 2 — Z be two morphisms of colored operads. Their composite is
equal to gf := (Y, 9*(g*) f*). Since the functor ¢* is a lax monoidal functor,
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it preserves morphisms of monoids. So the composite ¢*(g*) f* is a morphism
of (C, S)-operads. The unit morphisms for the composite of morphisms of colored
operads are the unit morphisms of the category of colored S-modules. O

Definition 9 (Restriction of colored operads to categories). Let C be a set of colors
and let j : Bijc (1) < Bijc be the embedding of the full sub-category of Bij- made
up of objects (y : X — C;c) where X has one elements. It induces a restriction
functor j* from the category of C-colored operads to the category of categories
enriched over E and whose set of objects is C. It extends canonically to a functor
Jj* : Op — Cate from colored operads enriched over E to small categories enriched
over E.

Convention. Since we will only work with colored operads throughout the text, we
will often use the simpler terminology of S-modules and operads, i.e. dropping the
understood adjective “colored”.

2.3. The category of trees. The theory of operads is intrinsically related to the
combinatorics of trees. So we begin this section with a precise definition of the
notion of tree used here. The formalism of trees will be used in the next section to
introduce the concept of dendroidal set [21], which is an operadic generalization of
the concept of simplicial set. Finally, we will recall the definition of an co-operad,
which is to dendroidal sets what co-categories are to simplicial sets, that is a weak
Kan object.

Definition 10 (Graph). A graph is a quadruple G = (V, F, v, p) where V is a finite
set of elements called the vertices, F is a finite set of elements called the flags or
half-edges, v is a function from the set F of flags to the set V' of vertices and p is
an involution of the set F'. The orbits of this involution are called edges. An edge is
inner if it contains two flags and outer otherwise.

Example 1. For instance, two vertices linked by an edge is just a set of vertices with
two objects {vy, v}, a set of flags with two objects { f1, f>}, a function v such that
v( f;) = v; and an involution p such that p(f1) = f>.

Definition 11 (Tree). A (rooted) tree T = (V, F,v,p,r) is a connected graph
(V, F,v, p) with no cycles and a distinguished outer edge r called the root. The
remaining outer edges are called leaves. In this context, each vertex has one output
edge and possibly many input edges (there can be no input edge). The number of
inputs of a vertex is called its arity.

Definition 12 (Sub-tree). Let T = (V, F,v,p,r) be a tree. A non trivial sub-
tree T' of T is a non-empty subset V' of V' which is connected, i.e. for any two
vertices v; and v, of V', there exists a path between them in the tree 7 which only
visits vertices in V’. This subset determines a new tree also denoted 7’ which is the
5-tuple (V’, F',v', o/, r") where F’ is the set of flags f of F such thatv(f)isin V',
the function v’ is the restriction of v to the set F’ and for any flag f in F’, then
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o' (f)=p(f)if p(f) € F'and p(f) = f otherwise. The root r’ is the edge of 7’
which is the flag closest to the root r of 7.

Figure 1. Example of a tree.

Figure 2. The trivial tree with no vertex but one edge.

Definition 13 (Partition of a tree). Let T = (V, F,u, p,r) be a tree. A partition
of T with no trivial component is the data of non-trivial sub-trees 77, ..., Ty with
no common vertices such that their union contains every vertex of 7. Moreover, we
denote by T/ T; - - - T,, the tree obtained from 7 by contracting into one vertex each
sub-tree T;.

T=TiuT,uTs T/T1T2T3

Figure 3. An example of a partitioned tree and its associated contraction.

Following Moerdijk—Weiss [21], we can consider the following set theoretical
colored operad 2(T") generated by any tree 7.

Definition 14 (The operad 2(7")). For any tree T, Q2(T) is the operad colored
by the set of edges of T, freely generated by the set of vertices of T. In details,
Q(T)(c;xy : X — C) := {x} if there is a (possibly trivial) sub-tree of T" with
output ¢ and inputs y(x1), ..., x(x,). Otherwise Q(T)(c; x : X — C) := 0. The
composite map is given by the grafting of sub-trees inside 7 .
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Definition 15 (The category of trees). The category of trees, written Tree is made up
of trees, as defined above; the morphisms from a tree T to a tree 7" are the morphisms
of operads from Q(7T) to Q(T’), i.e.

Homree(T, T') := Homop(Q(T). (T")) .

Here are three families of simple morphisms of trees. An outer coface §, adds
a new external vertex v, i.e. a vertex attached to at most one other vertex. An inner
coface 8, introduces an inner edge e. A codegeneracy o erase an arity 1 vertex. The
inner and outer cofaces, the codegeneracies and the isomorphisms generate all the
morphisms of trees. More details can be found in the paper [21].

Figure 4. Examples of an outer coface, an inner coface and a codegeneracy.

2.4. Dendroidal sets. We introduce here the concept of dendroidal set due to
Moerdijk—Weiss [21], which is an operadic generalization of the concept of simplicial
set.

Definition 16 (Dendroidal set). A dendroidal set is presheaf on the category Tree,
i.e. itis a functor from the category Tree®” to the category Set of sets. We denote the
category of dendroidal sets by dSet. By analogy with simplices of simplicial sets,
we call dendrices of a dendroidal set D the elements of the image sets D, for any
tree T.

Let D be a dendroidal set. Any outer coface 8, : T — {v} — T, any inner
coface 8, : T/e — T and any codegeneracy o : T — T’ give respectively an
outer face dy : Dt — Dr_ygy, an inner face d, : Dt — D7/, and a degeneracy
A DT/ — DT.
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We can consider the poset [n] := 0 < 1 < --- < n as the linear tree (ladder)
with n vertices and n + 1 edges labeled by the set {0,...,n} from bottom to top.
Then we can consider the category A made up of sets {0, ..., n} and non-decreasing

functions as a full sub-category of the category Tree. Let us denote i : A — Tree
this embedding. It induces a restriction functor i* : dSet — sSet which sends a
dendroidal set D : Tree®”? — Set to the following simplicial set:

i*D: A% L Tree? 2. get.

Moreover, the restriction functor i * has a left adjoint iy sending a simplicial set S
to the dendroidal /1S such that (i1S)[,) = S, for any linear tree [1] and such that
(iyS)r = 0 for any tree 7" which is not in the image of i : A — Tree.

Dendroidal sets are thus a generalization of simplicial sets. Moreover, the
simplicial sets A[n], dA[n] and A¥[n] have dendroidal analogues which we define
below.

Definition 17 (The dendroidal sets Q[T], dQ[T], A¢[T] and 0°**Q[T]). For any
tree T, let Q[T] be the dendroidal set given by the Yoneda embedding of trees into
dendroidal sets, that is
Q[T] := Homree(—, T) .

It has several canonical sub-objects that we will use.
> Let dQ2[T] be the sub-dendroidal set of Q2[T'] generated by all the faces (inner and

outer).

IQT]7 == {f € Homree(T". T) | 3g, 38, f =g},
where g is a morphism of trees and § is a coface targeting T'.

> For any inner edge e of T', let A¢[T] be the sub-dendroidal set of 2[T"] generated
by all the faces (inner and outer) except the one corresponding to e, that is

A[T]7r :={f € Homyee(T',T) | g, 38 # 8., [ = 8g},
where g is a morphism of trees and § is a coface targeting 7" which is different
from the inner coface related to the edge e.
> Finally let 0**Q[T'] be the the sub-dendroidal set of Q[7] generated by all the
outer faces, that is

9 Q[T = { f € Hompeo(T', T) | 3g, 38, f = 8g1,

where g is a morphism of trees and § is an outer coface targeting 7'.

The category of set-theoretical colored operads is canonically embedded in the
category of dendroidal sets through the nerve functor Ny : Op — dSet defined as
follows:

Ny ()1 1= Homeo(2(T), &) .

This functor has a left adjoint 7; such that t; (QT]) = Q(T).
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Convention. For any dendroidal set D, the elements of the set D|, where | is the
trivial tree, will be called the colors of the dendroidal set D. Moreover, if we
denote the corolla with m inputs by Cy,, then the elements of D¢,, will be called
the arity m operations of D. For such a corolla and any leaf / of it, there is a face
map Dr — D|, which gives the color of the input corresponding to /. The face
map Dy — D) corresponding to the root gives the color of the output. Indeed, for
any set-theoretical colored operad &7, the set N (7)) is the set of colors of &7 and
Ny (£)c,, are the operations of & of arity m.

2.5. Infinity-operads. We give here the definition of an oco-operad, which is to
dendroidal sets what co-categories are to simplicial sets. Recall that an co-category
(or quasi-category or weak Kan complex) is a simplicial set X such that foralln > 2
and 1 <k < n—1 and every morphism A¥[n] — X, there is a morphism A[n] — X
which lifts the horn inclusion A¥[n] — Aln].

Afn] — X

Quasi-categories are models of (oo, 1)-categories where the objects are the O-vertices,
the 1-morphisms are the 1-vertices and where the higher vertices encode higher
homotopical data. Indeed, the above lifting property for n = 2 and k = 1 means
that any two I-morphisms such that the target of the first one is the source of the
second one can be composed up to homotopy. More details can be found in [16].
The following notion of co-operad is an operadic generalization of this notion of
oo-category.

Definition 18 (co-operad). An oco-operad, or infinity-operad in plain words, is a
dendroidal set D such that for every tree 7 and any inner edge e of T, every
morphism from A¢[T] to D can be lifted to a morphism from [7] to D:

A°[T] ——= D

1
-
s
7 3
s

Q[T].

The “horn” condition of the definition for two-vertex trees means that two
operations with compatible colors can be composed up to homotopy. Indeed, let T’
be a tree with two vertices: it is made up of two sub-trees 77 and T, joined by an
edge e. Let v; (resp. vy) be the unique vertex of the tree T (resp. 1»).
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Let 7" be the corolla obtained from 7' by contracting the edge e. The morphisms
8o, :Th > T,8y, : To > T and §, : T' — T are the three coface maps targeting
the tree . Let x € Dy, and y € Dy, such that de(x) = de(y) € D). Through
the two outer face maps, they determine a morphism A¢[T] — D, which induces a
morphism Q[T] — D, i.e. a element z of D7. The inner face d.(z) can be thought
of as the composition of x with y along the edge e. Moreover, the fact that the
morphism from Q[7T] to D extending x and y is not necessarily unique means that
their composite is not necessarily strictly unique.

2.6. The homotopy theory of dendroidal sets. In their paper [5], Denis-Charles
Cisinski and Ieke Moerdijk endow the category of dendroidal sets with a model
structure in order to provide a homotopical interpretation for the notion of co-operad.

Definition 19 (Categorical fibration). A categorical fibration (or isofibration) is a
functor f : C — C’ such that, given any isomorphism ¢ : ¢; — ¢} in C’, and any
object ¢; in C such that f(c1) = ¢}, there exists an isomorphism { : ¢ — ¢ in C,

such that () = ¢.

Theorem 1 ([5, Theorem 2.4, Proposition 2.6]). The category of dendroidal sets is
endowed with a model structure such that:

> the fibrant objects are co-operads.

> the cofibrations are the normal monomorphisms, i.e. the monomorphisms A — B
such that for every tree T the action of the automorphism group Aut(T) on By — AT
is free.

> the fibrations between fibrant objects, i.e. co-operads, are the morphisms f such
that i*t;(f) is a categorical fibration and such that f satisfies the right lifting
property with respect to the inner horn inclusions, i.e. the morphisms A¢[T] —
Q[T] where T is a tree and e is an inner edge of T.

Furthermore, this model structure is left proper and combinatorial.

Remark 3. The restriction of this model structure to the category of simplicial sets,
which is the slice category dSet/A[0], is exactly the Joyal model structure. See
[16,2.2.5]. Furthermore, in [13, Proposition E.1.10] André Joyal shows that a model
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structure on a category is determined by its class of cofibrations and its class of fibrant
objects.

We will need to have a precise description of the weak equivalences between
oo-operads.

Definition 20 (Essentially surjective morphisms). A morphism of dendroidal sets
A — B is essentially surjective if the induced functori *t; A — i*74 B is essentially
surjective, i.e. any object of i *74 B is isomorphic to the image of an object of i *74 A.

For any integers m > 0 and n > 0, let Cy, , be the tree made up of a corolla
having m inputs and the linear tree with n vertices [n] under it; see Figure 5. There
is a canonical morphism of trees from [n] to Cp, . The data of such morphisms
[n] = Cm.n gives us a cosimplicial object in the category of trees for any m > 0.

Figure 5. Example: the tree C3 5.

Let us number the leaves of C,, from 1 to m. Let A be a dendroidal set and let c,
Ci, ..., Cm be colors of 4, i.e. the elements of the set A|. Let AL(cl, ..., Cmsic) be
the sub-simplicial set of Homgget (2[Cpy —], A) Whose n simplices are the morphisms
of Homgget(S2[Cin,n], A) such that their restriction to the leave i is the color ¢; and
their restriction to [n] is the degeneracy of the color c.

Definition 21 (Fully faithful morphisms). A morphism of co-operads f : P — Q
is fully faithful if for any integer m > 0 and for any colors ¢, ¢y, ..., ¢y of P, the
morphism

Pr(er, . emie) = QP (f(en),..., flem)s f(c)

is a weak homotopy equivalence of simplicial set, i.e. a weak equivalence in the
Quillen model structure on simplicial sets.

Proposition 5 ([11, Proposition 4.17]). A morphism of oc-operads f : P — Q isa
weak equivalence if and only it is essentially surjective and fully faithful.

Remark 4. In the paper [6], Cisinski-Moerdijk give an other definition of fully

faithful morphisms: a morphism of co-operads f : P — Q is “fully faithful” if for
any integer m > 0 and for any colors ¢, ¢y, .. ., ¢ of P, the morphism

P(crs....emic) = Q(f(cn)..... flem): f(c))
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is a weak homotopy equivalence of simplicial set, where P(ci,...,cm;c) is a
simplicial set defined by the following collection of pullbacks

P(er,....cmi¢)n Homgget (Q[Cy], PAMD)
A[0] Homgser(] [[Z A[0], pAIDy

(c,c15es6m)

where (P(A["]))neN is a Reedy fibrant replacement of P which is defined in [6, 3.1].
In the appendix we give a direct proof of the fact that P(cy, ..., cm; c) is homotopy
equivalent to PL(cy,...,cm;c). This implies that the two definitions of the fully-
faithful morphisms of co-operads are equivalent.

2.7. The Dold Kan correspondence. We recall here the Dold—Kan correspon-
dence between simplicial K-modules and nonnegatively graded chain complex of
K-modules. See [10, 3.2] and [18, Section 8.8] for more details on this subject.

Let X be a simplicial K-module and let V' be chain complex of K-modules.

>

Let C(X) be the Moore complex of X, that is the nonnegatively graded chain
complex such that C(X), := X, for any integer n > 1, and whose differential
d : C(X)n = C(X)n—1 is given by the formula d := Y '_,(—1)'d; where d; is
the i face.

Let N(X) be the normalized Moore complex of X, that is the sub-chain complex
of C(X) defined by N(X) := ﬂl’.‘;éker(d,-).

Let D(X) be the sub-chain complex of C(X) generated by the images of the
degeneracies D(X) := Z:-:é im(s;). Besides, let 7 (X) the functorial projection
of C(X) on C/D(X) := C(X)/D(X). Then, the composite map N(X) —
C(X) = C/D(X) is a functorial isomorphism.

Let I'(V) be the simplicial K-module such that for any integer n, I'(V), =
@[n]_»[ 1 Vp, where the sum is a taken over the maps of ordered sets [n] — [p]
which are surjections. The faces and degeneracies are defined as follows. Let

n : [n] = [p] be a surjection and v € V), C I'(V),, an element in the n-summand
of T'(V),.

> For any codegeneracy o; : [n + 1] = [n], the corresponding degeneracy s; (v)
of v is the element v € V), C I'(V), 41 in the no;-summand of I'(V) 1.

> Let §; : [n — 1] < [n] be a coface. If nd; is still a surjection, then the
corresponding face d;(v) of v is the element v € V, C I'(V),_; in the
nd;-summand of I'(V),_;. Otherwise, nd; can be uniquely factorized as the
composition [n — 1] = [p — 1] < [p] of an ordered surjection " followed by
acoface §;. If j = p, thend;(v) := (—1)?d(v) € V,—; in the n’-summand of
I'(V)p—1. Otherwise, d; (v) := 0.
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The functor T' from the category dg-Mod=® of nonnegatively graded chain
complexes to the category of simplicial K-modules is both right adjoint and left
adjoint to the functor C/D. Furthermore, these two functors give us an equivalence
of categories. This is the Dold—Kan correspondence in the context of K-modules.

The functor C/D from the category of simplicial K-modules to the category
of nonnegatively graded chain complexes is lax symmetric monoidal through the
Eilenberg—Zilber map. Furthermore, it is lax comonoidal through the Alexander—
Whitney map; see [18, Section 8.8] for a description of these maps. Hence, its
adjoint I" is lax monoidal. However, I" is not symmetric monoidal.

3. Strict unital homotopy colored operads

In this section we introduce the new notion of homotopy colored operads with strict
unit, which is the operadic generalization of the notion of A..-category [9]. For that
purpose, we introduce the notions of colored cooperads, conilpotent cofree colored
cooperads and coderivations, which are generalizations from the non-colored case in
the framework developed in the previous section. The propositions are often proved
in the same way as in the non-colored case, but we recall the key properties that will
be used later on.

3.1. Colored cooperads. We first consider the category of colored cooperads.
Definition 22 (Colored cooperads).

> For any set C, a C-cooperad is a comonoid (C, A, ¢) in the category of (C, S)-
modules.

> More generally, a colored cooperad is a quadruple (C,C, A, ¢), where C is a set
and where (C, A, ¢) is a C-cooperad.

Lemma 3. Forany function ¢ : C — D, the functor ¢, : (C,S)-Mod — (D, S)-Mod
is a lax comonoidal functor, i.e. there is a natural morphism gpy(VoW) — ¢ VoW
and a morphism ¢\Ic — Ip satisfying coherence conditions.

Proof. For any (C, S)-modules V and W and any object (¢’; ' : X — D) of Bijp,
we have:

o1V oW)(x's¢')
=11 ( [ V@) @ W(ia-11y: v(1) ® -+ @ W(ja-10: U(k)))

k>1 ¢,x.au Sk
where the second coproduct is taken over the colors ¢ in C such that ¢(c) = ¢’, the
functions y : X — C such that ¢y = y’, the functions @« — k and the functions

v:k—C.
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Furthermore we have,

¢V o pW)(x's¢")
=11( LIVe:o@We-ien @ @ Wika-igy: )

k>1  CXs0v
(C15e-05Ck)

Sk

where the second coproduct is taken over the colors ¢ in C such that ¢(c) = ¢/,
the functions y : X — C such that ¢y = y’, the functions @ — k, the functions
v : k — C, and the k-tuples of colors (c1, ..., cx) such that ¢(c;) = ¢(v(i)). The
map

Wik = Cy = {Wik = Coleroo ) | pler) = p()). Vi}
v (v, (W), ..., v(k)))

induces a monomorphism ¢ (V o W) (y';¢’) < (1Y o p6:W)()'; ¢’) which satisfies
the required properties. O

Proposition 6. Let ¢ : C — D be afunction, and let (C, A, ) be a C-cooperad. The
(D, S)-module $,C has a canonical structure of D-cooperad (¢\C, Ay, e¢) induced
by the structure of C -cooperad of C.

Proof. This is a corollary of the previous lemma since comonoids induce comonoids
through lax comonoidal functors. O

Definition 23 (Morphisms of colored cooperads). A morphism of colored cooperads
from € = (C,C,A,¢e) to Z = (D,D,A’,¢) is a morphism of S-modules f =
(¢. f1) such that f is a morphism of D-cooperads from (¢1C, Ay, e¢) to (D, A’, &').
Proposition 7. Colored cooperads with their morphisms form a category denoted

by Coop.

Proof. This proof is similar to the proof of Proposition 4 for colored operads. O

3.2. Coaugmented colored cooperads. Throughout this section, E is an abelian
monoidal category.

Definition 24 (Coaugmented colored cooperad). A coaugmented colored cooperad
% = (C,C, A, e, u) is the data of a colored cooperad (C,C, A, ¢) together with a
morphism of C-cooperads u : I¢c — C.

Since E is an abelian category, any coaugmented colored cooperad ¢ has the
form C = I¢ & C where C is the kernel of the counit map ¢ : C — I¢. Furthermore,
the restriction Az of the coproduct A to C is equal to

Ag=Iceold+Idolc + A,
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where the map A is made up of the image of A living in the summand of C o (I¢ & C)
where C appears more than once on the right-hand side of the composite product o.
Moreover the restriction of the coproduct A to I¢ is the canonical morphism
Ic - Icolc.

Definition 25 (Morphisms of coaugmented colored cooperads). A morphism of
coaugmented colored cooperads from (C,C,A,e,u) to (D, D,A,¢',u') is a
morphism of colored cooperads f = (¢, f1), whose restriction to I¢ is equal to
the identity:

Ic(eie) =1 —> 1e = Ip($(c): $(c)) .

This defines the category of coaugmented colored cooperads.

3.3. The tree module and the free colored operad. The tree module is the
underlying construction of the free colored operad and the cofree colored cooperad
on an arbitrary colored S-module.

Definition 26 (Colored trees). Let C be a set. A C-colored treet = (T, k) is the
dataofatree T = (V, F,u, p, r) and a coloring function k from the set of edges of T’
to the set of colors C. A morphism of C-colored trees from ¢ to ¢’ is a morphism of
trees such that the induced function on edges commutes with the coloring functions.

Notation. Note that trees are denoted by capital letters, whereas colored trees
are denoted by small letters. Let t = (T,k) be a C-colored tree and V be a
(C, S)-module. For any vertex v of ¢, we denote by in(v) and out(v) respectively the
set of inputs and the one-point-set of the output of v. Then we will denote the object
V(k(out(v)); Kjin(v)) simply by V(v).

For any (C,S)-module V and any C-colored tree t = ((V, F,u,p,r), k), we
denote by (1)) the following colimit in the category E

()= ( [ veaye--evem)

d:n—V

. 3.1
s, G.D

which is made up of all the possible ways of labeling the vertices of the tree ¢ with
elements of V. This colimit is taken over the set of bijections from the set z to the
set V' of vertices of ¢, n being the number of vertices of #, modulo the action of S,,.

For any object (y : X — C;c) in the category Bij-, we consider the category
Treec (x; ¢) where the objects are pairs (¢, «), with ¢ a C-colored tree whose root
is colored by ¢ and o a bijection from X to the leaves of ¢ such that the following
diagram commutes

X = leaves(t)

N A

C.
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The morphisms in Treec (x;c¢) from (¢,«) to (¢/,a’) are the isomorphisms of
C-colored trees B : t — t’ such that o’ = B« on the leaves. For any (C, S)-module,
Formula (3.1) induces a functor from the category Treec (y;c) to the category E,
i.e. a diagram in E.

Definition 27 (Tree module). For any (C, S)-module V, the tree module TV is
defined, for any object (x; ¢) of the category of Bijc, by the following colimit:

TV(x;c) = colim  ¢(V).

(t,a)€Treec (x;c)

This construction is functorial in (x; ¢) and thus defines a (C, S)-module.

For any C -colored tree ¢, we can consider the object #(V) of E as a (C, S)-module
by taking the above colimit only over the pairs (¢/, &) such that ¢’ is isomorphic, as a
C-colored tree, to ¢, that is

tV)(x;c) = colim (V).

(' ,@)€Treec (x;c)
t'>~t

Note that the coproduct [ [, (V) over the isomorphism classes [¢] of C-colored trees
is isomorphic to the tree module of V,

TV =] ]:(V).
[]

Finally, the tree module TV is functorial in )V and thus defines an endofunctor T
of the category (C, S)-Mod. It canonically extends to an endofunctor T of the whole
category of colored S-modules. In the sequel, we will also work with the augmented
tree module TV made up of non trivial trees.

™V=][]:V.
[t]1#]

Remark 5. Let? = #; L. .. L # be a partition of the C-colored tree ¢ into sub-trees.
Let ¢ : C — D be a function and let f(¢;) be a morphism of colored S-modules
over ¢ from t;(V) to (D, W), for any i. Then, it induces a morphism of colored
S-modules over ¢ from #(V) to (D, W), that we denote by f(¢1) ® --- ® f(tx).

Proposition 8. The colored S-module TV has a canonical structure of a colored
operad given by the grafting of trees. We denote this colored operad by T°V. It gives
rise to a functor T? : S-Mod — Op from the category of S-modules to the category
Op of colored operads, which is left adjoint to the forgetful functor Op — S-Mod .

Proof. The proof is similar to the non-colored case, see [15, Section 5.8]. The
extension of morphisms from V to TV is given by the construction mentioned in
the above remark. O
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In plain words, the colored operad TV is the free colored operad on the colored
S-module V.

Notation. If f is a morphism of S-modules from (C, TV) to (D, W), then we
denote by f(¢) the restriction of f to #(}), for any C-colored tree ¢.

Definition 28. Suppose that E is a concrete category, that is made up of sets with
additional structures. Let & = (C, P, y, n) be a colored operad. An ideal J of &
is a sub-(C, S)-module of P which is stable under the composition with any element
of P. In other word, for any elements xg, X1, ..., X, of P which are composable, the
composite )/(xo QX1 Q- xn)) belongs to J whenever of the x; isin J. If R is
a sub-graded-(C, S)-module of P, we denote by (R) the smallest ideal of & which
contains R.

Proposition 9. With the notation of Definition 28, the S-module P/(R) has a
canonical structure of C-colored operad induced by the structure on 'P. We denote

this operad Z/(R) = (C,P/(R), y, n).
Proof. 1t suffices to notice that the composite morphism

PoP L P - P/(R)
factors uniquely through the map P o P — P/(R) o P/(R). O

3.4. Conilpotent colored cooperads. We suppose again that E is an abelian cate-
gory.

Definition 29 (Conilpotent colored cooperads). A conilpotent colored cooperad 6 =
(C,C, A, &, u)is acoaugmented colored cooperad such that the images of any element
under the right-hand side iterations of the decomposition map A + Id o I¢ stabilize
at some point. (We refer the reader to [15, Section 5.8] for more details in the
non-colored case.) The full subcategory of the category of coaugmented colored
cooperads made up of the conilpotent colored cooperads is denoted by ConilCoop.

Proposition 10. For any (C,S)-module V, the tree module TV has a canonical
structure of conilpotent C -cooperad given by the degrafting of trees. We denote this
colored cooperad by T€V. This defines a functor T¢ : S-Mod — ConilCoop from
the category of colored S-modules to the category of conilpotent colored cooperads,
which is right adjoint to the forgetful functor € +— C.

Proof. The proof works in the same way as in the non-colored case, see [15,
Section 5.8]. For any conilpotent cooperad ¥ = (C,C, A, &, u), there is a canonical
morphism of conilpotent C-cooperads § : € — T€C [15, Proof of Theorem 5.8.9].
The natural isomorphism

HomS-MOd ((C’ a)? (Dv V)) = HomCOHHCOOP((gﬂ (D’ TCV)) ’

for any conilpotent colored cooperad % and any S-module (D, V) is given as follows.



From homotopy operads to infinity-operads 331

Any morphism of S-modules f : (C,C) — (D,V) extends to a morphism of
conilpotent colored cooperads Rf from & to T¢) using the following formula:

Rf = (T°f)§. 0

In plain words, the colored cooperad T€V is the cofree conilpotent colored
cooperad on the colored S-module V. In the case where % is a cofree conilpotent
colored cooperad ¥ = (C, T¢W), the adjoint morphism Rf : TW — TV is
given by the more simple formula

RfO)= Y f)® f()®-® f(tx) . (32)

t=ty1Utx ...l

where the sum is taken over the partitions with no trivial component of the C-colored
tree .

3.5. Derivations and coderivations. In this paragraph, the monoidal category E is,
most of the time, the category gr-Mod of graded K-modules with degree zero linear
maps. Itis a subcategory of the category gr-Mod®®? of graded K-modules with graded
morphisms. We will just allow ourselves to use morphisms of degree different from
zero to build codifferentials.

LetV and W be two (C, S)-modules. By definition, VV, VW and V o W are gr-Mod-
presheaves over Bijc. Let f :V — Vand g : W — W be two endomorphisms
of gr-Mod®9-presheaves over Bij... For any homogeneous elements x € V(¢: c) and
xi € WWi;¢(i)), for 1 <i <k, we consider the following map:

XX Q- Qx> f(X) QX1 Q-+ ® x

n
+ Z(_l)lg\(lxl-i-\xl|+'“+|xi—1\)x X R ®gX)® - ® Xk

i=1
The collection of these maps can be lifted to a morphism
foldy +1dyo g: VoW > VoW

of gr-Mod®9-presheaves over Bij., which is a linearization of the morphism f o g.
Definition 30 (Derivations, differentials, coderivations, and codifferentials).

> A derivation of a colored operad & = (C, P, y, n) is a morphism d : P — P of
gr-Mod®9-presheaves over Bij. such that

y(doldp +1dpo'd)=dy.

A differential is a degree —1 square-zero derivation.
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> A coderivation of a colored cooperad € = (C,C, A, ¢) is amorphismd : C — C
of gr-Mod®9-presheaves over Bij such that

(dolde +1dco' d)A=Ad .

A codifferential is a degree —1 square-zero coderivation.

A dg colored operad is an operad equipped with a differential. Morphisms of
dg colored operads are morphisms of graded colored operads commuting with the
differentials. We denote this category by dg-Op. The same phenomenon holds for
dg colored cooperads, i.e. colored cooperads equipped with a codifferential. For
any coaugmented colored cooperad 4 = (C,C, A, &, u), we require moreover that
coderivations satisfy e d = 0and d u = 0.

A derivation of a free operad is determined by its value on the generators.

Proposition 11. Letu : V — TV be a graded morphism of graded (C, S)-modules.
There is a unique derivation of the graded colored operad TV whch extends this
morphism.

Proof. The proof relies on the same arguments as the proof of [15, 6.3.6]. The
derivation d,, which extends u is the following.

n
dy(x1 ® - ® xp) := Z(—l)'le“'H’cl’—”xl Q- Qdxi® - Qx,. [

i=1

Proposition 12. Let &2 = (C,P,y,n,d) be a colored operad equipped with a
derivation d. Let R be a sub-(C,S)-module of P such that d(R) is contained in the
smallest ideal (R) which contains R. Then, d induces a derivation on the C -colored
operad &2 /(R).

Proof. Since d is a derivation of &2, the sub(C,S)-module d~'((R)) C P is
an ideal of . Since, it contains R, then it contains (R). So the graded map

d
P — P — P/(R) factors uniquely through the projection P — P/(R). Thus we
get a map dp(gy Which a derivation of the colored operad &?/(R). 0

Coderivations on cofree colored cooperads are completely characterized by their
projections onto their generators.

Proposition 13. Let y : TV — V be a graded morphism. There is a unique
coderivation dy, on the cofree colored cooperad TV which extends y; it is given by
the following formula:

dy() =) 1d®-- R y(s) @ ®Id.
sCt

where the sum is taken over the non-trivial sub-trees s of a colored tree t. In this
context, the coderivation d,, squares to zero if and only if y o d,, = 0.
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Proof. The proof is similar to the non-colored case, see [15, Chapter 6]. O

Notation. For a coderivation d, on a cofree colored cooperad TV, we denote by y
its projection onto V.

As we have already seen through Equation (3.2), a morphism of conilpotent
cofree colored cooperads from (C, T¢V) to (D, TW) is equivalent to the data of a
morphism of S-modules f from (C, TV) to (D, W). If the cofree colored cooperads
are equipped with codifferentials, then the following proposition gives the condition
on f under which Rf is a morphism of dg cooperads.

Proposition 14. Let (C,V) and (D,WW) be S-modules, let d, and d, be two
codifferentials on T€V and T W respectively, and let f : (C,TV) — (D, W) be
a morphism of S-modules. Then Rf is a morphism of coaugmented dg cooperads,
i.e. it commutes with the codifferentials, if and only if

VRf = fd, . (3.3)

Proof. The proof is similar to the proof of Proposition 10.5.3 of [15]. On the one
hand, if d,Rf = Rfd,,thenv Rf = f d, as v (resp. f) is the projection onto
W of d, (resp. Rf). On the other hand, since Rf is given by Formula (3.2) and
since d,, is given by Proposition 13, we have

(Rfd)(1) =" > ft)®-®(fdy)(s) @+ ® ftx) .

sCt t=tqU...UsU...Utg

for any C-colored tree . We also have:

RO =Y Y f)®-@OVRIS)® - ® ftx) -

sCt t=t1U...UsU...Ltg
So,if vRf = fd,,thend,Rf = Rfd,. O

Convention. In the case where the category E is the category dg-Mod of chain
complexes, a codifferential on the cofree cooperad T¢V has the from d; + d>2,
where d; is the internal codifferential induced by the differential of V' through the
formula

(1 ® - ®xp) = Yy (MGG @@ du(n) @ © x)
i=1

and where ds» is an additional codifferential, which is nonzero only on T=2Y,
the summand made up of trees with at least two vertices. We refer the reader to
[15, Chapter 6] for more details.
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3.6. The categories of homotopy colored operads. The concept of homotopy oper-
ads in the differential graded context was introduced by Pepijn Van der Laan in the
non-colored case in the paper [24]. In order to compare this notion to co-operads,
we need to extend it by including colors and adding a homotopy coherent unit. In
this section, the category E is the category dg-Mod of chain complexes.

Definition 31 (Strict unital homotopy colored operads).

> A nonunital homotopy colored operad &# = (C, P, y) is the data of a colored
S-module (C,P) and a codifferential d, on the cofree colored cooperad T ¢ (sP)
on the suspension sP of P.

A strict unital homotopy colored operad & = (C, P, y, n) is the data of a nonunital
homotopy operad (C, P, y) together with a morphism 7 : /¢ — P of S-modules
called the unit. For each color ¢ in C, we denote by id,. the image of the unit 1g
of the ground field K under the map 7n(c;c) from K = I¢c(c;c) to P(c;c).
Furthermore we require that the unit satisfies the following homotopy coherences:

y(sid) =0

y(t)(sid, @ sp) = sp, for colored trees ¢ with 2 vertices;
y()(sp @ sid.) = (—1)!Plsp, for colored trees ¢ with 2 vertices;
y(t)(sp1 ® -+ ®side ® - ® spp—1) = 0, for colored trees ¢ with at least

3 vertices.

In the second (resp. the third) equation sid, (resp. sp) labels the vertex attached to
the root of ¢.

> A morphism of nonunital homotopy colored operads P = (C,P,y) »» Q =
(D, Q,v) is a morphism of coaugmented dg cooperads Rf : (T(sP).d,) —
(T4(sQ). dy).

A morphism of strict unital homotopy colored operads from &? = (C,P,y,n)
to 2 = (D, Q,v,0) is a morphism Rf of nonunital homotopy colored operads
such that its composite with the projection onto the generators f : T (sP) — sQ
satisfies:

f(sidc) = Sid¢(c)

Slp1® - Qside @+ @ spp—1) =0.

The category of strict unital homotopy colored operads is denoted by suOp.

Interpretation. Let us unfold this definition a little bit. A nonunital homotopy
colored operad & = (C,P,y) can actually be viewed as a colored S-module
endowed with a partial composition “associative up to higher homotopies”. To be
precise, it is necessary to give an orientation to the trees. This orientation will allow
us to deal with the signs inherent to the underlying symmetric monoidal structure
of the category dg-Mod and which come from the suspension. For example, let
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t = ({vo,v1,v2}, F,u, p,r k) be a C-colored tree with three vertices represented in
the following picture.

U1 U2
Vo
c

Figure 6. The tree ¢.

The set of leaves is denoted by / and the color of the root is ¢ € C. The sub-tree
containing vg and v; (respectively vo and v,) is denoted by #; (resp. t») and its leaves
by /1 (resp. [). Let x be an element of the K-module #(P). It is equal to a sum of
elements ap ® a1 ® a; where a; € P(v;). The choice of such a representation of x
is related to the way we travel along the tree: in, this case, the path is (vg, v1, v2).
This defines an orientation of the colored tree ¢. This orientation induces a morphism
Po) @ P(v1) @ P(va) = sP(vg) ® sP(v1) ® sP(v2) through the mapping

ap ® ay ® ay — (—1)“(sag) ® (sa1) ® (saz) .
Then, applying y and the desuspension map sP — P gives a morphism
3 1 P(vo) ® P(v1) ® P(v2) — P(I)

of degree 1. Furthermore, the orientation that we have chosen for ¢ induces
orientations on t1, t, ¢ /t; and ¢ /t,. Applying the same procedure produces degree 0
morphisms respectively from P (vg) @ P(v1) to P(l1), from P(vg) P (v2) to P(l2),
from P(l;) ® P(vz) to P(l) and from P(l5) ® P(vy) to P(l). We denote all of
them by y,, since they amount to composing 2 vertices labeled by P. Let 7 be the
canonical isomorphism P(vg) ® P(v1) ® P(v2) >~ P(vo) ® P(v2) ® P(v1). The
fact that d,, squares to zero implies:

Y2(y2 ® 1d) — y2(y2 ® Id)T = d(y3)

where d(y3) = dp y3 + y3 dpes. We interpret y, as a partial composition; so
the above equation shows that the parallel composition is not strictly associative but
“associative up to homotopy”’; and this homotopy is precisely y3. In the same way,
y3 applied to trees with 3 vertices one above another provides us with a homotopy
for the sequential composite of y,. The other maps y (¢), for bigger trees #, are higher
homotopies. Indeed, given an orientation on a colored tree ¢, we have the following
equation:
Ay@) =) +y(t/)1d @ ®@y(s) @ ®1d),

sCt
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where the sum is taken over all the sub-trees s of ¢, with at least 2 vertices. In strict
unital homotopy colored operads, the composition is relaxed up to homotopy but the
unit remains strict.

Interpretation. A morphism of nonunital homotopy colored operads from & =
(C,P,y)to 2 = (D, Q,v) isamorphism of colored S-modules f : T P) —> s
such that vRf = fd,, according to Proposition 14. Again, a choice of
orientation of a colored tree ¢ with n vertices vg,...,v,—1 gives a morphism
of graded K-modules f, : P(vg) ® -+ ® P(vp—1) — Q(I) and morphisms
Y i Pvo) ® - ® P(vp—1) = P(I) and vy : Q(vo) ® --- ® Q(vp—1) — Q).
In the case where the tree ¢ has two vertices, the fact that f is a morphism of dg
cooperads implies:

(1 ® f1) = fiva = 3(f2),

where 0(f2) = do f>» + f2» dpz2. Since y, and v, are interpreted as composite
maps, f1 commutes with these compositions up to homotopy; and this homotopy
is precisely f>. The other maps f(¢) for bigger trees ¢ are the data of a higher
homotopical control. A morphism of strict unital homotopy colored operads
commutes with the composite maps up to higher homotopies but strictly with the
units.

Proposition 15.

> Nonunital homotopy colored operad concentrated in arity one is the same notion
as nonunital Aeo-category. Strict unital homotopy colored operad concentrated
in arity one is the same notion as Aso-category.

> The forgetful functor from strict unital colored operads to nonunital colored
operads has a left adjoint which is an embedding of category of nonunital homotopy
colored operads into the category of strict unital homotopy colored operads.

> The category dg-Op of differential graded colored operads embeds canonically
into the category suOp,, of strict unital homotopy colored operads.

Proof. The proof of the first point is straightforward with the various definitions
from [9]. For the second point, any nonunital colored operad (C,P, y) is sent to
(C,P @ Ic,vy). For the third point, any dg colored operad & = (C, P, y,n) can
be seen as the strict unital homotopy colored operad (C,P,%,7) as follows. The
structure map y is defined by Y(¢) := 0 for colored trees ¢ with more than 3 vertices,
by

7(0)(sa0 ® say) = (=1)®lsy(ao ® a1)

for colored trees ¢ with 2 vertices, and by Y(¢) := dsp = —dp for colored trees ¢
with 1 vertex. O
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In this context, a morphism of dg colored operads & — 2 is a morphism of
strict unital homotopy colored operads R/ such that the corresponding morphism
of colored S-modules f : T (sP) — sQ vanishes on the trees with two vertices or
more.

dg-cat ——— dg-Op

I

Aso-cat &—— suOp,,

3.7. The Boardman-Vogt construction of strict unital homotopy operads. We
recall here the Boardman—Vogt construction Wg for dg colored operads and we
extend this construction to strict unital homotopy colored operads, that we still
denote by Wg. We show that this new functor from the category of strict unital
homotopy colored operads to the category of dg colored operads is left adjoint to
the inclusion functor from the category of dg colored operads to the category of
strict unital homotopy colored operads. For more details about the Boardman—Vogt
construction Wy for dg colored operads, we refer the reader to the papers [1,2,25].

Definition 32 (An interval in the category of chain complexes). Let H be the chain
complex made up of two generators sy and /7 in degree O and one generator % in
degree 1 such that the differential d(h) is equal to &y — ho. It is equipped with a
symmetric product V : H ® H — H such that /¢ is a unit, /; is idempotent, 4 is
nilpotent, and such that & v h; = 0; it is also equipped with amap € : H — K such
that €(h;) = 1k and €(h) = 0.

Definition 33 (The Boardman—Vogt construction). For any dg colored operad &2 =
(C,P,y,n), the Boardman—Vogt construction Wg () of & is the dg C-colored
operad made up of C-colored trees whose vertices are labeled by elements of P and
whose inner edges are labeled by elements of the interval H. This is subject to the
following two identifications.

> If a vertex v with one input is labeled by an identity, then the tree is identified
with the same tree with the vertex v removed and the two adjacent edges glued
together. If the resulting edge is inner, then it is labeled by the element of H given
by the product of the two elements labeling the former adjacent edges. And if
the resulting edge is outer, then the tree is multiplied by the image under € of the
former inner adjacent edge.

> If an inner edge e is labeled by /g, then the tree is identified with its contraction
along this edge. The resulting vertex is labeled by the composition in the operad &
of the labelings of the two former adjacent vertices.

The operadic composition is given by the grafting of trees where the new inner edge
is labeled by 5.
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Since the labeling of the inner edges by /¢ leads to a contraction of the edge in
the construction of the operad Wg (&), then we can consider that the underlying
graded operad of Wi (£?) is made up of C-colored trees whose vertices are labeled
by elements of P and whose inner edges are labeled either by / or /1 ; this is subject
to some relations. Since an inner edge labeled by /4, is the result of an operadic
composition, then the underlying graded operad of Wy (&) is generated by the
C -colored trees whose vertices are labeled by elements of P and whose inner edges
are labeled by h. This graded S-module of generators is isomorphic to the graded
S-module s~ T (sP). So the underlying graded operad of Wy (Z?) is isomorphic
to a quotient of the free graded colored operad T (s_lT(sP)). Inspired by this
presentation, we define the extended Boardman—Vogt construction which applies
to strict unital homotopy colored operads. In Proposition 17, we show that the
extended Boardman—Vogt construction is actually an extension of the Boardman—
Vogt construction in the sense that the two constructions coincide on dg colored
operads.

Definition 34 (Extended Boardman—Vogt construction Wy ). For any strict unital
homotopy colored operad & = (C,P,y,n), the extended Boardman—Vogt con-
struction Wg &2 = (Vi (P), dw) is the data of a graded C-colored operad Vi (P)
together with a degree —1 derivation dyy. On the one hand, Vg (P) is the quotient
of the free graded C -colored operad T (s_1 T (SP)) by the operadic ideal generated
by the relations

s lsid, = 1.,
s ®- ®side ® - ®5x,) =0, forn > 1,
where 1. is the unit of the C-colored operad T (S_IT(SP)) for the color ¢. On

the other hand, for any tree T whose vertices are labeled by elements sxi, ..., 5X,
of sP, the value of dy on s™!(sx; ® --- ® sx,,) is the following

dw (s7'(sx1 ® -+ ® 5xp)) = —5'dy (51 ® -+ ® 5xp)
- Z cuty (S_l(sl R & an)) ,

acinner(T)
where the sum is taken over the inner edges of 7 and where cut, is the operation
which cuts the tree T into two parts along the edge a as follows:
cut, (s_l(sxl ®+ ®5xp)) = (—nxiHFE P lx @ - @ §Xp)
® s_l(sx,,+1 ®: - ®Sxy),

with sx, and sx, the two labelings of the vertices which border the edge a.

Remark 6. Since the formula that we give for dy sends an element of the form
s7Hsx; ® -+ ® side ® -+ ® sxp,) to the operadic ideal generated by the elements
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of the same form s~ !(sy; ® --- ® sid. ® --- ® sy), then Proposition 12 ensures us
that the derivation dy is well defined.

Proposition 16. The derivation dw squares to zero.

Proof. On the desuspension of any colored tree 7 whose vertices are labeled by
elements of sP, we have:

dj, =Tde1 ®d2 + Z —cuty(ldy—1 @I ®--- Q@ y(T") ® --- ® Id)
T'GT
a>T’
+ > —cuty(Id-1 ®Id® -+ @ y(T) ® - ® 1d)
T'ST
a<T’
+ Z —(dm1 QU ®--- @ y(T") ® --- ® Id)cut,
acinner(T)
T'>a
+ Y — (-1 ®Id @ @y(T) ® - ® Id)cut, .
acinner(T)
T'<a
where the sums are taken over the subtrees 7”7 of T and the inner edges a of T such
that a is not an inner edge of T’ but is over T’ (a > T’) or under T’ (a < T’). The
sum of the second line (resp. third line) with the fourth line (resp. fifth line) is zero.
Since df = 0, then d%, = 0. O

Proposition 17. The Boardman—Vogt construction coincides with the extended
Boardman—Vogt construction on dg colored operads.

Proof. Let & = (C, P, y, n) be a dg colored operad. We know that the Boardman—
Vogt construction is generated by colored trees whose vertices are labeled by elements
of P and whose inner edges are labeled by # € H. The composition is the grafting
of trees where the new inner edges are labeled by &; € H. These trees are subjects
to some relations involving the units id, of the operad &2 which are described in
the following picture. The second row represents the value in the Boardman—Vogt
construction of the elements in the first row.

hq hy h h hq h
id. id. id. id. id. id. id. id. id.
hq hq h hq h h

1. ‘ ‘ hy 0 0 0 0 0
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These relations are summed up by the following two points.
> The colored tree with one vertex labeled by id, is the unit for the color c.

> Any generating tree (that is a tree whose inner edges are labeled by /) with at least
two vertices and with one of them labeled by a unit id, is zero.

Since the S-module of generating trees of isomorphic to s~!T(sP), then the
underlying graded colored operad of the Boardman—Vogt construction of & is the
quotient of T (s~'T (sP)) by the relations

s~ lsid, = 1.,
sTIsx1 @+ ®side ® - @ 5x,) =0, forn>1.

So, the underlying graded colored operad of the Boardman—Vogt construction of &
is canonically isomorphic to Vg (P). Moreover, on any colored tree whose vertices
are labeled elements of P and whose inner edges are labeled by 4, the derivation of
the Boardman—Vogt construction consists in the following three operations.

> For any vertex, apply the differential d of P to the labeling of this vertex.

> For any edge labeled by #, replace 4 by /g, that is remove £ and contract the edge.
The labeling of the two adjacent vertices are merged using the composition in the
operad Z.

> For any edge labeled by £, replace & by h;.

The two first points correspond to the coderivation d, of the cofree conilpotent
colored cooperad T (s7P) and the third point correspond to the operation cut,. [

Theorem 2. The extended Boardman—Vogt construction is a functor left adjoint to
the inclusion functor from the category of dg colored operads to the category of strict
unital homotopy colored operads.

Wu
suOp, ; dg-Op

Proof. Let & = (C,P,y,n) be a strict unital homotopy colored operad and let
2 = (C’,Q,y’, 1) be acolored dg operad (seen as a strict unital homotopy colored
operad). A morphism of strict unital homotopy colored operads from & to 2 is the
data of a morphism of graded colored S-modules:

f:T(GP)—sQ

such that y’Rf = fd, and such that f(sid.) = sidg(c), where ¢ is the underlying
function on colors, and f(sx1 ®---Qsid, ®---®sx,) = 0. Since Q has a structure of
graded colored operad, it is also the data of a morphism of graded colored operads g
from T (s~'T (sP)) to Q such that g(s~'sid.) = idp(c), g7 1sx ® -+ @ side ®
-+ ® 8x,)) = 0and gdw = dgg. So it is equivalent to the data of a morphism of
dg colored operads from Wy & to 2 O



From homotopy operads to infinity-operads 341

Remark 7. The counit of this adjunction recovers the Boardman—Vogt resolution
Wy — & of any dg colored operad &?. The unit of the adjunction provides a
rectification & — Wy &2 for any strict unital homotopy colored operad &2.

Remark 8. This adjunction may be understood as a strict unital operadic bar-cobar
adjunction - B; see [15, Chapter 6]. Indeed, as proved by Berger an Moerdijk
in [1], the Boardman—Vogt construction coincides with the functor cobar-bar 2B on
augmented dg operads.

4. The dendroidal nerve of strict unital homotopy colored operads

In this section, we introduce the dendroidal nerve of strict unital homotopy colored
operads; we then show that its image actually produces an infinity-operad. So
it provides us with a new functor which relates these two notions. To compare
this dendroidal nerve with the existing constructions, we prove that it extends both
Faonte-Lurie’s simplicial nerve of strict unital A,-categories and Moerdijk—Weiss’
homotopy coherent nerve of dg operads. Then, we characterize the morphisms of
strict unital homotopy colored operads whose images under the dendroidal nerve
are respectively weak equivalences and fibrations for the Cisinski—-Moerdijk model
structure. Finally, we endow the category of dg colored operads with a model structure
introduced in [4] and show that the homotopy coherent nerve is a right Quillen functor.

From now on, the word “colored” will often be understood. For instance, we call
“strict unital homotopy colored operads” simply by “su homotopy operads”.

4.1. Trees as operads. Let Lin be the functor which associates to any set the free
K-module on it

Lin : X €Set > (P K.x € Mod C gr-Mod C dg-Mod .
xeX

This K-module can be considered as a differential graded K-module concentrated
in degree zero with trivial differential. Therefore, we view the functor Lin as mapping
into the category dg-Mod. This functor is a strong symmetric monoidal functor. So
it can be extended to a functor from the category of colored operads on sets to the
category of differential graded operads.

We denote by KQ(7T) := Lin(2(T)) the image under this functor of the set-
theoretical operad Q2(7") (Definition 14). The colors of KQ(7T') are the edges of T
and KQ(T)(a; y : X — edges(T)) = K when y is injective and when there is
a sub-tree (possibly trivial) of 7" with root a and leaves y(X). Since KQ(T) is
a dg operad, it can be consider as a su homotopy operad. Furthermore, the map
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T € Tree > Q(T) € Op defines a codendroidal object in the category of set-
theoretical operads. Therefore, the map T +— KQ(T) is a codendroidal object in the
category dg-Op of dg operads and so in the category suOp,, of su homotopy operads.

4.2. The dendroidal nerve. The usual nerve of a category is a functor which
associates, to any small category C, the simplicial set

N(C), := Homcx([n], C)

where Cat is the category of small categories and where [n] is the poset 0 < --- < n
viewed as a category. More generally, the nerve of an object X in a category A
associated to a functor F' : A — A s the simplicial set N(X), := Homa(F([n]), X).
In the same way, a dendroidal nerve of an object X associated to a functor F :
Tree — A is the dendroidal set

N®(X)7 := Homa(F(T), X) .

We apply this construction to the functor 7 € Tree > KQ(T') € suOp,.

Definition 35 (Dendroidal nerve). The dendroidal nerve of su homotopy operads N
is the functor from the category suOp, to the category dSet of dendroidal sets defined
by the following formula:

N®(P)r := Homgyop, (KQUT), &),

for any tree T and any su homotopy operad &2.

Let us describe the dendrices of the dendroidal nerve of a su homotopy operad
& = (C,P,y,n). We denote by d, the structural codifferential on T ¢ (sKQ(T)),
which comes from the operad structure on KQ(7').
Lemma 4. A T-dendrex KQ(T) ~» &P is equivalent to the following data:

> an underlying function ¢ from the set of edges of T to the set of colors C,

> maps of graded S-modules f(t) : t(sSKQ(T)) — sP over the function ¢ for any
treet = T'/Ty--- Ty, which is the contraction of a sub-tree T' of T along a
partition T' = Ty U . .. U Ty and which is canonically colored by the set of edges
of T,

satisfying the following equations, for the same class of trees t,

> ovltmen)(f) e fn) = fh@), @D

t=tiU...uz
where the sum runs over the partitions with no trivial component of the colored tree t.

Remark 9. Asthetreest = T’/ Ty --- T are canonically colored by the set of edges
of T', the set of such colored trees is canonically bijective with the set of partitioned
sub-trees of T under the inverse of the mapping 7/ = Th'U...UTg > T’/ Ty --- Ty.
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Proof. On the one hand, a T-dendrex is a morphism of su homotopy oper-
ads KQ(T) ~ &2, which can be described as a morphism of S-modules
f:T(KQ(T)) — sP satisfying Relation (3.3). In particular, it gives us an
underlying function ¢ from the set of edges of T to the set of colors C of &
and morphisms f(¢) for any colored tree t = T’/ T} - - - Ty, satisfying Relation (4.1).
On the other hand, let us consider a function ¢ and morphisms { f(¢)};=7//7, ..,
satisfying Relation (4.1). Let us fix:

> for any colored tree ¢ with one vertex v and two edges having the same color
e € edges(T),

f(t) : 1(sKQUT)) — sP

sV > sidg(e)

> for any other tree ¢, colored by the edges of 7', and which is different from a
contraction of a sub-tree of 7', f(¢) := 0.

The data of the function ¢ and the maps {f(#)}; amounts to a morphism f :
T (sKQ(T)) — sP. Furthermore, since the morphisms { f(¢)};=7/,7,..1;, satisfy
Relation (4.1), then the morphism f satisfy Relation (3.3) and so is a T-dendrex
of 7. O

The definition of morphisms of su homotopy operads induces the following
description of the images of dendrices under the face and degeneracy maps of the
dendroidal nerve N®(22). Let x = (¢; {f(®)}i=17/1,-T,) be a T-dendrex of the
dendroidal nerve N (22). For any outer vertex v of T, the outer face §,(x) of x is
given by the restriction of ¢ to the set edges(7') \ in(v) and by the restriction of the
family { f(t)};=7//1,..T, to the contractions of the sub-trees 7’ of T — {v}. For any
inner edge e of T', the corresponding inner face 8. (x) of x is given by the restriction
of ¢ to the set edges(T’) \ {e} and by the restriction of the family { f(¢)},=7/,7,..1;,
to the partitioned sub-trees T’ of T such that the edge e is inside one of the trees T;.
Finally, let e be an edge of T and let T, be the tree obtained from 7T replacing e by
two edges e; and e, separated by a vertex v. There is a codegeneracy s : Ty — T
sending T, to T.

Ts - T
€2
v > e
€1

The corresponding degeneracy o (x) of x is a T,,-dendrex (¢o: { fix (t)};) of N¥ ()
described as follows. On the one hand, we have ¢4(e1) = ¢s(e2) = ¢(e) and
¢s(a) = ¢(a) for the other edges a of T, which can be considered as edges of T'.
On the other hand, letz = T’/ T; - - - Ty, be a contracted sub-tree of T,.
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> If k > 2 and if one of the 7; is the one-vertex tree made up of the vertex v and the
edges e; and e;, then f;(¢) = 0.

> If ¢ is the one-vertex tree made up of the vertex v and the edges e; and e;, then
fo(¢) is equal to:

fo(t)(er;er) : t(sKQ(Tg))(el; e2) ~ sK — sP(¢(e); p(e))

SV > sidge) -
> Otherwise, fo (1) = f(1) since 1 (sKQ(T,)) =~ 1 (sKQ(T)).

4.3. The dendroidal nerve is an infinity-operad.

Lemma 5 ([20, Corollary 3.2.7]). A morphism of dendroidal sets A¢[T| — D is the
data of dendrices x, € D\, for any external vertex v and xq € D4 for any inner
edge a different from e, which agree on common faces.

This lemma applied to the case of the dendroidal nerve of a su homotopy operads
gives the following description.

Corollary 1. For any tree T and any inner edge e, a morphism of dendroidal sets
A€[T] — N®(P) is equivalent to the data of:

> a function ¢ from the set of edges of T to the set C and

> morphisms of S-modules f(t) : t(S]KQ(T)) — 8P over ¢, for every contracted
colored sub-tree t = T'/ Ty --- Ty along a partition T' = Ty U ... U Ty, except
for the full tree T with no contraction and the tree T [e where only the two-vertices
sub-tree spanned by the edge e is contracted,

satisfying Equation (4.1) for each of these trees.

Proof. The result is a direct corollary of Lemma 5 and the description of faces given
in the previous section. O

Theorem 3. The dendroidal nerve of a strict unital homotopy colored operad is an
oo-operad.

Proof. Consider a morphism of dendroidal sets f from A¢[T] to N®(Z?) given
by a function ¢ from the edges of 7 to C and morphisms of S-modules f(¢) :
t(sKQ(T)) — sP over ¢ for the trees ¢ described in Corollary 1. Recall that
a morphism from Q[7T] = Homree(—, T) to NS (P) amounts to the data of a
T-dendrex. So to extend f to a morphism from Q[7] to N*(P), we have to build
f(T) and f(T/e) so that Equation (4.1) is fulfilled for these two trees. Let us recall
that d,, denotes the structural codifferential on T¢(sKQ(7")). We fix f(T) := 0.
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Then, because of Equation (4.1) for the tree T, the map f(7/e) must satisfy the
following formula:

f(T/e)(Id@...®v(e)®...®ld) - —Zf(T/a)(Id(g)...@v(a)®...®Id>
aF#e
+ 3@/ T To(F(T) @+ ® £(T1)

T=TU..UTg

where the first sum runs over the inner edges of the tree T different from e and where
the second runs over all the partitions of the tree 7" with no trivial component. Since
Id®---®v(e) ®--- ® Id is an isomorphism of S-modules, we have built f(T/e).
We know that Equation (4.1) is satisfied for every tree t = T’/ T} - - - T, which is the
contraction of a sub-tree 7’ of T along a partition 7/ = T} U ... U T} except for
t = T/e. As in the proof of Proposition 14, we have:

(Rfd)(T) = > f(T)®® (fd)(S)® -+ ® f(Tr) .

ScT
T=TU..uSuU...uTy

and
dyRAT)= Y f(T)® - ®(YRFIS)® - & f(Tr) .

SCT
T=TiU..uSu...uTy

Therefore, we have
(dyRf)T) = (Rfdy)(T),
and so
(fdvdy)(T) = 0= (ydyRf)(T) = (yRfd,)(T) .

The above equation rewrites
S (fd)T/a)(d® - @ va) @+ ©1d)
= Z(ny)(T/a)(Id ® - QVa)e 8 Id) :

where the two sums run over the inner edges of the tree 7. We already know
that (fd,)(T/a) = yRf(T/a) for all the inner edges a different from e and that
[d®---®v(e) ®--- ®Id is an isomorphism. Therefore, we get

Jdy(T/e) =yRf(T]/e).

So fd, = yRf and the morphism f induces a T-dendrex of N (), which extends
the initial morphism A¢[T] — N%(2). O
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So, the image of N(—) lies in the category of oo-operads. Therefore, we can
consider it as a functor from the category of su homotopy operads to the category of
oo-operads:

N¢ . suOp,, — 00-Op .

Recall from Proposition 15, that strict unital A.-categories are the su homotopy
operads concentrated in arity one. G. Faonte already defined in [8] a simplicial
nerve Ny, for strict unital Ao-categories, generalizing a first construction of
J. Lurie [17]. The present dendroidal nerve is actually a generalization of Faonte’s
simplicial nerve.

Proposition 18. The simplicial part of the restriction to strict unital Axo-categories
of the dendroidal nerve is equal to Faonte’s simplicial nerve:

T (NQIAoo—cat) = N.Aoo ,

where 1 be the restriction of dendroidal sets onto simplicial sets.

Finally, we show that the dendroidal nerve forgets the information contained in
nonnegative degrees.

Definition 36. Let tr be the truncation endofunctor of the category dg-Mod which
sends a chain complex of K-module V' to the bounded below chain complex of
K-module tr(V') defined as follows:

> for any negative integer n < 0, tr(V'), := {0}
> for any negative integer n < 0, tr(V), 1=V,
> at degree 0, tr(V)o := ker(d : Vo — V_) is the kernel of the differential.

This functor extends to an endofunctor also denoted by tr of the category of su
homotopy operads sending & = (C, P, v, ) to (C, tr(P), trv, n).

Proposition 19. The dendroidal nerve is equal to its pre-composition with the
truncation functor.
N ¢r = N®

Proof. The proof is a straightforward consequence of the description of the nerve in
Section 4.2. O

4.4. The dendroidal nerve for operads is the homotopy coherent nerve.
Notation. For any tree 7', we denote the operad Wg (KS2(T)) by Wy (T).

Definition 37 (The homotopy coherent nerve). The homotopy coherent nerve of a
dg operad & is defined by the following dendroidal set

heN(2)r := Homgg.op(WH (T), &) .

For dg operads, this construction is equal to the dendroidal nerve.
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Proposition 20. There is a canonical isomorphism
heN(2) ~ N¥ () ,
which is natural in dg colored operads Z.

Proof. This is a direct consequence of the fact that the functor Wy is left adjoint to
the inclusion functor from the category of dg colored operads to the category of strict
unital homotopy colored operads. O

4.5. Homotopical properties of the dendroidal nerve. In this section, we explore
the homotopical properties of the dendroidal nerve N**. More precisely, we give
a description of morphisms of su homotopy colored whose image under N% are
weak equivalences (resp. fibrations) in the Cisinski—-Moerdijk model structure. Then
we relate these results to the model structure on nonunital 4.-algebras existing
in [14, Theorem 1.3.3.1]. More precisely, we show that the simplicial nerve of
Aoo-categories N 4 sends weak equivalences (resp. fibrations) of A,-algebras to
weak equivalences (resp. fibrations) of the Joyal model structure on simplicial sets.

Lemma 6. The zero-homology-group functor Hy : dg-Mod — Mod induces a functor
also denoted Hy from the category suOp, to the category Op of colored operads
enriched in K-modules. Forgetting the many-inputs-elements, we get a functor j* Hy
from su homotopy operads to categories enriched in K-modules.

Proof. Straightforward. O
Theorem 4. Let f : & = (C,P,v) > 2 = (C, Q,w) be a morphism of su
homotopy operads. The following assertions are equivalent.

(1) The morphism of co-operads N ( f) is a weak equivalence.

(2) The functor j*Ho(f) is an equivalence of categories and for any colors
c1, ..., Cm and c, the first level morphism of chain complex of K-modules
fisP(er,....cmic) = sQ(d(cy), ..., d(cm): d(c)) induces isomorphisms
of homology groups of positive degrees.

The proof of Theorem 4 requires the following lemmata.

Lemma 7. Let & be a su homotopy operad. For any colors ¢, cy, ..., Cm, the
simplicial set N¥(P2)(cy, ..., cmic) is a simplicial K-module and its normalized
chain complex (see [10, 3.2]) is isomorphic the chain complex tr(P(cy,...,Cm;C)).

Proof of Lemma 7. Let us unfold what is the simplicial set
X =N¥(P) (cy,....cmi0).

An n-simplex of X is the data of a morphism of su homotopy operads over
(c1y.-.ycm,c) from KQ(Cyp n) to & and whose restriction to A[n] is the degeneracy
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of the color c. It is then the data of maps of graded S-modules ¢ (sKQ(Cy, ) — sP
over (ci,...,Cm,c) for any colored tree ¢ obtained from C,, , by contracting a
subtree. As the restriction of the morphism of su homotopy operads to [r] is given
by ¢, we can restrict our attention to such colored trees ¢ which contain the corolla Cy,.
Let us number the edges of [n] C Cp, , from bottom to top and by 0 to n. Then, there
is a bijection between the set of such contracted trees ¢ and the set of sequences of
integers 0 < iy < --+ < iy < n given by the numbers of the edges of [n] C Cy,
which still appear in . A map (sKQ(Cy,,n)) — sP corresponds to an element
Dig<-<ir € P(c1,...,cm:c) whose degree is the number of vertices of # minus 1,
that is k. Relation (4.1) applied to these elements give the following equation:

k
d'P (pi0<~~<ik) = Z(_l)api0<---<i’¢;<--~<ik

a=0

where iy < --- < zAa < -++ < I} is obtained from the sequence iy < -+ < iy by
retrieving the integer i,. A face d; corresponding to a coface §; sends the collection

{pi0<~-~<ik }0§i0<~~-<ik <n

to the collection
{Ps; (jo)<--<8: (k) Y0 jo << j <n—1-

A degeneracy s; corresponding to a codegeneracy o; sends the collection

{pi()<---<ik }OSi() <-<ix<n

to the collection
(p;'0<---<jk)05j0<"'<jk <n+1

where p}0<m<jk = Do, (jo)<-<a; (jy) if we have indeed 0 (jo); < -++ < 0;(jx) and
p2j0<m<jk) = 0 otherwise. Then, it is clear that X = N®(2)L(cy,...,cm;c) is
a simplicial K-module. Its normalized chain complex is the chain complex N(X)
concentrated in non-negative degrees such that N(X), = ?;é ker(d;) and the
differential d : N(X), — N(X)n—1 is (—1)"d, where d,, is the n** face map. This
shows finally that tr(P(cy, ..., cm; ¢)) is isomorphic to N(X). O

Lemma 8. The functor ty;N from su homotopy operads to set—theoretical colored
operads is isomorphic to the functor Hy.

Proof of Lemma 8. We know from Theorem 3 that for any su homotopy operad &,
N®(2) is an oo-operad. Thus Section 3.5 of [25] gives us a concrete description
of the operad N (Z): it has the same colors as & and for any such colors
c1,...,cy, and c, the set thQ(QZ)(Cl, ...,Cm;c) is the mp of the simplicial set
N®(P)(ci,....cmic). A straightforward computation shows that the operads
aN® () and Hy(Z) are canonically isomorphic. O
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Proof of Theorem 4. The theorem is a straightforward consequence of Lemma 7 and
Lemma 8. [

Theorem 5. Ler [ : & = (C,P,v) - 2 = (C, Q,w) be a morphism of su
homotopy operads. The following assertions are equivalent.

(1) The morphism of oo-operads N¢( f) is a fibration.

(2) The functor j*Hy(f) is a categorical fibration (also called isofibraton) and
for any colors cy, ..., ¢y and c, the first level morphism of chain complex
of K-modules f : sP(c1,....cmic) = sQ(P(c1),...,¢(cm):d(c)) is a

degreewise epimorphism for degrees n > 2.

Proof. As usual, we denote by ¢ the underlying function of f.
(2) = (1) By Lemma 8 we know that i *7y,N2(f) is a categorical fibration.
Now, suppose that we have the following commutative diagram

A[T] —=N*(2)

[ e

Q[T] —— N%(2)

where T is a tree with a root r and leaves [y, ..., l. This diagram corresponds to
morphisms of graded S-modules:

> on the one hand, /(¢) : t (sKQ(T)) — sQ for any tree ¢ colored by the edges of T'
and obtained by contracting a sub-tree of 7.

> on the other hand, g(¢) : t(sKQ(7)) — sP for the same colored trees ¢ except
fort =T andt = T/e.

The underlying function from the set of edges of T to C (resp. C’) of the graded
morphisms g(¢) (resp. h(t)) is denoted ¢, (resp. ¢p). We have ¢, = ¢. Let
h(T) : T(sKQ(T)) — sQ be the following composition of graded morphisms:

R(T) = h(T) = Y f(T/Ti+ T (g(T) @ - ® g(Tx)) .
T=T1U...uTy
k>2

Let x be a generator of T(sKQ(T))(l1,...,lx;r). Its degree is the number
of vertices of 7' and so is equal or higher than 2. The surjectivity condi-
tion for f ensures us that 4(7T)(x) has an antecedent through the first level
map f 1 5SP@g (), .., g U): bg (1) — sQ@n(lr). ... dn(l): ga(r).  This
antecedent corresponds to a map of graded S-modules g(7) : T(sKQ(T)) — sP
over ¢g. Furthermore, we have };(T) = fg(T) and therefore, we have

hT) = fRg(T).
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As in the proof of Theorem 3, let us define g(7'/e) by

g(T/e)(Id@...@v(e)®...®Id) = —Zg(T/a)<Id®...®V(a)®...®1d)

aFe
+ Y T/ T (g(T) ® -+ 8 g(Th)
T=T)U..uT}

where the first sum runs over the inner edges of the tree T different from e and where
the second sum runs over all the partitions of the tree 7" with no trivial component.
The same method as in the proof of Theorem 3 shows that the data of the maps g(z)
defines a T-dendrex p of N®(22). Let us prove that N®( f)(p) = g where ¢ is the
T-dendrex of N} (2) corresponding to 4. This amounts to prove that (t) = fRg(t)
for any colored tree obtained by contracting a subtree of 7. We already know that
this is true for every such ¢ except t = T /e. In the spirit of Proposition 14, we
prove that RfRg(T) = Rh(T) for any such tree except t = T /e. We consider the
following commutative diagram:

RW(T)

T(KQUT)) — T (sP) —L~T(5sQ)

Rg(T)
dy \d‘) Iw
T (sKQU(T)) e T (sP) 7 Q

where d,, is the structural coderivation of the cooperad T¢(sKQ(T)). As
wRh = hd,, we have

hdy(T) = wRI(T) = wRfRg(T) = fdyR¢(T) = fRedy(T).

Then, applying the same procedure as in the proof of Theorem 3, we get that 2(T'/e) =
fRg(T/e). This proves that h = fRg and so that the square above has a lifting.
So, by the characterization of the fibrations between fibrant dendroidal sets given in
Theorem 1, N%( f) is a fibration.

(1) = (2) By Lemma 8, we know that j*Hy(f) is a categorical fibration.
Furthermore, let n > 1 be an integer and let ¢ € Q(¢(c1),...,P(cm); P(c)), be an
element of degree n of 2. We know that the tree C,, 5, is made up of a corolla with m
leaves above a linear tree of length n. Let e be the lowest inner edge of Cy, ,,. For any
tree ¢ colored by the edges of C,, , and which is a contraction of a subtree of Cp, ;,
let sq; be the element of sQ as follows.

> If ¢ is the whole tree Cy, ,, then sq; 1= sq € sQ(¢p(c1),....d(cm): P(c)n+1 -
> Ifz isthe contracted tree Cp, /e, thensq; = —sdq € sQ(p(c1), ..., d(cm); d(c))n -
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> If 7 has only one vertex and does not contain the corolla Cy,, then sq; = sidg () €
sQ(p); P -

> Otherwise, sq; = 0 € sQ(¢p(c1),...,¢(cm); ¢(c)) if t contains the corolla and
sqr = 0 € sQ(¢p(c); p(c)) if not.

According to Section 4.2, these elements sg; define a C,, ,,-dendrex of the dendroidal

set N®(2), i.e. amorphism Q[C,, ,] — N¥(2). For any tree  colored by the edges

of Cp, , and which is a contraction of a subtree of Cy, ,, except for t = Cp, , and

t = Cyy,n/e, let sp; be the element of s7P as follows.

> If # has only one vertex and does not contain the corolla Cy,, then sp; = sid, €
sP(c;c)y .

> Otherwise, sp; = 0 € sP(c1,...,cm;c) if t contains the corolla and sp; = 0 €
sP(c; c) if not.

According to Corollary 1, these elements p; define a morphism of dendroidal sets
from A¢[Cp,. ] to N¥(Z2). The two morphisms of dendroidal sets that we have built
fit in the following commutative square of dendroidal sets.

A¢[T] —= N%(2)

L Jew

Q] — N%(9)

As N¥( f) is a fibration, the square has a lifting. This provides an element sp €
sP(c1,...,cm;c)suchthat f(sp) = sq. O

Recall from [14, Theorem 1.3.3.1] that, if K is a field, the category of nonunital

Aoo-algebras admits a model structure without limits where

> the weak equivalences are the morphisms f : & = (A,y) — &' = (A',y)
such that the first level map f; : s.A — s A’ is a quasi-isomorphism.

> the fibrations are the morphisms f : &7 = (A, y) — &’ = (A, y’) such that the
first level map f} : s A — s A’ is a degreewise epimorphism.

> the cofibrations are the morphisms f : &/ = (A,y) - &/’ = (A’,y’) such that
the first level map f; : s.A — s A’ is a degreewise monomorphism.

We know from Section 3.6 that the category of nonunital A, -algebras is embedded

in the category of strict unital .A,-categories. Then, Theorem 4 and Theorem 5 have
the following consequence.

Corollary 2. The simplicial nerve N 4, sends weak equivalences (resp. fibrations)
of nonunital As-algebras to weak equivalences (resp. fibrations) of simplicial sets
for the Joyal model structure.

Proof. Thisresultis a straightforward consequence of Theorem 4 and Theorem 5. [
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To extend such a result to the operadic level, one would need a homotopy theory
of homotopy operads. This will be the subject of another paper.

4.6. The homotopy coherent nerve is a right Quillen functor. There is a pair of
adjoint functors
wis
dSet % dg-Op . 4.2)

where the functor W!dg , left adjoint to the homotopy coherent nerve, is constructed as

follows. For any tree T', we set W!dg (RT]) := Wg(T) and then, since a dendroidal
set is a colimit of a diagram made up of trees, the image of a dendroidal set is
the corresponding colimit of the diagram made up of the images of the trees. By
definition, this functor preserves colimits. In this section, we will show that this
adjunction is a Quillen adjunction with respect to the model category structure on dg
operads introduced in [4], when the characteristic of the field K is O.

Proposition 21 ([4, Theorem 4.22 and Proposition 5.3]). Assume that K is a char-
acteristic O field. The category dg-Op admits a right proper cofibrantly generated
model structure where

> the weak equivalences are the morphisms [ . &7 — 2 such that j*Ho(f) is
an essentially surjective functor and such that the morphism of chain complexes
f Pty .,emic) = Qp(cr),. ... d(cm); ¢(c)) is a quasi-isomorphism, for
any integer m > 0 and for any colors cy, ..., ¢y and ¢, where ¢ is the function
underlying f.

> the fibrations are the morphisms f : & — 2 such that the functor
J*Ho(f) is an isofibration and the morphism of chain complexes f
Plcr,....cmic) = QP(cr),....¢(cm): d(c)) is a degreewise epimorphism,
for any colors ¢y, . ..,cm and c.

Remark 10. The model structure given here may seem different from the definition

given by Caviglia. It is not the case. In fact:

> The two notions of weak equivalences coincide by [4, Proposition 5.3].

> Let f : & — 2 of be amorphism of dg operads such that the morphism of chain
complexes [ : P(c1,....cm;c) = Q(@p(cr),...,d(cm): d(c)) is a degreewise
epimorphism, for any colors ¢y, ..., ¢, and c. Then, f is a fibration in the sense
of [4] if and only the functor j* f : j*&? — j*2 is a fibration for the canonical
model structure on dg categories introduced in [3, Definition 1.6]. Besides,
this canonical model structure coincides with the model structure introduced by
Tabuada in [23]; then f is a fibration if and only if j* f is a fibration in the sense
of Tabuada, so if and only if it is a fibration in the sense of Proposition 21.

Theorem 6. When the characteristic of the field K is 0, the adjunction (4.2) is a
Quillen adjunction.
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Proof. This is a straightforward consequence of Theorem 4 and Theorem 5. O

Remark 11. If K is not a characteristic 0 field, a model structure as in Proposition 21
exists on the category of reduced dg operads, i.e. dg operads with no elements of
arity 0. Moreover, we have a similar Quillen adjunction between reduced dg operads
and reduced dendroidal sets.

5. The big nerve of dg categories and dg colored operads

In[17, 1.3.1], Lurie introduces another functor from dg categories to quasi-categories
called the big nerve Nglgg and he proves that it is point-wise equivalent to the homotopy
coherent nerve hcN. In this section, we extend Lurie’s big nerve functor to dg colored
operads and show that it is point-wise equivalent to the homotopy coherent nerve
of dg operads hcN. To do so, we have to reformulate Lurie’s arguments since the
Alexander—Whitney map is not symmetric, that is his formula cannot be applied
mutatis mutandis on the operadic level.

5.1. The Boardman—Vogt construction for simplicial operads. We recall here
the Boardman—Vogt construction for the simplicial operad Q(7') for any tree 7', see
[1] for more details.

Notation. For any integer n > 0, the set A[l],, has n + 2 elements that we denote
eon =(00---0),e1, =(00:--01),...,ep41n =011---1).

For any tree 7', let Wa[11(T') be the simplicial operad whose colors are the edges
of T" and such that

> Wan)(T)(er, ... .em;e) := [;nrr) All] if there is a subtree 77 of T whose

leaves are ey, ..., e, and whose root is e, where in(T"’) is the set of inner edges
of T'.
> Wani(T)(er,....em;e) := @, the initial simplicial set, otherwise.

The operadic composition is given by the grafting of trees where the new inner edge
is labeled by the degeneracies of 1 € A[l]p.

As in Definition 32, the simplicial set A[1] has a structure of interval given by the
following morphisms.

> the morphism A[1] — AJ0]
> the morphism max : A[1] x A[1] — A[1] which sends the couple (e; . €;,,) to
max(€in, €jn) ‘= Cmax(i,j).n-

This interval structure induces a cosimplicial structure on the mapping T +>
Wam(T).
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5.2. The big nerve of dg operads. Originally, Lurie defined the big nerve as follows.
From any dg category %, one can truncate the mapping spaces and then apply the
Dold—Kan functor I' defined in Section 2.7. Since this last one is monoidal, one gets
a simplicial category. One can then can apply the nerve of simplicial categories to
obtain a quasi-category. In other words, the big nerve Ng;,g (%) of a dg category % is
the following simplicial set

No&(%)n 1= Homssereat(Wap (In]). T(t7())) |

where sSet-cat is category of simplicial categories. However, notice that the functor I
from nonnegatively graded chain complexes to simplicial K-modules is not symmetric
monoidal. Therefore, the big nerve cannot be directly extended to dg operads using
Lurie’s formula. We first have to reformulate its definition.

Let K-sSet-cat be the category of categories enriched in simplicial K-modules,
and let dg-cat=° be the category of categories enriched over the monoidal category
dg-Mod=? of nonnegatively graded chain complexes. The functors I', C/D and N
are lax monoidal and so extend respectively to a functor from the category dg-cat=°
(resp. K-sSet-cat) to the category K-sSet-cat (resp. dg-cat=?).

Lemma 9. The functor C/D : K-sSet-cat — dg-cat=° is left adjoint to the functor
I' : dg-cat=? — K-sSet-cat

Proof. On the one hand, the endofunctor NT of the category dg-cat=? is exactly
the identity functor. On the other hand, the functor N : K-sSet-cat — dg-cat=? is
fully faithful. So for any category % enriched in simplicial K-modules and for any
category 2 enriched over dg-Mod=°, we have:
Homg sset.cat (€', T'Z) ~ Homyy u=0 (N6, NT D)
~ Homyy u=0(NC. 2) .

Since the functor C/D : K-sSet-cat — dg-cat=? is isomorphic the functor N, it is
also left adjoint to I". O

Subsequently, the big nerve Ng;g (%) can be rewritten as

Ngs'(€)n = Homag.ea(C/ DK Wany(In])). )

where KWap([n]) is the category enriched in simplicial K-modules freely obtained
from the simplicial category Wapj([n]). Since the functor C/D from simplicial
K-modules to nonnegatively graded chain complexes is symmetric monoidal, then
this last formula can be extended to the operadic level.

Definition 38 (The big nerve of dg operads). Let & be a dg operad. The big nerve
Ngzgg(ﬁz) of Z is the following dendroidal set.

NBE(@)T 1= Homgg 05 (C/ DKW (T)), Z) .
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The big nerve is a functor from the category of dg colored operads to the category of
dendroidal sets.

As the homotopy coherent nerve, the big nerve admits a left adjoint.

Proposition 22. Let W!A be the colimit preserving functor from the category of
dendroidal sets to the category of simplicial operads such that W!A(Q[T]) =
Wan(T) for any tree T. Then the functor C/D(]KW!A) is left adjoint to the big
nerve.

Proof. 1t follows from the fact that the functor C /D preserves colimits. O
Proposition 23. The big nerve of a dg colored operad is an oco-operad.

Proof. Let us consider a tree T together with and inner edge e and a morphism f
of dendroidal sets from A€[T] to the big nerve Ng;g(ﬁz) of a dg colored
operad &. We denote by I,...,l, the leaves of the tree T and by r
its root. The images of /; (resp. r) under the morphism f are denoted c;
(resp. ¢). The morphism f and the adjunction C/D ]KW!A = NZ;,g give a map
of chain complexes from C/D(KW/!A(Ae[T]))(ll, coisdmir) to Per, ... ems ).
Through the adjunction C/D F T, it corresponds to a map f’ of simpli-
cial sets from W!A(AE[T])(ll,...,lm;r) to I'P(cq,...,cm;c). Since the map
W!A(Ae[T])(ll,...,lm;r) — W!A(Q[T])(ll,...,lm;r) is anodyne (see [22,
Section 7]) and since T'P(cy,...,cn) is a Kan complex, there is a lifting f” of
the map f”:

WANT) ... D7) —L = TP(er. ... emic)

f//
WAQITY, .. D)

Asthemapi € {1,...,m} — [; isaninjection, for any permutation o € S,, the struc-
tural isomorphisms W!A(Q[T])(ll, v lpir) >~ W!A(Q[T])(lg(l), .o lo@my; ) and
I'P(cr,....cmic) 2 TP(co)s - -+ Co(m); €) give us a morphism

WAQRITY Loy, - - > loenyiT) = TP(Co(t)s - -+ Co(m)iC) -

Moreover, for any other inputs e;, ..., e; and output eg, the simplicial set
W!A(Q[T])(el, ...,e1;ep) is exactly W!A(Ae[T])(el, ...,er;ep). So we have maps
from W!A(Q[T])(el, ...,e1;e9) to I'P. All these maps induce a morphism of dg
colored operads from C/D(K W,A (2[T])) to & and so a morphism of dendroidal

sets from Q[T] to NB;g(@) which extends the morphism f. O
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5.3. From the big nerve to the homotopy coherent nerve. In this section, we
construct a morphism of functors a* from Ng;g to heN.

The mappings /1 +— e1,1, ho —> eo,0 and hi; — e] ¢ induce an isomorphism from
the chain complex H defined in Section 3.7 to the chain complex C/D(KA[1]) :=
C(KA[1])/D(KA[1]). The functor C/D is symmetric monoidal through the
Eilenberg—Zilber map; see [8, 3.1]. So, we get morphisms o from H ®k o
C/D(KA[1]%) for any integer k > 1. Let us describe them. On the one hand,
we have:

g h®---®h) = Z sign(o)eq k) k @ -+ @ eq(1) .k -

oES)
On the other hand, let A € H®* and B € H®! be homogeneous elements whose

cumulate degree is 7 and such that ax4 (A ® B) = ) ,c; Ai ® B; where A; €
C/D(KA[1]%) and B; € C/D(KA[1]"). Then we have

+1+1(A®ho ® B) = ZAi ® eon ® B,
iel
ar1+1(A®h; ® B) = ZAi ®ent1n ® Bi .
iel
Note also that the morphism o ; from C/DKA[1]*) ® C/DKA[1]}) to
C/D(KA[1]%*!) given by the Eilenberg—Zilber map satisfy the equation o1 (og ® o)
= k4. This follows from the fact that the Eilenberg—Zilber map is the structural
map making C/D into a symmetric monoidal functor.
Proposition 24. These maps oy induce a morphism of dg operads o - Wg(T) —

C /DKW (T), for any tree T. Moreover, these morphisms are functorial in T.
Subsequently, they induce

> a morphism of functors o from W!dg to C/DK W!A ,

. bi
> and a morphism of functors a* : Ngg — heN .

Proof. The maps oy induce morphisms of dg S-modules ar : Wgy(T) —
C/DKWan(T) for any tree T. We have to show that the morphisms ar are
morphisms of dg operads and that they are functorial with respect to the trees 7T .

> The former property follows from the fact that for any integers k,/ > 0, the
following square is commutative.

H® @ H® “®% c/pKA[]F) ® C/DEKA[1])
e
C/DKA[1]*+])

H®k+1+l C/D(KA[I]k+l+l) ,

Ck+1+41
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where the left vertical map sends A ® B € H® @ H® to A® h; ® B and
where the bottom-right vertical map is the functorial image under C / D K(—) of the
morphism from A[1]% x A[1]* to A[1]¥+1*! which sends (A4, B) to (A, en+1.. B).

> Let us show that the morphisms a7 are functorial with respect to the trees 7.
It is straightforward to show that for any coface § : T — T’, we have
C/DKWam(8)ar = ar'Wg(8). To prove that the same equation holds for
a codegeneracy, it suffices to note that the map

h@Ae H¥ 253 te, @ Ai—> Y, +4; € C/DKA[1]F )
is 0. OJ

The goal of the end of Section 4 is to prove the following theorem.

Theorem 7. For any dg colored operad &, the morphism of dendroidal sets a* () :
Ngzgg () — heN(L) is a weak equivalence.

We already know that the colors of Ng;g(,@) and the colors hcN(&?) are both the
colors of & and that a* () is the identity on these. Hence, the morphism a* (%)
is essentially surjective. So, as both Ng;g(ﬁ) and heN(&2) are co-operads, we only
have to prove that «*(Z?) is fully faithful to prove the theorem; that is, we have to

show that for any integer m and for any colors ¢1, . .., ¢ and ¢ of &2, the map:
a*(P)(ct,....cmic): N(bj;g(@)l‘(cl, cevemic) &> heN(P)E(er, ... emi0)

is a weak equivalence of simplicial sets for the Kan—Quillen model structure.

5.4. The cosimplicial simplicial set Q. We introduce here a cosimplicial sim-
plicial set denoted @ which will allow us to deal with the operations space
Nglgg(,@)l“(cl, ...,cm;c) of the big nerve. Lurie introduced in [16, 2.2.2] a very
similar cosimplicial simplicial set Q° in a slightly different context and with
different conventions. The purpose of this subsection is to recall some results of
[16, Section 2.2.2] about Q*® which extend directly to Q.

For any integer n > 0, let D,, ,, be the following colimit of dendroidal sets.

Dm,n = Cm,n ]_[ A[O]
Aln]

The colors of of D, , are the leaves /1, . . ., I, and the root r of the tree Cy, ,,. Since
A[—] is a cosimplicial simplicial set, D, — is a cosimplicial dendroidal set.

Definition 39 (The cosimplicial simplicial set Q). Let Q be the cosimplicial
simplicial set defined by

Q[n] = V[/!A(Dm,n)(lla coosdm; r)

for any integer n > 0.
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Proposition 25. There is an isomorphism of simplicial sets:
NS P)E (et ..o emi€) = Homugaoa(C/DK QO[] P(cr. ..., cmic)) -

Proof. A n-vertex of NZ;g(@)L (c1,...,cm;c)is amorphism of dendroidal sets from
Dy to Ngigg (&) which sends the colors /; to ¢; and r to ¢. So it is a morphism of dg

operads from C /DK W!A(Dm,n) to & which sends the colors /; to ¢; and r to ¢ and
so it is a morphism of chain complexes from C/DK(Q[n]) to P(c1,...,cmic). O

The simplicial set Q[r] admits the following description.

Qln] >~ A[1]*/ ~

where (A, ex4+1k. B) ~ (A’, ex+1.k. B). We now describe the cosimplicial structure
of Q[—]. Let (¢1,...,qn) € Q[n]; be a [-vertex of Q[n] represented by a [-vertex
of A[1]" and let §; : [n] — [n + 1] (resp. o; : [n] — [n — 1]) be a coface (resp. a
codegeneracy).

> Ifi > 1:

Q(&)(QI”Qn) = (QI,-~7¢]i—17eO,l,Qi7~~aCIn) ’
Q(0i)(q1.---.qn) = (q1.....maxX(qi. gi+1):-- -+ qn) -

> Ifi =0:

Q(&)(CII» L 7Qn) = (el+1,l’QI’ L ,Qn) )
Q0i)(q1,.--.qn) = (q2,....qn) .
Definition 40 (A morphism from Q to A, [16, Remark 2.2.2.6]). Let 8 be the

morphism of cosimplicial simplicial sets 8 : Q[—] — A[—] which sends the element
ei k- ®ej, r € Qlnlk to

max{jli; =k + 1} <max{jli; > k} <--- <max,;{jli; > 1}] € Aln]x

with the convention max(d) = 0. We denote by b the morphism of cosimplicial
chain complexes b := C/DKpB : C/DKQ[-] — C/DKA[-].

Lemma 10. The morphism of functors induced by the morphism b
b* : Homgg.noea(C/ DKA[—], —) — Homggmoa(C/DK O[], —)

is a point-wise equivalence, that is the morphism of simplicial sets b* (V') is a weak
equivalence of simplicial sets for the Kan—Quillen model structure, for any chain
complex V.

Proof. Itis a consequence of [16, Proposition 2.2.2.7] and [16, Proposition 2.2.2.9].
O
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5.5. The big nerve is equivalent to the homotopy coherent nerve. We now
prove Theorem 7. For that purpose, we use the method of the proof of [17,
Proposition 1.3.1.17].

Proposition 26. There is an isomorphism of simplicial sets:
heN(2)E(er,. .. vemic) ~ Homdg.Mod(C/D]KA[—],P(cl, e CmiC)) .
Proof. We know that

heN(2)E(er, ... emse)
~ Homdg_Mod(I/I/!dg(Dm,_)(ll’ v ,lm, r), P(Cl’ ceesCmy C)) .

The chain complex W!dg (Dmn)(hs ..., Im; 1) can be described as H®"/ ~, where
A®h; ® B ~ 0, if the degree of A is different from 0 and A ® h; ® B ~
hy ® - ® hy ® B otherwise. Let A be an homogeneous element of H ®n 1t
has the form 4 = hi@lo ® A’ where h occupies the places (counted from 1 to n)

iy < -+ < i and A" does not contain #;. Then, the mapping which sends A to
the element [ig < i; < --- < i;] gives us an isomorphism of cosimplicial chain
complexes:

W (Dm—)(1, ... Im; 1) =~ C/DKA[-]. 0

Definition 41 (From A to Q). We have introduced a morphism of functors o«
from W,dg to C/ DKW!A. If we apply it to the dendroidal sets (D n)neN, We
get

> amorphism of cosimplicial chain complexes a from C/DKA[—]to C/DK Q[—],

> and a morphism of functors

a™ : Homgg mog (C/DKQ[—], —) — Homggmod (C/DKA[_L _) .

Lemma 11. The endomorphism ba of the cosimplicial chain complexes C / D(IKA[—])
is the identity.

Proof. 1t follows from the description of the morphisms a and b given above, and a
straightforward computation. O

Proof of Theorem 7. By Proposition 25 and Proposition 26, the map of sim-
plicial sets a*(P(c1,....cm;c)) from Homggmed(C/DKQ[—], P(ct, ..., Cm:ic))
to Homggmoa(C/DKA[—], P(ci,....cmic)) can be considered as a map from
Ngzgg(@)L(cl, coorCmic) o heN(P2)E(cy, ..., cmic). By construction, it is exactly

a*(P)(ci,....cm;C) :Ng;g(@)L(cl,...,cm;c) — heN(P2)E(eq,....emic) .
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Since its composition with the map b*(P(cy,...,cm;c)) is the identity and since
the map 6*(P(cy,...,cm:c)) is a weak equivalence, then a*(P(cy,...,cmic)) isa
weak equivalence. So, for any dg colored operad &, the morphism of co-operads
a*(Z) from NZ?(@) to hcN(2?) is fully faithful. Since it is essentially surjective,
then it is an equivalence. O

Corollary 3. When the characteristic of the field K is zero, the adjunction
c/ D]KW!A = Ng:gg is a Quillen adjunction, with respect to the model structure
on the category dg-Op of dg operads given in Proposition 21.

Proof. Tt suffices to prove that the functor Ngi,g preserves weak equivalences and
fibrations. Since it is equivalent to the homotopy coherent nerve which preserves
weak equivalences, then it preserves weak equivalences. Let f : & — 2 be a
fibration of dg operads and let ¢ its underlying function between colors. On the one
hand, since the functors from dg operads to set-theoretical operads t; Ng;g and Hy

are isomorphic, then the functor i *z; N'dji;g( f) is an isofibration. On the other hand,
let T be a tree with m > O leaves [y, ..., [, aroot denoted by r and an inner edge e.
Consider the following commutative square of dendroidal sets

A¢[T] —= NGE(2)
LNEE(J‘)
QIT) ——=NGE(2) .

It induces a commutative square of chain complexes.

C/DKWANCTI(y. ... L 1) P(c1,...,CmiC)

L lf(m ,,,,, cm;c)

C/DKWAQITI(ly, ... . Imir) —= Q(@(c1). - ... d(cm): $(c))

Since the morphism f(cy, ..., cy;c) is a fibration of chain complexes and since the
left vertical map is a trivial cofibration, then this square has a lifting. Since the
function i € {l,...,m} — [; is injective, we get, for any permutation 0 € S,,, a
lifting of the same square but where (/1, ..., [y) (resp. (c1,...,cm)) is replaced by
(s@)s - lom)) (resp. (¢o(1), - - - » Co(m)))- This gives us a lifting of the first square.
By the characterization of the fibrations between fibrant dendroidal sets given in
Theorem 1, then Nzlgg( f) is a fibration. O
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A. Appendix

In the literature, there are two ways to define the fully faithful morphisms of
oo-operads f : P — Q:
> for any integer m and any colors ¢y, . .., ¢, ¢ of P,themap P(cy,...,cm;c) —
O(f(c1),..., f(cm); f(c)) is a weak homotopy equivalence of simplicial sets.
> for any integer m and any colors ¢y, . . ., ¢y, ¢ of P, the map PL(cl, ce CpiC) —>
OL(f(c1),.... fcm); f(c)) is a weak homotopy equivalence of simplicial sets.
The goal of this appendix is to prove that these two definitions are equivalent that is
to prove the following theorem.
Theorem 8. For any co-operad P, for any integer m and any colors ¢, c1, ..., Cm
of P, the simplicial set P(cy,...,cm;c) is homotopy equivalent to the simplicial set
PL(ci,....cm;c). In other words, there is a chain of weak homotopy equivalences
between P(cy,...,cm;c) and PL(cl, ..., Cm; ). Furthermore, this construction is
functorial with respect to P.
Let P(Al4D pe the functorial Reedy fibrant resolution of P defined in [6, 3.2].
The two following squares are pullbacks:

P(ci,....cm;c)g — Homgset(2[Crn). p(A[q]))

| |

Al0] = Homgse(A[0] U T[}Z, A[0]. PA1D)

(c,C15eeCm

PL(CIV‘-,Cm;C)p HomdSet(Q[Cm,pLP)

| |

Al0] Homgse(A[p] U LT;Z; A[0], P) .

(c.C15eesCm

The left vertical maps of these two diagrams are induced by cofaces maps targeting
the trees Cp, and Cp, . Let {M If’ q} p,qgeN be the pullback of the following diagrams:

M;,q HomdSet(Q[Cm,p], P(A[q]))

| |

Al0] > Homgsei(A[p] U LI7Z, A[0], p(AlaD)

(,c15eCm

The collection {M ;, q) p-q has a canonical structure of a bisimplicial set. The sim-
plicial set M(f_ (resp. Mf:o) isequal to P(cy,...,Cm;c) (resp. PL(cl, ey Cs C)).
From now on, we will denote P (A9D simply by pP,.
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Lemma 12. For any face map d; : Py — Py_1, the induced morphism of simplicial
sets qu — qu_l is a trivial fibration.

Proof of Lemma 12. Let k be an integer and suppose that we have the following
diagram:
Ak ——= M 5 q

-

Akl —M 5 g—1-
It corresponds to elements by, . .., bg in M,f_l 4 and a in M,f -1 having coherent
face relations. The color ¢ of P induces a morphism ¢ : A[k] — P,. Then, c,
bo, ...and by together give a map dQ2[Cy, k] — P4 which fits into the following
diagram:

bo,...,by,
OQCp ] —22P_ p,

C

QCnpl ——— P41

As the face d; : P; — P4_; is a trivial fibration, then the former square has a lifting;
therefore, the first diagram has a lifting. As this is true for any integer k and for any
such diagram, this proves the lemma. O

Lemma 13. let §,, be the unique external coface Cp,p—1 — Cy,p wWhich omits the
lower vertex of Cyy,,p. The face induced M;_ — le_l _ is a trivial fibration.

Proof of Lemma 13. Letk > 1 be an integer. On the one hand, let lim(dx, P);—; be
the projective limit of the diagram of dendroidal sets made up of:
> for any integer 0 < i < n a copy of Px_; denoted by (d;, Px_1).

> if k > 2, for any pair of integers (i, j) such that 0 < i < j < n, a copy
(didj, Px—) of Px_» and maps

dj— it
(di, Px) —(d;dj, Pr) <=— (d;, Pg) .

Then, the canonical map Py — lim(dx, P)g—1 is a fibration; see [7, 4.3] for more
details. Suppose that we have the following diagram for an integer k > 0:

O[] — MP_

|

Akl ——=MF | _
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If kK = 0 this diagram corresponds to the data of an element of x € M ;—1 0
The degeneracy s,_1x of x gives a lifting of the diagram. Suppose now that
k > 1. The diagram induces an element b € (lim(d«, P)x—1)c,, , and an element
a € (Px)c,, ,—- They fitin the following square:

aext Q [Cm,p] L Pk

| |

Q[Cm,p] ——= lim(d, Pl -

The right vertical map is a fibration and the left verical map is a trivial cofibration;
see [22, Lemma 5.1]. Then the square has a lifting which induces a lifting of the first
square. 0

Proof of Theorem 8. By the two former lemmata, it is straightforward to prove that
all the face maps M, - M, P _and M* P — MP .g—1 and degeneracies M, L
M?r pt1,— and M~ P q — M- P q+1 are weak homotopy equivalences of 51mphclal sets.
Then by [12, Corollary 15.11.12], we have a chain of weak homotopy equivalences:

P(ci,...,cmic) ——diag(MP) <—— PL(x1,...,xXm: X),

where diag(M ) is the diagonal of the bisimplicial set M ?. Furthermore, as the
Reedy fibrant resolution PAD of P is functorial in P, a morphism f : P — Q
of co-operads induces the following diagram:

P(cl,...,cm;c)—>diag(MP)<—PL(cl,...,cm;c)

| | |

Q(f(c1)s- -, flem): f(e)) —diag(M @) <— QO (f(c1). ... flem): f(0))

where the horizontal maps are weak homotopy equivalences and the vertical ones are
canonically induced by f. O

Corollary 4. The two definitions of the fully-faithful morphisms of oo-operads are
equivalent.

Proof. Consider the former diagram. As the horizontal maps are weak homotopy
equivalences, then the left vertical map is a weak equivalence if and only if the central
vertical map is a weak equivalence if and only if the right vertical map is a weak
equivalence. O
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