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Abstract. We compare representations of the real and complex general linear groups and special
linear groups in the framework of K-theory, using base change on L-parameters. We introduce
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the Connes—Kasparov isomorphism.
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1. Introduction

Local Langlands correspondence (LLC), proposed by Langlands [20,21] and then
verified for many algebraic groups (see for example [8,9,11,22,23]), roughly speaking,
is a deep philosophy connecting arithmetics and representation theory. The
philosophy claims that the irreducible admissible representations of a reductive
algebraic group G over a local field F are parametrised by L-parameters

oW LG

where Wr is the Weil group (for F being an archimedean field) or the Weil-Deligne
group (for F being non-archimedean) and £G is the so-called L-group. In this paper,
we will only investigate the case of archimedean local fields. When the group G is a
general linear group, LLC gives rise to a bijective map

S T(G) — @(G), (1.1)
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where

I(G) := {equivalence classes of irreducible admissible representations of G};

d(G) = {Gv-conjugacy classes of L-parameters: ¢ : Wp —L G}.

Here, GV is the Langlands dual group. For a general algebraic group, the map f
fails to be one-to-one. This means that two distinct representations p, 7 in I1(G) may
share the same L-parameter, i.e. p and t are in the same L-packet. LLC states that
there is a bijection between ®(G) and equivalence classes of I1(G) determined by
L-packets.

Thanks to the philosophy of Langlands, comparisons of irreducible admissible
representations of algebraic groups G(C) and G(R) can be made by comparing the
corresponding L-parameters. The inclusion of Weil groups W — Wg gives rise to
a well defined base change map on L-parameters over different fields:

bc: {L—parameters of G(R)} — {L—parameters of G((C)}.

Because of LLC (1.1), there is a base change map on admissible representations
between G(C) and G(R) (see Section 5.1):

be : TI(G(R)) — TI(G(CT)).

The induced base change map on representations gives rise to the commutative
diagram:

/o IGR) =25 o(G(R))

lbc lbc
f 1 T(G(C) =5 B(G(0))

In this paper, we study the above diagram using K«(C;(G)), the K-theory for
group C *-algebras. Because C*(G) encodes information of the tempered dual of G,
we consider admissible representations that are tempered representations.

The first main result of our paper is Theorem 6.9. When G is a general linear
group or a special linear group, there is a nontrivial base change map on operator
algebra K-theory,

be : Ki(CF(G(C)) — K;(CFH(GR))). (12)

where i (resp. j) has the same parity as dim[G(R)/ K(R)] (resp. dim[G(C)/ K (C))).

A featured treatment of our K-theory characterisation of base change is the
possible degree shift in K-theory of (1.2). Namely, i and j may not be the same.
This is a finer definition than that of Mendes and Plymen [25]. In fact, in their
formulation in our archimedean examples, their base change map is trivial when
n > 1. In our modified definition of base change on K-theory, we have taken into
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account the subset of I1(G(C)) fixed by the Galois group Gal(C/R), and obtain
a nontrivial base change map on K-theory. The Galois fixed point set has lower
dimension than the connected component where it locates, causing the degree shift
in K-theory. Another feature of our formulations is that for the case SL(n), the
L-packet information is encoded in the base change map (1.2) on K-theory (see for
example Corollary 6.11).

Our second main result is Theorem 7.7. Let G be a general linear group and K a
maximal compact subgroup, then through the Connes—Kasparov isomorphism

there is a base change map on the representation ring R(K) of K:
bC* . R(KG((C)) o R(K(;(]R)).

We show that the base change maps (1.2) on GL(n) and on its maximal compact
subgroup K are compatible with the Connes—Kasparov isomorphism (1.3).

This paper is the first series of papers about functorality of K-theory for
C*-algebras. Our second paper in the series will be focused on the case of general
classical groups.

We would like to mention a recent preprint by Mendes—Plymen [26]. The paper
has some common terms as ours in the exposition part. However, our results are
parallel to theirs and represents an independent work.

Acknowledgements. We are grateful to Prof. King Fai Lai for his encouragements
and suggestions. We would like to thank Shanghai Center of Mathematical Sciences
at Fudan University and University of Adelaide for the hospitality and support, during
our visits to each other. A large part of this work is completed during these visits.
We appreciate the very helpful comments and suggestions from the referee of our
article.

2. L-parameters

In this section, we review L-parameters and some examples. Details can be found in
notes such as [16,17].

Let F be an archimedean local field and IF be the algebraic )glosure. Recall that a
Weil group Wr is an extension of the multiplicative group of F by the Galois group
Gal(F /F), i.e. . B

l->F — W — Gal(F/F) — 1.

Example 2.1. (1) If F = C, the Galois group Gal(C/C) is trivial, so

We = C*.
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(2) If F = R, then Gal(C/R) = {1,060} =~ Z, and Wg is C* U kC* subject to
relations

k*=—1 and kz = zk.

The action on C by conjugacy of z (resp. kz) corresponds the trivial element 1
(resp. nontrivial element o) of Gal(C /R). This determinesamap j : Wgr — Gal(C/R)
with kernel C* and defines a nontrivial extension.

Denote by GV the Langlands dual group of G. It is a simply connected complex
reductive group whose root datum is dual to that of the group G. For the field I, the
L-group associated to G(IF') is defined by the crossed product,

LGy = GV x Gal(F /F).

Example 2.2. (1) For G = GL(2), the Langlands dual group is GY = GL(2,C).
When I = C or R, we have

LGc = GL(2,C), Gr = GL(2,C) x Gal(C/R).

Here, the nontrivial element o of the Galois group Gal(C/R) acts on GV by the
following outer involution

o:g JgHTs!

where g € GL(2,C)and J = [ ! ].
(2) For G = SL(2), the Langlands dual group is G¥Y = PGL(n,C) and the
L-groups for G(C) and G(R) are

LGc = PGL(2,C), Gr = PGL(2,C) x Gal(C/R).
Definition 2.3. An L-parameter is a GV -conjugacy class of homomorphisms
¢ Wr L G

where the image contains only semisimple elements and is compatible with the
canonical projections from LGy to Gal(F /F), i.e. the diagram commutes:

W —— LGp
i| |
Gal(F/F) —— Gal(F/F).
Example 2.4. When F = R, there is a canonical map
j : Wr — Gal(C/R).

Thus, an L-parameter can also be expressed in the form ¢ (w) = ¢o(w) x w for
w € Wr where ¢y is a continuous 1-cocycle of Wg into semisimple elements of G V.
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2.1. L-parameters of GL(2). For F = C, L-parameters for GL(2, C) are given
by the G V-conjugacy classes of homomorphisms We — GL(2, C) with semisimple
images. As W = C* isabelian, all its irreducible representations are 1-dimensional.
Also, denoting a complex number by z = pe’?, a group homomorphism C* — C*
has the form

Jan :CX—>C*, zm pke""g, forsomen € Z, A € C.

Hence, Langlands parameters for GL(2, C) up to conjugacy have the following form
| XA (Z) 0 i|
z) =
Prini Ao s (2) |: 0 Xirmr (2)

for some A1,A, € C and ny, n, € Z. Note also that up to conjugacy

Parnidamns = Pagnadin -

Remark 2.5. In this note, we are interested in tempered representations (hence
unitary). With these requirements the corresponding L-parameters are bounded and
unitary, i.e. 41,4, € iR. We shall assume this condition for L-parameters for
GL(2,C) and for later cases: GL(2,R), SL(2,C) and SL(2,R).

The case for F = R is slightly complicated. A bounded and unitary L-parameter
Wr — GL(2,C) for GL(2,R) up to conjugacy has the following two forms:

(1) Forsome A1,A, € iR and mq,m, € Z,

Xip0(z) 0
¢A1,m1,l2,m2(2) = [ 10 XA2’0i| , 2.1

(~hm 0 }

Py my,agmy (0) = [ 0 (—1y™ (2.2)

Note that @a, m,,1r,my = Pryma,Aym -

(2) Forsome A € iR,n € Z,

_ X/l,n(Z) 0
N L N

_[o =1y
d))t,n (0) - [1 0 } .
Note that ¢, , > ¢a,—, and on the intersection of (1) and (2)

Gr,0 = DA 14,0 = PA,0,4,1-
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2.2. L-parameters of SL(2). L-parameters for SL(2) are homomorphisms from
the Weil group Wg to the L-group PGL(2,C) x Gal(F/F). Notice that an
L-parameter for GL(2) gives rise to an L-parameter for SL(2) by the natural
projection GL(2,C) — PGL(2,C):

Wg — GL(2,C) x Gal(F /F)

|

PGL(2,C) x Gal(F /F)

The converse is also true due to the following theorem:

Theorem 2.6 ([22], [18, Theorem 7.1]). Let F = R or C. Every projective rep-
resentation of W can be lifted to a representation of Wg. Moreover, there is a
surjective map of L-parameters for GL(n,F) and SL(n,IF):

®(GL(n,F)) — ®(SL(n,F)). 2.3)

Because of this theorem, all L-parameters for SL(2) are obtained from

L-parameters of GL(2) composed with the projection GLQ2,C) - PGL(2,QC).
As above, let z = pe'? and Yan(2) = prein?.

When F = C, a bounded unitary L-parameter for SL(2, C) has the following
form:

(1) Forsome A € iRandm € Z,

Grm(z) = [“"g(z) (1)]

Note that ¢ m = ¢_1,—m.

When F = R, a bounded L-parameter for SL(2, R) has either of the following
forms up to conjugation.

(1) Forsome A € iR andm € Z,,
0 D™ 0
e L BT L |

(2) Forsomen € Z,

%(z)z[)‘“’g(z) Xo’i(z)], ¢n(o)=[‘1’ (‘;)"]

Note that ¢,, >~ ¢_,.



Langlands functorality in K-theory for C *-algebras. I 1007
3. Representations

In this section, we recall the classification of irreducible tempered representations
of general and special linear groups. Without loss of generality, we shall focus
on the example when G = GL(2,F) or SL(2,F) for F = R or C. By Harish-
Chandra’s subquotient theorem, all such representations (admissible representations
in general) arise as subquotients of some principal series representations. A principal
series representation p(i1, |42) is a representation induced from the Borel subgroup
P = MAN of G (upper triangular matrices) determined by unitary characters
w1, o of F* = MA. Here M A is the Levi subgroup with a maximal torus M and
an abelian group A. The induced representation p(u1, 42) € Indg (i1, u2) consists
of functions on G where

/([6 3]¢) =m@mef] 1o veex.

Denote the character g /L;l of F* by u.
When F = R, any character i : R* — C* has the form

wx) = [sign(x)]m|x|’\ for some m € Z,, A € C.

Here, sign is the sign character where sign(x) = 1 when x > 0 and sign(x) = —1
when x < 0.
When F = C, any character i : C* — C* has the form

u(pe'?y = e p*  forsomen € Z, A € C.

In general, all irreducible representations of G can be constructed using
characters @. In a particular case when G is a complex semisimple Lie group,
e.g. SL(n, C), every principal series representation

p(/"Llal’L27~-'a:u‘n)

is irreducible. Thus, all irreducible tempered representations of G can be identified
as the irreducible principal series up to the action by the Weyl group W of G:

G~ (AxM)/W.

In the case when a principal series is reducible, it corresponds more than one
irreducible representations.

3.1. Representations of GL(2,F). When IF = R, consider the character

po=jupy 1R —>CX
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where (x) = [sign(x)]”|x|* for some m € Z,, A € C. It can be verified that

%([Z Z] [_C‘S’ff@ iﬁg})wwamz(m]%

form a basis for the principal series p(it1, 42). According to [12], if A — m is not an
odd integer or if A = 0, p(u1, i2) are irreducible. If A — m is an odd integer and
A = 0 the principal series p(it1, 42) is reducible and we have two cases:

(1) If A > 0, then the submodule

1
2ein9

o(pr, pu2) = @ Con

n>A+1,
n<—\A—1

is irreducible and the quotient representation (i1, () is a finite dimensional
irreducible representation.
(2) If A < 0, then
(1, pa) == @ Cehn

1+A<n<—1-4,
n<—\A-—1

is a finite dimensional irreducible representation and the quotient representation
o (1, o) is also irreducible.

As we shall focus on irreducible tempered representations, we disregard finite
dimensional representations, the trivial representation and complementary series,
because they do not contribute to generators of K-theory.

Theorem 3.1. The irreducible tempered representations of GL(2,R) up to unitary
equivalence are:

(1) Discrete series given by the subquotient o(i1,2) of the principal series
p(i1, 1a) where

p(x) = |x["[sign()"*t 0 #0.

Note: [sign(x)]" 12k = [sign(x)]"+.

(2) Irreducible principal series defined by p(j1, (i) where
w(x) = |x|™[sign(x)]™ (if v = 0, m is not odd).
The representations are also equivalent under permutation of [L1, 2.
When F = C, consider the character

w=pip; 1 C*—C*
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where u(z) = z?z%, p,q € C,2p —2q € Z. According to [12], the principal
series p(i1, u2) is irreducible whenever p, ¢ are not both positive or both negative.
When p, g are both positive or both negative, p(1, 2) splits into two irreducible
subquotients, one finitely dimensional, the other is isomorphic to p(us, ti4) for some
W3, jia Where 3yt = p. From this we see that in this case all irreducible tempered
representations come from irreducible principal series.

Theorem 3.2. The irreducible tempered representations of GL(2,C) up to unitary
equivalence are: Irreducible principal series, obtained from p (1, h2) where u(z) =
0V withv € R andn € N.

3.2. Representations of SL(2,F). For SL(2,F), we only need one character
n = [ ,u;l. A principal series 7 (u) is a representation induced from the Borel
subgroup P = M AN determined by a unitary character i of R* =~ MA and the
principal series p(u) € Indg (w) consists of functions f on SL(2,R) where

f([g afl}g)zﬂ(“ﬂﬂf(g), geK.

The unitary character u is parametrised by (m, A) € Z, x C, i.e.
p(x) = [sign(0)]"|x|*  x € R,
Note that u is determined by m = Z, = {£} and A € C. Denote

It = p(p).

Note that for () to be a unitary representation, we need A € iR. The represent-
ation /_ g splits into direct summands Dy @ Dy underlie two limit of discrete series
representations. When 7 is a positive integer and =+ is the parity of n 4+ 1, I+,
has two irreducible submodules D, , D, underlie discrete series. All other I ; are
irreducible. Thus, the space of irreducible unitarisable representations of SL(2,R)
are classified as follows:

Theorem 3.3 ([15, Theorem 16.3]). The irreducible tempered representations of
SL(2,R) up to unitary equivalence are:

(1) Discrete series DE(n > 0) obtained from I, or pu(x) = |x|"[sign(x)]" 1.

(2) Limit of discrete series DgE obtained from 1_ o or j(x) = sign(x).
(3) Irreducible principal series 14 ;,(v € R) and 1_;,(v € R*) (or u(x) =
|x|'"[sign(x)]™). Denote them by PS;y 1, PSiy—1, v € R.

Admissible representations of SL (2, C) are much easier. The reason is that the
principal series p(u) depending on a unitary character u of C* =~ AM is always
irreducible. Let z = pe’? and denote by Ina,n € N, A € iR, the principal series
p(w) is induced by

/’L(Z) — pleine'
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The space of irreducible tempered unitary representations of SL(2, C) is classified
as follows.

Theorem 3.4 ([15, Theorem 16.2]). The irreducible tempered representations of
SL(2,C) up to unitary equivalence are: Irreducible principal series are obtained
Sfrom Iy, n = () where u(z) = 01V with v real and n € N. Denote them by
PSivn, v eR, neN. Note that PS;,,, ~ PS—;y—n.

4. Local Langlands correspondence

In this section, we review the local Langlands correspondence. The correspondence
was conjectured by Langlands [20,21]. The conjecture is proved for GL(n) over
archimedean fields [22] and over p-adic fields [8,9], and proved for SL(n) in [11,
23]. Following from the Langlands program, the study of admissible irreducible
representations of an algebraic group can be parametrised by L-parameters.

Recall that all admissible irreducible representations of a group G over an
archimedean field can be characterised by irreducible (g, K)-modules. In the
philosophy of Langlands, L-parameters produce a way to classify admissible
representations of G in the sense that each L-parameter corresponds a finite set
of irreducible (g, K)-modules, called an L-packet. This bijection between L-packets
of admissible irreducible representations of Gy and conjugacy classes of admissible
homomorphisms of the Weil group W in the L-group LGy, satisfying some other
suitable conditions, is called a local Langland correspondence.

For example, due to the local Langlands correspondence, the surjective map (2.3)
from L-parameters of GL(2,F) to that of SL(2,F) implies that every class of
irreducible admissible representations of SL(2,F) can be constructed from an
element in I[1(GL(2,F)). For GL(2,F), each L-packet contains only one element
from II(GL(2,F)). But for SL(2,F), an L-packet may contain more than one
elements of TI(SL(2,F)). Therefore, in view of Theorem 2.6, different classes
of representations from a same L-packet for SL(2,F) in fact come from a same
representation of GL(2,[F). These facts are related deeply to the reason why the
unitary dual of GL(2,F) is Hausdorff but the topology for the unitary dual of
SL(2,TF) is slightly more complicated (see Section 6).

We shall review local Langlands correspondence in the context of the following
examples.

4.1. Local Langlands correspondence for GL(2,F). Letus first consider F = R.
The central object constructing local Langlands correspondence for a group over R
is the characters of R*. For GL(2,R), we know that an irreducible tempered
representation is either a principal series p(u1, i2) or its subquotient (as discrete



Langlands functorality in K-theory for C *-algebras. I 1011
series), depending on the parameter A € iR, m € Z, for the character
w:RX > C* x> |x|*[signx]™.
Here, u = ;Ll,ugl and juq, 4y are characters of R* given by
i (x) = |x[*[sign x]™
for some A; € C,m; € Z,. We will only need to construct a unique L-parameter
¢ : Wr — GL(2,R) x Gal(C/R)

associated to the characters 1, o of R*. Note there is a natural map Wr —
Gal(C/R) coming from the extension

0 - R* - Wg — Gal(C/R) — 0.

Thus, we only need to construct a homomorphism Wr — GL(2, C). There are two
facts to be used in the construction:

(1) The norm map given by the homomorphism
N : Wg — R* z+>|z|,0 > —1.

gives rise to a bijection between the characters of W and characters of R*:

WR—X>(C><

| A

RX

(2) The character i, : R* — C* lifted to the character of W determines a
homomorphism Wg — GL(2, C) through the determinant map:

We —2% GL@2,C)

x lde‘
1 12

CX

Bearing these two facts in mind, there are two cases for constructing the
homomorphism

¢ : Wr — GL(2,0C).
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(1) ¢ is made up of characters of Wgr. In other words, it is given by 1-dimensional
representations:

p1(N(w)) 0 ]
Wk - GL2,C) wr .
¢ e = GLE.C) [ 0 Ha(Nw))
Thus, an irreducible principal series p(u1, t2), where u; (x) = |x|*i [sign x]™
and u = |x|"V[signx]™, corresponds uniquely to the L-parameter given by
®x,,m1.0>,m- in the notation of (2.1).
(2) ¢ is not made of characters. In other words, it is a 2-dimensional irreducible
representation. In this case, ¢ is always induced from a character y of C* where
x #1d,ie.
¢ = Indg/E 5.

The induced representation is given by

o[ 5] wa=[ 5]

Let y(z) = |z[*¢"?. Then the character of Wg obtained by taking the
determinant of the above induced representation

2z o (=1

corresponds to the character x — |x|?*[sign x]**! which we requested to be

Wiptz. Therefore, a discrete series o (i1, o) where i (x) = |x|*i[sign x]™
and u = |x|"[sign x]"*! corresponds uniquely to ¢, , where A, 1 are determined
by p1pa = |x|**[sign x]* 1.

We summarise this construction in the following lemma:

Lemma 4.1. The local Langlands correspondence between irreducible tempered
representations of GL(2,R) and L-parameters is the following:

II(GL(2,R)) | g = paps! | (GL(2,R))
o (i1, [h2) i pa(x) = |x[*[signx]"*1 | ¢,

= |x|"[signx]"*!

p(u1, 42)
i (x) = |x|* [sign x]™

p(x) = |x|" [sign x]™ ParmyAz.mo
(v =0 = meven)

Table 1.

This is a one-to-one correspondence.

When F = C, life is much simpler. An L-parameter We — GL(2,C) can be
diagonalised, which corresponds to two characters jt1, i of C*. This L-parameter
corresponds to the irreducible principal series p(u1, i2) of GL(2, C) uniquely.
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Lemma 4.2. The local Langlands correspondence between irreducible tempered
representations of GL(2,C) and L-parameters is the following:

(GL2.C)) | 1, pa = papy" | @(GLE2,C))

p(i1, p2) w(peif) = piveint
wi(pe'®) = prieini®

PriniAans

Table 2.
This is a one-to-one correspondence.

4.2. Local Langlands correspondence for SL(2,F). From the previous subsec-
tion, we find that the local Langlands correspondence is constructed using characters
U1, o of >, The same idea can be applied to SL (2, F), but by definition we restrict
only to the case 41 = p5 ' Thus, an irreducible representation of SL(2, F) depends
only on . Because the composition of GL(2,F) — PGL(2,F) with L-parameters
of GL(2,F) gives rise to L-parameters of SL(2,[F), so we have

Parnidams = Pri—dan1—n2,0,05

i.e. an L-parameter for SL(2,F) depends only on p as well. Hence, we only need
the character u = g Mgl to parametrise the representations and L-parameters.

Relative to the example of SL(2,R), the parameter for the principal series 7 ()
where w(x) = |x|*[sign(x)]"™ is defined by OPam-A€C,m e Zs.

Lemma 4.3. The local Langlands correspondence between irreducible tempered
representations of SL(2, R) and the space of L-parameters is the following:

MI(SL22.R)) | p(x) | ®(SL(2.R))
DE n>0 |x | [sign(x)]" T | ¢
DgE sign(x) ' bo
PSiy 41 [sign(x)]™|x["" Div.m
Table 3.

The correspondence is 2 to 1 on (limit of) discrete series.

Remark 4.4. Therefore, the principal series PSs 41 corresponds one-to-one with
L-parameters, while the (limit of) discrete series corresponds two-to-one with
L-parameters, i.e. two (limit of) discrete series DX have the same L-parameter.
This situation is more complicated than the case of GL(2,R). The reason follows
from the fact that principal representations for some character p corresponds to
more than one irreducible representations of SL(2,R), while only one irreducible
representations for GL(2, R).
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For F = C, all principal series are irreducible. Irreducible tempered represent-
ations of SL(2, C) are in one-to-one correspondence with their L-parameters.

Lemma 4.5. The local Langlands correspondence of SL(2, C) is a bijection between
irreducible tempered representations of SL(2,C) and the space of L-parameters,
given by the following table:

II(SL2,C)) | u(z) | ®(SL(2,C))
PSiv,m ‘ eim9piv ‘ ¢iv,m

Table 4.

5. Base change on L-parameters and representations

In this section, we first recall base change on L-parameters. Then in view of the
local Langlands correspondence, base change is obtained as a map from admissible
representations of G(R) to the fixed point set of G(C) under the Galois group action
of Gal(C/R). We work out explicitly the examples of GL(2) and SL(2) over R and
over C.

5.1. Base change on L-parameters. Let F be a local field and E be a field
extension. Then the Weil group W is a subgroup of Wr. Let Gg, GF be reductive
groups over E, F and LG g and LG ¢ be their respective L-groups. Recall that a map
u :L Gg —L Gp is an L-homomorphism if it is a continuous homomorphism over
Gal(F/F), i.e. the following diagram commutes:

u
LGE _— LGF

| |

Gal(E/E) —— Gal(F/F).

and the restriction u|.q , L' Gg —% GF is analytic. An L-parameter ¢ is a lift of
an L-parameter ¢ if there is an L-homomorphism from LG to LG ¢ such that the
following diagram commutes:

Wy 25 LG, (5.1)

| .

Wg —=LGg

In our situation we are mainly interested in F = R, £ = C and G = GL(2)
or SL(2), the projection map from “!Gg =% G¢ x Gal(C/R) to the first factor



Langlands functorality in K-theory for C *-algebras. I 1015

is an L-homomorphism making the above diagram commute. Therefore, every
L-parameter Wg —L Gg gives rise to a unique L-parameter We — G¢. This is
defined as the base change map on L-parameters.

Definition 5.1. A base change is a map
bc : (G(R)) = P(G(C))

from an L-parameter ¢ = ¢r : Wgr —LGrtoan L-parameter ® = ¢¢ : W —LGe
where the restriction of ¢ to W has images in LGc,ie.the diagram (5.1) commutes.

Remark 5.2. The base change map is not onto, i.e. not every L-parameter & :
Wc —L Gc extends to an L-parameter ¢ : Wg —L Gg such that Olwe =@. If @
is in the image of ¢ under the base change map, it is called a lift of ¢.

5.2. Galois fixed points and base change on representations. An element being
in the image of a base change map or not is closely related to the L-parameters ® fixed
by the action of the Galois group Gal(C /R). Given a representation I1 € TT(G(C))
and the Galois group Gal(C/R) = {1, o}, the action of ¢ on II is defined by

M°(g) = T(g) g€ GO).

Let ®(z) = (a(z), j(z)) € GV x Gal(C/C) be the L-parameter corresponding
to the representation I1. Then according to [30, Proposition 1], the corresponding
L-parameter ®° is given by

®°(z) =(0-a(2), j(z)) zeWc=C*.

Suppose @ is in the image of the base change map, i.e. a lifting of ¢. Let
¢(1,0) = (h, j(1,0)) and g = o - h. Then

7 = Ad(g)® ge GV,

i.e. % and ® represent the same L-parameter. So @ is fixed by 0. If G = GL(n),
the converse is true as well, i.e. If 7 = @, then @ is a lift of some ¢. This is not true
in particular for G = SL(2). Repka has a criteria of ® being a lift. We summarise
it into the following proposition.

Proposition 5.3 ([30]). Suppose ® is an L-parameter of GL(n,C) being the fixed
point under the action of the Galois group Gal(C/R). Then a lift ¢ of ® always
exists, i.e. there exists ¢ such that

bc(p) = ©.
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Suppose ® is an L-parameter of SL(n, C) being the fixed point under the action of
the Galois group Gal(C /R). Then ® is a lift of ¢ if

(1) ¢(1,0)@()p(l,0)~! = @2);
2) ¢(1.0)> = &(-1).

Through the local Langlands correspondence, the base change map between
L-parameters gives rise to the base change correspondence on representations

be : TI(G(R)) — TI(G(C)).

Remark 5.4. We use “correspondence” instead of “map” here because of the
existence of L-packets. But for all the examples discussed in this paper, the base
change on representations is in fact a map.

As the images of the base change map on ®(G(R)) is a subset of the Galois
fixed point sets ®(G(C))%C/R) in the definition of base change map the range is
contained in the Galois fixed point set of admissible representations of the complex

group G(C):
Definition 5.5. The base change between representations is a correspondence from
representations of G(R) to the Galois fixed point of representations of G(C)

be : TI(G(R)) — TI(G(C)) /R (5.2)

which is compatible with the base change between L-parameters.

5.3. Base change for II(GL(2,F)). In view of Lemma 4.1 and Lemma 4.2, we
obtain the following base change map on the L-parameters and irreducible tempered
representations of G = GL(2).

Theorem 5.6. Under the local Langlands correspondence, the base change map from
®(GL(22,R)) to ®(GL(2,C)) gives rise to a base change map on the irreducible
tempered unitary representations of GL(2):

be : TI(GL(2,R)) — I(GL(2, C))SC/B)

The base change map is explicitly described in the following table:

7 € II(GL(2,R)) | 9 € ®(GL22,R)) | ® € ®(GL(2,C)) | T € II(GL(2,C))
P11, 2) DX 1 Ay D% 0420 P p2)

i (x) = |x | [sign x]™ pi(pe'®) = p*i

o (K1, 12) P, p2) '
papa = xPAlsign x| g7, i 1 (pe’®) = prein?
papy ' = |x|"[signx]"*! f2(pe'?y = pre=in?

Table 5.

This map is onto.
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Proof. We only need to restrict an L-parameter ¢® to W = C*. The discrete series
o(u1, u2) for GL(2,R) corresponds the L-parameter ¢§n : Wg —L G given by

A ,in6 _1\n
=707 i) o) de=([) o)

where z = pe'® € C*. The restriction of ¢}§n to C* is the same as the complex

L-parameter ¢£ - evaluated at z € C*. The irreducible principal series

p(u1, m2) of GL(2, R) corresponds the L-parameter ¢}§1 my Mgt whose restriction
X C

to C* is ¢/11,0,12,0‘ O

5.4. Base change for II(SL(2,F)). With the preparation of Lemma 4.3 and Lem-
ma 4.5, we obtain the following base change map on the L-parameters and irreducible
tempered representations of G = SL(2).

Theorem 5.7. Under the local Langlands correspondence, the base change map from
P(SL(2,R)) to O(SL(2,C)) gives rise to a base change map on the irreducible
tempered unitary representations of SL(2):

be : TI(SL(2,R)) — TI(SL(2, C))S(C/R)

The base change map is explicitly described in the following table:

7w € I(SL(2,R)) | ¢ € D(SL(2,R)) | ® € ®(SL(2,C)) | I € I(SL(2,0C))

Df.n>0 R ¢§2,, PSo,2n

Dy b5 ¢§0 PSo,0

PSiv,+1 bR Piv.0 PSiv,0
Table 6.

This map is not onto.

Proof. We only need to restrict an L-parameter R to We = C*. For the (limit
of) discrete series D, and D, for SL(2,R), they are in the same L-packet and
correspond to the L-parameter ¢,I$ :Wr =L GRr:

inf _1\n
0= ([ ] i) wo=([} G e)

where z = pe’® € C*. Because we consider the matrix to be an element of
PGL(2,C), the restriction of ¢,I1R to C* is the same as

|:ei2n9 0

X
0 1:| zeC”,

which is equal to the complex L-parameter ¢6C,2n evaluated at z € C*. Other cases
are obvious. O
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Remark 5.8. (1) The base change map is not onto for G = SL(2). In particular,
the (2n — 1)-th lines corresponding the principal series PS;,,2,—1 are never images
of the base change map (cf. [30]).

(2) The base change maps on ®(SL(2,R)) and on [1(SL(2,R)) are not one-to-
one. In particular, the base change map cannot distinguish representations from the
same L-packet.

6. Base change on K -theory

This section is the central part of the paper. Tempered representations of an almost
connected reductive group over local field can be classified by the K-theory of group
C*-algebra. Together with our study on the Galois group action on the reduced dual
of G(C), we define a base change map on the level of K-theory.

6.1. K -theory and unitary representations. Let G be an almost connected red-
uctive Lie group, i.e. the quotient of G by the connected component of the group
identity is finite. Let G be equivalence classes of irreducible unitary representations
of G. The set G equipped with Fell topology is a Ty space and is called the unitary
dual of G. The space G carries a Plancherel measure 1, supported on the subset @,
the tempered dual of G, of irreducible tempered representations of G. The Fell
topology on a, is not Hausdorff in general. Group C *-algebras are introduced and
extensively studied (cf. [7]) as an important tool to cope with the poor topology of G
and G ‘.

A unitary representation i of G in a Hilbert space H gives rise to a representation
of the convolution algebra L!(G) by

n(f) = /G f@n(g)ds f < L'(G).

The maximal group C*-algebra C*(G) is the enveloping algebra of L1(G),
i.e. completion of L!(G) under the C*-norm given by

1= sup [lw(f)]lec)-

(7, H)

If we choose the left regular representation A represented in L?(G), then the reduced
group C *-algebra C,*(G) is the completion of the image of

ALY G) - L(LA2(G)) fr (g~ f*g)

under the operator norm. C™*(G) is universal in the sense that every unitary
representation of G gives rise to a representation of C*(G). In particular, there
is a surjective homomorphism C*(G) — C}(G).
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When G is areductive group over an archimedean field, G (resp. 6t) corresponds
bijectively to primitive ideals of C*(G) (resp. C;*(G)). (Reduced) group C *-algebras
are algebraic analogue of (tempered) unitary dual. Philosophically speaking, we have

C}(G) is Morita equivalent to Co(G,). (6.1)

Then because K-theory is stable under Morita equivalence, we have the isomorphism
K« (C*(G)) = K* (@t) 6.2)

The right hand side of (6.2) is the topological K-theory of G,. Unfortunately, (6.1)
and (6.2) are false in general. (See [3, Section 9] for examples of this isomorphisms
and a counterexample.) However, for the examples considered in our paper, G, is
almost Hausdorff and C;* (G) is Morita equivalent to a C *-algebra which is almost
CO(@) (quote from [10, Section 6]). Being more explicit, when G is a complex
semisimple group, (6.1) and (6.2) are proved by Plymen [28]. This covers the case
when G = SL(n,C). When G is GL(n), the Morita equivalence (6.1) is proved
by Plymen [29] (see also [24]). A case we are interested but not included in the
above examples is a connected real reductive group (for example, G = SL(n, R)),
where the right hand side in (6.1) does not make sense because @ is not Hausdorft.
However, @t has an orbifold structure whose K-theory can be locally calculated
by equivariant topological K-theory [5,31]. Therefore, it is possible to compute
K-theory for GL(n) and SL(n) over an archimedean field explicitly.

K-theory for complex semisimple Lie groups was studied by Penington and
Plymen [28]. Let G be a complex semisimple group with the Borel (minimal
parabolic) subgroup P and Langlands decomposition P = MAN. In this case, all
principal series are irreducible. Thus, the tempered dual G, is parametrised by A X M
Note also that the principle series are equivalent for each orbit of parameters in AxM
under the action of the Weyl group W = Ng(A)/Zk(A). Therefore,

~

G,g(ﬁx2>/Wg @ i/w, 6.3)

oe]\?/W

Here, W, is the stabiliser of 0 € M. Itis a subgroup of W. It can be observed
that G; is Hausdorff. This leads to the calculation of K-theory (cf. [28]):

Ko (CHG)) = @D K*(A) Ws) (6.4)
UEA?/W

where

e (Z/Wg) _ §Z Wy = {1}and j = dim(G/K) mod 2, ©5)

0  otherwise .
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When G is in general a connected reductive group, the situation is more
complicated in the sense that G, consists of not only irreducible principal series.
Moreover, principal series are not always irreducible (G = SL(2, R), for example).
This more general case was studied by Wassermann in his short note [31]. We also
refer to the recent paper by Clare—Crisp—Higson [5, Theorem 6.8 and Remark 6.9]
for a proof with full details.

Theorem 6.1 ([5,31]). Let G be a connected reductive group. Then
Ki(C}G) =P P K, (2/ W(;). (6.6)

ogEM 4

The first summand is over all cuspidal parabolic subgroup P of G, i.e. when M in
the Langlands decomposition of P has discrete series. The second summand is over
all discrete series of M, denoted /]\/Yd. The R-group R, and W, are subgroups of Wy
where Wo = W) X Ry (cf. [15]). Moreover,

Ky (Z/ W(;) —7 i=dim(G/K) mod 2.

Remark 6.2. General linear groups over R are not connected, but almost
connected. From investigating the topological structure of the reduced dual, the
same formula (6.6) still applies to G = GL(n,R). For GL(n,R), the R-group is
always trivial. Hence, W, = W,.

Example 6.3 (GL(2)). For GL(2,C), its only cuspidal parabolic subgroup is the
upper triangular invertible matrices. In this case,

o L A A A |

and A =~ R2, M = Z,. The Weyl group is S, where the nontrivial element identifies
(A1,n1,Az,n5) and (Ap,n2,A1,n1) in A X M. Thus,

]/V[\/W = {(nl,l’lz) VAE ny > nz}.

When n; = n, € Z, the corresponding character o € M has the stabiliser subgroup
of Wy = Z», and so A / Wg is a closed half plane. When n; > nj, Wy is trivial and
then A /Wy = R2. Note also that every R-group R, is trivial because all principal
series of GL(2, C) are irreducible. Therefore according to Theorem 6.1,

GL(2.C); = (@®n,=n,R?/Z2) @D (@n,>n,R?)

and the K-group is

@n1>n2Z, l =07

Ki(C7(GL@. O = P=1
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For GL(2,R), its cuspidal parabolic subgroups are the Borel subgroup (upper
triangular matrices) P; and P, = GL(2, R) itself. For Py, similar as above A~ R2,
M =~ Z3. For my = my € Zy, the corresponding principal series are irreducible
and parametrised by points on a closed half plane R?/Z,. For m; > m, in Z, the
corresponding principal series is parametrised by R2, providing a generator for K.
(Even though the principal series is reducible when A; = A,, there are no double
points here). For P,, A consists of positive scalar matrices, M consists of matrices
with &1 determinant and N is trivial. The discrete series in M are indexed by Z ¢
The Weyl group and the R-group are trivial. Thus, group C*-algebra of GL(2, R)
is morita equivalence to

(Co(R?/Z>) & Co(R?)) (D(@2.,Co(R))

and the K-group is

Zy | = ]’
Ki(C}GL(2.R))) = ) F7=0" !
Z, 1 =0.

Example 6.4 (SL(2), see also [2]). The space S/LT2,TR), consists of the following
components: principal series PS;y 4,V > 0 (parametrised by R /Z,), principal series
PS;, —,v > 0and limit of discrete series D(:)IE (parametrised by an open ray R - ¢ with
double points attached at 0, or equivalently, by R x Z5,), discrete series D,df, n>0
(pairs of points indexed by +rn). Hence, the topological K-theory of ST(Z\R), is
given by

®HEZZ7 l = 03

Ki(C} (SLQ.R)) = K (SL2.R),) = . i

The space m)t consists of the following components: principal series
PS;y n,n > 0 (parametrised by R) and principal series PS;, 0, v > 0 (parametrised

by R/Z,). Hence, the topological K-theory of m ); is given by

Ki(C}(SL(2.0)) = K'(SL2.C)) = {0’ o

neZwol, 1 =1.
6.2. Base change on K -theory. When G is a general linear group, K -theory of red-
uced group C*-algebras is related to the topological K-theory of the space of
irreducible tempered representations. So we can use base change on representations,
i.e. topological space of tempered dual of a group to define a base change map on
K-theory:

Ki(CH(G(O)) = K(GO),) — K'(GR):) = Ki(C/(GR)).  (6.7)
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Such a base change map on K-theory was defined by Mendes and Plymen [25] for
GL(n) for Galois extensions of p-adic fields. This gives an important arithmetic
method for comparing operator K-theory for group C*-algebras over different
number fields. However, for archimedean fields the K-theory base change map is 0
for GL(n),n > 1, thus the base change map (6.7) does not provide useful information
for this arithmetic invariant. To cope with this problem, we use Galois fixed point
set of G/(E) ¢ to include the image of base change map on representations (5.2). This
gives rise to a new map on topological K-theory:

K (G/(\@)f’a“‘c/R)) S K (G/(\R),). (6.8)

Then, we extend the definition of base change to K-theory of operator algebras. In
particular, we look for a C*-algebra analogue for the Galois fixed points of G/(\(C),.
Using (6.3) we can find the Galois fixed point set of @, by finding fixed point set
in each summand:

_ - Gal(C/R)
FOFCP o o (A /Wo) . (6.9)

In view of (6.5), when W = {1}, the Galois group Gal(C/R) acts on A by reflection,
and then the fixed point set AG(C/R)_if exists, is a subspace of A.

Remark 6.5. When G = SL(n), the space G(R)t is not Hausdorff. We can replace
the last isomorphism in (6.7) by the isomorphism (6.6). Note that on the level of
characters the base change map (5.2) gives rise to

K(GEOHER) ~ @ D K (1/).

oEM 4

Thus, base change map on K-theory can also be developed for special linear groups.
This is not the focus of the paper but we will do some calculations. (See Example 6.8
and Corollary 6.11.)

Due to (6.5), we know that when { W, } £ {1}, the corresponding component does
not contribute to a nontrivial element in K-theory. So when we compare K-theory
of A/ W, and that of its Galois fixed point set, we only consider the case when

= {1}.

The following two lemmas are the key tool to determine the Galois fixed points.

Here, the group G is assumed to be GL(n,C) or SL(n,C).

Lemma6.6. Let P = M AN be the Borel subgroup of a complex connected reductive
group G. Let A be the component indexed by the character 0 = (ny,...,nx) € M
where Wy = {1}. Then

(1) n; #nj foralli # j.
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(2) If we fix a discrete series (ny,...,ng) in M\, the Galois group action on A has
a nonempty fixed point set only when {ny,...,ny} up to permutation satisfies
nj = —Ngy1— foralli =1,...,k and all n;s are distinct.

Proof. (1) If n; = n; for some i # j, then (i j) € W fixes the character o =
(ny,...,ng) € M, i.e. the stabiliser W, # {1}. This is a contradiction to our
assumption. So (1) is proved.

(2) For a character & = (A1,...,A%) € A, the action on (o,n) € M x A by the
nontrivial element of the Galois group Gal(C /R) is

(M1, g Ao AR > (g, =R AL, o AR) (6.10)

because the action is given by complex conjugation. A over o having a Galois
fixed point means that the characters 0 = (n1,...,ng) and —0 = (—ny,...,—ng)
are related by a Weyl group element, i.e. {—ny,...,—ng} is a permutation of
{n1,...,ng}. This together with (1) prove (2). O

Lemma 6.7. Assume all conditions in Lemma 6.6. If dimg A=k and AG(C/R) £,
then
dimg ASC/R = 1k /2].

Denote j = dimg A-— [(dimg 2) /2], then
K* (z) — g*Hi (20311(@/11«)).

Proof. Using the notation from the proof of Lemma 6.6(2), the fixed point set of A
over 0 € M is the subspace determined by the subspace

(A = Agprmini = 1,2, [k/2]),

which has dimension [k /2]. Noting that K*(X xR/) = K**/(X) for any Hausdorff
space X, the lemma is then proved. O

Example 6.8. When G = SL(2), each component A =~ R (where W, = {1}
possess a Galois fixed point, i.e. dim A% (C/R) = 0. Then

Ki+1<G/(\(C)?aI(C/R)> — ki (G/(\(C)t>
In general, when K*(Z/ W5) # 0,i.e. * = dim(G/K) and W, = {1}, we have

K ((Z/ Wo)Gal(C/R))’ 4Gal(C/R) £ O,

K*(A) W) =
0, otherwise.
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Here, j = dimg A- [dimg 2/2‘| This together with (6.3), (6.9) and (6.4) or (6.6)
give rise to a map

Ku(C(G(C) — K (GO,
This composed with (6.8) gives rise to the desired base change map
be : Ku(CF(G(C))) = Ky ; (CF(GR))) 6.11)

as is concluded in the following theorem.

Theorem 6.9. Let G be a general linear group or a special linear group. There
exists a base change map on K -theory of operator algebras

be : Ki(CF(G(C)) — K;(C}(G(R))) (6.12)

where i = dim(G(C)/K(C)) mod 2 and j = dim(G(R)/K(R)) mod 2. This map
is compatible with the base change map (6.8) on topological K -theory.

Proof. We need only to verify that the degrees of K-theory in (6.11) and in (6.12)
are compatible. As we know from the Connes—Kasparov isomorphism, for a general
linear group or a special linear group G and its maximal compact subgroup K, we
have

Ki(C}(G)) = R(K) dim(G/K)= j mod 2.
Let P be the maximal cuspidal parabolic subgroup of G and P = M AN. Then
dimG/K = dim A mod 2.

For a group G (C) over the complex field, the maximal cuspidal parabolic subgroup is
the Borel subgroup and Ac is the diagonal matrix subgroup whose entries are positive
real numbers. For a group G(R) over the real field, the maximal parabolic subgroup
is the upper triangular matrices where we have the maximal possible number of 2 x 2

blocks on the diagonal. In this case, Ar has the form diag{cy/>,c21>,...,cnl2} or
diag{ci115,c215,...,cnla, cnt1} Wherec; € R4, Hence dimgr Agr = [dimg Ac /2]
and

dim G(C)/K(C) = dimg Ac mod 2,
dim G(R)/K(R) = [dimg Ac/2] mod 2.

Therefore j —i in (6.12) is equal to dimpg Ac— [dimg Ac /2] mod 2, the same parity
as j in (6.11). The theorem is then proved. O
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We examine the base change map on K-theory on two typical examples.

Corollary 6.10. The base change map Ko(C¥(GL(2,C))) — K;(C}(GL(2,R)))
for G = GL(2) is explicitly calculated as follows: In @, ,>n,Z — @Bp>oZ, the
generator corresponding to (ny,ny) is mapped to 0 unless n1 + np, = 0 and the
generator parametrised by (n, —n) is mapped to the generator parametrised by |n|.

Proof. From Lemma 6.6, when W; = {1} a component of GT(2,\(C)t has a Galois
fixed point set only when n; = —n,. In this case the Galois fixed point set has
co-dimension one in A. Thus, we have a map

Ko(C}(GL(2,C))) — K! (m)gaucm))

which is non-vanishing and isomorphic on components with Galois fixed points.
Then applying Theorem 5.6 to the base change for topological K-theory leads to the
result. O

Corollary 6.11. The base change map K1(C}(SL(2,C))) — Ko(C}(SL(2,R)))
on for G = SL(2) is explicitly calculated as follows:

Onez, L — GnezZ (x1,x2,...) > (.., X4,%2,0,x2,Xa,...).

Proof. This follows from Example 6.8 and adapting Theorem 5.7 to topological
K-theory. O

7. Base change on representations of maximal compact subgroups

In this section, we investigate base change maps in relation to the Connes—Kasparov
isomorphism. The groups under consideration are general linear or special linear
groups.

7.1. Connes—Kasparov isomorphism. Elements of K.(C;(G)) for a reductive
group G can be realised as higher indices of Dirac operators via Dirac induction
based on representation of a fixed maximal compact subgroup K in G. Let R(K)
be the ring of irreducible representations of K. To each (77, V;) € R(K), there is an
associated Dirac operator,

dimG/K
Dr=)Y Xi®c(X)®1:(L*(G)®S & V)X - (L2(G) ® S ® V)X,

i=1

where {X; } is an orthonormal basis for p = g/¢ and S is the spin representation of K
in p. The Dirac operator D is essentially selfadjoint. The structure of S depends
on dimp. The higher index p(D) is an element of K« (C;(G)), where * is equal
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to the parity of dim p. This is known as the Connes—Kasparov conjecture [6,13,14]
and proved for almost connected groups and all reductive groups respectively by
Charbert-Eschterhoff—Nest [4] and Lafforgue [19].

Theorem 7.1 (Connes—Kasparov isomorphism). The higher index map gives rise to
an isomorphism

R(K) = K«(C}(G)) [n]+ u(Dy) * = dimp mod 2. (7.1)

The theorem reveals further a striking correspondence between the representations
of G and the representations of its maximal compact subgroup K. This is
observed using representation theory by Parthasarathy [27], then Atiyah—Schmid
developed a geometric approach using Dirac operator [1] for semisimple groups.
We shall use Atiyah—Schmid’s construction to describe the Connes—Kasparov
isomorphism (7.1) for semisimple groups. The Dirac operator D, gives rise to
elements of Ky(C(G)) = K* (6t) via Fourier transformation. Applying the
Plancherel theorem to the Hilbert space on which D, acts gives rise to the direct
integral decomposition (see also [28])

(L2(G)® S ® V)X ~ /AHG ® Wodi(o) Wy = (H} ®S ® Vp)K.
G
The G-invariant differential operator D, acting on the left thus decomposes as
Dr = [ 18 ¢@)duo)

where ¢ (o) € End(W, ) if dimp is odd and ¢(0) € Hom(W;E, W,T) if p is even.
The Fourier transform D ~ is a family of endomorphisms 1ndexed by o € G, It
determines naturally an unbounded K K-cycle

[Co(G:, H® W), D] € KK*(C,Co(Gy)) * = dimp mod 2.
Here, H ® W stands for the family of Hilbert spaces { Hy ® Wg}065 . We only

care the tempered representation because the the points outside G/ have 0 Plancherel
measure.

Note that if the dimension of W, vanishes or if Bn is invertible on a “connected
component” in @, containing o (when it makes sense), then [5,,] does not generate
the K-element corresponding to the component containing o.

Theorem 7.2 ([1]). Let G be a connected noncompact semisimple Lie group with
finite center and a maximal compact subgroup K. Denote by p. the half sum of
compact positive roots of G. Suppose G has discrete series, i.e, rank(G) = rank(K).
Then for each discrete series representation nw, of G labeled by a regular character o
of a maximal torus T of G, it can be realised by the the kernel of Dirac operator
twisted by the irreducible representation of K with highest weight o — pe, i.e.

Ker D} pe =76 KerD,_, =0.
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Remark 7.3. This theorem is stated only for semisimple groups having discrete
series. But this follows from a general observation for any reductive group G, the map
R(K) — K«(C}(G)) reveals a connection of the highest weights of characters of a
maximal torus of K and characters of the torus M in the Langlands decomposition
of the maximal cuspidal parabolic subgroup of P (see [31] for example). This
philosophy is used in the following example (see also [2]) and in the proof of
Theorem 7.7.

Example 7.4. The Ko-group of SL(2,R) is isomorphic to the representation ring
R(SO(2)) of the maximal compact subgroup SO(2). Denote by 7y, the representation
of SO(2) with weight k. Then the isomorphism is given by the following:

R(S0(2)) — Ko(C[(SL(2,R))),
[71] = [PSiv—DF].
[7x] = [Dy_q]s k>1
[m] = [D],]. k<1.

The K;-group of SL(2, C) is isomorphic to the representation ring R(SU(2)) of the
maximal compact subgroup SU(2). Denote by oy the representation of SU(2) with
highest weight k£, k > 0. Then the isomorphism is given by the following:

R(SU(2)) — Ko(C/(SL(2,0))),

[0k] = [PSivk+1]-

7.2. Base change on maximal compact subgroup. The base change map on K-
theory given by Theorem 6.9 leads to a base change on the representation of maximal
compact subgroups via the Connes—Kasparov isomorphism:

Ki(C}(G(C))) —— R(Kc)

[5 [

K;(C(G(R))) —— R(Kw).

Example 7.5. The base change map on the representation of the maximal compact
spaces is defined by the diagram:

K1(C}(SL(2,C))) —— R(SU(2))

lbc lbc

Ko(C*(SL(2,R))) —> R(S0(2)).
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Using Corollary 6.11, the map between generators of R(SU(2)) and R(SO(2)) is
given by

R(SU(2)) — R(SO(2)),

(xk[okDi>0 = (..., xs[m—2], x3[m—1], x1[m0], O[rr1], x1[m2], x3[m3], x5[74], .. ).

Remark 7.6. Note that SU(2) is not a complex Lie group and is not the same
type as SO(2). Thus, for SL(2), the induced base change on its maximal compact
subgroups is different from the base change discussed in previous sections.

Nevertheless, the case when G = G L (n) is particular interesting as the respective
maximal compact subgroups U(n) and O(n) have the same type and defined over C
and R, respectively. For this situation, we can directly define base change map on
representation

be : 5(11\) — @)Gal(C/R) - U/(;)

and the corresponding base change map on K-theory
bc : R(U(n)) = R(O(n)).

Note that in this case, our definition and the one used in [25] to such case of compact
groups coincide, because the reduced dual of a compact group are 0 dimensional
(and discrete), causing no degree shift when comparing K-theory of U/(Z)Gal((c/ R)
and (7(;).

We conclude the paper with the following compatibility theorem. Namely,
base change maps on GL(n) and on their maximal compact subgroups are
homomorphisms compatible with the Connes—Kasparov isomorphism.

Recall that a character of the maximal torus 7" of a compact Lie group K is
regular if its stabiliser in the Weyl group W is trivial. An irreducible representation
of K is called a regular element of K ifit corresponds a regular character of T in the
identification:

K=T/w.

Theorem 7.7. Over regular points of U/(;), the following diagram commutes:

R(UM) —=5 Ki(CHGL(n.C)))

lbc lbc (72)

R(O(m) —X5 K;(C}(GL(n.R)))

wherei = n?,j = ”2% mod 2. The vertical maps are base change maps defined in

Theorem 6.9 and the horizontal maps are the Connes—Kasparov isomorphisms.
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Proof. To prove the theorem we study explicit maps involved in the diagram over
regular points.

The representation of a compact group is characterised by the characters of its
maximal torus up to a Weyl group action. Recall that the unitary group U(n) has
maximal torus

T = {diag(zl,...,zn) 1z; €C,lzi| = 1}.

and Weyl group W = S, the permutation group. The dual of U(n) is labeled by the

highest weight 0 = (my,...,my) € Z" of an element in U(n):
U/(;) = ?/W = {(ml,mz,-.-,mn) eZ" :my>myp>--- Zmn}-

Anelement o € T is regular if the stabiliser W, of W at o is trivial, i.e. m; # m;
for all i # j. Then the regular elements of U(n) is indexed by

{my,....mp) €Z" :my >my--- > my}.

Recall also that the Galois group action on 7 is given by conjugation on {z; }. Then
over T, the nontrivial element of Gal(C /R) acts by

(my,...,mp) > (—my,...,—my).

Similar to the proof of Lemma 6.6, 0 € l7(;) is fixed by the Galois action if
mj =—muyq41—; forj =0,1,...,n—1.
The dual of O(n) is similar to that of U(n). It has maximal torus

T — diag(0(2),...,0(2),£1), n odd,
~ |diag(0(2), ..., 0(2)). n even,

and Weyl group SL% | X Zz (odd case) or SL% | (even case). Recall that all
irreducible representations of O(2) is labeled by Z>_; where n > 0 corresponds

the induced representation Indgg()z) xn and —1, 0 accommodate two irreducible sub-

0(2)

representations of Ind g 0

Xo- Thus,

6(11\): ?/W = {(ml,...,mL%J;s) EZLZZ_JI X 2Ly i my EZmL%J Z—l}

when 7 is odd. In the even case, remove label s € Z5.
The base change map O(n) — U(n)%*(C/®) is then given by

(ml,...,mL%J)H (11""’IL%J’_ZL%J""’_ll)

when 7 is even and by

(ml,...,mL%J;s)H (11,...,IL%J,O,—IL%J,...,—ll)
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when n is odd. Here I, = my if mg_ > 0 and I = 0if my = —1. Note that
preimage(s) of a regular element in U(n)C(C/R) js(are) regular in O(n), i.e. m; >
My > -+ > mL%J > 0.
Because Ko(C,*(G)) = R(G) for a compact group G, we can describe the base
change map
bc : R(U(n)) — R(O(n))

over regular elements (m1, ..., m,) € Z" of U(n). The base change vanishes unless
m; = —myu 41— forall i. Otherwise, it is the projection map to the first m 14 entries:
Dz - @z
mip>->mp, mi>->mn >0,s
mi=—mp41—j 2
Note, s € Z, only appears in the odd case and if m1, ... M|y are fixed, the labels
(mq,... Jmin; 1) and (myq, ... Jminy; —1) have the same value in the image.

Now we will describe the Connes—Kasparov isomorphism in the complex case.
Similar to Example 6.3, we have

m)z = GB Z/Wa
M/w
where A = R” and M /W is labeled by
{o:(ml,...,m,,)eZ" Tmy Zmzz---Zmn}.

and W, = {1} if and only if m; > --- > m,. The K-theory of the component of o
vanishes if W, is not trivial. So

Ko(C}(GL(n.C)) = P Z. (7.3)

mp>->mpy

The isomorphism is given by translating the labels by p, = (%, 3 ., =i,

half sum of the compact positive roots of GL(n, C):
R(U(n)) — K«(C}(GL(n,C)))

bz » ez

mj=-=>mp (my,...mp)+pc

It is straight forward to verify that (ki1,...,k,) = (m1,...,my) + pc satisfies
kq > --- > k, and the map is an isomorphism. But note that when # is even, the
labels (mq,...,my) + p. are not exactly the same as labels in (7.3) but differ by a
half integer lattice, but this will not affect K-theory calculation.

The Connes—Kasparov isomorphism for the real case is more complicated to
describe (not all principal series are irreducible). But as we only need to consider
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regular elements in 6(11\), we only need to understand labels coming from a maximal
cuspidal parabolic subgroup P,y of GL(n,R). Denote by M, the group of real
2 x 2 matrices whose determinant is &1, i.e. a double cover of SL(2,R). Then P4
consists of upper block diagonal matrixes where the dimension of each block is at
most 2 and there is at most one 1-dimensional block. Thus, in a similar fashion as
Example 6.3, we have

M- diag(My, ..., My, =1), n odd,
- diag(My, ..., My), n even,

and 4 =~ RL5!, The discrete series of M, is induced by discrete series DS, (L’\ > 0)

of SL(2,R) but the induced representation is the same for n and —n. So My =

ZLfOJ ® Z, if n is odd and ZLfOJ if n is even. So when 7 is odd

KicioLomn = @ z|@- .4
ZL%J ®Zy
where --- stands for generators contributed by nonmaximal cuspidal parabolic

subgroups. In the even case we just drop Z, in (7.4). In the odd case and over

regular points of 5(n\) the Connes—Kasparov isomorphism is given by translating
labels by p. = (52,22 1):

2 2 b .
0(n) — K+(C}(GL(n.R))) (7.5)
@ 7 EB 7. (7.6)
m1>...>mL%J>0,S (ml,,,,,mL%J)—{—pc;s

In the even case, the isomorphism is also given by (7.5)—(7.6) but s € Z, in the
parameter is dropped.

The last step is to describe the base change map on the right hand side of (7.2).
The case n = 2 is described in Corollary 6.10. For the general case, we do not need to
reexamine base changes on L-parameters. This is because images of Weil groups Wr
or We in GL(n, C) are isomorphic to direct sum of irreducible representations of
at most dimension 2. Thus, from Corollary 6.10, the base change is defined by (we

only list those corresponding to regular points of U(n)):

K;i(CY(GL(n,C))) — K;(CF(GL(n,R))) (7.7)
@ 7 @ Z; (7.3)
m1'>_r;1_2>...>m,7, (ml""’m\_ﬂj;s)
m;=—mMp41—i 2

@ — 0. (7.9)

m1>my>->my others

Again, s is removed from (7.7)—(7.9) in the even case.



1032 K. F. Chao and H. Wang

In summary, over regular point (m1, ..., my,) € Z" where my > mo > --- > my,
if m; = —my4,—; for alli we have a diagram
CK
69ml>mz>-"mn,mi=—mn+1—i 69(ml,-~-,mn)+;0c Z
lbc lbc
CK
®ml>“'mL%J?s z 69(ml,-.-,mL%JH-pZ-;S Z

where p., p.. are half sums of compact positive roots of GL(n,C), GL(n,R)
respectively. (Drop s € Z, when n is even.) The diagram commutes because

the first |5 | entries of p. and o/ are identical. If m; = —my4;—; for all i is not
satisfied, the diagram commutes because both base change maps vanish. The theorem
is then proved. 0

Example 7.8. For G = GL(3), in the complex case we have

RUB) = P z.

Ki(C}(GLB.O)) = (P Z

mip>mpy>msjs

and the Connes—Kasparov isomorphism is to translate the label by (1,0, —1). In the
real case we have

R(0(3)) = [Bm=1Z] P Z2.
Ko(C(GL(B.R)) = [®m=0ZI P Z2

where the isomorphism is to translate the first label by 1. Vertically, the base
change maps vanishes if m; = —m3 > 0,m, = 0 are not satisfied. Otherwise, the
commutative diagram (7.2) for GL(3) is described in Figure 1. In the figure, “”
stands for K-theory generator and o in the up-left corner stands for the regular points
in (76) fixed by the Galois group action, and o elsewhere is to label the image of the
regular points in U(3)S(C/R),

This example also shows that over singular points, Theorem 7.7 is not true. For
GL(3), (0,0,0) is the only singular point of U/@) fixed by Gal(C /R) (labeled by
in Figure 1). Through the down-right arrows, the value in Z at (0, 0, 0) should be
transferred to the value at 0, 1 in Ko(C;*(GL(3,R))). But through the right-down
arrows , it is transferred to the value at 1 in Ko(C;*(GL(3,R))), while the value at 0
in Ko(C;F(GL(3,R))) is always 0. This problem could be solved if in our definition
of base change on K-theory (6.12), instead of considering Galois fixed point of GC,
we consider the crossed product of Ge by Z,. But we shall treat the issue here in a
future paper.
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mao =0
pe = (1,0,-1)

my ny

*h O OO — = —— -0
-10 1 2 3 4 01234

8=l g=1
s = —1(same) s = —1(same)

Figure 1. Commutative diagram for GL(3).

7.3. On SL(n): inductive method. As in the above section, we can combine the
Langlands classification and the criterion of discrete series. We have:

Lemma 7.9. The tempered representations of G are parametrised by 0 € M and
X € A, whereo = (011, ...,01,:021,...,024), O1; is a character of F, and 0 is a
discrete series of M. The pattern is the combination of several pieces of rank 2 and
rank 1.

The above lemma serves as the building blocks of tempered representations.
Using this we have the following:

Lemma 7.10. Let G = SL(n,C), n > 3, and P be a parabolic subgroup of G. A
tempered representation of G is built up by representations of SL(2) and SL(1).

Remark 7.11. We could also give the corresponding relation in terms of
L-parameters due to the local Langlands correspondence of special linear groups.
This is just a game of combination. The key point is to determine the corresponding
R-groups R, . Referring the construction of Galois fixed point of G, we can work it
out in the same way.
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