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Abstract. Given a smooth deformation of topological algebras, we define Getzler’s Gauss–
Manin connection on the periodic cyclic homology of the corresponding smooth field of
algebras. Basic properties are investigated including the interaction with the Chern–Connes
pairing with K-theory. We use the Gauss–Manin connection to prove a rigidity result for
periodic cyclic cohomology of Banach algebras with finite weak bidimension. Then we illustrate
the Gauss–Manin connection for the deformation of noncommutative tori. We use the Gauss–
Manin connection to identify the periodic cyclic homology of a noncommutative torus with
that of the commutative torus via a parallel translation isomorphism. We explicitly calculate the
parallel translation maps and use them to describe the behavior of the Chern–Connes pairing
under this deformation.
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1. Introduction

Our motivating problem is to understand the behavior of periodic cyclic homology
under deformation of the algebra structure. Given a family of algebras fAtgt2J
parametrized by a real number t , we would like to identify conditions under which
we can conclude

HP�.At / Š HP�.As/; 8t; s 2 J:

The types of algebras we consider will be topological algebras, and the deformations
will have a smooth dependence on t .

In the setting of formal deformations, Getzler constructed a connection on the
periodic cyclic complex of a deformation [13]. His connection, called the Gauss–
Manin connection, commutes with the boundary map on the periodic cyclic complex
�This research was partially supported under NSF grant DMS-1101382.
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and descends to a flat connection on the periodic cyclic homology of the deformation.
We shall adapt Getzler’s connection to our setting of smooth deformations and
investigate its properties.

For a real interval J � R, we consider a smoothly varying family fmtgt2J of
jointly continuous associative multiplications on a complete locally convex vector
space X . For each t 2 J , we have a locally convex algebra At whose underlying
space is X and whose multiplication is given bymt . These algebras can be collected
to form the algebra AJ of smooth sections of the bundle of algebras over J whose
fiber at t 2 J is At , where the multiplication in AJ is defined fiberwise. Then AJ is
an algebra over C1.J /, the space of smooth complex-valued functions defined on
the parameter space J .

The complex of interest to us is the periodic cyclic complex ofAJ over the ground
ring C1.J /. This can be thought of as the space of smooth sections of the bundle
of chain complexes over J whose fiber at t 2 J is the periodic cyclic complex of At .
It is on this complex that we shall define Getzler’s Gauss–Manin connection rGM .
The connection rGM commutes with the boundary map and thus descends to a
connection on the C1.J /-linear periodic cyclic homologyHP�.AJ /.

A fundamental issue for us is to determine when we can perform parallel
translation with respect to rGM at the level of periodic cyclic homology. Indeed,
doing so would provide isomorphisms HP�.At / Š HP�.As/ between the periodic
cyclic homology groups of any two algebras in the deformation. Of course, the
striking degree of generality for which rGM exists indicates that the connection will
not always be integrable. The goal then is to identify properties of a deformation that
allow for parallel translation.

An important feature of cyclic cohomology is that it provides numerical invariants
of K-theory classes through the Chern–Connes pairing

h�; �i W HP i .A/ �Ki .A/! C; i D 0; 1;

between periodic cyclic cohomology and algebraic K-theory. The Gauss–Manin
connection is compatible with this pairing in the following sense. Given a smoothly
varying family f't 2 C even.At /gt2J of even cocycles and a smoothly varying family
of idempotents fPt 2MN .At /gt2J in matrix algebras, we have

d

dt
hŒ't �; ŒPt �i D hr

GM Œ't �; ŒPt �i;

where rGM denotes the dual Gauss–Manin connection on periodic cyclic cohomol-
ogy. A similar result holds for the pairing of odd cocycles and invertibles, representing
classes inK1.At /. Thus being able to compute with rGM gives insight into how the
numerical invariants arising from this pairing are changing with the parameter t .

Our main abstract result is a rigidity result for periodic cyclic cohomology of
Banach algebras of finite weak bidimension. The weak bidimension dbw A of a



The Gauss–Manin connection and noncommutative tori 583

Banach algebra A is the smallest integer n such that the Hochschild cohomology
HnC1.A;M �/ vanishes for all Banach A-bimodules M . A Banach algebra A is
called amenable if dbw A D 0, and more generally is called .n C 1/-amenable
if dbw A D n. Amenable Banach algebras were defined by Johnson [18], and higher
dimensional versions of amenability were studied in [9,24,27,33]. We prove that the
Gauss–Manin connection is integrable for small enough deformations of a Banach
algebra of finite weak bidimension. Consequently, periodic cyclic cohomology is
preserved under such deformations.

We then illustrate the Gauss–Manin connection in the nontrivial deformation
of noncommutative tori, a well-studied example in noncommutative geometry [30].
The smooth noncommutative n-torus A‚ can be naturally viewed as a deformation
of C1.Tn/, the algebra of smooth complex-valued functions on the n-torus. The
cyclic cohomology ofA‚ is well-known, as it was computed directly byConnes in the
n D 2 case [4] and by Nest in the general case [25]. We prove the integrability of the
Gauss–Manin connection for this deformation and thus obtain a parallel translation
isomorphism HP�.A‚/ Š HP�.C

1.Tn//. Since the latter can be computed in
terms of de Rham cohomology [4], this provides a deformation theoretic computation
ofHP�.A‚/.

We also explicitly describe the dual Gauss–Manin connection rGM in terms
of a natural basis for HP �.A‚/. This allows us to compute the derivatives of
the Chern–Connes pairing, as discussed above. We show that the Chern–Connes
pairings for the noncommutative torus can be expressed as a polynomial function in
the parameters whose coefficients are Chern–Connes pairings for the commutative
torus C1.Tn/. For example, given a smoothly varying (in‚) family of idempotents
fP‚ 2 MN .A‚/g, the Chern–Connes pairings with P‚ are determined by, and can
be computed from, the characteristic classes of the smooth vector bundle associated
to P0 2MN .C

1.Tn//. Related formulas were found by Elliott [10], who computed
the Chern character of noncommutative tori in the sense of [2].

Similar work on the Gauss–Manin connection was carried out independently by
Yamashita [36].

The outline of the paper is as follows. In §2, we fix notation and recall
necessary background material regarding locally convex topological vector spaces,
Hochschild and cyclic homology, operations on the cyclic complex and Getzler’s
Cartan homotopy formula. In §3, we set up the general framework in which we will
study smooth deformations of algebras and chain complexes. Ourmain techniques for
studying deformations use connections and parallel translation, in particular we give a
criterion for triviality of these deformations in terms of integrable connections. In §4,
we define Getzler’s Gauss–Manin connection in our setting of smooth deformations,
and prove some of its basic properties. The rigidity theorem for cyclic cohomology
of Banach algebras of finite weak bidimension is proved in §5. The remainder of the
paper is on the application to noncommutative tori. In §6, we prove the integrability
of the Gauss–Manin connection for the deformation of noncommutative tori and
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obtain a parallel translation isomorphism in periodic cyclic homology. In §7, we
explicitly describe the operator rGM and its parallel translation for noncommutative
tori. This is used to describe the deformation of the Chern–Connes pairing. For
the sake of streamlining the presentation, the proofs of some statements have been
postponed to an appendix.

Acknowledgements. I’d like to thankmy thesis advisor, NigelHigson, for suggesting
this line of research and offering useful guidance throughout the project. I have
benefitted from discussions with Erik Guentner and Rufus Willett on the material.
I’d also like to thank Rufus Willett for reading an earlier draft of this document and
suggesting ways to improve it.

2. Preliminaries

2.1. Locally convex algebras and modules. See [34] for background in the theory
of locally convex topological vector spaces. More details concerning topological
tensor products can be found in [14,15,34].

We shall work in the category LCTVS of complete, Hausdorff locally convex
topological vector spaces overC and continuous linear maps. All bilinear/multilinear
maps we work with will be assumed to be jointly continuous. For example, by a
locally convex algebra, we mean a space A 2 LCTVS with a jointly continuous
associative multiplication. Similarly, a locally convex module over a locally convex
algebra has a jointly continuous module action.

Dealing with joint continuity leads naturally to projective tensor products. If R
is a unital commutative locally convex algebra and M and N are locally convex
R-modules, then M b̋RN denotes the completed projective tensor product over R,
which is universal for jointly continuous R-bilinear maps fromM � N into locally
convex R-modules, see [15, Chapter II]. Given X; Y 2 LCTVS, we shall simply
write X b̋Y for X b̋CY .

Given X; Y 2 LCTVS, we equip the space Hom.X; Y / of continuous linear
maps from X to Y with the topology of uniform convergence on bounded subsets
of X . It is a Hausdorff locally convex topological vector space, but it may not be
complete. However, it is for many nice cases, for example if X is a Fréchet space or
anLF -space. The strong dual ofX isX� D Hom.X;C/:We remark that the strong
dual of a Banach space is a Banach space, but the strong dual of a Fréchet space is
never a Fréchet space, unless the original space is actually a Banach space.

Given two locally convex R-modulesM and N , we topologize HomR.M;N / as
a subspace of HomC.M;N /. WhenN D R, we obtain the topologicalR-linear dual

MF
WD HomR.M;R/:
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We shall use the notationMF to distinguish fromM �, which will always mean the
usual C-linear topological dual space.

A locally convex R-module is free if it is isomorphic to Rb̋CX for some
X 2 LCTVS, where the module structure is given by multiplication in the R factor.
The free moduleRb̋X has the usual universal property that any continuous C-linear
map eF from X into a locally convex R-module M induces a unique continuous
R-linear map F W Rb̋X !M given by

F.r ˝ x/ D reF .x/:
This establishes a linear isomorphism

HomR.Rb̋X;M/ Š Hom.X;M/;

which is a topological isomorphism for nice spaces, see Proposition A.1.
By a locally convex cochain complex, we mean a collection of spaces fCngn2Z

inLCTVSand continuous linearmaps fdn WCn!CnC1gn2Z such thatdnC1 ı dnD0.
We’ll use the notation Zn.C/ D ker dn for cocycles and Bn.C/ D im dn�1 for
coboundaries. The cohomology is Hn.C/ D Zn.C/=Bn.C/, which may not be
Hausdorff or complete. If each Cn is a locally convexR-module and the coboundary
maps are R-linear, then C� is a locally convex cochain complex of R-modules. In
this case, the cohomology spaces are R-modules.

2.2. Hochschild and cyclic homology for locally convex algebras. Additional
details regarding cyclic and Hochschild homology can be found in [4,23].

Let R be a unital commutative locally convex algebra and let A be a (possibly
nonunital) locally convex R-algebra. Let AC denote the R-linear unitization of the
algebra A. As an R-module, AC D A˚ R. We can, and will, form the unitization
in the case where A is already unital. We shall let e D .0; 1/ 2 AC denote the unit
of AC, to avoid possible confusion with the original unit of A, if it exists.

For n � 0, the space of Hochschild n-chains is defined to be

Cn.A/ D

(
A; n D 0;

ACb̋RAb̋Rn; n � 1:

The maps b W Cn.A/! Cn�1.A/ and B W Cn.A/! CnC1.A/ are given by

b.a0 ˝ � � � ˝ an/ D

n�1X
jD0

.�1/ja0 ˝ � � � ˝ aj�1 ˝ ajajC1 ˝ ajC2 ˝ � � � ˝ an

C .�1/nana0 ˝ a1 ˝ � � � ˝ an�1;

B.a0 ˝ � � � ˝ an/ D

nX
jD0

.�1/jne ˝ aj ˝ � � � ˝ an ˝ a0 ˝ � � � ˝ aj�1;

B.e ˝ a1 ˝ � � � ˝ an/ D 0;
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and satisfy b2 D B2 D bB C Bb D 0. The homology of the complex .C�.A/; b/ is
the Hochschild homology of A, denotedHH�.A/ orHHR

� .A/ to emphasize R.
The periodic cyclic chain complex is the Z=2-graded complex

Cper.A/ D Ceven.A/˚ Codd.A/ D

 
1Y
nD0

C2n.A/

!M 
1Y
nD0

C2nC1.A/

!
equipped with the differential b C B . Its homology groups are the even and odd
periodic cyclic homology groups of A, and are denoted HP0.A/ and HP1.A/
respectively.

To obtain Hochschild cohomology HH �.A/ and periodic cyclic cohomology
HP �.A/ of A, we take the cohomology of the continuous R-linear dual complexes

C n.A/ D Cn.A/
F; C per.A/ D Cper.A/

F:

Then we have a canonical pairing

h�; �i W C per.A/ � Cper.A/! R;

which descends to an R-bilinear map

h�; �i W HP �.A/ �HP�.A/! R:

We need another variant of Hochschild cohomology. Let

C k.A;A/ D HomR.Ab̋Rk; A/

with the coboundary map ı W C k.A;A/! C kC1.A;A/ given by

ıD.a1; : : : ; akC1/ D D.a1; : : : ; ak/akC1 C .�1/
kC1a1D.a2; : : : ; akC1/

C

kX
jD1

.�1/k�jC1D.a1; : : : ; aj�1; ajajC1; ajC2; : : : ; ak/:

This is a cochain complex, and its cohomology H �.A;A/ is the Hochschild
cohomology of A (with coefficients in A). A relevant example is thatD 2 C 1.A;A/
satisfies ıD D 0 if and only if D is a derivation. There is much additional structure
on C �.A;A/, including a cup product and a Lie bracket, called the Gerstenhaber
bracket [11].

2.3. Chern–Connes pairing. The Chern–Connes character, see [23, Ch. 8], is a
group homomorphism

ch W Ki .A/! HPRi .A/; i D 0; 1;
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where Ki .A/ is the algebraic K-theory group of A. The natural pairing between
cyclic homology and cyclic cohomology gives the Chern–Connes pairing

h�; �i W HP iR.A/ �Ki .A/! R;

hŒ'�; ŒP �i D hŒ'�; ŒchP �i; hŒ �; ŒU �i D hŒ �; ŒchU �i;

where P is an idempotent and U is an invertible in a matrix algebraMN .A/.

2.4. Operations on the cyclic complex. The Cartan homotopy formula that follows
was first observed by Rinehart in [32] in the case whereD is a derivation, and later in
full generality by Getzler in [13], see also [26,35]. An elegant and conceptual proof
of the Cartan homotopy formula can be found in [20]. Our conventions vary slightly
from [13], and are like those in [35].

GivenD 2 C k.A;A/, the Lie derivative is the operator

LD W Cn.A/! Cn�kC1.A/

of degree �.k � 1/ given by

LD.a0 ˝ � � � ˝ an/ D

n�kC1X
iD0

.�1/i.k�1/a0 ˝ � � � ˝D.ai ; : : : ; aiCk�1/˝ � � � ˝ an

C

k�1X
iD1

.�1/inD.an�iC1; : : : ; an; a0; : : : ; ak�1�i /˝ ak�i ˝ � � � ˝ an�i :

In this formula and others below, it is understood that the result is 0 wheneverD has
the adjoined unit e as one of its arguments. A simple, but relevant, example is that if
D 2 C 1.A;A/, then

LD.a0 ˝ � � � ˝ an/ D

nX
jD0

a0 ˝ � � � ˝ aj�1 ˝D.aj /˝ ajC1 ˝ � � � ˝ an:

These operators satisfy the following identities, where brackets denote graded
commutators,

ŒLD; LE � D LŒD;E�; Œb; LD� D LıD; ŒB;LD� D 0:

There is also a contraction ID D �D C SD where

�D W Cn.A/! Cn�k.A/; SD W Cn.A/! Cn�kC2.A/
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are given by

�D.a0 ˝ � � � ˝ an/ D .�1/
k�1a0D.a1; : : : ; ak/˝ akC1 ˝ � � � ˝ an;

SD.a0 ˝ � � � ˝ an/ D

n�kC1X
iD1

n�i�kC1X
jD0

.�1/i.k�1/Cj.n�kC1/e ˝ an�jC1 ˝ � � �

� � � ˝ an ˝ a0 ˝ � � � ˝ ai�1 ˝D.ai ; : : : ; aiCk�1/˝ aiCk ˝ � � � ˝ an�j ;

SD.e ˝ a1 ˝ � � � ˝ an/ D 0:

Theorem 2.1 (Cartan homotopy formula [13]). For anyD 2 C �.A;A/,

Œb C B; ID� D LD � IıD:

TheLie derivative and contraction operations of the previous section havemultiple
generalizations, see e.g. [13] or [35]. We shall need just one of these. For X; Y 2
C 1.A;A/, define the operators LfX; Y g and I fX; Y g on C�.A/ by

LfX; Y g.a0 ˝ � � � ˝ an/ D

n�1X
iD1

nX
jDiC1

a0 ˝ � � � ˝X.ai /˝ � � � ˝ Y.aj /˝ � � � ˝ an

C

nX
iD1

Y.a0/˝ a1 ˝ � � � ˝X.ai /˝ � � � ˝ an:

and

I fX; Y g.a0 ˝ � � � ˝ an/ D

n�1X
iD1

nX
jDiC1

n�jX
mD0

.�1/nme ˝ an�mC1 ˝ � � �

� � � ˝ an ˝ a0 ˝ � � � ˝X.ai /˝ � � � ˝ Y.aj /˝ � � � ˝ an�m

if a0 2 A and
I fX; Y g.e ˝ a1 ˝ � � � ˝ an/ D 0:

The following formulas appear in [13], with slightly different conventions.

Theorem 2.2. If X and Y are derivations, then

(i) Œb C B; I fX; Y g� D LfX; Y g C IX^Y � IY IX .

(ii) Œb C B;LfX; Y g� D �LX^Y C LY IX � IYLX .

Notice that the second formula follows from the first by applying the commutator
with b C B and using the Cartan homotopy formula. The cup product is given by

.X ^ Y /.a1; a2/ D �X.a1/Y.a2/:
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Example 2.3. Consider a nonnegatively graded algebra A D
L1
nD0An. Let D W

A ! A be the algebra derivation defined by D.a/ D n � a for all a 2 An. The
complexCper.A/ decomposes into eigenspaces forLD , depending on the total degree
of a tensor. However, LD acts by zero on HP�.A/ by Theorem 2.1 since ıD D 0.
Thus the nontrivial part of the homology is contained entirely in the 0-eigenspace
for LD , which coincides with Cper.A0/. In this way, we see the inclusion A0 ! A

induces an isomorphismHP�.A0/ Š HP�.A/.

3. Smooth deformation theory

Let J � R be a nonempty open interval, which will serve as a parameter space.
Loosely speaking, our general approach to deformation theory is as follows. Given
a family of objects fEtgt2J that depend smoothly on t , we form a bundle E over J
whose fiber at t is Et . The object of interest is then the space of smooth sections
of the bundle E. If each Et has an underlying vector space structure (for example,
if we are dealing with algebras, chain complexes, Lie algebras, etc), then the space
of smooth sections is a locally convex C1.J /-module. The space of sections will
generally inherit new structure by considering any additional structure fEtgt2J had
fiberwise.

We discuss some relevant properties of such modules below related to single
variable calculus in a locally convex space. An extensive treatment of calculus in
infinite-dimensional settings can be found in [22].

3.1. C1.J /-modules. Let X 2 LCTVS and consider the space C1.J;X/ of
infinitely differentiable functions on J with values in X , equipped with its usual
topology of uniform convergence of functions and all their derivatives on compact
subsets of J . ThenC1.J / WD C1.J;C/ is a nuclear Fréchet algebra andC1.J;X/
is a locally convex module over C1.J / using pointwise scalar multiplication. As X
is complete,

C1.J;X/ Š C1.J /b̋X;
see e.g. [34, Theorem 44.1]. In other words, C1.J;X/ is a free module. There are
continuous linear “evaluation maps”

�t W C
1.J;X/! X; �t .x/ D x.t/:

Let us turn to morphisms of such modules. By properties of free modules, a
continuous C1.J /-linear map F W C1.J;X/ ! C1.J; Y / comes from a linear
map eF W X ! C1.J; Y / and consequently a family of maps fFt W X ! Y gt2J
defined by Ft D �t ı eF . We shall refer to a collection of maps fFt W X ! Y gt2J
arising in this way as a smooth homotopy of linear maps. The map F is determined
by the Ft , and these maps clearly are such that t 7! Ft .x/ is smooth for each x 2 X .
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Conversely if X is barreled (Fréchet spaces are examples of barreled spaces),
then a family fFt W X ! Y gt2J of continuous linear maps for which t 7! Ft .x/ is
smooth for each x 2 X induces a continuous C1.J /-linear map

F W C1.J;X/! C1.J; Y /; F.x/.t/ D Ft .x.t//;

hence fFt W X ! Y gt2J is a smooth homotopy of maps (Proposition A.2).
The family of maps fFt W X ! Y gt2J arising from a C1.J /-module map can

also be viewed as a path in Hom.X; Y /, which is smooth (Proposition A.4). This
association

HomC1.J / .C1.J;X/; C1.J; Y //! C1 .J;Hom.X; Y //

is a topological isomorphism if either
(i) X and Y are Banach spaces, or
(ii) X is a nuclear Fréchet space and Y 2 LCTVS,

see Proposition A.6. By considering the case Y D C, we see that if X is either a
Banach space or a nuclear Fréchet space, then

C1.J;X/F Š C1.J;X�/:

3.2. Connections and parallel translation. Since we are only dealing with one-
parameter deformations, we shall only treat connections on C1.J /-modules where
the interval J represents the parameter space. As there is only one direction to
differentiate in, a connection is determined by its covariant derivative. In what
follows, we shall identify the two notions, and will commonly refer to covariant
differential operators as connections.
Definition 3.1. A connection on a locally convex C1.J /-moduleM is a continuous
C-linear map r WM !M such that

r.f �m/ D f 0 �mC f � rm

for all f 2 C1.J / and m 2M .
It is immediate that the difference of two connections is a continuous C1.J /-

linear map. Since the operator d
dt

is an example of a connection on the free module
C1.J;X/, we see that every connection r on C1.J;X/ is of the form

r D
d

dt
� F

for some continuous C1.J /-linear endomorphism F W C1.J;X/! C1.J;X/.
An element in the kernel of a connection r will be called a parallel section forr.

A continuous C1.J /-linear map

F W .M;rM /! .N;rN /

between two modules with connections is parallel if F ı rM D rN ı F . A parallel
map sends parallel sections to parallel sections.
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If .M;rM / and .N;rN / areC1.J /-moduleswith connections, then the operator
rM ˝ 1C 1˝rN is a connection onM b̋C1.J /N . Additionally, the operator rF

M

onMF D HomC1.J /.M;C1.J // given by

.rF

M'/.m/ D
d

dt
'.m/ � '.rMm/

is a connection. The definition of rF

M ensures that the canonical pairing

h�; �i WMF
˝C1.J /M ! C1.J /

is a parallel map, where we consider the ground ring C1.J /with the connection d
dt
.

In other words,
d

dt
h';mi D hrF

M';mi C h';rMmi:

Definition 3.2. A connectionr onM D C1.J;X/ is integrable if there is a parallel
isomorphism

F W .M;r/!

�
C1.J;X/;

d

dt

�
:

We shall express this condition in terms of parallel translation. We will think
of M as sections of the trivial bundle whose fiber over t 2 J is Mt Š X . Parallel
translation relies on the existence and uniqueness of a solution m 2 M to the initial
value problem

rm D 0; m.s/ D x

for any given s 2 J and x 2Ms . In this case, the parallel translation operator

Prs;t WMs !Mt

is the linear map defined by Prs;t .x/ D m.t/, where m is the unique solution to the
above initial value problem. Then Prs;t is a linear isomorphism with inverse Prt;s .

Parallel translation can always be done with respect to an integrable connection,
because it obviously can be done with respect to d

dt
. In the case whereX is barreled,

then a connection r is integrable if and only if

(i) For every s 2 J and x 2Ms , there is a unique m 2M such that

rm D 0; m.s/ D x:

(ii) Each Prs;t W Ms ! Mt is continuous, and for each fixed x 2 X , the map
.s; t/ 7! Prs;t .x/ is smooth (i.e. all mixed partial derivatives exist);

see Proposition A.9.
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If F W .M;rM / ! .N;rN / is a parallel map between C1.J /-modules with
integrable connections, then it is straightforward to verify that the diagram

Ms
Fs //

P
rM
s;t
��

Ns

P
rN
s;t
��

Mt
Ft // Nt

commutes. From this we see that if F W .M;r/ ! .C1.J;X/; d
dt
/ is a parallel

isomorphism, then Prs;t D F �1t ı Fs .
If rM and rN are integrable connections onM and N , then rb̋ WD rM ˝ 1C

1˝rn is integrable onM b̋C1.J /N , and

P
rb̋
s;t D P

rM
s;t ˝ P

rN
s;t WMs b̋Ns !Mt b̋Nt :

If the fiber X is either a Banach space or a nuclear Fréchet space (so that
C1.J;X/F Š C1.J;X�/), then the dual connection rF

M is integrable on MF

and
P
rF

M
s;t D

�
Prt;s

��
WM �s !M �t :

Let us consider the problem of parallel translation for a connection r on M D
C1.J;X/. We have r D d

dt
� F for some endomorphism F W C1.J;X/ !

C1.J;X/ with corresponding maps fFt W X ! Xgt2J . To parallel translate, we
must solve the first order linear ODE

x0.t/ D Ft .x.t//; x.s/ D x0

given any s 2 J and x0 2 X . By iterating the fundamental theorem of calculus
inductively, we see that any solution x.t/ satisfies

x.t/ D x0 C

NX
nD1

Z t

s

Z u1

s

� � �

Z un�1

s

.Fu1
ı � � � ı Fun

/.x0/dun : : : du1

C

Z t

s

Z u1

s

� � �

Z uN

s

.Fu1
ı � � � ı FuNC1

/.x.uNC1//duNC1duN : : : du1

for any N . If the last term can be shown to converge to 0 in C1.J;X/ as N !1,
then any solution x.t/ has the form

x.t/ D x0 C

1X
nD1

Z t

s

Z u1

s

� � �

Z un�1

s

.Fu1
ı � � � ı Fun

/.x0/dun : : : du1:

This gives uniqueness of solutions. If this series can be shown to converge, we obtain
existence of solutions. It is straightforward to show both of these in the case whereX
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is a Banach space. The fundamental theorem of calculus ensures that the solution
depends smoothly on both t and s. These are well-known results from the theory of
first order linear ODE’s on a Banach space, which we restate in our language.
Theorem 3.3. If X is a Banach space, then every connection on C1.J;X/ is
integrable.

Once we start considering other classes of locally convex vector spaces,
e.g. Fréchet spaces, the existence and uniqueness theorem for solutions to linear
ODE’s is false. One cannot guarantee that the above series defining the solution will
converge.

3.3. Deformations of algebras. LetX 2 LCTVS and let J denote an open interval
of real numbers.
Definition 3.4. A smooth one-parameter deformation of algebras is a smooth
homotopy of continuous linear maps fmt W X b̋X ! Xgt2J for which each mt
is associative.

So for each t 2 J , we have a locally convex algebra At WD .X;mt / whose
underlying space is X . By definition, there is a C1.J /-linear map

m W C1.J;X b̋X/! C1.J;X/

associated to the maps fmtgt2J . Letting AJ D C1.J;X/, then m can be viewed as
an associative multiplication

m W AJ b̋C1.J /AJ ! AJ ;

making AJ into a locally convex C1.J /-algebra, which we shall refer to as the
algebra of sections of the deformation fAtgt2J . Explicitly, the multiplication in AJ
is given by

.a1a2/.t/ D mt .a1.t/; a2.t//

for all a1; a2 2 AJ . The evaluationmaps �t W AJ ! At are algebra homomorphisms.
If X is Fréchet, then our definition of a smooth deformation is equivalent to a

smooth path in Hom.X b̋X;X/ whose image lies in the set of associative products.
For a Fréchet space X , a set fmt W X b̋X ! Xgt2J of continuous multiplications is
a smooth deformation if and only if the map t 7! mt .x1; x2/ is smooth for each fixed
x1; x2 2 X , see Corollary A.3.

A morphism between the deformations fAtgt2J and fBtgt2J is a continuous
C1.J /-linear algebra homomorphism F W AJ ! BJ . Thus a morphism is
equivalent to a smooth homotopy fFt W At ! Btgt2J , for which each Ft is
an algebra map. A deformation is constant if the products fmtg do not depend
on t . A deformation is called trivial if it is isomorphic to a constant deformation.
Thus fAtgt2J is trivial if and only if there is a locally convex algebra B such that
AJ Š C

1.J; B/ as algebras. We can characterize triviality of a smooth deformation
of algebras in terms of connections.
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Proposition 3.5. The deformation fAtgt2J is trivial if and only if AJ admits an
integrable connection that is a derivation with respect to the algebra structure. In
this case, the parallel translation maps Prs;t W As ! At are isomorphisms of locally
convex algebras.

Proof. Notice that d
dt

is an integrable connection and a derivation on a constant
deformation, so every trivial deformation possesses such a connection.

Conversely, suppose AJ has an integrable connection r that is a derivation.
That r is a derivation is equivalent to the multiplication map

m W .AJ b̋C1.J /AJ ;r ˝ 1C 1˝r/! .AJ ;r/

being a parallel map. Since parallel maps commute with parallel translation, we
obtain

Prs;t ıms D mt ı .P
r
s;t ˝ P

r
s;t /;

which shows that Prs;t is an algebra isomorphism. Let

F W .AJ ;r/!
�
C1.J;X/;

d

dt

�
be a parallel isomorphism. Fix s 2 J and observe that

F �1 ı Fs W C
1.J; As/! AJ ; .F �1 ı Fs/.a/.t/ D F

�1
t .Fs.a.t/// D P

r
s;t .a.t//

is an isomorphism of deformations, where C1.J; As/ is the algebra of sections of
the constant deformation with fiber As .

Thus it is important to determine if a deformation has a connection that is a
derivation. In analogy with the work of Gerstenhaber on formal deformations [12],
the obstruction to this is cohomological.

Given any connection r on AJ , define the bilinear map E by

r.a1a2/ D r.a1/a2 C a1r.a2/ �E.a1; a2/:

So E is the defect of r from being a derivation, and in fact E D ır, where ı is
the Hochschild coboundary. It follows that ıE D 0. Using the Leibniz rule for r,
one can check that E is a C1.J /-bilinear map. So E defines a cohomology class
ŒE� 2 H 2

C1.J /
.AJ ; AJ /. Notice that r is only C-linear and not C1.J /-linear.

Thus, we may have ŒE� ¤ 0.

Proposition 3.6. The cohomology class ŒE� 2 H 2
C1.J /

.AJ ; AJ / is independent of
the choice of connection. Moreover, ŒE� D 0 if and only ifAJ possesses a connection
that is a derivation.
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Proof. Let r and r 0 be two connections with corresponding cocycles E and E 0.
Since r 0 D r � F for some F 2 C 1

C1.J /
.AJ ; AJ /, we have

E 0 D ı.r � F / D E � ıF;

which shows that ŒE� D ŒE 0�:
If r is a connection that is a derivation, then E D ır D 0: Conversely, if r is

any connection on AJ and ŒE� D 0, then E D ıF for some F 2 C 1
C1.J /

.AJ ; AJ /.
Hence ı.r � F / D 0, so the connection r � F is a derivation.

From this, we see that the cohomology class ŒE� provides an obstruction to the
triviality of a deformation. Even if this obstruction vanishes, there is still an analytic
obstruction in that the corresponding connection may not be integrable. These two
issues are common to the smooth deformation theory of other types of structures as
well, e.g. cochain complexes (see below) or A1-algebras [37]. The class ŒE� will
also play an important role in the Gauss–Manin connection.

3.4. Deformations of cochain complexes. By a smooth one-parameter deformation
of cochain complexes, we mean a collection fXngn2Z of spaces in LCTVS together
with a smooth homotopy of continuous linear maps fdnt W Xn ! XnC1gt2J for
each n such that dnC1t ı dnt D 0 for all t 2 J . For each t 2 J , we have a locally
convex cochain complex

.C�t ; dt / WD
�
� � �

dt // Xn�1
dt // Xn

dt // XnC1
dt // � � �

�
built on the same underlying family of spaces. Let CnJ D C1.J;Xn/ and let
d W CnJ ! CnC1J be the continuous C1.J /-linear map associated to the collection
fdtgt2J . We obtain a cochain complex

.C�J ; d / WD
�
� � �

d // Cn�1J

d // CnJ
d // CnC1J

d // � � �

�
of locally convex C1.J /-modules. We’ll call C�J the complex of sections of the
deformation. The cohomology H �.CJ / is a C1.J /-module, and the evaluation
chain maps �t W C�J ! C�t induce maps on cohomology

.�t /� W H
�.CJ /! H �.Ct /:

The cohomology moduleH �.CJ / may be quite pathological. As a space, it may not
be Hausdorff, and as a C1.J /-module, it may not be free.

By a morphism of two deformations, we mean a continuous C1.J /-linear
(degree 0) chain map between their respective complexes of sections. We’ll call
a deformation trivial if it is isomorphic to a constant deformation. Under reasonable
assumptions, the cohomology of a trivial deformation is a trivial bundle.
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Proposition 3.7. Suppose .C�; d / is a cochain complex of Fréchet spaces such that
the cohomology H �.C/ is Hausdorff. Let C�J D C1.J;C�/ be the complex of
sections of the constant deformation with fiber C�. Then

H �.CJ / Š C
1
�
J;H �.C/

�
as locally convex C1.J /-modules.

Proof. Notice that requiringHn.C/ D Zn.C/=Bn.C/ to be Hausdorff is equivalent
to requiring the space of coboundaries Bn.C/ to be closed. In this case, both Bn.C/
andHn.C/ are Fréchet spaces for all n.

Notice that Zn.CJ / D C1.J;Zn.C//, but a priori we only have Bn.CJ / �
C1.J; Bn.C//. However, since d W Cn ! BnC1.C/ is a surjection of Fréchet
spaces, it follows from [34, Proposition 43.9] that

1˝ d W C1.J /b̋Cn ! C1.J /b̋BnC1.C/
is surjective as well. That is, Bn.CJ / D C1.J; Bn.C// for all n. Thus,

Hn.CJ / D Z
n.CJ /=B

n.CJ /

D C1.J;Zn.C//=C1.J; Bn.C// Š C1.J;Hn.C//;

where the last isomorphism is from Proposition A.1.

Example 3.8. If fAtgt2J is a smooth deformation of algebras, then˚
.Cper.At /; bt C B/

	
t2J

is a smooth deformation of chain complexes. Notice that the Hochschild boundary bt
depends on the multiplication of At , whereas the operator B does not. Since
the completed projective tensor product commutes with direct products [17,
Theorem 15.4.1], the complex of sections of fCper.At /gt2J is naturally identified
with the periodic cyclic complexCC

1.J /
per .AJ /. One can also consider the complexes

associated to the various other homology/cohomology theories discussed above.
As in the algebra case, we can characterize triviality of a deformation of chain

complexes in terms of connections. The proofs here are analogous to those in the
algebra case.
Proposition 3.9. A smooth deformation of cochain complexes fC�t gt2J is trivial if
and only if the complex of sections C�J admits an integrable connection that is a chain
map. For such a connection r, the parallel translation map Prs;t W C�s ! C�t is an
isomorphism of locally convex cochain complexes for all s; t 2 J . In particular, the
parallel translation maps induce isomorphisms

.Prs;t /� W H
�.Cs/! H �.Ct /:
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The obstruction to the existence of such a connection is again cohomological.
Let r be any connection on C�J , and consider the map

G D Œd;r� W C�J ! C�C1J ;

which is the defect of d from being a r-parallel map (equivalently, the defect of r
from being a chain map). It follows that G is C1.J /-linear and Œd; G� D 0, so G is
a cocycle in the endomorphism complex EndC1.J /.CJ /.
Proposition 3.10. The cohomology class ŒG� 2 H 1.EndC1.J /.CJ // is independent
of the choice of connection r. Moreover, ŒG� D 0 if and only if C�J admits a
connection that is a chain map.

Suppose C�J is equipped with a connection r that is a chain map. Our main
goal is to identify the cohomology groups H �.Cs/ Š H �.Ct / of different fibers via
parallel translation. By Proposition 3.9, this happens when r is integrable. In this
case, the cochain complexes themselves are fiberwise isomorphic, and this may be
too strong of a condition to be useful in practice.

As r is a chain map, it induces a connection r� on the C1.J /-moduleH �.CJ /.
The homology module may not be free, complete, or even Hausdorff, so we should
be careful about what we mean by integrability of r�. Nonetheless, it makes sense
to inquire about the existence and uniqueness of a solution Œc� 2 H �.CJ / to the
cohomological differential equation

r�Œc� D 0; Œc.s/� D Œc0�

with initial value Œc0� 2 H �.Cs/. If we have existence and uniqueness, we can
construct parallel translation operators

P
r�
s;t W H

�.Cs/! H �.Ct /;

which are linear isomorphisms.

4. The Gauss–Manin connection

4.1. Gauss–Manin connection in periodic cyclic homology. In this section, we’ll
construct Getzler’s Gauss–Manin connection in our setting of smooth deformations.
Let AJ denote the algebra of sections of a smooth one-parameter deformation of
locally convex algebras fAtgt2J . Unless specified otherwise, all chain groups and
homology groups associated to AJ that follow are over the ground ring C1.J /.

Consider the deformation of chain complexes f.Cper.At /; bt C B/gt2J . As in
Example 3.8, we can identify its complex of sections with .Cper.AJ /; b C B/:

We would like to show, under favorable circumstances, that this deformation of
complexes is trivial at the level of homology. To that end, we’d like to construct
a connection on Cper.AJ / that is a chain map. As described in Proposition 3.10,
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this is a problem in cohomology. To start, let r be any connection on AJ , and let
E D ır as in Proposition 3.6. Thenr extends to a connection on the periodic cyclic
complex Cper.AJ /, which is given by the Lie derivative Lr . From Proposition 3.10,
Cper.AJ / has a connection that is a chain map if and only if the class of

G WD Œb C B;Lr � D LE

vanishes in H 1.End.Cper.AJ ///, i.e. LE is chain homotopic to zero via a C1.J /-
linear homotopy operator. But the Cartan Homotopy formula

Œb C B; IE � D LE

of Theorem 2.1 implies exactly this. Notice that IE is C1.J /-linear because E is
C1.J /-linear. We conclude that the Gauss–Manin connection

rGM D Lr � IE

is a connection on Cper.AJ / and a chain map. Amazingly, the cohomological ob-
struction to the existence of such a connection vanishes for any deformation fAtgt2J .
Proposition 4.1. The Gauss–Manin connection rGM commutes with the differential
bCB and hence induces a connection on the C1.J /-moduleHP�.AJ /. Moreover,
the induced connection on HP�.AJ / is independent of the choice of connection r
on AJ .

Proof. We have already established the first claim. For another connection r 0; let

r
0
GM D Lr0 � IE 0

be the corresponding Gauss–Manin connection. Then

r
0
� r D F; E 0 �E D ıF

for some C1.J /-linear map F W AJ ! AJ . Thus,

r
0
GM � rGM D LF � IıF D Œb C B; IF �;

by Theorem 2.1. Thus the Gauss–Manin connection is unique up to chain homotopy.

Corollary 4.2. If A admits a connection r which is also a derivation, then the
Gauss–Manin connection onHP�.A/ is given by

rGM Œ!� D ŒLr!�:

As a trivial example, we see that the Gauss–Manin connection associated to a
constant deformation is just the usual differentiation d

dt
.

The Gauss–Manin connection is a canonical choice of a connection onHP�.AJ /.
It is natural in the sense that morphisms of deformations induce parallel maps at the
level of periodic cyclic homology.
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Proposition 4.3 (Naturality ofrGM ). LetAJ andBJ denote the algebras of sections
of two deformations over the same parameter space J , and let F W AJ ! BJ be a
morphism of deformations. Then the following diagram commutes.

HP�.AJ /
F� //

rGM

��

HP�.BJ /

rGM

��

HP�.AJ /
F� // HP�.BJ /

Proof. Let rA and rB denote connections on AJ and BJ with respective
cocycles EA and EB , and let F� W Cper.AJ / ! Cper.BJ / be the induced map
of complexes. For

h D F�IrA � IrBF�;

we have

Œb C B; h� D F�Œb C B; IrA � � Œb C B; IrB �F�

D F�.LrA � IEA/ � .LrB � IEB /F�

D F�r
A
GM � r

B
GMF�:

This shows that the diagram commutes up to chain homotopy. The problem is
that IrA and IrB are not well-defined operators on the complexes Cper.AJ / and
Cper.BJ / respectively (over C1.J /), because rA and rB are not C1.J /-linear
operators. However, one can show that thanks to the Leibniz rule, h descends to a
map of quotient complexes such that the following diagram

CC
per.AJ /

h //

�

��

CC
per.BJ /

�

��

C
C1.J /
per .AJ /

Nh // C
C1.J /
per .BJ /

commutes, and consequently Œb C B; Nh� D F�rAGM � r
B
GMF� as desired.

As an application of Proposition 4.3, we obtain the differentiable homotopy
invariance property of periodic cyclic homology by considering a morphism
fFt W A! Bgt2J between two constant deformations. For both deformations,
rGM D

d
dt
.

4.2. Dual Gauss–Manin connection. We define rGM on C per.AJ / to be the dual
connection of rGM . In terms of the canonical pairing,

hr
GM'; !i D

d

dt
h'; !i � h';rGM!i:
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It is straightforward to verify that rGM commutes with bCB and therefore induces
a connection onHP �.AJ /. The connections rGM and rGM satisfy

d

dt
hŒ'�; Œ!�i D hrGM Œ'�; Œ!�i C hŒ'�;rGM Œ!�i;

for all Œ'� 2 HP �.AJ / and Œ!� 2 HP�.AJ /.

4.3. Interaction with the Chern character. The algebra AJ can be viewed as an
algebra over C or C1.J /, and there is a natural morphism of complexes

� W CC
per.AJ /! CC

1.J /
per .AJ /:

Proposition 4.4. If ! 2 CC
1.J /

per .AJ / is a cycle that lifts to a cycle Q! 2 CC
per.AJ /,

then rGM Œ!� D 0 inHPC
1.J /
� .AJ /.

Proof. Let rC
GM D Lr � IE , viewed as a linear operator on CC

per.AJ /. By
Theorem 2.1,

r
C
GM D Lr � Iır D Œb C B; Ir �

and so rC
GM is the zero operator on HPC

� .AJ /. Thus, at the level of homology, we
have

rGM ı � D � ı r
C
GM D 0

where � W HPC
� .AJ / ! HP

C1.J /
� .AJ / is the map induced by the quotient map.

By hypothesis, Œ!� is in the image of � .

Note that the homotopy used in the previous proof does not imply that rGM is
zero on HPC

1.J /
� .AJ /. The reason is that the operator Ir is not a well-defined

operator on the quotient complex CC
1.J /

per .AJ /.
Theorem 4.5. If P 2MN .AJ / is an idempotent and U 2MN .AJ / is an invertible,
then

rGM ŒchP � D 0; rGM ŒchU � D 0

inHP�.AJ /.

Proof. This is immediate from the previous proposition because the cycle chP 2
CC
per.AJ / is a lift of the cycle chP 2 C

C1.J /
per .AJ /, and similarly for chU .

Combining this with the identity

d

dt
hŒ'�; Œ!�i D hrGM Œ'�; Œ!�i C hŒ'�;rGM Œ!�i;

we obtain the following differentiation formula for the pairing betweenK-theory and
periodic cyclic cohomology.
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Corollary 4.6. IfP 2MN .AJ / is an idempotent andU 2MN .AJ / is an invertible,
then

d

dt
hŒ'�; ŒP �i D hrGM Œ'�; ŒP �i;

d

dt
hŒ'�; ŒU �i D hrGM Œ'�; ŒU �i:

Remark 4.7. Proposition 4.3 can be used to give another proof that

rGM ŒchP � D 0

when P 2 AJ is an idempotent. Indeed, an idempotent in AJ is equivalent to a
morphism of deformations

fFt W C ! Atgt2J

from the constant deformation with fiber C. The induced algebra map

F W C1.J;C/! AJ

sends 1 to P . Applying Proposition 4.3, we see

rGM ŒchP � D rGMF�Œch 1� D F�
d

dt
Œch 1� D 0:

4.4. Integrating rGM . The very fact that rGM exists for all smooth one-parameter
deformations implies that the problem of proving rGM is integrable cannot be
attacked with methods that are too general. Indeed, one cannot expect periodic cyclic
homology to be rigid for all deformations, there are plenty of finite dimensional
examples for which it is not.
Example 4.8. For t 2 R, let At be the two-dimensional algebra generated by an
element x and the unit 1 subject to the relation x2 D t � 1: Then At Š C ˚ C as
an algebra when t ¤ 0, and A0 is the exterior algebra on a one dimensional vector
space. Consequently,

HP0.At / Š

(
C ˚C; t ¤ 0;

C; t D 0:

From the point of view of differential equations, a major issue is that the periodic
cyclic complex is never a Banach space. Even in the case where A is a Banach
algebra, e.g. finite dimensional, the chain groups Cn.A/ are also Banach spaces, but
the periodic cyclic complex

Cper.A/ D

1Y
nD0

Cn.A/

is a Fréchet space, as it is a countable product of Banach spaces. The operator rGM
contains the degree �2 term �E W Cn.A/ ! Cn�2.A/. Thus unless E D 0, one
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cannot reduce the problem to the individual Banach space factors, as the differential
equations are hopelessly coupled together.

One instance in whichrGM is clearly integrable is when the deformation fAtgt2J
is trivial. Indeed, if AJ has an integrable connection r that is a derivation, then
rGM D Lr is integrable on Cper.AJ /, and PrGM

s;t W Cper.As/ ! Cper.At / is the
map of complexes induced by the algebra isomorphism Prs;t W As ! At . While this
is not surprising, it is interesting to note is that if we consider another connection r 0
on AJ , the corresponding Gauss–Manin connection r 0GM on Cper.AJ / need not be
integrable, and in general seems unlikely to be so. However the induced connection�
r 0GM

�
�
onHP�.AJ / is necessarily integrable by the uniqueness of theGauss–Manin

connection up to chain homotopy.
A general strategy for dealing with rGM is to replace Cper.AJ / with a more

manageable chain equivalent complex which computes HP�.AJ /. For Banach
algebras of finite weak bidimension, we use a retract of Cper.AJ / whose fibers
are Banach spaces. For smooth noncommutative tori, we use a smaller complex on
which it is easier to describe the operator rGM .

5. HP�-rigidity for Banach algebras of finite weak bidimension

In this section, we will use the Gauss–Manin connection to prove the rigidity of
periodic cyclic cohomology for Banach algebras of finite weak bidimension.

5.1. A rigidity lemma. The following is our main technical lemma for rigidity in
the setting of Banach algebras.

Lemma 5.1. Let f.C�t ; dt /gt2J be a smooth deformation of cochain complexes of
Banach spaces, and suppose the complex C�0 has a continuous linear contracting
homotopy in degree n

Cn�10

d0 // Cn0
h
oo

d0 // CnC10 ;
h
oo d0hC hd0 D 1:

Then there is a subinterval J 0 D .��; �/ such that

Zn.CJ 0/ Š C
1.J 0; Zn.C0//; Bn.CJ 0/ Š C

1.J 0; Bn.C0//; Hn.CJ 0/ D 0:

It can be shown using the homological perturbation lemma that each C�t has
a contracting homotopy in degree n for small enough t , see [7]. However the
additional result that the space Zn.CJ 0/ is a free module will be crucial to our proof
of Theorem 5.8 below.
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Proof. By assumption, there are split short exact sequences

0 // Zn�1.C0/ // Cn�10

d0 //
Bn.C0/

h
oo // 0;

0 // Zn.C0/ // Cn0
d0 //

BnC1.C0/
h
oo // 0;

and Bn.C0/ D Zn.C0/. So the cocycles are complemented in the space of cochains,
that is, there are closed subspacesW n�1 D h.Bn.C0// andW n D h.BnC1.C0// for
which

Cn�10 D Zn�1.C0/˚W
n�1; Cn0 D Z

n.C0/˚W
n:

Let � W Cn0 ! Zn.C0/ D Bn.C0/ be the projection. Then � induces a continuous
C1.J /-linear map � W CnJ ! C1.J;Zn.C0//, which restricts to the maps

� W Zn.CJ /! C1.J;Zn.C0//; � W Bn.CJ /! C1.J; Bn.C0//:

We claim these are topological isomorphisms for a small enough interval J 0
containing 0. We’ll prove this by showing � is injective on cocycles and surjective
on coboundaries. The results then follow from the commutative diagram

Bn.CJ 0/
� � //

�

��

Zn.CJ 0/

�

��

C1.J 0; Bn.C0// C1.J 0; Zn.C0//

and the open mapping theorem.
Consider the family of maps � ı dt restricted to W n�1. When t D 0,

� ı d0 W W
n�1
! Bn.C0/

is a topological isomorphism of Banach spaces. Since the invertibles form an open
subset of Hom.W n�1; Bn.C0//, there is some � > 0 for which � ı dt W W n�1 !

Bn.C0/ is a topological isomorphism for all t 2 J 0 WD .��; �/. From Corollary A.5,
the induced C1.J 0/-linear map

� ı d W C1.J 0; W n�1/! C1.J 0; Bn.C0//

is an isomorphism, and in particular it is surjective. It follows that � W Bn.CJ 0/ !
C1.J 0; Bn.C0// is surjective.

Now consider the map d0 W W
n ! BnC1.C0/, which is a topological

isomorphism of Banach spaces. In particular it is bounded below, so that

kd0.w/k � Ckwk; 8w 2 W
n
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for some constant C > 0. Since t 7! dt is norm continuous, the maps dt W W n !

CnC1t are bounded below for t in a small enough interval J 0. In particular they are
injective. Let’s show � W Zn.Ct /! Zn.C0/ is injective for all t 2 J 0. Consider an
element z 2 Zn.Ct /. As vector spaces, Cnt D Cn0 D Z

n.C0/˚W
n, so we can write

z D z0 C w; z0 2 Z
n.C0/; w 2 W

n:

If z 2 ker� , then z0 D 0. Since z 2 Zn.Ct /, we have 0 D dt .z/ D dt .w/. Since dt
is injective on W n, w D 0 and so z D 0. This shows � W Zn.Ct / ! Zn.C0/

is injective for all t 2 J 0, and consequently � W Zn.CJ 0/ ! C1.J 0; Zn.C0// is
injective.

We have set up enough theory to quickly prove a version of a rigidity theorem
of Raeburn and Taylor for Banach algebras [28]. The original proof used a certain
“inverse function theorem”. We’ll call an algebra A (smoothly) rigid if every smooth
deformation fAtgt2J with A0 D A is trivial on some interval J 0 � J containing 0.

Theorem 5.2 ([28]). Let A be a Banach algebra whose Hochschild cochain complex
has a continuous linear contracting homotopy in degree 2

C 1.A;A/
ı //

C 2.A;A/
h
oo

ı //
C 3.A;A/;

h
oo ıhC hı D 1;

so thatH 2.A;A/ D 0. Then A is rigid.

Proof. Given a smooth deformation fAtgt2J withA0 D A, consider the deformation
of cochain complexes fC �.At ; At /gt2J . Using Proposition A.6, its complex of
sections naturally identifies with the Hochschild complex C �

C1.J /
.AJ ; AJ /. By

Lemma 5.1, H 2
C1.J 0/

.AJ 0 ; AJ 0/ D 0 for some subinterval J 0 � J containing 0.
So by Proposition 3.6, AJ 0 has a connection that is a derivation, and it is integrable
because the underlying space is a Banach space. This shows fAtgt2J 0 is trivial.

5.2. Homological bidimension. Here we recall the notion of (weak) homological
bidimension for a Banach algebra, and we prove that these dimensions are upper
semicontinuous for smooth deformations of Banach algebras.

Let A be a (possibly nonunital) Banach algebra, and let Ae D ACb̋Aop
C be its

topological enveloping algebra. The algebra Ae is designed so that there is a one-to-
one correspondence between locally convex A-bimodules and locally convex unital
left Ae-modules. Here, we shall only discuss modules whose underlying space is a
Banach space. The continuous Hochschild cohomology of A with coefficients in a
Banach A-bimoduleM is defined as

H �.A;M/ WD Ext�Ae .AC;M/:



The Gauss–Manin connection and noncommutative tori 605

See [15] for a discussion of derived functors in the context of locally convex algebras
and modules. The Hochschild cohomology H �.A;A/ coincides with our previous
notation, and HH �.A/ D H �.A;A�/. The bimodule structure on A� comes from
a general construction: given any A-bimodule M , the topological dual M � D
Hom.M;C/ is an A-bimodule via

.a � ' � b/.m/ D '.bma/; 8' 2M �:

By considering the topological bar resolutionB�.A/, which is a projective resolution
of AC by Ae-modules, we obtain the standard complex

C n.A;M/ D HomAe .Bn.A/;M/ Š Hom.Ab̋n;M/;

with differential

.ıD/.a1; : : : ; anC1/ D a1D.a2; : : : ; anC1/C .�1/
nC1D.a1; : : : ; an/anC1

C

nX
jD1

.�1/jD.a1; : : : ; ajajC1; : : : ; anC1/;

whose cohomology isH �.A;M/, see [15, Section III.4.2].
The homological bidimension of a Banach algebra A is

dbA D inf
˚
n j HnC1.A;M/ D 0 for all Banach A-bimodulesM

	
and the weak homological bidimension of A is

dbw A D inf
˚
n j HnC1.A;M �/ D 0 for all Banach A-bimodulesM

	
:

Clearly, dbw A � dbA. It is a fact that ifHnC1.A;M/D0 (resp.,HnC1.A;M �/D0)
for allM , thenHm.A;M/ D 0 (resp.,Hm.A;M �/ D 0) for allM and allm � nC1
[15, Theorem III.5.4] (resp., [33]). A Banach algebra A is called amenable if
dbw A D 0. As an example, Johnson proved that the convolution algebra L1.G/
of a locally compact group is amenable if and only if the group G is amenable
[18, Theorem 2.5]. A Banach algebra A for which dbw A D n is also called .nC 1/-
amenable.

As in [4], we shall consider the universal differential graded algebra .��A; d/
associated to A. We’ll use the topological version, constructed using completed
projective tensor products. Explicitly, �0A Š A D C0.A/ and

�nA Š ACb̋Ab̋n D Cn.A/;
under the identification

a0da1da2 : : : dan  ! .a0; a1; a2; : : : ; an/:
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Then �nA is a Banach A-bimodule with the left action

a � .a0da1 : : : dan/ D .aa0/da1 : : : dan:

The right action is determined by the relation

.da1/a2 D d.a1a2/ � a1.da2/:

The map
d˝n W Ab̋n ! �nA; .a1; : : : ; an/ 7! da1 � � � � � dan

is a Hochschild n-cocycle in the standard complex with coefficients in the bimodule
�nA. In fact, d˝n is the universal Hochschild n-cocycle in the sense that any
Hochschild cocycle D W Ab̋n ! M into a Banach A-bimodule factors through a
unique A-bimodule map F W �nA!M , determined by

F.da1 : : : dan/ D D.a1; : : : ; an/;

as in [8]. Thus the cohomology class ŒD� 2 Hn.A;M/ is the image of Œd˝n� under
the map

Hn.A;�nA/! Hn.A;M/

induced by F . It follows that

dbA � n if and only ifHnC1.A;�nC1A/ D 0:

Let’s now consider cocycles with values in dual Banach modules. Compose the
universal n-cocycle d˝n with the canonical embedding into the double dual to obtain
an n-cocycle

d˝n W Ab̋n ! .�nA/��:

Given any standard n-cocycleD W Ab̋n !M �, consider the bimodule map

F W �nA!M �

induced by the universal property of �nA. Define a bimodule map

G WM ! .�nA/�; G.m/.!/ D F.!/.m/:

Then the dual map
G� W .�nA/�� !M �

is an A-bimodule map that satisfies G� ı d˝n D D. It follows that

dbw A � n if and only ifHnC1.A; .�nC1A/��/ D 0:

Now suppose fAtgt2J is a smooth deformation of Banach algebras and let AJ be
its algebra of sections. One can form the space of abstract n-forms �nAJ over the
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ground ringC1.J / by taking the projective tensor products overC1.J /. Notice that
the spaces f�nAtgt2J are all canonically isomorphic as Banach spaces, and �nAJ
is isomorphic, as a C1.J /-module, to the space of smooth functions from J into
the underlying Banach space of �nAt . There is a universal C1.J /-linear cocycle

d˝n W A
b̋C1.J /n

J ! �nAJ ; d˝n.a1; : : : ; an/ D da1 : : : dan:

Using Proposition A.6, the complex

C �C1.J /.AJ ; �
nAJ / D HomC1.J /

�
A
b̋C1.J /�

J ; �nAJ

�
is isomorphic to the complex of sections of the deformation fC �.At ; �nAt /gt2J .
Moreover, evaluation at t 2 J induces a chain map

�t W C
�
C1.J /.AJ ; �

nAJ /! C �.At ; �
nAt /

which maps the universal cocycle for AJ to the universal cocycle for At . Thus if
HnC1
C1.J /

.AJ ; �
nC1AJ / D 0, we have HnC1.At ; �

nC1At / D 0 for all t 2 J , and
consequently dbAt � n for all t 2 J .

We can also consider the C1.J /-linear double dual module .�nAJ /FF and the
cocycle

d˝n W A
˝C1.J /n

J ! .�nAJ /
FF

obtained by composing the universal cocycle with the canonical embedding into the
double dual. Using Proposition A.6 and Corollary A.7, the Hochschild complex
C �
C1.J /

.AJ ; .�
nAJ /

FF/ identifies with the complex of sections of the deformation
fC �.At ; .�

nAt /
��/gt2J . By considering evaluation at t 2 J , we see that

if Œd˝n� D 0 in Hn
C1.J /

.AJ ; .�
nAJ /

FF/, then Œd˝n� D 0 in Hn.At ; .�
nAt /

��/

for all t 2 J . We have proved the following proposition.
Proposition 5.3. Let fAtgt2J be a deformation of Banach algebras.

(i) IfHnC1
C1.J /

.AJ ; �
nAJ / D 0, then dbAt � n for all t 2 J .

(ii) IfHnC1
C1.J /

.AJ ; .�
nAJ /

FF/ D 0, then dbw At � n for all t 2 J .
Lemma 5.4. Let A be a Banach algebra andM be a Banach A-bimodule.

(i) If dbA � n, then the standard complexC �.A;M/ has a contracting homotopy
in degree nC 1

C n.A;M/
ı //

C nC1.A;M/
h
oo

ı //
C nC2.A;M/;

h
oo ıhC hı D 1:

(ii) If dbw A � n, then the standard complex C �.A;M �/ has a contracting
homotopy in degree nC 1

C n.A;M �/
ı //

C nC1.A;M �/
h
oo

ı //
C nC2.A;M �/;

h
oo ıhC hı D 1:
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Proof. If dbA � n, then AC has a projective resolution of length n [15,
Theorem III.5.4]. By the “Comparison theorem” [15, Theorem III.2.3], a projective
resolution is unique up to chain homotopy equivalence in the category of complexes
of Banach A-bimodules. By applying the functor HomAe .�;M/, it follows that the
standard complex C �.A;M/ has the required homotopy.

If dbw A � n, then AC has a flat resolution of length n [33, Theorem 1], that is, a
resolution by Banach A-bimodules which are flat as left Ae-modules. Since the dual
of a flat module is injective [15, TheoremVII.1.14], it follows thatA� has an injective
resolution of length n. Using the Comparison theorem for injective resolutions, the
dual B�.A/� of the bar resolution has a contracting homotopy in degree n C 1

consisting ofA-bimodule maps. After applying the functor HomAe .M; �/, we see the
complex HomAe .M;B�.A/

�/ has a contracting homotopy in degree nC 1. However
there is a natural isomorphism of complexes

HomAe .M;B�.A/
�/ Š HomAe .B�.A/;M

�/ D C �.A;M �/;

which gives the result, see [15, Proposition III.4.13].

Corollary 5.5. Let fAtgt2J be a smooth deformation of Banach algebras. Then the
functions

t 7! dbAt and t 7! dbw At
are upper semi-continuous.

Proof. Simply combine the previous two results with Lemma 5.1.

Example 5.6. Let G be a connected semisimple Lie group with maximal compact
subgroup K. Let g and k denote their respective Lie algebras. In [16], a smooth
deformation fGtg of Lie groups is constructed in such a way that G0 D K Ë g=k and
Gt Š G for all t ¤ 0. The group G0 is amenable, but G may not be, e.g. G D
SL.2;R/. So Corollary 5.5 and Johnson’s theorem on amenability of L1.G/ imply
that there is no corresponding smooth deformation fL1.Gt /g of Banach algebras.

5.3. Contractions and retractions. When the universal .n C 1/-cocycle is a co-
boundary, one can construct a contracting homotopy in the Hochschild complex in a
uniform way. As described in [19], if ' W Ab̋n ! �nC1A satisfies ı' D d˝.nC1/,
then

˛ W �kA! �kC1A; ˛.a0da1 : : : dak/ D a0'.a1; : : : ; an/danC1 : : : dak

defines a contracting homotopy of the Hochschild chain complex .C�.A/; b/ in
degrees k � n C 1. The transpose of ˛ gives a contracting homotopy in degree
k � nC 1 for the Hochschild cochain complex .C �.A/; b/.

Khalkhali showed in [19] that if the cocycle d˝.nC1/ W Ab̋.nC1/ ! .�nC1A/��

is a coboundary, then one can construct a contracting homotopy of .C �.A/; b/ in
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degrees k � nC 1 in a similar way. Given a cochain ' W Ab̋n ! .�nC1A/�� such
that ı' D d˝.nC1/, define

˛ W .�kC1A/� ! .�kA/�; k � n

by
. f̨ /.a0da1 : : : dak/ D Œa0 � '.a1; : : : ; an/� .fdanC1:::dak

/;

where f 2 .�kC1A/� and fdanC1:::dak
2 .�nC1A/� is given by

fdanC1:::dak
.!/ D f .!danC1 : : : dak/:

Then b˛ C ˛b D 1 in C k.A/ when k � nC 1.
Given such a contracting homotopy ˛ W C kC1.A/ ! C k.A/, Khalkhali

constructed a retract of the periodic cyclic cochain complex supported in only finitely
many degrees [19], which we now describe. Let N be such that ˛ is a contracting
homotopy in all degrees above 2N . Let

C even
0 .A/ D

 
N�1M
kD0

C 2k.A/

!M
ker

˚
b W C 2N .A/! C 2NC1.A/

	
and

C odd
0 .A/ D

N�1M
kD0

C 2kC1.A/:

The Z=2-graded complex C per
0 .A/ D C even

0 .A/ ˚ C odd
0 .A/ has differential b C B .

Then C per
0 .A/ is a subcomplex of C per.A/, and in fact is a deformation retract. That

is, there is a chain map R W C per.A/ ! C
per
0 .A/ such that RI D id and IR is

chain homotopic to id, where I W C per
0 .A/ ! C per.A/ is the inclusion. Thus, the

cohomology of C per
0 .A/ isHP �.A/. The key feature is that C per

0 .A/ is a complex of
Banach spaces. We won’t need the explicit form of the retraction R, but we remark
that it depends heavily on the contracting homotopy ˛.

All of the above can be carried out for the algebra of sections AJ of a smooth
deformation fAtgt2J of Banach algebras, where everything is considered over the
ground ring C1.J /. If ' W Ab̋nJ ! �nC1AJ satisfies ı' D d˝.nC1/, then

˛ W �kAJ ! �kC1AJ ; ˛.a0da1 : : : dak/ D a0'.a1; : : : ; an/danC1 : : : dak

defines a contracting homotopy of the Hochschild chain complex .C�.AJ /; b/ in
degrees k � nC 1. Its dual

˛F
W C kC1.AJ /! C k.AJ /

is a contraction for the Hochschild cochain complex.
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If ' W A˝nJ ! .�nC1AJ /
FF satisfies ı' D d˝.nC1/, then Khalkhali’s

contracting homotopy

˛ W .�kC1AJ /
F
! .�kAJ /

F; k � n

can be defined by the same formula as above, and b˛ C ˛b D 1 in C k.AJ / for
k � n C 1. Moreover, given an ˛ which is a contracting homotopy in degrees
above 2N , we can define

C even
0 .AJ / D

 
N�1M
kD0

C 2k.AJ /

!M
ker

˚
b W C 2N .AJ /! C 2NC1.AJ /

	
and

C odd
0 .AJ / D

N�1M
kD0

C 2kC1.AJ /:

As in the C-linear case, there is an inclusion I W C per
0 .AJ / ! C per.AJ / and a

retraction R W C per.AJ /! C
per
0 .AJ / which are C1.J /-linear chain maps such that

RI D id and IR is chain homotopic to id. The retraction R is built in the same way
as the C-linear case using the homotopy ˛.
Definition 5.7. We’ll say that a locally convex algebra A is HP �-rigid if whenever
fAtgt2J is a smooth deformation with A0 D A, then there some subinterval J 0 � J
containing 0 for whichHP �.At / Š HP �.A0/ for all t 2 J 0.

We now give our main application of the Gauss–Manin connection.
Theorem 5.8. Let A be a Banach algebra such that dbw A < 1. Then A is HP �-
rigid.

Proof. Let fAtgt2J be a smooth deformation with A0 D A. Suppose dbw A0 D n.
As described above, the Hochschild complex C �

C1.J /
.AJ ; .�

nC1AJ /
FF/ identifies

with the complex of sections of the deformation fC �.At ; .�nC1At /��/gt2J . From
Lemmas 5.4 and 5.1, HnC1

C1.J 0/
.AJ 0 ; .�

nC1AJ 0/
FF/ D 0 for a subinterval J 0 � J

containing 0. So there is a ' W Ab̋nJ 0 ! .�nC1AJ 0/
FF with ı' D d˝.nC1/. As

described above, we can construct from this the deformation retract C per
0 .AJ 0/ of

C per.AJ 0/ for a suitable N . A priori, the space of cocycles kerfb W C 2N .AJ 0/ !
C 2NC1.AJ 0/g may not be a free C1.J 0/-module. However, the conclusion of
Lemma 5.1 guarantees that it is, and moreover C per

0 .AJ 0/ is the complex of sections
of fC per

0 .At /gt2J 0 .
We can now transfer the Gauss–Manin connection to C per

0 .AJ 0/. Let

I W C
per
0 .AJ 0/! C per.AJ 0/; R W C per.AJ 0/! C

per
0 .AJ 0/

be the inclusion and retraction, which are continuous C1.J 0/-linear chain maps.
Defineer D RırGM ıI on C per

0 .AJ 0/. Thener is a chain map and it is a connection
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because RI D id. Since the underlying spaces fC per
0 .At /g are all the same Banach

space, the connectioner is integrable, and the result follows from Proposition 3.9.

Let HE�.A/ denote the entire cyclic cohomology of A, see [3]. As Khalkhali
showed, the canonical inclusionHP �.A/! HE�.A/ is an isomorphism for Banach
algebras of finite weak bidimension [19]. We immediately obtain the following.
Corollary 5.9. Let A be a Banach algebra such that dbw A < 1. Then A is
HE�-rigid.
Example 5.10. We’ll show how our theorem can be used to give a proof of a variation
of a theorem of Block on the cyclic homology of filtered algebras [1]. In Block’s
setting we have an increasing filtration of an algebra A,

F0 � F1 � F2 � � � �

where A D
S
n Fn and Fn � Fm � FnCm. Letting B D gr.A/ be the associated

graded algebra, his result is that if HHn.B/ D 0 for all large enough n, then the
inclusion F0 ! A induces an isomorphism HP�.F0/ Š HP�.A/. Let’s consider
the situation of a finite filtration of a Banach algebra

F0 � F1 � � � � � FN D A;

and suppose there exist closed subspaces Bk � A for which each Fn Š
Ln
kD0Bk as

Banach spaces. Thenwe can identify the associated graded algebra gr.A/ Š
LN
kD0Bk

with A as Banach spaces. The multiplication in gr.A/ is such that Bn �Bm � BnCm.
Given a 2 Bn and b 2 Bm, the product in the filtered algebra A can be written as

ab D

nCmX
kD0

�kn;m.a; b/

for uniquely defined operators

�kn;m W Bnb̋Bm ! BnCm�k :

Given t 2 R, we can define a new associative product mt on A by

mt .a; b/ D

nCmX
kD0

tk�kn;m.a; b/; a 2 Bn; b 2 Bm:

This clearly gives a smooth deformation fAtgt2R of Banach algebras, as the products
depend polynomially on t . We have A1 D A, A0 D gr.A/, and At Š A for all
t ¤ 0. If dbw gr.A/ < 1, then the Gauss–Manin connection is integrable for this
deformation, and HP �.A/ Š HP �.gr.A//. View the inclusions fF0 ! Atgt2J as
a morphism of deformations out of the constant deformation. From Proposition 4.3,
this morphism induces a rGM -parallel map. Since HP �.gr.A//! HP �.F0/ is an
isomorphism (Example 2.3), it follows thatHP �.A/! HP �.F0/ is an isomorphism.
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Notice that Example 4.8 is such a deformation of a filtered algebra A1 into
its associated graded algebra A0. However dbw A0 D 1, as one can show that
HHn.A0/ Š C for all n > 0.

6. Integrability of rGM for noncommutative tori

6.1. Smooth noncommutative tori. Given an n � n skew-symmetric real-valued
matrix ‚, the noncommutative torus A‚ is the universal C �-algebra generated by n
unitaries u1; : : : ; un such that

ujuk D e
2�i�jkukuj ;

where ‚ D .�jk/, see [30]. In the case ‚ D 0, all of the generating unitaries
commute, and we have A0 Š C.Tn/, the algebra of continuous complex-valued
functions on the n-torus. It is for this reason why the algebraA‚ has earned its name,
as it can be philosophically viewed as functions on some “noncommutative torus” in
the spirit of Alain Connes’ noncommutative geometry [5].

It is helpful to think of an element in x 2 A‚ formally as a “Fourier series”

x D
X
˛2Zn

x˛u
˛;

where ˛ D .˛1; : : : ; ˛n/ is a multi-index, u˛ D u
˛1

1 u
˛2

2 : : : u
˛n
n , and x˛ 2 C. The

smooth noncommutative torus is the subalgebra A‚ of elements whose “Fourier
coefficients” are of rapid decay. As a topological vector space, we identify A‚ with
the Schwartz space S.Zn/. An element x D .x˛/˛2Zn satisfies

pk.x/ WD
X
˛2Zn

.1C j˛j/kjx˛j <1

for each positive integer k, where j˛j D j˛1j C � � � C j˛nj: Under the locally convex
topology defined by the collection fpkg of seminorms, A‚ is a nuclear Fréchet
algebra. The multiplication is given by the twisted convolution product

.xy/˛ D
X
ˇ2Zn

e2�iB‚.˛�ˇ;ˇ/x˛�ˇyˇ ;

where
B‚.˛; ˇ/ D

X
j>k

˛jˇk�jk

is the associated R-valued group 2-cocycle on Zn.
The algebra A‚ possesses n canonical continuous derivations

ı1; : : : ; ın W A‚ ! A‚; .ıj .x//˛ D 2�i˛j � x˛:
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In the case � D 0, the derivations ı1; : : : ; ın correspond to the usual n partial
differentiation operators on Tn. There is also a continuous trace � W A‚ ! C given
by �.x/ D x0, which corresponds to integration with respect to the normalized Haar
measure in the case ‚ D 0. Notice that � ı ıj D 0 for all j .

The smooth noncommutative torus A‚ can be viewed as a smooth one-parameter
deformation of C1.Tn/ Š A0 in the following way. For each t 2 J D R, let
At D At‚. The product in At is given by

mt .x; y/˛ D
X
ˇ2Zn

e2�iB‚.˛�ˇ;ˇ/tx˛�ˇyˇ :

Proposition 6.1. Given an n � n skew-symmetric real matrix ‚, the deformation
fAt‚gt2R is smooth, and for x; y in the underlying space S.Zn/,

d

dt
mt .x; y/ D

1

2�i

X
j>k

�jk �mt .ıj .x/; ık.y//:

Proof. Wefirst derive an estimate that wewill need. Taylor’s formula for a function f
of a real variable is

f .t/ D f .0/C f 0.0/t C

Z t

0

f 00.u/.t � u/du:

Applying this to f .t/ D e2�iat for a fixed a 2 R, we obtain the estimateˇ̌̌̌
e2�iat � 1

t
� 2�ia

ˇ̌̌̌
� 2�2a2jt j:

To prove the deformation is smooth, it suffices to prove t 7! mt .x; y/ is smooth
for each x; y 2 S.Zn/ because S.Zn/ is Fréchet, see Corollary A.3. For fixed x; y,
and t , let

zh D
mtCh.x; y/ �mt .x; y/

h
�

1

2�i

X
j>k

�jk �mt .ıj .x/; ık.y//;

and we shall show zh ! 0 in S.Zn/. Then

.zh/˛ D
X
ˇ2Zn

e2�iB‚.˛�ˇ;ˇ/t

�
e2�iB‚.˛�ˇ;ˇ/h � 1

h
� 2�iB‚.˛ � ˇ; ˇ/

�
x˛�ˇyˇ :

Using the above estimate, for a nonnegative integer r we obtain

pr.zh/ D
X
˛2Zn

.1C j˛j/r j.zh/˛j

�

X
˛2Zn

X
ˇ2Zn

.1C j˛j/r2�2B‚.˛ � ˇ; ˇ/
2
jhjjx˛�ˇ jjyˇ j:
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Consider the mapD‚ W S.Zn/˝ S.Zn/! S.Zn/˝ S.Zn/ given by

x ˝ y 7!
1

2�i

X
j>k

�jk � ıj .x/˝ ık.y/:

Notice that

mt .D
2
‚.x ˝ y//˛ D .2�i/

2
X
ˇ2Zn

e2�iB‚.˛�ˇ;ˇ/B‚.˛ � ˇ; ˇ/
2x˛�ˇyˇ :

So the last inequality can be rewritten as

pr.zh/ �
jhj

2
pr.mt .D

2
‚.x ˝ y///:

Thus, pr.zh/ ! 0 as h ! 0 because pr.mt .D2
‚.x ˝ y/// is a finite quantity,

independent of h. This proves the formula

d

dt
mt .x; y/ D

1

2�i

X
j>k

�jk �mt .ıj .x/; ık.y//:

By induction, it follows from this formula that t 7! mt .x; y/ is infinitely
differentiable.

Let AJ be the algebra of sections of the smooth deformation fAt‚gt2J . Notice
that the derivations ı1; : : : ; ın on the fibers At‚ induce C1.J /-linear derivations
on AJ , which we also denote ı1; : : : ; ın. Let r D d

dt
be the canonical connection

on AJ . We conclude that the cocycle E D ır, as in Proposition 3.6, is given by

E D
1

2�i

X
j>k

�jk � ıj ^ ık :

Indeed, both sides are C1.J /-bilinear and continuous, and they agree on pairs
of constant elements .x; y/ by Proposition 6.1. Thus they are equal because the
C1.J /-linear span of the constants is dense in AJ b̋C1.J /AJ . So we have the
identity

r.a1a2/ D r.a1/a2 C a1r.a2/C
1

2�i

X
j>k

�jkıj .a1/ık.a2/; a1; a2 2 AJ :

One can show ŒE� ¤ 0 in H 2
C1.J /

.AJ ; AJ /, from which it follows that this
deformation is nontrivial. In fact, ŒEt � ¤ 0 2 H 2.At‚;At‚/, which implies
the deformation is locally nontrivial at each fiber (though this is well known).
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6.2. The g-invariant cyclic complex. In this section, we consider a locally convex
R-algebra A with an action of an abelian Lie algebra g by derivations. Our main
example is the noncommutative n-torus A‚ and g D Spanfı1; : : : ; ıng and R D C.
We also consider the algebra of sections AJ of a noncommutative torus deformation
fAt‚gt2J , where g is the C-linear span of fı1; : : : ; ıng, and R D C1.J /. The
results of this section do not depend on any additional structure of these examples.

Suppose that g � C 1R.A;A/ is a complex abelian Lie subalgebra of R-linear
derivations on a locally convex R-algebra A. Then g also acts on CR� .A/ by Lie
derivatives. Define the g-invariant Hochschild chain group C g

� .A/ to be the space of
coinvariants of this action, that is

C g
� .A/ D C

R
� .A/=g � C

R
� .A/:

We shall make the assumption that g � CR� .A/ is closed submodule, as this holds
in the examples which are of interest to us. Thus, C g

� .A/ is Hausdorff. That
X 2 g is a derivation on A implies that ıX D 0, and consequently the operators
b and B descend to operators on C g

� .A/. One can define the g-invariant periodic
cyclic complex C g

per.A/ as the product of g-invariant Hochschild chain groups, and
its homology is the g-invariant periodic cyclic homologyHP g

� .A/.
LetC �g .A;A/ denote the space of all Hochschild cochainsD forwhich ŒX;D� D 0

for all X 2 g. Since g is abelian, we have g � C 1g .A;A/. IfD 2 C �g .A;A/, then the
formula

0 D ıŒX;D� D ŒıX;D�C ŒX; ıD�

shows that C �g .A;A/ is a subcomplex because ıX D 0.

Proposition 6.2. For any D 2 C �g .A;A/ and X; Y 2 C 1g .A;A/, the operators
LD; ID; LfX; Y g and I fX; Y g are well-defined on the g-invariant complex C g

� .A/.

Proof. If Z 2 C 1.A;A/ is a derivation, then one can verify directly that

ŒLX ; ID� D IŒX;D�; ŒLX ; LD� D LŒX;D�;

ŒLZ ; I fX; Y g� D I fŒZ;X�; Y g C I fX; ŒZ; Y �g;

and ŒLZ ; LfX; Y g� D LfŒZ;X�; Y g C LfX; ŒZ; Y �g;

from which the proposition follows.

One of the benefits of working in the g-invariant complex is that the contraction IX
is now a chain map when X 2 g. Indeed,

Œb C B; IX � D LX D 0

in C g
� .A/. These contraction operators obey the following algebra as operators on

homology.
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Theorem 6.3. There is an algebra map � W ƒ�g! End.HP g
� .A// given by

�.X1 ^X2 ^ � � � ^Xk/ D IX1
IX2

: : : IXk
:

Proof. First notice thatX 7! IX is a linear mapping. Next, we shall show that IXIX
is chain homotopic to zero. On C g

� .A/, observe that

0 D LXLX D LX2 C 2LfX;Xg

where X2 denotes the composition of X with itself. Thus,

LfX;Xg D �L 1
2X

2 :

Next, notice that

ı

�
1

2
X2
�
D X ^ X:

By Theorems 2.2 and 2.1,

�Œb C B; I fX;Xg� D �LfX;Xg � IX^X C IXIX

D L 1
2X

2 � Iı. 1
2X

2/ C IXIX

D Œb C B; I 1
2X

2 �C IXIX ;

which proves that IXIX is chain homotopic to zero. By the universal property of the
exterior algebra, the map � exists as asserted.

There are some additional simplifications regarding the operator LfX; Y g once
we pass to C g

� .A/.
Proposition 6.4. For X; Y 2 g, the operator LfX; Y g satisfies

LfX; Y g.a0 ˝ � � � ˝ an/ D

n�1X
iD0

nX
jDiC1

a0 ˝ � � � ˝X.ai /˝ � � � ˝ Y.aj /˝ � � � ˝ an;

Œb C B;LfX; Y g� D �LX^Y

on C g
� .A/:

Proof. Notice that

LY .X.a0/; a1; : : : ; an/ � LX .Y.a0/; a1; : : : ; an/

D

nX
jD1

X.a0/˝ � � � ˝ Y.aj /˝ � � � ˝ an �

nX
iD1

Y.a0/˝ � � � ˝X.ai /˝ � � � ˝ an;
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using the fact that ŒX; Y � D 0. So

LfX; Y g.a0˝� � �˝an/CLY .X.a0/˝a1˝� � �˝an/�LX .Y.a0/˝a1˝� � �˝an/

D

n�1X
iD0

nX
jDiC1

a0 ˝ � � � ˝X.ai /˝ � � � ˝ Y.aj /˝ � � � ˝ an

gives the desired conclusion. The formula

Œb C B;LfX; Y g� D �LX^Y

is immediate from Theorem 2.2 because LX D LY D 0 on C g
� .A/.

6.3. Connections on the g-invariant complex. The following situation is modeled
on what we see with the noncommutative tori deformation. Suppose AJ is the
algebra of sections of a smooth deformation of locally convex algebras fAtgt2J .
Suppose g is an abelian Lie algebra of C1.J /-linear derivations on AJ . Suppose r
is a g-invariant connection on AJ for which

E WD ır D

rX
iD1

Xi ^ Yi ;

where Xi ; Yi 2 g. This means that

r.a1a2/ D r.a1/a2 C a1r.a2/C

rX
iD1

Xi .a1/Yi .a2/; a1; a2 2 AJ :

More generally, Rieffel’s deformations by actions of Rd are deformations of this
type [31]. Here the cocycle E is a type of “Poisson bracket” built from the action,
though the underlying algebras may not be commutative.
Proposition 6.5. In the above situation, the Gauss–Manin connection

rGM D Lr � IE

descends to the g-invariant complex C g
� .AJ / and therefore to a connection on the

g-invariant periodic cyclic homologyHP g
� .AJ /.

Proof. Since r is g-invariant, so is E D ır because g-invariant cochains form a
subcomplex. The statement follows from Proposition 6.2.

Our main reason for working with the g-invariant complex is that we can define
another connection on HP g

� .AJ / which is easier to work with than rGM . Recall
that the connection Lr satisfies

Œb C B;Lr � D LE D

rX
iD1

LXi^Yi
:
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Thus, by Proposition 6.4,

er D Lr C rX
iD1

LfXi ; Yig

is a connection on C g
per.AJ / that commutes with b C B and therefore descends to a

connection on HP g
� .AJ /. We emphasize that er does not commute with b C B on

the ordinary periodic cyclic complex Cper.AJ /.

Remark 6.6. There is a conceptual explanation for the form of this connection er.
Let H be the Hopf algebra whose underlying algebra is the symmetric algebra
S.g˚ Spanfrg/. The coproduct � W H ! H ˝H is the unique algebra map that
satisfies

�.Xi / D Xi ˝ 1C 1˝Xi ; �.Yi / D Yi ˝ 1C 1˝ Yi ;

�.r/ D r ˝ 1C 1˝r C

rX
iD1

Xi ˝ Yi :

These are the defining relations of the Hopf algebra of polynomial functions on the
.2rC1/-dimensional Heisenberg group. As an algebra, H acts onAJ in the obvious
way, and this action is a Hopf action in the sense that for all h 2 H ,

h.a1a2/ D
X

h.1/.a1/h.2/.a2/;

where �.h/ D
P
h.1/ ˝ h.2/:When a Hopf algebra H acts (say, on the left) on two

spaces V and W , the diagonal action of H on V ˝W is

h.v ˝ w/ D
X

h.1/.v/˝ h.2/.w/:

The connectioner onC g
n .AJ / is none other than the diagonal action ofr onAb̋.nC1/J

after passing to the quotient.

Proposition 6.7. As operators onHP g
� .AJ /,

rGM D
er C rX

iD1

�.Xi ^ Yi /:
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Proof. We have

rGM �
er D �IE � rX

iD1

LfXi ; Yig

D �

rX
iD1

�
IXi^Yi

C LfXi ; Yig
�

D �

rX
iD1

�
Œb C B; I fXi ; Yig�C IYi

IXi

�
D �

rX
iD1

Œb C B; I fXi ; Yig� �

rX
iD1

�.Yi ^Xi /;

using Theorem 2.2. So at the level of homology,

rGM D
er C rX

iD1

�.Xi ^ Yi /:

Let us use the notation � D
Pr
iD1Xi ^ Yi 2 ƒ

2g; so that

rGM D
er C �.�/

as operators onHP g
� .AJ /. This shows that the two connections differ by a nilpotent

operator. As a result, we expect one to be integrable if and only if the other is.

6.4. Integrating zr for noncommutative tori. In this section, we specialize to
the noncommutative tori deformation fAt‚gt2J for a given ‚ with J D R, AJ the
algebra of sections and g D Spanfı1; : : : ; ıng. The connectionr D d

dt
is g-invariant,

and
E D ır D

1

2�i

X
j>k

�jk � ıj ^ ık :

As in the previous section, we can define the connection

er D Lr C 1

2�i

X
j>k

�jk � Lfıj ; ıkg

on the g-invariant complex C g
� .AJ / which descends to a connection on HP g

� .AJ /.
The connection on homology is a nilpotent perturbation of rGM .

We shall now show that we are not losing anything in passing to g-invariant cyclic
homology, in that the canonical mapHP�.A‚/! HP

g
� .A‚/ is an isomorphism.

Theorem 6.8. The canonical map Cper.A‚/! C
g
per.A‚/ induces an isomorphism

HP�.A‚/ Š HP
g
� .A‚/.
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Proof. The space A‚ D S.Zn/ is a topological direct sum graded by Zn. For
each 1 � j � n, the j th degree of a homogenous element a D u

˛1

1 � � � � � u
˛n
n is

degj a D ˛j . The complex Cper.A‚/ is also graded by Zn. If ! D a0 ˝ � � � ˝ am
is an elementary tensor of homogeneous elements ai 2 A‚, then define

degj ! D
mX
iD0

degj ai :

The Lie derivative Lıj
has the property that

Lıj
! D .2�i � degj !/!

for all homogeneous chains. From this, we see that g � Cper.A‚/ is a closed direct
summand of Cper.A‚/ which is complemented by

Tn
jD1 kerLıj

. This complement
is just the subspace of homogeneous elements whose Zn-grading is .0; 0; : : : ; 0/. By
the Cartan homotopy formula (Theorem 2.1), Lıj

D 0 as an operator onHP�.A‚/.
It follows that the summand g � Cper.A‚/ is acyclic, and so the quotient map

Cper.A‚/! C g
per.A‚/

is a quasi-isomorphism.

The above proof can be carried out because the action of g by derivations on A‚

is the infinitesimal of an action of the Lie group Tn by algebra automorphisms.
Thus A‚ decomposes as a topological direct sum of eigenspaces indexed by Zn for
the action of g. Note that the same proof shows that Cper.AJ / ! C

g
per.AJ / is a

quasi-isomorphism for the algebra of sections AJ of the deformation.

Theorem6.9. For the algebra of sectionsAJ of the noncommutative tori deformation,
the connection er is integrable on Cper.AJ / and consequently on C g

per.AJ /. Thus,
fC

g
per.At‚/gt2J is a trivial deformation of chain complexes.

Proof. It suffices to prove er is integrable on Cper.AJ /. The quotient C g
per.AJ / is

obtained from Cper.AJ / as a quotient by a closed er-invariant direct summand, so
integrability of er on C g

per.AJ / will follow immediately.
Since er restricts to a connection on Cm.AJ / for each m, it suffices to prove er is

integrable on Cm.AJ /. Given mC 1 multi-indices ˛0; : : : ; ˛m 2 Zn, we shall use
the notation

u˛ D u˛
0

˝ u˛
1

˝ � � � ˝ u˛
m

2 Cm.A‚/:

An element ! 2 Cm.A‚/ has the form

! D
X
˛

c˛u
˛:
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Since S.Zn/b̋.mC1/ Š S.Zn.mC1//, the coefficients c˛ must be of rapid decay.
Notice that Lfıj ; ıkg is diagonal with respect to the basis fu˛g, and

1

2�i
Lfıj ; ıkgu

˛
D 2�i �R.˛/u˛

for some real-valued polynomial R.˛/ in the multi-indices of ˛. An element � DP
˛ f˛u

˛ 2 Cm.AJ / with f˛ 2 C1.J / satisfies er.�/ D 0 if and only if

f 0˛ C 2�i �R.˛/f˛ D 0

for each ˛. Given an initial condition f˛.s/ D c˛ , the unique solution is given by

f˛.t/ D c˛ exp.�2�i �R.˛/.t � s//:

Notice that jf˛.t/j D jc˛j. So for each t 2 J , the coefficients ff˛.t/g satisfy
the same decay conditions as fc˛g: Therefore if ! D

P
˛ c˛u

˛ 2 Cm.As‚/, then
�.t/ D

P
˛ f˛.t/u

˛ 2 Cm.At‚/ for each t 2 J . Moreover, since R.˛/ is a
polynomial function, all derivatives of � will satisfy the rapid decay condition also,
and so � is smooth as a function of t . The solution � is also smooth as we vary the
initial parameter s, so er is integrable by Proposition A.9.

Corollary 6.10. For any n � n skew-symmetric matrix ‚, there is a parallel
translation isomorphism

HP�.C
1.Tn// Š HP�.A‚/:

Consequently,
HP0.A‚/ Š C2n�1

; HP1.A‚/ Š C2n�1

:

Proof. Since er commutes with bCB on C g
per.AJ /, its parallel translation operators

are isomorphisms of chain complexes. Thus we have

HP�.C
1.Tn//

Š // HP
g
� .C

1.Tn//
Per

01 // HP
g
� .A‚/

Š // HP�.A‚/:

As shown in [4], ifM is a compact smooth manifold, then

HP�.C
1.M// Š

M
k

H �C2k
dR

.M;C/;

where H �
dR
.M;C/ is the complex-valued de Rham cohomology of M . Now,

Hm
dR
.Tn;C/ is a vector space of dimension

�
n
m

�
, and this gives the result.

Corollary 6.11. For the algebra of sections AJ of the noncommutative tori
deformation, the Gauss–Manin connection is integrable onHP�.AJ /.
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Proof. Using Proposition 3.7, we have an isomorphism of C1.J /-modules

HP�.AJ / Š HP
g
� .AJ / Š C

1.J;HP g
� .A0// Š C

1.J;HP�.C
1.Tn//

because er is integrable on the complex C g
per.AJ /. Here we see that rGM is a

connection on a finite rank trivial bundle, so it must be integrable.

Analogous results can be obtained for periodic cyclic cohomology by duality. For
example, we can consider

C per
g .A‚/ D C

g
per.A‚/

�

D
˚
' 2 C per.A‚/ W '.Lıj

!/ D 0; 8! 2 Cper.A‚/; 8j
	
:

This is the space of all cochains which are supported on chains whose Zn-grading
is .0; 0; : : : ; 0/. The inclusionC per

g .A‚/! C per.A‚/ is the transpose of the quotient
map from Theorem 6.8, and also is a quasi-isomorphism. Since the underlying
space of each fiber of C g

per.AJ / is a nuclear Fréchet space, it follows that the dual
connection erF is automatically integrable on C per

g .AJ / D C
g
per.AJ /

F, though
this could also be proved directly. So we have parallel translation isomorphisms
HP �.C1.Tn// Š HP �.A‚/ for periodic cyclic cohomology as well.

We have proved the rigidity of periodic cyclic homology/cohomology for the
deformation of noncommutative tori. It is interesting to note that the Hochschild
homology/cohomology and (non periodic) cyclic homology/cohomology are very
far from rigid in this deformation. As an example,HH 0.A/ D HC 0.A/ is the space
of all traces on the algebra A. Now in the simplest case where n D 2 and

‚ D

�
0 ��

� 0

�
;

it is well known that there is a unique (normalized) trace on A‚ when � … Q
and an infinite dimensional space of traces when � 2 Q. For example, every
linear functional on the commutative algebra A0 Š C1.Tn/ is a trace, and thus
HH 0.C1.Tn// D C1.Tn/� is the space of distributions on Tn. Moreover,
Connes showed in [4] that in the case � … Q, HH 1.A‚/ and HH 2.A‚/ are
either finite dimensional, or infinite dimensional and non-Hausdorff depending on
the diophantine properties of � . Looking back, we conclude that there are no
integrable connections on C �.A/ that commute with b, as such a connection would
imply rigidity of Hochschild cohomology.

However, our connectioner does commutewith b on the invariant complexC �g .A/.
This shows that the invariant Hochschild cohomology HH �g .A‚/ is independent
of ‚. For example, there is exactly one (normalized) g-invariant trace on C1.Tn/,
and that corresponds to integration with respect to the only (normalized) translation
invariant measure. Thus HH 0

g .C
1.Tn// D HH 0

g .A‚/ D C. Consequently, the
canonical mapHH �g .A‚/! HH �.A‚/ is not, in general, an isomorphism.
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The argument presented here should work with other variants of cyclic
cohomology. One example is Connes’ entire cyclic cohomology which is constructed
by allowing for infinite cochains .'n/ 2

Q
n C

n.A/ satisfying a certain growth
condition [3]. The Lie derivative and contraction operators extend to the entire
cochain complex. One can introduce the connection er on the g-invariant entire
cyclic cochain complex, and it is likely integrable, though we haven’t checked the
analytic details.

7. Calculations with rGM and the Chern–Connes pairing

We have shown that rGM is integrable for noncommutative tori in a rather indirect
way by proving integrability of the auxiliary connection er. However, it is still useful
to understand rGM here because it is canonical and has good properties with respect
to the Chern–Connes pairing. Here, we shall calculate with the dual connectionrGM
to determine the parallel translation maps, as well as the deformation of the Chern–
Connes pairing.

7.1. Cyclic cocycles, characteristic maps, and cup products. By a cyclic k-co-
cycle we mean an element ' 2 C k.A/ such that

b' D 0; '.e; a1; : : : ; ak/ D 0; '.ak; a0; : : : ; ak�1/ D .�1/
k'.a0; a1; : : : ; ak/:

A cyclic cocycle ' automatically satisfies B' D 0, and so ' gives a cohomology
class in HP �.A/. Recall that elements in the first slot of a cochain can be in the
unitizationAC. Below we will use the notationea0 for elements of the unitizationAC
and just a0 for elements of A.

We return to the general setting of an algebra A equipped with an abelian Lie
algebra g of derivations, and a g-invariant trace. Define the characteristic map
 W ƒ�g! C �.A/ by

.X1 ^ � � � ^Xk/.ea0; : : : ; ak/
D

1

kŠ

X
�2Sk

.�1/��
�ea0X�.1/.a1/X�.2/.a2/ : : : X�.k/.ak/�:

Proposition 7.1. The functional .X1 ^ � � � ^Xk/ is a g-invariant cyclic k-cocycle.
Remark 7.2. The map  is a simple case of the Connes–Moscovici characteristic
map in Hopf cyclic cohomology [6]. In their work, H is a Hopf algebra equipped
with some extra structure called a modular pair, and A is an algebra equipped with a
Hopf action of H . Assuming A possesses a compatible trace, they construct a map

 W HP �Hopf.H /! HP �.A/
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from the Hopf periodic cyclic cohomology of H to the ordinary periodic cyclic
cohomology of A. In our situation, H D U.g/, the universal enveloping algebra
of g. As was shown in [6],

HP �Hopf.U.g// Š
M

kD� mod 2

H Lie
k .g;C/;

where H Lie
k
.g;C/ is the Lie algebra homology of g with coefficients in the trivial

g-module C. As g is abelian, there is an isomorphism

H Lie
k .g;C/ Š ƒk.g/:

The obtained characteristic map

 W ƒ�.g/! HP �.A/

is the map defined above.
Lemma 7.3. Let X1; : : : ; Xn be derivations on an algebra A, and let � be a trace
on A. There exists  2 C n�1.A/ such that B D 0 and

�
�ea0X1.a1/ : : : Xn.an/�
D
1

n

nX
jD1

.�1/.j�1/.nC1/�
�ea0Xj .a1/ : : : Xn.an�jC1/X1.an�jC2/ : : : Xj�1.an/�

C .b /.ea0; : : : ; an/:
Proof. Given any n derivations Y1; : : : ; Yn, the cochain ' 2 C n�1.A/ given by

'.a0; : : : ; an�1/ D �.Y1.a0/Y2.a1/ : : : Yn.an�1//; '.e; a1; : : : ; an�1/ D 0;

satisfies

.b'/.ea0; : : : ; an/ D ��ea0Y1.a1/ : : : Yn.an/C.�1/nea0Y2.a1/ : : : Yn.an�1/Y1.an/�
and B' D 0. It follows that

 .a0; : : : ; an�1/ D
1

n

n�1X
jD1

.�1/.j�1/.nC1/.n � j /

� �
�
Xj .a0/XjC1.a1/ : : : Xj�1.an/

�
;

 .e; a1; : : : ; an�1/ D 0

satisfies the conclusions of the lemma.

Recall that for any Z 2 g, the contraction IZ is a chain map on the invariant
complex C g

per.A/. We shall use the same notation IZ to denote its transpose on
C

per
g .A/. We now compute this operator on the image of the characteristic map.
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Proposition 7.4. For any Z 2 g and ! 2 ƒ�g,

IZ Œ.!/� D Œ.Z ^ !/�

inHP �g .A/.

Proof. Let ' D .X1^� � �^Xk/. Since '.e; a1; : : : ; ak/ D 0, we immediately have
SZ' D 0. Thus, IZ' D �Z', and

.�Z'/.a0; : : : ; akC1/

D '
�
a0Z.a1/; a2; : : : akC1

�
D

1

kŠ

X
�2Sk

.�1/��
�
a0Z.a1/X�.1/.a2/X�.2/.a3/ : : : X�.k/.akC1/

�
D .Z ^X1 ^ � � � ^Xk/.a0; : : : ; akC1/C .b /.a0; : : : ; akC1/

for some  with B D 0 by applying the previous lemma to each term in the sum.
Hence, IZ.X1 ^ � � � ^Xk/ D .Z ^X1 ^ � � � ^Xk/C .b C B/ .

As in the homology case (Theorem 6.3) there is an algebra map

� W ƒ�.g/! End
�
HP �g .A/

�
; �.X1 ^ � � � ^Xk/ D IX1

IX2
: : : IXk

:

Corollary 7.5. For any ! 2 ƒ�g,

Œ.!/� D �.!/Œ��

inHP �g .A/.
Remark 7.6. A generalization of the Connes–Moscovici characteristic map was
constructed in [21]. A special case of this construction is a cup product

^ W HP
p
Hopf.H /˝HP

q

H
.A/! HP pCq.A/;

where HP �
H
.A/ is the periodic cyclic cohomology of A built out of cochains which

are invariant in some sense with respect to an action of H . In the Connes–Moscovici
picture, the properties of the trace � ensures that it gives a cohomology class in
HP �

H
.A/, and

Œ!� ^ Œ�� D Œ!�

for all Œ!� 2 HP �Hopf.H /. In our situation where H D U.g/, we have that
HP �

H
.A/ D HP �g .A/ and the cup product is a map

^ W ƒpg˝HP qg .A/! HP pCq.A/:

Our map � W ƒ�.A/ ! End.HP �g .A// followed by the inclusion HP �g .A/ !
HP �.A/ coincides with this cup product.
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7.2. rGM -derivatives of characteristic cocycles. Now consider the situation of
Section 6.3. Suppose AJ is the algebra of sections of a deformation, g is an abelian
Lie algebra of derivations on AJ , r is a g-invariant connection on AJ satisfying

r.a1a2/ D r.a1/a2 C a1r.a2/C

rX
iD1

Xi .a1/Yi .a2/; a1; a2 2 AJ

for Xi ; Yi 2 g. In addition we assume AJ has a g-invariant r-parallel trace � .
That is, there is a trace � W AJ ! C1.J / such that � ı Z D 0 for all Z 2 g and
� ı r D d

dt
ı � . The dual of the connection

er D Lr C rX
iD1

LfXi ; Yig

is given by

erF' D
d

dt
ı ' � ' ı Lr �

rX
iD1

' ı LfXi ; Yig

on C per
g .AJ /.

Proposition 7.7. For any ! 2 ƒ�g, we have erF.!/ D 0:

Proof. Letting ' D .Z1 ^ � � � ^Zm/, one can show that

d

dt
ı ' D ' ı Lr C

rX
iD1

' ı LfXi ; Yig

by using d
dt
ı � D � ı r, the identity

r.a0 : : : am/ D

kX
jD0

a0 : : :r.aj / : : : am

C

rX
iD1

X
j<k

a0 : : : Xi .aj / : : : Yi .ak/ : : : am;

and the fact that all derivations commute with each other and r.

As before, let � D
Pr
iD1Xi ^ Yi 2 ƒ

2g. Recall from Proposition 6.7 that

rGM D
er C �.�/

as operators onHP g
� .AJ /. Dualizing gives

r
GM Œ'� D erFŒ'� �

rX
iD1

�
' ı �.Xi ^ Yi /

�
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and further�
' ı �.Xi ^ Yi /

�
D
�
' ı .IXi

IYi
/
�
D IYi

IXi
Œ'� D ��.Xi ^ Yi /Œ'�:

Consequently,
r
GM
D erF

C �.�/

as operators on HP �g .AJ /. Combining the previous results, we immediately obtain
the following.
Theorem 7.8. In the above situation, for any ! 2 ƒ�g,

r
GM

�
.!/

�
D
�
.� ^ !/

�
inHP �g .AJ /.

It is worth mentioning that this result is independent of the integrability of erF

or rGM . Using this theorem, we can explicitly describe rGM -parallel classes
through a given characteristic cocycle.
Corollary 7.9. Let ! 2 ƒ�g and view .!/ 2 HP �g .As/. Then the cocycle ' 2
HP �g .AJ / given by

' D

bdimg=2cX
pD0

.�1/p
.t � s/p

pŠ
.�^p ^ !/

is a rGM -parallel section through .!/ 2 HP �g .As/.
Also from Theorem 7.8, we obtain the following result about the deformation of

the Chern–Connes character.
Corollary 7.10. Let ! 2 ƒ�g.

(i) For any idempotent P 2MN .AJ /,

d

dt
hŒ.!/�; ŒP �i D hŒ.� ^ !/�; ŒP �i:

(ii) For any invertible U 2MN .AJ /,

d

dt
hŒ.!/�; ŒU �i D hŒ.� ^ !/�; ŒU �i:

We can be a little more explicit with these formulas using the form of the cycles
chP and chU . First notice that MN .AJ / Š MN .C/ ˝ AJ is the algebra of
sections of a deformation that has the same properties as AJ . Namely we have an
action of an abelian Lie algebra g generated by the derivations id˝Xi and id˝Yi .
There is a g-invariant connection id˝r as well as a parallel g-invariant trace tr˝� .
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Here tr W MN .C/ ! C is the usual matrix trace. Notationally, we will refer to the
above objects as simply Xi ; Yi ;r, and � respectively. The connection r satisfies

r.a1a2/ D r.a1/a2 C a1r.a2/C

rX
iD1

Xi .a1/Yi .a2/; a1; a2 2MN .AJ /;

so all the previous results apply to this deformation. Notice we have a commutative
diagram

ƒ�g


//



&&

C per.AJ /

TF
��

C per.MN .AJ //

where TF is the transpose of the generalized trace T W Cper.MN .AJ //! Cper.AJ /.
Given a projection MN .AJ / and a cocycle ' 2 C per

C1.J /
.AJ /, we will view the

Chern–Connes pairing as a pairing between a cocycle and a cycle onMN .AJ /:

hŒ'�; ŒP �i D hTF'; chP i:

So if ! 2 ƒ2mg, then by using the explicit form of chP 2 CC
1.J /

even .MN .AJ //,

hŒ.!/�; ŒP �i D .�1/m
.2m/Š

mŠ
.!/.P; P; : : : ; P /;

where .!/ is viewed as a cocycle in C even
C1.J /

.MN .AJ //; and there are 2m C 1
appearances of P on the right hand side. Similarly, if U 2MN .AJ / is an invertible
and ! 2 ƒ2mC1g, then

hŒ.!/�; ŒU �i D .�1/mmŠ.!/.U�1; U; : : : ; U�1; U /:

Combining these with Corollary 7.10, we obtain the following result.

Theorem 7.11. In the above situation,

(i) If ! 2 ƒ2mg, and P 2MN .AJ / is an idempotent,

d

dt
.!/.P; P; : : : ; P / D �.4mC 2/.� ^ !/.P; P; : : : ; P /:

(ii) If ! 2 ƒ2mC1g, and U 2MN .AJ / is invertible,

d

dt
.!/.U�1; U; : : : ; U�1; U / D �.mC 1/.�^!/.U�1; U; : : : ; U�1; U /:
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7.3. Noncommutative tori. Here, we shall apply our results to the noncommutative
tori deformation.
Theorem 7.12. For every ‚, the map  W ƒ�g ! HP �g .A‚/ is an isomorphism of
Z=2-graded spaces.

Proof. By Theorem 6.9 and Proposition 7.7, is suffices to prove this for A0 Š

C1.Tn/. Let s1; : : : ; sn be the coordinates in Tn D Rn=Zn. Choosing a subset of
coordinates si1 ; : : : ; sim determines a subtorus T of dimension m. All such subtori
are in bijection with a generating set of homology classes of Tn. The g-invariant
de Rham cycle corresponding to T is given by taking the average of the integral
of a differential form over all subtori parallel to T . The cochain in Cm.C1.Tn//

corresponding to this cycle is

'T .f0; : : : ; fm/ D

Z
Tn=T

�Z
gT

f0df1 ^ � � � ^ dfm

�
dgT;

and one can show 'T D .ıi1 ^ � � � ^ ıim/ up to a scalar multiple.

Hence the characteristic cocycles form a basis for HP �.A‚/. So we can use
Corollary 7.9 to explicitly describe the parallel translation of rGM . Let’s do this
for the n D 2 case. Here, the noncommutative torus is determined by a single real
parameter � WD �21, and we shall denote the algebra by A� . In the case � … Q, A�

is also known as (the smooth version of) the irrational rotation algebra. We shall
consider fA�g�2J as a smooth one-parameter deformation, where J � R is an open
interval containing 0. Here, g D Spanfı1; ı2g and � D 1

2�i
ı2 ^ ı1. Let �2 be the

cyclic 2-cocycle �2 D 1
�i
.ı1 ^ ı2/, which is given explicitly by

�2.a0; a1; a2/ D
1

2�i
�
�
a0ı1.a1/ı2.a2/ � a0ı2.a1/ı1.a2/

�
:

Then from Theorem 7.8,

r
GM Œ� � D

1

2�i
Œ.ı2 ^ ı1/ D �

1

2
Œ�2�;

r
GM Œ�2� D

1

�i.2�i/
Œ.ı2 ^ ı1 ^ ı1 ^ ı2� D 0:

We see that Œ�2� 2 HP �.AJ / is a rGM -parallel section, and Œ� �C �
2
Œ�2� is a rGM -

parallel section through Œ� � at the fiber � D 0.
Now consider the odd classes

�11 D
1

2�i
.ı1/; �21 D

1

2�i
.ı2/:

Then we have
r
GM

�
�
j
1

�
D

1

.2�i/2

�
.ı2 ^ ı1 ^ ıj /

�
D 0

for j D 1; 2. So we can completely describe the parallel translation of rGM .
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Theorem 7.13. Let � 2 R, then PrGM

0;�
W HP �.A0/! HP �.A� / is given by

Pr
GM

0;� W Œ� � 7! Œ� �C
�

2
Œ�2�; Œ�2� 7! Œ�2�;

�
�
j
1

�
7!
�
�
j
1

�
:

It is interesting to notice that this parallel translation gives a nontrivial
automorphism

Pr
GM

0;1 W HP �.C1.Tn//! HP �.A1/ D HP
�.C1.Tn//:

Now let’s consider the Chern–Connes pairing. Using Theorem 7.11, we see that
for any idempotent P 2MN .AJ /,

d

d�
�.P / D �2.P; P; P /

and
d2

d�2
�.P / D

d

d�
�2.P; P; P / D 0:

Thus
�.P.�// D �.P.0//C �2.P.0/; P.0/; P.0// � �:

Now the idempotent P.0/ 2 MN .A0/ Š MN .C
1.T2// corresponds to a smooth

vector bundle over T2 and the value �.P.0// is the dimension of this bundle. The
number �2.P.0/; P.0/; P.0// is the first Chern number of the bundle, which is an
integer. So P satisfies

�.P / D C CD�

for integers C andD, which are determined by the topological information of P.0/.
Starting with a vector bundle represented by P.0/ 2 MN .C

1.T2//, one can
always extend it to a smooth family of idempotents P.�/ 2 MN .C

1.A� // for
small enough � using a functional calculus argument. Our results imply that the
trace �.P.�// is determined by, and can be computed from, the characteristic classes
of the vector bundle P.0/. The same is true for other Chern–Connes pairings.
For example, the value �2.P.�/; P.�/; P.�// is constant, hence an integer. This
integrality was also explained with an index formula in [2]. Similarly, the pairing of
an invertible with �j1 is integral.

These results also show that A� has a K-theory class with trace � , at least for
small enough � , and so suggest that one may be able to find an idempotent in A�

with trace � . Of course it is well-known now that such idempotents exist [29].
Given such an idempotent P� 2 A� , one could try to extend it to � D 0 through an
idempotent P 2 AJ . However this is impossible because P.0/ would necessarily
satisfy �2.P.0/; P.0/; P.0// ¤ 0, and the only idempotents in A0, namely 0 and 1,
do not. However, one can extend P� to an idempotent in AJ provided J doesn’t
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contain integers. One can also find an idempotent P 2 M2.AJ / of trace 1C � , but
only if J � .�1; 1/.

Two other interesting situations to consider are J D R or J D T . For both
cases, the trace of any idempotent P 2 MN .AJ / must be constant and integral, and
�2.P; P; P / D 0. If �2.P; P; P / ¤ 0, then �.P / would be negative somewhere in
the J D R case, and �.P / wouldn’t be continuous in the J D T case.

Analogous results can be worked out for higher dimensional noncommutative
tori. For the deformation fAt‚gt2J , the element � 2 ƒ2g is

� D
1

2�i

X
j>k

�jk � ıj ^ ık :

One can explicitly compute rGM and its parallel translation operators using
Theorem 7.8. The deformation of the Chern–Connes pairing can be determined from
Theorem 7.11. As functions of t , the pairings can be higher degree polynomials,
depending on the size of n. This was already observed in Elliott’s Chern character
computation [10]. The most interesting case would be to choose ‚ so that � is
nondegenerate in the sense that �^bn=2c ¤ 0.

A. Omitted proofs

A.1. Free modules. For more information about nuclearity (in the sense of Groth-
endieck), see [14] or [34].
Proposition A.1.

(i) If X; Y 2 LCTVS, then

.Rb̋CX/b̋R.Rb̋CY / Š Rb̋C.X b̋CY /:

(ii) If R is a nuclear Fréchet algebra, X is a Fréchet space, and Y is a closed
subspace of X , then

.Rb̋X/=.Rb̋Y / Š Rb̋.X=Y /
(iii) If X and R are Fréchet spaces, one of which is nuclear, then the linear

isomorphism
HomR.Rb̋X;M/ Š Hom.X;M/

is a topological isomorphism.

Proof. (i) The proof is straightforward using universal properties.
(ii) Nuclearity of R implies that Rb̋Y is a closed subspace of Rb̋X [34,

Proposition 43.7]. Since all spaces are Fréchet, all quotients appearing are complete.
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One then induces mutually inverse isomorphisms using the universal properties of
completed projective tensor products and quotients.

(iii) The linear isomorphisms

ˆ W Hom.X;M/! HomR.Rb̋X;M/; ‰ W HomR.Rb̋X;M/! Hom.X;M/

are given by
ˆ.F / D �.1˝ F /; ‰.G/.x/ D G.1˝ x/;

where � W Rb̋M !M is the module action. Continuity of ‰ follows from the fact
that if B � X is bounded, then 1˝ B � Rb̋X is bounded.

The continuity of ˆ is more subtle. The map ˆ factors as

ˆ W Hom.X;M/
ˆ1 // HomR.Rb̋X;Rb̋M/

ˆ2 // HomR.Rb̋X;M/;

whereˆ1.F / D 1˝F andˆ2 is composition with the module action �. Continuity
ofˆ2 follows from continuity of �. To show thatˆ1 is continuous, we need to relate
the bounded subsets of Rb̋X to the bounded subsets of R and X . This is related
to the difficult “problème des topologies” of Grothendieck [14]. If either R or X
are nuclear, then for every bounded subset D � Rb̋X , there are bounded subsets
A � R, B � X such thatD is contained in the closed convex hull of

A˝ B D
˚
r ˝ x j r 2 A; x 2 B

	
;

see [17, Theorem 21.5.8]. Continuity of ˆ1 follows from this fact.

A.2. C1.J /-modules. For the results below, the Banach–Steinhaus theorem (uni-
form boundedness principle) [34, Theorem 33.1] is themain advantage of considering
barreled spaces.

Proposition A.2. If X is barreled, then fFt W X ! Y gt2J is a smooth homotopy of
continuous linear maps if and only if the map

t 7! Ft .x/

is smooth for every x 2 X .

Proof. Suppose t 7! Ft .x/ is smooth for each x 2 X , and let F .n/t .x/ denote the nth
derivative of this map. The linear mapF .n/t W X ! X is in fact continuous for each t .
Using induction, this follows from the Banach–Steinhaus theorem because F .n/t .x/

is a pointwise limit of continuous linear maps by its very definition.
We must show that the map eF W X ! C1.J; Y / defined byeF .x/.t/ D Ft .x/
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is continuous. For any compact K � J , any n, and any x 2 X , the set˚
F
.n/
t .x/ j t 2 K

	
is compact in Y , hence bounded, because the map t 7! F

.n/
t .x/ is continuous. By

the Banach–Steinhaus theorem, the set fF .n/t W X ! Y gt2K is equicontinuous. Thus
for any continuous seminorm q on Y , there exists a continuous seminorm p on X
such that

q
�
F
.n/
t .x/

�
� p.x/; 8x 2 X; 8t 2 K:

Consequently,
sup
t2K

q
�
F
.n/
t .x/

�
� p.x/; 8x 2 X:

The expression on the left, which depends on K; n; and q, is one of the defining
seminorms of C1.J; Y / applied to eF .x/. The topology of C1.J; Y / is generated
by all such seminorms as K; n; and q vary. This shows that eF is continuous.

Corollary A.3. If X is a Fréchet space, then a set of continuous associative
multiplications fmt W X b̋X ! Xgt2J is a smooth one-parameter deformation if
and only if the map

t 7! mt .x1; x2/

is smooth for each fixed x1; x2 2 X .

Proof. The forward direction is trivial. Conversely, if t 7! mt .x1; x2/ is smooth for
each fixed x1; x2 2 X , then the map

m W X �X ! C1.J;X/; m.x1; x2/.t/ D mt .x1; x2/

is separately continuous by Proposition A.2. Since X is Fréchet, it follows that m is
jointly continuous and so induces a continuous linear map

m W X b̋X ! C1.J;X/:

Proposition A.4. Consider a collection fFt W X ! Y gt2J of continuous linear maps
and the corresponding map F W J ! Hom.X; Y /.

(i) If fFtgt2J is a smooth homotopy, thenF W J ! Hom.X; Y / is a smooth curve.

(ii) If the curve F W J ! Hom.X; Y / is smooth, then F W J ! Hom� .X; Y / is
smooth (with respect to the topology of pointwise convergence).

(iii) If X is barreled and the curve F W J ! Hom� .X; Y / is smooth, then fFtgt2J
is a smooth homotopy.
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Proof. The second statement is trivial and the third is a restatement of Proposi-
tion A.2. For the first statement, we shall prove F is differentiable, and the proof
thatF is n times differentiable follows by replacingF withF .n�1/. Fix t 2 J , � > 0,
and a continuous seminorm q on Y . By continuity of eF , there is a seminorm p onX
such that

sup
u2Œt��;tC��

q
�
F 00u .x/

�
� p.x/; 8x 2 X:

From Taylor’s formula

FtCh.x/ D Ft .x/C F
0
t .x/hC

Z tCh

t

F 00u .x/.t C h � u/du;

we see

q

�
FtCh.x/ � Ft .x/

h
� F 0t .x/

�
� sup
u2Œt;tCh�

q
�
F 00u .x/

�h
2
� p.x/

h

2

for jhj < �. Given a bounded subset A � X , consider the seminorm on Hom.X; Y /

qA.G/ D sup
x2A

q.G.x//; 8G 2 Hom.X; Y /:

Then we have shown
qA

�
FtCh � Ft

h
� F 0t

�
� CA

h

2
;

where CA D supx2A p.x/ <1. Since the right side goes to 0 as h! 0, this proves
d
dt
Ft D F

0
t in the topology of Hom.X; Y /.

Corollary A.5. Let X be a Banach space and let fFt W X ! Xgt2J be a smooth
homotopy of continuous linear maps such that each Ft is bijective. Then fF �1t gt2J
is a smooth homotopy as well. Consequently, the map F W C1.J;X/! C1.J;X/

induced by fFtgt2J is a topological isomorphism of C1.J /-modules.

Proof. That each F �1t is continuous follows from the open mapping theorem. It
is well known that the inversion map on the set of invertibles of the Banach
algebra Hom.X;X/ is differentiable. If we view fFtgt2J as a differentiable path
in Hom.X;X/, then it follows from the chain rule that the path corresponding
to fF �1t gt2J is differentiable. From Proposition A.4, fF �1t gt2J is a smooth
homotopy. The induced endomorphism of C1.J;X/ is clearly inverse to F .

There are continuous inclusions

HomC1.J /
�
C1.J;X/; C1.J; Y /

�
! C1

�
J;Hom.X; Y /

�
! C1

�
J;Hom� .X; Y /

�
;

which are linear, but not necessarily topological, isomorphisms when X is barreled.
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Proposition A.6. The canonical map

HomC1.J /
�
C1.J;X/; C1.J; Y /

�
! C1

�
J;Hom.X; Y /

�
is a topological isomorphism if either

(i) X and Y are Banach spaces, or
(ii) X is a nuclear Fréchet space and Y 2 LCTVS.

Proof. If X and Y are Banach spaces, then we claim that the domain and codomain
are both Fréchet spaces. Then the result follows from the open mapping theorem.
Since Hom.X; Y / is a Banach space, C1 .J;Hom.X; Y // is a Fréchet space.
Proposition A.1 gives a topological isomorphism

HomC1.J /
�
C1.J;X/; C1.J; Y /

�
Š Hom

�
X;C1.J; Y /

�
;

and the topology of the latter is generated by a countable family of seminorms.
If X is a nuclear Fréchet space, then there is a topological isomorphism

X�b̋Z Š Hom.X;Z/

for any Z 2 LCTVS, see [34, Proposition 50.5]. Using this and Proposition A.1, we
have topological isomorphisms

HomC1.J /
�
C1.J;X/; C1.J; Y /

�
Š Hom

�
X;C1.J; Y /

�
Š X�b̋C1.J /b̋Y
Š C1.J /b̋Hom.X; Y /
Š C1

�
J;Hom.X; Y /

�
:

Corollary A.7. If X is either a Banach space or a nuclear Fréchet space, then

C1.J;X/F Š C1.J;X�/:

A.3. Integrability and parallel translation.
Proposition A.8. A connection r onM D C1.J;X/ is integrable if and only if the
following two conditions hold:

(i) For every s 2 J and x 2Ms , there is a unique m 2M such that

rm D 0; m.s/ D x:

(ii) The linear map Pr W X ! C1.J � J;X/ given by

Pr.x/.s; t/ D Prs;t .x/

is well-defined and continuous.
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Proof. Notice that the connection d
dt

on C1.J;X/ satisfies both conditions.
Moreover, both conditions are preserved by parallel isomorphism. So an integrable
connection r satisfies (i) and (ii).

Conversely, supposer satisfies (i) and (ii) and fix a value s 2 J . By condition (ii),
the linear maps

eF W X ! C1.J;Ms/; eF .x/.t/ D Prt;s.x/eG WMs !M; eG.x/.t/ D Prs;t .x/
are continuous, and induce mutually inverse C1.J /-linear isomorphisms

F WM ! C1.J;Ms/; G W C1.J;Ms/!M

by the universal property of free modules. We’ll show that

G W

�
C1.J;Ms/;

d

dt

�
! .M;r/

is parallel. By C1.J /-linearity, the Leibniz rule, and continuity, it suffices to check

G ı
d

dt
D r ıG

for elements of the form 1 ˝ x 2 C1.J /b̋Ms . But this follows immediately by
definition of parallel translation. ThatF D G�1 is parallel follows automatically.

The second condition in the theorem can be weakened if X is barreled.

Proposition A.9. If X 2 LCTVS is barreled, then a connection r on M D

C1.J;X/ is integrable if and only if the following two conditions hold:

(i) For every s 2 J and x 2Ms , there is a unique m 2M such that

rm D 0; m.s/ D x:

(ii) Each Prs;t W Ms ! Mt is continuous, and for each fixed x 2 X , the map
.s; t/ 7! Prs;t .x/ is smooth (i.e. all mixed partial derivatives exist).

Proof. Mimic the proof of Proposition A.2 to show that

Pr W X ! C1.J � J;X/; Pr.x/.s; t/ D Prs;t .x/

is continuous.
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