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Abstract. We give a geometrical construction of Connes spectral triples or noncommutative
Dirac operators ) starting with a bimodule connection on the proposed spinor bundle. The
theory is applied to the example of M>(C), and also applies to the standard g-sphere and the
q-disk with the right classical limit and all properties holding except for § now being a twisted
isometry. We also describe a noncommutative Chern construction from holomorphic bundles
which in the g-sphere case provides the relevant bimodule connection.

Mathematics Subject Classification (2010). 58B34, 461.87; 58B32, 81R50.

Keywords. Dirac operator, noncommutative differential calculus, bimodule connections, Chern
connections, spectral triple, quantum sphere.

1. Introduction

A main difference between the well-known Connes approach to noncommutative
geometry coming out of cyclic cohomology and the more constructive “quantum
groups” approach to noncommutative geometry lies in the attitude towards the Dirac
operator. In Connes’ approach this is defined axiomatically as an operator I} on a
Hilbert space which plays the role of Dirac operator on a spinor bundle and which is
the starting point for Riemannian geometry, while in the quantum groups approach
one builds up the geometry layer by layer starting with the differential algebra structure
and often (but not necessarily) guided by quantum group symmetry, and arrives at /)
as an endpoint, normally after the Riemannian structure. This approach also should
contain g-deformed and quantum group-related examples but it is known that these
may take us beyond Connes axioms if we want to have the correct classical limit.
For example, for the standard ¢g-sphere where the construction in [17] meets Connes
axioms at some algebraic level but has spectral dimension 0.

The present paper joins up these two approaches, namely we show how within the
constructive approach we can naturally obtain spectral triples, at least up to issues of
functional analysis, from a bimodule connection on a chosen vector bundle (thought
of as “spinor bundle”), having fixed a first order differential calculus for our space
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and a “Clifford action” > of its 1-forms on the bundle. The latter plays the role of
the Clifford structure. Our construction is still quite general and we don’t assume
that the bundle is associated to a quantum frame bundle and connection induced by
a quantum “spin” connection on it as per the classical case, although that will be the
case in the g-sphere example.

An outline of the paper is as follows. In Section 2.1, we recall Connes’ axioms [13,
14] for a real spectral triple. Then in Section 2.2 we provide our main result,
Theorem 2.6, which constructs examples of these from bimodule connections at an
algebraic level, i.e. before worrying about adjoints. Section 2.3 establishes further
constraints on the bimodule connection and inner product data to have /) hermitian
and ¢ an (antilinear) isometry. Section 2.4 completes the general theory with an
explanation of how varying the bimodule connection amounts to an inner fluctuation
of the spectral triple in the sense of Connes[14].

One of the first ingredients in Section 2.2 is that the “commutativity condition” in
Connes’ axioms (see (4) in our recap below) can be seen as making the Hilbert space §
a bimodule [23], see also [1]. However, our notion of bimodule connection means a
single (say, left) connection V which admits a modified right-connection rule via a
generalised braiding [6-8,10,18,19,24,27,28]. This allows for connections on tensor
products of bimodules which will be critical for what follows and is very different
from what is meant by ‘bimodule connection’ in [23], which comes from [15] and
uses two unrelated connections, one left and one right, on a bimodule. Classically,
the latter reduces to defining two unrelated connections on the same bundle and is not
what we need. Specifically, the lack of relation between the left and right structures
means that the antilinear ¢ operator for the reality condition for Connes’ definition
of Dirac operator could not be studied. In the context of what we mean by bimodule
connections, another main tool in Section 2.2 is a conjugate bimodule whereby the
antilinear map ¢ : § — § is formulated in terms of a linear map j : § — §. We
use our previous work [6] for the conjugate bimodule connection and related matters.
Although one could view the use of bar categories here as a book-keeping device
to keep explicit track of anti/linearity, it is essential for tensor product operations
like id ® j to make sense. In the context of general monoidal categories, the idea of
bar category can be less trivial [5], but it is very useful even in the present case of
complex vector spaces and some maps antilinear.

Section 3 shows how the theory works on three examples. Section 3.1 covers
the finite geometry of 2 x 2 matrices M,(C) as “coordinate algebra”. This is of
course very well studied and we refer to [1] for a recent treatment of spectral triples
here. In our approach we start with a natural x-differential calculus Q! which is
2-dimensional over the algebra. As it happens we take the same bimodule for &,
i.e. 2-spinors. We take a natural choice of 1> in this context and fixing this data we find
a unique bimodule connection that meets our requirements of Section 2. This results
in a single spectral triple which we compute as ) = %yz ® [y? |- %yl ® [yh ]
where y* = io’ in terms of Pauli matrices. The commutators are inner derivations
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or “vector fields” on M,(C) and uniqueness means that fluctuations of this would
entail a change of either the differential structure or the Clifford structure.

Section 3.2 covers the g-sphere C,4[S?] with the geometrically correct spin bundle
8 = 84 @ §_ given by g-monopole sections of charges £1 as used in [26]. This
uses the standard 2D differential calculus coming from the 3D one[31] on C,[S U],
a Clifford action > given by the holomorphic structure introduced in [26] and a
g-monopole principal connection [11], all of which led to a g-deformed I} in a
quantum frame bundle approach. Our new result is that the relevant covariant
derivative on & is in fact a bimodule connection and we find a § and inner product
(given by the Haar integral) so that all the axioms (1)—(6) of a real spectral triple of
dimension 2 are satisfied at the pre-functional analysis level except for one: we find
that ¢ is necessarily not an isometry but some kind of twisted g-isometry in the sense

(F(@). )N =a= (s "W). ). Vo. v € 8+

where the brackets are the Hilbert space inner product and ¢ is the automorphism that
makes the Haar integral a twisted trace in the sense of [22]. We identified §+ with
degree F1 subspaces of C,[SU,] under the U(1) action of the quantum principal
bundle. More precisely, we obtain a 1-parameter family of ) where a parameter
extends the Clifford action from the canonical choice § = 1in [26]. Our construction
is different from another attempt at the g-sphere Dirac operator with 2D spinor
space [16], where the ‘first order condition’ (see (6) in our recap below) had to be
weakened to hold up to compact operators, which is not our case. Section 3.3 is
our final example, the quantum disk C,[D] as in [20], where we find again that
everything works up to completions to give a dimension 2 spectral triple, for our
choice of bimodule connection, aside from g being required to be a twisted isometry.
The Clifford structure is similar the the ¢g-sphere case and we again obtain a moduli
space of examples as we vary a real parameter.

Section 4 returns to the general theory with a noncommutative framework for
holomorphic bundles and their associated Chern connections along the lines of [12].
At least in the nice case of the g-sphere this provides a more direct geometric route to
the bimodule connection that we used for the Ip operator as well as the Levi-Civita
connection in [26] (i.e. without going through the frame bundle theory). This is
computed along with the other examples in Section 5.

We also note [30] which has a similar starting point of a differential algebra
equipped with a metric and which contains some steps towards a more analytic
treatment.

2. Connes spectral triple

This section starts with a short recap of Connes’ axioms of a spectral triple and
then proceeds to our main results about the construction of these from bimodule
connections.
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2.1. Real spectral triples at an algebraic level. At the pre-functional analysis level,
areal spectral triple in dimension n mod 8 consists of certain data [14] which we list
as follows:
(1a) A Hilbert space #, with inner product ({,)) antilinear in the 1st argument. A
faithful representation of the a x-algebra A on J¢ such that for all a € A and

¢. ¥ e H,
{(a*.y. ¢) = (V. a.9))

(1b) Operators y, Ip (both linear) and ¢ (antilinear) on # obeying ($v, dp) =
(¢, v), y* =y and P* = Ip. (For odd dimension we may take y to be the
identity.)

Q) §%2=e€9dy =€"yd,v> =1,[y,a]l =0, foralla € A.
(3) By =(=)""yp.
@) [a,gdbgd™ '] =0,foralla,b € A.
(5) ¢D =€Dg.
6) [[P,a],$bg~ '] =0, foralla,b € A.
The signs €, €/, €” in {-+1, —1} are taken from a table according to n mod 8:

n |01 2 3 4 5 6 |7
e 1|1 |-1|-1|-1]-1| 1|1
e |1 -1]1 1 1 [-1| 1|1
e |1 -1 1 -1

We have grouped the axioms here into (1) that relate to the Hilbert space structure
and ultimately to functional analysis, and the remainder which are more algebraic.

2.2. Construction of spectral triples from connections. Take a star algebra A with
a star differential calculus (£2,d, A), and a left A-module §. The first proposition is
also the starting point of [23].

Proposition 2.1. Suppose we are given an antilinear map § : 8 — 8 and a linear
mapy . 8 — & satisfying properties (2) and (4). Then there is a bimodule structure
on &, with right action, for ¥ € 8 anda € A

Va=ga*d 'y,
and y is a bimodule map.

Proof. Property (4) states that the left and right actions commute. The condition
[y, a] = 0 shows that y is a left module map. Then

yga*g—l — 6//gya*g—l — 6//ga* yg—l — ga*g—ly ,
so [y, $a*¢~1] = 0, so y is a right module map. O
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Now we assume the conditions for Proposition 2.1, and examine some of the other
conditions, given a particular construction for /3. First, however, we need to define
a bimodule connection.

Definition 2.2. A left connection Vg : § — Q! ® 4 § on § is a linear map obeying
the left Leibniz rule

Vs(a.¢) =da ® ¢ +a.Vg(¢),

fora € A and ¢ € §. A left bimodule connection is a pair (Vg,0s) where Vg is a
left connection and 05 : § ® 4 Q' — Q! ®4 § is a bimodule map obeying

03(¢ ®da) = Vg(p.a) —Vs(d).a.

Note that we have a single connection, with a left Leibniz rule and a modified
right Leibniz rule. This is the definition of bimodule connection used in [6-8,10,18,
19,24,27,28] among others, and is defined in that manner so as to enable the tensor
product of connections.

Proposition 2.3. Suppose that (Vg,os) is a left bimodule connection on 8, and
that > : Q' @4 8 — 8 is a left module map. If we define Ip = 1> o Vg then
[D,al¢p = da>p. Then (6) is equivalent to > being a bimodule map, and (5) is
equivalent to

€ g[P.a*197 "¢ =>(0s(¢p ® da)).

Proof. The first statement is given by
>oVg(a.¢) =>(da®@¢+a.Vgp) =dar¢ +a.(>)(Vsd),

as Vg is a connection, and the comment on bimodule maps is then immediate. If Vg
is a bimodule connection we have D (¢.a) = >(0g(¢ ® da) + (IPp).a. On the other
hand, using (5) for the 2nd equality,

D(p.a)=D(Ja*d7'¢p) =€ gPa*g 7' ¢ =€ $P,a*1¢ "¢ +€ ga* DI "¢
= g[B.a*1¢7"¢+ ga* 3 P =€ F[P.a*1g "¢ + (Dg).a .

so the condition stated follows from (5). The argument is clearly reversible and (5)
holds if the condition stated holds for all a, ¢. O

Now we examine how to satisfy the conditions on y in terms of the connection
and the “Clifford action” >:
Proposition 2.4. If there is a bimodule map y : 8 — 8 with y*> = id, which
intertwines the connection Vg (i.e. Vgy = (id ® y)Vs), and has
yob=-—20o(id®y): QU8 —>8, Joy=€¢y04:8—>38,

then (ID, d.y) satisfies all the conditions which include y in (2)—(6) for an even
dimensional spectral triple.



674 E. Beggs and S. Majid

Proof. There is only one nontrivial thing to check,

yB(@)=yo(>)Vsp=—(>)o(i[d®y)Vsp =—(>)0oVsyp = —P(¢). O

At first sight it might seem that satisfying the conditions for § would be very
similar to the case for y. However, this is not the case. The problem is that
(id ® §)Vs is not even defined. In a tensor product over the complex numbers,
we have it ® ¢ = £ ®i¢p € Q' ®4 8. Now applying (id ® ¢) to this gives
iE® ¢ = —& ®ig¢, a contradiction unless both sides vanish. All this is before
we actually look at the ® 4 part, and find more problems in that elements of A are
multiplied on the wrong side. Basically, tensor products and antilinear maps do not
mix. Our problems are resolved if we are more careful and use the conjugate of a
bimodule.

Definition 2.5 ([6]). The conjugate of an A-bimodule E is written E, and is identical
to E as a set with addition. We denote an element of E by e where ¢ € E, so that
they are not confused. The complex vector space structure, fore,g € E and A € C is

et+g=e+g, Ae=A*e.

The A-bimodule structure is given by a change of side, fora € A,

ae=ea*, ea=a*e.
For bimodules E, F, a bimodule map 6 : E — F gives another bimodule
map 0 : E — F by 0(¢) = 6(e). There is also a well defined bimodule map
YT:E®yF— F ®4 E flipping the order, defined by, fore € E and f € F,

Y(e® f)=/f®e

Note that we do not use bar as a complex conjugation operation, on elements
it is purely a book-keeping notation for the antilinear identity map. In fact, if we
want to take the complex conjugate of A € C, as above, we write it as A* € C to
avoid confusion. The alternative, as stated above, is to be incapable of incorporating
antilinear maps into tensor products. With this notation, an antilinear map can be
regarded as a linear map into the conjugate. The flip map Y simply implements a
change of order implicit in taking conjugates.

To illustrate this, we again consider the antilinear map g, but mapping into the
conjugate 8. Defineamap j : § — 8 by j(¢) = 4¢, and this is a linear bimodule
map, as we now show, fora € Aand ¢ € §,

jag) =) = gag=19¢ = §(p).a* = a.g(¢) = a.j(9).
j@.a)=j(gaF7'9)
=arg g =card o =cd'pa=gpa=j@¢)a.
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The other antilinear map we will need is the star operation on €2, extending the star

operation on A. We define the bimodule map * : @ — Q by x & = £* for & € Q.
Recall next that given a left bimodule connection (&,Vg,os) where og is

invertible, we have a conjugate left bimodule connection Vg on § given by [6]

V(@) = (» ' ®id)Y 057 1Vsé . (2.1)

The condition for j to intertwine the left connections is (id ® j)Vg = Vg j, or

(d® j)Vsp = V5 j(¢) = Vz(d¢) = (x ' ®id)T 05 1Vs(dg). (2.2)

The difference (id ® j)Vs — Vg j is a left module map, so to check the difference
is zero, it is enough to do so on a set of left generators for §. Using (2.2) we can
calculate

Dgop=vVs(dd) =50sT ' (»® j)Vs¢,
IPy=jPp=j>)Vsh.

To satisfy property (5), we need j (>) = €’ 505 Y !(*» ® j), which we can restate,
using £ € Q' as

FEvg) =€ ()os(dP @ 7). (23)

The reader may complain that we have used antilinear maps in the tensor product
in (2.3), but we have used them in both positions with a swap, which is legal. As
long as we keep up the bookkeeping, all conjugates and antilinear maps stay legal.

We summarise the above results in the following theorem, stated in bimodule
language. Note that we have not yet discussed the Hilbert space structure, we only
refer to conditions (2)-(6). We denote by bb the canonical identification s +— sofa
bimodule § with its double conjugate.

Theorem 2.6. Suppose that 8 is an A-bimodule and j : 8 — 8 a bimodule
map obeying j j = e€bb : 8 — 8. Suppose that (8,Vs,0s) is a left bimodule
connection, where o.g is invertible, and that (id® j)Vg = Vg j for Vg the conjugate
left connection on 8. Suppose that > : Q' ® 4 8 — 8 is a bimodule map obeying
J) =50 Y M (x®j). Thenl) =0V :8 — Sand d : 8 — 8 defined by
Jj(@) = $(p) satisfy conditions (2)—(6) for an odd spectral triple.

If there is a bimodule map y : 8 — 8 with y*> = id, which intertwines the
connection Vg, and has

yor=-—1o(id®y): Q@48 —>8, joy=€¢yoj:8—>35,

then (I, 4. y) satisfies the conditions (2)—(6) for an even spectral triple.
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2.3. The complex valued inner product. A hermitian inner product is antilinear
in one position (in this case the first) and linear in the other, so it may be guessed
that it appears rather more natural when we use conjugates. If we take a linear map
(,) : 8 ®48 — C then we have the right antilinearity properties, and explicitly
writing the antilinear identity we have, fora € A and ¢, ¥ € §,

(V.a.9) = (V.a.9)) = (a*.v¥.9) .

which is the equation in property (1a), with explicit conjugates added. We have used
the standard comma for inner product, but with the conjugate modules notation we
could equally consistently have written ( ® ¢)) instead of (v, ¢)).

As we have an antilinear map J, we can define a bilinear inner product, rather than
a hermitian inner product, by (,)) = {,) o (j ® id) : § ® 4 8 — C. This is now
complex linear on both sides while the property of ({, )) under complex conjugation
of the output appears now as (¢, p)* = e(J¢, §¥)). Then the isometry condition

(dv.4o) = (&, v) for & is now equivalent to (¥, §)) = € (4, V), and this
reduces to, forall ¢, ¥ € &,

(V. 9) =€(9. V). 24
Meanwhile, (DY, ¢)) = e(g BV, ¢)) and (', Bg)) = e(dv, D)), so assum-

ing (5) and relabelling v, we see that I) being hermitian is equivalent to showing
that

€(Dy.¢) = (V. D). (2.5)

In the examples we shall deal directly with the definition of [} being hermitian, but
it is interesting to note some conditions on the bilinear inner product which would
imply that /) is hermitian. Note that bimodule connections extend canonically to
tensor products.

Proposition 2.7. For Ip constructed as in Theorem 2.6, suppose
0=()o(>idVsgs : § @48 - C,
and also that
(,)o((>)os®id) =—€'(,)o([d®>): 8R4 ' ®48 - C.
Then D is hermitian.

Proof. By definition of the connection on tensor products, the first equation is
explicitly
0=@)oP®id)+ (.)o((>)os ®id)(id® Vs) .
and application of the second displayed equation gives (2.5). O
Note that we do not require that {(,)) is the composition of a positive linear

functional with an A-valued hermitian inner product, nor that Vg hermitian metric
compatible (but both of these further features will apply in the g-sphere example).
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2.4. Inner fluctuations. Givenabimodule L, thereis a functor §7, from the category
AM 4 of A-bimodules to itself given by &1 (E) = LOJEQRy4L, sending a bimodule
map 6 : E — F toid ®  ® id. If we have a given isomorphism L ® 4 L = A of
A-bimodules, then

GL(E)®4S.(F)=L®4E®4LO4LR®4FR®4L = G (E®4F),

so the functor preserves the tensor product.

The description of Morita contexts can be found in [2] (and a C*-algebra
description in [29]), and involves a bimodule L so that the tensor product of L
with its dual, both ways round, is isomorphic to A, and the two isomorphisms obey
associativity conditions. The special case we have is where the dual of the bimodule
is its conjugate, and we get a non-degenerate inner product. In [3] this case is shown
to give rise to an integer graded star algebra which is L ® 4 --+ ® 4 L in positive
degrees and L ® 4 - -- ® 4 L in negative degrees. This star algebra can be thought of
as the algebra of functions on a principal circle bundle on the noncommutative space,
an idea defined formally in terms of a quantum principal bundle or Hopf—Galois
extension [11].

Suppose for the sake of discussion that we can find elements ¢ € L and x € L
which are inverses under the product, i.e. ¢ ® x corresponds to 1 € A. It will be
convenient to write this identification as an inner product {,); : L®4 L — A. Then
there is a linearmapc ® —® x : £ — §1(F) given by e > ¢ ® e ® x, which is
not necessarily a bimodule map. However it does have the tensorial property

(c®—®x)R(c®—®x)

E®qF G1(E)®46L(F)
Wﬁ o~
G9.(E®4F)

Now suppose we have a left bimodule connection V; : L — Q! ® 4 L and
invertible o7 : L ® 4 Q! — Q! ® 4 L. If the connection preserves the inner product
we get

(d® (. )(Vr®id+ (0 ®id)(id® V1)) =do (,): L®4 L —> Q' ,
and from this, remembering that the inner product is invertible,
o7 'Vi@© ®x=-c®VL(x).

As x is invertible, we can write V7 (x) = k ® x for some k € Q!, and then we
deduce o7 ' V() = - ® k.

Now return to the assumptions and notations on the left bimodule connection
(8,Vs,05) and the action > : Q! ® 4 8 — § which earlier we related to the Dirac
operator. Define an action of Q! on LR®48R4L by

R =([{[d®>id)(07 'E®Y)®¢ ®x)
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and the Dirac operator g, (s) is the composition of this with the standard tensor
product covariant derivative,

Vr®id®id+ (o ® id ® id)((id ® Vs ® id) + (id ® 05 ® id)(id ® id ® V1)) .
On taking the composition we get some simplification, giving
Dy, s) = (o7 'Vprid®id +id® Ps ®id
4+ (d® (»)os ®id)(IdRid® VL) .
Now consider the commutative diagram,

s E®—®x§L (5)

ng jlpﬁL(é’)
8 ——=9.(8)

where the bottom line is
Pr— X Ds(P)Rx—CRKkPPRXx+C® (>)og(p k) @ x .

This can be rewritten as

S E®_®X§L (8)

Lng-H% jlng(S)
s E®—®x§L (5)

where K : 8§ — 8 for k € Q! is given by
k() = (P)os(Pp @ k) — k> .
Rewriting (2.3) gives (k*>d71¢) = € (>)os(¢ ® k), 50
f(@) =€ g g™ d) —krd.

If we follow [14] and specialise to the case where L is A, then we can choose x to be
a unitary, in which case k* = —k, and we have

R(p) =—€ geg™'¢) — k>,

in agreement with the usual formula for inner fluctuations. In [14] it is explained
that the inner fluctuations of the standard model of particle physics correspond to
the gauge bosons other than the graviton, and arise via the mechanism of Morita
equivalences.
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3. Examples of bimodule connections and Dirac operators

Now we shall give three examples of our geometrical construction of Dirac operators
from bimodule connections, on a matrix algebra, a quantum sphere, and a quantum
disk.

3.1. A Dirac operator on M>(C). Take the algebra A = M, (C), with calculus
Q' = e Q% = My(C) & My(C),

which we also write as Q1'% = M, s and Q1" = M, ¢, where s = 1 & 0 and
t = 0@ 1 are central elements (including st = ts), and to have a two dimensional
calculus we impose s? = t2 = 0. The differential d is the graded commutator

[E125 + Exit,—}

(i.e. the commutator when applied to even forms, and the anticommutator on odd
forms). This is a star calculus, where we use the usual star on matrices and s* = —¢.
Take an ansatz for a particular Dirac operator on the left module

8 == Mz((C) D Mz((C) 5

with the action of matrix product on each summand. The Hilbert space inner product
is (x ®u,y ®v)) = Tr(x*y + u*v). Define I} by the following formula,

D(x ®u) = (diu + ucy) ® (dax + xc3) ,

for matrices ¢;, d;. Now

(P(x@u),y ®v) = ((diu +ucy) & (dax + xc2), y S v))
=Tr(u*d{y + cfu™y + x*djv + c5x*v) ,
(xeu.D(y®v) = (x@u,(dv+ve)) & (d2y + ye2)))
=Tr(u*dyy + u*ycy + x*dyv + x*vey) .
To have ) hermitian we need d» = d; and ¢; = c¢f. Define § : § — § by
J(x Du) = (—u*) ® x* soe = —1. Now we have $bd ™' (x Du) = x b* ®ub*.
Next
FD(x ®u) = (—(dix + xc})*) & (diu +ucy)*,
DPI(x ©u) = (dix* +x"c1) ® (—dju™ —uc]

so ¢c; = —d; gives € = 1. Now the grading operator y(x & u) = (—x) ® u
completes the set of operators for dimension n = 2 with €” = —1. We calculate

[(D,al(x ®u) =[dy,alu & [d],a]x .
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To fit with the differential structure we set d; = E5, and seek > so that da>(x Hu) =
[D,a](x & u) or

([E12.4] @ [Ez1.a])>(x @ u) = [E1z2.alu & [Ea1,a]x

which we solve by defining the action of Q! as (p ® ¢)>(x ®u) = pu ® g x. The
required connection Vg is then

Vsxdu)=dx (10 +du®@0e1),
and a little calculation gives, for £ € Ql = M, & M,,
os(xPuU)RE) =x£((100)+utx0O®l).
With these choices we then verify the condition in Proposition 2.3,

F1D.b1¢7 " (x D u) = u[E12.b*] ® x[Ez1, b*]
=vp0((x ®u) ® ([E12,0*] @ [E21.b%]))

so this proposition applies. Similarly, we can check directly that

(Fxr@u). gy &) = ((—v*) & y*, (—u™) & x7))
= Tr(vu™ + yx*) = (x ®u.y & v))

so ¢ is an isometry. We can also recover this and that Ip is hermitian from our
deduced data and application of Section 2.3.

To compare this with the known classification of spectral triples on matrix
algebras, we refer to [1]. We write § = C2? ® M,(C) by writing x ® u as a
vector, where x,u € M>(C). We take the signature (0,2) Clifford algebra with

{y',y/} = —28;; given by y' = io’ in terms of Pauli matrices, i = 1,2. We set
y = i3y!y? = —o3 which agrees with the one above. We also need an antilinear C
such that C? = € = —1, (Cv,Cw) = (w, v) for the standard left-antilinear inner

product on C2, and Cy* = €'y’ C = y*C. The operation

“(2)-(

does the job and § = C ® ()* then gives the same g as above. Finally, our Dirac
operator can now be written as

1
p=—30'el -y ek’
which is a specific member of the general class of spectral triple here (where
commutators in general are by arbitrary antihermitian matrices). We have seen
how this arises naturally from an action > and a bimodule connection.
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3.2. A Dirac operator on the noncommutative Hopf fibration. We follow the
construction of the g-Dirac operator on the standard g-sphere as a framed quantum
homogeneous space in [26] but with a couple of constant parameters (which can be
seen as normalisations) and now with consideration of %, § and an inner product
which were not covered there. We recall that the algebra C,[SU,]| has generators
a,b,c,d, which are assigned grades |a| = |c| = 1 and |b| = |d| = —1 and we use
the conventions where ba = gab etc. The standard g-sphere A = C,4[S?] is the
subalgebra of grade zero elements in C,4[SU,]. The usual 3D calculus for C4[S Us]
in [31] has basis 1-forms e°, e* of grades |¢®] = 0 and |e®| = +2 and bimodule
commutation relations e®x = ¢2*lxe? central and e*x = g*xe®. For a calculus
on the sphere, we take the horizontal forms (with basis e* of grade |e*| = +2), and
then the grade zero submodule. This means that - and Q%! for the cotangent
bundle on the g-sphere can be identified with the grade F2 subspaces of C,[SUs,]
respectively. Note also in this construction that both ! and the horizontal forms 2/,
on C4[SU,] are free modules (with basis e*,e% and e respectively) so we have
a canonical projection 7 : Q1 — Q[ of free left C,[SU,]-modules which will
be useful in computations, given by e® + 0. This is the set-up for the quantum
Riemannian geometry of the standard g-sphere as a quantum homogeneous space
from the quantum Hopf fibration [26]; the g-monopole connection on the quantum
principal bundle induces a canonical choice of “quantum Levi-Civita” connection
on Q! = Q10 ¢ Q01

For the spin bundle we similarly set generators f* with grades | f*| = %1,
and 84 to be the grade zero elements in C,[SU,]. f*, with 8 = 8, @ 8_. Suppose
that the generators commute with all grade zero algebra elements. In other words,
&+ can be identified with the grade F1 subspace of C,4[SU,] and as a (bi)-module
over C,[S?] (which means that f* commute with elements of A). This is again the
set-up used in [26] for the spin bundle as charge +1 g-monopole sections and again
the g-monopole induces a covariant derivative Vs : 8§ — Q! ® 4 8. This is well
known and given explicitly by

Vs(x fT4+y f)=ndxa®d.fT—q¢ 'ndx.c®b. f*
+rndyd Qa.fm—qundybQc.f .

One can check that this is a bimodule connection with

os((xfT +yf7)® fe*) =xfef(a®d —q 'c®@b) ft
+yfefd®a—gb®c)f~

for f of grade F2.
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For the action > of ! on the spinors which preserves grades, we follow [26]
and set

feteyfT=a fyft. feTexfT =P fxf7,
Q098 -8, »:Q% eS8, >S5
and other grade combinations zero, where we have explicitly inserted two constant
complex parameters o, § (one could absorb one of these in the normalisation of
the f¥). Apart from the constant parameters, this is just the product of the appropriate
grade subspaces inside C,[SU,] as in [26].

If we write wdx = d1x e™ +0_x e, the Dirac operator ) = (>®id)Vs comes
out for [x| = —l and |y| = | as

DB fr+yf)=aqg oty fT+Bgo_xf~

which apart from the «, 8 weightings completes our recap of the Dirac operator
introduced in [26]. The grading bimodule map is given by y = +id on 8.

The new ingredient we need beyond [26] is §l. We set §(xf*) = £6F1 x* fF
for § real, giving € = —1 and €” = —1. The connection preserves j since it vanishes
on the generators, while using e** = —gTle™ we get

>)os(F(x fH R (ye)) ==8q()os(x* [~ ®et y*)
=8¢ ()os(x* [T @y eT)
= —8q_1(>)(x* y*etd®a—gb® c)f_)
= —8q_2(l>)(x* y*(det ®a—gbet ® c)f_)
= _aSq 2ty fT

(>)os(@x [T @ (ye")) =8¢ (P)os(x* [T ®e™ y™)
=8"'q()os(x* fr @y eT)
=8Tqe)(x*y e (@®d—q @b fT)
=8¢ () (x*y (ae" ®d —q 'ce” ®b) fT)
R

Referring back to (2.3) with ¢/ = 1, we need to compare these results with

Frevx fH=gByxf)==8"p" ()" ",
Foeox ) =glayx fM)=8a"(yx)" f7.

In the case €’ = 1, (2.3) becomes the condition

§2a* = B 4>, (3.1
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for ¢ real, which requires that /o is real. Assuming the latter, we therefore define §
as the (say, positive) square root of g2 /a* and have now satisfied all the algebraic
axioms (2)—(6) of a spectral triple with dimension » = 2, by Theorem 2.6.

Next we define a positive hermitian inner product (,) : § ® 4 § — A by the
following, for some p > 0,

(g fr+x oy [Py ) =x yp +pux Tty

So far we have an A-valued inner product, but we really need an honest C valued
inner product for a Dirac operator. We define

S (et Ae
JSet ne™

(.)=

where [ is the de Rham cohomology class in HjR(Cq[Sz]) ~ C. This gives a

hermitian inner product {(,)) : § ® 4 8 — C. (This is just the Haar integral of the
A-valued inner product.)

Proposition 3.1. For {(,)) defined by the Haar integral and 1 = q8 2, I} is
hermitian.

Proof. We have, using our notations,
(P fH.yf)=p"q-xfyf7)=B"qu@-x)*y,
(X fH B =ag (x fH oy M) =aq x*0py

forall x f+ and y f~ of grade zero. So if B* ¢ u = a we have

(TP S =BG fH).y [T =aq (x 04y —q (0-0)"y).
Using |x| = —1 and |y| = 1, with 7dx = d;xe™ + d_x e etc, we also have

md(x*y) = (x* 91y —q (9-x)*y) e + (x*d_y —¢* (3+x)*y) e,
rd(x*ye”) = wd(x*y) Ae” = (x* 94y —q (0-x)*y) et ne ™,

which gives
(x . BOFON=(B&FH.y ),

on applying the cohomology class given by the Haar integral. Taking the complex
conjugate provides the other equation needed to show that I} is hermitian. The
condition on the parameters here is equivalent to the one stated given that we already
assumed (3.1). ]
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Proceeding with /) hermitian by the above proposition, it remains to look at
the isometry property of 4. For this we note that the underlying Haar integral on
functions, [ : C4[SU,] — C, is well known to be a twisted trace in that there
is an algebra automorphism ¢ such that [ xy = [¢(y)x for all x, y in C4[SU,].
Explicitly,

S_(aibjckdl) — q2(l—i)aibjckdl
on monomials from which one can see that ¢ preserves grade and skew-commutes
with * in the sense ¢(x*) = (¢~ !(x))* for all x € Cy4[SU,].

Proposition 3.2. For ((,)) defined by the Haar integral and q # 1, & is not an
isometry but obeys

(F . f5), g O =" (s )./ x.fF), Vixl Iyl = FI
where ¢ is an algebra automorphism whereby the Haar integral is a twisted trace.
Proof. Consider, for |x| = |y| = F1,

(g(x.fj:)’ g(yf:l:)) — (isil X*f:F, :l:(g:tl y*f:F> — {52Mxy* upper Sigl’l,

8§72 x y*  lower sign,

and compare this to

y*Xx  upper sign,
(y.f5x.f%) =

uwy*x lower sign.

Given than §2j4 = ¢ and integrating, the twisted trace property tells us that ¢ is some
kind of twisted g-isometry in the manner stated. It is clear when ¢ # 1 that we can
find instances proving that g is not a usual isometry. O

Note that the Haar integral is not the only choice. If we take an ordinary trace
in the form of a linear map 7 : A — C such that t(xy) = t(yx), we can define
{(,) = t(,) in the same way, the above proof shows that we do then have § an
isometry when . = §72, but we would then lose that Jp is hermitian as this depended
on translation invariance in the form of vanishing on a total differential.

To summarise, to finish off the algebraic conditions (2)—(6) we needed o =
B*q?872 and for Ip to be hermitian we need @ = B* g i which, given the first
condition is equivalent to u = ¢§~2. However we cannot in general make ¢ an
isometry when ¢ # 1. Finally, by rescaling of the f* while preserving the form
of our other constructions (this requires f* to change by at most a phase), we can
without loss of generality set « = 1 and then have only one free parameter 8 > 0 in
our above construction, with § = \/Bq and i = B¢~ uniquely determined up to
the sign of §. Thus we have a 1-parameter moduli of Dirac operators under the above
construction, with 8 = 1 recovering the /) introduced in [26].
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Considering the results on Dirac operators on the non commutative sphere in [16],
this should not come as a surprise that we cannot obey all the conditions. There the
conclusion was to sacrifice the bimodule condition, which is (4) on our list, and
replace it by the commutator being a compact operator. However we have kept all the
algebraic conditions including the bimodule condition and Vg preserving j, kept /)
being hermitian and dropped only that ¢ is an isometry in favour of some twisted
g-version of that.

3.3. A Dirac operator on the quantum disk. There is an algebra of functions on
a “deformed disk” A = C,[D], generated by z and Z with commutation relation
zZ = q %%z — g2 + 1 and involution z* = Z with ¢ real and nonzero (see [20]).
The algebra C,4[D] is Z-graded, by |z| = 1 and |Z| = —1. Puttingw = 1 —zz, we
have zw = ¢ 2wz and Zw = g?w?Z, so for any polynomial p(w)
zp(w) = p(@ 2wz, Z.pw) = plgw).Z.
There is a differential calculus given by
dz AdZ = —q72dz Adz, zdz=¢g %dz.z, zdZz=gq %di.z,
dzAadz=dZAdz =0, Zzdz=gq%dzz, z.dz=gq%dzz.

A proof by induction on powers of w gives, for any polynomial p(w),

2 p@Pw) = pw) _ _  p(qPw) — p(w) _
w(l—q—Z) zdz —f—w(l—_qz)ZdZ.

Recall that the *-Hopf algebra U, (suy,1) is defined by generators X1, X_ and an

dp(w) =g¢q (3.2)

invertible grouplike generator ¢ % with

H_ ,—H
H _H -
47 X+q" > =q ' Xz, [Xy X = %
q9—4
H _H
AX: =X1®q2 +q 2 Q@ X1
and *-structure X} = —X_, (q%)* = q% (we follow the conventions of [25]).

There is a left action of U, (su1,1) on C4[D] (similar to that given by [20], but
adjusted to be unitary in the sense of [25], i.e. (h>a)* = S(h*)>a™) given by

X+>1 =0, q%bl =1, q%|>z =q 'z, ngi =qz,
Xipz = q_l/z, Xyp>z = _q—1/2227 X_ >z = ql/z, X_pz = —ql/zzz.
This action extends to the calculus by
g7vdz =q 'z, qFvdz=gqd?, Xipdz=0, X_pdi=0,
X pdz = —q7V2(dzz 4+ 2d2), X_bz=—q"*(zdz+dzz).
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Now we consider integration on the deformed disk. In [20] an integral is given
which has classical limit the Lebesgue integral on the unit disk, and is subsequently
used to examine noncommutative function theory on the disk. However we use
another integral, with U, (su1,1) invariance. A partially defined map [:C,[D]—C,
invariant for the U, (su1,1) action, is defined by

/wn+1: Looast
[n]q—2 -

and f applied to any monomial of nonzero grade gives zero. (We shall not go into
detail over the domain of this integral.) To spell the invariance out explicitly, we
require that the following diagram commutes:

Uq(sul,l) ® (Cq[D] = (Cq[D]

L

Ug(su11) ® C <o C

We note that there are two conflicting views of what is going on with the quantum
disk. As a unital C* algebra, C,[D] corresponds to a deformation of a compact
topological space, the closed unit disk. Classically this is not a manifold, but it is a
manifold with boundary. However the Uy (s/») action is taking us in quite a different
direction — classically it corresponds to the Mobius action on the open disk, and as
such its invariants are really related to hyperbolic space, rather than the closed unit
disk. The problem with the integral is simply that the classical volume of hyperbolic
space, under its usual invariant measure, is infinite. Recalling that w = 1 —Zzz, we
have

-1 1

z=—q Zw,

z+ q_liz2 = —q_lwz ,

q1/2X+>w =q 7%z —¢
G V2 X pw = —¢~!
q%bw =1- (ngf)(q%bz) =w,
and induction gives,
g2 X pu" = —q_lf[n]quw” , n>0.
Then
g2 X >(zw") = w" — zz[n]j—2w"
— ¢ 2n - 1],2w" + q_z[n]quw"ﬂ .

By invariance, the integral applied to this should give zero, so we get

/[n — 1]—2w" = /[n]qzwn+1 ,

which, on choosing a normalisation, gives the formula we gave for the integral.
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We next show that the integral is a twisted trace, in the sense
/ab = /g(b)a . Ya,b e Cy[D]

for the degree algebra automorphism ¢(b) = ¢! b on homogeneous elements. This
can be shown for b = z by faz = 0 unless a has degree —1, and in the —1 case
writing @ = Z p(w) for a polynomial p. The result is then checked by explicit
calculation. A straightforward inductive argument then extends this result to b = z™
and similarly for negative degrees.

Next we take generators {s,5} of a spinor bimodule &, with relations for
homogenous a € C4[D],

lal . <

sa=q¢%as, 5a=q¢%35,

where the power of ¢ in the commutation relations is half that for the relations with dz,
dz. Suppose that Vg(s) = 0 and Vg(5) = 0, then define

dzes =aws, dzps=Bws, dzxs=0, dzrs=0,
for two parameters o, 5. We have

o5(s ® da) = Vg(s.a) — Vg(s).a = ¢ Vg(a.s) — Vsg(s)a = ¢¥da ® s,
0s(3®da) =¢¥da ®35.

. . . ) 9a 1=
Then the Dirac operator is, writing da = 57dz + 52dz,

D(a.s) = (g—‘Z‘dz + %dé)bs = ,8(3—) ws,

0z
D(as) = (g—‘;dz + g—‘;dé)bi = a(g—‘Z’) ws .
We set y(s) = s and y(s) = —s.
Next we set g(s) = 85 and 4(5) = —8~!s for some real parameter §, giving
€ = —1 and €” = —1. Since Vg on the generators is zero, it is clear that the

connection preserves j. We compute using the definitions and commutation rules
above that

(>)os (§(as) ® dz) = §(>)os (5a* ® dz)
= 8q¢""(>)(a"dz ® 5) = 84" la*aws

(dzvas) = ¢* g (adzvs) = g7 (Baws)

= B*d(was) = p* (=5 )s(wa)*

— _ﬁ*g—lqla*\a*ws
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for all a of homogeneous degree. Similarly for the other cases. Hence (2.3) holds
with €’ = 1 provided
$qa = —B*. (3.3)

We assume this and Theorem 2.6 then tells us that (2)—(6) hold with dimensionn = 2.
Finally, we define a positive hermitian inner product (,) : § ® 4 § — A by the
following, for some u > 0,

(sayr +5a_,sby +5b_)=ay*why +pa_"wh_

forall a4, b+ € A. Now we have,

(P(a5),b.s) = (@ ws,bs) =a*q™ "1™ ‘az'( 3“w 5.b)

|w wh =« qlea_zlw daxpw,

(@3, P(b.s)) = (a5, p 5 ws) = ﬂq"““'ﬁz'«v a.5 Ew)

= BB 8y = gy g gl By g 2y

=qa* q —Ibl= ‘82

If we define the complex valued inner product ((, )} by the integral of (, ), then as the
integral vanishes unless the grade is zero we find

(P(a5),bs) =a* / wi*hw,
(@3, Do) =up [wa" Eo.

Now

d(a*b) = (3 dz + %2 dz)"b + a* (3L dz + 3 d2)

= (dz 9% 4 dz 9*)p 4 a* (2L dz + %dz),

, - .\ da*b 2(161-| 32 1) a « £0b
so we get (using the previous notation) S5z~ = ¢ 2V 52*b + a* g2, so if
i B = —a™ which, given (3.3), is equivalent to

w=q 1§72, 3.4

we get
(P (a5).b.s) — (a5, D(b.s)) = /w a’b gy .

With this choice, to show that ) is hermitian all we need to show is that for all a

with |a] = —1 we have
/w g‘Z’ w=0.
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— — — _ m _
We set a = zw™ for some m > 1, and then 92 47 = dzw™ + % 3(3’2 )dz, SO

0z
98 = wm + 2 287) Now from (3.2),

% =w™" — q2 Zz [m] 2 w™
1 _ q2 [m]q2 wm—l
= [m + l]qzwm - q2 [m]qzwm_l s

q—zmg_g = [m + 1],2w™ — [m]quwm_1 .

= w" + g% w [m] 2 w™™

Now the formula for the integral shows that D is hermitian. However, note that if
we were to set a = Z, then the condition would not be satisfied. There is a condition
on the domain of /) which would classically include functions vanishing on the
boundary of the disk; we shall not pursue this matter further here.

The condition that ¢ is an isometry would require equality under the integral of

(9 (as), §(bs)) = us%awb* = ¢ 'awdb*, (bs,as) = ¢ 14 Plp*wa

on homogeneous elements. The second expression integrates to zero unless |a| = |b|
so gives ¢(b*)wa. From this and the above twisted trace property of the integral, we
can conclude that

(#(as). gbs)) = g~ (s~ (b)s.as), Va,be CqlD]

much as in the spirit of the g-sphere example. The same applies with s replaced by §
and ¢! by ¢. Finally, we have some freedom to rescale the generators s, § and using
this we can without loss of generality assume o = 1 and § < 0 say when ¢ > 0. In
that case we have a 1-parameter family of Dirac operators by our construction with

§=y—q 'p.u=-p""

4. Holomorphic bimodules and Chern connections

An integrable almost complex structure (see [9]) on a star algebra A with star
differential calculus (2,d, A) is a bimodule map J : Q! — Q! with J?2 = —id
obeying certain conditions. This basically is a decomposition of bimodules Q" =
® ptg=n2P9 withd = 3 + 9 where 3 : QP4 — QP+14 and § : QP4 — QP4H]
with 92 = 92 = Oand QP9I AQP 4 C QPTP4+4"  The direct sum gives projection
maps 774 : QP — QP

We can then define the notion of a holomorphic bundle E but note that in [9] the
basic definition of this is given in terms of a left holomorphic section. This awkwardly
lends itself to looking at hermitian inner products with the antilinear side on the right,
which is opposite to the usual convention for the Dirac operator. However, in the
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spinor bundle case we can use the antilinear isomorphism j : § — S to swap the
side of the antilinear part by commutativity of the following diagram:

S 8l 4 (4.1)

j®j—1T 0
S48

In general there is no necessity for a holomorphic bundle to have any obvious antilinear
isomorphism.

4.1. Holomorphic bimodules. A left 5—corlnection g : E — Q%1 ®4 E onaleft
module E is a linear map satisfying the left 0-Liebniz rule, fore € E anda € A

dp(a.e) =0a Qe +a.dg(e).

Definition 4.1 ([9]). A holomorphic structure on a left A-module E is is a left
d-connection dg : E — Q%' ®4 E with vanishing holomorphic curvature,
ie. (5 ®id —id A 5E)5E : E > Q%2 ®4 E vanishes. Then we call (E,SE) a left
holomorphic module. If in addition there is a bimodule map oz : E ® 4 Q%! —
Q%! @4 E so that g (e.a) = dg(e).a + op(e ® da) foralla € Aand e € E, we
say that (E, 55 ,0E) is a left holomorphic bimodule.

Now suppose that we have a hermitian inner product on a holomorphic left module.
Classically the d-connection given by the holomorphic structure can be extended to a
unique connection Vg : E — Q! ® 4 E preserving the hermitian inner product and
with curvature only mapping to Q! ® 4 E, the Chern connection. We shall show
that this is also the case in noncommutative geometry. We give two constructions of
the same connection, as both has its advantages. For one we require some material
on duals and coevaluations, and for the other we consider Christoffel symbols.

We begin with a hermitian inner product on E, (,) : E ® 4 E — A, and we say
that the left connection Vg : E — Q! ® 4 E preserves the metric if

d()=3{d® (\NVE®id) + ((,)RiD)(dOV): EQE - Q!, (42)

where V:E - E Q4 Q! is the right connection constructed from Vg by V(e) =
f ® k*, where VE(¢) = k ® f (summation of such terms understood).

4.2. Duals and coevaluations. For an A-bimodule £ we use the notation E° =
4Hom(E, A), and there is an evaluation bimodule map evg : E Q4 E° — A.
If E is finitely generated projective (fgp for short) as a left module, then there is a
coevaluation map coevg : A — E° ®4 E (written in terms of a “dual basis”) so that

(id®evg)(coevg ®id) =id: E° — E°,
(evg ®id)(id ® coevg) =id: E — E .
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Choosing a side, we suppose that (,) : E ®4 E — A is a hermitian inner

product on E (and therefore that it is a bimodule map). This hermitian inner product
is called non-degenerate if there is a bimodule isomorphism G : E — E° so
that (,) = evo (id ® G). In this case we can define an “inverse inner product”
(V' ASE®4Eby () ' =(G7! ®@id)coev.
Proposition 4.2. Suppose that (E,dg) is a holomorphic left module, where E
is finitely generated projective as a left A-module and {,) : E @ E — A is
a non-degenerate hermitian inner product on E. Then there is a unique left
connection Vg : E — Q! ®4 E, preserving the hermitian metric and obeying
(7% ® id)Vg = gE _

The (71° @ id)VEg = 0 part is given by the following diagram, where 9 : E —
E ®4 QY0 is the right d-covariant derivative defined by d(€) = f ® k*, where
k ® f = dg(e) with summation understood:

- ()

QLo E |

Proof. Note that the RHS of the diagram only depends on the value {,) ™' € E®4 E
(with the emphasis on ® 4). It is reasonably easy to see that this defines a left 0-
connection. Then applying id ® (—, ¢) to this shows that

e, o) = ([d® (,))(Ipe ®7T) + ((,) ®id)(e ® I7) .

We now need to check applying the  derivative, which means checking the equation

C ) sl i

~NOo =L )+ LS

Fl N N
|

where d : E - E ® 4 Q%1 is the right d-covariant derivative defined by 5(5) =
g®E*, where £ ® g = dg (c) with summation understood, as defined by the previous
picture. We have

(@(e.e)* = d{c,e) = (d® (,))(Irc ®2) + ({,) ®id)(c ® (@)
=&(g.e) + (e, [)k*,
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so on taking star again,

3(e,0) = (g.0)" & + (e, f)" = (e, Q) E* +x(£.0)
= () ®id)(e ® I©) + ({.) ®id) (B (e) ®T) . O
Proposition 4.3. Suppose that the conditions for Proposition 4.2 hold, and that E is a
bimodule with (E, 0g , 0 ) a left bimodule d-connection on E forog : E®4Q%1 —

Q%! ® 4 E. Then the connection Vg in Proposition 4.2 is a bimodule connection,
where o+ E @4 Q10 — Q10 ® 4 E is defined by, for n € Q1°

oE(e®n) = ((,)®id®id)(i[d® ([d®+ )T oz T (»®id) ®id)(e®n® (,) ™)

or, writing more explicitly with sums of such terms understood ( , )_1 =cQ® g and
E@k=op(c®N) B
op(e®n) =(e.k) ®g.

Proof. From the diagram in Proposition 4.2, where (,) (1) = ¢ ® g,
dg(ea) =dea®c)®g—((,)®id®id)(ea ® I7) ® g)
Ne®at)®g—((,)®id®id)(e ®a @) ® g)
de®act)®g—((,)®id®id)(e ® (ac) ® g)

+ () ®id®id)(e®Iac)®g)—((,)®id®id)(e ®ad(@) ® g) .

Nowat®g=c®g.a € E ®4 E, sowe have
Ip(e.a) =3{e®7) ®ga—({.) ®id®id)(e ® 1) ® ga)
+ () ®id®id)(e®Iat)®g) —((,)Rid®id)(e ®a i@ Qg) .
so we have
I (e.a) —dp(e).a = ({,) ®id)(e ® (d(c.a*) —ad(©)) @ g .

Now 0g(c.a*) = dg(c).a* + o(c ® da*), and if we put k ® f = dg(c) and

§®k = og(c ® da™) then
dca®)—ad@©@) = fa* @k  +k®E —a fQk* =k QE*,
giving
de(e.a) —0g(e)a = (e.k).E*®g.
Finally we use
MA@+ HYor Y '(*®id)(da ® ) = k ® £,

which gives the result. O
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4.3. Christoffel symbol approach. We shall use the matrix formalism for finitely
generated projective modules and results given in [6]. Of course the use of projection
matrices for finitely generated projective modules is long established, but the use of
matrices for inner products and Christoffel symbols in noncommutative geometry is
more recent.

Suppose that E is a left finitely generated projective module, and fix a dual
basis ¢! € E and ¢; € E° for 1 < i < n, where E° = 4Hom(E, A). Then
Pj; = ei(e’) = ev(e/ ® ¢;) is a matrix with entries in 4, and P? = P. We can
describe a left covariant derivative Vg by Christoffel symbols, defined by

Il = —(id®ev)(Vee' ®@ep) € Q1 (4.3)
so we have
Veel = —Ti ® ek . (4.4)

Fit the Christoffel symbols into matrix notation by setting
M)y =T (4.5)

Then a necessary and sufficient condition that T" € M, (') is the Christoffel symbols
for a left connection on E is that

rp=r, I=°PI—-dP.P.
The curvature of the connection is given by
Re(e') = —(dAT + T AT).P)ix ® e .

Suppose that we set g/ = (e?, Z), so the hermitian condition gives giu* =g/t
This corresponds to the invertible bimodule map G : E — E°being G(e!) = e;.g7",

and we write the inverse as G~ !(e;) = g; j.e/, where without loss of generality
we can assume that g;;.ev(e/ ® ex) = gix. It is convenient to define matrices
g*. ge € My(A) by

(go)ij = gij» (gNij =g" . (4.6)
and then we have
g =g"., g =8, g°¢e=P, gP=g., Pg*"=g". 4.7

Proposition 4.4. Given a fgp holomorphic left A-module E with a hermitian metric
(,): EQE — A, thereis aunique connection Vg : E — QYQ 4 E, called the Chern
connection, which preserves the hermitian metric and for which (%! ®id)Vg = Ak,
the canonical d-operator for E. If we write T' = Ty + T'_, with Ty € M,(Q?)
and T_ € M, (Q%Y), then T_ is determined by 35 and

—Ty =0g%ge+¢°* (T-)" go .
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Proof. Take a dual basis (e, e;) for E, and set Vg (') = — F}; ® e?, using the
definition of the Christoffel symbols in (4.3). Then the equation (4.2) for preserving
the metric evaluated at ¢! ® e/ becomes

dg’ = - (, NI ®e"®el) —((,) ®id)(e' ® e ® ([})*)
= —T,gY —g"*([T)".
Applying 710 to this gives
7 0(dg”) = = (Tg) g — g (1))
= -0y g — ' (x™(T]))".
which is rearranged to give the answer. O

Proposition 4.5. The Q%2 and Q*° components of the curvature of the Chern
connection in Proposition 4.4 vanish.

Proof. First
Rp(e') = (d®idg —id A VE)VE() = —dTM, ® e + T4 A VEe?
= —dl,®e! —Ti, AT ®e? = —(dT, +T7; ATY ) Py ® €.

The %2 component of the curvature vanishes because dr has zero holomorphic
curvature. From Proposition 4.4,

0L = 0g° Ndge —0g° AT_"ge—g* d(F-") ge +g° T_* A 0ge ,
Fy AT, =0g°.geN0g°%.ge +0g° AT _* g,
+g°T_"genig® ge+g" T_*AT_"g.,

and then

3F+ + I'+ AN I'+
= (08° + 8°T-") A (0ge + g0.0g".80) —g° I(-") ge + g" T_-" AT " g,
= (08" +8°T-") A (0ge + go.08°.80) —8* (T +T_AT_ )" g,

and the last bracket vanishes as it is just the holomorphic curvature of the holomorphic
connection. Then

(0ge + g0.08°.80).P = 0(P").ge
and
(ag. +g. F_*)P* — 8g. +g. 1—1_* ,
SO
(8F+ + F+ A\ F+)P = (ag' + g' F_*)P* AN 8(P*)g.

where Q = P* = g.g*® obeys 02 = Q. Differentiating this gives 0.0 =
(1-0).00,s0 0.00.0 =0. O
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5. Examples of Chern connections

5.1. The Chern connection on 210 for M,(C). For the algebra A = M,(C),
the decomposition Q! = Q10 @ Q%! of the differential calculus gives an integrable
almost complex structure. The complex differentials are given by the graded comm-
utators 0 = [E,s, —} and 9= [E21t,—}. There is a Riemannian structure

udv,x®y)=ux*+vy*ed,
and this can be converted to a Hilbert space inner product by taking the trace.
Now put a holomorphic structure on the bimodule E = Q0. For the
holomorphic connection dg use
10 2 o112 qo 1,0
QY — QY — QY ®M2(<C)Q’ ,

where we have used the fact that A @ Q%! Q) 1 — Q! is a bimodule
isomorphism. We check that this is a left d-connection, for £ € QLo

@& =A""'10anE+a.08) =0a®E+a.dp(E).

The curvature of this d-connection maps to 2%? ® Mo (C) 2 1.0 and thus must be zero
as we set s2 = 2 = 0, thus we have exhibited a holomorphic structure on £ = 2 1.0,

We take the single basis element s on £ = Q1:0. As R (s) =2 E>t ®s we get
the Christoffel symbol I'_ 1 = —2 E5;¢. We take the metric

(bs,as)=ba*,

so g*®is a 1 by 1 matrix with the single element g'-! = 1. Then by Proposition 4.4

Ty =—(-2Ent)" = -2Es,
so we have

VE(E) =2E125s®s+2Et®5s.
We get a bimodule covariant derivative, as

Ve(s.a) —VEg(s).a =Vg(a.s)—Veg(s)a=da®s+[a,VE@l)]=—da® s,
which extends to the map
op(as®&)=—at®s.

This gives a natural bimodule connection on ©!:° which classically on a Kahler
manifold would be part of the Levi-Civita connection for the hermitian metric. Note
that in Section 3.1 we have coincidentally taken S = Q1% @ Q! as a bundle but
in this example the Chern connection is not the one used there to construct the I
operator.
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5.2. Chern connection on the standard quantum sphere. On A = C,[S?] take
the holomorphic connection on § (generated by f * as given earlier) given by
Is, : 8+ — Q¥ ®4 84, where

ds, (x fH)y =0xk1 ®@ka f T,

wherek =a®d —q 'c ® b = ki ® k in a compact notation with summation
understood. (Note dx denotes taking the e~ component of wd.) This has zero
curvature as %2 = 0 and we are in the case where the grading operator y splits
the spinor bundle into two parts, one of which is holomorphic. Now we use (4.1) to
switch the side of the antilinearity on the inner product in Section 3.2 as follows:

(e fToy ) =G fH). g7 0. fD) = Bx* [ 8y" f7) =8 puxy”.

For ) to be hermitian, Proposition 3.1 gives §2j4 = ¢, but as in fact we will only
be interested in the inner product on §, we are free to absorb this ¢ factor in the
normalisation of the inner product and hence we omit it in what follows. Then we
can write (,)" (1) = kT.f* ® kp. fT. Then the formula in Proposition 4.2 gives

05, (x f1) = x [T AT fF) @k f T
— () ®id@id)(x [T @ K] fT) ®ka.fT) .
Now, where k| ® kJ is an independent copy of k,
0s, (ki.f1)=0k{ki®Kky. [+
$O
0s, (x fHY=0(x fr@kf.fH)®kaof ¥ = (x fH K5 fF) QkT kD" @ ko f T
= d(x k) @ ka. [T —x (kp)* (k})* 9k, @ ko fF
=0xk; ®@ko fH.
Thus the Chern connection is just
Vs, (x f1) = ndx ki @ ko f T,

which is just the connection on &4 given in Section 3.2.

We also compute the example E = Q1% We have d(x eT) = dx Ae™, and using
the isomorphism A : Q%1 ® 4 Q10 — QU1 we write a holomorphic connection on E
as, where k| ® k’, is another copy of k1 ® k, (similarly for further primes)

Ip(xe™) = dx.k k) ® khkyet .
We take the inner product

<xe+’ye+)E =Xy*,
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and then (,)z' = ki*k} e™ ® kjkz e™. Now using
Op (k*ky ety = a(kyky) .k k) @ kKy'kY e,
we get
@®id)(.)5" =k, et @ @Kk} k}) KTk ® ko e .
We use the diagram formula in Proposition 4.2 to write

dp(xeT) = d(xet ki*k¥ et g ® khkye™
— (xeT kTky ety (B(kyrk}).kVKY)" @ kykye™
= d(x kiky) ® kbka e — x (kK5'kY)* (kTk)* (kD)™ @ kyka et
= d(x kiky) ® khkzeT — x d(k1k}) ® kbkae™
= 0(x).k1k} ® kpko et .

Putting these parts together, we get
Ve(xet) = mdx.k1ky ® khkye™ |

which, given that the relevant component of the metric in [26] can be written as
g—+ = e kik}, @ klkae™, is the same as the 1% part of the quantum Levi-Civita
connection on the g-sphere found there. Thus, both the connection for the Dirac
operator and the Levi-Civita connection for the g-sphere are obtained from the Chern
construction.

5.3. A Chern connection on the quantum open disk. The calculus on the quantum
disk in Section 3.3 was constructed to be Uy (s/») invariant, and also carries a hint of
the hyperbolic structure. If we look for a central quantum symmetric metric, we are
naturally led to

g=w?2dz®dZ+¢ 2dZ®dz).

Of course, this cannot be regarded as being a Riemannian structure for the closed
disk, but rather it lives on the open disk, in fact if we let ¢ — 1 we get the classical
hyperbolic metric. The inverse of w appearing here indicates that we are dealing
with unbounded functions on the disk. Now forn > 1,

¢ 2 X > w™) =0
S0

g2 X o) = g 'w"zZ[n],—2 = ¢*" ' Z[n] 2w ™"
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Now we check that the metric is invariant to the U, (s/) action. This is easy for q%
while for X (X_ is similar),

g2 X > (w2 (dz ® dZ + ¢ 72 dZ ® dz))
= (¢ X 0w ™2)) (¢ ¥ > (dz @ dZ + ¢ 2 dZ ® dz))

+ (a7 > ™) (Xo>(dz @ dZ +¢72d2 @ d2))
Lw?(dz ®dz +¢72dz ®dz)

7’z[2],
-2 =H _ —2 _ H
+w?(q72 pdz ® XypdZ + ¢ > X4>dZ ® g2 >dz))
= ¢°z[2],2w?(dz ® dZ + ¢ > dZ ® dz)
—w?(1+¢ %) (¢qdz ®2.dZ + ¢ > 2.dZ ® dz))
=q¢zw (22— 1-¢?)([dz®dZ + ¢ *dZ®dz) =0.
An integrable almost complex structure is given by J(dz) = idz and J(dZ) =
—idz. Now we examine the Chern connection for the holomorphic bundle E = Q10
(we use E as ! is a rather cumbersome subscript) on the unit disk C,[D]. For the
holomorphic connection dg (and thus the holomorphic structure) on E = Q!0 use

F] Al
QI,O Ql,l QO,I ®(Cq[D] QI,O ,

where we have used the fact that A : Q%! ®c,p] Q1% — Q! is a bimodule
isomorphism. To check that this is a left 5—c0nnecti0n, for§ € Q 1.0,

@& =A""'@anE+a.08) =0a ®E+a.dp(E).

The curvature of this d-connection maps to 2%2 Q¢ ,(01©2"?, and thus must be zero.

We take the single basis element dz on £ = Q0. As dg(dz) = 0 we get
I'_ = 0. Taking the invariant metric, g* is a 1 by 1 matrix with the single element

gl! = (dz,dz) = w?.
Then
My =—0w?)w?=2zdz [2],1—211)_1 ,
so we have the Chern connection

Ve(dz) = —2dz [2),—w ™! ® dz

q

associated to the above hermitian metric.
Now we shall consider a different bimodule, the sub-bimodule S of the spinor

bundle from Section 3.3 generated by s. We define dg, (s) = 0 (i.e. —1;; = 0),
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giving this sub-bimodule a holomorphic structure. We use (4.1) to switch the sides
of the previous spinor inner product:

(as,bs)=(d(as), g7 (bs)) =8>Fa*.5b*) =8> pawb* .

Following the previous method, we have (s,5) = 82 uw, so g!'! = §2 pw. Then
the Chern connection has its other Christoffel symbol

Mg =—-dww ' =zdzw™!.

This is the natural Chern connection here but note that it is not the bimodule
connection used for the construction of the Dirac operator.
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