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The Gauss—-Manin connection for the cyclic homology
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Abstract. Given a smooth deformation of topological algebras, we define Getzler’'s Gauss—
Manin connection on the periodic cyclic homology of the corresponding smooth field of
algebras. Basic properties are investigated including the interaction with the Chern—Connes
pairing with K-theory. We use the Gauss—Manin connection to prove a rigidity result for
periodic cyclic cohomology of Banach algebras with finite weak bidimension. Then we illustrate
the Gauss—Manin connection for the deformation of noncommutative tori. We use the Gauss—
Manin connection to identify the periodic cyclic homology of a noncommutative torus with
that of the commutative torus via a parallel translation isomorphism. We explicitly calculate the
parallel translation maps and use them to describe the behavior of the Chern—Connes pairing
under this deformation.
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1. Introduction

Our motivating problem is to understand the behavior of periodic cyclic homology
under deformation of the algebra structure. Given a family of algebras {A;};cs
parametrized by a real number ¢, we would like to identify conditions under which
we can conclude

HP.(A;) = HP.(4;). Vt,s€ J.

The types of algebras we consider will be topological algebras, and the deformations
will have a smooth dependence on ¢.

In the setting of formal deformations, Getzler constructed a connection on the
periodic cyclic complex of a deformation [13]. His connection, called the Gauss—
Manin connection, commutes with the boundary map on the periodic cyclic complex
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and descends to a flat connection on the periodic cyclic homology of the deformation.
We shall adapt Getzler’s connection to our setting of smooth deformations and
investigate its properties.

For a real interval / C R, we consider a smoothly varying family {m;};cs of
jointly continuous associative multiplications on a complete locally convex vector
space X. For each t € J, we have a locally convex algebra A, whose underlying
space is X and whose multiplication is given by m,. These algebras can be collected
to form the algebra A; of smooth sections of the bundle of algebras over J whose
fiber at¢ € J is A;, where the multiplication in A is defined fiberwise. Then A4 is
an algebra over C°°(J), the space of smooth complex-valued functions defined on
the parameter space J.

The complex of interest to us is the periodic cyclic complex of Ay over the ground
ring C°°(J). This can be thought of as the space of smooth sections of the bundle
of chain complexes over J whose fiber at ¢ € J is the periodic cyclic complex of A4;.
It is on this complex that we shall define Getzler’s Gauss—Manin connection Vgyy.
The connection Vgps commutes with the boundary map and thus descends to a
connection on the C°°(J)-linear periodic cyclic homology HP.(Ay).

A fundamental issue for us is to determine when we can perform parallel
translation with respect to Vgas at the level of periodic cyclic homology. Indeed,
doing so would provide isomorphisms HP.(A;) = HP.(A) between the periodic
cyclic homology groups of any two algebras in the deformation. Of course, the
striking degree of generality for which V) exists indicates that the connection will
not always be integrable. The goal then is to identify properties of a deformation that
allow for parallel translation.

An important feature of cyclic cohomology is that it provides numerical invariants
of K-theory classes through the Chern—Connes pairing

(.-): HP'(A) x Ki(A) - C, i=0,1,

between periodic cyclic cohomology and algebraic K-theory. The Gauss—Manin
connection is compatible with this pairing in the following sense. Given a smoothly
varying family {¢; € C®°"(A;)}+es of even cocycles and a smoothly varying family
of idempotents { Py € My (A;)}ses in matrix algebras, we have

d _ ;uGM
77 e (2D = (VO [t [P,

where VEM denotes the dual Gauss—Manin connection on periodic cyclic cohomol-
ogy. A similar result holds for the pairing of odd cocycles and invertibles, representing
classes in K1 (4;). Thus being able to compute with VM gives insight into how the
numerical invariants arising from this pairing are changing with the parameter ¢.
Our main abstract result is a rigidity result for periodic cyclic cohomology of
Banach algebras of finite weak bidimension. The weak bidimension dby, A of a
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Banach algebra A is the smallest integer n such that the Hochschild cohomology
H"t1(A, M*) vanishes for all Banach A-bimodules M. A Banach algebra A is
called amenable if db, A = 0, and more generally is called (n + 1)-amenable
if dby, A = n. Amenable Banach algebras were defined by Johnson [18], and higher
dimensional versions of amenability were studied in [9,24,27,33]. We prove that the
Gauss—Manin connection is integrable for small enough deformations of a Banach
algebra of finite weak bidimension. Consequently, periodic cyclic cohomology is
preserved under such deformations.

We then illustrate the Gauss—Manin connection in the nontrivial deformation
of noncommutative tori, a well-studied example in noncommutative geometry [30].
The smooth noncommutative n-torus 4@ can be naturally viewed as a deformation
of C*°(T"), the algebra of smooth complex-valued functions on the n-torus. The
cyclic cohomology of Ag is well-known, as it was computed directly by Connes in the
n = 2 case [4] and by Nest in the general case [25]. We prove the integrability of the
Gauss—Manin connection for this deformation and thus obtain a parallel translation
isomorphism HPo(Ag) = HP.(C*°(T")). Since the latter can be computed in
terms of de Rham cohomology [4], this provides a deformation theoretic computation
of HPo(A@).

We also explicitly describe the dual Gauss—Manin connection VM in terms
of a natural basis for HP®(4g). This allows us to compute the derivatives of
the Chern—Connes pairing, as discussed above. We show that the Chern—Connes
pairings for the noncommutative torus can be expressed as a polynomial function in
the parameters whose coefficients are Chern—Connes pairings for the commutative
torus C*°(T"). For example, given a smoothly varying (in ®) family of idempotents
{Po € My (+Ag)}, the Chern—Connes pairings with Pg are determined by, and can
be computed from, the characteristic classes of the smooth vector bundle associated
to Pg € My (C®°(T")). Related formulas were found by Elliott [10], who computed
the Chern character of noncommutative tori in the sense of [2].

Similar work on the Gauss—Manin connection was carried out independently by
Yamashita [36].

The outline of the paper is as follows. In §2, we fix notation and recall
necessary background material regarding locally convex topological vector spaces,
Hochschild and cyclic homology, operations on the cyclic complex and Getzler’s
Cartan homotopy formula. In §3, we set up the general framework in which we will
study smooth deformations of algebras and chain complexes. Our main techniques for
studying deformations use connections and parallel translation, in particular we give a
criterion for triviality of these deformations in terms of integrable connections. In §4,
we define Getzler’s Gauss—Manin connection in our setting of smooth deformations,
and prove some of its basic properties. The rigidity theorem for cyclic cohomology
of Banach algebras of finite weak bidimension is proved in §5. The remainder of the
paper is on the application to noncommutative tori. In §6, we prove the integrability
of the Gauss—Manin connection for the deformation of noncommutative tori and
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obtain a parallel translation isomorphism in periodic cyclic homology. In §7, we
explicitly describe the operator VO™ and its parallel translation for noncommutative
tori. This is used to describe the deformation of the Chern—Connes pairing. For
the sake of streamlining the presentation, the proofs of some statements have been
postponed to an appendix.

Acknowledgements. I'dlike to thank my thesis advisor, Nigel Higson, for suggesting
this line of research and offering useful guidance throughout the project. I have
benefitted from discussions with Erik Guentner and Rufus Willett on the material.
I’d also like to thank Rufus Willett for reading an earlier draft of this document and
suggesting ways to improve it.

2. Preliminaries

2.1. Locally convex algebras and modules. See [34] for background in the theory
of locally convex topological vector spaces. More details concerning topological
tensor products can be found in [14,15,34].

We shall work in the category LCTVS of complete, Hausdorff locally convex
topological vector spaces over C and continuous linear maps. All bilinear/multilinear
maps we work with will be assumed to be jointly continuous. For example, by a
locally convex algebra, we mean a space A € LCTVS with a jointly continuous
associative multiplication. Similarly, a locally convex module over a locally convex
algebra has a jointly continuous module action.

Dealing with joint continuity leads naturally to projective tensor products. If R
is a unital commutative locally convex algebra and M and N are locally convex
R-modules, then M &g N denotes the completed projective tensor product over R,
which is universal for jointly continuous R-bilinear maps from M x N into locally
convex R-modules, see [15, Chapter II]. Given X,Y € LCTVS, we shall simply
write X®Y for X®cY .

Given X,Y € LCTVS, we equip the space Hom(X, Y) of continuous linear
maps from X to Y with the topology of uniform convergence on bounded subsets
of X. It is a Hausdorff locally convex topological vector space, but it may not be
complete. However, it is for many nice cases, for example if X is a Fréchet space or
an L F-space. The strong dual of X is X* = Hom(X, C). We remark that the strong
dual of a Banach space is a Banach space, but the strong dual of a Fréchet space is
never a Fréchet space, unless the original space is actually a Banach space.

Given two locally convex R-modules M and N, we topologize Homg (M, N) as
a subspace of Homc (M, N). When N = R, we obtain the topological R-linear dual

M™* := Homg (M, R).
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We shall use the notation M * to distinguish from M *, which will always mean the
usual C-linear topological dual space.

A locally convex R-module is free if it is isomorphic to R®cX for some
X € LCTVS, where the module structure is given by multiplication in the R factor.
The free module R®X has the usual universal property that any continuous C-linear
map F from X into a locally convex R-module M induces a unique continuous
R-linear map F : R®X — M given by

Fir®x) = rf(x).
This establishes a linear isomorphism
Hompg(R®X, M) =~ Hom(X, M),

which is a topological isomorphism for nice spaces, see Proposition A.1.

By a locally convex cochain complex, we mean a collection of spaces {€"}, ez
in LCTVS and continuous linear maps {d” : €" —€" 1}, .7 such that d" ! o d" =0.
We’ll use the notation Z"(€) = kerd” for cocycles and B*(€) = imd"~! for
coboundaries. The cohomology is H"(€) = Z"(€)/B"(€), which may not be
Hausdorft or complete. If each €” is a locally convex R-module and the coboundary
maps are R-linear, then €° is a locally convex cochain complex of R-modules. In
this case, the cohomology spaces are R-modules.

2.2. Hochschild and cyclic homology for locally convex algebras. Additional
details regarding cyclic and Hochschild homology can be found in [4,23].

Let R be a unital commutative locally convex algebra and let A be a (possibly
nonunital) locally convex R-algebra. Let A4 denote the R-linear unitization of the
algebra A. As an R-module, A1 = A & R. We can, and will, form the unitization
in the case where A is already unital. We shall let e = (0, 1) € A+ denote the unit
of A4, to avoid possible confusion with the original unit of A, if it exists.

For n > 0, the space of Hochschild n-chains is defined to be

A, n=020,

AL @RrA®R" > 1.

The maps b : C,(A) = Cy—1(A) and B : C,,(A) — C,+1(A) are given by
n—1

bag® - ®an) = Y (~1Vao® - ®a; -1 ®aja;s1 Qa2 ® @ ay
j=0

Cu(A) =

+ (—D"ayao®a1 ® -+ Q an—1,
n .
Blay® - ®ay) =Y (—1)/"e®a; @ ®a,®a @ ®a;1.
j=0

Be®a ®---®a,) =0,
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and satisfy > = B? = bB + Bb = 0. The homology of the complex (Cs(A4), b) is
the Hochschild homology of A4, denoted HH,(A) or HHX(A) to emphasize R.
The periodic cyclic chain complex is the Z /2-graded complex

Cper(4) = Ceven(A) & Coua(A) = (H czn(A)) &y (1‘[ cz,,H(A))
n=0 n=0

equipped with the differential b + B. Its homology groups are the even and odd
periodic cyclic homology groups of A, and are denoted HPy(A) and HP;(A)
respectively.

To obtain Hochschild cohomology HH®(A) and periodic cyclic cohomology
HP*(A) of A, we take the cohomology of the continuous R-linear dual complexes

C™(4) = Cu(D*. CP(4) = Cpar(A)*.
Then we have a canonical pairing
(7)1 CP"(A) x Cper(4) — R,
which descends to an R-bilinear map
(.-) : HP*(A) x HP.(A) — R.
We need another variant of Hochschild cohomology. Let
C¥(A4, A) = Homg(A®%K, 4)

with the coboundary map § : C¥(A, A) — C*k*+1(4, A) given by
8D(ay,...,ag4+1) = D(ay,...,ax)ar+1 + (=D)**'a, D(as, ..., ag+1)

k
+ Z(—l)k_]HD(al, ce@j—1,AAj 41,0542, ...,dk).
=1

This is a cochain complex, and its cohomology H°®(A, A) is the Hochschild
cohomology of A (with coefficients in A). A relevant example is that D € C!(4, A)
satisfies D = 0 if and only if D is a derivation. There is much additional structure
on C*(A, A), including a cup product and a Lie bracket, called the Gerstenhaber
bracket [11].

2.3. Chern—Connes pairing. The Chern—Connes character, see [23, Ch. 8], is a
group homomorphism

ch: K;(A) - HPR(4), i=0,1,
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where K;(A) is the algebraic K-theory group of A. The natural pairing between
cyclic homology and cyclic cohomology gives the Chern—Connes pairing

() : HPL(A) x K;(A) — R,
(lol, [P]) = (o], [ch P]), ([¥],[U]) = ([y] [chU]),

where P is an idempotent and U is an invertible in a matrix algebra My (A).

2.4. Operations on the cyclic complex. The Cartan homotopy formula that follows
was first observed by Rinehart in [32] in the case where D is a derivation, and later in
full generality by Getzler in [13], see also [26,35]. An elegant and conceptual proof
of the Cartan homotopy formula can be found in [20]. Our conventions vary slightly
from [13], and are like those in [35].

Given D € C¥(A, A), the Lie derivative is the operator
Lp : Cu(A4) — Cpg4+1(A4)
of degree —(k — 1) given by

n—k+1
Lp(ap® -+ Qay) = Z(_l)i(k—l)ao Q- @D, ....di4k-1)® @ an
i=0
k—1
+ Y (=D D(@n—ig1.. - ln. Ao, A1) ® Ak ® +++ & .
i=1

In this formula and others below, it is understood that the result is 0 whenever D has
the adjoined unit e as one of its arguments. A simple, but relevant, example is that if
D € C'(A, A), then

n
Lp(ay® - ®apn) =) ay® - ®a;_1 ® D(@;) ®ajt1 ® @ a.
j=0

These operators satisfy the following identities, where brackets denote graded
commutators,

[Lp.Lgl=Lip,g). [b.Lp]l=Lsp, [B,Lp]=0.
There is also a contraction /p = tp + Sp where

tp : Cu(A) > Cyk(A),  Sp : Cu(A4) = Cyi42(4)
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are given by

tp(ap ® - ®ay,) = (—l)k_laoD(al, ceay) Qary Q-  ay,
n—k+1 n—i—k+1
Spao® - ®an) =y Y (~D)EVOF e ga, @
i=1 j=0
®a, Qa0 Q- Qa1 @D(a;, ..., 014k—1) QaAitk @+ Q an—j,
Sple®a; ®---®ay) =0.

Theorem 2.1 (Cartan homotopy formula [13]). Forany D € C*(A, A),
[b+ B,Ip]|=Lp— Isp.

The Lie derivative and contraction operations of the previous section have multiple
generalizations, see e.g. [13] or [35]. We shall need just one of these. For X,Y €
C'(A, A), define the operators L{X, Y} and I{X,Y} on Cs(A) by

n—1 n

LIX.Y}ao® - ®an) =Y > a® - ®Xa)® - ®Ya,)® - Qap
i=1j=i+1

n
+) Y(a)®a1®+® X(a;) ® -+ ® an.
i=1

and
n—1 n n—j
I{X,Y}(ap® - Ray) = =D)""e @ ap—mt1 -
i=1j=i+1m=0
T ®ap ®ag R - @X(@)R - ®Y(A;)® - Qan—m
ifag € A and

I{X,Y}(e®a1 ®---®ap) =0.
The following formulas appear in [13], with slightly different conventions.
Theorem 2.2. If X and Y are derivations, then
O b+BI{X, Y} =L{X,Y}+ Ix_y — IyIx.
(i) b+ B, L{X,Y}|=—-Lx_y +Lylx — IyLx.

Notice that the second formula follows from the first by applying the commutator
with b + B and using the Cartan homotopy formula. The cup product is given by

(X — Y)(a1,a2) = —X(a1)Y(az).
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Example 2.3. Consider a nonnegatively graded algebra 4 = @, , A,. Let D :
A — A be the algebra derivation defined by D(a) = n -a for all a € A,. The
complex Cpr(A4) decomposes into eigenspaces for L p, depending on the total degree
of a tensor. However, L p acts by zero on HPo(A) by Theorem 2.1 since 6D = 0.
Thus the nontrivial part of the homology is contained entirely in the 0-eigenspace
for L p, which coincides with Cper(Ap). In this way, we see the inclusion 49 — A
induces an isomorphism HPo(Ag) = HP.(A).

3. Smooth deformation theory

Let J € R be a nonempty open interval, which will serve as a parameter space.
Loosely speaking, our general approach to deformation theory is as follows. Given
a family of objects {£;};c that depend smoothly on ¢, we form a bundle E over J
whose fiber at ¢ is E;. The object of interest is then the space of smooth sections
of the bundle E. If each E; has an underlying vector space structure (for example,
if we are dealing with algebras, chain complexes, Lie algebras, etc), then the space
of smooth sections is a locally convex C°°(J)-module. The space of sections will
generally inherit new structure by considering any additional structure {E; };cs had
fiberwise.

We discuss some relevant properties of such modules below related to single
variable calculus in a locally convex space. An extensive treatment of calculus in
infinite-dimensional settings can be found in [22].

3.1. C*®(J)-modules. Let X € LCTVS and consider the space C*°(J, X) of
infinitely differentiable functions on J with values in X, equipped with its usual
topology of uniform convergence of functions and all their derivatives on compact
subsets of J. Then C*°(J) := C*°(J, C)isanuclear Fréchet algebraand C*°(J, X)
is a locally convex module over C °°(J) using pointwise scalar multiplication. As X
is complete,

C®(J,X) = C®(J)®X,

see e.g. [34, Theorem 44.1]. In other words, C*°(J, X) is a free module. There are
continuous linear “evaluation maps”

& :C®(J,X)—= X, e&(x)=x().

Let us turn to morphisms of such modules. By properties of free modules, a
continuous C*°(J)-linear map F : C*°(J, X) — C*(J,Y) comes from a linear
map F 1 X — C*(J,Y) and consequently a family of maps {F; : X — Y}y
defined by F; = €; o F'. We shall refer to a collection of maps {F; : X — Y };ey
arising in this way as a smooth homotopy of linear maps. The map F' is determined
by the Fy, and these maps clearly are such that ¢ + F;(x) is smooth for each x € X.
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Conversely if X is barreled (Fréchet spaces are examples of barreled spaces),
then a family {F; : X — Y };es of continuous linear maps for which ¢ — F;(x) is
smooth for each x € X induces a continuous C *°(J)-linear map

F:C®(J,X)—> C™(J,Y), Fx)(t)= F(x()),
hence {F; : X — Y };cs is a smooth homotopy of maps (Proposition A.2).
The family of maps {F; : X — Y}, arising from a C°°(J)-module map can

also be viewed as a path in Hom(X, Y'), which is smooth (Proposition A.4). This
association

Homceo () (C*(J, X),C*(J,Y)) —» C* (J,Hom(X,Y))

is a topological isomorphism if either
(i) X and Y are Banach spaces, or
(i) X is a nuclear Fréchet space and Y € LCTVS,

see Proposition A.6. By considering the case ¥ = C, we see that if X is either a
Banach space or a nuclear Fréchet space, then

C®(J, X)X = C®(J, X*).

3.2. Connections and parallel translation. Since we are only dealing with one-
parameter deformations, we shall only treat connections on C °°(J)-modules where
the interval J represents the parameter space. As there is only one direction to
differentiate in, a connection is determined by its covariant derivative. In what
follows, we shall identify the two notions, and will commonly refer to covariant
differential operators as connections.

Definition 3.1. A connection on alocally convex C°°(J)-module M is a continuous
C-linear map V : M — M such that

V(f-m)=f"-m+ f-Vm
forall f € C®(J)andm € M.
It is immediate that the difference of two connections is a continuous C*°(J)-

linear map. Since the operator % is an example of a connection on the free module
C°(J, X), we see that every connection V on C*°(J, X) is of the form

d
V=—-F
dt
for some continuous C *°(J)-linear endomorphism F : C*°(J, X) — C*°(J, X).
An element in the kernel of a connection V will be called a parallel section for V.

A continuous C°(J)-linear map
F:(M,Vy) — (N,Vy)

between two modules with connections is parallel if F o Vyy = Vy o F. A parallel
map sends parallel sections to parallel sections.
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If (M, V) and (N, V) are C°°(J)-modules with connections, then the operator
Vi ® 1 + 1 ® Vy is a connection on M ®coo(yyN. Additionally, the operator V;}
on M* = Homcoo(y)(M, C*®(J)) given by

d
(V3o)m) = —g(m) — p(Vaym)
is a connection. The definition of VA*,; ensures that the canonical pairing
() s M* ®coo(ry M — C*(J)

is a parallel map, where we consider the ground ring C *°(J) with the connection %.
In other words,

d
S lom) = (VX@,m) + (¢, Vayym).

Definition 3.2. A connection Von M = C®°(J, X) is integrable if there is a parallel
isomorphism

F:(MV)— (COO(J, X),%).

We shall express this condition in terms of parallel translation. We will think
of M as sections of the trivial bundle whose fiber over t € J is M; =~ X. Parallel
translation relies on the existence and uniqueness of a solution m € M to the initial
value problem

Vm =0, m(s)=x

for any given s € J and x € M. In this case, the parallel translation operator
P, My — M,
s,t N - t

is the linear map defined by PSZ (x) = m(t), where m is the unique solution to the
above initial value problem. Then PSZ is a linear isomorphism with inverse PtYs.

Parallel translation can always be done with respect to an integrable connection,
because it obviously can be done with respect to %. In the case where X is barreled,
then a connection V is integrable if and only if

(i) Forevery s € J and x € Mj, there is a unique m € M such that

Vm =0, m(s)=x.

(ii) Each PSYI : Mg — M; is continuous, and for each fixed x € X, the map
(s,t) — PSZ (x) is smooth (i.e. all mixed partial derivatives exist);

see Proposition A.9.
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If F:(M,Vy) — (N,Vy) is a parallel map between C°°(J)-modules with
integrable connections, then it is straightforward to verify that the diagram

MSLNS

Vm VN
PS.I J/ J/PS,Z

Mt L)N[

commutes. From this we see that if F : (M,V) — (C*(J, X), %) is a parallel
isomorphism, then P, = F;"! o Fj.

If Vjs and Vy are integrable connections on M and N, then V@ =Vy 1+
1 ® V, is integrable on M@Coo(J)N, and

V@ Vm Y S S
P = Ps’, ® PSJ T MyQNy — M;QN;.

S,t

If the fiber X is either a Banach space or a nuclear Fréchet space (so that
C®(J,X)* = C*®(J,X*)), then the dual connection VA’; is integrable on M *
and
PYM = (PY)": MF - MY,
5.t 1, s t

Let us consider the problem of parallel translation for a connection V. on M =
C*®(J,X). We have V = % — F for some endomorphism F : C*®(J,X) —
C®°(J, X) with corresponding maps {F; : X — X};es. To parallel translate, we
must solve the first order linear ODE

X(t) = F(x(1)), x(s) =xo

given any s € J and xo € X. By iterating the fundamental theorem of calculus
inductively, we see that any solution x (¢) satisfies

N t Ui Up—1
() =XO+Z/ / / (Fuy 0+ 0 Fu)xo)ditn . .. duy
n=1 S S S

t uj UupN
+/ / / (Fu, o"'oFuN+1)(x(“N+l))duN+ld”N~--du1
s Js s

for any N. If the last term can be shown to converge to 0 in C*°(J, X) as N — oo,
then any solution x (¢) has the form

& t prup Up—1
x([)=x0—|—2/ / / (Fy, 00 Fy, )(x0)duy ...du;.
n—17s Js s

This gives uniqueness of solutions. If this series can be shown to converge, we obtain
existence of solutions. It is straightforward to show both of these in the case where X
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is a Banach space. The fundamental theorem of calculus ensures that the solution
depends smoothly on both ¢ and s. These are well-known results from the theory of
first order linear ODE’s on a Banach space, which we restate in our language.

Theorem 3.3. If X is a Banach space, then every connection on C*(J, X) is
integrable.

Once we start considering other classes of locally convex vector spaces,
e.g. Fréchet spaces, the existence and uniqueness theorem for solutions to linear
ODE’s is false. One cannot guarantee that the above series defining the solution will
converge.

3.3. Deformations of algebras. Let X € LCTVS and let J denote an open interval
of real numbers.

Definition 3.4. A smooth one-parameter deformation of algebras is a smooth
homotopy of continuous linear maps {m; : XQX — X};es for which each m;
is associative.

So for each ¢t € J, we have a locally convex algebra A, := (X,m;) whose
underlying space is X. By definition, there is a C °°(J)-linear map

m:C®(J,X®X) —» C®(J, X)

associated to the maps {m;};cs. Letting Ay = C°°(J, X), then m can be viewed as
an associative multiplication

m: Aj®ceonyAs — Ay,

making Ay into a locally convex C°°(J)-algebra, which we shall refer to as the
algebra of sections of the deformation {4, };cs. Explicitly, the multiplication in 4
is given by

(a1a2)(t) = my(ar(1), ax(1))
foralla;,a, € Ay. Theevaluationmapse; : Ay — A; are algebra homomorphisms.

If X is Fréchet, then our definition of a smooth deformation is equivalent to a
smooth path in Hom(X ® X, X) whose image lies in the set of associative products.
For a Fréchet space X, a set {m; : X X -> X }tes of continuous multiplications is
a smooth deformation if and only if the map ¢ — m;(x1, x2) is smooth for each fixed
Xx1,Xx2 € X, see Corollary A.3.

A morphism between the deformations {A;};es and {B;};es is a continuous
C°°(J)-linear algebra homomorphism F : Ay — By. Thus a morphism is
equivalent to a smooth homotopy {F; : A; — B;};ey, for which each F; is
an algebra map. A deformation is constant if the products {m,} do not depend
on t. A deformation is called trivial if it is isomorphic to a constant deformation.
Thus {A;};ey is trivial if and only if there is a locally convex algebra B such that
Ay = C*(J, B) as algebras. We can characterize triviality of a smooth deformation
of algebras in terms of connections.
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Proposition 3.5. The deformation {A;}iey is trivial if and only if Ay admits an
integrable connection that is a derivation with respect to the algebra structure. In
this case, the parallel translation maps Psz : As — Ay are isomorphisms of locally
convex algebras.

Proof. Notice that % is an integrable connection and a derivation on a constant
deformation, so every trivial deformation possesses such a connection.

Conversely, suppose Ay has an integrable connection V that is a derivation.
That V is a derivation is equivalent to the multiplication map

m:(Aj®coonAs,VR®1+18V)— (4;,V)

being a parallel map. Since parallel maps commute with parallel translation, we
obtain
pV

v v
s,t omsg = m; © (Ps,t ® Ps,t)’

which shows that PSY, is an algebra isomorphism. Let

d
. o] -
F:(47,V) > (€%, %), d[)
be a parallel isomorphism. Fix s € J and observe that
FloF:C®(J, A)) > Ay, (F7'o F)(a)(t) = F ' (Fs(a(1)) = Py, (a())

is an isomorphism of deformations, where C°°(J, A;) is the algebra of sections of
the constant deformation with fiber Aj. ]

Thus it is important to determine if a deformation has a connection that is a
derivation. In analogy with the work of Gerstenhaber on formal deformations [12],
the obstruction to this is cohomological.

Given any connection V on Ay, define the bilinear map E by

V(aiaz) = V(ai)az + a1V(az) — E(ai, az).

So E is the defect of V from being a derivation, and in fact £ = §V, where § is
the Hochschild coboundary. It follows that £ = 0. Using the Leibniz rule for V,
one can check that E is a C°°(J)-bilinear map. So E defines a cohomology class
[E] € Héoo(J)(A], Ay). Notice that V is only C-linear and not C°°(J)-linear.
Thus, we may have [E] # 0.

Proposition 3.6. The cohomology class [E] € H éoo (A, Ay) is independent of
the choice of connection. Moreover, [E] = 0 if and only if Ay possesses a connection
that is a derivation.
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Proof. Let V and V' be two connections with corresponding cocycles E and E’.
Since V' = V — F for some F € CCIOO(J)(AJ, Ay), we have

E' =8V —F)=E —§F,

which shows that [E] = [E].

If V is a connection that is a derivation, then £ = §V = 0. Conversely, if V is
any connection on Ay and [E] = 0, then £ = §F for some F € CCI,OO(J)(AJ, Ay).
Hence §(V — F) = 0, so the connection V — F is a derivation.

From this, we see that the cohomology class [E] provides an obstruction to the
triviality of a deformation. Even if this obstruction vanishes, there is still an analytic
obstruction in that the corresponding connection may not be integrable. These two
issues are common to the smooth deformation theory of other types of structures as
well, e.g. cochain complexes (see below) or Axy-algebras [37]. The class [E] will
also play an important role in the Gauss—Manin connection.

3.4. Deformations of cochain complexes. By a smooth one-parameter deformation
of cochain complexes, we mean a collection {X"},cz of spaces in LCTVS together
with a smooth homotopy of continuous linear maps {d) : X" — X"*1},¢; for
each n such that dt”Jrl od =0forallt € J. Foreacht € J, we have a locally
convex cochain complex

€, dy) = (...an—leannHL...)

built on the same underlying family of spaces. Let €} = C*°(J,X") and let
d:¢) — ‘6”}“ be the continuous C°°(J)-linear map associated to the collection
{d;};cs. We obtain a cochain complex

(€5.d) = (- —Loept Loer Lyt 4

of locally convex C°°(J)-modules. We’ll call €5 the complex of sections of the
deformation. The cohomology H*(€;) is a C°°(J)-module, and the evaluation
chain maps ¢; : €5 — €; induce maps on cohomology

(e)« : H*(€y) — H*(C)).

The cohomology module H *(€;) may be quite pathological. As a space, it may not
be Hausdorff, and as a C *°(J )-module, it may not be free.

By a morphism of two deformations, we mean a continuous C°°(J)-linear
(degree 0) chain map between their respective complexes of sections. We’ll call
a deformation trivial if it is isomorphic to a constant deformation. Under reasonable
assumptions, the cohomology of a trivial deformation is a trivial bundle.
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Proposition 3.7. Suppose (€°,d) is a cochain complex of Fréchet spaces such that
the cohomology H*(C) is Hausdorff. Let €5 = C°°(J,€°*) be the complex of
sections of the constant deformation with fiber €°. Then

H*(€y) = C* (J,H*(€))
as locally convex C°°(J)-modules.

Proof. Notice that requiring H" (€) = Z"(€)/B"(€) to be Hausdorff is equivalent
to requiring the space of coboundaries B” (€) to be closed. In this case, both B"(€)
and H"(€) are Fréchet spaces for all n.

Notice that Z"(€;) = C*°(J, Z"(€)), but a priori we only have B"(€;) C
C>®(J,B"(€)). However, since d : €" — B"T1(€) is a surjection of Fréchet
spaces, it follows from [34, Proposition 43.9] that

1Qd: C®(J)RE" - C®(J)®B"T1(€)
is surjective as well. That is, B"(€;) = C*°(J, B"(€)) for all n. Thus,

H"(€;) = Z"(€;)/B"(€y)
=C*>(J,Z"(€))/C>®(J,B"(€)) = C*(J, H"(Y)).

where the last isomorphism is from Proposition A.1. O

Example 3.8. If {A;};cs is a smooth deformation of algebras, then

{(Coer(40), b + B)}, o

is a smooth deformation of chain complexes. Notice that the Hochschild boundary b,
depends on the multiplication of A;, whereas the operator B does not. Since
the completed projective tensor product commutes with direct products [17,
Theorem 15.4.1], the complex of sections of {Cper(A;)}rey is naturally identified

with the periodic cyclic complex Cp€r°°”) (Ay). One can also consider the complexes
associated to the various other homology/cohomology theories discussed above.

As in the algebra case, we can characterize triviality of a deformation of chain
complexes in terms of connections. The proofs here are analogous to those in the
algebra case.

Proposition 3.9. A smooth deformation of cochain complexes {€; };e is trivial if
and only if the complex of sections € admits an integrable connection that is a chain
map. For such a connection V, the parallel translation map Psz 1€ — € isan
isomorphism of locally convex cochain complexes for all s,t € J. In particular, the

parallel translation maps induce isomorphisms

(PY)« : H(C5) — H*(€,).
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The obstruction to the existence of such a connection is again cohomological.
Let V be any connection on €9, and consider the map

G=1[dV]:e;—eyt!,

which is the defect of d from being a V-parallel map (equivalently, the defect of V
from being a chain map). It follows that G is C*°(J)-linear and [d, G] = 0, so G is
a cocycle in the endomorphism complex Endcoo( ) (€y).

Proposition 3.10. The cohomology class [G] € H'(Endceo(yy(€y)) is independent
of the choice of connection V. Moreover, [G] = 0 if and only if €5 admits a
connection that is a chain map.

Suppose €5 is equipped with a connection V that is a chain map. Our main
goal is to identify the cohomology groups H*(€;) =~ H*(€;) of different fibers via
parallel translation. By Proposition 3.9, this happens when V is integrable. In this
case, the cochain complexes themselves are fiberwise isomorphic, and this may be
too strong of a condition to be useful in practice.

As V is a chain map, it induces a connection V, on the C*°(J)-module H*(€y).
The homology module may not be free, complete, or even Hausdorff, so we should
be careful about what we mean by integrability of V.. Nonetheless, it makes sense
to inquire about the existence and uniqueness of a solution [¢] € H*(€y) to the
cohomological differential equation

Vile] = 0, [c(s)] = [co]

with initial value [co] € H*(€;). If we have existence and uniqueness, we can
construct parallel translation operators

PYr i H*(E5) — H*(€)),

which are linear isomorphisms.

4. The Gauss—-Manin connection

4.1. Gauss—Manin connection in periodic cyclic homology. In this section, we’ll
construct Getzler’s Gauss—Manin connection in our setting of smooth deformations.
Let Ay denote the algebra of sections of a smooth one-parameter deformation of
locally convex algebras {A;};ey. Unless specified otherwise, all chain groups and
homology groups associated to A that follow are over the ground ring C*°(J).
Consider the deformation of chain complexes {(Cper(A;), by + B)jres. As in
Example 3.8, we can identify its complex of sections with (Cper(Ay),b + B).
We would like to show, under favorable circumstances, that this deformation of
complexes is trivial at the level of homology. To that end, we’d like to construct
a connection on Cper(Ay) that is a chain map. As described in Proposition 3.10,
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this is a problem in cohomology. To start, let V be any connection on Ay, and let
E = §V as in Proposition 3.6. Then V extends to a connection on the periodic cyclic
complex Cper(A ), which is given by the Lie derivative Ly. From Proposition 3.10,
Cper(Ay) has a connection that is a chain map if and only if the class of

G:=[b+B,Ly]=Lg

vanishes in H'(End(Cper(4y))), i.e. LE is chain homotopic to zero via a C*®(J)-
linear homotopy operator. But the Cartan Homotopy formula

b+ B,Ig] =Lk

of Theorem 2.1 implies exactly this. Notice that /g is C°°(J)-linear because E is
C°°(J)-linear. We conclude that the Gauss—Manin connection

Vom = Lv —Ig
is a connection on Cpe(Ay) and a chain map. Amazingly, the cohomological ob-
struction to the existence of such a connection vanishes for any deformation {A4; };c .

Proposition 4.1. The Gauss—Manin connection Vg commutes with the differential
b + B and hence induces a connection on the C°°(J)-module HPo(A ). Moreover,
the induced connection on HPo(Ay) is independent of the choice of connection V
on Ay.

Proof. We have already established the first claim. For another connection V', let
Ve = Lv — g
be the corresponding Gauss—Manin connection. Then
V' -V =F, E'—E =§F
for some C°°(J)-linear map F : Ay — Ay. Thus,
Ve —Vem = Ly — Isp = [b + B, IF],

by Theorem 2.1. Thus the Gauss—Manin connection is unique up to chain homotopy.
O

Corollary 4.2. If A admits a connection V which is also a derivation, then the
Gauss—Manin connection on HPe(A) is given by

Vem[w] = [Lyo].

As a trivial example, we see that the Gauss—Manin connection associated to a
constant deformation is just the usual differentiation %.

The Gauss—Manin connection is a canonical choice of a connection on HP.(Ay).
It is natural in the sense that morphisms of deformations induce parallel maps at the

level of periodic cyclic homology.
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Proposition 4.3 (Naturality of Vgar). Let Ay and By denote the algebras of sections
of two deformations over the same parameter space J, and let F : Ay — By be a
morphism of deformations. Then the following diagram commutes.

HP.(Ay) 2 HP.(B))

lVGM lVGM

HP.(A;) —2 HP.(B))

Proof. Let V4 and V8 denote connections on Ay and Bj with respective
cocycles E4 and EB, and let F, : Coer(Ay) — Cper(By) be the induced map
of complexes. For

h = Filya — Iys Fy,

we have

[b+ B,h] = Fy[b + B, Iya] — [b + B, Iyz]Fx
== F*(LvA - IEA) - (LvB - IEB)F*
= FuVEuy — VEy Fe.

This shows that the diagram commutes up to chain homotopy. The problem is
that /y4 and Iys are not well-defined operators on the complexes Cpe(Ay) and
Cper(By) respectively (over C*°(J)), because V4 and V2 are not C*(J)-linear
operators. However, one can show that thanks to the Leibniz rule, /# descends to a
map of quotient complexes such that the following diagram

h
CS(A)) ——— CS(By)

I I

s Dy L s (By)

commutes, and consequently [b + B, h] = Fi VéM — VgM F as desired. O

As an application of Proposition 4.3, we obtain the differentiable homotopy
invariance property of periodic cyclic homology by considering a morphism
{F; : A — B};cj between two constant deformations. For both deformations,
VGM - E

4.2. Dual Gauss—Manin connection. We define VO™ on CP"(4 ) to be the dual
connection of Vgyy. In terms of the canonical pairing,
d

(VM p, w) = S {9.0) = (0. Vouo).



600 A. Yashinski

It is straightforward to verify that VE™ commutes with b + B and therefore induces

a connection on HP*(Ay). The connections Vgas and VOM satisfy

gl o)) = (VMg ]) + (). Vom0,
for all [p] € HP®*(Ay) and [w] € HP.(Ay).

4.3. Interaction with the Chern character. The algebra A; can be viewed as an
algebra over C or C°°(J), and there is a natural morphism of complexes

7:CC(A4y) »> CcETD(4y).

per per

Proposition 4.4. If w € Cpgroo(J)(A J) is a cycle that lifts to a cycle @ € Cgcer(A J)
then Vau o] = 0in HPE™ D (4y).

Proof. Let Vg u = Lv — Ig, viewed as a linear operator on C£r(A 7). By
Theorem 2.1,

VgM =Lyv—Isgv =[b+ B, Iv]
and so VgM is the zero operator on HPL (Ay). Thus, at the level of homology, we

have
VGMonznngM=0

where 7 : HPE (A7) — HPE Oo(J)(A J) is the map induced by the quotient map.
By hypothesis, [w] is in the image of 7. O

Note that the homotopy used in the previous proof does not imply that Vgys is
zero on HPE Oo(J)(A 7). The reason is that the operator /v is not a well-defined
operator on the quotient complex Cp€r°°“)(A J)

Theorem 4.5. If P € My (Ay) is an idempotent and U € My (Ay) is an invertible,

then
Vaum[ch P] =0, Veum[chU] =0

in HPu(Ay).

Proof. This is immediate from the previous proposition because the cycle ch P €
CPEI(A J) is alift of the cyclech P € Cpgr ) (Ay), and similarly for ch U. O

Combining this with the identity

d

dt
we obtain the following differentiation formula for the pairing between K-theory and
periodic cyclic cohomology.

([l [@]) = (VM [g]. [0]) + ([¢], Vomw]),
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Corollary 4.6. If P € My (Ay) is an idempotent and U € My (Ay) is an invertible,
then

d
dt

Remark 4.7. Proposition 4.3 can be used to give another proof that

d
(o], [P]) = (VM [g], [P]). 2 el 1U]) = (VM [g], [U]).

Vemlch Pl =0

when P € Ay is an idempotent. Indeed, an idempotent in Ay is equivalent to a
morphism of deformations
1F:C — Arlres

from the constant deformation with fiber C. The induced algebra map
F:C®(J,C)— Ay

sends 1 to P. Applying Proposition 4.3, we see
d
Veumlch P] = Vg Fi[ch 1] = F*E[ch 1]=0.

4.4. Integrating Vgps. The very fact that Vg exists for all smooth one-parameter
deformations implies that the problem of proving Vg is integrable cannot be
attacked with methods that are too general. Indeed, one cannot expect periodic cyclic
homology to be rigid for all deformations, there are plenty of finite dimensional
examples for which it is not.

Example 4.8. For r € R, let A; be the two-dimensional algebra generated by an
element x and the unit 1 subject to the relation x> = ¢ - 1. Then 4, =~ C & C as
an algebra when ¢ # 0, and Ay is the exterior algebra on a one dimensional vector
space. Consequently,

CaC, t+£0,

HPy(A;) =
0(4r) c F—0

From the point of view of differential equations, a major issue is that the periodic
cyclic complex is never a Banach space. Even in the case where A is a Banach
algebra, e.g. finite dimensional, the chain groups C,(A) are also Banach spaces, but
the periodic cyclic complex

Cper(A) = 1_[ Cy (A)
n=0

is a Fréchet space, as it is a countable product of Banach spaces. The operator Vg s
contains the degree —2 term tg : C,(A) — C,—2(A). Thus unless £ = 0, one
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cannot reduce the problem to the individual Banach space factors, as the differential
equations are hopelessly coupled together.

One instance in which Vgyy is clearly integrable is when the deformation {A4; };c
is trivial. Indeed, if Ay has an integrable connection V that is a derivation, then
Vem = Ly is integrable on Cper(Ay), and PSZG’” D Cper(As) — Cper(A;) is the
map of complexes induced by the algebra isomorphism PSZ : As — A;. While this
is not surprising, it is interesting to note is that if we consider another connection V’
on Ay, the corresponding Gauss—Manin connection Vé; m On Cper(A ) need not be
integrable, and in general seems unlikely to be so. However the induced connection
(Vé; M) , on HP4(A)isnecessarily integrable by the uniqueness of the Gauss-Manin
connection up to chain homotopy.

A general strategy for dealing with Vg is to replace Cper(Ay) with a more
manageable chain equivalent complex which computes HP.(Ay). For Banach
algebras of finite weak bidimension, we use a retract of Cp(A;) whose fibers
are Banach spaces. For smooth noncommutative tori, we use a smaller complex on
which it is easier to describe the operator Vg .

5. HP°*-rigidity for Banach algebras of finite weak bidimension

In this section, we will use the Gauss—Manin connection to prove the rigidity of
periodic cyclic cohomology for Banach algebras of finite weak bidimension.

5.1. A rigidity lemma. The following is our main technical lemma for rigidity in
the setting of Banach algebras.

Lemma 5.1. Let {(€,d;)}ies be a smooth deformation of cochain complexes of
Banach spaces, and suppose the complex €5 has a continuous linear contracting
homotopy in degree n

d d
en! #‘6‘5‘ <?°> €t doh + hdy = 1.

Then there is a subinterval J' = (—¢, €) such that
Z"(€y) = C®(J',Z"(€y)), B"(€y)=C>®(J',B"(€)), H"(€;)=0.

It can be shown using the homological perturbation lemma that each € has
a contracting homotopy in degree n for small enough ¢, see [7]. However the
additional result that the space Z" (€/) is a free module will be crucial to our proof
of Theorem 5.8 below.
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Proof. By assumption, there are split short exact sequences
do
0—— Z" 1(€) —— €8~ ——= B"(€)) —— 0,
h
do
0—— Z"(€)) —— € —— B"1(€)) —— 0,
h

and B"(€y) = Z"(€y). So the cocycles are complemented in the space of cochains,
that is, there are closed subspaces W"~! = h(B"(€)) and W" = h(B"*1(€)) for
which

et =z ey e W, €l = ZM(6) @ W

Let w : € — Z"(€) = B"(€) be the projection. Then 7 induces a continuous
C°°(J)-linear map 7 : € — C*°(J, Z"(€y)), which restricts to the maps
7 Z"(€5) > C*®(J, Z"(€y)), = :B"(€5)— C*®(J,B"(€y)).

We claim these are topological isomorphisms for a small enough interval J’
containing 0. We’ll prove this by showing 7 is injective on cocycles and surjective
on coboundaries. The results then follow from the commutative diagram

B"(€;)——— Z"(€))
C>(J', B"(€)) == C>(J", Z" (C0))

and the open mapping theorem.
Consider the family of maps 7 o d; restricted to W”~!. When t = 0,

T o d() : I’Vn_1 — B”(‘Co)

is a topological isomorphism of Banach spaces. Since the invertibles form an open
subset of Hom(W"~!, B"(€,)), there is some € > 0 for which 7 o d; : W"~! —
B™(€y) is a topological isomorphism for all t € J' := (—e¢, €). From Corollary A.5,
the induced C*°(J’)-linear map

mod:C®WJ , W'y - C®(J', B"(€))

is an isomorphism, and in particular it is surjective. It follows that = : B"(€;/) —
C®(J', B"(€)) is surjective.

Now consider the map dy : W" — B"t1(€,), which is a topological
isomorphism of Banach spaces. In particular it is bounded below, so that

ldo(w)|| > Cllw||, Ywe W"
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for some constant C > 0. Since ¢ — d; is norm continuous, the maps d; : W" —
€7 *1 are bounded below for ¢ in a small enough interval J’. In particular they are
injective. Let’s show 7 : Z"(€;) — Z"(€y) is injective for all # € J’. Consider an
element z € Z"(€;). As vector spaces, &' = € = Z"(€p) ® W", so we can write

z=zo+w, zo€Z"(€), weW".

If z € ker 7, then zo = 0. Since z € Z"(€;), we have 0 = d;(z) = d;(w). Since d;
is injective on W", w = 0 and so z = 0. This shows 7 : Z"(€;) — Z"(€y)
is injective for all ¢ € J’, and consequently = : Z"(€;/) — C®(J’, Z"(€y)) is
injective. O

We have set up enough theory to quickly prove a version of a rigidity theorem
of Raeburn and Taylor for Banach algebras [28]. The original proof used a certain
“inverse function theorem”. We’ll call an algebra A (smoothly) rigid if every smooth
deformation {4, };ey with A9 = A is trivial on some interval J' C J containing 0.

Theorem 5.2 ([28]). Let A be a Banach algebra whose Hochschild cochain complex
has a continuous linear contracting homotopy in degree 2

8 §
Cl(A,A)?Cz(A,A)?C%A,A), Sh+hé =1,

so that H*(A, A) = 0. Then A is rigid.

Proof. Given a smooth deformation {4, };cy with A9 = A, consider the deformation
of cochain complexes {C°®(A;, A¢)}res. Using Proposition A.6, its complex of
sections naturally identifies with the Hochschild complex Céoo( J)(A 7.Ay). By

Lemma 5.1, Héoo(J,)(AJ/, Ayr) = 0 for some subinterval J' C J containing 0.
So by Proposition 3.6, A/ has a connection that is a derivation, and it is integrable
because the underlying space is a Banach space. This shows {A4;};ec ;- is trivial. [

5.2. Homological bidimension. Here we recall the notion of (weak) homological
bidimension for a Banach algebra, and we prove that these dimensions are upper
semicontinuous for smooth deformations of Banach algebras.

Let A be a (possibly nonunital) Banach algebra, and let A° = A4 @)A(f be its
topological enveloping algebra. The algebra A€ is designed so that there is a one-to-
one correspondence between locally convex A-bimodules and locally convex unital
left A¢-modules. Here, we shall only discuss modules whose underlying space is a
Banach space. The continuous Hochschild cohomology of A with coefficients in a
Banach A-bimodule M is defined as

H*(A, M) := Ext. (AL, M).
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See [15] for a discussion of derived functors in the context of locally convex algebras
and modules. The Hochschild cohomology H*®(A4, A) coincides with our previous
notation, and HH®(A) = H*®(A, A*). The bimodule structure on A* comes from
a general construction: given any A-bimodule M, the topological dual M* =
Hom(M, C) is an A-bimodule via

(@a-¢@-b)(m) = q@bma), VYo e M*.

By considering the topological bar resolution Be(A), which is a projective resolution
of A4+ by A¢-modules, we obtain the standard complex

C"(A, M) = Hom 4 (B, (A), M) = Hom(A®", M),

with differential
(6D)(a1,...,an+1) = a1D(az,...,an+1) + (—1)n+1D(€ll, ceesAn)dn1

n
+ Z(—l)’D(al, N S I PO O B
j=1

whose cohomology is H®(A, M), see [15, Section I11.4.2].
The homological bidimension of a Banach algebra A is

db A = inf {n | H"*1(A, M) = 0 for all Banach A-bimodules M}
and the weak homological bidimension of A is
dby, A = inf {n | H"*'(4, M*) = 0 for all Banach A-bimodules M }.

Clearly, db,, A < db A. Itisafactthatif H"*1(A, M) =0 (resp., H"T1(A, M*)=0)
forall M, then H™ (A, M) = 0 (resp., H™ (A, M*) = 0)forall M and allm > n+1
[15, Theorem III.5.4] (resp., [33]). A Banach algebra A is called amenable if
db, A = 0. As an example, Johnson proved that the convolution algebra L!(G)
of a locally compact group is amenable if and only if the group G is amenable
[18, Theorem 2.5]. A Banach algebra A for which db,, A = n is also called (n + 1)-
amenable.

As in [4], we shall consider the universal differential graded algebra (2°A4, d)
associated to A. We’ll use the topological version, constructed using completed
projective tensor products. Explicitly, 2°4 =~ A = Cy(A) and

QA= AL QA% = C,(A),
under the identification

apdarday . ..da, < (ag,a1,as,...,a,).
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Then Q" A is a Banach A-bimodule with the left action
a-(apday ...day) = (aag)da, ...da,.
The right action is determined by the relation
(dar)az = d(araz) —ai(das).
The map _
d®" : A®" > Q"A, (ay,....ap) > day- - -day

is a Hochschild n-cocycle in the standard complex with coefficients in the bimodule
Q"A. In fact, d®" is the universal Hochschild n-cocycle in the sense that any

Hochschild cocycle D : A®" M into a Banach A-bimodule factors through a
unique A-bimodule map F : Q" A — M, determined by

F(day...da,) = D(ay,...,an),

as in [8]. Thus the cohomology class [D] € H"(A, M) is the image of [d ®"] under
the map
H"(A,Q"A) - H"(A, M)

induced by F'. It follows that
dbA <n ifandonlyif H" (4, Q"T14) = 0.

Let’s now consider cocycles with values in dual Banach modules. Compose the
universal n-cocycle d ®”* with the canonical embedding into the double dual to obtain
an n-cocycle

41 - 48n _, (Q" A)*.
Given any standard n-cocycle D : A® M *, consider the bimodule map
F:Q"A— M*
induced by the universal property of Q2" A. Define a bimodule map
G:M— (Q"A)*, G(m)(w) = F(w)(m).

Then the dual map
G*: (Q"A)™ - M*

is an A-bimodule map that satisfies G* o d®" = D. It follows that
db, A <n ifandonly if H"T1(4, (Q"T1A)**) = 0.

Now suppose {A; };es is a smooth deformation of Banach algebras and let A ; be
its algebra of sections. One can form the space of abstract n-forms Q2" Ay over the
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ground ring C *°(J) by taking the projective tensor products over C *°(J). Notice that
the spaces {2" A; };es are all canonically isomorphic as Banach spaces, and Q" A4 5
is isomorphic, as a C°°(J)-module, to the space of smooth functions from J into
the underlying Banach space of 2" A;. There is a universal C *°(J)-linear cocycle

® n
d®m : AJCOO(” — Q"A;, d®%(ay,...,a,) =da, ...da,.

Using Proposition A.6, the complex
CEoo(J)(AJ, QnAJ) = HOInCoo(_]) (A?COO(J).7 QnAJ)

is isomorphic to the complex of sections of the deformation {C*®(A;, 2" A;)}ses.
Moreover, evaluation at ¢ € J induces a chain map

€ - Céoo(])(AJa Q"A5) — C*(A. Q" Ay)

which maps the universal cocycle for Ay to the universal cocycle for A;. Thus if

HEL (A, Q"1 Ay) = 0, we have H" (4, Q"1 4,) = 0 forall € J, and
consequently db 4; <n forallz € J.
We can also consider the C *°(J)-linear double dual module (" A ;)** and the
cocycle
48" - A‘?COO(J)” N (Q"AJ)**

obtained by composing the universal cocycle with the canonical embedding into the
double dual. Using Proposition A.6 and Corollary A.7, the Hochschild complex
Cloo ) (Ay, (Q"Ay)**) identifies with the complex of sections of the deformation
{C*(A4;,(R2"A))**)}ses. By considering evaluation at ¢ € J, we see that
if [d®"] =0 1in Hgoo(J)(AJ, (R"Ay)**), then [d®"] = 01in H"(A;, (" A;)**)
for all ¢+ € J. We have proved the following proposition.

Proposition 5.3. Let {A;}:cs be a deformation of Banach algebras.

@) UH;;;IU)(AJ, Q"A;) =0, thendb A; <n forallt € J.

(i) If HEE ) (A, (" A7)**) = 0, then dby, A, < n forallt € J.
Lemma 5.4. Let A be a Banach algebra and M be a Banach A-bimodule.

(1) Ifdb A < n, then the standard complex C*(A, M) has a contracting homotopy
in degreen + 1

8 8
C"AM)—C"tY (A, M) ——= C"*2(A, M), Sh+hs=1.
h h

(ii) If dby A < n, then the standard complex C*(A, M*) has a contracting
homotopy in degree n + 1

8 8
CY"AM*)——= C"" Y (A, M*) ——= C""2(A,M*), Sh+h§=1.
h h
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Proof. If dbA < n, then A4 has a projective resolution of length n [15,
Theorem I11.5.4]. By the “Comparison theorem” [15, Theorem II1.2.3], a projective
resolution is unique up to chain homotopy equivalence in the category of complexes
of Banach A-bimodules. By applying the functor Hom e (-, M), it follows that the
standard complex C*(A, M) has the required homotopy.

If dby, A < n, then A4 has a flat resolution of length n [33, Theorem 1], that is, a
resolution by Banach A-bimodules which are flat as left A°-modules. Since the dual
of a flat module is injective [15, Theorem VII.1.14], it follows that A* has an injective
resolution of length n. Using the Comparison theorem for injective resolutions, the
dual Be(A)* of the bar resolution has a contracting homotopy in degree n + 1
consisting of A-bimodule maps. After applying the functor Hom 4e (M, -), we see the
complex Hom 4¢ (M, Bo(A)*) has a contracting homotopy in degree n + 1. However
there is a natural isomorphism of complexes

Hom e (M, Be(A)*) = Homye (Bo(A), M*) = C*(A, M™),
which gives the result, see [15, Proposition 111.4.13]. O

Corollary 5.5. Let {A;};ey be a smooth deformation of Banach algebras. Then the
functions
t+—>dbA; and t+— dby A;

are upper semi-continuous.
Proof. Simply combine the previous two results with Lemma 5.1. O

Example 5.6. Let G be a connected semisimple Lie group with maximal compact
subgroup K. Let g and € denote their respective Lie algebras. In [16], a smooth
deformation {Gy} of Lie groups is constructed in such a way that Gy = K x g/ and
G; =~ G for all ¢t # 0. The group Gy is amenable, but G may not be, e.g. G =
SL(2,R). So Corollary 5.5 and Johnson’s theorem on amenability of L!(G) imply
that there is no corresponding smooth deformation {L!(G,)} of Banach algebras.

5.3. Contractions and retractions. When the universal (n 4+ 1)-cocycle is a co-
boundary, one can construct a contracting homotopy in the Hochschild complex in a

uniform way. As described in [19], if ¢ : A®" — Q"1 4 satisfies ¢ = d®®+D,
then

a:QkA Qk+1A, alagday ...day) = app(ay,...,an)days: ... dag

defines a contracting homotopy of the Hochschild chain complex (Ce(A),b) in
degrees k > n + 1. The transpose of o gives a contracting homotopy in degree
k > n + 1 for the Hochschild cochain complex (C*(A), b). R

Khalkhali showed in [19] that if the cocycle d®®+1 : 4@+ _ (Qn+1 g)**
is a coboundary, then one can construct a contracting homotopy of (C*(A4), b) in
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degrees k > n + 1 in a similar way. Given a cochain ¢ : A8 ("1 4)** such
that 8¢ = d®"+1D | define

o (QFFT A > (QFA)*, k>n
by
(af)(a()dal ce dak) = [aO . (p(al’ s ,an)] (fdan+1...dak),

where f € (QFT1A)* and fu4,. .. .da, € (R"T'A)* is given by

fddn+1...dak (CL)) = f(a)dan—{—l e dak)

Then bo + ab = 1in C¥(A) whenk > n + 1.

Given such a contracting homotopy « : C¥*t1(4) — C*(A), Khalkhali
constructed a retract of the periodic cyclic cochain complex supported in only finitely
many degrees [19], which we now describe. Let N be such that « is a contracting
homotopy in all degrees above 2N . Let

N—-1
CE"(A) = (@ c2k(A)) Prker {p: C?N(4) - PN (4)}
k=0

and
N-1

C(())dd(A) — @ C2k+1(A).
k=0

The Z/2-graded complex C)~(A) = C*(A) & C{¥(A) has differential b + B.
Then C§'(A) is a subcomplex of CP'(A4), and in fact is a deformation retract. That
is, there is a chain map R : CP"(4) — CJ*(A) such that R/ = id and IR is
chain homotopic to id, where I : CJ'(4) — CP'(A) is the inclusion. Thus, the
cohomology of C)*(A4) is HP*(A). The key feature is that Cj° (A) is a complex of
Banach spaces. We won’t need the explicit form of the retraction R, but we remark
that it depends heavily on the contracting homotopy «.

All of the above can be carried out for the algebra of sections Ay of a smooth
deformation {A;};ey of Banzigh algebras, where everything is considered over the

ground ring C®(J). If ¢ : A$" — Q"1 4; satisfies §p = d®"D, then
o QkAJ — Qk+1AJ, a(aoday ...day) = app(ay,...,an)day+1 .. .dag

defines a contracting homotopy of the Hochschild chain complex (Co(Ay),b) in
degrees k > n + 1. Its dual

a*  CH(Ay) - Ck(Ay)

is a contraction for the Hochschild cochain complex.
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If o : AS" — (Q"F14,)** satisfies S = d®® D, then Khalkhali’s
contracting homotopy
o (QFTAN* > (QFAH*, k>n

can be defined by the same formula as above, and ba + ab = 1 in CK(A4y) for
k > n + 1. Moreover, given an « which is a contracting homotopy in degrees
above 2N, we can define

N—-1
C&M(Ay) = (@ c2k(A,)) @Prer {b: CN(4;) > N (4)))
k=0
and
N-1
Cot(an) = P ().
k=0

As in the C-linear case, there is an inclusion / : C§*(4;) — CP"(Ay) and a
retraction R : CP"(A ;) — C§' (Ay) which are C*°(J)-linear chain maps such that
RI = id and IR is chain homotopic to id. The retraction R is built in the same way
as the C-linear case using the homotopy «.

Definition 5.7. We’ll say that a locally convex algebra A is HP *-rigid if whenever
{A;}sey is a smooth deformation with Ay = A, then there some subinterval J' C J
containing 0 for which HP*(A;) = HP*(Ay) forallz € J'.

We now give our main application of the Gauss—Manin connection.

Theorem 5.8. Let A be a Banach algebra such that dby, A < oo. Then A is HP®-
rigid.

Proof. Let {A;};cs be a smooth deformation with A9 = A. Suppose dby, A9 = n.
As described above, the Hochschild complex C 500( n (A, (QnT1A;)**) identifies
with the complex of sections of the deformation {C*(A,, ("1 A4,)**)};cs. From

Lemmas 5.4 and 5.1, Hgi_ol(J/)(A_]/, (Q"+147,)**) = 0 for a subinterval J' € J

containing 0. So there is a ¢ : AS" — (Q"T1A;)** with §o = d®+D. As
described above, we can construct from this the deformation retract Cy* (4/) of
CP™(Ay) for a suitable N. A priori, the space of cocycles ker{h : C?N(A;) —
C?N+1(A45/)} may not be a free C*®(J’)-module. However, the conclusion of
Lemma 5.1 guarantees that it is, and moreover Cy° (A4) is the complex of sections
of {C2 (A0 hrey.

We can now transfer the Gauss—-Manin connection to Cy- (A ;). Let

1:CY¥(Ap) = C™(Ay), R:CP(Ay)— CYF(Ay)

be the inclusion and retraction, which are continuous C°(J’)-linear chain maps.
DefineV = RoVgp ol on C(fer(A J7). Then V is a chain map and it is a connection
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because R/ = id. Since the underlying spaces {CJ™ (A,)} are all the same Banach
space, the connection V is integrable, and the result follows from Proposition 3.9. [

Let HE®(A) denote the entire cyclic cohomology of A4, see [3]. As Khalkhali
showed, the canonical inclusion HP*(A) — HE*®(A) is an isomorphism for Banach
algebras of finite weak bidimension [19]. We immediately obtain the following.
Corollary 5.9. Let A be a Banach algebra such that dby, A < co. Then A is
HE?®-rigid.

Example 5.10. We’ll show how our theorem can be used to give a proof of a variation
of a theorem of Block on the cyclic homology of filtered algebras [1]. In Block’s
setting we have an increasing filtration of an algebra A4,

FhCcCFH CF,C---

where A = J, F, and F, - F;y C Fyqm. Letting B = gr(A) be the associated
graded algebra, his result is that if HH,(B) = 0 for all large enough 7, then the
inclusion Fy — A induces an isomorphism HP.(Fy) = HP.(A). Let’s consider
the situation of a finite filtration of a Banach algebra

FhCcFiC---CFy=A,

and suppose there exist closed subspaces By C A for which each F,, = @ _, Bx as

Banach spaces. Then we can identify the associated graded algebra gr(A4) =~ @;iv:o By,
with A as Banach spaces. The multiplication in gr(A) is such that B, - B, C By4m-
Givena € B, and b € By, the product in the filtered algebra A can be written as

n+m

ab= Y m¥,(a.b)
k=0

for uniquely defined operators
7Kt Ba®Bm — By

Givent € R, we can define a new associative product m; on A by

n+m

mi(a,b) =Y t*zk, (a.b), a € By.be By
k=0

This clearly gives a smooth deformation {A4; };cr of Banach algebras, as the products
depend polynomially on . We have A7 = A, A9 = gr(A), and A; =~ A for all
t # 0. If dby, gr(4) < oo, then the Gauss—Manin connection is integrable for this
deformation, and HP*(A) =~ HP*(gr(A)). View the inclusions {Fy — A;};ey as
a morphism of deformations out of the constant deformation. From Proposition 4.3,
this morphism induces a VoM -parallel map. Since HP*(gr(4)) — HP*(Fy) is an
isomorphism (Example 2.3), it follows that HP*(A) — HP*(Fp) is anisomorphism.
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Notice that Example 4.8 is such a deformation of a filtered algebra A; into
its associated graded algebra Ay. However db,, A9 = 00, as one can show that
HH"(Ap) = C foralln > 0.

6. Integrability of Vgys for noncommutative tori

6.1. Smooth noncommutative tori. Given an n x n skew-symmetric real-valued
matrix ®, the noncommutative torus Ae is the universal C *-algebra generated by n
unitaries u1, ..., U, such that

wif

2 .
ujugp = e " ikypu g,

where ® = (6;x), see [30]. In the case ® = 0, all of the generating unitaries
commute, and we have A9 = C(T"), the algebra of continuous complex-valued
functions on the n-torus. It is for this reason why the algebra Ag has earned its name,
as it can be philosophically viewed as functions on some “noncommutative torus” in
the spirit of Alain Connes’ noncommutative geometry [5].

It is helpful to think of an element in x € Ag formally as a “Fourier series”

X = Z Xqu®,
aeZ”
where & = (o1, ...,ay) is a multi-index, u®* = u{'u3?...uy", and x4, € C. The
smooth noncommutative torus is the subalgebra Ag of elements whose “Fourier
coeflicients” are of rapid decay. As a topological vector space, we identify 4@ with
the Schwartz space §(Z"). An element x = (xq)gezn satisfies

pe(x) = Y (1 + ) |xa| < 00

aeZn

for each positive integer k, where || = |at1| + -+ + |atn|. Under the locally convex
topology defined by the collection {pj} of seminorms, #4g is a nuclear Fréchet
algebra. The multiplication is given by the twisted convolution product

(Y)a = »_ "B BBy, pyp.
Bezn
where
Bo(e.B) = Y ;B

j>k

is the associated R-valued group 2-cocycle on Z".
The algebra A possesses 1 canonical continuous derivations

81,....0n Ao = Ao, (§;(xX))a =27mia; - xq.
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In the case 8 = 0, the derivations 61, ...,8, correspond to the usual n partial
differentiation operators on T”. There is also a continuous trace t : Ag — C given
by 7(x) = x¢, which corresponds to integration with respect to the normalized Haar
measure in the case ® = 0. Notice that 7 0 §; = O forall ;.

The smooth noncommutative torus +g can be viewed as a smooth one-parameter
deformation of C*°(T") = +( in the following way. For eacht € J = R, let
A; = Are. The product in A; is given by

my(x.y)g = Y _ 2B P, gy
Bezn

Proposition 6.1. Given an n X n skew-symmetric real matrix ®, the deformation
{As0}rer is smooth, and for x, y in the underlying space 8(Z"),

d 1
Emt(xv)’) = ﬁglzel‘k ~mt(3j(x),8k(y)).

Proof. We first derive an estimate that we will need. Taylor’s formula for a function f
of a real variable is

£ty = f(O) + f'(O) + /0 1) — wydu.

Applying this to f(t) = e>™%! for a fixed a € R, we obtain the estimate

2wiat __ 1
—2mia

e
<272%a?t|.

t

To prove the deformation is smooth, it suffices to prove ¢t — m;(x, y) is smooth
for each x, y € §(Z") because §(Z") is Fréchet, see Corollary A.3. For fixed x, y,
and 7, let

_ M (X, y) —me(x,y) 1
h 2mi

> 0k - me(8(x). 8 (»)),

j>k
and we shall show z;, — 0 in 8(Z"). Then

. 2niBe(a—B,8)h _ 1
ERMEDY ez’”B@(“_ﬂ’ﬂ)’(e
Bezn h

—2miBe(a — B, ﬂ))xa—ﬁyﬂ'

Using the above estimate, for a nonnegative integer r we obtain

pr(zi) = > (1+ |a)(zh)al

aeZn

< Y Y. I+l 27 Be(a — B, B)*|hllxa—pll -

a€Z Begn
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Consider the map Dg : 8(Z") @ 8(Z") — 8(Z") ® 8(Z") given by

1
X® Y o D 0k 85 (x) ® 8 ().
j>k

Notice that

m(Dg(x ® y))a = @ni)* Y T PCPP By (0 — B, §)* x4 pyp.
Bezn

So the last inequality can be rewritten as

h
pren) < 2 pyme (D3 (x ® ).

Thus, p,(zz) — 0 as h — 0 because pr(m,(Dé(x ® y))) is a finite quantity,
independent of /. This proves the formula

d 1

(. y) = o— Zke,-k -y (85 (x), 8 ().
J>

By induction, it follows from this formula that ¢ +— m,(x,y) is infinitely

differentiable. O

Let Ay be the algebra of sections of the smooth deformation {+A;@};cs. Notice
that the derivations 8y, ..., 8, on the fibers ;@ induce C°°(J)-linear derivations
on Ay, which we also denote §1,...,8,. Let V = % be the canonical connection
on Ajy. We conclude that the cocycle E = §V, as in Proposition 3.6, is given by

EZE‘ Ojk -8 — Ok.
j>k

Indeed, both sides are C°°(J)-bilinear and continuous, and they agree on pairs

of constant elements (x, y) by Proposition 6.1. Thus they are equal because the

C°°(J)-linear span of the constants is dense in Ay @Coo(J)AJ. So we have the

identity

1
V(aiaz) = V(ay)az +aViaz) + i Z Oikdj(a1)dx(az), ai,az € Ay.
j>k

One can show [E] # O in Héoo(J)(AJ,AJ), from which it follows that this

deformation is nontrivial. In fact, [E;] # 0 € H?(Ase.As0), Which implies
the deformation is locally nontrivial at each fiber (though this is well known).
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6.2. The g-invariant cyclic complex. In this section, we consider a locally convex
R-algebra A with an action of an abelian Lie algebra g by derivations. Our main
example is the noncommutative n-torus 4@ and g = Span{é;,...,8,} and R = C.
We also consider the algebra of sections A of a noncommutative torus deformation
{As@}res, Where g is the C-linear span of {§;,...,8,}, and R = C*°(J). The
results of this section do not depend on any additional structure of these examples.

Suppose that g C C Ile (A, A) is a complex abelian Lie subalgebra of R-linear
derivations on a locally convex R-algebra A. Then g also acts on CRX(A) by Lie
derivatives. Define the g-invariant Hochschild chain group CJ (A) to be the space of
coinvariants of this action, that is

C(A)=CR(A)/g-CR(A).

We shall make the assumption that g - CR(A) is closed submodule, as this holds
in the examples which are of interest to us. Thus, CJ(A) is Hausdorff. That
X € g is a derivation on A implies that §X = 0, and consequently the operators
b and B descend to operators on Co (A). One can define the g-invariant periodic
cyclic complex Cper(A) as the product of g-invariant Hochschild chain groups, and
its homology is the g-invariant periodic cyclic homology HPJ(A).

Let Cg (A, A) denote the space of all Hochschild cochains D for which [X, D] = 0
forall X € g. Since g is abelian, we have g C Cg1 (A4, A4). If D € C; (A, A), then the
formula

0 =4[X, D] = [8X, D] + [X,éD]

shows that C (A, A) is a subcomplex because §X = 0.

Proposition 6.2. For any D € C;(A,A) and XY € Cg1 (A, A), the operators
Lp.Ip,L{X,Y}and I{X,Y} are well-defined on the g-invariant complex C&(A).

Proof. If Z € C'(A, A) is a derivation, then one can verify directly that

[Lx.Ip]l=1Ixp). [Lx.Lpl= Lixp)
Lz, I{X.Y}]=I{{Z,X].Y} + I{X,[Z,Y]},
and [Lz, L{X, Y} = L{{Z,X],Y}+ L{X,[Z,Y]},

from which the proposition follows. O

One of the benefits of working in the g-invariant complex is that the contraction [ x
is now a chain map when X € g. Indeed,

b+ B,Ix]=Lx =0

in CJ(A). These contraction operators obey the following algebra as operators on
homology.
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Theorem 6.3. There is an algebra map y : A*g — End(HPJ(A)) given by
X(Xl A Xo /\---/\Xk) = IXIIXZ“‘IXk'

Proof. First notice that X +— [y is a linear mapping. Next, we shall show that Ix I'x
is chain homotopic to zero. On CJ(A), observe that

0=LxyLy = Ly2»+2L{X, X}
where X2 denotes the composition of X with itself. Thus,

L{X, X} =L xa.

1
5(—X2) =X - X.
2

—[b+ B, I{X,X}]=—-L{X,X}—Ix_x + IxIx
= L%Xz _18(%X2) +1X1X
= [b‘l—B,I%Xz]"i‘IXIX,

Next, notice that

By Theorems 2.2 and 2.1,

which proves that Iy I’y is chain homotopic to zero. By the universal property of the
exterior algebra, the map y exists as asserted. 0

There are some additional simplifications regarding the operator L{X, Y} once
we pass to Cg (A).

Proposition 6.4. For X,Y € g, the operator L{X, Y } satisfies

n—1 n
LIX.YHao® - ®a) =) Y ap®®X@)® - ®Y(a) 8 Qay,
i=0 j=i+1

[b+ B, L{X,Y}|=—-Lx_y
on CJ(A).
Proof. Notice that
Ly(X(ag),a1,...,ay) — Lx(Y(ap),ai,....an)

n n
=) X@)® - ®Ya)® - ®a,— Yy Y(@)® @ X(a;) @ ®ay,
j=1 i=1
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using the fact that [X, Y] = 0. So

L{X.Y}(ao®---®an)+ Ly (X(a0) ®a1®---Qan)—Lx(Y(ao) ®a1®---Qan)

n—1 n
=Y > a®-®Xa)® - ®Y(a,)® - Qa
i=0j=i+1

gives the desired conclusion. The formula
[b+ B, L{X.Y}]=—Lx_y

is immediate from Theorem 2.2 because Ly = Ly = 0 on CJ(A). O

6.3. Connections on the g-invariant complex. The following situation is modeled
on what we see with the noncommutative tori deformation. Suppose Ay is the
algebra of sections of a smooth deformation of locally convex algebras {A;};c.
Suppose g is an abelian Lie algebra of C°°(J)-linear derivations on 4 ;. Suppose V
is a g-invariant connection on Ay for which

,
E:=8V=) X; -V,
i=1

where X;, Y; € g. This means that

,
V(araz) = V(a)az + a1V(az) + Y Xi(a)Yi(az), ar,az € Ay.

i=1

More generally, Rieffel’s deformations by actions of R4 are deformations of this
type [31]. Here the cocycle E is a type of “Poisson bracket” built from the action,
though the underlying algebras may not be commutative.

Proposition 6.5. In the above situation, the Gauss—Manin connection
Vem = Lv —Ig
descends to the g-invariant complex C&(Ay) and therefore to a connection on the

g-invariant periodic cyclic homology HPJ (Ay).

Proof. Since V is g-invariant, so is £ = §V because g-invariant cochains form a
subcomplex. The statement follows from Proposition 6.2. 0

Our main reason for working with the g-invariant complex is that we can define
another connection on HPg (Ay) which is easier to work with than Vgas. Recall
that the connection Ly satisfies

r
[b + B,Lv] =Lg = ZLXiin'

i=1
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Thus, by Proposition 6.4,
r
V=Lv+) L{X.Y}
i=1

is a connection on Cyr(A ) that commutes with b + B and therefore descends to a
connection on HPJ(A;). We emphasize that V does not commute with b + B on
the ordinary periodic cyclic complex Cper(Ay).

Remark 6.6. There is a conceptual explanation for the form of this connection V.
Let # be the Hopf algebra whose underlying algebra is the symmetric algebra
S(g & Span{V}). The coproduct A : H — H ® H is the unique algebra map that
satisfies

AX)=Xi®1+1®X;, AY)=Y;®1+1QY;,

,
AV)=VR1+1®V+) X;®Y.
i=1

These are the defining relations of the Hopf algebra of polynomial functions on the
(2r 4 1)-dimensional Heisenberg group. As an algebra, J¢ acts on A in the obvious
way, and this action is a Hopf action in the sense that for all 4 € #,

h(araz) = Y hay(anhe)(az),

where A(h) = )" h1) ® hzy. When a Hopf algebra J¢ acts (say, on the left) on two
spaces V and W, the diagonal action of # on V ® W is

hw@w) =Y hay(®) ® hey(w).

The connection V on CJ(Ay) is none other than the diagonal action of V on A?("Jr D

after passing to the quotient.

Proposition 6.7. As operators on HPJ(Ay),

,
Vom =V + ) x(Xi AY).

i=1
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Proof. We have

,
Vom —V =—Ig - Y L{X;.Yi}

i=1

==Y (Ixi—y, + LiXi, Yi})

i=1

=" (b + B.I{X;. Yi}] + Iy, Ix,)

i=1
r r
==Y b+ B I{X:. Yi}] = ) x(Yi A X)),
i=1 i=1

using Theorem 2.2. So at the level of homology,

.
Vom =V + ) x(Xi AY;). O

i=1
Let us use the notation 2 = >/, X; A Y; € A?%g, so that
Veu =V + 1(Q)

as operators on HPg (Ay). This shows that the two connections differ by a nilpotent
operator. As a result, we expect one to be integrable if and only if the other is.

6.4. Integrating V for noncommutative tori. In this section, we specialize to
the noncommutative tori deformation {A;@}:;cs for a given ® with J = R, A the
algebra of sections and g = Span{éy, ..., d8,}. The connection V = % is g-invariant,
and

As in the previous section, we can define the connection

~ 1
V=Lv+ EZ];@,‘/(-L{%,&C}
j>

on the g-invariant complex CJ(A) which descends to a connection on HPJ(Ay).
The connection on homology is a nilpotent perturbation of Vgyy.

We shall now show that we are not losing anything in passing to g-invariant cyclic
homology, in that the canonical map HP,(4g) — HPJ(Ag) is an isomorphism.

Theorem 6.8. The canonical map Cper(A@) — Cper(Ae) induces an isomorphism
HP,(Ap) = HPJ(A@).
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Proof. The space Ag = &(Z") is a topological direct sum graded by Z". For
each 1 < j < n, the jth degree of a homogenous element a = u{' - -+ - up" is
deg;a = a;. The complex Coer(A@) is also graded by Z". If o = ag ®@ -+ ® anm
is an elementary tensor of homogeneous elements a; € 4@, then define

m
deg; w = Zdegj a;.
i=0

The Lie derivative L;; has the property that
Ls,0 = (2mi -deg; w)w

for all homogeneous chains. From this, we see that g - Cyer(A@) is a closed direct
summand of C;(4@) which is complemented by ﬂ?:] ker Ls ;. This complement
is just the subspace of homogeneous elements whose Z"-grading is (0,0, ...,0). By
the Cartan homotopy formula (Theorem 2.1), Ls; = 0 as an operator on H P (Ao).
It follows that the summand g - Cper(A@) is acychc and so the quotient map

Cper("‘"@) i per(‘A)G)
is a quasi-isomorphism. O

The above proof can be carried out because the action of g by derivations on 4@
is the infinitesimal of an action of the Lie group T” by algebra automorphisms.
Thus Ae decomposes as a topological direct sum of eigenspaces indexed by Z" for
the action of g. Note that the same proof shows that Cper(Ay) — Cpe(Ay) is a
quasi-isomorphism for the algebra of sections A of the deformation.

Theorem 6.9. Forthe algebra of sections A j of the noncommutative tori deformation,
the connection V is integrable on Cper(Ay) and consequently on Cper(Ay). Thus,
{Cper(A10)}sey is a trivial deformation of chain complexes.

Proof. 1t suffices to prove Vis integrable on Cper(A ). The quotient C per(Ay) is
obtained from Cper(Ay) as a quotient by a closed V-invariant direct summand, so
integrability of V on Cper(A y) will follow immediately.

Since V restricts to a connection on Cy, (Ay) for each m, it suffices to prove Vis
integrable on Cy,(A4y). Given m + 1 multi-indices «?, ..., a™ € Z", we shall use

the notation

u® =y’ ® u®' Q- Qu¥ € Cin(Ae).

An element w € Cy,(A@) has the form

w = E cgu®
@
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Since S(Z")g(’”ﬂ) ~ §(Z"mtD) the coefficients cg must be of rapid decay.
Notice that L{§;, 8} is diagonal with respect to the basis {u*}, and

1 _ _
—L{8;, 6 ju® = 2mi - R(@)u®
2mi

for some real-valued polynomial R(@) in the multi-indices of @. An element 0 =
Y g Jau® € Cu(Ay) with fz € C*°(J) satisfies V(o) = 0 if and only if

fo+2ni-R@)fz =0
for each . Given an initial condition fz(s) = cg, the unique solution is given by
Ja(t) = cgexp(=2ni - R@)(t —5)).

Notice that | fg(¢)] = |cg|. So for each ¢ € J, the coefficients { fz(¢)} satisfy
the same decay conditions as {cg}. Therefore if 0 = ) & cgu® € Cp(As0), then
p(t) = X5 fat)u® € Cp(Arp) for each 1 € J. Moreover, since R(@) is a
polynomial function, all derivatives of p will satisfy the rapid decay condition also,
and so p is smooth as a function of 7. The solution p is also smooth as we vary the
initial parameter s, so Vis integrable by Proposition A.9. O

Corollary 6.10. For any n x n skew-symmetric matrix ©, there is a parallel
translation isomorphism

HP.(C®(T")) = HP.(Ao).

Consequently,
HPy(Ae) = C2"™",  HP(Ag) = C¥"".

Proof. Since V commutes with b + B on Cpger(A 7)., its parallel translation operators
are isomorphisms of chain complexes. Thus we have

v
POl

HP,(C®(T")) —=— HP&(C®(T")) —2 HP#(Ag) —— HP.(Ao).
As shown in [4], if M is a compact smooth manifold, then

HP,(C®(M)) = @ H} (M. C),
k

where Hj,(M,C) is the complex-valued de Rham cohomology of M. Now,
HJL(T", C) is a vector space of dimension (;’1 ) and this gives the result. O
Corollary 6.11. For the algebra of sections Aj of the noncommutative tori
deformation, the Gauss—Manin connection is integrable on HP4(Ay).
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Proof. Using Proposition 3.7, we have an isomorphism of C *°(J)-modules
HPJ(Ay) =~ HPE(Ay) = C®(J, HPZ(Ag)) = C®(J, HP,(C>(T"))

because V is integrable on the complex Cper(Ay). Here we see that Vgpy is a
connection on a finite rank trivial bundle, so it must be integrable. O

Analogous results can be obtained for periodic cyclic cohomology by duality. For
example, we can consider

Cr(Ae) = Cp.(Ao)”
= {(,0 € C™(Ap) : @(ng w) =0, Vo € Cper(fA'®)’ V]}

This is the space of all cochains which are supported on chains whose Z”-grading
is (0,0,...,0). Theinclusion C}* (Ag) — CP*(g) is the transpose of the quotient
map from Theorem 6.8, and also is a quasi-isomorphism. Since the underlying
space of each fiber of Cpger(A 7) is a nuclear Fréchet space, it follows that the dual
connection V* is automatically integrable on C{*(4;) = Cp:(As)*, though
this could also be proved directly. So we have parallel translation isomorphisms
HP®*(C*®(T")) = HP*(Agp) for periodic cyclic cohomology as well.

We have proved the rigidity of periodic cyclic homology/cohomology for the
deformation of noncommutative tori. It is interesting to note that the Hochschild
homology/cohomology and (non periodic) cyclic homology/cohomology are very
far from rigid in this deformation. As an example, HH®(A) = HC?(A) is the space
of all traces on the algebra A. Now in the simplest case where n = 2 and

0 —6
°=(5 0):

it is well known that there is a unique (normalized) trace on Ag when 6 ¢ Q
and an infinite dimensional space of traces when 6 € Q. For example, every
linear functional on the commutative algebra ¢ =~ C°(T") is a trace, and thus
HH?(C®(T")) = C®(T")* is the space of distributions on T”. Moreover,
Connes showed in [4] that in the case § ¢ Q, HH'(Ag) and HH?(Ag) are
either finite dimensional, or infinite dimensional and non-Hausdorff depending on
the diophantine properties of 6. Looking back, we conclude that there are no
integrable connections on C*(A) that commute with b, as such a connection would
imply rigidity of Hochschild cohomology.

However, our connection V does commute with b on the invariant complex C; (A).
This shows that the invariant Hochschild cohomology HH_ (@) is independent
of ®. For example, there is exactly one (normalized) g-invariant trace on C*°(T"),
and that corresponds to integration with respect to the only (normalized) translation
invariant measure. Thus HH g (C*®(T™)) = HH g (Ae) = C. Consequently, the
canonical map HHj(Ae) — HH?*(Ag) is not, in general, an isomorphism.
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The argument presented here should work with other variants of cyclic
cohomology. One example is Connes’ entire cyclic cohomology which is constructed
by allowing for infinite cochains (¢,) € [], C"(A) satisfying a certain growth
condition [3]. The Lie derivative and contraction operators extend to the entire
cochain complex. One can introduce the connection V on the g-invariant entire
cyclic cochain complex, and it is likely integrable, though we haven’t checked the
analytic details.

7. Calculations with V™ and the Chern-Connes pairing

We have shown that Vg is integrable for noncommutative tori in a rather indirect
way by proving integrability of the auxiliary connection V. However, it is still useful
to understand Vs here because it is canonical and has good properties with respect
to the Chern—Connes pairing. Here, we shall calculate with the dual connection VM
to determine the parallel translation maps, as well as the deformation of the Chern—
Connes pairing.

7.1. Cyclic cocycles, characteristic maps, and cup products. By a cyclic k-co-
cycle we mean an element ¢ € C¥(A) such that

bp =0, ¢(e,ay,...,ar) =0, ¢(ag,ap,...,a5—1)= (—l)kgo(ao,al,...,ak).

A cyclic cocycle ¢ automatically satisfies B¢ = 0, and so ¢ gives a cohomology
class in HP*®(A). Recall that elements in the first slot of a cochain can be in the
unitization A+ . Below we will use the notation @y for elements of the unitization 4+
and just ag for elements of A.

We return to the general setting of an algebra A equipped with an abelian Lie
algebra g of derivations, and a g-invariant trace. Define the characteristic map
y : A°g — C*°(A) by

y(X1 Ao A Xp)(@o, ... ax)

1 ~
= > (=1)7(@0 X0y (@1) Xe@)(@2) - .. Xoqo (ar)).
’ oESK
Proposition 7.1. The functional y(X1 A -+ A Xg) is a g-invariant cyclic k-cocycle.

Remark 7.2. The map y is a simple case of the Connes—Moscovici characteristic
map in Hopf cyclic cohomology [6]. In their work, # is a Hopf algebra equipped
with some extra structure called a modular pair, and A is an algebra equipped with a
Hopf action of #. Assuming A possesses a compatible trace, they construct a map

y : HPS o (H) — HP*(4)
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from the Hopf periodic cyclic cohomology of # to the ordinary periodic cyclic
cohomology of A. In our situation, # = U(g), the universal enveloping algebra
of g. As was shown in [6],

HPS,(U(g) = P H (9.C),
k=e mod 2

where H ,I;ie (g, C) is the Lie algebra homology of g with coefficients in the trivial
g-module C. As g is abelian, there is an isomorphism

H®(g.C) = A*(g).
The obtained characteristic map
y:A%(g) > HP*(A)

is the map defined above.

Lemma 7.3. Let X1,..., X, be derivations on an algebra A, and let T be a trace
on A. There exists Y € C" 1(A) such that By = 0 and

‘C(E()X] (Lll) . X,,(an))
1 o . ~
==Y (DU (GoX(@1) . Xn(an—j+10) X1 (@n—jt2) - Xjo1(an))
j=1
+ (by) (4o, . . ., an).
Proof. Given any n derivations Y1, ..., Y,, the cochain ¢ € C"!(A) given by
¢(ao, ....an—1) = t(Y1(ao)Y2(a1) ... Ya(an-1)), ¢le.ar,....an-1) =0,

satisfies
(b(p)(ﬁo, ey Cln) = T(Eoyl ((11) Ce Yn(an)—l—(—l)”EOYz(al) e Yn(an_l)Yl (an))

and By = 0. It follows that

Y(@o.....an-1) = %E(—I)U—W"“)m -
= (X, (@0)Xj11(a1) ... Xj—1(an)).
Y(e,ay,...,an—1) =0
satisfies the conclusions of the lemma. O

Recall that for any Z € g, the contraction /z is a chain map on the invariant
complex Cpir(A). We shall use the same notation /7 to denote its transpose on
C™(A). We now compute this operator on the image of the characteristic map.
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Proposition 7.4. Forany Z € gand w € A°®g,

Iz[y(@)] = [y(Z A w)]
in HP; (A).
Proof. Letgp = y(X1 A---AXg). Since p(e,ay,...,ar) = 0, we immediately have

Szo = 0. Thus, Iz¢p = 1z¢, and

(tzp)(ao, ..., ax+1)
= ¢(a0Z(a1).az. ... ax+1)

1
= 17 22 (D7 (@0Z(@1) Xo()(@2) Xo)(@3) .- X (@k+1))

’ OESK

=y(ZANX1 A AXi)(ao, ..., ak41) + (bY)(ao, ... ak+1)

for some ¥ with By = 0 by applying the previous lemma to each term in the sum.
Hence, Izy(X1 A A X)) =Y(Z AX1 A~ AXg)+ (b+ B)y. O

As in the homology case (Theorem 6.3) there is an algebra map

2:A%(g) = End (HPJ(A)), x(Xy A+ AXp)=Ix,Ix, ... Ix

K

Corollary 7.5. Forany w € A°g,

[y(w)] = x(o)[7]
in HPJ(A).

Remark 7.6. A generalization of the Connes—Moscovici characteristic map was
constructed in [21]. A special case of this construction is a cup product

())

— HP{ (3) ® HPj,(A) — HPPTI(4A),

where H P, (A) is the periodic cyclic cohomology of A built out of cochains which
are invariant in some sense with respect to an action of J¢. In the Connes—Moscovici
picture, the properties of the trace t ensures that it gives a cohomology class in
HP 5€ (A), and

[0] — [7] = y[w]
for all [w] € HPj, (). In our situation where # = U(g), we have that
HPj(A) = HP;(A) and the cup product is a map

—:APg® HPJ(A) - HPP*I(4A).

Our map y : A®*(A) — End(HP;(A)) followed by the inclusion HPJ(A4) —
HP*(A) coincides with this cup product.
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7.2. VOM _derivatives of characteristic cocycles. Now consider the situation of
Section 6.3. Suppose Ay is the algebra of sections of a deformation, g is an abelian
Lie algebra of derivations on A, V is a g-invariant connection on A satisfying

r
V(alaz) = V(al)az + a1V(a2) + Z Xi(al)Yi(az), ai,ar € Ay

i=1

for X;,Y; € g. In addition we assume A has a g-invariant V-parallel trace t.
That is, there is a trace 7 : Ay — C*°(J) suchthat t o Z = 0 for all Z € g and
ToV = % o 7. The dual of the connection

r
V=Lv+ > L{X:. Y}
i=1
is given by

~

d r
V*gp:Eow—gpoLv—prOL{XﬁYi}
i=1

on Cg* (Ay).
Proposition 7.7. For any w € A®g, we have %J*y(w) = 0.
Proof. Letting ¢ = y(Z1 A-+- A Zp,), one can show that

d r
E°§0:¢°Lv+i=21¢°L{Xi,Yi}

by using % ot = t oV, the identity
k
V(ag...am) = Zao...V(aj)...am
j=0

+ZZao...X,-(aj)..-Yi(ak)--ﬂm’

i=1j<k
and the fact that all derivations commute with each other and V. O
As before, let 2 = Y/, X; A Y; € A?g. Recall from Proposition 6.7 that
Vou =V + 1(Q)

as operators on HPJ (Ay). Dualizing gives

r

VM) = V*p] = Y " [p o x(Xi A YD)]

i=1
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and further

[ o x(Xi AYD)] = [@ 0 Ux; Iv)] = Iy Ix;[9] = —x(Xi A YD)g].
Consequently, i
VM = ¥ 1 (@)
as operators on H P; (Ay). Combining the previous results, we immediately obtain
the following.

Theorem 7.8. In the above situation, for any v € A°®g,

VM [y ()] = [7(2 A 0)]
in HP(Ay).

It is worth mentioning that this result is independent of the integrability of v*
or VOM  Using this theorem, we can explicitly describe VM -parallel classes
through a given characteristic cocycle.

Corollary 7.9. Let o € A®g and view y(w) € HP;(As). Then the cocycle ¢ €
HPJ(Ay) given by

[dim g/2]
(t —s)?
o= (1) ——y( Q" rw)
p!
p=0
is a VM _parallel section through y(w) € HP; (Ay).

Also from Theorem 7.8, we obtain the following result about the deformation of
the Chern—Connes character.

Corollary 7.10. Let w € A®g.
(i) For any idempotent P € My (Ay),

d
7 (@)L [P]) = ([y(@ A w)].[P]).
(ii) For any invertible U € My (Ay),

d
2 (@1 1U]) = ([y (& A w)). [U]).

We can be a little more explicit with these formulas using the form of the cycles
ch P and chU. First notice that My(Ay) = MnN(C) ® Ay is the algebra of
sections of a deformation that has the same properties as 4. Namely we have an
action of an abelian Lie algebra g generated by the derivations id ® X; and id ®Y;.
There is a g-invariant connection id ® V as well as a parallel g-invariant trace tr Q.
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Here tr : My (C) — C is the usual matrix trace. Notationally, we will refer to the
above objects as simply Xj, Y;, V, and 7 respectively. The connection V satisfies

r
V(a1az) = V(ayaz + a1V(az) + Y _ Xi(a)Yi(az). ar.az € My(Ay),
i=1

so all the previous results apply to this deformation. Notice we have a commutative
diagram

A*g—T— CP(Ay)
\ lT*
CP*(Mn(Ay))

where T is the transpose of the generalized trace T : Coer(Mn(Ay)) = Cper(Ag).
Given a projection My (Ay) and a cocycle ¢ € Ccp,eorO ( J)(A J), we will view the
Chern—Connes pairing as a pairing between a cocycle and a cycle on My (Ay):

([¢].[P]) = (T*¢.ch P).

Soif w € A2™g, then by using the explicit form of ch P € CSen ) (Mn (4))),

(2m)!

(y @) [P]) = (=D" = =y(@)(P. P..... P),

where y(w) is viewed as a cocycle in Cgvgg( J)(M n(Ay)), and there are 2m + 1
appearances of P on the right hand side. Similarly, if U € My (Ay) is an invertible
and w € A?™+1lg then

([]/(Cl))], [U]) = (_1)mm')/(a))(U_1’ U’ K] U_11 U)

Combining these with Corollary 7.10, we obtain the following result.
Theorem 7.11. In the above situation,

() Ifw € A*™g, and P € My (Ay) is an idempotent,

%y(a))(P, P,....,P)=—4m+2)y(Q Aw)(P, P,...,P).

() Ifw € A*"T1g, and U € My (Ay) is invertible,

d
Y@ ULUTLU) =~ Dy(@a@)UT U U D).
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7.3. Noncommutative tori. Here, we shall apply our results to the noncommutative
tori deformation.

Theorem 7.12. For every ©, the map y : A°g — HP;(Ae) is an isomorphism of
7./2-graded spaces.

Proof. By Theorem 6.9 and Proposition 7.7, is suffices to prove this for #A¢ =~
C(T™). Let sq,...,S8, be the coordinates in T"” = R”/Z". Choosing a subset of
coordinates s;,, ..., S;,, determines a subtorus T of dimension m. All such subtori
are in bijection with a generating set of homology classes of T”. The g-invariant
de Rham cycle corresponding to T is given by taking the average of the integral
of a differential form over all subtori parallel to 7. The cochain in C"(C®°(T"))
corresponding to this cycle is

wﬂﬁpwﬁwzf;”(LfWMA~WJm)mZ

and one can show ¢7 = y(8;; A--- A§;,,) up to a scalar multiple. O

Hence the characteristic cocycles form a basis for HP*(4@). So we can use
Corollary 7.9 to explicitly describe the parallel translation of VM. Let’s do this
for the n = 2 case. Here, the noncommutative torus is determined by a single real
parameter 6 := 6,1, and we shall denote the algebra by #Ag. In the case 6 ¢ Q, Ag
is also known as (the smooth version of) the irrational rotation algebra. We shall
consider {+Ag }gcs as a smooth one-parameter deformation, where J C R is an open
interval containing 0. Here, g = Span{d;,,} and 2 = %52 A 81. Let 7, be the
cyclic 2-cocycle 7, = %y(&l A 82), which is given explicitly by

alan, a1,a2) = 5 (a0 (@1)52(02) — aoBr(an)dy (@),

Then from Theorem 7.8,
1 1
VM) = —[y(62 A 81) = —=[mal,
2mi 2

VM1, = [y(82 A8y A8y A 8] =0.

1
wi(2wi)
We see that [1,] € HP*(Ay) is a VOM _parallel section, and [t] + %[Tz] isa VOM._
parallel section through [7] at the fiber 6 = 0.

Now consider the odd classes

1 1
1 2
= —y(61), = —y(82).
S g0 = (@)
Then we have

VGM[-[lj] = (2;)2 [y(62 A 81 A87)] =0

for j = 1,2. So we can completely describe the parallel translation of

\AL
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Theorem 7.13. Let 6 € R, then Py« HP*(g) — HP*(Aq) is given by

GM 0 j i
POV’@ ] e [r] + E[Tz], [l [w]. [f]~[d]

It is interesting to notice that this parallel translation gives a nontrivial
automorphism

Py HP*(C®(T™) — HP*(Ar) = HP*(C®(T")).

Now let’s consider the Chern—Connes pairing. Using Theorem 7.11, we see that
for any idempotent P € My (Ay),

d
%‘L’(P) =1n(P, P, P)

and

d? d

W‘[(P)_ %TZ(P,P,P) =0.
Thus

©(P(0)) = ©(P(0)) + 12(P(0), P(0), P(0)) - 0.

Now the idempotent P(0) € My (Ag) = My (C>®(T?)) corresponds to a smooth
vector bundle over T2 and the value (P (0)) is the dimension of this bundle. The
number 7, (P(0), P(0), P(0)) is the first Chern number of the bundle, which is an
integer. So P satisfies

t(P)=C+ DO

for integers C and D, which are determined by the topological information of P (0).

Starting with a vector bundle represented by P(0) € My (C*®(T?)), one can
always extend it to a smooth family of idempotents P(0) € My (C*(Ag)) for
small enough 6 using a functional calculus argument. Our results imply that the
trace 7(P(6)) is determined by, and can be computed from, the characteristic classes
of the vector bundle P(0). The same is true for other Chern—Connes pairings.
For example, the value t2(P(0), P(0), P(0)) is constant, hence an integer. This
integrality was also explained with an index formula in [2]. Similarly, the pairing of
an invertible with 7{ is integral.

These results also show that Ag has a K-theory class with trace 6, at least for
small enough 6, and so suggest that one may be able to find an idempotent in Ag
with trace . Of course it is well-known now that such idempotents exist [29].
Given such an idempotent Py € g, one could try to extend it to & = 0 through an
idempotent P € Ajy. However this is impossible because P (0) would necessarily
satisfy (P (0), P(0), P(0)) # 0, and the only idempotents in g, namely 0 and 1,
do not. However, one can extend Py to an idempotent in A; provided J doesn’t
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contain integers. One can also find an idempotent P € M>(A ) of trace 1 4 6, but
only if J C (—1,1).

Two other interesting situations to consider are / = R or J = T. For both
cases, the trace of any idempotent P € My (A ) must be constant and integral, and
(P, P, P) = 0. If o(P, P, P) # 0, then t(P) would be negative somewhere in
the J = R case, and t(P) wouldn’t be continuous in the J = T case.

Analogous results can be worked out for higher dimensional noncommutative
tori. For the deformation {A;e}scs, the element Q € A2gis

One can explicitly compute VM and its parallel translation operators using
Theorem 7.8. The deformation of the Chern—Connes pairing can be determined from
Theorem 7.11. As functions of ¢, the pairings can be higher degree polynomials,
depending on the size of n. This was already observed in Elliott’s Chern character
computation [10]. The most interesting case would be to choose ® so that €2 is
nondegenerate in the sense that Q/*/2] =£ 0.

A. Omitted proofs
A.1. Free modules. For more information about nuclearity (in the sense of Groth-
endieck), see [14] or [34].
Proposition A.1.
() If X,Y € LCTVS, then

(R®cX)®R(R®cY) = RRc(X®cY).

(ii) If R is a nuclear Fréchet algebra, X is a Fréchet space, and Y is a closed
subspace of X, then

(RRX)/(RRY) = RR(X/Y)

(iii) If X and R are Fréchet spaces, one of which is nuclear, then the linear
isomorphism
Hompg(R®X, M) =~ Hom(X, M)

is a topological isomorphism.

Proof. (i) The proof is straightforward using universal properties.
(ii) Nuclearity of R implies that R®Y is a closed subspace of R®X [34,
Proposition 43.7]. Since all spaces are Fréchet, all quotients appearing are complete.
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One then induces mutually inverse isomorphisms using the universal properties of
completed projective tensor products and quotients.
(iii) The linear isomorphisms

® : Hom(X, M) — Homg(R®X, M), W :Homg(R®X, M) — Hom(X, M)

are given by
OF)=p(l®F), ¥ (G)(x)=G61®x),
where it : RQM — M is the module action. Continuity of W follows from the fact

that if B C X is bounded, then 1 ® B C R®X is bounded.
The continuity of ® is more subtle. The map ® factors as

® : Hom(X, M) —s Homg (R®X, R®M) —2 Homg (R®X, M),

where ®,(F) = 1 ® F and P, is composition with the module action . Continuity
of @, follows from continuity of p. To show that ®; is continuous, we need to relate
the bounded subsets of R®X to the bounded subsets of R and X. This is related
to the difficult “probleme des topologies” of Grothendieck [14]. If either R or X
are nuclear, then for every bounded subset D C R®X, there are bounded subsets
A C R, B C X such that D is contained in the closed convex hull of

A®B={r®x|reA,xeB},

see [17, Theorem 21.5.8]. Continuity of ®; follows from this fact. L]

A.2. C*°(J)-modules. For the results below, the Banach—Steinhaus theorem (uni-
form boundedness principle) [34, Theorem 33.1] is the main advantage of considering
barreled spaces.

Proposition A.2. If X is barreled, then {F; : X — Y };ecy is a smooth homotopy of
continuous linear maps if and only if the map
t— Fl‘ (x)

is smooth for every x € X.

Proof. Supposet — Fy(x) is smooth for each x € X, and let Ft(")(x) denote the nth
derivative of this map. The linear map Ft(") : X — X isin fact continuous for each 7.

Using induction, this follows from the Banach—Steinhaus theorem because F,(")(x)
is a pointwise limit of continuous linear maps by its very definition.
We must show that the map F : X — C*°(J,Y) defined by

F(x)(t) = Fi(x)
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is continuous. For any compact K C J, any n, and any x € X, the set
(n)
{Ft (x)|tekK }

is compact in Y, hence bounded, because the map 7 — Ft(") (x) is continuous. By
the Banach—Steinhaus theorem, the set {Ft(n) : X — Y }:ek is equicontinuous. Thus
for any continuous seminorm g on Y, there exists a continuous seminorm p on X
such that

g(F™(x)) < p(x). VxeX. VieKk.

Consequently,

supq(F,(")(x)) < p(x), VxelX.
tek

The expression on the left, which dgpends on K,n, and ¢, is one of the defining
seminorms of C*°(J,Y) applied to F (x). The topology of C*°(J,Y) is generated
by all such seminorms as K, n, and g vary. This shows that F is continuous. O

Corollary A.3. If X is a Fréchet space, then a set of continuous associative
multiplications {m; : X®X — X}iey is a smooth one-parameter deformation if
and only if the map

> my(x1,x2)
is smooth for each fixed x1,x, € X.

Proof. The forward direction is trivial. Conversely, if ¢ > m;(x1, x2) is smooth for
each fixed x1, x, € X, then the map

m:XxX—C®,X), m(x1,x2)() = me(x1,x2)

is separately continuous by Proposition A.2. Since X is Fréchet, it follows that m is
jointly continuous and so induces a continuous linear map

m:X®X — C®(J, X). O

Proposition A.4. Consider a collection {F; : X — Y };ey of continuous linear maps
and the corresponding map F : J — Hom(X,Y).

(1) If{F:}tey is a smooth homotopy, then F : J — Hom(X, Y) is a smooth curve.

(i) If the curve F : J — Hom(X,Y) is smooth, then F : J — Homy,(X,Y) is
smooth (with respect to the topology of pointwise convergence).

(iii) If X is barreled and the curve F : J — Homy (X, Y) is smooth, then { F;};cy
is a smooth homotopy.
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Proof. The second statement is trivial and the third is a restatement of Proposi-
tion A.2. For the first statement, we shall prove F is differentiable, and the proof
that F is n times differentiable follows by replacing F with F®~D_ Fixt € J, e > 0,
and a continuous seminorm ¢ on Y. By continuity of F, there is a seminorm ponX
such that

sup ¢(F,/(x)) < p(x), VxeX.

u€lt—e,t+el

From Taylor’s formula

t+h
Fiyn(x) = Fi(x) + F/(x)h + / F/(x)(t +h—u)du,

W€ s€e

q(Ft—f—h(x) — Fi(x)

h h
IO po) = s a(Re)] < a0

u€lt,t+h]
for |h| < €. Given a bounded subset A C X, consider the seminorm on Hom(X, Y)

g4(G) = supq(G(x)), VG € Hom(X,Y).

x€A
Then we have shown P
Fiin — F 1) <
Dedh T T Ca—,
q4 ( A F ) =Cy 5
where C4 = sup,c4 p(x) < oo. Since the right side goes to 0 as 1 — 0, this proves
%F, = F} in the topology of Hom(X,Y). O

Corollary A.5. Let X be a Banach space and let {F; : X — X};ej be a smooth
homotopy of continuous linear maps such that each Fy is bijective. Then {Ft_l}te J
is a smooth homotopy as well. Consequently, the map F : C*°(J,X) — C*(J, X)
induced by {F;};cj is a topological isomorphism of C°°(J)-modules.

Proof. That each Ft_1 is continuous follows from the open mapping theorem. It
is well known that the inversion map on the set of invertibles of the Banach
algebra Hom(X, X) is differentiable. If we view {F;};cs as a differentiable path
in Hom(X, X), then it follows from the chain rule that the path corresponding
to {F; '}, is differentiable. From Proposition A.4, {F,'},c; is a smooth
homotopy. The induced endomorphism of C*°(J, X) is clearly inverse to F. O

There are continuous inclusions

Homcoo(y (C*(J, X), C*®(J,Y))
— C*(J,Hom(X,Y)) - C*(J,Homy(X.Y)),

which are linear, but not necessarily topological, isomorphisms when X is barreled.
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Proposition A.6. The canonical map
Homcoo(yy (C*(J, X),C*®(J,Y)) - C*(J,Hom(X,Y))

is a topological isomorphism if either
(i) X and Y are Banach spaces, or
(ii) X is a nuclear Fréchet space and Y € LCTVS.

Proof. If X and Y are Banach spaces, then we claim that the domain and codomain
are both Fréchet spaces. Then the result follows from the open mapping theorem.
Since Hom(X,Y) is a Banach space, C* (J,Hom(X,Y)) is a Fréchet space.
Proposition A.1 gives a topological isomorphism

Homceo(yy (C*(J, X),C*®(J,Y)) = Hom (X, C*(J,Y)),

and the topology of the latter is generated by a countable family of seminorms.
If X is a nuclear Fréchet space, then there is a topological isomorphism

X*®Z =~ Hom(X, Z)

for any Z € LCTVS, see [34, Proposition 50.5]. Using this and Proposition A.1, we
have topological isomorphisms

Homcoo(yy (C*(J, X),C*(J,Y)) = Hom (X, C*®(J,Y))
~ X*®C*®(J)RY
~ C®(J)® Hom(X,Y)
=~ C*°(J,Hom(X,Y)). O

Corollary A.7. If X is either a Banach space or a nuclear Fréchet space, then
C®(J, X)* = C®(J, X*).

A.3. Integrability and parallel translation.

Proposition A.8. A connectionVon M = C*°(J, X) is integrable if and only if the
following two conditions hold:

(i) Foreverys € J and x € My, there is a unique m € M such that
Vm =0, m(s)=x.

(ii) The linear map PV : X — C®°(J x J, X) given by
PY(x)(s.1) = P (x)

is well-defined and continuous.
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Proof. Notice that the connection % on C*°(J, X) satisfies both conditions.

Moreover, both conditions are preserved by parallel isomorphism. So an integrable
connection V satisfies (i) and (ii).

Conversely, suppose V satisfies (i) and (ii) and fix a value s € J. By condition (ii),
the linear maps

F:X —C®J,My), Fx)(t) = PY(x)
G:M;—> M, G(x)(t) = P, (x)

are continuous, and induce mutually inverse C °°(J)-linear isomorphisms
F:M—>C*®(J,M), G:C®J,My)—>M

by the universal property of free modules. We’ll show that
| oo d
G:|C®W. M), — | = (M. V)
dt
is parallel. By C°°(J)-linearity, the Leibniz rule, and continuity, it suffices to check

d
Go—=VoG
Odl‘ o

for elements of the form 1 ® x € C®(J)®M,. But this follows immediately by
definition of parallel translation. That F = G ~! is parallel follows automatically. []

The second condition in the theorem can be weakened if X is barreled.

Proposition A.9. If X € LCTVS is barreled, then a connection V on M =
C®(J, X) is integrable if and only if the following two conditions hold:

(i) Foreverys € J and x € My, there is a unique m € M such that

Vm =0, m(s)=x.

(i) Each PY, : Mg — M, is continuous, and for each fixed x € X, the map
5.t
(s,1) — PSZ (x) is smooth (i.e. all mixed partial derivatives exist).

Proof. Mimic the proof of Proposition A.2 to show that
PY:X > C®(J xJ,X), PY(x)(s.1) = Py (x)

is continuous. OJ
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