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Orders of Nikshych’s Hopf algebra
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Abstract. Let p be an odd prime number and K a number field having a primitive pth root of
unity {,. We prove that Nikshych’s non group-theoretical Hopf algebra H ,, which is defined
over Q(¢), admits a Hopf order over the ring of integers @ i if and only if there is an ideal /
of O such that 12(?—D = (p). This condition does not hold in a cyclotomic field. Hence this
gives an example of a semisimple Hopf algebra over a number field not admitting a Hopf order
over any cyclotomic ring of integers. Moreover, we show that, when a Hopf order over O g
exists, it is unique and we describe it explicitly.
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1. Introduction

Many results in the Representation Theory of Finite Groups exploit the fact that the
complex group algebra CG of a finite group G is defined over the integers or, more
generally, over the ring of integers O g of a number field K. In other terms, Ok G is
an algebra order of C G; indeed a Hopf (algebra) order. A prominent role is played by
cyclotomic fields: for example, the celebrated Brauer’s splitting field theorem states
that any irreducible representation of KG can be realized in K (), with @ a primitive
root of unity of order equals exp G (see [3, Theorem 15.16, Corollary 15.18]).

Kaplansky’s sixth conjecture, still unsolved, is a generalization of Frobenius
Theorem for groups. It asserts that in a complex semisimple Hopf algebra H the
dimension of every irreducible representation of H divides the dimension of H.
Larson gave a positive answer in [6] if H admits a Hopf order over a number ring.
Motivated by this result, in [1] we addressed the question as to whether any complex
semisimple Hopf algebra admits a Hopf order over a number ring. In the dimensions
less than 36 in which the classification is complete (24 and 32 are still open) it turns
out that all semisimple Hopf algebras are defined over cyclotomic rings of integers,
see [1, Subsection 2.4] for an account. However, we exhibited in [1] an example in
dimension 36 that does not admit a Hopf order over any number ring, although it
satisfies the conjecture.
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As a continuation of our previous work we investigate in this paper the problem
of definability of semisimple Hopf algebras over cyclotomic ring of integers. Let H
be a semisimple Hopf algebra over a number field K and suppose that H has a Hopf
order over some number ring. Does H admit a Hopf order over a cyclotomic ring
of integers contained in K? Our main result gives a negative answer for the family
of non group-theoretical semisimple Hopf algebras {H )}, with p an odd prime,
constructed by Nikshych (see [11]). The dimension of H), is 4p? (so in particular
the dimension of H3 is 36). These Hopf algebras were not constructed explicitly
but through a tensor category and a fiber functor. The representation category
Rep(H ) was obtained by equivariantization by C, from Rep(4,), with 4, the
Hopf algebra studied by Masuoka in [7]. Using Tannaka reconstruction, in Section 4
we describe H, completely as follows:

Theorem 1. Let {, € C be a primitive pth root of unity. The Hopf algebra H is
generated, as an algebra over C, by the elements eqy, e1,Ug, Up, Vg, Vp and g subject
to the following relations:

€0+€1 = 1, €01 =€1€0=0,

MLI; = MZ = €9, €eoUg = Ug4, eoUp = Uyp, UgUp = UpUg4,

vl =v] =e1. ejvg = vg, e1vp = Vp,  VaVp = {pUpva,

g =1, Qg = Upg, gUp = Ugg, gVa = Vag,  &Up = Vpg.

The comultiplication, counit, and antipode of H , are given by the following formulas:

Alg) =g @Uq + Vs @ Va,  e(ug) =1, S(ug) =ul™",
Aup) = up Qup +vp @ vl’)’_l, e(up) =1, S(up) = uf_l,
A(vg) = Ug ® Vg + Vg ® Ug, e(vg) =0, S(vg) = vP™,
Awp) =up @ vp +vp ®ul™', e(vp) =0, S(vp) = vp.

The comultiplication of g is given by

1 i L. 1 _
Me) =2 > i gulul @ gubuy, + 5 > R qulul, @ gl topt
i,j.k,l k.l

1 ~1)(k+1 1 _

—i——ZCI;(kH)gngvl(f ) )®gu§ué + —ngfv,l, ® gDk,
k.l P k.l

The counit and antipode of g are e(g) = 1 and S(g) = g.

In Section 4 we delve into the structure of H,: we describe its irreducible
(co)representations and attached (co)characters, its Hopf automorphisms, and we
show that H, is self-dual.
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The set
B = {ulul} U {viv} U {gulul} U {gviv]}

is a basis of H,. All structure constants of H, in this basis belong to Q(¢,).
Hence H, is defined over Q({,). Our main result states:

Theorem 2. Let K be a number field containing a primitive pth root of unity {p.
Consider H, as defined over K. Then, H, admits a Hopf order over O, which
must be unique, if and only if there is an ideal I of Ok such that I*P~V = (p). In
particular, K can not be a cyclotomic field (nor an abelian extension of Q) if a Hopf
order exists.

This theorem implies that Nikshych’s Hopf algebras behave rather differently than
group algebras. Firstly, all group algebras are already defined over Z. Secondly, the
number of Hopf orders of a group algebra over Qg depends on K, and in some cases
it is not bounded (see for example the classification of orders of the group algebras
of the cyclic groups of prime orders in Section 3).

The main result is contained in Section 6. We outline the strategy to prove it
and construct the Hopf order. The element & := u, + v, is a group-like element
of H, and generate a Hopf subalgebra isomorphic to KC,. If X is a Hopf order
of H), over Ok, then X N KC), is a Hopf order of KC,. The Hopf orders of the
latter are known by the results of Greither, Larson, Tate and Oort (we review their
description in Section 3, after the preliminaries). They are given by ideals / of Ok
containing ¢, — 1, see Formula 3.1. Denoting by H (1) the corresponding Hopf order,
the @ g-submodule of integrals of H([) is %I DY h'. This determines uniquely
the Hopf orders of KC,. On the other hand, any Hopf order must contain certain
elements arising from characters and cocharacters. The proof of the main result is
based on the interaction between the order X of H, and the order X N KC,, of KC),.
We exhibit certain elements which must be in X. We then conclude that necessarily

ﬁ Y. hi € X N KCp, (Lemma 6.8), and by the classification of orders mentioned
above, we deduce that some other elements must lie in X N KC), and therefore in X .
We show in Theorem 6.11 that these elements generate an order of H,, which thus
must be a minimal order. By the self-duality of H, there must also be a maximal
order. A result of Larson (see Proposition 2.4) now implies that the two orders must
be equal, and therefore the order is unique. The necessity of the existence of an
ideal I of Ok such that 72?1 = (p) arises from the following consideration: We
prove that the set of integrals of X N KC), is exactly O K(\/Lﬁ D h ) We write
J ={x € K|x(h—1) € X}. By the classification in Section 3 we find out that
I := J~' must satisfy 72(?~D = (p). The unique Hopf order of H, is the Ok-
subalgebra of H, generated by eg,e;. g, J(uqs — o). J(up — €g), J(va — €1), and
J(vp —eq).

In Section 7 we study the problem of definability over cyclotomic ring of integers
of H, but now considered as a complex Hopf algebra. Since H, is already defined
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over a number field K, the question now reads as follows. Let L/K be a Galois
extension. Could a L/K-form of H, admit an order over some cyclotomic ring
of integers? Namely, could there be another Hopf algebra H,, over K such that
H, ®k L ~ H, ®k L and H,, admits an order over some cyclotomic ring of
integers? The following result gives a number theoretical condition under which the
answer is affirmative:

Theorem 3. Let {,, € C be a primitive nth root of unity, with n divisible by p.
Consider Hp as defined over Q(§,). Let w € Z[(,] and t € C be such that
w is invertible and t* = w({, — 1). Assume that there is d € Z[{,] such that
%(d +t) € Oqq,.r)- Then, Hp admits a Q (8, t)/Q(En)-form H;, which in turn

admits an order over Z[¢,].

For p = 7and n = 28 we construct elements w, ¢ and d satisfying this condition.
So, H7, as a complex Hopf algebra, admits an order over the cyclotomic ring of
integers Z[{2g].

The following questions on the definability over cyclotomic ring of integers of
complex semisimple Hopf algebras remain open:

Questions. Does there exist a value of p for which Nikshych’s Hopf algebra Hp, as
defined over the complex numbers, does not admit an order over any cyclotomic ring
of integers? More generally, does there exist a complex semisimple Hopf algebra
which admits an order over a number ring but not over any cyclotomic ring of
integers?

2. Preliminaries

Throughout H is a finite-dimensional Hopf algebra over a ground field K. Unless
otherwise stated, vector spaces, linear maps, and unadorned tensor products are
over K. The identity element of H is denoted by 1z and the comultiplication,
counit, and antipode by A, e, and S respectively. Our main references for Hopf
algebra theory are [9] and [12].

We next collect from [1, Subsection 1.2] several notions and results on Hopf
orders that we will need later. We refer the reader to there for the proofs.

2.1. Hopf orders. Let R C K be a subring and V a finite-dimensional K-vector
space. Recall that an order of V' over R is a finitely generated and projective R-
submodule X of V' such that the natural map X ® g K — V is an isomorphism. We
view X inside V as the image of X ® g R. A Hopf order of H over R is an order X
of Hsuchthat 17 € X, XX C X, A(X) C X ®g X,e(X) C Rand S(X) C X.
(Note that X ® g X can be identified naturally as an R-submodule of H ® H.)
Equivalently, a Hopf order of H over R is a Hopf algebra X over R, which is finitely
generated and projective as an R-module, such that X ® p K >~ H as Hopf algebras
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over K. We will assume throughout this subsection that K is a number field and
R = Ok. A Hopf order without indication of the ground ring means a Hopf order
over R.

Proposition 2.1. Let X be a Hopf order of H.
(i) The dual order X* := {9 € H* : ¢(X) C R} is a Hopf order of H*.
(ii) The natural isomorphism H ~ H™** induces an isomorphism of Hopf orders
X ~ X**,
(iii) If A is a Hopf subalgebra of H, then X N A is a Hopf order of A.
(iv) If f : H — B is a surjective Hopf algebra map, then f(X) is a Hopf order
of B.
An important fact in our study of Hopf orders is that they contain certain elements
arising from the characters and cocharacters of the Hopf algebra.

Proposition 2.2. Let X be a Hopf order of H. Any character of H belongs to X ™.
As a consequence, any character of H* belongs to X.

We will also need the following two results by Larson:

Proposition 2.3 ([6, Proposition 2.2]). Let H be a semisimple Hopf algebra over K
and X a Hopf order of H. Denote by Ax and A x~ the R-submodule of left integrals
of X and X* respectively. Then e(Ax)e(Ax+) = (dim H) as ideals in R.
Proposition 2.4 ([6, Corollary 3.2]). With hypotheses as before, assume that X and Y
are Hopf orders of H suchthat X C Y. Ife(Ax) = e(Ay), then X =Y.

3. Classification of Hopf orders of KC,

Let p be a prime number and ¢ a primitive pth root of unity. Let K be a number

field containing ¢ and R := Ok. Let o denote a generator of the cyclic group Cp.

We will describe here all Hopf orders of KC,. Tate and Oort classified all group

schemes of order p over R in [14, Theorem 3]. Their result is more general than

classifying Hopf orders over R. However, we will combine it with Greither’s result

[4, Lemma 1.2, p. 40] to give a more explicit description of all Hopf orders of KC,,.
We begin with the following observation:

Lemma 3.1. Let X be a Hopf order of KCp. Consider the fractional ideal
J={aeK: alc—1) € X}.

Then R € J € Rety.

Proof. By Proposition2.2, ¥ (X) € R for any character  of Cp,. Using the character
mapping o to { we see that J({—1) € R. Hence J C R+1' For the other inclusion,
notice that o is a character of (KC,)*. Then o0 € X again by Proposition 2.2, and

R(oc—1) C X. O



924 J. Cuadra and E. Meir

The above lemma leads us to the following definition:

Definition 3.2. Let / be an ideal of R containing { — 1. The global Larson order
associated to I is the R-submodule of KC),

p—1

HI=PIr'¢-n"c-1". (3.1)

i=0

The name global Larson order will make sense in a few paragraphs. Notice that if
(C—1)C I CI',then H(I) € H(I’). Even though the Larson orders are orders of
the cyclic group algebra, they will play a decisive role in the classification of orders
of Nikshych’s Hopf algebra in Section 6.

Lemma 3.3. The global ‘Larson orders are Hopf orders of KCp,. The set of integrals
in H(I) is %11’—1 3ol

Proof. We first show that H (/) is closed under multiplication. For this, it is enough
to prove that I7({ — 1)"P(oc — 1)? € H(I). This follows from the fact that the
element x := C—il(o — 1) satisfies a monic polynomial over R of degree p. We have:

p

p
=07 =(¢-Dx+1)" =" (i) (t—Dkxk = ]; (i) -1k 1xk =0

k=0

The coefficient of x? is (¢ — 1)?~! and this equals p£ for some £ € R invertible.
Multiplying by p~1£~! we obtain the desired polynomial. On the other hand, it is
clearthat 1 € H(Il),e(H(I)) € R, and S(H(I)) € H(I). It remains to prove that
A(H(I)) C H(I) ®g H(I). Since A is an algebra map and H (/) is closed under
multiplication, it suffices to check that A(rx) € H(I) g H(I) for every r € I.
A direct calculation reveals that

APx)=rx®1+1Qrx+ (¢ —1x Qrx.

The first two summands clearly belong to H(/) ® g H(I) and the third summand as
well because { — 1 € 1.

To prove the statement about the integrals, notice that the integral % 3. o equals
an invertible element times a monic polynomial f of degree p — 1 in x. This can be
seen by the following calculation:

1 i 1((§_1)x+1)p_ 21 k—1_k—1
—Z"—; D Z_() — i (3.2)

P45 —p

The fractional expression is just symbolic as ({ —1)x is not necessarily invertible. The
powers of x in the right-hand side term have coefficients in R. Observe that p divides
(’k’) fork =1,...,p— 1. For k = p the coefficient of x?~! is ({ — 1)?~! = p§
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with £ € R invertible. If r € 177!, then % >, o' is an integral in H(I) by (3.2),
since { — 1 € I. For the reverse inclusion, observe that by construction we have
77! ={a € K :axP™! € H(I)}. Let [ be an integral in H(I). Thereis A € K
such that [ = % >, o' Then AéxP~! € H(I)by (3.2) and thus A € IP71. O]

We will next prove that all Hopf orders of KC, are global Larson orders. Over
a local ring, this is a theorem by Greither, see [4, Lemma 1.2, p. 40]. We will use
the local to global result of Tate and Oort [14, Lemma 4] to pass to the number field
case.

Let p C R be a prime ideal such that p € p. Consider the corresponding
valuation v, scaled so that v(p) = 1 (we find more convenient to write here the

valuation in additive terms). Then it is easy to see that v(l — ¢) = ﬁ because
¢ —-DP"" = (p).
Definition 3.4 ([5, Section 3]). Let b € R, be such that 0 < v(b) < ﬁ. Set

s = v(b). The Larson order H(s) is the Ry-subalgebra of K,C, generated by
%(0 —1).

One can see, exactly as in Lemma 3.3, that Larson orders are indeed Hopf orders,
and that H (s) does not depend on the choice of b. Notice that H(s) is defined only
if there is an element with valuation s in R,. We have the following classification
result by Greither, see [15, Theorem 3.0.0] and [4, Lemma 1.2, p. 40].

Theorem 3.5 (Greither). All Hopf orders of K,Cj over R, are Larson orders.

We recall the following result of Tate and Oort:

Proposition 3.6 ([14, Lemma 4]). For any commutative ring T, let E(T) denote the
set of isomorphism classes of group schemes of order p over T. Then, the square

E(R) - anSpec(R) E(RP)

| |

E(K) - HpESpec(R) E(Kp)

where the maps are given by extension of scalars, is Cartesian.
With this in hand we can establish:
Theorem 3.7. Every Hopf order of KC), over R is a global Larson order.

Proof. A Hopf order X of KC,, over R can be viewed as a group scheme of order p.
Proposition 3.6 tells us that giving X is the same as giving its extension of scalars
to K and Ry, for every p € Spec(R), in a compatible way. The extension of scalars
of X to K will be just KC,, and thus we know the extension of scalars to all K.
Furthermore, if p € Spec(R) satisfies p ¢ p, then we only have one Hopf order
over R,. This is because all primitive idempotents will be contained in any Hopf
order.
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The different orders will differ only by their extension of scalars to R, with
p € p. We know by Greither’s Theorem that X ® g R,, is a Larson order over R,,.
Letq) --- q;’ be the prime decomposition of ({ — 1) in R. Assume that X @ g Ry, is
isomorphic to H(s;) over R,,. Consider the ideal / = []; ql(p ~Urisi One can now
see that the Larson order H (/) will give rise to exactly the same localizations as X

atq;. Since the square in Proposition 3.6 is Cartesian, thismeansthat X = H(/). [

We know how the integrals inside Larson orders look like by Lemma 3.3. As a
consequence:

Corollary 3.8. A Hopf order H(J) of KCj, over R which contains %I"_l Y. ot
contains the Hopf order H(I).

Proof. Using the prime decomposition of ideals, /7! € J?~!implies/ € J. [

The computation of the submodule of integrals in Lemma 3.3 together with
Theorem 3.7 has the following outcome, from which we will derive the necessary
condition in our main theorem:

Corollary 3.9. Let X be a Hopf order of KC)p.

(i) Suppose that the R-submodule of integrals of X is generated by JL? P ol.
Then there exists an ideal I of R such that [P~V = (p).

(ii) Suppose that %ﬁ Y o' € X and there is w € K such that 7> = ¢ — 1. Then
1
;(O’ — 1) e X.

Proof. (i) In view of Theorem 3.7, X is isomorphic to H([) for some ideal I of R
containing ¢ — 1. By hypothesis and Lemma 3.3 the submodule of integrals is

1 : 1 .
R(— 0’) =171 o'.
VP 2,: p Xl:
Then /771 = (4/p) and thus 127D = (p).

(ii) From the hypothesis and Lemma 3.3, we obtain (,/p) C 1 =1 We know
that (¢ — 1)?~! = (p). Using the prime factorization of ideals, we have (7)?~! =
(V/p) <€ IP=1. This implies that (x) € I. Then the element ;’Tl(a -1 =
%(0 — 1) € X by the construction of H(I). O

4. An explicit description of Nikshych’s Hopf algebra

The goal of this section will be to write in an explicit way Nikshych’s Hopf algebra.

For an odd prime number p, Nikshych constructed in [11] a finite-dimensional,
semisimple, weakly group-theoretical and non group-theoretical Hopf algebra H , of
dimension 4p2. It was defined in terms of a tensor category and a fiber functor. The
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representation category Rep(H ) is constructed from the representation category
of another Hopf algebra, A,, by means of equivariantization by C,. As fusion
categories, Rep(H ;) ~ Rep(A4,)2. The Hopf algebra A, first appeared in the work
of Masuoka [7]. The above equivalence implies that H, fits into the short exact
sequence

K—A,— H,—> KC, - K.

To describe explicitly the structure of H, we need to write the structure of A4,
the action of the generator g of C; on A, and the comultiplication of g.

From now on we abbreviate A, to A and H), to H. In this section we assume
that K is algebraically closed of characteristic zero.

The main result of this section is the following:

Theorem 4.1. Let { € K be a primitive pth root of unity. The Hopf algebra H is
generated, as an algebra over K, by the elements ey, e1,Uq, Up, Vg, Vp and g subject
to the following relations:

eog+e1 =1, epe1 = e1eg = 0,

ufl’ = Mg = €9, €oUg = Ugq, eoUup = Uyp, UgUp = UpUg,,

vl =v] =e1, e1vg = va, e1vp = Vp, VgaVp = LUpUg,

g =1, gUg = Upg, gUp = Uag. gVa = Vag.  gUp = Upg.

The comultiplication, counit, and antipode of H are given by the following formulas:

Ag) =ug @ug + v, DV, e(ug) =1, S(ug) =ul™!,
Aup) = up Qup + vp @ vlf_l, e(up) =1, S(up) = ul’)’_l,
Ag) = Ug @ Vg + Vg ® Ug, e(vg) =0, S(vg) = vé’_l,

Awp) =up ® vy +vp @ub™', e(vp) =0, S(vp) = vp.

4.1)

The comultiplication of g is given by
1 g 1 _
Ag) == > 7 gubul @ gukul, + ;Zé‘ DR qugu, @ gl oyt
i,j,k,l k,l

1 —1D)(k+1 1 —
+; E Zk(kH)gfovl(f D+ )®gu§u§, + ; E gv’jvé@gvff’ 1)lv’b‘. 4.2)
k1l k1l

The counit and antipode of g are e(g) = 1 and S(g) = g.

The rest of this section will be devoted to prove Theorem 4.1.

4.1. The algebra A. As an algebra, A is the direct sum

K(Cp x Cp) ® K°(Cp x Cp),
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where ¢ : (C, x Cp) x (Cp x Cp) — K™ is the 2-cocycle given by
c(@'b’,d*pty =%, 0<i,j k1< p.

Here a, b are generators of C, x C,. We present the group algebra K(C, x C))
by generators ug, up and defining relations u; = u; = 1,uqup = upuy. The
twisted group algebra K¢(C, x C)) is presented by generators v, vp and relations
v = v} =1,v4vp = {vpva. Notice that K¢(Cp, x Cp) is isomorphic to the matrix
algebra M, (K). To shorten, we set Ag = K(Cp, x Cp) and Ay = K(Cp x Cp).
We denote the units of Ao and Ay by eo and e respectively. So 14 = eg + e
and ege; = ejeg = 0. Unless otherwise specified, the inverses are taking inside
either Ag or A;. For example, 1" means u2~".

The comultiplication, counit, and antipode of A are described in (4.1) above.

4.2. The algebra H. As an algebra, H is the crossed product A x* KC,, where g
acts as an algebra automorphism on A by:

gug) =up, gup) =uq, gWa) =va, gp) = vp.

In H we have the relations:

8Uq = UpE, BUp = Ug8, 8Va = Va8, ELUp = Up§-

The hard part in the description of H is the formula for A(g). Recall from [11]
that H is constructed as follows: the automorphism g induces an autoequivalence

F :Rep(4) — Rep(4), V = gV.

Here oV = V as a vector space, with new action x-v = g(x)v forallx € A,v e V.
The functor F is a tensor equivalence. Moreover, F~! = F. To compute A(g) we
will need to describe the tensor structure of F. For this, we first need to consider the
irreducible representations of A.

4.3. Irreducible representations of A. Every irreducible representation of A is an
irreducible representation of either Ag or A;.

The algebra A¢ has p? one-dimensional irreducible representations, which we
denote by K’/ with0 < i, j < p. Asa K-vector space, K*/ = K. The action of u,
and up, on K/ is given by:

Ug-1=01 up-1=0871.

The algebra A; has only one irreducible representation, of dimension p, which
we denote by M. Let {m; : 0 <i < p} be a basis for M. The action of A; on M is

Vg - My = Zimi, vy -m; = mjyq (indices are taken mod p).
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4.4. Tensor structure on F. Forany V, W € Rep(A) irreducible we must establish
an isomorphism fy,w : F(V @ W) — F(V) ® F(W) satisfying the unit and
associativity constraints. We do need to calculate these isomorphisms explicitly, as
we will use them later to compute A(g). Observe that at the level of representations
F(K")y= K/’ and F(M) =M.

4.4.1. Isomorphisms between certain representations of A. Given x € A;
invertible, M stands for the following representation of A;: as a vector space,
xM = M, and the action is given by

y-m=x"lyx)m VyeA,.,meM.

We have an isomorphism

M — M, m+— xm.

This will be used in this subsection to define isomorphisms between certain tensor
products of representation. Consider the representation K’/ ® M . Identify it with M,
as a vector space, via 1 ® m > m. Under this identification, v, and vy act via ¢'v,
and ¢/ vp, respectively. Since v,vp = {VpV,, We see that this is the same as x M for
x =g’ vé. Then we have an isomorphism of representations

Lij: K@M — M, 1®@m+ (v vy)m. (4.3)
In a similar fashion, M ® K’/ is isomorphic to y M for x = v, vl via

ri MKW - M, m® 1+ (vivim. (4.4)
We discuss separately the four different cases that occur in the description of Oy .

4.4.2. Two representations of Ag. We begin by considering the case V = K%/ and
W = K*!. Wehave V ® W ~ K'*%J+! We must give an isomorphism between
F(V® W) ~ F(Kitkitly ~ githitk and F(V) @ F(W) ~ K/' @ Kbk ~
K7+Litk 1t will be determined by a nonzero scalar (i, j), (k,1)). Then:

byw : F(V@W) = F(V)® FOW), 1® 1+ u((. /). (k.)1 ® L.

The associativity constraints yield that 1 : (C, x Cp)?* — K* is a 2-cocycle. We
shall compute u explicitly in the sequel. We will see that:

Okii ko F(KY QKR — F(KM)@ F(KR), 191 {17k 191.  4.5)
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4.4.3. One representation of A and one representation of 4;. We next consider
thecase V = K/ and W = M (and V = M and W = K%/). We first deal with
the values (i, j) = (0,1), (1,0) and then we will deduce a formula for an arbitrary
pair (i, j).

We need to find an isomorphism between F(K'% ® M) and F(K'%) @ F(M).
Both representations are isomorphic to M. Thus, up to a nonzero scalar, there is only
one possible choice. Using (4.3), we see that such an isomorphism must be given by

Oxioa : F(KM* @ M) > F(K'") @ F(M), 1®@m — a0 ® (vavp)m,
for some o190 € K (that will be determined later). In a similar fashion:
Oxo1 - F(K®' @ M) - F(K®) @ F(M), 1®@m > ag; ® (v, v, ")m,
Oprxr0: FIM @ K'°) > F(M) ® F(K'®), m® 1+ B1o(v; vp)m ® 1,
Opxor i F(M ® K%') - F(M) ® F(K™'), m® 1+ Bo1(v; va)m ® 1,
for ao,1, B1,0. Po,1 € K.
The tensor structure on F will depend on o9, 0,1, 81,0, Bo,1, and n. The

compatibility of F with associativity constraints will impose some restrictions on the
possible values of them.

We show by induction that the following formula holds for (i, 0) with i > 2:
Oxiop : F(K"® @ M) —> F(K"*) ® F(M), 1®@m — ajy® (v,v))m.

Using naturality and compatibility of F with the associativity constraint we have the
following commutative diagram:

. . F@id®l .
F(K™ @ M) FK-0g K0 M) 21D pgi-10 g pr)

GKi.O’Ml lGKi_LO'M

F(K") ® F(M) F(K'™1%) @ F(M)
lid@F(lig))
F(Ki—1,0®K1,0)®F(M) F(Ki—1,0)®F(K1,0®M)

9;}_1'0m MO’M

F(K"Y)@F(KM)® F(M)
One can check that 1 ® m is mapped to
oo w0 = 1,0),(1,0)) " ® (vvp)m.

Without loss of generality, we can assume that i ((7, 0), (7, 0)) = 1((0,7), (0, j)) =1,
and then we arrive at the desired formula.
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By a similar calculation we also obtain:
Okoim F(K% @ M) — F(K*/)® F(M), 1®@m aé,l ® (v;;jva_j)M_

We can combine these two isomorphisms with the associativity constraint to get

the following general formula:
Okiip i F(K™ @ M) — F(K") ® F(M),
l®mi> a’i’oa({lﬁi(i—j) ® v;’)—j v, m.

(4.6)

This is done as follows. Using naturality and compatibility of ' with the associativity
constraint we can construct the following commutative diagram:

Fid®lo,)
_—

F(K'" @ M) F(K'"° ® K% ® M) F(K'"'®@ M)

9Ki-j,Ml leKi-O.M

F(K")® F(M) F(K™%) @ F(M)
T jid ®FUsh
F(K'® ® K%/)® F(M) F(K™) ® F(K®/ @ M)

F(K"®) ® F(K%)® F(M)
Following the longest path, we obtain:
; )
all,Oaé,lgl
p((i,0), (0, j))

We can write a similar diagram with K%/ ® K*° ® M in the upper central term and
proceeding accordingly we get:

Okii (1@ m) = ® vy, vl m. 4.7

Ayt

n((0, /). (i.0))

These two equalities yield the following formula for pu:
M((Oa ])7 (l’ O)) — é.—Zij
n((i,0), (0, j))

Since Cp, x C), is abelian and K is assumed to be algebraically closed of characteristic
zero, this completely determines the cohomology class of (. We choose the following
representative from this cohomology class:

G, ), (k1)) = g1k,

i—j i—j
p Vg M.

gKi,j,M(l ®m) =
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Substituting this in (4.7) we arrive at the desired formula for 6i.; »,. By making
this choice we also ensure that F2 = Id on the subcategory of representations of Ag.
By a similar calculation, we obtain:

Opxii  F(M ® K*) — F(M) ® F(K"/),

Lis g gl edU=Dyi=iyi—i o 1 (4.8)
m® 1= 080,18 Va v m® L

We have described so the tensor structure on F for the tensor product of
representations of A¢ with representations of A;. One can verify that this structure
is indeed compatible with all the associativity constraints involving two irreducible
representations of Ao if and only if a1,0. 20,1, B1,0. and Bo,1 are pth roots of unity.
Moreover, F?> =1d on K/ ® M and M ® K/ if and only if

a1,000,1 = B1,0B0,1 = 1. 4.9

We shall assume that this holds henceforth.

4.4.4. Two representations of A;. Lastly, we compute the isomorphism between
F(M ® M) and F(M) @ F(M). We know that M @ M ~ @5;0 K%/ . One
can easily check that the element ¢;; € M ® M spanning the 1-dimensional

representation isomorphic to K>/ must be of the form
—t7 .
qi,j = /\i,j Zé' Im;  mj—;, with Ai’j e K.
t

(Unless otherwise specified, throughout the limits in the sums are understood to run
from Oto p —1.) We take A; ; = 1 for every 7, j. The isomorphism is given by:

QM,MF(M®M)—>F(M)®F(M), Qi,jHVi,jCIj,iv (410)

for some y; ; € K. Using naturality and compatibility of F* with the associativity
constraint at K’/ ® M ® M we obtain the following commutative diagram:

e? F(K" @ KS') —— F(K'"/ @ M ® M) P.i 80 F(M ® M)

S,

@%mka Ort,m
F(K")® F(KS') F(M)® F(M)

N F( ®id

F(K")® F(M ® M) F(K" @ M) ® F(M)

F(K'")® F(M) ® F(M)
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Through the isomorphism on the upper right side, 1 ® 1 € K L) ® K is mapped
to ys+i,t+ja’1,0a(’),1§”_” ® ¢:,s. Through the isomorphism on the left side, 1 ® 1 is
mapped to Y5,/ ® q; 5. From here,

Vi = o Yoo (4.11)

By considering the associativity constraint for M ® M ® K -/ and writing the
analogous diagram we get y; ; = B1 ;' v0,0. This implies

a1,0 = B1,o- 4.12)

The tensor structure of F' on M ® M depends therefore on «; ¢ (which is a pth root
of unity) and yp,0 (which equals +1 since F 2=Idon M ® M).

By checking compatibility with all associativity constraints we see that the
isomorphism we have constructed does furnish a tensor structure on F. It can
be shown directly that no matter what choice we make for yg o and oy, we will
always end up with an isomorphic functor. We can thus assume, without loss of
generality, that

Yo,0 = 1,0 = 1.

Then, the scalars «o,1, 1,0, Bo,1, and y;; equal 1 by equations (4.9), (4.11),
and (4.12). This finishes the description of the tensor structure on F.

We summarize our discussion in the following result.

Proposition 4.2. Let A be the Hopf algebra defined in Subsection 4.1. Consider its
irreducible representations K/, with0 < i, j < p, and M defined in Subsection4.3.
There exists (up to isomorphism) only one tensor functor F : Rep(A) — Rep(A)
such that F(K"7) ~ K/ and F(M) ~ M. It is given by the equations (4.5), (4.6),
(4.8), and (4.10), where the scalars a9, 0,1, P1,0. Bo,1. and y;,; equal 1.

4.5. The comultiplication of g. The category Rep(H ) can be identified with that
of F-equivariant representations of A as follows: if V € Rep(H ), then V' € Rep(A)
by restriction, and ¢ : V — V,v > gv establishes an isomorphism between V
and F(V).

We now consider the regular representation of H. The following diagram should
be commutative:

HeoH-%" F(H o H)

M jsz

F(H)® F(H)

1

where 2 comes from the tensor structure of F. Since g = g~ ', we have:

A(g) = (g ® g)R2.
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For V,W € Rep(A4) the isomorphism Oy : F(V @ W) — F(V)® F(W) is
given by multiplication by Q2 € A ® A. The reason for this is the following: the
isomorphism 044 : A® A~ F(A® A) - F(A) ® F(4) ~ A ® A is natural,
and hence it must commute with multiplication from the right by elements of 4 ® A.
So, it must be given by multiplication from the left by some element 2 € A ® A.
The same holds for V, W € Rep(A) by the naturality of 8 again with respect to any
morphisms A — V and A — W. Then, the computation of €2 can be derived from
our knowledge of these isomorphisms for any two irreducible representations of A.
To do this, we first need the decomposition of the regular representation of A as a

direct sum of irreducible representations. Fori, j = 0,..., p—1let f;; € Ap denote
the idempotent upon which u, acts by ¢* and up by /. It is:
1 P
fii = o > gDyl (4.13)
k.l

Let V;j = Ao fij. Then V;; ~ K%J . Consider in A; the element
1 ,
hi ==Y ¢kl
p k

Let W; be the subspace spanned by v]ljh,- for! =0,...,p— 1. Then W; ~ M by
mapping vll)_ihi to m;. Thus we have:

i~ (D) B(Bw)
ij i
We claim that:
1 T 1
Q=— Z g“kf_’lu;ul’, ®ukul + — ZZ_("H)ku’;ué ® vfj”v’g”
Pk P
1 _ 1 _
+; ZCk(k'H)v];Hvb (k+D) ® u’;ué + ; Z vall, ® valvlg. (4.14)
k.l k.l

Using (4.5), (4.8), (4.6), and (4.10), this formula for €2 is proved by checking directly
the following equalities, which we leave to the reader:

Oy v (i ® fir) = &% fi; ® fr = QS ® fia),

O,y m (fiy @ vf ) = ¢ODED £y @ ol Ty = Q(fyy @ vf T ),
Oy ("h ® fif) = g(j_i)(kﬂ)vlljﬂ_j_lhl ® fij = Qi ® f),
9M,M(Z e vé’_k_lhl) - Z ¢y @ vi_k_lhz

‘ k

= (Y o @ vy ).
k



Orders of Nikshych’s Hopf algebra 935

A careful calculation reveals that S(g) = g. This finishes the description of the Hopf
algebra structure of H and hence the proof of Theorem 4.1.

Remark 4.3. Although we used that K is algebraically closed to reconstruct H, a
posteriori we see from Theorem 4.1 that H is defined over Q(¢).

5. Duality, (co)characters, and Hopf automorphisms

In this section we study further the structure of H: we describe its irreducible
(co)representations and (co)characters, its Hopf automorphisms and we show that it
is self-dual. The description of the (co)characters is one of the essential points in the
proof of our main result since they provide elements in any Hopf order in view of
Proposition 2.2. We keep the notation of the previous section.

5.1. Dual Hopf algebra. We present here the Hopf algebra structure of H*. As a
vector space, H = Ao @ A1 @ gAo D gA1. We consider the following basis of H:

B = {ubul} U viol} U{gulul} U {gviv] ). (5.1)
We denote the dual basis by:
B* = {s;;} U{tij} Ui} U{Bij}- (5.2)
From (4.1) and (4.2), we easily see that H = A & gA as a coalgebra. Then
H* = A" & (gA)* (5.3)

as an algebra. We denote by ¢4 and g4 the counit of H restricted to A and gA
respectively. Then, €4 and e, 4 are the central idempotents of H * giving the previous
decomposition. The following result provides the full description of H*.

Proposition 5.1. As an algebra, H* is the direct sum of the algebras A* and (gA)*.
The algebra A* is spanned by the elements s;; and t;; and its multiplication is
given by:

Sij Ski = 8; k81 Sij, tiet Sij = 6i k81 tkr, (5.4)
Sij tel = 8i k81 ter s tij ter = 6 k8,1 8ij.

The algebra (gA)* is generated by the elements y;; and B subject to the following
relations:

B%=ega, vijvie ="y j+1.» and By =vyij B. (5.5
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The comultiplication, counit, and antipode of H* are given by:

1
A(sif) =D k1 ® Sik j1 + ?§ By @ yik,
el

e(sij) = 61,080, S(sij) =5-i—j,

. Lo
Alti) =Y 8 iy @ tig j1 + ?C Vi B ® yi-j kB,
k.l

etij) = 8i08j0.  Sij) =1y,
AQyij) =Y M s @ yij + v @ s
k.l
e(vij) =0, S(ij) = v—j—i,
A(B) = t*yi0B ® ts + tr1 ® yo—1 B.
k.l
e(B) =0, S(B)=B.

(5.6)

(The operations in the indices are all done modulo p.)

Proof. From the dual basis 8* in (5.2), we are going to construct a new basis of H*
which is more convenient to express the multiplication. In (gAo)*, instead of {o;;}
we take the dual basis of {gf;;}, where { f;;} are the idempotents in (4.13). We
denote this basis by {y;;}. Then:

yij (guiul) = ¢* 7L,
The s;;’s and t;;’s form a basis of A* and the f;;’s and y;;’s form one of (gA)*. A
direct and tedious calculation yields the following formulas:

Sij Sk1 = 8i k8.1 i, tk1 Sij = Sik8j—1 ki,
Sij tkr = 8i k81 tkis tij tkr = 8i k68— Sij,
_ e jjtk—i _ e jlitk—j—I
Vij Brg = IRy iy Braviy = TR0 i,

il—jk
Yij Vo =8 Yidk j4a-

This gives the statement for the multiplication in A*. For the one in (gA)* we proceed
as follows: consider the element

B = @Z Bro- (5.7)
k
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It commutes with the y;;’s in view of the above formulas. A simple computation
shows that B2 = e44. Each f;; can be expressed as

1 .
Bij=——= ¢y iB.
12 p\/ﬁ; J

This can be verified directly by using the equality:

(vij B)(gvgvy) = /P& 81,5 (5.8)
Then {y;;} U {y;; B} is a basis of (gA)*. We change our basis of H* again to
&L = {sij} Ut} U dyij} U dyij B (5.9)

The multiplication of H* is then fully described on &£ by (5.4) and (5.5).

We next compute the formulas for the comultiplication of H* givenin (5.6). These
formulas follow from direct calculations, just using the multiplication in H. The
calculations do not present any special difficulty. We briefly indicate how to proceed
for 5;; and leave the details and the other cases to the reader. The element s;; vanishes
on Ay, gAg and gA;. Since AgAg = (gAo)(gAo) = Ap and AgA; = A149 =0
no other kind of summands can occur in the right-hand side. Hence it suffices to
evaluate A(s;;) at u’;ué ® uy'uy and gfx; ® gfmn. The coeflicients of sg; ® smn
and yx; ® Ymn must be respectively:

k.1
(sij, (uqup)(ug'up)) = 8i kymSji4n

1
and (Sij" (gfkl)(gfmn)) = F? (11+Jk)5k,n81,m-

Finally, one can check with no effort that the counit and antipode are the ones
given in (5.6). O

5.2. Self-duality. Nikshych proved in [11, Proposition 5.2] that H and H* are
isomorphic as algebras. In this subsection we strengthen this result by the following
proposition:

Proposition 5.2. The Hopf algebras H and H* are isomorphic.

Proof. Let us begin by finding inside H* a Hopf subalgebra isomorphic to 4. Set
= pTH. Consider the elements:

g =Y ("D, =3 %Dy By =yaa. Uy =vy-ga. (5.10)
k.l k.l

Let A be the subalgebra generated by ii,, ify, U4, and v5. Using the multiplication
rules (5.4) and (5.5) one easily checks that the assignment u, > Uy, Vy > Uy
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for x € {a, b} establishes an algebra isomorphism W between 4 and A. The elements
corresponding to the central idempotents eg and e; in Subsection 4.1 are

g4 = Zskl and eg4 = Yoo. (5.11)
k.l

Notice that €4 + g4 = ¢g = 1g». Using formulas (5.6) one can verify with a
long but direct computation that the above isomorphism is actually an isomorphism
of Hopf algebras.

Consider finally the element

g=B+)Y t™uy.
k.l

It can be shown that g2 = lg~, conjugation by g stabilizes A, and, via the above
isomorphism, g acts on A as g acts on A. Moreover, one can show that W extends
to a Hopf algebra isomorphism from H to H™* by defining g — g. This finishes the
proof. O

Remark 5.3. If p = 1 mod 4, then ,/p € Q(¢) and the above isomorphism is
defined over Q(¢). Otherwise, it is not defined over Q(¢) but over Q (¢, w), with w a
primitive fourth root of unity, and maps B to w B. Consider H as defined over Q(¢).
Then B belongs to H ®q) K but not to H because /p ¢ Q({) in this case. In
fact, since the orbit of B under the group of Hopf automorphisms of H is {B,—B},
see Subsection 5.5, it follows that an isomorphism between H and H™* cannot be
defined over Q(¢). The Hopf algebra H* will be a form of H but not isomorphic to

it over Q(Q).

In the next two subsections we describe the irreducible representations of H
and H* and their characters, see [11, Proposition 5.2], which will be used to find the
possible Hopf orders of H.

5.3. Characters of H. We have the following irreducible representations of H and
corresponding characters:

5.3.1. Dimension 1. There are 2 p irreducible representations of H of dimension 1.
They arise from the elements in Ag that are g-invariant. Fori = 0, ..., p—1 we have
the representation ViJr (resp. V;7), upon which A; acts trivially, u’; ué acts through
the scalar ¢ (k+Di and g acts as 1 (resp. —1). By using the previously chosen basis &£
of H* (see Equation 5.9) we can write the characters of these representations as:

Ay =y + ¢ Dig,. (5.12)
k,l
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5.3.2. Dimension 2. The irreducible representations of H of dimension 2 come
from the 1-dimensional representations of Ay which are not g-invariant. Therefore,
their orbits have two elements: K’/ and K/* for i # j. Such representations are

r(p—1)

parameterized by pairs (i, j) with i < j. We denote them by W;;. There are =5—

such representations. The elements g and u’gué act on W;; as the matrices

0 1 é-ik—l—jl 0
(1 0) and ( 0 é-il—l—jk

respectively, and A; acts trivially. The associated characters with respect to the
basis £ of H* are:

T, = 2@ T+ g s (5.13)
' k,l

5.3.3. Dimension p. Finally, there are two irreducible representations of H of di-
mension p. They arise from the p-dimensional representation M of A;, see
Subsection 4.3. We denote them by M* and M—. They have basis {myo, ..., mp_1},
the elements in A; act as v,m; = g‘imi,vbmi = m;4+1 and g acts as +1. The
elements of Ay act trivially. The corresponding characters in the basis &£ of H* are:

1
Ko+ = Ploo £ — Y viB. (5.14)
i

JP

5.4. Characters of H*. To describe the irreducible representations of H* we will
use the decomposition (5.3) expressing H™* as the direct sum H* = A* @ (gA)*.
We start with the irreducible representations of A*. By the multiplication rules (5.4),
A* is the direct sum of algebras

q* = ($Rl)®(@R11)

where R; is spanned by s;0 and ;0 and R;; by s;j,5; —j,%j,t —j. The index i runs
from0Oto p — 1 and j from 1 to 2 ;1 to avoid repetitions.

5.4.1. Dimension 1. The algebra R; has two 1-dimensional representations, on
both of which s;¢ acts as 1 whereas ;¢ acts as £1. We denote them by L:r and L;
respectively. The characters of these representations, expressed in the basis B of H,
see Equation 5.1, are:

Y+ = ul £ vl (5.15)
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5.4.2. Dimension 2. The algebra R;; is isomorphic to M, (K). Therefore, it has one
irreducible 2-dimensional representation, which we denote by P;;. This representa-
tion is given by the following map:

10 00 0 1 0 0
Sij = 0 0}’ Sj—j = o 1) lij — 0 0)° li—j— 1 o)

In the basis B of H the characters of these representations are expressed as:

Vp, = wguj, +ugu,’. (5.16)

5.4.3. Dimension p. Lastly, we discuss the irreducible representations of (gA)*.
Since B? = ¢|g4 = 1(g4)*, We have the following two central idempotents:

1 1
K = 5(8|gA +B) and «' = 5(8|gA — B).

They induce the algebra decomposition (gA4)* = (gA)*k ® (gA)*«k’. From (5.5) we
obtain y{y = y§; = €ga and yio¥o1 = ¢*Yo1¥10- Then (gA)*x and (gA)*«’
are isomorphic to M,(K). Hence (gA)* has two p-dimensional irreducible
representations, which we denote by N+ and N . Both have a basis {ng, ..., np_1}
with actions

Yijhy = g“ij+2ilnl+j and Bn; = +n;.

The characters of the above representations are given by:
1 | .
Yy =— Y gulul+—Y gov'. (5.17)

5.5. Hopf automorphisms. The group of Hopf automorphisms of H is described
by the following result:

Proposition 5.4. The group Auty,,;(H) is isomorphic to Co X (Cox Cp). Writing C,
as {x1}, the Hopf automorphism ¢ of H corresponding to the triple (€1, €3,1) is:

Pua) =ug. ¢up) =u’,
$(va) = v2, $(vp) = {07 ¢(g) = gleo + €ren).

Proof. We know from (4.1) and (4.2) that H = A & gA as coalgebras and hence
H* = A* ® (gA)* as algebras. The algebra A* splits as a direct sum of matrix
algebras over K of dimension 1 or 4 (Subsections 5.4.1 and 5.4.2). On the other
hand, the algebra (gA4)* is the direct sum of two matrix algebras of dimension p?
(Subsection 5.4.3). Let 0 € Auty,, (H). Since o must preserve the Wedderburn
decomposition of H*, it musthold thato(A) € A. Thus 0|4 is a Hopf automorphism
of A. We are so led to compute Autg,,r(A). This gives a group morphism

O : Autyyyr(H) — Autyyy(A), 0 = o0l4.

Using this morphism, we are going to compute Auty,,s(H ) in two steps:
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Step 1. Hopf automorphisms of A. We know from Subsection 4.1 that A has an alg-
ebra decomposition A =A40@H A1, where Ag = K(CpxCp)and A1 =K (CpxCp).
Considering, as before, the dimensions of the simple components of the Wedderburn
decomposition of Ag and A; we get 0(Ag) = Ag and 0(A;) = A;. The group-like
elements of A are u, + v}, with 0 < i < p. Since o preserves group-like elements
and the relations u% = ey and v2 = ey, we must have o (g + v,) = u, + v} for

some r # 0. As 0(u,) € Ag and 0(v,) € A1, we obtain
o(ug) =ul, and o(ve) = V). (5.18)

On the other hand, o (up) = uk uj for some k,s # 0 because o induces a Hopf
automorphism on the quotient Hopf algebra Ao of A. We derive that k = 0 from
the equality wAo (up) = opuA(up). Here p stands for the multiplication of H. So
o (up) = uj,. Using the equality Ao (up) = (0 ®0)A(up) we arrive to o (vp) = Avy
for some A € K*. Moreover, A’ = 1 because o(vp)? = e;. Put A = ¢! with
0 <t < p. Applying o to the relation v,vp = {vpv, we get s¥ = 1 mod p. Then

o(up) =uj and o(vp) =¢'vy, withs =r"" mod p. (5.19)

Thus o determines a pair (r,7) € C x C,. Conversely, one can check that any such
a pair together with (5.18) and (5.19) defines a Hopf automorphism of A. Finally, by
composing two automorphisms one sees that Auty,,(4) = C; x Cp.

Step 2. Computing the kernel and image of ®. We claim that Ker® ~ C,. Let
v € Ker ®. We know that H has a coalgebra decomposition H = A & gA, that v
must preserve. Then v(g) = gz for some z € A. Since v|4 = id4, we have for

every x € A:

1 1,-1

gxg ' =v(gxg™) = gzxz7'g
From this it follows that z € Z(A). Recall that A(g) = (g ® g)2, where Q is given
in Equation 4.14. Using this and that v is a coalgebra map we get:

(g ®gQA(z) = A(gz) = Av(g) = (v ®V)A(g) = (g2 ® g2)R2.

We also used here that 2 € A ® A and v|4 = id4. Since z € Z(A) and 2 and
g are invertible, the above equality implies that z is a group-like element of A. As
1 = v(g)? = gzgz, the only nontrivial option is z = ey — e;. Conversely, one can
easily check that a map of this form defines an element of order 2 in Ker ©.

We claim now that In® ~ C; x C,. Let 0 € Im©. Assume that o is given
by (r,1) € C; x Cp and equations (5.18) and (5.19). Then, arguing as before,
0(g) = gz for some z € A. We have:

uh = o(up) = o(guag™") = gzulz g7 = uj.



942 J. Cuadra and E. Meir

From this, 72 = 1 mod p and so r = #1. Conversely, the Hopf automorphism 7 of A
corresponding to (1,7) is given by conjugation by the group-like element v, + v}.
Conjugation by the same element defines T € Auty,,s(H) such that ©(7) = 7. Let
@ € Autg,r(A) be corresponding to (—1, 0). One can check effortless that ¢ € Im ©
with preimage ¢ defined by ¢|4 = ¢ and ¢(g) = g.

Thus we have a short exact sequence

1 - C = Autgpy(H) > Cox Cp — 1.

This sequence splits because ¢ has order 2. The action on C, is trivial (this is the
only possible action), and then

AlltHopf(H) ~ (Cy x (Cy X Cp) ]

6. Orders of Nikshych’s Hopf algebra

In this section we will use the results of the previous sections to classify the orders of
Nikshych’s Hopf algebra. We will see that Nikshych’s Hopf algebra admits at most
one order over any number field.

We keep the conventions and notations of Section 4: ¢ is a primitive pth root
of unity; K is a number field containing {; R = O is the ring of integers of K;
H denotes Nikshych’s Hopf algebra of dimension 4p2, and A stands for Masuoka’s
Hopf algebra of dimension 2 p2, both defined over K.

Recall from Remark 4.3 that H is defined over Q(¢). However, we will prove here
that H does not have orders over Oq(c), but only over the ring of integers of some
extension of Q(¢). Set K = Q({, w), where w is a primitive fourth root of unity.
The field Q(¢) contains either ,/p or ,/=p, depending on the value of p mod 4.
The existence of w allows us to assume that ,/p € K and treat our computations in
a unified way avoiding the distinction of cases.

The proof of Theorem 2 is quite involved. We will divide it into several parts.

6.1. Elements that mustbe in any Hopf order. Suppose that X isa Hopf order of H
over R. Our goal in this first part is to prove that several elements of H, arising
from (co)characters, must belong to X . This will be used later to show that all basis
elements of H, given in (5.1), must be in X.

We retain the notation of Section 4: eq, e are the units of Ag and Ay and e4, g4
denote the counits of A and gA respectively. We start with the following:

Lemma 6.1. The elements eg,e; arein X and €4,6g4 are in X ™.
Proof. We first show that eg,e; € X. The subalgebra Hy, of H generated by uy

and vp is a Hopf subalgebra. Consider the algebra maps o : Hp, — K, up +— ¢,
vp = Oand 7 : Hp — K, up + 0, vp > {. They are group-like elements of H;’ and
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o?=t’=1landot=17"'0. Then H} ~ K(C,x C))as Hopf algebras and X N H,,
may be viewed as a Hopf order of K(C, x Cp,)* by Proposition 2.1(iii). According
to the proof of [1, Proposition 2.1], X N Hp contains the idempotents 7, #; (notation
as there). Let {v;i,;}i,j C K(Cy x Cp)* be the dual basis of {oirj}i,j. Recall that
to =) ;v and {1 = ) ; V. One can verify directly that v,; = % e Rk
and v, ,; = 1 Dok g“(j_l)kv]g. Then tyg = eg and t; = e;.

For the second statement, take into account that H is self-dual by Proposition 5.2.
The isomorphism between H and H* established there maps eg,e; to €4, €44
respectively, see (5.11). We now get that €4, g4 € X™* from self-duality of H, the
above fact, and the first statement applied to X * and H *. O

Recall from (5.7) the element B used in describing H *.
Lemma 6.2. The elements ge and B belong to X and X*, respectively.
Proof. We first prove that ge; € X. We know from Proposition 2.2 that characters

of H* are in X and characters of H are in X*. Using the previous lemma, (5.17)
and (5.14) we obtain that

1 o
[ = eyt = ; Zgu;uij) eX
i,j

1
and [2i=¢eafmu+ =——= ) VikB e X™. (6.1)
2>

Then (T, ®p idxy)A(I'1) € X. We check that (I'; g idy)A(I'1) = ge;. Recall
that I', vanishes on Ay @ A7 & gAy, so we only need to compute the part of A(T'1)
ingd; ® gA,. Itis:

= L3 (ko) @ gup v (o] @ vioy )

i,7.k,l
- l+ k
= — Z é- 1(k+l)g k+i J ®gv’ -1, k—j
p i,7,k,l
1 Izt 14 — /]
LS b gl
p i’,j k0’

puttingi’ =k +i,j =1+ j,andl' =i —1,

1 .
_ _Zg(z 1)1(;Z§(1—1)k)gv o] ®gvz i—j—l
k

z]l
puttingi =i’, j = j',andl = /',

=—ng ® g} vb .
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Applying I'; ® g idy to this expression we get

(5.8) ik
(yix B)(gviv])guiv, 7 ‘= ¢
S

=,Z(%§f”‘)gv’
= gej.

Therefore ge; € X.

We next show that B € X*. From (5.14) and Proposition 2.2, we know that
A+ = ptoo—i—\/#ﬁ Y i viiBeX*. UsingLemma6.1, weobtaineq y 3,+ = ptoo € X *.
Now,

56) 1 * *
(6g4 ® ega) A(ploo) = S rBEmBEX @ X" (62)
k,l
On the other hand, by (5.17) and Proposition 2.2, we have

1 o 1 .
Y+ = — gulul + — gvl e X.

Using again Lemma 6.1, we get
1 )
e+ =—= ) guv,eX.
R
Finally, applying e1Yy+ QR idx~ to (6.2) we obtain

1 .
> ki B)(gvl)viB == "8 40y B = yooB = B.
pf ikl p i,k,l

So, B € X*. O

Lemma 6.3. The elements ug, vg, \/LE > ul, and 5= Z ! belong to X.

Proof. By (5.15) and Proposition 2.2, u,+v, € X. Then el(ua—l—va) =v, € X and
Ug = (Ug+Vg)—V, € X. We have Just seen in the above proof that —= Z gvl € X.
Multiplying by ge;, we have —= Z vl € X. Let H, be the Hopf subalgebra of H
generated by u, and v,. Proposmon 2.1(iii) entails that X N H, is a Hopf order
of H,. Then
1 A\ @n 1 . . . .
A(— vl):— ut, vt + v, @ul, € (X N Hy) Qr (X N Hy).
\/? lZ a \/? IZ a a a a a a

Consider the character ¢ of H, given by ¢(u,) = 0 and ¢(v,) = 1. By Proposi-
tion2.2, ¢ € (X N Hgy)*. Applying ¢ @ idxn g, to the above equality we conclude
that \/Lﬁ Y ul e X. O
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6.2. A special case. If we show that gey € X, then it will follow from Lemmas
6.1, 6.2, and 6.3, that all elements of the basis 8 of H in (5.1) will be in any Hopf
order X. Unlike for other elements, this can not be shown directly. The strategy will
be to adjoin to K an element 7 such that 72 = ¢ — 1, prove the statement in this case
and then derive it for K. So, in this subsection we assume that K contains such an
element 7. The proof requires some preparations.

Lemma 64. The map T : A1 — ng,vflvg — (B ®r idX)A(ngvlf) can be
expressed as

A 1 . .
T(pvi) = — Z eIk gukyik
VP 5
Moreover, T(X N A1) € X N (gAy).

Proof. Since B vanishes on Ag® A1 ® gAo, only the part of A(gv?, vlf) ingA,®gAy
is relevant for the computation. We have:

. i Tha.al k+1 !
T(U;Ulj)) . 4 ;Zé-k(k-}—l)B(g ( )Ul vljy)g k+lub J
k,l
k+D)+j i 1—j
_ Zé-(k-i-z)(k-i-l)B(g ktl+i,, ( ) J)gu1;+zub J

8 1 k+i)j ., k+i, —k
= — E CT gy Ty
VP4 @

1
- é‘kfguku’ k.
2y
Letnow x € X N A;. By Lemma 6.2, we know that ge; € X and B € X™*. Then
gx = ger1x € X and A(gx) € X ®g X. From here,
T(x) =(BQ®gridx)A(gx) € X. O

Proposition 6.5. Let Z be an R-algebra and z,e € Z. Assume that ze = ez = z.
Set Z = %(z —e).Ifz € Z, then

1 .
—=2.7
N

is an R-linear combination of powers of Z.

Proof. Set

(Jrz-i—e)p—e 2”:( )(m)k .

k=1
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As in the proof of Lemma 3.3, the fractional expression is just symbolic. The left-
hand side equals fz_ol z'. We obtain the result by dividing this equation by VP>
noticing that 7?~! = ¢, /p for some invertible £ € R, and (fj) is divisible by p for
anyk=1,...,p—1. O

We are now ready to tackle the difficult point.

Lemma 6.6. The element gey belongs to X.

Proof. View A as a Hopf subalgebra of H and Ag as a quotient Hopf algebra of A
via projecting any element on its component in Ag. Then X N Ag is a Hopf order
of Ay in light of Proposition 2.1. Look now at the Hopf subalgebra of A generated
by u,. Lemma 6.3 shows that \/Lﬁ D ul, € X. Applying Corollary 3.9(ii), we have
%(ua — 60) € X N Ayp.

On the other hand, Lemmas 6.1 and 6.4 yield that

1 _
T(e1) = ﬁZguI;ubk e X.
k

Pute = % Yk u’;u;k. Observe that e is an idempotent and T'(e1) = ,/p ge € X.

Let G be the group generated by o, 7 subject to 02 = t? = 1, 01 = 70.
The assignments e; +— 0;ug,,up — 1;¢ +— o define a surjective algebra map
f : H— KG. Itis easy to check that f is a Hopf algebra map and Ker f equals
the ideal generated by e; and uauljl — eg. By Proposition 2.1(1v), f(X) is a
Hopf order of KG. The element 0 must be in f(X) because it can be received
from characters of (KG)*. Take x € X N Ay such that f(x) = o. Then
X — gey = h(uau;1 — eg) for some h € H. Multiplying by ./p ge we arrive
at /p(xge —e) = 0. Thus /pe = x(,/pge) € X N Ag. Consider the Hopf
subalgebra E of Ay generated by uauljl. As /pe = \/Lﬁ Dk u’éu;k e XNE,
Corollary 3.9(i) implies %(uauljl —ep) € X. Hence

1 _ (1 _ 1
—(ub1 —eg) = ual(—(uaub1 —e9) — —(uq —eo)) € X.
T T T

By Proposition 6.5, J%Tx Y uZ € X. Let Hy, be the Hopf subalgebra of H generated
by up and vp. Arguing as we did for H, in the proof of Lemma 6.3, we obtain that
\/LE > vy € X. Applying Lemma 6.4, we have

1 .
T(— v;)) =gep e X
77

and we are done. OJ
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6.3. The necessary condition. We next derive that all basis elements of H must
be in the Hopf order X. This will be key to establish the necessary condition of our
main result and to prove later that a Hopf order of H, if exists, must be unique.

Proposition 6.7. All elements of the basis B of H in (5.1) belong to X.

Proof. From Lemmas 6.1 and 6.3, we know that eg, e1, Uy, v, € X. We next see that
g € X. Takewr € Csuchthatn? = {—1landsetL = K(7),S = Or. Then X ®g S
isaHopforderof Hy := H ® ¢ L. Lemma 6.2 combined with Lemma 6.6 yields that
g € X ®r S. We canidentify H ® g L with Hy via multiplication. Inside H Qg L
wehave (X + R QRS C X QRS+ RO RS =XQ®rS S (X + Rg)Q®rS.
This equality indeed holds in H ® g S C H ®pg L. Since S is faithfully flat as an
R-module, we obtain X = X + Rg. Therefore g € X.

It remains to prove that up, v, € X. We have that upg = gu, € X. Then
up = (Upg)g € X and consequently A(up) € X Qg X. If follows from the latter
that v, € X arguing for Hj as we did for H, in the proof of Lemma 6.3. O

As a consequence of Lemma 6.3, we get
LSl e x
a a °
JP 4

Let E be the Hopf subalgebra of H generated by the group-like element & := u, +v,.
Clearly, E ~ KC), as Hopf algebras. Put Z = E N X and denote by A the set of
integrals in the Hopf order Z of E.

Lemma 6.8. We have A = R(‘/L’7 i k).

Proof. Obviously, R(\/Lﬁ D h') € A. For the reverse inclusion, let | € A. There
isA € K suchthat [ = % >, h'. We will prove that A € R. Using Proposition 6.7,
w = (/®[)A(g) € X ®r X. Then (I'; ®g I2)(w) € R, with T, being the
element defined in (6.1). We next show that (I', ®g I2)(w) = A2.

Taking into account that I', vanishes on Ag @ A1 D gAy, it suffices to compute
the part of w in gA; ® gA;. We have:

©1) A? . -
(T2 @ T2)(@)' = 2 Do > e BYEu ) (vss BY (g0 vp)
i,j,k,0 T8
w2 DD I S TR Sl aer
2 > s
p ijk,0 TS
= A2

So A% € Rand thus A € R. O
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We can now establish the necessary condition in our main result from the previous
lemma and Corollary 3.9(i):

Proposition 6.9. Suppose that H admits a Hopf order over R. Then there is an
ideal I of R such that 1*P=V = (p).

6.4. The Hopf order. Assume that there is an ideal I of R such that 12(?~1 = (p).

In this part we will construct from / a Hopf order of H which will turn out to be the

only Hopf order. Consider the fractional ideal J := I~! = {a& € K : al C R}. By

the unique factorization property in R, from 72?1 = (p) = ((—1)?"! = (/p)?,

itfollows that 1% = ({—1)and 177" = (/p). ThenJ? = (gy) and J P~ = (ﬁ).
We need the following version of Proposition 6.5:

Proposition 6.10. Let Z be an R-algebra and z,e € Z. Assume that ze = ez = z.
IfJ(z —e) C Z, then

1 i
— ' e Z.
2y
Proof. Putz = z —e, proceed like in the other proof and use that %ﬁfp lez. O

Theorem 6.11. The R-subalgebra Y of H generated by ey, e1,g,J(ug — eo),
J(up —eg), J(vqg —e1), and J(vp — e1) is a Hopf order of H.

Proof. We will first prove that Y is finitely generated as an R-module. Observe that
J is finitely generated. Write

Xg = Ug — €0, Xp =Up —€0, Ya=DUVUg—€1, Yp=7UVp—€1.

We have that x,4, xp, y4, yp € Y because IJ = R. Since eg,e; € Y, we also
have ug, up,vq,vp € Y. We next check that (Jx,)" C Zf:ll J'xy forn > p.
The element x, satisfy Y 7_, (?)x} = 0. As JPJP~2 = J2(r=D = (%), we get

i=1\;

R = (JPp)JP72. Then JPp = 1?72 C R. Hence

p—1 p—1 p—1
(Jxq)? = JPx[ C ZJ”(I.U)X(’; C ZRxfl C Zjix;.

i
i=1 i=1 i=1
The same holds for x3, y,, and y,. Consider now the equality:
YaYb = VaVp — Vg — Vp + €1

= {Vpvg — Vg — Vp + €1
={ypYa + (= D(a + yp + €1).

Then, for ag, o € J the coeflicient of e; in (agy4)(atpyp) belongs to R because
J? = (Z%l). Using the previous equality one can prove that any product of the form
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(ﬂay(’l‘)(,Bbyllj) with B, € J¥, Bp € J! can be expressed as an R-linear combination

of elements in (J’y )(nya) with0 <i <1[,0 < j < k. Notice that the coefficient
of e; always belongs to R. All these facts, together with the relations among
Xa,Xp, Ya, Vb, and g inside H, show that Y is finitely generated as an R-module.
More precisely, using that J is finitely generated, the following elements generate Y
over R:

eo, e1, geo, gev, ' (xpx]), T (gxpx]), T (vpyd). T (v vd),
i,j=0,....,p—1.
Removing the powers of J from these elements, we obtain a K-basis of H (we
understand that i, j are not simultaneously zero). Hence Y is an order of H.
We next prove that Y is closed under comultiplication and antipode. It is easy to

check that the comultiplications of the e’s, x’s and y’s liein ¥ ®pr Y, the counits of
them lie in R, and S(Y) C Y. For instance, for « € J we have:

Alaxg) =oxg QuUg + 0y, ® g +e9 @ ax, +e1 Q@ay, €Y QrY,

Alaxp) = axp Qup + eg Q@ axp + ayp ® vg_l

p—1
—1 -
+kz_:lel®(pk )(ayb)yf ey ®r?.

It only remains to show that A(g) € Y ®g Y. For, we need to rewrite A(g) as an
R-linear combination of elements in ¥ ® g Y. Recall from Equation 4.2 that A(g)
consists of four summands. We treat each of them separately:

Partin Ag ® Ay. Consider the sum

1
2 Z é-]k zluzub®u ”b—( Zé-—llul ®“b)( Zé-]k Qu )
i,j.k,l p],k

We argue on the first factor, the second one being similar. Replace u, and u; by

Xq + €o and xp, + eq respectively and expand. The coefficient of x;; ® x; equals %
ifr =s = p—1. Then

g_l p—1 p—1 §_1 p—1 1 p—1
xa R x = xa ®R — xb

NG VP

belongs to ¥ ®g Y because %ﬁ € JP~L. For either r or s different from p — 1
we use the following argument. The coeflicient of x; ® x; will be the same as the
coeflicient of y; ® y; in the sum

1
—ZZ iyl @ vl
P
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This in turn will be the same as the coefficient of y; y in the sum
1 . 1 _
Ly gl = Ly
P P
1 ,
- (TS )
p -

p l

_ l((Yb +ep)? _el)((ya +e1)? —el), 6.3)
p Vb Ya

We are using here the convention in the proof of Lemma 3.3 for these fractional
expressions. The coefficient of y; y; in this sum contains the binomial coefficient (i)
fork = 1,..., p — 1. Therefore the first factor belongs to ¥ Qg Y.

Partin Ay ® A;. We have the summand
1
Zg“ kDR Kyl ®vk+l ktl — ( Zu ® vkvk )(72u2®vflvé).
4
l

We show that each of the sums belongs to Y ® g Y. We only do it for the first one.
For the second one proceed similarly. The coefficient of y ® y; y. in this sum will
be the same as the coefficient of x/, ® x; x/ in the sum

1 koo kok k
— Zua Qupu, = — Z(ua ® Uply)©. (6.4)
NI NI
Observe that u, ® upu, € Y Qg Y and

J(Uag @ upug —eg ® €9) = JXq @ XpXg + JXqa @ Xp + JXq ® Xq4
+Jxa®eg+eo® (Jxp)xg+eo @ Jxp+eo® Jx, €Y QrY.

This together with Proposition 6.10 yields that the sum belongs to ¥ ®g Y.

Partin Ay ® Ag. We argue as before with the summand

1 —(k+1
— Z é(kH)kv’aCHvb( ) ® u’;ué

pk,l |
(17 Dk k 1 .(p— 1)1
() (T o).
NI

but using the following variation: vé’_l = ) + ey with y, = Zf;i (P]_.l)yl{ and
JcJl forj=1,...,p—1.
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Partin A1 ® A;. Consider the summand
1
— Z v§ vll, ® v; =
p k,l
Write it in H @ H°? as
1 k k) ( 1 I o ( —1)1)
— V. ®v — v, @ v
(ﬁ;“b ke

and proceed as before. This finishes the proof. O

S kol @ v DIk,

1
p k.l

Proposition 6.12. The Hopf order Y is unique.

Proof. Let w € C be such that 72 = ¢ — 1 and set L = K (). We will first prove
that Hy admits a unique Hopf order over S = (91, and derive the uniqueness for H
arguing as we did in Proposition 6.7. Write / = (). Then 12(=1 = (p). Let
J C L be the inverse of I, which is generated by % We have seen in the precedent
proof that the order Y (over S) is generated as an algebra by eg, 1, g and the elements

1 . 1 . 1 . 1
Xqg:= —(Ug—eo), Xp:=—WUp—eo), Vqg:=—(va—e1), Jp:=—(vp—eq).
T bid bid T

Let X be any Hopf order of H;. By Lemma 6.3 and Corollary 3.9(ii), X must
contain the element %(ua +v,—1). By Proposition 6.7, X contains all basis elements
of Hy. Using multiplication by ey and e;, conjugation by g and translation by the
character p : Hp, — K,up — 0,vp — 1, we see that X must contain X, y4, Xp,
and y5. Then Y C X and thus Y is a minimal Hopf order.

We know that Hy, is self-dual. Then H; has also a minimal order, which we
denote by Z. This implies that Z* is a maximal Hopf order of Hy. Thus any
Hopf order of Hj lies between Y and Z*. We will prove that Y = Z*. The
R-submodule Ay of left integrals in Y is spanned by %(1 +g) Z,-,j u;u]]) Then
e(Ay) = (2p). Using self-duality of Hy, we also have ¢(Az) = (2p). Since
(dim H) = (4p?), by Proposition 2.3, e(Az«) = (2p). Proposition 2.4 yields
Y =2*

Finally, let X, X’ be two Hopf orders of H. The Hopf orders X ® g S and
X' '®r S of Hr mustbeequal. Then X @ g S = (X + X )Qr S = X' ®r S. As S
is faithfully flat as an R-module, we obtain X = X + X’ = X’ and we are done. [

Remark 6.13. The precedent result shows that the behavior of orders for semisimple
Hopf algebras can be quite different to that of group algebras. When we take larger
number fields, the number of Hopf orders of the group algebra on C, tends to infinity
whereas the number of orders of H is constantly 1.

Remark 6.14. In [8, Theorem 1.8] the second author proved that every semisimple
Hopf algebra over a number field only admits finitely many Hopf orders over its ring
of integers.
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6.5. Main result. We are finally in a position to prove our main result:

Theorem 6.15. Let p be an odd prime number and K a number field containing a
primitive pth root of unity. Nikshych’s Hopf algebra admits a Hopf order over Ok,
which must be unique, if and only if there is an ideal I of Ok such that [*®~VD = (p).
In particular, K can not be neither a cyclotomic field nor an abelian extension of Q
if a Hopf orders exist.

Proof. The necessary condition was established in Proposition 6.9. The sufficient
condition and uniqueness were proved in Theorem 6.11 and Proposition 6.12.

We prove that K can not be a cyclotomic field if H admits a Hopf order over O .
Let I C Ok be the given ideal such that 712>~V = (p). Suppose that K is a
cyclotomic field, say K = Q(n) with n a primitive mth root of unity. Since (p)
ramifies in Ok, by [16, Proposition 2.3], p is a prime factor of m. Call n the
exponent with which p occurs. By [10, Theorem 4.40], there is a prime ideal 33
of O appearing in the factorization of (p) with exponent e := (p — 1)p"~!. The
exponent of 3 in the factorization of 12(P~1 will be 2/(p — 1) for some / € N.
Then p should be divisible by 2, a contradiction.

That K can not be an abelian extension of QQ in this case follows from the
Kronecker—Weber theorem. O

7. On orders of forms

Let L/K be a Galois extension of fields with Galois group I". We have seen before
that it could happen that Nikshych’s Hopf algebra H over K does not admit an order
over any cyclotomic ring of integers, but could a L / K-form of H do? Namely, could
there be another Hopf algebra H’ over K such that H' ® x L ~ H ®k L and H’
admits an order over some cyclotomic ring of integers? We will show in this last
section that the answer to this question is affirmative.

We first recall from [2, Proposition 1.1] and [13, Proposition 1] some basics about
Galois descent in the Hopf algebra setting. Put Hy, = H Q®x L. Giveny € I', a
Hopf y-automorphism of Hj is a K-linear automorphism f : H; — Hj which
satisfies:

(1) f is y-semilinear, i.e. f(ah) = y(a) f(h)foralla € L,h € Hy.
(2) f is compatible with the multiplication, comultiplication, and antipode.
3) f(m,) =1u,.
(4) ef =vye.
According to Galois descent, L /K -forms of H correspond to group homomor-
phisms & : I' - Autx(HL),y — P, such that @, is a Hopf y-automorphism for

all y € T'. For such a ® the set of invariants (H7)" is a Hopf algebra over K and the
natural map (H7 )" ® x L — Hj is an isomorphism of Hopf algebras.
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Our goal is to prove the following:

Theorem 7.1. Let ¢, € C be a primitive nth root of unity, with n divisible by p.
Consider Nikshych’s Hopf algebra H as defined over Q(¢,). Let w € Z[{,] and
t € C be such that w is invertible and t* = w({,—1). Assume that thereis d € Z[(y)
such that %(d +1) € Oq(,.1)- Then, H admits a Q(8n. t)/Q(En)-form H' which in

turn admits an order over Z.[C,].

Proof. Set L = Q(&,,t). We will construct H’ and show that the unique order Y
of Hy descents to an order of H' over Z[{,]. The Galois group T" of L/Q(¢,)
is isomorphic to C,. We denote the generator by y. Bear in mind the Hopf
automorphism o of H of order two given by

o(ug) = u;‘, o(vg) = vgl for@ =a,b and o(g) =g.

We can define a Hopf y-automorphism ¢’ of Hy, by o'(h ® @) = o (h) ® y () for all
he Haoel.Let®:T — Autg(Hp) be the group morphism mapping y to o”.
Consider the form H' of H givenby H' = (Hp)".

We claim that the order Y of H descentstoanorder Y’ := YT of H’ over Z[(,].
It is enough to check that the natural map p : YT ®z[t,1 OL — Y is an isomorphism
(this will ensure us that YT is really a Hopf order). Since p is injective, it suffices to
check the surjectivity. We have seen in Proposition 6.12 that Y is generated over O,
by e, e1, g, and

- 1 . 1 . 1 . 1

Xq = ;(“a —eq), Xp:= ;(“b —eo), Va'= ;(Ua —e1), Vb= ;(Ub —e1).
Clearly, eg, €1, g € Im p as they are invariants. We will show that Im p contains the
rest of the generators. Since Im p is a subring of Y, this will give Imp = Y. Let
us show that X, € Im p. The proof for the other generators is similar. The element
q = 5(2e0 —uq —uz") = —xZu;" belongs to Y. Since y(1) = —t, a direct
calculation reveals that 0'(X;) = X, +tq. Setz = X, + %(d + t)q. One can
easily check that z € YT, and therefore z € Im p. Finally, %, = z — %(d 4+ t)q, and
%(d 4+ t)q € Im p, so X, € Im p as well, as desired. O

With the previous theorem in hand, we will describe an example in which an
order of a form does exist.
Example 7.2. Consider the case p = 7 and n = 28. Let { := (g be a primitive
28th root of unity. A computation done by Dror Speiser with the computer algebra
system MAGMA showed that if w is the inverse of the element
21747826028152¢' — 25061812676688¢'° + 5371269408312¢°

— 2754700868376¢8 4 21747826028152¢7 — 22307111808312¢6

+ 4963799311635¢* 4 12069132874072¢3 — 11153555904156¢2

— 12069132874072¢ 4 17343312496677


http://magma.maths.usyd.edu.au/magma/
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and d = 1, then the condition of the theorem holds. We take ¢ such that
t2 = w(l1 — ¢*). We thus have an order over Z[¢] of a form of H7.

Then H7, as defined over the complex numbers, admits an order over a cyclotomic
ring of integers.

The following questions remain open:

Questions. Does there exist a value of p for which Nikshych’s Hopf algebra Hp, as
defined over the complex numbers, does not admit an order over any cyclotomic ring
of integers? More generally, does there exist a complex semisimple Hopf algebra
which admits an order over a number ring but not over any cyclotomic ring of
integers?
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