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An equivariant index for proper actions II:
Properties and applications
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Abstract. In the first part of this series, we defined an equivariant index without assuming the
group acting or the orbit space of the action to be compact. This allowed us to generalise an
index of deformed Dirac operators, defined for compact groups by Braverman. In this paper, we
investigate properties and applications of this index. We prove that it has an induction property
that can be used to deduce various other properties of the index. In the case of compact orbit
spaces, the index is a special case of Kasparov’s index of transversally elliptic operators. In that
case, we show how it is related to the analytic assembly map from the Baum—Connes conjecture,
and an index used by Mathai and Zhang. In the case of noncompact orbit spaces, we use the
index to define a notion of K-homological Dirac induction, and show that, under conditions, it
satisfies the quantisation commutes with reduction principle.
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1. Introduction

In Part I of this series, an equivariant index was developed that applies to actions
by possibly noncompact groups, and with possibly noncompact orbit spaces. To
recall the definition of this index, we let G be an almost connected Lie group
(i.e. having finitely many connected components), acting properly and isometrically
on a Riemannian manifold M. Let & = &1 @ & be a Z,-graded, Hermitian,
G-equivariant vector bundle. Let D be an odd, self-adjoint, G-equivariant, first
order differential operator on &. If M and G are compact, then we have the usual
equivariant index

indexg (D) := [ker D] — [ker D] € R(G),

where D¥ is the restriction of D to I'®°(&%), and R(G) is the representation ring
of G.

The definition of the equivariant index has been generalised to cases where either
the orbit space M/G or the group G is compact. If M/G is compact, then one
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has the analytic assembly map from the Baum—Connes conjecture [6] for elliptic
operators, and Kasparov’s index of transversally elliptic operators [27]. If G is
compact, then Braverman [9] defined an index of a natural class of deformed Dirac
operators. This, and equivalent indices, has been used very successfully in geometric
quantisation [23,30, 33].

The techniques used in the cases where M/ G or G are compact are very different.
If M/G is compact, one can use operator algebraic techniques to obtain an index
in the K-theory or K-homology of a C*-algebra related to the group G. If G is
compact, it is natural to define an index in the completed representation ring

ﬁ(G) = {@m”n; My € Z}.

neG

Because of the different approaches in the two cases, it is not immediately clear
how to construct a common generalisation, i.e. an equivariant index that can be used
when both M/ G and G are noncompact. This was done in [22], where the condition
of D being G-Fredholm was introduced, which implies that D has a G-index

indexg (D) € KK(Co(G/K) x G, C).

Here K < G is amaximal compact subgroup. This K-homology group of the crossed
product Co(G/K) x G can be identified with R(K) via the Morita equivalence
Co(G/K)xG ~ C*K. If M/G is compact, then Kasparov’s index of transversally
elliptic operators [27] can be used to define this index. If M/G is noncompact,
however, that is no longer the case. The main result in [22] is that a natural class
of deformed Dirac operators is G-Fredholm, even if M/G is noncompact. This
completes Table 1, by filling in the bottom-right entry.

M /G compact, M /G noncompact,
D transversally elliptic D a deformed Dirac operator
G compact Atiyah, 1974 [4] Braverman, 2002 [9]

G noncompact  Kasparov, 2015 [27] Part I, 2017 [22]

Table 1. Special cases of the G-index

As far as the authors are aware, the G-index is the first equivariant index that
applies in cases where both M/G and G are noncompact. Here by an equivariant
index, we mean an index taking values in an object defined purely in terms of the
group acting.

In the present paper, we study properties of the G-index of deformed Dirac
operators. We start by proving an induction property of the index. This is an explicit
description of the image of the G-index in ﬁ(K ) in terms of data on a global,
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K-invariant slice N C M such that M = G xg N. Besides giving a better
understanding of the G-index, the induction property can also be used to prove
various other properties of it.

One such property is a relation with the analytic assembly map from the Baum—
Connes conjecture [6] if M/G is compact. If G is semisimple with discrete series
representations, then it turns out that for Dirac-type operators, the assembly map can
be recovered directly from the G-index. Another application of the induction result
is a quantisation commutes with reduction property of the G-index. This generalises
the main result in [23], where G was assumed to be compact.

Independently of the induction result, we give a second relation between the
G-index and the assembly map, and an index defined by Mathai and Zhang [31],
if M/G is compact. But our main interest is in cases where both M/G and G are
noncompact, which are furthest removed from existing index theory. One example
of this setting is the action by G on T*(G/K). In that case, we use the G-index
to define a version of the Dirac induction isomorphism from the Connes—Kasparov
conjecture, which is now defined on R (K).

In Part IIT of this series [21], we show that the G-index reduces to two more
explicit indices in special cases. One is an index defined in terms of multiplicities
of discrete series representations of semisimple Lie groups, another is the invariant
index studied in [10, 19]. This leads to quantisation commutes with reduction results
for those indices, and vanishing theorems on Spin manifolds.

Acknowledgements. The authors thank Maxim Braverman, Nigel Higson, Gennadi
Kasparov, Mathai Varghese and Guoliang Yu for interesting and helpful discussions.
The first author was supported by the European Union, through Marie Curie
fellowship PIOF-GA-2011-299300.

2. Preliminaries

Let G be an almost connected Lie group, i.e. having finitely many connected
components. We recall the definition of G-Fredholm operators and their G-indices,
as introduced in Part I of this series [22]. We also state the main result from [22],
that deformed Dirac operators are G-Fredholm. Finally, we recall the notion of Dirac
induction used in the Connes—Kasparov conjecture, which will be used in some of
the applications.

2.1. The G-index. For the rest of this paper, we fix a maximal compact subgroup
K < G, and a proper, isometric action by G on a Riemannian manifold M. We will
identify T*M =~ TM using this metric where convenient, and denote the space of
vector fields on M by X (M). Let § = €T & &~ — M be a Z,-graded, Hermitian
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vector bundle. Suppose the action by G lifts to &, preserving the grading and the
Hermitian metric.
Since the action is proper, Abels’ theorem [1] guarantees the existence of a smooth,
equivariant map
p:M — G/K.

Equivalently, we have a G-equivariant diffeomorphism
M ~=Gxg N (2.1)

via the action map, with N := p~!(eK). Pullback along p defines a G-equivarant
map
p*:Co(G/K) — Cp(M).

This induces a *-homomorphism
P6:Co(G/K)x G — Cp(M) x G

between crossed-product C *-algebras [40].
The representation by Cp(M) in L?(&) by pointwise multiplication, and the
unitary representation of G in L2(€) combine to a representation

TG,Ch(M)- Cb(M) G — B(Lz(é‘))
Conider the representation
T[g,G/K = TG,Cp(M) © pEC()(G/K) xG — £(L2(8))

It is explicitly given by
(76.6/x (9)s)(m) = /Gw(g, p(m))g - (s(g™'m)) dg.

for ¢ € C.(G,Co(G/K)),s € L>(E)andm € M.
Let D be an odd, self-adjoint, G-equivariant, first order differential operator on &.
In [22], the operator D was defined to be G-Fredholm for p if the triple

<L2(8), (2.2)

D P
Tpr o)
is a Kasparov (Co(G/K) x G, C)-cycle. Then the G-index of D is defined as the

class
index’é(D) € KK(CO(G/K) x G, (C)

of (2.2). Via the Morita equivalence Co(G/K) x G ~ C*K, this index can be
identified with an element of

KK(C*K.C) = R(K) := { @) mam: my € Z}.

zek
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If D is G-Fredholm for any map p as above, then itis called G -Fredholm. Its G-index
is then independent of p (see Lemma 3.2 in [22]), and denoted by indexg (D).

If D is transversally elliptic in the sense of Definition 6.1 in [27], then Kasparov
showed that it defines a class

[D] € KK(Co(M) x G,C),

see Proposition 6.4 in [27]. If M /G is compact, then the map p is proper, and hence
induces a map

P« KK(Co(M) x G,C) - KK(Co(G/K) x G,C).

In this case, Kasparov’s arguments show that D is G-Fredholm, and we have
indexZ (D) = p«[D]. (See also Remark 8.19 in [27].) The G-index of D is then a
generalisation of Atiyah’s index of transversally elliptic operators [4] to noncompact
groups.

If M/G is noncompact, then the map ps is not defined, and one has to use
different arguments to prove that a given operator is G-Fredholm. In that case, a
relevant class of G-Fredholm operators is obtained by applying a natural deformation
to Dirac-type operators.

2.2. Deformed Dirac operators. Suppose that M is complete in the given Riemann-
ian metric. Let

c:TM — End(6)

be a vector bundle endomorphism into the odd endomorphisms, such that for all
veTM,

c(v)? = —v]*.

Suppose that ¢c(g -v) = goc(v)og ! forallg € Gandv € TM.
Let V€ be a G-invariant Hermitian connection on &, such that for all vector fields
v, we X(M),
[Vf, c(w)] = C(VvTMw),

where VI g the Levi-Civita connection of the Riemannian metric. Then we have

the Dirac operator
D :=coVE:T®E) - I'*®®).
Lety: M — g be a G-equivariant smooth map, with respect to the adjoint action

by G on the Lie algebra g. This map defines a vector field v¥ € X (M) by

d
vl = —|  exp(—ty(m))-m,
dt |;=g
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forallm € M. A key assumption we make is that the set Zeroes(v¥) C M of zeroes
of v¥ is cocompact, i.e. Zeroes(v¥)/G is compact. The Dirac operator deformed
by v is the operator

Dy := D — v=l1c(w¥). (2.3)

Given a real-valued function p € C®°(M)%, we call a nonnegative function
f e C®(M)C p-admissible if, outside a cocompact set,

f2
i+ f+1-"

Such functions exist for all p, see Lemma 3.10 in [22].

Suppose fornow that G = K is compact. A re-interpretation of Theorem 2.9 in [9]
is that there is a function p € C (M )¥, such that for all p-admissible functions f,
the operator D ry, is K-Fredholm. (See also Proposition 3.5.) Then its index

indexg (D ) € KK(C*K,C) = R(K)

is the index studied in [9] (see Lemma 2.9 in [22]). It is independent of f and VE.
The main result in [22] is that this generalises to noncompact groups.

Theorem 2.1. There is a function pg € C®(M)S such that for all p-admissible
functions f, the operator D ¢y, is G-Fredholm for p.

See Theorem 3.12 in [22]. Furthermore, the G-index of D ¢, is independent of p,
£, V€, and the Riemannian metric on TM, as stated precisely in Proposition 3.13
in [22].

Deformed Dirac operators of the form (2.3) were already used on compact
manifolds by Tian and Zhang [37] to give an analytic proof of Guillemin and
Sternberg’s quantisation commutes with reduction conjecture. For noncompact
manifolds, but compact groups, index theory of deformed Dirac operators was
developed by Braverman. He proved that their indices are invariant under a suitable
notion of cobordism. He also showed that this index equals an index involving
deformations of principal symbols of Dirac operators. The latter index was used
in Vergne’s conjecture [38], proved by Ma and Zhang [30]. Paradan [33] gave a
different proof of this conjecture. For proper actions by possibly noncompact groups,
Braverman [10] studied an index of deformed Dirac operators that turns out to be the
K-invariant part of the equivariant index defined here (see Proposition 2.4 in [21]).

Callias-type deformations of Dirac operators [3,11-13,28] are of a different, and
simpler, nature than operators of the form (2.3). A Callias-type deformation is of
the form D + T, where T is a vector bundle endomorphism such that TD + TD
is a bounded, order zero operator, and 7D + TD + T2 has a uniform lower bound
outside a compact set. Under these conditions, D + T is a Fredholm operator, and
has finite-dimensional kernel. If G is compact, then the deformation term in (2.3)
only has bounded anticommutator with D when restricted to G-isotypical subspaces.
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This means that the kernels of the deformed Dirac operators we consider are infinite-
dimensional in general, although they contain every irreducible representation of K
with finite multiplicity. This is important for the construction of infinite-dimensional
representations as indices, see for example [24,32]. If G is noncompact, then the
difference with Callias-type operators is even greater.

In this paper, we study properties of the G-index of deformed Dirac operators,
and relations with the analytic assembly map [6].

2.3. Dirac induction. In some of the applications, we will use the Dirac induction
isomorphism from the Connes—Kasparov conjecture. We recall the definition of this
isomorphism here.

Fix a K-invariant inner product on the Lie algebra g, and let p C g be the
orthogonal complement to £. Suppose that the representation

Ad: K — SO(p)

lifts to a homomorphism
Ad: K — Spin(p). 2.4)

This lift always exists if one replaces G by a double cover. (See the end of this
subsection for the case where it does not exist.) Let S, be the spinor representation of
Spin(p), see e.g. Definition 5.11 in [29]. We view S, as a representation of K, via the
map Ad. If p is even-dimensional, then S, has a natural Z,-grading S, = S;r ®S,.
By the element S), € R(K), we will mean [SF] — [S,] in that case.

Existence of the lift (2.4) is equivalent to G/K having a G-equivariant Spin-
structure, with spinor bundle G xg S, — G/K. We will then say that G/K is
equivariantly Spin.

For any finite-dimensional representation space V of K, we have the G-
equivariant vector bundle

&y :=G xk (S, ® V) > G/K.

Let {X1,.... Xdimp} be an orthonormal basis of p. Consider the Dirac operator
dim p
Dy =) X;®c(X;)®ly (2.5)
j=1
on

I'®(Ey) = (C®(G) & S, ® V)X,

Here ¢ denotes the Clifford action by p on S;,. It defines an equivariant K-homology
class
[Dy] € KKE(Co(G/K),C). (2.6)
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The analytic assembly map from the Baum—Connes conjecture [6,25] is a map
1§ KKS(Co(Y),C) - KK4(C,CrG) (2.7)

for any cocompact, proper G-space Y. Here C*G is now the reduced group
C *-algebraof G. There is also a version for the maximal group C *-algebra. Applying
this map for Y = G/ K to the class (2.6) yields

né/xIDv] € KK(C.CIG).
The Dirac induction map
D-Ind%: R(K) — KK.(C,C}G)

is defined by [V] — /J,g /K [Dy], for finite-dimensional representation spaces V of K.
It maps into even K K-theory if G/K is even-dimensional, and into odd K K -theory
otherwise. The Connes—Kasparov conjecture, proved by Chabert, Echterhoff and
Nest [14], states that it is in isomorphism of Abelian groups. (This was proved for
linear reductive groups by Wassermann [39].)

By the universal coefficient theorem, we have

KK.«(C}G,C) = Homz (KK«(C,C}G),Z)

via the Kasparov product. Pulling back along Dirac induction therefore defines an
isomorphism of Abelian groups

(D-Ind$)*: KK(C*G,C) = R(K). (2.8)

If the lift (2.4) does not exist, i.e. G/K is not equivariantly Spin, one still has
a Dirac inductign isomorphism. Let 7: G — G be a double cover for which (2.4)
exists, and let K := 7~ !(K). Let u be the nontrivial element of ker 7. Set

Rspin(K) :={V € R(I?); u acts trivially on V' ® S, }.

Then for V' € Rspin(K), the tensor product V' ® S, can be viewed as a (virtual)
representation of K, and the above constructions apply. This yields an isomorphism

D-IndS: Reyin(K) = KK.(C,C}G).

3. Induction from slices

We have seen in Theorem 2.1 that deformed Dirac operators have well-defined
G-indices. In the rest of this paper, we discuss properties of these indices. One
useful tool is the induction result we prove in this section, Theorem 3.2. It is a
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relation between the G-index of a deformed Dirac operator on M, and the K-index
of an operator on a slice N C M. The latter index can be described explicitly in
terms of the L2-kernel of the operator.

We keep using the notation and assumptions of Subsection 2.2. We fix a smooth,
equivariantmap p: M — G/ K, and consider the corresponding slice N = p~!(eK).

3.1. The induction result. Consider the restriction VEI¥ of V€ to N. Since
TN C TM|y, we have the Clifford action

cy: TN ® 8|y — E|N.

These combine to the Dirac-type operator

N. oo vElN 00 N 00
DY:T*®(6|y) —— I'*(TN ® &|n) —> I'®(E|n). (3.1)

As before, we fix a K-invariant inner product on g. Let p C g be the orthogonal
complement to €. Then

g=tdp. (3.2)

We will identify
TN & (N xp)=TM|y (3.3)

via the map
(v, (n,X)) = v+ X,iw

forn e N,veT,N and X € p.

Let B be the given Riemannian metric on M. We will consider two K-invariant
metrics on TM |n. One is simply the restriction B|y. The other is defined by the
properties that the decomposition (3.3) is orthogonal, the metric equals B|7y on TN,
and is defined by the inner product on g on N X p. We denote this second metric
by By.

Choose a K-equivariant, isometric vector bundle isomorphism

(TM|y. By) — (TM|y. Bln).
which is the identity on TN . Via this map, the Clifford action
cIn: (TM|N, B|N) — End(&)
defines the Clifford action
¢p: (TM|n, By) — End(6). (3.4)

We have ¢y |7y = c|7n.
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For a real-valued function f € C®(M)® = C*®(N)X, consider the deformed
Dirac operator

DYy =DV = VI,V |w)

on I'*°(&|y). Under the additional assumption that y(N) C ¢, this is the Dirac
operator on & |y deformed by f|n as in Subsection 2.2, but we do not make this
assumption. (See Subsection 3.2 for other consequences of that assumption.) The
analogue of Theorem 2.1 still holds, however.

Proposition 3.1. There is a positive function py € C®(N)X = C®(M)C such
that if f is py-admissible, then Dj’vllle is K-Fredholm.

This proposition is not a direct consequence of Theorem 2.1, since the vector
field v¥ |y is not induced by a map N — ¢ unless ¥ (N) C €. For this reason,
and to illustrate a simpler approach that is possible for compact groups, we give a
separate proof of Proposition 3.1 in Subsection 3.3. This is also a simpler proof of
Theorem 2.1 in the case where G is compact. Furthermore, in the case of trivial
groups, the arguments in Subsection 3.3 yield a criterion for Callias-type operators
to be Fredholm.

Another way to prove Proposition 3.1 would have been to slightly generalise the
proof of Proposition 3.15 in [22]. We briefly indicate here how such a generalisation
would work. Write y = ¢ ®1/,, according to the decomposition (3.2). InLemma4.6
of [22], an operator A is used. If one adds a term

dim N

—v-1 Z c(ej)c(VZ;va‘/”f’)
j=1

(where {eq, ..., edqmn} is a local orthonormal frame for TN, and V¥ is the Levi-

Civita connection for the restricted Riemannian metric on 7'N) to that operator, then
one has a version of Lemma 4.6 in [22] that applies to the operator in Proposition 3.1.
In Proposition 5.2 in [22], one then needs to take this extra term into account, which
can be done analogously to the rest of the operator A. In this way, one obtains a
version of Proposition 3.15 in [22] that implies Proposition 3.1.

Let py be as in Proposition 3.1, and suppose f is py-admissible. Then by
Lemma 2.9 in [22], we have

indexg (DY, ) = [ker,2(D¥,, )*]—[ker,2(DY,, )7] € KK(C*K.C)
~ R(K).

The induction result relates this index to the G-index indexg (&, ¥) of D sy, which
makes the latter more concrete and computable.
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Theorem 3.2 (Induction from slices). Under the identification
KK(Co(G/K) x G,C) = R(K)
by Morita equivalence, we have

indexg (€.y) = [kerp2(DY, V7] = [Kkerp2(DY, )7] € R(K).

3.2. A special case. Under some additional assumptions, Theorem 3.2 takes a simp-
ler form. One of these assumptions is that ¥ (N) C €. This assumption is not satisfied
in all relevant examples, see Subsection 4.3. In fact, cases where this assumption is
not satisfied are furthest removed from existing index theory, and therefore potentially
the most interesting.

Since we now suppose that ¥ (N) C &, the operator D}V |y in Theorem 3.2 is
precisely of the form studied by Braverman in [9]. Therefore, Braverman’s cobordism
invariance result, Theorem 3.7 in [9], and all of its consequences, generalise to the
G-index of deformed Dirac operators, under this additional assumption.

Suppose, furthermore, that G/K is even-dimensional, and equivariantly Spin,
with Z,-graded spinor bundle

€k = G xkg Sp.

Let CI(N x p) = N x Cl(p) be the Clifford bundle of N x p — N. Consider the
CI(N x p)-module N x §,, and the Clifford module

81\] = Homc1(NXp) (N X Sp, 8) (3.5)
Then, since Sy, is an irreducible representation of Cl(p),
E=8ENvR®S,. (3.6)

(See (2.7) in [34].) Let DEN be the Dirac operator associated to any K-invariant
Clifford connection on &y . Since now the vector bundle endomorphism c,, CLAAIN)
of &|n acts trivially on the factor N x S, we have the deformed Dirac operator

DY = DEV — V=lcy(v/ ¥ |w)

on I'*®(&y). In terms of the decomposition (3.6), we then have
N — nén
Dyyiy =Dy @ls,.
Therefore, Theorem 3.2 reduces to the following statement.

Corollary 3.3. In the setting of Theorem 3.2, suppose that w(N) C ¢ and that
G/K is even-dimensional cind equivariantly Spin. Then under the identification
KK(Cyo(G/K) x G,C) = R(K) by Morita equivalence, we have

indexg (€.9) = ([ker;2(DY)T] — [ker;2(DSY)7]) ® S, € R(K).
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If D is a Spin°-Dirac operator, we will see in Subsection 4.4 that the G-index of
its deformation satisfies the quantisation commutes with reduction principle in the
setting of this subsection.

Remark 3.4. If G is semisimple, G/ K is even-dimensional, and rank(G) # rank(K),
then the element [S,] € R(K) is zero, see (1.2.5) in [5]. (The arguments there
actually imply that the same is true for reductive groups.) In this case, Corollary 3.3
is a vanishing result for the G-index, under the condition that ¥ (N) C €. This is
an exceptional situation, however, which shows how restrictive this condition is. In
Section 4, we will see many examples of nonzero G-indices.

We have seen that the situations where the G-index of deformed Dirac operators
has the potential to yield most information not accessible via existing index theory
are those where

(1) G is noncompact;
(2) M/G is noncompact; and
(3) ¥ (N) is not contained in £ (for any choice of p: M — G/K).

In Subsection 4.3, we will see a natural class of examples in this new setting.
In the rest of this section, we prove Proposition 3.1 and Theorem 3.2.

3.3. Compact groups and deformed Dirac operators. We will prove a slightly
more general statement than Proposition 3.1. Consider the setting of Subsection 3.1.
Suppose ¢ (N) C €. (What follows will later be applied to the component ¢ of ¥
in £.) Let a nonnegative function f € C®(N)X be given. Let T € End(&|x)X be
a fibrewise self-adjoint, odd vector bundle endomorphism, such that

c(W)T 4+ Tce(w¥) =0, (3.7)
and
DN fT + fTDY € End(&|y). (3.8)
Suppose that the pointwise norm of the endomorphism (3.8) is bounded above by
©-(ldfll+ 1)

for a function ® € C®(N)X (independent of f). Also suppose that the endo-
morphism ||v¥ ||24-T2 of €|y is invertible outside a compact set. For f € C®(N)X,
we consider the operator

DY, =DV, + fT=D" + f(—V-1c(¥) + T).
on '*°(&|y). This is a combination of a deformed Dirac operator as studied in this
paper, and a Callias-type operator [3, 11-13,28].

Proposition 3.5. There is a positive function py € C®(N)X such that if f is
PN -admissible, then the operator DZ; v is K-Fredholm.



An equivariant index for proper actions II 169

Remark 3.6. If K is the trivial group, so that ¥ = 0, and if 72 is invertible outside
a compact set, then Proposition 3.5 shows that the Callias-type operator

DY =D+ f.T
is Fredholm on the noncompact manifold N, for admissible functions f.

To deduce Proposition 3.1 from Proposition 3.5, write ¥ = ¢ @ ¥, according
to the decomposition (3.2). Then if we replace ¥ by ¥ in Proposition 3.5, and
set T := \/—_10,J (v¥»), then the conditions (3.7) and (3.8) hold, so Proposition 3.1
follows. The least trivial conditions to check are the following.

Lemma 3.7. The operators c(v¥*) and c,(v¥») anticommute, and
DY fe,(v¥?) + fe,(v¥r) DV
is a vector bundle endomorphism of & |n.

Proof. The claim follows from the fact that for the metric B, on TM |y, tangent
vectors to N are orthogonal to tangent vectors defined by elements of p. This
immediately implies that c(v¥¢) and Cp (v¥?) anticommute. It also implies that, in

terms of a local orthonormal frame {eq, ..., egmn} of TN,
dim N
DNfcp(v'/"’) + fcp(va)DN = Z c(Vz/vaWP),
j=1
so the claim follows. O

Let t C € be a maximal torus. Fix a set of positive roots for (¢c, tc). Let px
be half the sum of these positive roots (not to be confused with the function p
as in Theorem 2.1). Let A, C +/—It* be the set of dominant integral weights.
For A € A4, let V) be the irreducible representation space of K with highest
weight 1. For A € Ay, let L?(&|y); be the V;-isotypical component of L2(&]|x).

Lemma 3.8. There is a real-valued function py € C®(N)X, such that if f is
pn -admissible, then for all A € A4, and all a), > 0, the operator

T 2 -1
(D7) +ai) |2,
on L*(&|n)y is compact.

Proof. Analogously to Lemma 4.5 in [22], we have the local expression, with respect
to a local orthonormal frame {eq, ..., eqmn} of TN,

(DF,)? = (DM + (I * + T?)
dim N
+ V=LY elep)e(VIM fo¥) —2=1fVEN + (DN /T + fTDY).

j=1
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By assumption on 7', there is a function ®; € C*°(N)X (independent of f and 1)
such that we have the pointwise estimate

dim N

V=1 cle)e(VIM fo¥) + (DN fT + fTDY)| < O41(lldf 1| + £).
j=1

Let C, > 0 be such that for all X € ¢, the operator on V) defined by X has norm
at most C, || X ||. For every n € N, the operator

fo‘,N — Ly
is a linear endomorphism of &,,. Since, for such n, we have
Lymlrze), < Cally @,
there is a positive function ®, € C®(N)X (independent of f and 1) such that
IVEN | < @ + Callv .

where use the absolute value of operators as before.
We conclude that

(DT 221w, = P21y, + L2017+ T2)
—(®1+ O+ Gl ) (ldf | + f) (3.9)

Let py € C®°(N)X be a real-valued function such that (©; + ©,)(py — 1) tends
to infinity faster than ||| as its argument tends to infinity. Choose py € C®°(N)¥
such that, outside a relatively compact neighbourhood of the points n € N, where
lox 2 + T ]|? = 0, we have

oy > (®1 + O2)pN
T Y12+ IIT?

In addition, choose py so that it is at least equal to 1 outside a compact set. Suppose f
is py-admissible. Then by (3.9), we find that

(D} L2E1n), = (DY) IL2ein), + O
where ¢, € C®(N)X satisfies
&= (01 4+ 0By — 1) = Callvl)(ldf || + f).

outside a relatively compact neighbourhood of the set {n € N: |[v) [|>+| T, ||> = 0}.
Since f > 1 outside a compact set, and by the assumption on py, the function on
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the right hand side tends to infinity as its argument tends to infinity. This implies that
(DZ; w)2| L2(€|y), has discrete spectrum. It follows that

-1
((D?p)z + a/l)
is indeed a compact operator on L2(&|y)y, for all a; > 0. O

In the proof of Proposition 3.5, we will use the Casimir element 2 ¢ in the centre
of the universal enveloping algebra of ¢. For A € A4, the element Qg acts on V) as
the scalar

A+ pxll — llekll- (3.10)

(These norms are defined by the same inner product that was used to define Q2 g, the
one fixed before to define the metric By.)
The operator (D;v/)2 + 1 is invertible by Proposition 10.2.11 in [17]. Since Qg

is a nonnegative operator, the operator (D]Tﬁ//)z + Qg + 1is invertible as well. The
main part of the proof of Proposition 3.5 is the following.

Lemma 3.9. There is a real-valued function py € C®(N)X, such that if f is
pn -admissible, the operator

—1
(DF,)* + Qk +1)
on L%(&|y) is compact.

Proof. For A € A, the Casimir operator Qg acts on L2(&|x); as the scalar (3.10).

By K-equivariance of DJT, yo We therefore have the decomposition

-1 —1
(DE)* + Q@+ 1) = @ (PF) 2610, + 1A+ x|l = llox |l + 1)
A€A+

By Lemma 3.8 every term in this sum is compact. Since the norm of a direct sum of
operators is the supremum of the norms of the terms, the above direct sum converges
in the operator norm, to a compact operator. O

Proof of Proposition 3.5. Lete € C*®°(K). Since Q2 g commutes with D, T and ¢ (v?),
we have

w1k (@ (DT, + 1) — g (e)((DF,)* + Q +1)7
=—((DT,)? +1) ' Qkag(@((DT,)? + Q +1)"". (.11

as a simpler analogue of Lemma 4.6 in [22]. Because Qgng(e) = nx(Qge) is a
bounded operator, Lemma 3.9 implies that

nx@((DF)2+ 1)

is a compact operator, which implies the claim. O
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3.4. An explicit form of the Morita equivalence isomorphism. In this subsection,
we explicitly describe the isomorphism

R(K) =~ KK(Co(G/K) x G, C)

defined by Morita equivalence. This is well-known, but we spell out the details here
because we will use them later. For more information about Morita equivalence,
especially in the context of crossed-product C *-algebras, see for example [36], and
Chapter 4 of [40]. For applications in the context of Mackey induction, see [15, 16].

Let us define the module M, that implements the Morita equivalence Co(G/K) x
G ~ C*K,asin Situation 10 in [36]. As a Hilbert C* K-module, it is the completion
of C;(G) in the C* K-valued inner product given by

. feex (k) = [G 7D (¢~ k) dg.

for f, f' € C.(G) and k € K. The right action by C*K is given by

(f9)(g) = /K Flkg)y (k) dk.

for f € C.(G), ¥ € C(K) and g € G. The representation 7 4 is given by

(ra (@) 1)(8) = /G o(g' . gK) F(¢" )86 (g /* dg'.

for ¢ € C.(G,Cy(G, K)), f € C.(G) and g € G. Here §g is the modular function
on G. (We will always identify maps from G to Cy(G/K) with functions on
G xG/K.)

Consider the class

[M] :=[M,0,7x] € KK(Co(G/K) x G,C*K)
defined by M. The Kasparov product map
[M@c+x — KK(Co(C*K,C)) = KK(Co(G/K) » G, C)

is the isomorphism defined by Morita equivalence.
Let J¢ be a Hilbert space, and wg: K — U(J) a unitary representation. We will
also use the symbol wx for the corresponding representation

7g:C*K — B(H).

Let F be a K-equivariant, bounded operator on # .
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Consider the representation
oG K)xG: Co(G/K) x G — B((L*(G) ® J0)X),

defined by
(meo6/xxG (@)0)(g) = /G 0(g.8'K)d(g)?0(g " g)dg’,

for ¢ € C.(G,Co(G/K)), 0 € (L2(G) ® #)K,and g € G.

Lemma 3.10. There is a unitary isomorphism
WM ®cex H — (LX(G) & H)X
that intertwines the representation ¢y (G/K)=G and the representation
T ®1g:Co(G/K)x G — B(M ®c+g H),

and satisfies
Wo(ly ® F) = (g2 ® F)o .

Proof. Consider the map
W:Co(G) ®c H — (C.(G) ® ¥)"

given by averaging over K:

V(S ®E)(g) = /K F(gk)mx ()& dk,

173

(3.12)

for f € C.(G), § € # and g € G. One checks that for all ¥ € C(K) C C*K,

and f and £ as above,

V(fy ®§) = V(f ® mk(V)E).

Hence the map W descends to a map
K
Ce(G) ®ckxy H — (Cc(G) @ H) ™.

still denoted by W. This map has the desired properties.

O

Next, suppose that # has a K-invariant Z,-grading, F is odd and self-adjoint,

and the triple (K, F, ng) is a Kasparov (C*K, C)-cycle. Let
[F] € KK(C*K,C)

be its class.
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Proposition 3.11. The triple
((L*(G) ® )X, 112(6) ® F. 7cy(6/K)%6G) (3.13)

is a Kasparov (Co(G/K) x G, C)-cycle, and its class in KK(Co(G/K) x G,C)
equals
[M] ®c=k [F].

Proof. Since the operator F commutes with the representation of C*K in J, the
operator 1 4 ® F on M Q¢ =g J is well-defined. Furthermore, the Kasparov product
of [M] and [F] is represented by the Kasparov (Co(G/K) x G, C)-cycle

(M QRck H, Iy @ F,ry ® lgg).

(Seee.g. [7, Example 18.3.2(a)].) This Kasparov cycle is unitarily equivalent to (3.13)
by Lemma 3.10. O

3.5. Product metrics. The K-invariant metric B, on TM |y extends to a G-invar-
iant Riemannian metric on 7'M, which we still denote by B,. By Proposition 3.13
in [22], this Riemannian metric leads to the same G-index as the original metric, as
long as M is complete with respect to B,,.

Lemma 3.12. The manifold M is complete in the metric B,,.

Proof. Note that G is complete in the left invariant Riemannian metric Bg defined
by the inner product on g used in the definition of By,. Since M is complete in B, the
slice N is complete in the metric B|rny. Hence G x N is complete in the product
metric Bg X B|rxn. The quotient M of G x N is therefore complete in the distance
function induced by the Riemannian distance on G x N (see Proposition 3.1 in [2]).
This equals the distance function defined by the Riemannian metric By, so the claim
follows. O

Let L?(&, By) be the L?-space of sections of &, defined with respect to the
Riemannian density associated to B,. We use the metric B, for two reasons. The
first is that Lemma 3.7 is true for this metric. The second is that it allows us to
decompose the space L?(&, By,) in a way that will allow us to apply Proposition 3.11.

For this decomposition, we consider the map

1 (Ce(G) ® Te(€|n))" — Te(€) (3.14)
given by

D(p ® 5)(gn) = ¢(g)g - s(n),

forgp € C.(G)ands € T'.(€|y) suchthat ¢ ®s is K -invariant,and g € G andn € N.
In general the K-invariant simple tensors of the form ¢ ® s may not span the whole
space (C.(G) ® T.(&|n))X. Then we extend W linearly to sums of tensors that
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are K-invariant, while their individual terms may not be. We will tacitly use this
convention in the rest of this section.

Lemma 3.13. The map ® extends to a G-equivariant, unitary isomorphism
®: (L2(G) ® L2(€|n))" — L*(€. By).

Proof. Equivariance of ® follows directly from the definitions. For surjectivity, note
that ®((C.(G) ® I'.(8|n))X) is dense in L2(&, By). To show that @ is an isometry,
we consider the G-invariant measure d[g,n] on M = G xg N induced by the
Riemannian density on G x N associated to the product metric Bg x B|rn used in
the proof of Lemma 3.12. (See e.g. [8], Chapter VII, Section 2.2, Proposition 4b.)
By a direct verification, the map & is unitary with respect to that measure. One
can show that the measure d[g, n] equals the one given by the Riemannian density
associated to By. (See Lemma 4.1 in [21].) ]

3.6. Morita equivalence and the G-index. The comments on the Riemannian
metric By, in Subsection 3.5 allow us to deduce Theorem 3.2 from Proposition 3.11.
For any K-equivariant (real or complex) vector bundle E — N, consider the
G-equivariant vector bundle
G x K E—> M.

Analogously to (3.14), we have G-equivariant map
®z: (C¥(G) @ T®(E)) - I'™(G xx E),

given by
Prlp ®@s)(gn) = ¢(g)g -sn),
forp € C*°(G)ands € I'*°(E) suchthat p®s is K-invariant,and g € G andn € N.
If E = &|y, this gives
® = Bg|,: (C®(G) ®T®(E[N))* - T(6).

Recall that we used the restricted connection VE!V to define the Dirac operator DV
in (3.1). We will also use a decomposition of the Dirac operator D. To define this
decomposition, we recall that we have

M =>~=Gxg N
asin (2.1). We have a G-equivariant isomorphism of vector bundles
™™ = p*T(G/K) ® G xg TN. (3.15)
This decomposition of TM yields two projections

r6/k:TM — p*T(G/K);

3.16
pN:TM — G xg TN. ( )
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Identifying T*M =~ TM via the Riemannian metric as before, we obtain two partial
Dirac operators

PG/k®1

Doy x: T(8) ~> T(TM ® &) 2252, 1 (5*T(G/K) ® €) > T(€):

INEIE poo(G xk TN ® €) S T'(€).

&
Dy:T®(€) Yo I®(TM ® €)
Since pg,/k + pn is the identity map on TM, we have
D = DG/K + Dpy. 3.17)

This decomposition played a crucial role in the etimates in [22].
The proofs of the following two lemmas are straightforward.

Lemma 3.14. The following diagram commutes:

(C=(G) @ T=(E|N))" i (&) (3.18)
o
1®VEIN I°(T*M ® &)

|

(C®(G) @ T®(T*N ® &|5))X —=T((G xx T*N) ® €).
[

T*N®E|y

Lemma 3.15. One has
®o(1® DV)=Dyod,

where DV is as in (3.1).

Let
cp:(TM, By) — End(8)

be the G-equivariant extension of (3.4). Let f € C®(M)S. Then
Do (1®cp(fv¥|n)) =cp(fvY)od.
So Lemma 3.15 implies that
®o(1® DY, )= (Dn—V=Icy(fvY)) 0 . (3.19)

This allows us to prove Theorem 3.2
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Proof of Theorem 3.2. Let p € C*®°(M)S be as in Theorem 2.1, for the Riemannian
metric B, and the Clifford action c,. Let py € C®(N)X = C®(M)Y be as in
Proposition 3.1. Suppose f € C°°(M) is max(p, py)-admissible. For t € R,
consider the operator

Df,/,y, =Dy + l‘Dc;/K - v—lfcp(v‘”).

Here Dy and Dg/k are defined with respect to B, and c¢,. The arguments in
Sections 4 and 5 of [22], with Dg, g replaced by 1D g,k , show that for all 1 > 0, the
operator D ¢y, ; is G-Fredholm for p. For ¢ = 0, this operator is not elliptic. So we
cannot apply the Rellich lemma as in Subsection 3.5 of [22] to show that D 7y ¢ is
G-Fredholm for p. However, we saw in Proposition 3.1 that the operator DIJY v
is K-Fredholm. Proposition 3.11 therefore implies that
DN
(2@ @ L2(EIW) " 112y ® LV ncyGikmG)  (320)
(DY,)? +1

is a Kasparov (Co(G/K) x G,C)-cycle. The isomorphism @ intertwines the
representations 7cy(G/k)x¢ and 7g.G/k, up to the factor §g(g’)!/? in the
definition (3.12) of mc,(G/k)x- On pages 131 and 132 of [40], it is explained how
to remove this factor. Then Lemma 3.13 and the equality (3.19) imply that (3.20) is
unitarily equivalent to

D
(Lz(g),A,T[G’G/K) (3.21)

,/(DM,,O)2 +1

The triple (3.21) is therefore also a Kasparov (Cy(G/K) x G, C)-cycle, which is to
say that D fy, o is G-Fredholm for p.

We conclude that for all 7 > 0, the operator D ¢, ; is G-Fredholm for p. So using
an operator homotopy, we obtain

indexZ, D fy.0 = indexls D sy1 € KK(Co(G/K) x G,C).
By Proposition 3.13 in [22], we have
indexg (€, ¥) = indexZ, Dy 1.

Since the triples (3.20) and (3.21) are unitarily equivalent, Proposition 3.11 implies
that

indexg, D ry.0 = [M] ®crx indeXK(Dj‘valN)'

The result now follows from Lemma 2.9 in [22]. ]
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4. Properties of the G -index

The G-index of deformed Dirac operators turns out to have several interesting
properties. We already saw that it equals Braverman’s index if G is compact (see
Lemma 2.9 in [22]). If M/G is compact, we describe how it is related to the
analytic assembly map and to an index used by Mathai and Zhang. We work out
examples where M = T*(G/K) and where G = R. The first of these examples
gives rise to a K-homological version of the Dirac induction isomorphism described
in Subsection 2.3. Finally, we show that for Spin®-Dirac operators, the index satisfies
the quantisation commutes with reduction principle that was originally formulated in
symplectic geometry.

4.1. The analytic assembly map and the Mathai-Zhang index. In this subsection,
we suppose that M/ G is compact, but M and G may be noncompact. Then the G-
index is closely related to the analytic assembly map and an index defined by Mathai
and Zhang [31].

Let

e C*G now denote the maximal group C *-algebra of G;
. Mg,: KK%(Co(M),C) - KK(C,C*G) be the analytic assembly map (2.7);

e [1x] € KK(C,Co(G/K) x G) =~ R(K) be the class corresponding to the trivial
representation of K;

* [1g] € KK(C*@G, C) be the class corresponding to the trivial representation of G,
equal to the class of the *-homomorphism /%:C*G — C given on L'(G) by
integrating functions over G.

The Mathai—Zhang index was defined in Definition 2.4 in [31], for Dirac operators.
It is a numerical index, which is defined in terms of the G -invariant part of the kernel
of an operator.

As before, let p: M — G/K be a smooth, equivariant map. Since M/G is
compact, the map p is proper. So it induces

p*:Co(G/K) — Co(M),

and hence
(p6)*:Co(G/K)x G — Co(M) x G.

Let
JO KK (Co(M),C) — KK(Co(M) x G,C*G)

be the descent map [26, Section 3.11].



An equivariant index for proper actions II 179

Proposition 4.1. If M/G is compact, then there are maps indexg and indexyiz,
which on K-homology classes defined by elliptic operators are given by the G-index
and the Mathai—Zhang index of these operators, respectively, such that the following
diagram commutes:

®Co(G/ KNG~
_—

*O‘G 1x]
KKS(Co(M).C)— L9 KK (Co(G/K) % G.C*G) ™ KK(C,C*G)

\ l_®C*G[1G] l—@C*G[IG]
indexg
[1x1®cyG/K)nG—

KK(Co(G/K) % G,C) —— 2% g g(C,0).

index s 7

(4.1)

This proposition implies that the assembly map and the G-index of an elliptic
operator D can both be recovered from the class

(pG)« 0 j6[D] € KK(Co(G/K) x G,C*G). 4.2)

Furthermore, the Mathai—-Zhang index can be recovered from either of these two
indices, via the Kasparov product with [15] and [1 k], respectively.

To prove Proposition 4.1, we consider an odd, self-adjoint, elliptic, G-equivariant
differential operator on & — M. Then we have the class

[Dlcymyxe = [Lz(g), ,nG,CO(M)] € KK(Co(M) »x G, C)

D
D% +1
as in (the elliptic case of) Proposition 6.4 in [27]. Here

76,comy: Co(M) x G — B(L*(8))

is induced by the representations of Co(M) and G in L?(&).
Consider the class [D] € KK%(Co(M), C) defined by D.

Lemma 4.2. We have

[Dlcomyxc = j¢[D] ®c+q [16]-

Proof. One can check that

i%[D] = [L2(8) ®C*G. DIV g l,n] € KK(Co(M) x G.C*G),

2
D%, +1
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where 7: Co(M) x G — B(L*(€) ® C*G) is given by
e ® £)(s ® P)(g) = /G oW (g9 fg' s d.

for , ¥ € Co(G), f € Co(M), s € L?>(8),and g € G.
The product with [1g] is just the map functorially induced by the map 7¢. So
taking this product, we obtain

D
jCID) 8w l16] = [L3(€) 8 C*G ®1, C,——LL—g 101 01]
VDG, +1

Now we have the unitary isomorphism
®:L%(8) ® C*G ®1, C = L*(€)
given by
(s @Y ®2) =z1°W)s,

fors € L?(8), ¥ € C.(G) and z € C. By a direct computation, we find that for all
0,V € Ceo(G), f € Co(M),s € L?>(8),and z € C,

Qo@D VY ®2)=n6,u(@® PR Y Qz). =

Remark 4.3. Proposition 6.4 in [27] states that the class [D]c,(ar)xG is well-defined
even if D is just transversally elliptic. If D is elliptic, then it also defines a class in
KKC%(Co(M),C), and Lemma 4.2 is a relation between these classes.

Define the map indexg by commutativity of the following diagram:

KKG(Co(M),C)

jG
KK(Co(M)x G,C*G)

—®cx*gllcl indexg

KK(Co(M) » G,C)

(PG)*

KK(Co(G/K) % G,C)

Then Lemma 4.2 shows that this map indeed equals the G-index on classes defined
by elliptic operators.
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Define the map
indexyiz: KK (Co(M),C) — KK(C,C) =Z

as the composition of the analytic assembly map and the Kasparov product over
C*G with [1g]. Bunke showed in the appendix to [31] that this corresponds to the
Mathai—Zhang index on classes of Dirac operators.

Proof of Proposition 4.1. Consider the diagram

1

iG Ve 1x1®, G
KK (Co(M).C) 2 KK(Co(M) % G.C*G) L9 KK (Co(G/K) » 6. C*G) 20 T h k(€. c*G)
J{*®C*G[IG] l*@’c*c[lsl

l*®c*c[1(;]
KK(Co(M) % G, C) —29 . KK(Co(G/K) % G.C)

KK(C,C).

[1x1®cy(G/K)InG
_

indexps 7

4.3)
The two squares with the map (pg )« and the products with [1 ] and [1g], commute
by the basic functoriality and associativity properties of KK-theory. The class
[1x] € KK(C, Co(G/K) % G) equals the class defined by a cutoff function on G/ K.
Hence commutativity of the top part of this diagram is one of the standard definitions
of the assembly map, combined with the fact that the assembly map behaves naturally
with respect to the map p,. The remaining parts of the diagram commute by the
comments made above. We conclude that the whole diagram (4.3) commutes. L]

Remark 4.4. In [10, 19], a generalisation of the Mathai—Zhang index of deformed
Dirac operators to non-cocompact actions is studied. If G is compact, then

[1x] ®cy(6/K)xG indexg (D fy)

is the index studied in [10, 19]. Since we saw in Proposition 4.1 that this is also true
if M/ G, instead of G, is compact, this leads the authors to suspect that it holds in
general.

Example 4.5. If G = K is compact, so that M is as well, then the class (4.2) in
KK(C*K,C*K) = Hom (R(K), R(K))
is taking the tensor product with the usual equivariant index of D. The map
1X:Hom (R(K), R(K)) — R(K)

is now given by applying operators on R(K) to the trivial representation. Asexpected,
applying this to the class (4.2) yields the equivariant index of D, i.e. its image under
the assembly map for compact groups.
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The Kasparov product with [1x] € KK(C*K, C) is the map
Hom (R(K), R(K)) — Hom (R(K), Z)

given by taking the dimension of the invariant part after applying an operator on R(K )A
Applying this map to (4.2) yields the map R(K) — Z that maps the class of V € K
to

dim (indexx (D) ® V)K = [indexg (D) : V*] = [indexg (D) : V].

(Here index x now denotes the usual equivariant index.) In other words, we recover
the fact that the K-index of D as defined in [22] is the image in R(K) of the usual
K-index of D.

4.2. Another relation with the assembly map. As in Subsection 4.1, assume that
M/ G is compact. In addition, we assume that G/ K is even-dimensional and equi-
variantly Spin. Consider the Dirac induction isomorphism

D-Ind$: R(K) = KK(C,C*G)

described in Subsection 2.3. We now use the analytic assembly map with respect to
the reduced group C *-algebra C;* G, which we still denote by ugl.
In this setting, we can express the G-index in terms of the assembly map.

Proposition 4.6. Under the identification
KK(Co(G/K) x G,C) = R(K)
via Morita equivalence, we have
indexg (D) = (D-Ind$ ) ™" (1§, [Dar]) ® S, € R(K) — R(K). (4.4)

Proof. Since we may take ¥ = 0 in the cocompact case, the condition in
Subsection 3.2 that y(N) C ¢t is automatically satisfied. By Corollary 3.3, we
therefore have

indexg(Dp) = [M] ®ck (indexg(DEV) ® Sy). (4.5)
Hence the claim follows from the fact that
u%[D] = D-Ind% (indexK(DsN ))

This was proved for Spin®-Dirac operators in Theorem 4.5 in [18] and Theorem 4.8
in [20]. The arguments apply to general Dirac operators, however. O

Proposition 4.6 implies that the G-index of Dirac operators is determined by
the assembly map. Conversely, the index M% [Dpr] can be expressed in terms of
indexg (D pr) precisely if tensoring with S, is an injective operation on R(K).
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Lemmad.7. Suppose that G is semisimple with discrete series, i.e. rank(G) =rank(K).
Then the map from R(K) to R(K) given by the tensor product with Sy, is injective.

Proof. Let T™® be the set of regular elements in a maximal torus 7" of K. Since
rank(G) = rank(K), it was noted in Remark 2.2 in [35] that the character ys, =
Xsy — xsy of Sy satisfies

XS),|T _ l_[ (ea/z _e—a/z)’
aER;

where o runs over a set of positive noncompact roots. This function is nonzero
on T"¢, and hence on the open dense subset K - 7% C K, where K acts on itself by
conjugation. Therefore, multiplication by xs, is injective. O

In the setting of this lemma, we have
157 [Du] = D-IndZ[V],

where the character of [V] € R(K) equals the character of indexg (Djs) divided
by xs,,-

Example 4.8. Suppose that M = G/K. For V € K , let Dy be the Dirac operator
on the Clifford module G xg (S, ® V) — G/K, as defined in (2.5). Since M/G
is compact, this operator is G-Fredholm without the need of a deformation term.
Since M is now a homogeneous space, all operators on G-equivariant vector
bundles over M are transversally elliptic, including the zero operator. Therefore,
Proposition 6.4 in [27] implies that

indexg (Dy) = [(L*(G) ® S, ® V)™ ,0,76.6/] € KK(Co(G/K) % G,C),

via a linear operator homotopy. By Proposition 2.10 in [22], this class corresponds
oS, ®V € ﬁ(K). The right hand side of (4.4) for this operator equals V ® Sy, so
that we obtain an independent verification of Proposition 4.6 in this case.

One could view the G-index of Dy as a K-homological analogue of the Dirac
induction of V. The twist by S, one obtains in this way makes this slightly unnatural
though, also in view of Remark 3.4. In Subsection 4.3, we define a more natural
notion of K-homological Dirac induction, using a non-cocompact action.

4.3. K-homological Dirac induction. We assume that G/K is even-dimensional
and equivariantly Spin. The Dirac induction isomorphism
D-Ind%: R(K) — K.(C*G)

involves Dirac operators on G/ K. Using the G-index, we define a version of Dirac
induction in terms of Dirac operators on the non-cocompact manifold

M =T*(G/K) = G xk p.
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(We identify p =~ p* using a fixed K-invariant inner product on g.) Consider the

map p:T*(G/K) — G/K given by p([g, X]) = gK,forg € G and X € p. As
in (3.15), we have a G-equivariant decomposition of the tangent bundle

T™M = p*T(G/K) ® G xg (Tp).

Consider the K-equivariant vector bundle &, := p x S, — p, and the G-equivariant
vector bundle €,k := G xg Sy — G/K. Let us form

Eym = p*Eg/k ® (G xk &),

which defines a G-equivariant spinor bundle on M. Here, and in the remainder of
this subsection, we use graded tensor products. Note that the bundle &, contains
two factors S}, coming from the spinor bundles on G/K and p. The natural Clifford
actions by Tp on &, and by 7(G/K) on &g k (both denoted by ¢) combine to a
Clifford action

c:TM = p*T(G/K) ® G xg (Tp) — End(Epr),

given by
cv,w) =c() 1+ 1& c(w),

forv e p*T(G/K) and w € Tp.
Let V € K. Consider the G-equivariant vector bundle

81/:=8M®(GXK(]JXV))—>M.

By construction, we have

T®(Ey) = (C®(G)® S, ® V@ C®(p, Sp))~. (4.6)

Let D, be the K-equivariant Dirac operator on C*°(p, Sy,) so that
[Dy] € KKX(Co(p), C)
is the fundamental class. Let Dy be the operator on
CPG)RS, 0V
defined as in (2.5). We take the Dirac operator D}(,I on (4.6) to be

Dy =Dy ®1+1® D,,.
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Let ¥: M — g be the G-equivariant map defined by

Vg, X] = Ad(g)X,

for g € G and X € p. (Here we see an example where ¥ (N) ¢ ¢: we now have
N = pand ¥ (N) = p.) The vanishing set Zeroes(v?) is the zero section of the
vector bundle G xx p — G/K, and hence cocompact. Let p € C®°(M)% be as in
Theorem 2.1, and let f € C°°(M)P be p-admissible. Consider the deformed Dirac
operator

DY, =Dy —vV=1fc@Y).

on &y. It has a G-index
indexg (6y . ¥) € KK(Co(G/K) x G,C).

Proposition 4.9. Under the isomorphism KK(Co(G/K) x G,C) =~ R (K) given by
Morita equivalence, we have

indexG(SV, W) = [V]

Let us prove this proposition. We denote by STp = p x S, the trivial vector bundle
over p with fibre S,. Consider the vector bundle endomorphism 8 of S, given by

B(X.§) = (X.c(X)§).

for X € pand £ € S,. It is invertible outside the compact set {0} C p, and hence
defines a class in the (K-equivariant) topological K-theory of p. This is the Bort
element, denoted by [B].

We choose an orthonormal basis {X1,..., Xgimp} of p. Let {n1,..., Ndgimp} be
the dual basis of p*. Then the identity map on p equals Zc}iif X; ®nj, and we have

dim p

B=) c(X)®n;. (4.7)

j=1
Consider the operator
Df=Dy,®@1—1®~—1f-8
on '*°(&, ® g), and the bounded operator
Dy

/ 2
1+ D%

Ffi=

on L2(p, &, ® Sp).
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Lemma 4.10. There is a real-valued function p € C®(p)X, such that if f is
p-admissible, the operator Fy is Fredholm, and its index is given by the trivial
K-representation.

Proof. Since LSTP is a trivial vector bundle over p, we have
L*(p, 6, ® Sp) = L%(p, &) ® Sp.
By (4.7), the operator D s can be rewritten as

dim p
Dy®1—v=1>" fn; ®c(X;).

Jj=1

Therefore, [Dy, fB] € End(&, ® S,,), so that D ¢ is an operator as in Remark 3.6.
That remark therefore implies that there is a function p such that Fs is Fredholm
if f is p-admissible. Then the index of F is the class

[D/]:=[L*(p.& ® S,), Fr] € KKX(C,C).
To calculate this index, we write

DP
V1+D;

We view I (S_p) as a Hilbert Cy(p)-module, and consider the representation of Cy(p)
in L2(p, &) given by pointwise multiplication. Then

F, =

L2(p. €, ® 5p) = To(Sy) ®cym L2 (. Ep).

One can check that F'¢ is an Fj,-connection [26, Definition 2.6]. This implies that
the element [D r] € KK K(C, C) is the Kasparov product over Co(p) of the classes
[fB] € KKX(C,Co(p)) and [D,] € KKX(Co(p), C). (One can also find a proof in
Lemma 3.1 in [28].)

Note that f is a positive function. By a homotopy, we have [f - B] = [B].
By Proposition 11.4.5 in [17], the Kasparov product of [D,] and [B] is the trivial
representation of K. O

Proof of Proposition 4.9. By Theorem 3.2, the Morita equivalence isomorphism
maps indexg (Ey, ¥) to the K-index of the operator D y ® 1y on

L (p. €, ® Sp) ® V.

By Lemma 4.10, this index equals [V] € ﬁ(K). O
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Motivated by Proposition 4.9, we define a K-homological version of Dirac in-
duction.

Definition 4.11. K-homological Dirac induction is the group homomorphism
D-Ind$: R(K) — KK(Co(G/K) x G,C)

defined by
D—Indg (V) = indexg (v, ¥),

forany V € K.
Proposition 4.9 has the following consequence.

Theorem 4.12. K-homological Dirac induction is an isomorphism.

Of course, the fact that ﬁ(K) ~ KK(Co(G/K) x G,C) is not new, or as deep
as the Dirac induction isomorphism for K-theory. But we found it interesting that
this isomorphism can be described in terms of the G-index for a non-cocompact
action. For example, this implies that any element of KK(Co(G/K) x G,C) can
be realised as a G-index for such an action. Furthermore, in this class of examples,
the image of N = p under ¥ does not lie inside £. (Nor for any other choice of
the map M — G/K.) Examples with these properties are furthest removed from
existing index theory.

Remark 4.13. Let V' = C be the trivial representation of K. The map v is a moment
map for the standard symplectic form on 7*(G/K). Hence, following [30, 33],
one can interpret the G-index of Dﬁp as the geometric quantisation Qg (T*(G/K))
of T*(G/K). By Proposition 2.10 in [22] and Proposition 4.9, one then has

Q6(T*(G/K)) = [L*(G/K).0.7cy/k)%G | € KK(Co(G/K) x G, C).

This looks natural, especially since the representation of G in L?(G/K) is encoded
in ey (G/k)=G- However, one loses much of this information after applying the
homotopy relation in K-homology.

Example 4.14. Consider the situation of this subsection where G = R, but we allow
more general equivariant maps ¥: M — g than the one used above. Then we obtain
an explicit example of how the G-index can depend on the map .

In this case, the map ¥: R? — R is of the form

Y(x,y) =8(y)

for a real-valued function { € C°°(R). The G-index of the Dirac operator deformed
by ¥ now lies in

KK(Co(R)xR,C) = KK(C,C) = Z.
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It equals the difference of the dimensions of the spaces of square-integrable functions
that are scalar multiples of the functions s— and s1 on R, respectively, defined by

S:l:(y) = e:tfoy Z(t)dt7

fory e R.

Suppose that the function ¢ is nowhere vanishing over R, for example, { > Oon R.
Then neither s_ nor s+ will be square-integrable. So the G-index of the deformed
Dirac operator equals zero. Note that the induced vector field v¥ is nowhere vanishing
over M in this case. If {(y) = =%y, then s is square-integrable, but s+ is not. It
follows that the G-index of the deformed Dirac operator is equal to 1, with kernel

spanned by the function y > e~ */2

(in even or odd degree, respectively).

4.4. Spin‘-quantisation commutes with reduction. In this subsection, we con-
sider the special case where D is a Spin®-Dirac operator. Suppose G is reductive.
Suppose M is even-dimensional and has a G-equivariant Spin®-structure. Let &
be the associated spinor bundle. Furthermore, that G/K is even-dimensional and
equivariantly Spin. As before, let S, € R(K) be the Spin representation of p. The
Clifford module &y — N as in (3.5) is now the spinor bundle of a K-equivariant
Spin®-structure on N. (See Proposition 3.10 in [20].)

Let L — M be the determinant line bundle of the Spin®-structure. Then Ly :=
L|y — N is the determinant line bundle of the Spin®-structure on N whose spinor
bundle is &y . Let VLN bea K -invariant, Hermitian connection on L y . It defines a
Spin®-moment map

lﬁNi N — ¢*

by
2V=1(yn. X) = 237 — V5" € End(Ly) = C®(N).

for all X € ¢. Here LV is the Lie derivative of sections of Ly. In Section 3.1
of [18], a G-invariant, Hermitian connection V£ on L is constructed, for which the
associated Spin®-moment map ¥: M — g* (defined analogously to ¥y ), restricts
to Yy on N.

Fix a K-invariant inner product (—, —)® on g. We use this to identify £* =~ €, and
hence to view Y as a map into €. Furthermore, consider the trivial vector bundle
M x g — M, on which G acts as

g (m,X) = (gm,Ad(g)X),
forg € G,m € M and X € g. We have a G-invariant metric on this bundle, defined
by
(X.Y)gn := (Ad(g™)X. Ad(g™Y)".
for X,Y € g,g € Gandn € N. Using this to identify M x g* == M x g, we view
as a map into g.
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Let p, py € C®(M)S be as in Theorems 2.1 and 3.2. Suppose f € C®(M)¢
is max(p, oy )-admissible. Consider the deformed Dirac operator D ry,. We will
see that the image of its G-index in R (K) decomposes into irreducible represent-
ations according to the quantisation commutes with reduction principle. In the
Spin®-setting, this principle was first proved for compact groups and manifolds in [34].
This was generalised to noncompact manifolds, but still compact groups, in [23].

Let us make this precise. For any A, v in the set A4 of dominant weights used
before, let n} be the nonnegative integers such that

Vi® S, = P ninh.
v€A+
For A € A4, let
M; =y~ (A/V=1)/Gy,

be the reduced space at A, where G, < G is the stabiliser of A with respect to the
coadjoint action. Since G is reductive, we have

My = N =y (A/V=1)/K.

(See Proposition 3.13 in [20].)

Suppose V¥ is G-proper, in the sense that the inverse image of a cocompact set is
cocompact. Then M), is compact. This space has a Spin®-quantisation

O(N,) € Z,

as defined in Section 5 of [34]. In the sufficiently regular case, this is the index of
a Spin®-Dirac operator with respect to a Spin®-structure induced by the one on N.
Then this index equals the index of a corresponding Spin®-Dirac operator on M), (see
Proposition 3.14 in [20]). It therefore makes sense to define

O (M) := Q(Ny).

Corollary 4.15 (Spin‘-quantisation commutes with reduction). Suppose that G is
reductive, and that G/ K is even-dimensional and equivariantly Spin. Consider the
multiplicities m) € Z in

indexg(€.¥) = »_ maV; € R(K) = KK(Co(G/K) % G.C).
A€A+
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If the action by G on M has Abelian stabilisers on an open dense subset of M, then
Jorall A € Ay,

my = Z 13 Q(Mypx ).

v€A+

In general, without an assumption on the stabilisers, we have

ky

m) = Z ”K(Z Q(MV‘H’j))’

vEA L j=1
for a finite set {py, ..., px, } C it", as specified in Theorem 1.4 in [34].

Proof. We saw that in this case, ¥ (N) C t. Therefore, Corollary 3.3 implies that
P En “ K
m) = dlm(lndexK wa RS, ® VA)

= Z n} dim (index g D?i ® Vv*)K.
v€A+

Here we used the fact that S = S,,. By Theorem 3.9 in [23], the multiplicity
e € K
dim (indexgx D7 ® V)
is given by the desired expression. O

Remark 4.16. We always assumed that Zeroes(v¥)/G was compact. In [23],
however, it was explained how to handle the case where this condition does not hold,
if G is compact. Via Corollary 3.3, the same methods apply to noncompact G.
Therefore, there is still a well-defined index, and Corollary 4.15 still holds,
if Zeroes(v¥)/ G is noncompact. It is still essential that v is G-proper.
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