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Abstract. We construct the Gerstenhaber bracket on Hochschild cohomology of a twisted
tensor product of algebras, and, as examples, compute Gerstenhaber brackets for some quantum
complete intersections arising in the work of Buchweitz, Green, Madsen, and Solberg. We prove
that a subalgebra of the Hochschild cohomology ring of a twisted tensor product, on which
the twisting is trivial, is isomorphic, as a Gerstenhaber algebra, to the tensor product of the
respective subalgebras of the Hochschild cohomology rings of the factors.
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1. Introduction

The Hochschild cohomology HH* (A) of an associative algebra A has a cup product
under which it is a graded commutative ring. In 1963, Gerstenhaber [4] introduced
the bracket product [-, ] (or Gerstenhaber bracket) of degree —1, to give a second
multiplicative structure on the Hochschild cohomology ring. Thus one combines the
structures of a graded commutative algebra and a graded Lie algebra, to form what is
generally called a Gerstenhaber algebra, of which the Hochschild cohomology ring is
an example. Gerstenhaber [5] showed that the bracket plays a role in the deformation
theory of algebras.

Recently, Le and Zhou [7] defined the tensor product of two Gerstenhaber algebras.
They proved that, given algebras R and S over a field k, at least one of which is finite
dimensional, the Hochschild cohomology of the tensor product algebra R ®j S is
isomorphic to the tensor product of the respective Hochschild cohomologies of R
and of S, as Gerstenhaber algebras.

In this paper, we work more generally in the twisted tensor product setting of
Bergh and Oppermann [1]. Let R and S be k-algebras graded by abelian groups A

*All authors were supported by NSF grant DMS-1101399; the first and third authors were also
supported by NSF grant DMS-1401016.
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and B respectively, and consider R ®; S, where a twist ¢ is defined using the
gradings of R and of S (see Section 3 below). In the succeeding sections, we show
the following main results:

(1) We construct the Gerstenhaber bracket on the Hochschild cohomology of R ®;€ S
in Section 3 by employing and augmenting techniques of Negron and the third
author [9]. In Section 5, we apply this construction to compute brackets for the
quantum complete intersection

Ag =k (x,y)/(x% y2 xy +qyx), q€k*,

which can be considered as a twisted tensor product k[x]/(x?) ®; k[vl/ (»?).
We take advantage of the known algebra structure of HH*(A,), for various
values of g, as given by Buchweitz, Green, Madsen, and Solberg [2]. Our
computations give information about the structures of the Lie algebra HHI(Aq)
and its module HH* (A ).

(2) In Section 6, we let A’ and B’ be subgroups of 4 and B, respectively, on which
the twisting ¢ is trivial (see (6.2)), and show that the graded algebra isomorphism
given by Bergh and Oppermann [1, Theorem 4.7], namely

HH*4"®8 (R @} §) =~ HH**'(R) ® HH*F'(5),

is in fact an isomorphism of Gerstenhaber algebras. This generalizes the result of
Le and Zhou [7] to the twisted setting. Our proof relies on twisted versions of the
Alexander—Whitney and Eilenberg—Zilber chain maps, and uses techniques from [9].
Examples are in Section 5.

Gerstenhaber brackets are in general difficult to compute. Our results described
in (1) above include a new class of examples which moreover illustrate the techniques
of [9], showing that bracket computations can be simplified by defining brackets
directly on a resolution other than the bar resolution. An advantage of these
techniques is in eliminating the necessity of using explicit formulas for chain maps
between resolutions, which traditional approaches typically require. Our main
theorem described in (2) above gives a way to compute brackets on a subalgebra
of the Hochschild cohomology of a twisted tensor product, saving time for some
classes of examples. The statement and proof are quite general, showing that
while the techniques of [9] were primarily developed for Koszul algebras, they
can in fact be helpful for other algebras as well. Many algebras of interest may
be described as twisted tensor products or deformations of twisted tensor products,
including our examples of Section 5 and generalizations, skew polynomial rings,
many quantum groups and many Nichols algebras arising in results on classification
of finite dimensional Hopf algebras.

Throughout the article, k is a field. All tensor products of modules are taken
over k unless otherwise indicated. Additionally, when writing elements in tensor
product modules, we often will omit the subscripts on the tensor product symbols
when they are clear from context.
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2. Preliminaries

In this section, we summarize and augment the results of [9] that we will need. Let A
be a k-algebra and A¢ := A ® A°P be its enveloping algebra, that is it has the tensor
product algebra structure, where A°? is A with the opposite multiplication. Then a
left A¢-module is a A-bimodule, and vice versa.

The Hochschild cohomology of A is

HH*(A) := Extie (A, A).

It is a Gerstenhaber algebra, that is, it is a graded commutative algebra via the
cup product —, it is a graded Lie algebra via the Lie bracket (or Gerstenhaber
bracket) [, -], and it satisfies various conditions. See, for example, [4]. We will
not need the standard definition here. Instead we will recall a construction of these
operations that will suit our purposes. For this we will need the bar resolution B and
aresolution K satisfying some properties (K = B is one choice), which we introduce
next.
Let B = B(A) denote the bar resolution of A,

§ )
L2 A®3 o A®2 oA, 2.1

where m denotes multiplication, and for each i, §; is the A¢-module map determined
by its values on monomials,

§iAo® - ®Aigp1) = Z(_l)jlo(g’"'@)‘j/\jﬂ-l Q@ Ait1,
j=0

for Ao, ..., Aiy1 € A. We will also use the normalized bar resolution B = B(A),
whose ith component is A ® N ® A, where A = A/(k-1)asa k-vector space.
One checks that each differential §; defined above factors through A ® N ® A by
employing a choice of section of the quotient map A — A. Abusing notation, we

will not always distinguish between elements of A and those of A, making use of our
choice of section as needed.

There is a chain map Ag : B — B ® B, called a diagonal map, given on
monomials by

i
Apo®- - ®Ait1) = ) (o® @1 @@ (1®Aj11® - @Ait1), (22)
Jj=0

for all lo, - ’ki—{-l e A.
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The cup product on Hochschild cohomology may be defined at the chain level
as follows. Let f € Hompe(A®Y*2 A) and g € Hompe(A®U+2) A). Then
f — g € Hompe (A®C+7+2) A) s defined on monomials by

(f—8)Ao® - QAixj+1) = f(Ao® @1 g1 ®Ai11® - ®Aitj+1),

forall Ag,...,Ai+;+1 € A. This can be viewed as a composition of maps

A ~
B2 BoaB L2 Ao A > A. 2.3)

The cup product may be defined similarly on the normalized bar resolution, or indeed
on any resolution.

Let K — A be any resolution of A by free A¢-modules. We define chain
maps F[,F]Ig : K®a K — K as follows. Letting u : K — A be the natural
quasi-isomorphism,

Ff=u®lg and Ff =1k ® 4, (2.4)

where 1k is the identity map on K. Note that the maps F-, Fg : K®a K — K are
chain maps by their definitions.

For our formulation of the Gerstenhaber bracket, we will assume that K satisfies
the following conditions from [9, 3.1].

Conditions 2.5. We assume:

(a) There is an embedding ¢ : K — B lifting the identity map on A.

(b) There is a chain map 7 : B — K for which 7t = 1.

(c) There is a chain map Ak : K — K ® o K for which Agt = (t ® 1) Axk.

Clearly if we set K = B, it will satisfy these conditions. Itis explained in [9] thatif A
is a Koszul algebra and K is its Koszul resolution, then K satisfies these conditions;
in particular, the needed diagonal maps Ak are given in [3]. We will use this fact to
compute brackets for some quantum complete intersections in Section 5 below. An
advantage of this method over traditional methods is that we do not need to use or
even know the often cumbersome map m explicitly. For our theorem in Section 6,
giving an isomorphism of Gerstenhaber algebras in the context of a twisted tensor
product, we will take K to be the total complex of the twisted tensor product of two
normalized bar resolutions.
Now let
Fx = Fg — Fy, (2.6)

where Fﬂé, Ff are defined in equation (2.4). This is the chain map Fk as defined
in [9]. It is shown there that Fi is a boundary in Hompae (K ® A K, K), and so there
isamap ¢ : K ® K — K for which

d(¢) = dx¢ + ¢pdke,k = Fk. (2.7
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that is ¢ is a contracting homotopy for Fx. Let f € Hompe(K;, A) and let
g € Hompe(K;, A) represent elements of Hochschild cohomology in degrees i
and j, respectively. By [9, Theorem 3.2.5], their Gerstenhaber bracket on Hochschild
cohomology is given at the chain level by

[f.g]=fog— (=DM Vgof (2.8)
where the circle product f o g is the composition

AD

KLK@AK@)AKM

Ko K-k LA, 9
and g o f is defined similarly. The definition of the map 1x ® g ® 1k above includes
“Koszul signs,” that is, on elements the map is given by

x®y®zn—>(—1)ljx®g(y)®z (2.10)

forall x € K;, y € K, z € K,,. The map Ag) is given by (Ax ® 1k)Axk (which
isequal to (1x ® Ag)Axk by a calculation using Condition 2.5(c)). In [9], this circle
product is denoted by o4 and bracket by [-, -] in order to distinguish these maps at
the chain level. By [9, Theorem 3.2.5], the operations induced by o4 and [-, |4 on
cohomology do not depend on ¢, and so we choose not to make such a distinction
here.

In case K = B, as in [9], we may set ¢ = G where

GB(Ao® - ®Ap-1) ® (Ap) ® (Ap+1 ® -+ ® Ant1))
= (=DM ® @Ay 1 ®Apy @ Apr1 ® - ® Ap1  (2.11)

for all Ag,...,Ap+1 € A. If K = B, the normalized bar resolution, we may set
¢ = Gg where Gy is defined similarly, by replacing A; by its image in A in the
formula; the proof of [9, Proposition 2.0.8] may be adapted to show that G is indeed
a contracting homotopy for Fg.

One of the properties of the Gerstenhaber bracket is a compatibility relation with
the cup product: On Hochschild cohomology,

[f — gl =[fh—g+ D) Df—[ghn] (2.12)

where u is the homological degree of 4.

3. Gerstenhaber brackets for twisted tensor products

Let R and S be k-algebras, graded by abelian groups A and B, respectively. Let

t:A®z B — k*
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be a rwisting, that is a homomorphism of abelian groups, denoted ¢ (¢ ®z b) = ¢(@/?)
foralla € A,b € B. Let R ®" S denote the twisted tensor product of algebras as in
Bergh and Oppermann [1]. Thatis, R ®" S = R ® S as a vector space, and

r@s)! (' ®s) =t g s’

for all homogeneous r, 7’ € R and s,s” € S, where |r’|, |s| are the degrees of ¥/, s
in A, B, respectively. We will often write 718 in place of #{”'IlISI" | Note that R ®* S
is (A & B)-graded.

If X is an A-graded R¢-module and Y a B-graded S¢-module, denote by X ®' Y
the tensor product X ® Y as a vector space, with (R ®’ §)¢-module structure given
by

(r®s)(x ® y)(r' @s') = t X)) 1 @ sy s 3.1

for all homogeneous r, ¥’ € R, s,s' € S,x € X,and y € Y (see [1, Definition/Con-
struction 4.1]). By [1, Lemma 4.3], if X and Y are projective modules, then X ®’ Y
is an (A @ B)-graded projective (R ® S)¢-module.
Let
5 af g’

P : P1 PO R—0

be an A-graded R®-projective resolution of R and let

42

Q
> d

Q
1 d

0

0: S—0

01 Qo

be a B-graded S¢-projective resolution of S. In particular, the differentials are
graded maps (i.e. preserve degree). By [1, Lemmas 4.3, 4.4, 4.5], the total complex
of P ®" Q is an (A & B)-graded (R ®" S)°-projective resolution of R ®’ S. The
differentials are given as usual by df]@tQ = diP R1+(-1)1®d ].Q.

Now assume that P is a free resolution of R as an R®-module, and that Q is a free
resolution of S as an S¢-module. Assume Pp = R® Rand Q¢ = S ® S, and d(f)
and dOQ are multiplication maps. Then Py ®" Q9 = (R ® R) ®' (S ® S), which
is isomorphic to (R ®’ §)¢ by the proof of [1, Lemma 4.3] (see also Lemma 3.2
below). We will identify P, with R ® W,, ® R for a vector space W, for each n,
and similarly Q,,.

Assume that ¢p and ¢ are contracting homotopies for Fp and Fp (see (2.6)
and (2.7)), respectively, that is, d(¢p) = Fp and d(¢pg) = Fo. We will construct
from these a contracting homotopy ¢ = ¢pgrg for Fpgig.

By its definition in (2.6), Fpgr o is a map from (P ®' Q) ®pgrs (P ® Q)
to P ® Q. We will want to compare it with maps from (P ®g P) @' (Q ®s Q)
to P ®" Q. We will need the following isomorphism of (R ®" S)¢-modules, similar
to that found in the proof of [1, Lemma 4.3].
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Lemma3.2. Let X, X' be A-graded R¢-modulesandY,Y' be B-graded S¢-modules.
There is an isomorphism of (R ®' S)¢-modules,

0 (X®'Y)Rreis (X' ® V) (X ®r X)® (¥ @5 Y),

givenby o(x @ ) @ (x’ ® y)) = t WM (x @ x') @ (y ® y') for all homogeneous
xeX,x’eX,yeY,andy €Y'

Proof. Tt may be checked that this yields a well-defined map on the tensor product
in each degree. We check that this is an (R ®" S)¢-module homomorphism. Choose
homogeneous elements » € R and s € S. We check the left action:

o(r@s)-(x®y) e ®)) =™ rresy) e o))
— I(XIS),(X/IW)(,,X ®x)® (sy ® '),
re@s)-o((x@nNeEey) =) (("Mxex)ere)))
= DY)y @ XY ® (sy ® )).
Now ¢ X157) = ((¥Is) (X1y) gpg ¢ x®x'ls) — ¢ {xls){x'ls) g0 the above expressions are

the same. Similarly, the right action commutes with o. Clearly this (R ®" S)¢-module
map has an inverse givenby (x ® ) Q (y ® ) =t ¥ M x @)@ (x'®y"). O

We next modify o by a sign to define a chain map from (P ®' Q) Q per s (P ®' Q)
to (P ®g P) ® (Q ®s Q) (cf. the map 7 of [7, p. 1471]).

Lemma 3.3. There is a chain map
o : (P ® Q)®rers (P® Q) (P&rP)R (Q®s Q)
that is an isomorphism of (R ®' S)¢-modules in each degree, given by
o((x®y) @ (' ®y) = DT aex)e(re))
on (P; ® Q) ®rers (Pp & Qy).

Proof. That ¢ is an isomorphism of (R ®’ S)¢-modules follows from Lemma 3.2:
The extra sign in the definition still yields an (R ®’ S)¢-module map, since action by
elements of R ®" S does not change the homological degree. A calculation shows
that this map o commutes with the differentials. 0

We will need to switch notation back and forth, using the isomorphism of
Lemma 3.3, in our computations. The following lemma may be proven directly
by comparing the values of the two given maps on the chain complex. One checks
that the effect of twisting is as expected.
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Lemma 3.4. The map F = Fpgig on (P ®" Q) Qregrs (P Q" Q), as defined
in (2.6), is precisely
F = (Fp ® Fy) — Fp ® Fj)o.
where o is defined in Lemma 3.3.
We next use Lemma 3.4 to construct a contracting homotopy for Fpgrg.
Lemma 3.5. Let ¢p, ¢po be contracting homotopies for Fp, Fg, respectively. Let

¢ =dprero: (P ® Q)Qrers (P& Q) — P& Q be defined by
¢ :=(¢pp ® Fy + (-1)' TP F}, ® po)o

on (P; ® Q) Qrets (Pp ® Qy), where o is the isomorphism of Lemma 3.3.
Then ¢ is a contracting homotopy for F = Fpg: g, thatis, d(¢) = F.

Proof. In the following calculation, the exponent * in (—1)* varies and is determined
when needed. As F ;,, F é F P F é are chain maps, they commute with the

differentials. By the definition of ¢ on (P; ®" Q) Qrers (Pp ® Qy),
d(¢) = dp + ¢d
=([d @1+ (-D)*®d)(¢pp ® FH + (—1)'TPF}p @ po)o
+(¢p ® FH+ (1) Fp @ ¢p0)o(d @ 1+ (=1)'"? @ d)
= (dpp ® Fo + (=1)TPdFp @ po + (1) " *'gp @ dF,
+ Fp ®dg + ¢pd ® Fy + (—1)P¢p ® Fyd
+ (=D)'"*PIFLd ® g + Fp ® pod)o
((dopp + ¢ppd) ® Fo + Fp ® (dpg + pod))o
(Fp® Fo + Fp ® Fg)o
((Fp = Fp) ® Fo + Fp ® (Fy — Fp))o
= (Fp ® F) — Fp ® F))o.
Now apply Lemma 3.4. 0

As a consequence, the map ¢ given in Lemma 3.5 may be used to compute
Gerstenhaber brackets on Hochschild cohomology of R ® S, under the isomorphism
of complexes given by Lemma 3.3, provided Conditions 2.5(a)—(c) hold for

K := Tot(P ®" Q).

That is, under those conditions, [f,g] = f o g — (=1)¥"DU=Dgo £ wherei,
are the homological degrees of f, g, respectively, and the circle product is given as
in (2.9) by

fog= ok ®g® 1AL
where the definition of the map 1x ® g ® 1k involves Koszul signs, and similarly
g o f. We will use these formulas in the remainder of the paper.
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4. Maps for some quantum complete intersections
Letg € k*, and let
A= Agi=k{x, ) /(2 y% xy +qyx),

which is a Koszul algebra whose Hochschild cohomology was computed (as an
algebra) by Buchweitz, Green, Madsen, and Solberg [2]. In the next section, we
compute its Gerstenhaber brackets, after defining all the needed maps in this section.
We can identify A as the twisted tensor product R ®) S, where R := k[x]/ (x2),
S :=k[y]/(»?), A= B =1Z,andt : Z ®z Z — k* is the homomorphism of
abelian groups defined by (1 ®z 1) = —g~ . (We take |x| = 1, |y| = 1.)

We will use the techniques in [9], in combination with our results in Section 3, to
compute the Gerstenhaber brackets for A = R ®" S. Let

K¥: ... 5 RS REE R RS0

be the R¢-projective resolution of R whereu = x @1 —-1Qx,v=x® 1+ 1Q x,
and m is the multiplication map. Letting ¢; denote the element 1 ® 1 of R¢ in
homological degree i, we see that we must give ¢; the graded degree i as an element
of Z as well, in order for the differentials to be of graded degree 0. We may thus
view the resolution K* more precisely as a resolution of graded modules:

v ‘U

K*: - 5 RS RS REE R0, (4.1)

the (standard) notation for the degree shift as in [I1]. Similarly, we have the
S¢-projective resolution K» of S. Take the total complex of K¥ ®’ K” and
call it K. As explained in Section 3 (setting P = K*, Q9 = K”), the complex
K := Tot(K* ®’ K”) is a graded projective resolution of A as a A¢-module.

Denote the generators of K,, as a A®-module by {€; ;}i+ j=n, Where we define
€;,j ‘= €; ® €, thatis, ¢; ; is the copy of 1 ® 1 with homological degree i in x and
degree j in y. One can check that after appropriate identifications, in all degrees
n =i + j, the differentials are given by:

diﬂ,(j D€y €1,y + (=1)"q €1, x + ¢ yei jo1 + (=1)"€i -1y

Let B be the bar resolution of A as defined in (2.1). Since A is Koszul and K is a
Koszul resolution, Conditions 2.5(a)—(c) hold (see [3,9]). Therefore we may indeed
compute Gerstenhaber brackets using the techniques in [9], in combination with our
results in Section 3. We will need the following explicit formulas for some of the
relevant maps:
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The embedding chain map ¢ : K — B. We have in low degrees, from [2],

o €00~ 1®1,

1€~ 1@y ®1,
€0 1@x®1,

i 1®yR®y®I1,
€1~ 1R x®yR1+g®yx®1,
o~ 1®x®x®1,

13:€603>1QYR®y®y®1,
2P l®xRy®y®1+qR®y®x®yQ1+4¢°0y®yQx®1,
1P 10x0x®y®14+¢®xQy®x01+¢°®y®x®x®1,
G0~ 1xXxRx®x® 1.

In general, ¢, (€; ;) = ff” in the notation of [2], where n = i + [, and this identifies
our complex K with P of [2], at the same time verifying Condition 2.5(a).

We will not need an explicit formula for a chain map = : B — K satisfying
Condition 2.5(b). This is an advantage of our approach, in comparison with traditional
methods. Existence of & is guaranteed by the observation that, for each n, the image
of {€;; | i + [ = n} under ¢, in B may be extended to a free A®-basis of B,.

The diagonal map Ak : K - K®, K. Condition 2.5(c) states that this map must
satisfy the relation Ag ot = (1 ®A t) o Ak, where Ag : B — B ®4 B is given
by (2.2). By [2, p. 810], via the identification f;" <> €;; (i +/ = n), such a diagonal
map is given by

i+l min{w,/}

- i
Ak(en) =) Y@ ey @n €itjwi;
w=0 j=max{0,—i+w}

We will write out lower degree terms that are needed for some of our calculations:

(AK)o : €0,0 > €0,0 ®A €00,
(AK)1 : €0,1 > €0,0 A €0,1 + €0,1 @A €0,0,
€1,0 > €0,0 @A €1,0 + €1,0 ®A €0,0,
(AK)2 : €00 > €0,0 DA €0,2 + €0,1 ®A €0,1 + €0,2 ®A €0,0.
€1,1 > €0,0 QA €1,1 T €1,0 ®A €0,1 + G€0,1 A €1,0 T €1,1 ®A €00,

€2,0 > €0,0 ®A €2,0 + €1,0 DA €1,0 + €2,0 DA €0,0,
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(AK)3 : €0,3 €0,0 ®A €0,3 + €0,1 DA €02 + €0,2 DA €0,1 + €0,3 A €0,0,
€12 €0,0 OA €1,2 T €1,0 ®A €0,2 + G€0,1 DA €1,1 T €1,1 DA €0,1
+ q%€0,2 ®A €1,0 + €1,2 @A €0,0,
€21 €0,0 ®A €21 +€1,0 A €1,1 + 61260,1 QA €2,0 T €20 QA €0,1
+ ge1,1 @A €1,0 + €2,1 @A €0,0,
€3,0 > €0,0 ®A €3,0 T €1,0 DA €2,0 + €2,0 OA €1,0 + €3,0 ®A €0,0-
Next we construct maps ¢ : K @ ggrs K — K, using Lemma 3.5, that we will

need to compute brackets via the method in [9]. We will first need such maps for each
of the factor algebras R and S. The following lemma is straightforward to check.

Lemma 4.2. Letting R = k[x]/(x?) and K* as defined in (4.1), the following map
is a contracting homotopy for Fgx:

Gitj(€ ®x™€;) = Sm 1 (=) €igjt1.

Letting S = k[y]/(y?), similarly we obtain a contracting homotopy for Fg». As
a consequence of Lemmas 3.5 and 4.2, a contracting homotopy ¢ := ¢re:s of Fk
is as follows: To evaluate ¢ on €; ; Q et s x! y™e€p r, we first apply the isomorphism

0 (K* @ K”) Qrers (K¥ ® KV) — (K* ®r K¥) @ (K” ®5 K”)

of Lemma 3.3. Then

¢(€i,j QRS xlymep,r)
= ¢((e ® €;) ®rers (X' @ y™)(ep ® €)))
=¢((e ®€;) @'V (e, @ y™e,))
= (D7 (¢xx ® Fy + (—1)'"PFg. ® dxcv)
(lerb™terlei)(e; @ xlep) ® (€5 ® ™))
= (—1yIPgleply™ el eple))

CBra(=D €igpi1 ®8j0y™6r + (=1 TP8p0€ix" @ Sm1(—1) €j4r11)
— (_l)jp(_q—l)pm+(l+17)j

(85,0801 (1) €14 pr1 ® Y™€r + 8p.08ma (=) TP X! @ €j4141).
If j = 0and p > 0, by recalling the bimodule action of R ®’ S on K* ®’ K7, this is
(=g~ P81 (=) €t pr1 ® Y€

= (¢ )" (=) (=) TPy e,

= (=) M (1) 8 1y € g e
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Similarly, if j = 0, p = 0, then we have

81,1(_1)i€i+1 ®y"er + 5m,1(—1)i€ixl ® €r41
= (=) IS (=1 y i1 + (=) DS, 1 (=1 €1 X

If j >0, p =0, we have

(=4 DY 81 (1) e x! @ € 4741
= (= Y (=)' U8, 1 (—1) € X!

= (—C])l(r+l)5m,1(—1)i+j€i,j+r+1xl-

If j >0, p > 0, we have 0. To summarize, the contracting homotopy ¢ is

(=)™ "8 1 (=) Y™ €4 pt1,r,  ifj =0, p >0,

(—Q)mi+m51,1(—1)iym€i+1,r

dleij ®ax'ymep,) =+ ) 8D € ax!, if j =0,p=0,
)"y (=) € jrpax!, ifj>0,p=0,
0, otherwise.

5. Brackets for some quantum complete intersections

In this section, we will compute the Gerstenhaber brackets on the Hochschild
cohomology of A = A, := k(x,y)/(x?,y%,xy + qyx), using the technique
and maps described in previous sections. We consider various cases of ¢ € k*.
We will find that in many cases, the Hochschild cohomology in degree 1 (that is,
HH!(A)) is a finite dimensional abelian Lie algebra over which HH* (A) is a module,
the chosen generators being common eigenvectors. Exceptions occur when g = £1.
In particular, if ¢ = 1 and char(k) # 2, we find that HH! (A) is isomorphic to the Lie
algebra gl, (k) with a rather more complicated action on HH* (A). Generally these
brackets are however sufficient to determine the rest of the graded Lie structure, as
we will see that brackets among higher degree generators are zero.

5.1. ¢ is not a root of unity ([2, 2.1]). As computed in [2, 2.1],
HH*(A) = k[xy]/((xy)?) xx \*(uo.u1).

the fiber product of rings, where ug = (x,0), u; = (0, y) are of (homological)
degree 1, and k[xy]/((xy)?) is the center of A (homological degree 0). That is,
HH*(A) is the subring of k[xy]/((xy)?) ® /\*(uo,u1) consisting of pairs (¢, £)
such that the images of ¢ and & under the respective augmentation maps are equal.



Gerstenhaber brackets for twisted tensor products 1363

(Here, xy, ug, and u; are in the kernels of their respective augmentation maps.) After
translating the notation of [2] to that of our Section 4, we may identify ug = xe’l“,o
and u; = yeg,l, where el.*’ 1(€j,m) = 68i,j01,m. Hence, we need to compute the circle
products for pairs of elements from the set of algebra generators {xy, xe} o, y€g 1 }-
The rest will follow using (2.12). Applying the formula (2.9), we have the following:

(xeT o 0 x€7 9)(€1,0) = X,
(xe€q 00 v€g.1)(€0,1) =0,
(vé€o,1 © x€1 9)(€1,0) = O,
(J’G;,l ° ye;,l)(eo,l) =)

The corresponding Gerstenhaber brackets are thus all 0. Non-zero brackets arising
when pairing generators with the degree 0 element xy are:

[xelo.xy] =xy and [yeg,.xy] = xy.

In particular, we see that the Hochschild cohomology in degree 1 is a 2-dimensional
abelian Lie algebra whose action on HH*(A) is diagonal on the chosen basis, with
eigenvalues 0, 1.

5.2. char(k) # 2 and ¢ = —1 ([2, 3.4]). Inthiscase, A = R ® S is just the usual
tensor product, and HH*(A) =~ HH*(R) ® HH*(S), a graded tensor product of
algebras. This isomorphism preserves the Gerstenhaber structure, as expected from
[7, Theorem 3.3]. We give details next.

By [2, 3.4], after translating the notation to ours,

HH*(A) = (A ® /\*(XGT’O, y65,1))[6;,07 65,2]/(x(x€i0), Y(YG(TJ)’ xe;,ov yGE,z)-

We will compute circle products of pairs of elements from the set of generators
{X, ¥, Xx€] 9, Y€ 15 €505 €02}~ The rest will follow by applying (2.12). By (2.9),
direct computation yields non-zero circle products among these pairs of generators:

(x€7 9 © X)(€0,0) = ¥,
(yeg,l o y)(€0,0) = Y,
(XGT,O o xeio)(ﬁ,o) = X,
(vep.1 © Yep.1)(€0,1) = ¥,
(6;,0 o XET,O)(Ez,o) =2,

(63,2 ° yég,l)(éo,z) =2.
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Therefore the non-zero Gerstenhaber brackets on generators of HH* (A) are

[X6T,0»x] =X,
[yefipy] =
[xe] 0’6;,0] = 26;,0’
[yfg,pég 2] = —2¢5,

By [7, Proposition-Definition 2.2] as summarized in (6.1) below, since A=~ R® S,
we can alternatively use the Gerstenhaber bracket structure on HH*(R) =~ HH*(S)
to compute the brackets on HH*(A). We outline this approach next, for comparison.

For brevity, we will suppress the steps and show only the results. By [2, 3.4],
we know HH*(R) = R x; A\*(xe})[es]. Of the brackets we need to confirm our
computations, the non-zero brackets among generators are

[xel,x] =x and [e;, xef] = 2¢€5,

as may be computed using (2.9) and Lemma 4.2. The Hochschild cohomology
HH*(S) will have the same Gerstenhaber bracket structure. By direct computation
using (6.1) below and this bracket structure, we again find that the non-zero
Gerstenhaber brackets on our choice of generators in HH* (A) are

xef @Lx@1]=x®1,
I®yel,1®y]=1®y,
el ®@ 1,6 @ 1] =265 ® 1,
N®ye,1®6e]=-2R¢€,
confirming our earlier calculations. In particular, we see that Hochschild cohomology

in degree 1 is a 4-dimensional Lie algebra with basis xe] , yeg 1, Xy€] o, Xy€g -
The non-zero brackets among these basis elements are

* * * * * *
[xe1,0va’€0,1] = X)Y€p,1 and [y€0,1’Xy€1,o] = XYé€1,0-

The action of HH'(A) on HH*(A) is nondiagonal on the chosen generating set, for
example, applying (2.12) and the above equations, we find that

[xyET,o, E;,o] = —2y€;,0-

5.3. char(k) # 2 and ¢ is an odd root of unity ([2, 3.1]). Let g be a primitive rth
root of unity, r odd. By [2, 3.1], translated into our notation,

HH*(A) = k[xy]/((xy)?)

Xk (/\*(xeio, ye())k,l)[eikr,O’ f;k,r’ 53,2r]/(€§r,0€5,2r - (Gj,r)z))-
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Thus we need to calculate the brackets on pairs of elements from the set

* * * * *
(XY, x€10: V€01 €270 €72 €021 -

The rest will follow by applying (2.12). Of these pairs, the non-zero Gerstenhaber
brackets are

[xeT o, xy] = xY,

[veo.1. xy] = xy,
[Gzr,m xe}“,o] = 2r€;r,0’
€7, xeT ol = ref,.
62y vera) = red,,

* * _ *
[60,2r» y€0,1] = 2r€g 5,

Other brackets may be computed using (2.12), for example,

2 2
[(€;r,0) ’XGT,O] = [e;r,o’xeik,o] ~ G;r,o + G;r,o ~ [E;r,o’x'fik,o] = 4”(‘5;,0) .

In this case, the degree 1 elements of Hochschild cohomology form a 2-dimensional
abelian Lie algebra acting on Hochschild cohomology HH*(A), diagonally on the
chosen generating set, with eigenvalues 1, —r, —2r.

5.4. char(k) # 2, q is an even root of unity, and ¢ # 1; or char(k) = 2,q isa
root of unity, and ¢ # 1 ([2, 3.2]). Let r be the order of ¢ as a root of unity. As
computed in [2, 3.2],

HH(A) = k[xy]/((xy)?) xx (N (x€5 o, yeg )lero- €5,

Hence we need to compute brackets on pairs of elements from the generating set

* * * *
Xy, x€q 0, Y€0,1, €700 €0,r}-

Of these pairs, the non-zero Gerstenhaber brackets are

[XGT,O, Xy] =X,
[yep. 1, xy] = xy,
(et x€tol = refo,
(€5 vep] = rei-
Thus in degree 1, the Hochschild cohomology forms a 2-dimensional abelian Lie

algebra acting diagonally on the chosen generating set for Hochschild cohomology,
with eigenvalues 1, —r.
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5.5. char(k) = 2and g =1 ([2, 3.3]). As computed in [2, 3.3],
HH*(A) = Alel . €3]
We will compute brackets on pairs of elements from the set
{x.y, GT,O’ E3,1}-

The non-zero Gerstenhaber brackets on generators are

[x, ET,O]

[%63,1]

1,
L.

Again, A is a tensor product of algebras, and the above brackets may be found
alternatively by using formula (6.1) below, due to Le and Zhou [7].
even though many brackets on pairs of generators are 0, there are many non-zero
brackets, for example, using (2.12) we find that [xe] o, €7 o] = €7, Thus the
degree 1 elements of Hochschild cohomology form an 8-dimensional nonabelian
Lie algebra, with basis €7 ¢, € 1, X€7 g, X€q 15 V€T o, V€q 1> X V€] o5 XV€g ;- This Lie
algebra acts nondiagonally on the chosen set of generators for HH* (A). For example,

* * ok 1 __ % _%*
[€1.0- X€1 0€0.1] = €1 0€0.1-

5.6. char(k) # 2 and ¢ =1 ([2, 3.5]). As computed in [2, 3.5],

HH*(A) = (k[XJ’]/((XY)Z) Xk /\*(XGT,Ov yei"o,xe(’il,ye;,l))[eio,6’1“’1,6(’)*’2]/1

where [ is generated by

* * * * * * *k
X€1,0X€0,1> V€1,0V€0,1> X¥€1,0V€1,0 — XV€20>

* * * * * * * * *
X€1 0Y€p,1 — XVE 1, X€g 1Y€, 1 — XV€ o, VE| gXEg, 1 T XVEY 1,

* * * * * * * * * * * *
X€1.0€1,1 — X€0,1€2,00 Y€1,0€1,1 — V€0,1€2,00 X¥€1,0€0,2 — X€0,1€1,1>

* * * * * * * 2
Y€1,0€0,2 — Y€0,1€1,1> €2,0€0,2 — (61,1) .
We will compute brackets on pairs of elements from the set
* * * * * * *
{x%xel,o’yél,mxeo,la Y€0,1:€2,00€1,1> 60,2}-

Of these pairs, the non-zero Gerstenhaber brackets are

[xy,xe] o] = —xy,
[xy,yep 1] = —xy,
[xy’f;,o] = —2)’€T,0’

* * *
[XYvel,l] = —Y€p,1 + X€1 9,
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[xy. €52l = 2xég ;.
[xei‘,o,yéi",o] = _J’fio’
[XET,O’XG();J] = x‘fg,lv
[ye’f’o,xeg,l] = )"55,1 _XGT,O’
[yET,myES,l] = —yéio,
[

* * 1 __ *
xeo,l’yéo,l] = X€q,1>

[xef,ofg,o] = —ZG;,Ov
[XGT,OvGT,l] = —Gf,lv
[yelo- €11l = —€2.0:
[yef,o,éé‘,z] = —261",1,
[xe(’)"l,e;o] = —26’1“’1,
[XGg,lvET,l] = _63,27
[J’f;,pfil] = —Gr,l’
[yfg,l’eg,z] = _253,2-
Again, we may use (2.12) to compute other brackets, e.g., [€5 o, Xy€; o] = —2yeT 5.

We find that the degree 1 elements of Hochschild cohomology form a Lie algebra
isomorphic to gl, (k) via the following map:

* 1 0 " 0 1
X0 1o o) X1 g o)
* 0 0 " 0 0
yero =y o) Yeou =g 1)

Its action on HH* (A) is nondiagonal on the chosen set of generators.

In the more complicated cases where ¢ = =1, it would be interesting to obtain a
more detailed description of the action of the Lie algebra HH! (A) on HH* (A).

6. A Gerstenhaber algebra isomorphism

We return to the general setting of a twisted tensor product A = R ®' S, where R
and S are graded by abelian groups A and B respectively, as defined in Section 3.
Our main result is Theorem 6.3 below, which generalizes the main theorem of Le
and Zhou [7] to the twisted setting of Bergh and Oppermann [1]. The result of [7]
involves the known algebra isomorphism of the Hochschild cohomology of a tensor
product of algebras with the graded tensor product of their Hochschild cohomologies,
which is valid under some finiteness assumptions (see Mac Lane [8, Theorem X.7.4],
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who cites Rose [10] with the first proof). Le and Zhou show that this isomorphism
of algebras preserves Gerstenhaber brackets, so that it is in fact an isomorphism of
Gerstenhaber algebras. Our result more generally takes Bergh and Oppermann’s
algebra isomorphism from a subalgebra of Hochschild cohomology of a twisted
tensor product of algebras to a tensor product of subalgebras of their Hochschild
cohomology rings, and shows that it preserves Gerstenhaber brackets, so that it is
in fact an isomorphism of Gerstenhaber algebras. In order to do this, we will use
twisted versions of the Alexander—Whitney and Eilenberg—Zilber maps. Our proof
then diverges from that of Le and Zhou to take advantage of the general construction
of Gerstenhaber brackets in [9] as applied to twisted tensor products specifically via
our techniques from Section 3.

In this section, all algebras and modules will be graded, and HH will denote
graded Hochschild cohomology. That is, if X, Y are A-graded R-modules,
we let Hom(X,Y) := @ze4 Hom(X,Y), where Hom(X,Y), consists of all
R-homomorphisms from X to Y such that | f(x)| = |x| — a for all homogeneous
x € X. Graded Hochschild cohomology arises by applying Hom to the appropriate
resolution and taking homology.

Tensor product of Gerstenhaber algebras ([7, Proposition-Definition 2.2]). Let
H, and H, be two Gerstenhaber algebras over k. Let f, /' € H; be elements of
degrees m, m’, and let g, g’ € H, be of degrees n, n’, respectively. Then H; ® H,
is a Gerstenhaber algebra with product

(fR®g —(f/®g):=D)""(f — fH®(g— g

and bracket

[f ®g f ®g]:= (D=1 1@ (g — g
(=)D (F Y ®g,87]. (6.1)

Returning to our graded algebras R and S, the grading by groups A and B passes
to cohomology (e.g. via the grading on the bar resolutions of R and S, respectively),
so that the Hochschild cohomologies of R and S are bigraded. Specifically, letting
n € N and a € A, an element of HH"*(R) is represented by an R¢-homomorphism
£+ R®®*2) 5 R with | f(ro ® -+ ® rug1)| = |ro| + -+ + |ras1| — a for all
homogeneous rg,...,r,+1 € R. Similarly the Hochschild cohomology of S is
bigraded by N and B. Let

A = ﬂ Kert™®) and B = ﬂ Ker @), (6.2)
beB acA

which are subgroups of A and B, respectively. Let H; = HH*’A/(R) and
H, = HH*®'(S). These are Gerstenhaber subalgebras of HH* (R) and of HH*(S),
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respectively, as may be seen from formulas (2.3), (2.8), (2.9), and (2.11) with K = B.
Thus H; ® H is a Gerstenhaber algebra with bracket defined by formula (6.1). The
following theorem states that the algebra isomorphism of [1, Theorem 4.7] is in fact
a Gerstenhaber algebra isomorphism.

Theorem 6.3. Let R and S be k-algebras graded by abelian groups A and B,
respectively, at least one of which is finite dimensional, and let t be a twisting. There
is an isomorphism of Gerstenhaber algebras

HH*4'(R) ® HH*5'(S) =~ HH*1®F' (R ®' 9),

where the Gerstenhaber bracket on the left side is given by (6.1).

Remarks 6.4. (i) In the statement of the theorem, the tensor product of Gerstenhaber
algebras is understood to restrict to the usual tensor product of graded algebras, that
is the twisting sends ((i,a’), (j, b’)) to (—=1)¥. In [1], this is given explicitly in the
notation, while in [7] it is not. We use the notation of [7].

(ii) The reason this isomorphism is restricted to subalgebras corresponding to A’
and B’ is that the Hom, ® interchange does not behave well with respect to graded
bimodules and degree shifts. In particular, if « € Hom(X, R), and 8 € Hom(Y, S)
for some R¢-module X and S¢-module Y, then « ® B is generally not an (R ®" §)¢-
module homomorphism from X ®’ Y to R ®’ S, unlessa € A, b € B’, since the
module structure of X ®’ Y involves the twist. See Remark 4.2 and the proof of
Theorem 4.7 in [1] for more details.

Example 6.5. Many of the algebras A, of Section 5 provide nontrivial illustrations of
Theorem 6.3. For example, if g is a primitive rth root of unity, r odd (as in Section 5.3
above), then HH* 4 ®5’ (A4) is asignificant part of HH* (A ;). The generators that are
in this subalgebra are xe€7 o, y€g 1, €3, ¢, and €g ,, (since (=g~ 1% = 1). Brackets
of pairs of these elements may be computed via formula (6.1), once brackets in
HH*(k[x]/(x?)) have been computed, for example, by the techniques of [9] or
otherwise. Such computations yield the same results as in Section 5.3 above with
less work. Some of the other choices of values of g in Section 5 similarly yield
nontrivial illustrations of Theorem 6.3.

In order to prove Theorem 6.3, we will need to construct twisted versions of the
Alexander—Whitney and Eilenberg—Zilber maps. This we do next (cf. [6]).

Choose a section of the quotient map of vector spaces from R to R := R/k - 1
(respectively, from S to S), by which to identify R with a vector subspace of R
(respectively, S of S). Choose a compatible section of the map from R ®’ §
to R ®' S, that is, identify R ®’ S with the direct sum of its four subspaces R ®" S,
R®'k,k®'S,and k ® k, the sum of the first three of which is a subspace of R ®’ S
that we identify with R ®° S. Let B = B(R ®" S) be the normalized bar resolution
of R®' S and let

K := Tot(B(R) ® B(S))
be the total complex of the twisted tensor product of the normalized bar resolutions
of R and of §S.
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We define a twisted Alexander-Whitney map AW/, : B(R®'S) — B(R)®'B(S),
generalizing that used in [7] to the twisted tensor product. In degree O, let

AW, (R®'S)®(R® S) > (R®R) Q' (S®S)
rR sRr R s =t R s® s,

for all homogeneous 7,7’ € R and s,5" € §.

It is straightforward to check that AW{ is an (R ®" S)°-module homomorphism
with module action on (R ® R) ®’ (S ® S) as given by (3.1) and module action on
(R®'S)® (R ®"S) given by multiplication on the left and right.

To define AW!, for n > 0, we use the identification of R as a subspace of R
(respectively, S of S, R ®' S of R®" S) as discussed at the beginning of this section,
keeping in mind that if one of the r; or s; in the expression below is in the field k,
then the only possibly non-zero summands in the expression are those for which it
is in the first or last tensor factor. Define the (R ®’ S)¢-module homomorphism as
follows:

—®n
AW! (R®'S)®R®' S & (R®'S)
n
—®n—d —Q®d
PRI @R (S®5 ®S)
d=0
1 1®rn®@s1® Q@ s, @111

n
> Y DD g ® g ®
d=0
Rl 1®s1 Q- Q55 ®Sat1-+Sn,

where
[* — l(rl|1>l(r2lsl®1) .. ,t(rn‘Sn—l®"'®51®1)t(1|sn®'“®51®1)

for all homogeneous r; € R, s; € S. It may be checked that AW, does indeed define
an (R ®" S)¢-module homomorphism. Moreover, by a lengthy calculation, it can be
seen that this choice of AW’ commutes with the differentials.

Similarly, we generalize the Eilenberg—Zilber chain map

EZ. :B(R) ® B(S) - B(R®"' S)
as in [7] to the twisted case. Let
EZ,:(RR) R (S®S)— (R S)®(RX®'S)
rer @ s®s >t el s @1 ® s

To define EZZ for n > 0, we need the following notation from [7]: S,_4 4 is the
set of (n — d, d)-shuffles, that is the permutations £ in the symmetric group S, for
whiché(1) <£(Q2) <-- <&(m—d)andé(n—d+1) <€&mn—-d+2) <--- <&(n).
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Forallé € S,_g4.allry,....rp—qg € Randsy,...,s4 € S, let
Fe(ri® - ®ry—q ® 51® ®54) = F(xg-1(1)) ® -+ ® F(xg-1())
where X1 = ry,....Xp—d = Fn—d> Xn—d+1 = S1,-.-,Xn = Sgand F(r) =r ® 1,

F(s)=1Q®sforr € R,s € §. We will also use the notation
inv(§) ={G. )l =i <j =nand§() > §(j)},

€] = |inv(§)],
f—invE) l_[ tArilsj—nta)
(@,7)€inv(§)

Now define the (R ®' S)¢-module homomorphism:

n
BZ, PR R " @R & (S®5 ®5)
d=0 ———a®n
- (RR SRR S ®(RX®S)

1M ®@ - ®maeRIR 1R Q- Qsg 1

1 ®t 1 ® Z(_1)|$|t—inv(§)Fs(r1 Q-

§€Sn—d.a

@ Tpeg @ 5 ®-~-®sd)) 1 1.

As with AW, it can be checked that EZ’, is in fact a chain map.

Now, in order to use the methods of [9] to describe the Gerstenhaber brackets on
the Hochschild cohomology of A = R ®’ S, we must check Conditions 2.5(a)—(c)
on K = Tot(B(R) ®' B(S)):

(a) Lett = (g EZ., where 1 : B(R ® S) — B(R ®" S) is a choice of embedding
compatible with our identifications of Rand S as subspaces of R and S.

(b) Let 1 = AW/, 7, where 7 : B(R ®’ S) — B(R ®' S) is the quotient map.
We want to show that 71 := AW, o EZ!, = 1. By their definitions, 7gtg = 1p, and
as in [7], we know that for the maps without the twist, AW o EZ, = 1. Therefore,
we need only check that the coeflicients included in relation to the twist cancel:

AW, 0EZ (1®7r1 ® ®ra ® D) ® (1®51® - Q54 ® 1))

:AWZ (1 ®l‘ 1® Z(_l)lélt—an(E)F(xs_l(1))®.
§€Sn—d.a

® F(xs_l(n))) ® 1 1),

where for each i, xg-1(;) is either rg—13y Or Sg—14)_(,—q) depending on the
value of §71(i). Then F(xg—i1() is either re—1; ® 1 or 1 ® $g-1()—(n—a)-
After applying AW/, the twisting coefficient for the term corresponding to &
is ivE—IvE) — | Therefore 7t = 1k.
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(c) Consider Ak : K — K ®gg:s K defined by

B (1@rn® - ®rna@)e (185s8 ®sq©l)
n—d d
= Z Z(_l)i(n_d_j)l_(rj-l-l®"'®rn—dlsl®'"®si)
j=0i=0
J l [(1®r1®.®r]®1)®t(l®sl®.®Sl®1)]®R®[S
(1®rj+1® Qg ®DN® (1®si11® - Qs4 R 1)]

for all homogeneous r; € R and s, € S.
Then

(BEZ, QreistBEZ) AR (1 Q11 ® - ®rpg ®DNQ (1051 Q- Q54 ® 1))
n—d d
(1B EZ, ® peyr siB EZQ)( Z Z(—l)i(n_d_j)t_<rj+l®"'®rn—d|sl®“'®si)
j=0i=0
(1®rn® - Qr;ie)® (1851 Q- ®s5 ®1)]|Qgres

(1Qrj4+1® @1 a® D) (1Qsi+1®: Q54 @ 1)])

n—d d

Z Z( 1)1(" =) =rj+1©-®rp—qls1®®s;)

Jj=0i=0

18 1® ( > (=)l E
£eS; 'FE’(rl R ®rj ®F 51 Q- ®Si)) Q1 1]®R®fS

18 1® ( > (= )El i ED

S”esn d—j,d—i
Feor(rjp1 @ ®rp—g Q" 5i41® - ®Sd))1 ®" 1]

and
AB(BEZ)((1®r Q@ ®rmyg®1)Q (1051 Q- ®s5q Q1))

= AB(I R 1® Z (_1)\$|t—inv(s)
£€Sp—a.a Fe(r ® - ®ry—q Q" 51 ®"'®Sd)) Q1R 1)

—AIB( ( 3 (el m©

§€Sn—a.a F(X%-—l(l)) R X F(xi-‘_l(n))) ®1 ®t 1)

Z D DO 1@ Flxg—1y) ® - ® Flxg-1(y) ® 1 @' 1]
i=0£€S,_ 4.4

®rars [1 @ 1® F(xg-1(11) ®++ ® Flxg-14)) ® 1 ®" 1],



Gerstenhaber brackets for twisted tensor products 1373

where for each i, xg—1;) is either rg—1(;) Or Sg—1(;)—(,—q)> depending on the value
of £71(i). Now notice in both expressions, we are allowing all possible arrangements
of r’s and s’s, thus, we need only check that the corresponding coefficients agree.
Given a fixed arrangement of the r’s and s’s determined by £ € S,,_4 4, we see that
(1)=& s uniquely determined by the s’s and r’s that are moved past each
other. The corresponding term in the first expression has coefficient

(_l)i(n—d—j)+|é’|+|$”|[—(rj+1 @ ®rp—als1®®s;)—inv(§')—inv(§")

for some i and j, and £ € S;;, and £’ € S,_4_j4—i, which is again uniquely
determined by the s’s and r’s that are moved past each other. Thus, because we are
assuming we have the same arrangement of r’s and s’s,

(_1)i(n—d—j)+|$’|+|5”|t—(rj+1 ®®Ty—q|s1®+®s;)—inv(§")—inv(§”) _ (_l)lélt—irw(é)

when we view the term as coming from § € S,,_; 4. Therefore,

(1B EZ., @ rer stB EZL) Ak = Ap(ug EZY,).

We now have chain maps m, ¢, and Ak satisfying Conditions 2.5(a)—(c).
Therefore, we may use the formulas (2.8) and (2.9) to describe Gerstenhaber brackets,
via a contracting homotopy ¢ of F. By Lemma 3.5, we may choose

¢ = (Gp(r) ® Fg g + (1) Fx

B(S) ® Ggs))0,

(R)
[ r :
FE( sy’ FE( R are defined in
equation (2.4), and o is the map from Lemma 3.3. (See Lemma 3.5 for the precise

value of (—1)*.)

where GE( R)’ G@(S) are defined in equation (2.11),

Proof of Theorem 6.3. Bergh and Oppermann [1, Theorem 4.7] proved that there is
such an isomorphism of associative algebras. Their isomorphism may be realized
explicitly at the chain level by using K = Tot(B(R) ® B(S)) to express elements on
the right-hand side, via the Hom, ® interchange, as elements on the left-hand side.
Our diagonal map Ak may be used to describe cup products. We need only show
that this isomorphism also preserves Gerstenhaber brackets. One approach would
be to use the known algebra isomorphism combined with (2.12), showing that some
mixed terms are 0. Another approach would be to generalize the proof of Le and
Zhou, which is an explicit computation using the chain maps AW, and EZ,.. We take
yet another approach, using the theory we have developed for twisted tensor products
in Section 3 and in the first part of this section, which has the advantage of avoiding
explicit computations with the cumbersome chain maps AW, and EZ, themselves.

Brackets on the right-hand side of the isomorphism will be described by using
K = Tot(B(R) ® B(S)). We will use the chain maps ¢ and 7 which are comparison
morphisms between K and B = B(R ®’ S), and the diagonal map Ak which allows
a construction of the bracket operation on K via formulas (2.8) and (2.9).
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Let « € HH™4'(R), o’ € HH™ 4 (R), B € HH™Z'(S), and B’ € HH""Z'(S).
By abuse of notation, we also denote by «,a’, 8, 8’ the morphisms representing
the corresponding cohomology elements. We will write « ® 8 and o’ ® B’
to represent elements in HH*’A/@B,(R ®' S) via its algebra isomorphism to
HH*4'(R) ® HH*?'(S). We will need the finite dimension hypothesis in
interchanging Hom and ® in the tensor product of chain complexes, as we are
working with bar resolutions. We will compute [¢ ® 8,a’ ® B8] as an element
of HH*’A/GBB/(R ®’ §) using (2.8) and (2.9), and we will show that it agrees with
the Gerstenhaber bracket on a tensor product of two Gerstenhaber algebras as defined
in (6.1).

We will want to apply [« ® B, o’ ® B'] to elements of the form

13MN®@ @@ (1Qs] @ Qsyr 1)

where m”" +n” =m+m' +n+n —landry,....,rm € R, S1,...,5p7 € S.
In the calculation below, we will see that (—1)* is (—1)""~"', partway through the
calculation, as by that point we will already have applied &’ to some of the input,
thus lowering its homological degree. There are signs associated to application of
each of the maps (1 ® (¢’ ® B’) ® 1) (the “Koszul signs” in (2.10)), and 0, G,
and GE( ) (in their definitions in Lemma 3.3 and in (2.11)). We start by computing
a circle product:

@@B)o@RBNIRMN® @rm @@ (1®51® @ sp ® 1))

, ©)
= (@ ® B)(Ggr) ® FE{(S) + (=D F ) ® Ggs))o(1® (@ ® ') @ 1)Ag

((1®r®  @rm®1D® (1®s51 8 ® sy ® 1))

= (@ ® B)(Ggr) ® Fy

Byt (D Fg,® GB(s))0 (1® (&' ® B) @ 1)(Ak ® 1)

4 4

m n

J=0i=0 [(1®r® )R (1Qs1® - ®s5 ®1)Qprers
(1®rj1t1® - Qrm @) Q" (1® si41 ®---®s,,~®1)])

= (@ ® B)(Ggr) ® Fy

85T D Fgp) @ Gris))o(1® (@' @ ) @ 1)

n” i

m” J
) 3) LS
j=0i=0 p=01=0
—rj 1@ @1y 518 @i ) y—(r1 41 @~ ®7 j |51 @ ®sp)

t
(1®rn® )R (1Qs1Q - ®s, ®1)Qrers
(1141 Q@) Q (1®s5p11 Q- Q5 ®1)|Qgrers

(@71 ® - @rp ®1)® (1541 ®"'®Sn”®1)])-
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Now, in order to apply (1 ® (¢’ ® 8') ® 1), we musthave m’ = j —1,n’ =i — p.
The Koszul sign from (2.10) is thus

(_1)(P+l)(m’+n') — (_1)(m’+n’)(j—m’+i—n’)’
and the above becomes

= (@ ® B)(Gpr) ® Fy

* o

(R)

m// n//
( Do D ) D () gy G i
j=m’i=n’

A 1@ @1y |51 @@ ) {7 j s 4 @ ®T 51 @ ®S; /)

[(1®r®  Qrjmw @1 ® (1®51 @ Qsi—w ® 1)|Qrars
(1 ®rj—m+1 @ ®r;®1)® (1 Qsi—nt1 Q- ®5 ®1)|Qrers

[(1®I’j+1 ®"'®7’m”®1) ®l (1®Si+1 R Qs ® 1)])

After applying the definition (3.1) of the module action, and applying o (which comes
with a sign of (—1)E=)0""=1)) the above becomes

_ - I * or -
= (¢ ® B)(Ggr) ® gy T D Fgpy ® Gg(s))0
m// n//
( > Z(—l)i(’”"—f)(_1)(i—"’)m’(_1)(m’+n’)(j—m’+i—n’)
j=m'i=n’

t—(rj_;,_] ® @1, |51 ®~~~®si)—(rj_m/+1 Q--Qr; [$1®®s8; _p7)

t(a/(1®rj—m/+l ®Q®r; ®1)|s1 ®Qs;_,)

(1M ® @ @1 ® @71 @ 1)®
(1®51® @i @B (1 Si—p11®-® 5 ®1))|@rers

(1@ 741 @ 81wy @ 1) @ (15741 @+ B 5 B 1)])

[ * or
= (¢ ® B)(Ggr) ® Fggy+ (D" Fgp ® Gg(s))

m// n//
( Z Z(_1)—n’(m”—j)(_1)(i—n/)m/(_1)(m’+n’)(j—m/+i—n/)

j=m’i=n’
l‘_(rj-‘rl®'"®rm”|s1®"'®si)_(rj—m’+l®'"®rj 1 ®®s; )
A8y 4 @@ ®1)|51 @ ®5; 1)
t(rj+1®-"®rm//|S1®"'®S,-_n/®ﬂ/(1®s,~_n/+1®~"®Si®1))
(11 ® Q®rjmw@L(UTj—m+1®-@r; 1))
QRURTj4+1 Q@ & Iy ® 1)
(1®51®-®5i-w @B (1 ®Si—p+1 @ @5 ®1))

s (1 ®s5iy1 Q- Qsur ® 1)])-
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For brevity, we denote by ¢* the twisting coefficient in the above equation. Now
o € HH™4'(R) and B/ € HH" B’ (S), that is, &’ and B’ have graded degrees in the
kernel of the twist homomorphism, and it follows that

z(a’(l®rj_m/+1 ®+@1;®1)|s1 @ ®s; /) — t(r.i—m’-H ®®r;ls1®®s; )

t(rj_H Q- @1y, ‘ﬂ/(1®si—n’+] ®-®s; 1)) — t(rj+1 @ @®T 7 |S; _pr 41 @ ®S;) .

Thus, t* = 1. Now we are ready to apply Ggg) ® Fﬁ{(S) + (—1)*FE:(R) ® GE(s)

. . - [
and there are signs associated to each term. In order to apply GB( R ® FE( sy We

must have i = n’ for the map to be non-zero, and the sign incurred is (—1)/ —m

r . "
In order to apply FE( R) ® (‘@(S), we must have j = m” for the map to be non-

zero, and the sign incurred is (—1)!~"'; in addition, for this application, we find that
(=D)* = (=1)Jm'+m"=j — (—1ym"—m" — (_1)™ (as for this term, m" = m + m’).
The above expression becomes

m//

=@® ﬁ)( D ()T (T (s

o
I®rM® - ®rjicw (1 Qrj_m11 Q- ri@)®rjt1 ® - Qrm Q1]
RBNRs1Q Qs ®1)®si41® ® sy @ 1]

n//

+ Z (_1)(i—n’)m’ (_1)(m’+n’)(m+i—n/) (_1)i—n' (—l)m
i=n’

1@ @rm @ (1@ rmt1 ® @ ry)|Q

1Rs1Q Q5w QB (1RSi—p+1 ® Qs ®1) R si+1 ®---®sn,,®1])

m//

= Z (_1)—’!’("1”—1')(_1)(m’+n’)(j—m’)(_l)j—rn’
j=m’
a(1®@r ®  @rjim @UQTj_ 11 ® - ®r;®)Qrj;11 @ ru Q1)
R B1I®51® @5 @DPU®Si41 @ sy ® 1)
n//
+ Z(_1)(i—n')m'(_1)(m/+n/)(m+i—n/)(_1)i—n'(_1)m
i=n’
2(1®@r® - Qrm @ DN (1 ®rmt1 ® -+ ® rm)®'
BUR®s1Q - ®Sicy QP URSi—w4+1 Q- ®s5i®1) ®s5it1 Q- ®sp ® 1).
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We wish to rewrite the sums. The first sum involves « o «’, in which the term indexed
by j has a sign (—1)™ ~DU =) The second sum involves 8 o A/, in which the term
indexed by i has a sign (—1)®~DE-7") " Accommodating these signs and rewriting,
the above is equal to

)" " D(goa)y @ (B — B) + (=)™ V@ — o)y @ (Bop)

applied to the input. Similarly,

@ ®p)o@®p)=(1)""Doa)® (B — )
+ (=" — @) @ (B0 B).

We will use the following relation from [4, Theorem 7.3] to reverse the order of the
cup product &’ — « in the above expression (and a similar relation for 8’ — f):

ao(d*a')—d* (o) +(—1)" “H(d*a)od = (=) (o' — a—(—1)""a — ).

Now, « and o are cocycles, so the two outermost terms on the left-hand side of the
above equation are 0. Putting it all together, using this relation and formula (2.8), we
obtain the Gerstenhaber bracket:

[0 ® B0’ ®B]

=@®p)o@®p)— (D" @ f)o (@@ )
= (""" D@od)® (B — p)
+ (=)D — @) ® (Bo )
_ (_1)(m+n—1)(m’+n’—1)+n(m’—1)(a/ OO[) ® (ﬁ - ﬂ/)
_ (_1)(m+n—1)(m/+n/_1)+m’(m+n—1)(a/ — O{) ® (IB/ ° ,3)
= (1" o) ® (B — B) + (1) (@od) ®d*(Bop)
+ ()" (g — o) @ (Bo B)
+ (_l)m(m’+n’—1)+nn’—m’—n’(a/ o Ol) Q (:3 — ,8/)
+ (_1)(m+n—1)(n’—1)+mm/+l(a — Ot/) ® (ﬁ/ o /3)
_ (_1)(m+n—1)(n’—1)+m’d*(a 00/) ® (ﬂ/ o B).

We claim that the terms involving d*(8 o 8’) and d *(« o «@’) sum to a boundary:
d*(@od)® (B oB)) =d*(@oa)® (B o p)
+ (=)™ N aoa')®@d*(B o B).
Since f, B’ are cocycles, d*([8. B']) = 0, that is,
d*(B o p) = (1) V" DG*(B o p),
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which implies

d*((@oa) ® (B 0 ) = d*(@oa) ® (B o )
+ (=)D @ 0 o) @ d* (B o ),

and this is (—1)n =D =D+m'~1 timeg the sum of the two terms in our previous
expression involving d*(8 o B’), d*(a o &’). We now see that as elements in
cohomology,

[x®B.o' ® B']
— (_l)n/(m-‘rn—l)(a oa — (_1)(m+n—1)(m’—1)+n(m’—1)a/ ° Ol) ® (ﬂ — ﬁ/)

+ (_l)m(m’+n’—1)(a — Ol/) ® (ﬂ ° '8/ _ (_1)(n—l)(m’+n’—1)+m’(n—1)'3/ ° ﬂ)
= (D" a o @ (B — ) + ()" V(o) @ [B. B,

which agrees with formula (6.1). Thus we have proved that the algebra isomorphism
HH**'(R) @ HH*5'(S) =~ HH*4'®8' (R @' S)

of Bergh and Oppermann [1] also preserves Gerstenhaber brackets. Therefore, it is
an isomorphism of Gerstenhaber algebras, as claimed. O

In conclusion, the results of this section and of this paper may be applied
effectively, to many algebras of interest, to obtain information about the Gerstenhaber
algebra structure of Hochschild cohomology and to answer questions about
deformations of algebras that involve this structure. The quantum complete
intersections of Section 5 are of interest in their own right, and may also be generalized
to include more generators and more general relations. The techniques in this paper
may be applied to skew polynomial rings (cf. [11]). They may also be used to
gain information about deformations of all of these algebras and their extensions by
group actions, which include a wide variety of algebras of interest such as some
quantum groups, some Nichols algebras arising in results on classification of finite
dimensional Hopf algebras, and quantum versions of Drinfeld Hecke algebras or
rational Cherednik algebras and related quotient algebras.
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