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Automorphisms of Cuntz–Krieger algebras
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Abstract.We prove that the natural homomorphism from Kirchberg’s ideal-related KK-theory,
KKE.e; e

0/, with one specified ideal, into Homƒ.KE.e/;KE.e
0// is an isomorphism for all

extensions e and e0 of separable, nuclear C�-algebras in the bootstrap category N with the
K-groups of the associated cyclic six term exact sequence being finitely generated, having zero
exponential map and with the K1-groups of the quotients being free abelian groups.

This class includes all Cuntz–Krieger algebras with exactly one non-trivial ideal. Combining
our results with the results of Kirchberg, we classify automorphisms of the stabilized purely
infinite Cuntz–Krieger algebras with exactly one non-trivial ideal modulo asymptotically unitary
equivalence. We also get a classification result modulo approximately unitary equivalence.

The results in this paper also apply to certain graph algebras.
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1. Introduction

Understanding groups of �-automorphisms has been a key ambition since the early
days of C �-algebra theory as perhaps most clearly indicated by the title of [13]. The
subgroups of inner automorphisms and inner automorphisms given by unitaries in
the base component, respectively, have closures

Inn.A/ Inn0.A/

which are normal subgroups, so one usually focuses attention on the quotient groups

Aut.A/= Inn.A/ Aut.A/= Inn0.A/;

trying in particular to describe the latter groups by means of K-theory in situations
where the C �-algebra in question has already been seen to be classifiable using a
certainK-theoretical invariant. Such analyses have already been carried out, resulting
in very satisfactory results, in many cases where the C �-algebra in question is either
stably finite or simple, cf. [3, 7, 9, 11, 14], and [12].
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In the present paper we consider the group Aut.A/= Inn.A/ for a selected class of
C �-algebras which are non-simple and purely infinite. We focus on the most basic
class of non-simple Cuntz–Krieger algebras, those in relation to dynamical systems
which are two-component in the sense of Huang [8], and hence are given with a
unique ideal. These C �-algebras are classified up to stable isomorphism by the
cyclic six term exact sequence inK-theory, but although three independent proofs of
this fact have been given— by Rørdam [16], by Bonkat [1], and by the second named
author [15]— none of these allow the computation of Aut.A/= Inn.A/. Furthermore,
it was proved in [6] that the most obvious K-theoretical candidate for an invariant
which could be used to compute Aut.A/= Inn.A/ fails in this case.

Inspired by thework ofKirchberg–Phillips andDadarlat–Loring in the simple case
and Bonkat, Meyer–Nest and Kirchberg in the non-simple case, we use the profound
isomorphism result by Kirchberg [9] to almost reduce the problem to computing
a certain group in Kirchberg’s equivariant KK-theory. As in the simple case with
Rosenberg–Schochet’s Universal Coefficient Theorem [17], Bonkat’s UCT [1] is not
of much help here, because the existence of such a UCT does not, in itself, aid us in
computing Aut.A/= Inn.A/, since it mainly gives us information about the additive
structure of KK-groups and not the multiplicative structure (moreover, in contrast
to the usual UCT, Bonkat’s UCT does not even split, cf. [6]). In the simple case,
the problem was already solved by Dadarlat–Loring by having proved a Universal
Multi-Coefficient Theorem (UMCT), cf. [3]. This UMCT has turned out to be
very important to a large variety of problems, including determining automorphism
groups, extending known and proving new classification theorems for C �-algebras,
providing a large variety of examples and counterexamples, aswell as determiningKK
as a ring. It turns out, that the tools developed in [5] may be refined to yield a
complete algebraic description of Kirchberg’s ideal-related KK-group in terms of a
UMCT in the case of interest. This then combines with recent results on establishing
semiprojectivity of certain C �-algebras with one distinguished ideal to give the
desired description of Aut.A/= Inn.A/.

The core of our argument is a rather complex algebraic analysis of the proposed
invariant which draws on the fact that Cuntz–Krieger algebras have real rank zero, and
that theK1-groups of Cuntz–Krieger algebras are always free and finitely generated.
Although it is clear that the present UMCTwill hold for a class that ismuch larger than
the class of Cuntz–Krieger algebras (see Remark 5.5), it is not easy to venture a guess
about whether or not the invariant which allows our description of the automorphism
groups of Cuntz–Krieger algebras could be amended to all cases of purely infinite
C �-algebras with a unique ideal.

The paper is organized as follows. In Section 2, the definitions and results from [5]
are recalled— among there the definition of ideal-relatedK-theory with coefficients.
In Section 3, some concrete, very specific projective resolutions of extensions of
Kirchberg algebras are constructed. These are important for the proof of the main
theorem. In Section 4, we prove exactness of a certain sequence, which serves as
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the main technical ingredient of the proof of the main theorem. In Section 5, the
main theorem, Theorem 5.3, is given, stating a UMCT for the algebras in question.
In Section 6, a reduced invariant for Cuntz–Krieger algebras is introduced, while
in Section 7, the main theorem is used to determine the above mentioned groups
Aut.A/= Inn.A/ for two-component Cuntz–Krieger algebras.

2. Definition of K
E

In this section we recall some definitions and results from [5]— specifically we recall
the definition of the ideal-related K-theory with coefficients, KE.e/. Moreover we
prove a few lemmata which are needed later in this paper. Throughout the paper
N, N0 and N�2 will denote the positive integers, the nonnegative integers, and the
integers greater or equal to two, respectively. Moreover, Mn will denote the n � n
matrices with entries from the complex numbers C.
Definition 2.1 (Identical to [5, Def. 2.1]). Let A be a C �-algebra. Then we define
the suspension and the cone of A as

SA D ff 2 C.Œ0; 1�;A/ W f .0/ D 0; f .1/ D 0g
CA D ff 2 C.Œ0; 1�;A/ W f .0/ D 0g

respectively.
Definition 2.2 (Identical to [5, Def. 6.1]). Let n 2 N�2. We let In;0 denote the
(non-unital) dimension-drop interval, i.e. In;0 is the mapping cone of the unital
�-homomorphism from C to Mn.

Definition 2.3 (Part of [5, Def. 2.7]). For an extension eWA0
�
,! A1

�
� A2, we let

mc.e/WSA2
�mc
,! C�

�mc� A1

SeWSA0
S�
,! SA1

S�
� SA2

be the mapping cone sequence and suspension sequence of e, respectively.
Definition 2.4 (Identical to [5, Def. 6.2]). Let n 2 N�2. We let en;0 denote the
mapping cone sequence

en;0WSMn ,! In;0 � C

corresponding to the unital �-homomorphism from C to Mn. We let, moreover,
en;i D mci .en;0/, for all i 2 N, and we write

en;1WSC ,! In;1 � In;0

en;i WSIn;i�2 ,! In;i � In;i�1; for i � 2:

Similarly, we set f1;0WC
id
,! C � 0 and fn;0W In;0

id
,! In;0 � 0, for all n 2 N�2.

Moreover, we set fn;i D mci .fn;0/ for all n 2 N and all i 2 N.
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Definition 2.5 (Identical to [5, Def. 1.4] — although 3; 4; 5 is missing there). For
each extension e of separable C �-algebras, we define ideal-related K-theory with
coefficients, KE.e/, of e to be the (graded) group

KE.e/ D

5M
iD0

�
KKE.f1;i ; e/˚

1M
nD2

KKE.en;i ; e/˚ KKE.fn;i ; e/
�
:

Ahomomorphism ˛ fromKE.e1/ toKE.e2/ is a group homomorphism respecting the
direct sum decomposition and the natural homomorphisms induced by the elements
KKE.e; e

0/, where e and e0 are in fen;i ; fn;i ; f1;i W n 2 N�2; i D 0; 1; 2; 3; 4; 5g.
The set of homomorphisms from KE.e1/ to KE.e2/ will be denoted by

Homƒ.KE.e1/;KE.e2//:

Let x 2 KKE.e1; e2/. Then x induces an element of Homƒ.KE.e1/;KE.e2// by

y 2 KKE.fn;i ; e1/ 7! y � x 2 KKE.fn;i ; e2/; n 2 N;

y 2 KKE.en;i ; e1/ 7! y � x 2 KKE.en;i ; e2/; n 2 N�2:

Hence, if �W e1 ! e2 is a homomorphism, then � induces an element KE.�/ 2

Homƒ.KE.e1/;KE.e2//. In this way, KE becomes a functor on the category of
extensions.
Lemma 2.6. Let e1 and e2 be extensions of separable C �-algebras. Then there is a
natural homomorphism,

�e1;e2
WKKE.e1; e2/! Homƒ.KE.e1/;KE.e2//:

Proof. Let x 2 KKE.e1; e2/. Then .�/ � xWKKE.fn;i ; e1/ ! KKE.fn;i ; e2/
and .�/ � xWKKE.en;i ; e1/ ! KKE.en;i ; e2/ are group homomorphisms which
respect the natural homomorphisms induced by the elements KKj

E
.e; e0/ for j D

0; 1, where e and e0 are in fen;i ; fn;i ; f1;i W n 2 N�2; i D 0; 1; 2; 3; 4; 5g. Hence,
�e1;e2

.x/ D .�/ � x 2 Homƒ.KE.e1/;KE.e2//. One can check that �e1;e2
is a

natural homomorphism.

Definition 2.7. Let �W e1 ! e2 be a homomorphism where e1 and e2 are
extensions of C �-algebras. Note that � induces KE.�/ 2 Homƒ.KE.e1/;KE.e2//.
Hence, for every extension e of C �-algebras, � induces a homomorphism
��WHomƒ.KE.e2/;KE.e//! Homƒ.KE.e1/;KE.e// by ��.˛/ D ˛ ı KE.�/.
Definition 2.8 (Similar to [5, Def. 6.3]). For each extension e of separable
C �-algebras, we define ideal-related K-theory, Ksix.e/, of e to be the (graded)
group

Ksix.e/ D

5M
iD0

KKE.f1;i ; e/:
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A homomorphism ˛WKsix.e1/! Ksix.e2/ is a group homomorphism respecting the
direct sum decomposition and the natural homomorphisms induced by the elements
KKj

E
.e; e0/ for j D 0; 1, where e and e0 are in ff1;i W i D 0; 1; 2; 3; 4; 5g. The set of

homomorphism between Ksix.e1/ to Ksix.e2/ will be denoted by

Homsix.Ksix.e1/;Ksix.e2//:

The definition of Ksix.e1/ is different from the definitions in [1] and [5], but
a computation shows that there are natural isomorpisms between the different
definitions.

Remark 2.9 (Identical to [5, Rem. 6.6]). For extensions e1 W A0 ,! A1 � A2 and
e2 W B0 ,! B1 � B2 of separable C �-algebras, we have natural homomorphisms
Gi WKKE.e1; e2/ �! KK.Ai ;Bi /, for i D 0; 1; 2. As in the proof of [1, Satz 7.5.6]
the obvious diagram

Extsix.Ksix.e1/;Ksix.Se2// �
� //

��

KKE.e1; e2/ // //

Gi
��

Homsix.Ksix.e1/;Ksix.e2//

��
Ext.K0.Ai /;K1.Bi //
˚Ext.K1.Ai /;K0.Bi //

� � // KK.Ai ;Bi / // // Hom.K0.Ai /;K0.Bi //
˚Hom.K1.Ai /;K1.Bi //

commutes and is natural in e2, for i D 0; 1; 2—provided that e1 belongs to the UCT
class considered by Bonkat.

Remark 2.10. The functor KE contains both the usual K-theory and the mod � n
K-theory. That is, we can recover the functors K0, K1, K0.�IZn/, and K1.�IZn/
restricted to the ideal, the extension algebra, and the quotient.

Using the above diagram, we get canonical natural isomorphisms

KKE.f1;i ; e/ �! KK.C;Ai / Š K0.Ai / KKE.f1;iC3; e/ �! KK.SC;Ai / Š K1.Ai /;

KKE.fn;i ; e/ �! KK.In;0;Ai / Š K0.Ai IZn/ KKE.fn;iC3; e/ �! KK.SIn;0;Ai / Š K1.Ai IZn/;

for all n 2 N�2, and all i D 0; 1; 2.
Since the Bockstein operations, as defined in [3], are defined as natural transfor-

mations given by Kasparov products, also the total K-theory with coefficients, K, is
included in the invariant.

Definition 2.11 (Similar to [5, Def. 7.2] (only first part)). Set

F e1;i D KKE.f1;i ; e/; F en;i D KKE.fn;i ; e/; and H e
n;i D KKE.en;i ; e/

for all n 2 N�2 and for all i D 0; 1; 2; 3; 4; 5. For convenience, we will identify
indices modulo 6, i.e. we write F en;6 D F en;0, F en;7 D F en;1 etc.
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For ˛ 2 Homƒ.KE.e1/;KE.e2//, set

˛f1;i
D ˛j

F
e1
1;i

WF
e1

1;i ! F
e2

1;i ; ˛fn;i
D ˛j

F
e1
n;i

WF
e1

n;i ! F
e2

n;i ;

and ˛en;i
D ˛j

H
e1
n;i

WH
e1

n;i ! H
e2

n;i ;

for all n 2 N�2 and all i D 0; 1; 2; 3; 4; 5. For all n 2 N�2 and i D 0; 1; 2; 3; 4; 5,
we have homomorphisms

F e1;i�1

f e
1;i�1 // F e1;i

f e
1;i // F e1;iC1 F e1;iC1

h
1;1;in
n;i;e // H e

n;i

h
1;1;out
n;i;e // F e1;iC3

F en;i�1

f e
n;i�1 // F en;i

f e
n;i // F en;iC1 F en;i

h
n;1;in
n;i;e // H e

n;i

h
n;1;out
n;i;e // F e1;iC2

F e1;i

�e
n;i // F en;i

ˇe
n;i // F e1;iC3 F e1;iC2

h
1;n;in
n;i;e // H e

n;i

h
1;n;out
n;i;e // F en;iC1

as defined in [5].

Definition 2.12 (Identical to [5, Def. 7.13]). For each n 2 N, we set Qf en;i D f
e
n;i for

i D 1; 2; 4; 5 and Qf en;i D �f
e
n;i for i D 0; 3.

Theorem 2.13 ([5, Theorem 7.14]). Let e be an extension of separable C �-algebras.
For all n 2 N and for all i D 0; 1; 2; 3; 4; 5,

F en;i�1

f e
n;i�1 // F en;i

f e
n;i // F en;iC1

is exact. For all n 2 N�2 and for all i D 0; 1; 2; 3; 4; 5,

F e1;iC1

h
1;1;in
n;i;e // H e

n;i

h
1;1;out
n;i;e // F e1;iC3

nf e
1;iC3

��
F e1;i

nf e
1;i

OO

H e
n;iC3

h
1;1;out
n;iC3;e

oo F e1;iC4
h

1;1;in
n;iC3;e

oo

F en;i

h
n;1;in
n;i;e // H e

n;i

h
n;1;out
n;i;e // F e1;iC2

f e
n;iC2

ı�e
n;iC2

��
F e1;iC5

f e
n;iC5

ı�e
n;iC5

OO

H e
n;iC3

h
n;1;out
n;iC3;e

oo F en;iC3
h

n;1;in
n;iC3;e

oo

F e1;iC2

h
1;n;in
n;i;e // H e

n;i

h
1;n;out
n;i;e // F en;iC1

ˇe
n;iC2

ıf e
n;iC1

��
F en;iC4

ˇe
n;iC5

ıf e
n;iC4

OO

H e
n;iC3

h
1;n;out
n;iC3;e

oo F e1;iC5
h

1;n;in
n;iC3;e

oo

and

F e1;i

�e
n;i // F en;i

ˇe
n;i // F e1;iC3

�n

��
F e1;i

�n

OO

F en;iC3ˇe
n;iC3

oo F e1;iC3�e
n;iC3

oo
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are exact, and moreover, all the three diagrams

F e1;i

Qf e
1;i //

�e
n;i

��

F e1;iC1

h
1;1;in
n;i;e

��

Qf e
1;iC1

$$
F en;i

h
n;1;in
n;i;e //

ˇe
n;i ""

H e
n;i

h
n;1;out
n;i;e

//

h
1;1;out
n;i;e��

F e1;iC2

Qf e
1;iC2

��
F e1;iC3 �n

// F e1;iC3

(1)

F e1;iC1
�n //

Qf e
1;iC1

��

F e1;iC1

h
1;1;in
n;i;e

��

�e
n;iC1

$$
F e1;iC2

h
1;n;in
n;i;e //

Qf e
1;iC2 $$

H e
n;i

h
1;n;out
n;i;e

//

h
1;1;out
n;i;e��

F en;iC1

�ˇe
n;iC1

��
F e1;iC3 Qf e

1;iC3

// F e1;iC4

(2)

F en;iC5

Qf e
n;iC5 //

�ˇe
n;iC5

��

F en;i

h
n;1;in
n;i;e

��

Qf e
n;i

$$
F e1;iC2

h
1;n;in
n;i;e //

�n $$

H e
n;i

h
1;n;out
n;i;e

//

h
n;1;out
n;i;e��

F en;iC1

Qf e
n;iC1

��
F e1;iC2 �e

n;iC2

// F en;iC2

(3)

commute.

Remark 2.14. By [1, Korollar 3.4.6], for every short exact sequence of extensions of
separable C �-algebras e0

�
,! e1

 
� e2 with completely positive coherent splitting,

there exists a six term exact sequence

KKE.e; e0/
�� // KKE.e; e1/

 � // KKE.e; e2/

ı

��
KKE.e; e2/

ı

OO

KKE.e; e1/
 �

oo KKE.e; e0/
��

oo

of abelian groups. Therefore, with e D en;i , the complex

H
e0

n;i

KE .�/en;i // H e1

n;i

KE . /en;i // H e2

n;1

is exact, for each i D 0; 1; 2; 3; 4; 5.
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Lemma 2.15. Let e1 and e2 be extensions of separable, nuclear C �-algebras in the
bootstrap category N . Assume that the K-theory of e1 is free, i.e. F e1

1;i is free for all
i D 0; 1; 2; 3; 4; 5. Then the natural homomorphisms

�e1;e2
WKKE.e1; e2/! Homƒ.KE.e1/;KE.e2//

and
�e1;e2

WHomƒ.KE.e1/;KE.e2//! Homsix.Ksix.e1/;Ksix.e2//

are isomorphisms.

Proof. By the UCT of Bonkat [1], the homomorphism

KKE.e1; e2/! Homsix.Ksix.e1/;Ksix.e2//

is an isomorphism. Hence, the first map is injective and the second is surjective.
Therefore, it is enough to prove that the map

Homƒ.KE.e1/;KE.e2//! Homsix.Ksix.e1/;Ksix.e2//

is injective.
So assume that ˛ 2 Homƒ.KE.e1/;KE.e2// and ˛ is zero on Ksix.e1/. Let

A0 ,! A1 � A2 denote the extension e1. Since F e1

1;iC3 is free, by the last six term
exact sequence of Theorem 2.13, �e1

n;i is surjective. Hence, ˛fn;i
D 0.

Let x 2 H e1

n;i . Since �
e1

n;iC1 is surjective, there exists w 2 F
e1

1;iC1 such that

�
e1

n;iC1.w/ D h
1;n;out
n;i;e1

.x/:

By Diagram (2) in Theorem 2.13,

h
1;n;out
n;i;e1

.h
1;1;in
n;i;e1

.w// D �
e1

n;iC1.w/:

Therefore,
x � h

1;1;in
n;i;e1

.w/ 2 ker.h1;n;outn;i;e1
/ D im.h1;n;inn;i;e1

/:

Thus, there exists y 2 F e1

1;iC2 such that

x D h
1;1;in
n;i;e1

.w/C h
1;n;in
n;i;e1

.y/:

Hence, ˛en;i
.x/ D 0.

Lemma 2.16. Let e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2 be extensions
of separable, nuclear C �-algebras in the bootstrap category N . Then �e1;e2

is an
isomorphism if and only if �Se1;Se2

is an isomorphism.
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Proof. Note that the homomorphism S from

Homsix.Ksix.e1/;Ksix.e2// to Homsix.Ksix.Se1/;Ksix.Se2//

is an isomorphism (since S2 from

Homsix.Ksix.e1/;Ksix.e2// to Homsix.Ksix.S2e1/;Ksix.S2e2//

is an isomorphism). The same is true for the derived functor. By Bonkat’s
UCT and the five lemma, it follows that the homomorphism OS from KKE.e1; e2/

to KKE.Se1;Se2/ constructed in [5] is an isomorphism. It also follows from
the five lemma, that the homomorphism S from Homƒ.KE.e1/;KE.e2// to
Homƒ.KE.Se1/;KE.Se2// is an isomorphism.

3. Geometric projective resolutions for extensions of Kirchberg algebras

In this section, we will — for each given cyclic six term exact sequence .Gi /5iD0 of
finitely generated abelian groups with G3 D 0 and G5 being a free abelian group —
construct a very specific, concrete projective resolution and realize it as coming from
a short exact sequence of extensions of simple C �-algebras.

First we note that the homomorphism that sends f to diag.

m¹
f; f; : : : ; f / induces

a morphism from en;0 to enm;0 and a morphism from fn;0 to fnm;0. Therefore, we
have homomorphisms

�en;mn;i WF
e
mn;i ! F en;i

!en;mn;i WH
e
mn;i ! H e

n;i :

By identifying Inm;0 with the sub-C �-algebra

ff 2 C0..0; 1�;Mn ˝Mm/ W f .1/ 2 C1Mn
˝C1Mmg

we get morphisms from emn;0 to Mn.em;0/ and from fmn;0 to Mn.fm;0/. Hence, we
get homomorphisms

~emn;m;i WF
e
m;i ! F enm;i

�emn;m;i WH
e
m;i ! H e

nm;i :

Lemma 3.1. Let eWA0 ,! A1 � A2 be an extension of separable, nuclear
C �-algebras. Then

�en;mn;i ı �
e
nm;i D �

e
n;i ~emn;m;i ı �

e
m;i D n�

e
mn;i

ˇen;i ı �
e
n;mn;i D mˇ

e
nm;i ˇenm;i ı ~

e
nm;m;i D ˇ

e
m;i
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and the following diagrams

F e1;iC2

h
1;mn;in
mn;i;e //

��

H e
mn;i

h
1;nm;out
mn;i;e//

!e
n;mn;i

��

Fmn;iC1

�e
n;mn;iC1

��

F e1;iC2

h
1;m;in
m;i;e //

��

H e
m;i

h
1;m;out
m;i;e //

�e
mn;m;i

��

Fm;iC1

~e
mn;m;iC1

��
F e1;iC2

h
1;n;in
n;i;e

// H e
n;i

h
1;n;out
n;i;e

// Fn;iC1 F e1;iC2
h

1;mn;in
mn;i;e

// H e
mn;i

h
1;nm;out
mn;i;e

// Fmn;iC1

F e1;iC1

h
1;1;in
mn;i;e// H e

mn;i

h
1;1;out
mn;i;e //

!e
n;mn;i

��

F1;iC3

�m

��

F e1;iC1

h
1;1;in
m;i;e //

�n

��

H e
m;i

h
1;1;out
m;i;e //

�e
mn;m;i

��

F1;iC3

F e1;iC1
h

1;1;in
n;i;e

// H e
n;i

h
1;1;out
n;i;e

// F1;iC3 F e1;iC1
h

1;1;in
mn;i;e

// H e
mn;i

h
1;1;out
mn;i;e

// F1;iC3

are commutative for i D 0; 1; 2; 3; 4; 5.

Proof. The first four equations follow just like in ordinaryK-theory with coefficients.
For every extension

e0WA00 ,! A01 � A02

of C �-algebras, we let i.e0/ and q.e0/ denote the extensions

A00
id
,! A00 � 0 and 0 ,! A02

id
� A02;

respectively [5, Section 2]. For commutativity of the four diagrams, we note the
following.
(1) Note that the map f 7! diag.f; f; : : : ; f / induces a homomorphism

i.en;2/
� � //

��

en;2 // //

��

q.en;2/

��
i.enm;2/

� � // enm;2 // // q.enm;2/

of extensions. Applying mci to this diagram, for i D 0; 1; 2; 3; 4; 5, we get the
first diagram.

(2) Note that the homomorphism from enm;0 to Mn.em;0/ induces a homomorphism

i.enm;2/
� � //

��

enm;2 // //

��

q.enm;2/

��
i
�
Mn.em;2/

� � � // Mn.em;2/ // // q
�
Mn.em;2/

�
of extensions. Applying mci to this diagram, for i D 0; 1; 2; 3; 4; 5, we get the
second diagram.
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(3) Note that the map f 7! diag.f; f; : : : ; f / induces a homomorphism

i.en;0/
� � //

��

en;0 // //

��

q.en;0/

i.enm;0/
� � // enm;0 // // q.enm;0/

of extensions. Applying mci to this diagram, for i D 0; 1; 2; 3; 4; 5, we get the
third diagram.

(4) Note that the homomorphism from enm;0 to Mn.em;0/ induces a homomorphism

i.enm;0/
� � // enm;0 // //

��

q.enm;0/

��
i
�
Mn.em;0/

� � � // Mn.em;0/ // // q
�
Mn.em;0/

�
of extensions. Applying mci to this diagram, for i D 0; 1; 2; 3; 4; 5, we get the
fourth diagram.

Definition 3.2. By a Kirchberg algebra we mean a simple, purely infinite, separable,
nuclear C �-algebra.

Remark 3.3. Strong pure infiniteness is considered in [10], and it is shown that a
separable, stable, nuclear C �-algebra A is strongly purely infinite if and only if A
absorbs O1, i.e. if and only if A Š A˝O1.

It is shown independently by Kirchberg, and by Toms and Winter (cf. [18,
Theorem 4.3]) that O1-stability passes to extensions, i.e. if A andB are O1-stable,
so is every extension ofA andB. The opposite was shown by Kirchberg and Rørdam
(cf. [10, Proposition 8.5]).

Thus we can note that a separable, stable, nuclear C �-algebras with finitely many
ideals is strongly purely infinite if and only if it is O1-absorbing if and only if it is in
the smallest class of C �-algebras closed under extensions and containing all stable
Kirchberg algebras.

In particular, every extension of a Kirchberg algebra by another Kirchberg algebra
is strongly purely infinite.

Proposition 3.4. Let .Gi /5iD0 be a cyclic six term exact sequence of countable abelian
groups, and let

.Hi /
5
iD0 ,! .Fi /

5
iD0 � .Gi /

5
iD0 (3.1)

be any projective resolution with countable abelian groups, only. Then there exists a
short exact sequence

Se ,! e00 � e0 (3.2)
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of extensions where e and e0 are extensions of stable Kirchberg algebras in the
bootstrap category N , and e00 is an extension of nuclear, separable C �-algebras in
the bootstrap category N , such that the cyclic six term exact sequence associated
with (3.2) degenerates into short exact sequences

Ksix.e
00/ ,! Ksix.e

0/ � Ksix.S2e/

which are isomorphic to the projection resolution in (3.1) (in such a way that F e001;i Š
Hi , F e

0

1;i Š Fi , and F
S2e
1;i Š Gi for i D 0; 1; 2; 3; 4; 5, of course).

Proof. According to Proposition 5.4 of [16], there exist essential extensions e and e0
of stable Kirchberg algebras in the bootstrap category N , such that Ksix.e/ and
Ksix.e

0/ are (isomorphic) to the sequences .Gi /5iD0 and .Fi /
5
iD0, resp.

We have an epic morphism �WKsix.e
0/ ! Ksix.e/ given from (3.1). Using the

UCT of Bonkat (see [1, Satz 7.5.3]), we can lift this to an element x 2 KKE.e; e
0/.

Using Kirchberg’s lifting result for nuclear, stable, strongly purely infinite
C �-algebras (see [9, Hauptsatz 4.2]), we know that x can be lifted to a morphism
 D . 0;  1;  2/W e ! e0 of extensions.

Consequently, Ksix. / D �. Let now

Se ,! e00 � e0

be the mapping cone sequence of the morphism  (see [1]). Then e00 is an extension
of nuclear, separable C �-algebras in the bootstrap category N . Since the index and
exponential maps correspond to the epic morphismKsix. /, the cyclic six term exact
sequence degenerates into short sequences of the form

Ksix.e
00/ ,! Ksix.e

0/ � Ksix.S2e/:

Necessarily,Ksix.e
00/ has to correspond to .Hi /5iD0 since this is (up to isomorphism)

the kernel.

Assumption 3.5. For the rest of this section, let

G0 // G1 // G2

��
G5

OO

G4oo G3oo

be a given cyclic six term exact sequence of finitely generated abelian groups. Assume
moreover, thatG3 D 0 and thatG5 is a free abelian group. Consequently,G4 is also
free.
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According to the structure theorem for finitely generated abelian groups, we can,
up to isomorphism, write G2 as

.Z
p

n1;1
1

/m1;1 ˚ .Z
p

n1;2
1

/m1;2 ˚ � � � ˚ .Z
p

n1;k1
1

/m1;k1

˚ .Z
p

n2;1
2

/m2;1 ˚ .Z
p

n2;2
2

/m2;2 ˚ � � � ˚ .Z
p

n2;k2
2

/m2;k2

˚ � � � ˚ .Z
p

n`;1
l

/m`;1 ˚ .Z
p

n`;2
`

/m`;2 ˚ � � � ˚ .Z
p

n`;k`
`

/m`;k`

˚ Zs

where `; s 2 N0 and .pi /`iD1 is a strictly increasing sequence of prime numbers,
.kj /

`
jD1, .mi;j /

ki

jD1 � N, for all i D 1; : : : ; `, and .ni;j /ki

jD1 � N is strictly
increasing, for all i D 1; : : : ; `.

For each canonical generator of this group, we fix a lifting to an element of G1.
Let F2 denote the group

Zm1;1 ˚ Zm1;2 ˚ � � � ˚ Zm1;k1

˚ Zm2;1 ˚ Zm2;2 ˚ � � � ˚ Zm2;k2

˚ � � � ˚ Zm`;1 ˚ Zm`;2 ˚ � � � ˚ Zm`;k`

˚ Zs:

Let �WF2 ! G1 be the surjective homomorphism from F2 to G1 which sends each
canonical generator to the lifting of the corresponding generator ofG2 (chosen above).

There exists a finitely generated free abelian group eF 0 and a surjective
homomorphism �0WeF 0 ! G0. Then we have a projective resolution of .Gi /5iD0
as follows:

// 0 //

�3

��

0 //

�4

��

H5 //
� _

�5

��

H0 //
� _

�0

��

H1 //
� _

�1

��

H2 //
� _

�2

��
// 0 //

�3

��

G4 //

�4

G4 ˚G5 //

�5

����

G5 ˚ eF 0 //

�0

����

eF 0 ˚ F2 //

�1

����

F2 //

�2

����
// 0 // G4 // G5 // G0 // G1 // G2 //

where .�i /5iD0 are defined in the obvious way (we use, of course, � in the definition
of �1), and the .Hi /5iD0 is the kernel of .�i /

5
iD0. An easy diagram chase shows that �1

is surjective. To match the notation from Proposition 3.4, we let F3 D 0, F4 D G4,
F5 D G4 ˚G5, F0 D G5 ˚ eF 0, and F1 D eF 0 ˚ F2.
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We will, in the canonical way, identifyH2 with

Zm1;1 ˚ Zm1;2 ˚ � � � ˚ Zm1;k1

˚ Zm2;1 ˚ Zm2;2 ˚ � � � ˚ Zm2;k2

˚ � � � ˚ Zm`;1 ˚ Zm`;2 ˚ � � � ˚ Zm`;k`

and under this identification the injection �2WH2 ! F2 can be identified with the
diagonal matrix

diag
� m1;1

»
p
n1;1

1 ; : : : ; p
n1;1

1 ;

m1;2

»
p
n1;2

1 ; : : : ; p
n1;2

1 ; : : : ;

m1;k1¼
p
n1;k1

1 ; : : : ; p
n1;k1

1 ;

m2;1

»
p
n2;1

2 ; : : : ; p
n2;1

2 ;

m2;2

»
p
n2;2

2 ; : : : ; p
n2;2

2 ; : : : ;

m2;k2¼
p
n2;k2

2 ; : : : ; p
n2;k2

2 ;

: : : ;

m`;1

»
p
n`;1

`
; : : : ; p

n`;1

`
;

m`;2

»
p
n`;2

`
; : : : ; p

n`;2

`
; : : : ;

m`;k`¼
p
n`;k`

`
; : : : ; p

n`;k`

`

�
:

4. Exactness of a sequence

If we let e1 and e2 be essential extensions of stable Kirchberg algebras in the
bootstrap category N with all the K-theory appearing in the cyclic six term exact
sequences being finitely generated and the K1-groups of the quotients being free
and the K1-groups of the ideals being zero. Now let Se1

�
,! e00

 
� e0 be a short

exact sequence of essential extensions of stable Kirchberg algebras in the bootstrap
category N such that the induced sequence Ksix.e

00/ ,! Ksix.e
0/ � Ksix.S2e1/ is

exactly (isomorphic to) the projective resolution given in the previous section. Then
this induces a cyclic six term sequence

KE.Se1/ // KE.e
00/ // KE.e

0/

��
KE.Se0/

OO

KE.Se00/oo KE.S2e1/oo

In this chapter we show, that when we apply the functor Homƒ.KE.�/;KE.Se2// to
this sequence, the sequence

Homƒ.KE.e
0/;KE.Se2//

 � // Homƒ.KE.e
00/;KE.Se2//

�� // Homƒ.KE.Se1/;KE.Se2//

ı

��
Homƒ.KE.Se0/;KE.Se2//

is exact. This is the main ingredient in the proof of the UMCT in the next section.
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Assumption 4.1. Let .Gi /5iD0 be as in Assumption 3.5, and let

.Hi /
5
iD1
� �.�i /

5
iD0// .Fi /

5
iD0

.�i /
5
iD0// // .Gi /

5
iD0

be the projective resolution given right after Assumption 3.5.

Let, moreover, Se1
�
,! e00

 
� e0 be a geometric resolution corresponding exactly

to this resolution according to Proposition 3.4, i.e. the induced sequenceKsix.e
00/ ,!

Ksix.e
0/ � Ksix.S2e1/ is exactly (isomorphic to) the above resolution.

Let

A0
�
,! A1

�
� A2; A00

�0

,! A01
� 0

� A02; and A000
�00

,! A001
� 00

� A002

denote the extensions e1, e0, and e00, resp.

Lemma 4.2. Suppose n D pni;j

i . ThenH e00

n;1 is isomorphic to

.Zn/
m1;1 ˚ .Zn/

m1;2 ˚ � � � ˚ .Zn/
m1;k1

˚ .Zn/
m2;1 ˚ .Zn/

m2;2 ˚ � � � ˚ .Zn/
m2;k2

˚ � � � ˚ .Zn/
m`;1 ˚ .Zn/

m`;2 ˚ � � � ˚ .Zn/
m`;k` ;

H e0

n;1 is isomorphic to

.Zn/
m1;1 ˚ .Zn/

m1;2 ˚ � � � ˚ .Zn/
m1;k1

˚ .Zn/
m2;1 ˚ .Zn/

m2;2 ˚ � � � ˚ .Zn/
m2;k2

˚ � � � ˚ .Zn/
m`;1 ˚ .Zn/

m`;2 ˚ � � � ˚ .Zn/
m`;k`

˚ .Zn/
s;

and we may identify ker.KE. /en;1
WH e00

n;1 ! H e0

n;1/ with

0˚ 0˚ � � � ˚ 0

˚ � � �

˚ p
ni;j�ni;1

i .Zn/
mi;1 ˚ � � � ˚ p

ni;j�ni;j�1

i .Zn/
mi;j�1 ˚ .Zn/

mi;j ˚ � � � ˚ .Zn/
mi;ki

˚ � � �

˚ 0˚ 0˚ � � � ˚ 0:

Proof. Note that nf e01;4WF e
0

1;4 ! F e
0

1;5 and nf e
00

1;4WF
e00

1;4 ! F e
00

1;5 are injective
homomorphisms. Therefore, by Theorem 2.13,

F e
0

1;1

nf e0

1;1 // F e
0

1;2

h
1;1;in
n;1;e0 // H e0

n;1
// 0 (4.1)
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F e
00

1;1

nf e00

1;1 // F e
00

1;2

h
1;1;in
n;1;e00// H e00

n;1
// 0 (4.2)

are exact sequences. Since f e01;1 and f e
00

1;1 are surjective functions, im.nf e
0

1;1/ D nF
e0

1;2

and im.nf e001;1/ D nF e
00

1;2. Thus,H e00

n;1 andH e0

n;1 are as stated.
Recall that KE. /f1;2

WF e
00

1;2 ! F e
0

1;2 is equal to �2. Suppose

x D
�
x1;1; x1;2; : : : ; x1;k1

;

x2;1; x2;2; : : : ; x2;k2
;

: : : ; x`;1; x`;2; : : : ; x`;k`

�
is an element of F e001;2 such that KE. /en;1

.h
1;1;in
n;1;e00.x// D 0. Since h1;1;inn;1;e0.�2.x// D

KE. /en;1
.h
1;1;in
n;1;e00.x// D 0, by Equation (4.1), �2.x/ D nf

e0

1;1.y/ for some y 2 F e01;1.
Since

�2.x/ D
�
p
n1;1

1 x1;1; p
n1;2

1 x1;2; : : : ; p
n1;k1

1 x1;k1
;

p
n2;1

2 x2;1; p
n2;2

2 x1;2; : : : ; p
n2;k2

2 x2;k2
;

: : : ; p
n`;1

`
x`;1; p

n`;2

`
x`;2; : : : ; p

n`;k`

`
x`;k`

;

0
�

D p
ni;j

i

�
y1;1; y1;2; : : : ; y1;k1

;

y2;1; y2;2; : : : ; y2;k2
;

: : : ; y`;1; y`;2; : : : ; y`;k`
;

0
�
;

we have that

(1) xt;v D p
ni;j

i zt;v , for t ¤ i ,

(2) xi;v D p
ni;j�ni;v

i yi;v , for v < j ,

(3) pni;v

i xi;v D p
ni;j

i .p
ni;v�ni;j

i xi;v/, for v � j , where p
ni;v�ni;j

i xi;v D yi;v is an
element of Zmi;v .

The lemma now follows.

Lemma 4.3. Let e2WB0 ,! B1 � B2 be an extension of separable C �-algebras.
If ˛ is an element of Homƒ.KE.e1/;KE.e2// and

˛e
p

ni;j
i

;4

D 0 for all i D 1; : : : ; ` and j D 1; : : : ; ki ;

and
˛f1;k

D 0 for all k D 0; 1; : : : ; 5;
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then
˛en;4

D 0 for all n 2 N�2:

Consequently, if ˛ 2 Homƒ.KE.Se1/;KE.e2// and

˛e
p

ni;j
i

;1

D 0 for all i D 1; : : : ; ` and j D 1; : : : ; ki ;

and
˛f1;k

D 0 for all k D 0; 1; : : : ; 5;

then
˛en;1

D 0 for all n 2 N�2:

Proof. Claim 1: If ˛ek;4
D 0 for all k D pri , then ˛en;4

D 0 for all n D ps11 � � �p
s`
`
.

Let z 2 H e1

n;4 with n D p
s1
1 � � �p

s`
`
. Let x D h

1;n;out
n;4;e1

.z/ 2 F
e1

n;5 and let x D
ˇ
e1

n;5.x/ 2 F
e1

1;2. Note that x D .x1; : : : ; x`/, where xi is in

0˚ � � � ˚ 0˚ .Z
p

ni;1
i

/mi;1 ˚ � � � ˚ .Z
p

ni;ki
i

/mi;ki ˚ 0˚ � � � ˚ 0:

Since ps11 � � �p
s`
`
xi D 0 and gcd.pi ; pt / D 1 for all i ¤ t , we have that psii xi D 0.

By Theorem 2.13, there exists yi 2 F e1

p
si
i
;5
such that ˇe1

p
si
i
;5
.yi / D xi .

By Lemma 3.1

ˇ
e1

n;5

�X̀
iD1

~
e1

n;p
si
i
;5
.yi /

�
D

X̀
iD1

ˇ
e1

p
si
i
;5
.yi / D x D ˇ

e1

n;5.x/:

By Theorem 2.13, there exists a 2 F e1

1;5 such that

x D �
e1

n;5.a/C
X̀
iD1

~
e1

n;p
si
i
;5
.yi /:

Since F e1

1;3 D 0, by Theorem 2.13, we have that h1;p
si
i
;out

p
si
i
;4;e1

is surjective. Thus, there

exists bi 2 H e1

p
si
i
;4
such that

h
1;p

si
i
;out

p
si
i
;4;e1

.bi / D yi :

By Lemma 3.1,

h
1;n;out
n;4;e1

�X̀
iD1

�
e1

n;p
si
i
;4
.bi /

�
D

X̀
iD1

~
e1

n;p
si
i
;5

�
h
1;p

si
i
;out

p
si
i
;4;e1

.bi /

�
D

X̀
iD1

~
e1

n;p
si
i
;5
.yi /:
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By Diagram (2) in Theorem 2.13, �e1

n;5.a/ D h
1;n;out
n;4;e1

.h
1;1;in
n;4;e1

.a//. Therefore,

h
1;n;out
n;4;e1

�X̀
iD1

�
e1

n;p
si
i
;4
.bi /C h

1;1;in
n;4;e1

.a/

�
D

X̀
iD1

~
e1

n;p
si
i
;5
.yi /C �

e1

n;5.a/

D x D h
1;n;out
n;4;e1

.z/:

Hence, by Theorem 2.13, there exists v 2 F e1

1;0 such that

z D
X̀
iD1

�
e1

n;p
si
i
;4
.bi /C h

1;1;in
n;4;e1

.a/C h
1;n;in
n;4;e1

.v/:

Since ˛ is zero onH e1

p
si
i
;4
, F e1

1;0, and F
e1

1;5, we have that ˛en;4
.z/ D 0.

Claim 2: If ˛ek;4
D 0 for all k D ps11 � � �p

s`
`
, then ˛en;4

D 0 for all n 2 N�2.

Suppose n D p
s1
1 � � �p

s`
`
m, where gcd.m; pi / D 1. Set k D p

s1
1 � � �p

s`
`
. Let

z 2 H
e1

n;4. Set x D h
1;n;out
n;4;e1

.z/ 2 F
e1

n;5 and let x D ˇ
e1

n;5.x/ 2 F
e1

1;2. Since nx D 0

and since gcd.m; pi / D 1, kx D 0. Using a similar argument as in Claim 1 we get
that

z D h
1;1;in
n;4;e1

.a/C h
1;n;in
n;4;e1

.v/C �
e1

n;k;4
.y/

for some v 2 F e1

1;0, a 2 F
e1

1;5, and y 2 H
e1

k;4
. Since ˛ is zero on F e1

1;0, F
e1

1;5, andH
e1

k;4
,

we have that ˛en;4
.z/ D 0.

Claim 3: ˛en;4
D 0 for all n D pri .

Let n D pri for some i D 1; : : : ; ` and some r 2 N. We can assume that r ¤ ni;j
for every j D 1; : : : ; ki . Let t be such that ni;t < r < ni;tC1 (and t D 0 if r < ni;1
and t D ki if ni;ki

< r). Let z 2 H e1

n;4 and set x D h
1;n;out
n;4;e1

.z/ 2 F
e1

n;5. Note that
there exists y 2 F e1

1;5 and z1; : : : ; zki
2 F

e1

n;5 such that

x D �
e1

n;5.y/C

kiX
jD1

zj

and ˇe1

n;5.zj / 2 F
e1

1;2 is an element of 0˚ � � � ˚ 0˚ .Z
p

ni;j

i

/mi;j ˚ 0˚ � � � ˚ 0. Set

nj D p
ni;j

i . We will show that either

zj 2 im
�
�
e1

n;nj ;5
ı h

1;nj ;out
nj ;4;e1

�
C im

�
�
e1

n;5

�
or

zj 2 im
�
~
e1

n;nj ;5
ı h

1;nj ;out
nj ;4;e1

�
C im

�
�
e1

n;5

�
depending on whether r < ni;j or r > ni;j .
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First note that nˇe1

n;5.zj / D 0. Note that the ker.�nWF
e1

1;2 ! F
e1

1;2/ is

0˚ � � � ˚ 0˚ .Z
p

ni;1
i

/mi;1 ˚ � � � ˚ .Z
p

ni;t
i

/mi;t ˚ hp
ni;tC1�r

i i
mi;tC1 ˚ � � �

� � � ˚ hp
ni;ki

�r

i i
mi;ki ˚ 0˚ � � � ˚ 0:

Also, since F e1

1;3 D 0, by Theorem 2.13, we have that h1;k;out
k;4;e1

WH
e1

k;4
! F

e1

k;5
is

surjective. Hence,

im
�
�
e1

n;nj ;5
ı h

1;nj ;out
nj ;4;e1

�
D im

�
�
e1

n;nj ;5

�
and

im
�
~
e1

n;nj ;5
ı h

1;nj ;out
nj ;4;e1

�
D im

�
~
e1

n;nj ;5

�
;

when n < nj respectively n > nj .
Suppose r < ni;j . Then

ˇ
e1

n;5.zj / D p
ni;j�r

i gj

for some gj 2 0 ˚ � � � ˚ 0 ˚ .Zpni;j

i

/mi;j ˚ 0 ˚ � � � ˚ 0. Since pni;j

i gj D 0, by

Theorem 2.13, there exists dj 2 F e1

nj ;5
such that ˇe1

nj ;5
.dj / D gj . By Lemma 3.1,

ˇ
e1

n;5

�
�
e1

n;nj ;5
.dj /

�
D p

ni;j�r

i ˇ
e1

nj ;5
.dj / D p

ni;j�r

i gj D ˇ
e1

n;5.zj /:

Hence, zj � �e1

n;nj ;5
.dj / 2 ker.ˇe1

n;5/ D im.�e1

n;5/.

Suppose r > ni;j . Then njˇe1

n;5.zj / D 0. By Theorem 2.13, there exists
dj 2 F

e1

nj ;5
such that ˇe1

nj ;5
.dj / D ˇ

e1

n;5.zj /. By Lemma 3.1,

ˇ
e1

n;5

�
~
e1

n;nj ;5
.dj /

�
D ˇ

e1

nj ;5
.dj / D ˇ

e1

n;5.zj /:

Hence, zj � ~e1

n;nj ;5
.dj / 2 ker.ˇe1

n;5/ D im.�e1

n;5/.
By Lemma 3.1,

h
1;n;out
n;4;e1

ı !
e1

n;nj ;4
D �

e1

n;nj ;5
ı h

1;nj ;out
nj ;4;e1

when r < ni;j , and

~n;nj ;5 ı h
1;nj ;out
nj ;4;e1

D h
1;n;out
n;4;e1

ı �
e1

n;nj ;4

when r � ni;j . Consequently,

h
1;n;out
n;4;e1

.z/ D x 2 im
�
�
e1

n;5

�
C

kiX
jDtC1

im
�
h
1;n;out
n;4;e1

ı !
e1

n;nj ;4

�
C

tX
jD1

im
�
h
1;n;out
n;4;e1

ı �
e1

n;nj ;4

�
:
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By Diagram (2) in Theorem 2.13, h1;n;outn;4;e1
ı h

1;1;in
n;4;e1

D �
e1

n;5. Hence,

z 2 im
�
h
1;1;in
n;4;e1

�
C

kiX
jDtC1

im
�
!
e1

n;nj ;4

�
C

tX
jD1

im
�
�
e1

n;nj ;4

�
C ker

�
h
1;n;out
n;4;e1

�
D im

�
h
1;1;in
n;4;e1

�
C

kiX
jDtC1

im
�
!
e1

n;nj ;4

�
C

tX
jD1

im
�
�
e1

n;nj ;4

�
C im

�
h
1;n;in
n;4;e1

�
:

Therefore, ˛en;4
.z/ D 0 since ˛ is zero on F e1

1;0, F
e1

1;5, and H
e1

nj ;4
, for all j D

1; 2; : : : ; ki .

Lemma 4.4. Let e2WB0 ,! B1 � B2 be an extension such that K1.B2/ is
torsion free and K1.B0/ D 0. If ˛ is an element Homƒ.KE.e1/;KE.e2// such that
˛f1;k

D 0 and ˛en;4
D 0 for all n 2 N�2 and for all k D 0; 1; : : : ; 5, then ˛ is zero.

Consequently, if ˛ 2 Homƒ.KE.Se1/;KE.Se2//, then ˛ D 0 if ˛en;1
D 0 for all

n 2 N�2 and ˛f1;k
D 0 for all k D 0; 1; : : : ; 5.

Proof. Suppose ˛ satisfies the assumption of the first part of the lemma. Since F e1

1;4

and F e1

1;5 are torsion free and since F e1

1;3 D 0, by Theorem 2.13,

�
e1

n;i WF
e1

1;i ! F
e1

n;i

is surjective for i D 0; 1; 2, and

h
1;1;in
n;0;e1

WF
e1

1;1 ! H
e1

n;0; h
n;1;in
n;1;e1

WF
e1

n;1 ! H
e1

n;1; and h
1;n;out
n;4;e1

WH
e1

n;4 ! F
e1

n;5

are surjective homomorphisms. Hence, ˛ is zero on F e1

n;0, F
e1

n;1, F
e1

n;2, F
e1

n;5, H
e1

n;0,
andH e1

n;1 since ˛ is zero on F e1

1;0, F
e1

1;1, F
e1

1;2, andH
e1

n;4.
Since F e1

1;3 D F
e2

1;3 D 0, by Theorem 2.13,

h
1;1;out
n;2;ei

; ˇ
ei

n;3; h
n;1;in
n;4;ei

are injective homomorphisms. Let x 2 H e1

n;2, a 2 F
e1

n;3, and b 2 F
e1

n;4. Then

h
1;1;out
n;2;e2

�
˛en;2

.x/
�
D ˛f1;5

�
h
1;1;out
n;2;e1

.x/
�
D 0;

ˇ
e2

n;3

�
˛fn;3

.a/
�
D ˛f1;0

�
ˇ
e1

n;3.a/
�
D 0;

h
n;1;in
n;4;e2

�
˛fn;4

.b/
�
D ˛en;4

�
h
n;1;in
n;4;e1

.b/
�
D 0:

Hence, ˛en;2
.x/ D 0, ˛fn;3

.a/ D 0, and ˛fn;4
.b/ D 0. Thus, ˛ is zero onH e1

n;2, F
e1

n;3,
and F e1

n;4.
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We are left with showing that ˛ is zero onH e1

n;3 andH
e1

n;5. We first show that ˛ is
zero onH e1

n;5. Let x 2 H
e1

n;5. Since F
e1

1;3 D 0, by Theorem 2.13, there exists y 2 F e1

1;1

such that Qf e1

1;1.y/ D h
1;1;out
n;5;e1

.x/. By Diagram (2) in Theorem 2.13,

h
1;1;out
n;5;e1

�
h
1;n;in
n;5;e1

.y/
�
D Qf

e1

1;1.y/ D h
1;1;out
n;5;e1

.x/:

So,
x 2 im

�
h
1;n;in
n;5;e1

�
C ker

�
h
1;1;out
n;5;e1

�
D im

�
h
1;n;in
n;5;e1

�
C im

�
h
1;1;in
n;5;e1

�
:

Since h1;n;inn;5;e1
and h1;1;inn;5;e1

are functions on F e1

1;1 and F
e1

1;0, respectively, and since ˛ is
zero on F e1

1;1 and F
e1

1;0, we have that that ˛en;5
.x/ D 0. Thus, ˛ is zero onH e1

n;5.
Let x 2 H e1

n;3. First note that

h
n;1;out
n;3;e2

�
˛en;3

.x/
�
D ˛f1;5

�
h
n;1;out
n;3;e1

.x/
�
D 0;

h
1;1;out
n;3;e2

�
˛en;3

.x/
�
D ˛f1;0

�
h
1;1;out
n;3;e1

.x/
�
D 0:

Hence, by Theorem 2.13, there exists y 2 F e2

1;4 such that h1;1;inn;3;e2
.y/ D ˛en;3

.x/. By
Diagram (1) in Theorem 2.13,

Qf
e2

1;4.y/ D h
n;1;out
n;3;e2

�
h
1;1;in
n;3;e2

.y/
�
D h

n;1;out
n;3;e2

�
˛en;3

.x/
�
D 0:

Since F e2

1;3 D 0, by Theorem 2.13, Qf e2

1;4WF
e2

1;4 ! F
e2

1;5 is injective. Hence, y D 0.
Thus, ˛en;3

.x/ D 0. Therefore, ˛ is zero onH e1

n;3.

Theorem 4.5. Let e2WB0 ,! B1 � B2 be an extension of separable C �-algebras
with K1.B0/ D 0 and K1.B2/ torsion free. Then the sequence

Homƒ
�
KE.e

0/;KE.Se2/
�  �

��! Homƒ
�
KE.e

00/;KE.Se2/
�

��

��! Homƒ
�
KE.Se1/;KE.Se2/

�
induced by the exact sequence Se1

�
,! e00

 
� e0 is exact.

Proof. A computation shows that the above sequence is a chain complex. Let

˛ 2 Homƒ
�
KE.e

00/;KE.Se2/
�

such that ˛ ı KE.�/ D 0. We want to construct

ˇ 2 Homƒ
�
KE.e

0/;KE.Se2/
�

such that ˇ ı KE. / D ˛.
We will construct

.ˇi /
5
iD0WKsix.e

0/! Ksix.Se2/
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such that ˇi ı KE. /f1;i
D ˛f1;i

. Then by Lemma 2.15, there exists a unique

ˇ 2 Homƒ
�
KE.e

0/;KE.Se2/
�

such that ˇ ı KE. / D ˛. Recall that KE. /f1;i
D �i in the projective resolution

of Ksix.e1/.
For convenience, we set ˛i D ˛f1;i

. We must construct ˇi WF e
0

1;i ! F
Se2

1;i such
that the diagrams

0
�3 //

Š

��

0

Š

��

0
�4 //

Š

��

G4

Š

��

H5
�5 //

Š

��

G4 ˚G5

Š

��
F e
00

1;3

�3 //

˛3

��

F e
0

1;3

ˇ3{{

F e
00

1;4

�4 //

˛4

��

F e
0

1;4

ˇ4{{

F e
00

1;5

�5 //

˛5

��

F e
0

1;5

ˇ5{{
F

Se2

1;3 F
Se2

1;4 F
Se2

1;5

H0
�0 //

Š

��

G5 ˚ eF 0
Š

��

H1
�1 //

Š

��

eF 0 ˚ F2
Š

��

H2
�2 //

Š

��

F2

Š

��
F e
00

1;0

�0 //

˛0

��

F e
0

1;0

ˇ0{{

F e
00

1;1

�1 //

˛1

��

F e
0

1;1

ˇ1{{

F e
00

1;2

�2 //

˛2

��

F e
0

1;2

ˇ2{{
F

Se2

1;0 F
Se2

1;1 F
Se2

1;2

are commutative. It is clear from this that ˛3 D 0, ˛4 D 0. Since F Se2

1;0 Š F
e2

1;3 D 0,
˛0 D 0. Also, we must necessarily have that ˇ3 D 0 and ˇ0 D 0. So, it is only the
third, fifth, and sixth diagram we need to check for commutativity.

Definition of ˇ2: Since F e01;2 is free, we will define ˇ2 on its canonical generators.
Let i 2 f1; : : : ; `g and j 2 f1; : : : ; k`g. Let x be one of the canonical generators of
Zmi;j � F e

0

1;2 and let Qx be the corresponding canonical generator of Zmi;j � F e
00

1;2.

Set ki;j D p
ni;j

i . We claim that h1;1;in
ki;j ;1;e

00. Qx/ 2 im.KE.�/eki;j ;1
/. First note that

H
Se1

ki;j ;1

KE .�/eki;j ;1
// H e00

ki;j ;1

KE . /eki;j ;1
// H e0

ki;j ;1

is exact (cf. Remark 2.14). Note that

KE. /eki;j ;1

�
h
1;1;in
ki;j ;1;e

00. Qx/
�
D h

1;1;in
ki;j ;1;e

0

�
�2. Qx/

�
D h

1;1;in
ki;j ;1;e

0.ki;jx/:
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By Lemma 4.2, h1;1;in
ki;j ;1;e

0.ki;jx/ D 0. Hence,

h
1;1;in
ki;j ;1;e

00. Qx/ 2 im
�
KE.�/eki;j ;1

�
:

Since ˛ ı KE.�/ D 0, we have that ˛eki;j ;1
.h
1;1;in
ki;j ;1;e

00. Qx// D 0. Since

h
1;1;in
ki;j ;1;Se2

�
˛2. Qx/

�
D ˛eki;j ;1

�
h
1;1;in
ki;j ;1;e

00. Qx/
�
D 0;

by Theorem 2.13, there exists z Qx 2 F Se2

1;1 such that ki;jf Se2

1;1 .z Qx/ D ˛2. Qx/. Set
ˇ2.x/ D f

Se2

1;1 .z Qx/. We do this for all the generators of Zmi;j and for all i; j .
Moreover, we let ˇ2 be zero on Zs . By construction, we have that ˇ2 ı �2 D ˛2.

Definition of ˇ1: Recall that F e01;1 D F1 D eF 0˚F2. We define ˇ1WF e
0

1;1 ! F
Se2

1;1 by
setting it to zero oneF 0 and onZs � F2. We now defineˇ1 on the rest of the canonical
generators. Let i 2 f1; : : : ; `g and j 2 f1; : : : ; k`g be given. We want to define ˇ1
on the generators of Zmi;j . Let x be one of the canonical generators of Zmi;j . Define
ˇ1.x/ D z Qx where z Qx is defined as above. By construction, f Se2

1;1 ı ˇ1 D ˇ2 ı f
e0

1;1.
Since F Se2

1;0 D 0, we have that f
Se2

1;1 is injective and since

f
Se2

1;1 ı ˇ1 ı �1 D ˇ2 ı f
e0

1;1 ı �1

D ˇ2 ı �2 ı f
e00

1;1

D ˛2 ı f
e00

1;1

D f
Se2

1;1 ı ˛1

we have that ˇ1 ı �1 D ˛1.

Definition of ˇ0: As mentioned above, we need to have ˇ0 D 0.

Definition of ˇ5: Since SA2 ,! A002 � A02 is an extension of separable, nuclear
C �-algebras in the bootstrap category N with all the K-theory being finitely
generated, the sequence

Homƒ.K.A02/;K.SB2//
 � // Homƒ.K.A002/;K.SB2//

�� // Homƒ.K.SA2/;K.SB2//

��
Homƒ.K.A2/;K.SB2//

OO

Homƒ.K.SA002/;K.SB2//
��
oo Homƒ.K.SA02/;K.SB2//

 �
oo

is exact (using the UMCT of Dădărlat and Loring, cf. [3]). Since ˛ ı K.�/ D 0,
there exists � 2 Homƒ.K.A02/;K.SB2// such that � ı K. / D ˛ on K.A002/. Set
ˇ5 D �jF e0

1;5

WF e
0

1;5 ! F
Se2

1;5 . Consequently, ˇ5 ı �5 D ˛5.
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Definition ˇ4: Since F e01;4 D F
e1

1;4 is free and f Se2

1;4 is surjective, there exists a
homomorphism ˇ4WF

e0

1;4 ! F
Se2

1;4 such that f Se2

1;4 ı ˇ4 D ˇ5 ı f
e0

1;4.

Definition ˇ3: As mentioned above, we need to have ˇ3 D 0.

By construction, ˇi ı�i D ˛i for i D 0; 1; : : : ; 5 and .ˇi /5iD0 is a homomorphism
from Ksix.e

0/ to Ksix.Se2/.

Theorem 4.6. Let e2WB0 ,! B1 � B2 be an extension of separable C �-algebras
with K1.B0/ D 0 and K1.B2/ torsion free. Then the sequence

Homƒ
�
KE.e

00/;KE.Se2/
� ��

�! Homƒ
�
KE.Se1/;KE.Se2/

�
ı
�! Homƒ

�
KE.Se0/;KE.Se2/

�
induced by the exact sequence Se1

�
,! e00

 
� e0 is exact.

Proof. It is easy to check that the above sequence is a chain complex.
Let ˛ 2 Homƒ.KE.Se1/;KE.Se2// such that ı.˛/ D 0. By Lemma 2.15, if

.ˇi /
5
iD0 is a homomorphism from Ksix.e

00/ to Ksix.Se2/, then there exists a unique

ˇ 2 Homƒ
�
KE.e

00/;KE.Se2/
�

such that ˇf1;i
D ˇi . By Lemma 4.3 and Lemma 4.4, it is enough to construct

.ˇi /
5
iD0 such that its unique lifting

ˇ 2 Homƒ
�
KE.e

00/;KE.Se2/
�

satisfies the property that ˛ � ˇ ıKE.�/ is zero onH Se1

n;1 and F Se1

1;k
for all n D pni;j

i

and k D 0; 1; : : : ; 5.
Since the homomorphisms from F e

0

1;k
to F S2e1

1;k
are surjective and ı.˛/ D 0, we

have that ˛ is zero on F Se1

1;k
. Note also that any choice of chain map .ˇi /5iD0, its

unique lifting ˇ satisfies the property that

ˇ ı KE.�/ D 0

on F Se1

1;k
. Consequently, we need a chain map .ˇi /5iD0 from Ksix.e

00/ to Ksix.Se2/
such that its unique lifting ˇ satisfies the property that�

ˇ ı KE.�/
�
en;1
D ˛en;1

for n D pni;j

i for all i D 1; : : : ; ` and j D 1; : : : ; k`.
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First we want to define a homomorphism from F e
00

1;2 to F
Se2

1;1 . It will be defined
on each of the direct summands as follows. Let i 2 f1; : : : ; `g and j 2 f1; : : : ; kig
and set n D pni;j

i . Recall that F e001;2 is

Zm1;1 ˚ � � � ˚ Zm1;k1

˚ Zm2;1 ˚ � � � ˚ Zm2;k2

˚ � � � ˚ Zm`;1 ˚ � � � ˚ Zm`;k` :

Let ei;j;t be one of the canonical generator of Zmi;j . Note that

KE. /en;1

�
h
1;1;in
n;1;e00.ei;j;t /

�
D h

1;1;in
n;1;e0

�
�2.ei;j;t /

�
D h

1;1;in
n;1;e0.nei;j;t /:

By Lemma 4.2, h1;1;inn;1;e0.nei;j;t / D 0. Since

H
Se1

n;1

KE .�/en;1 // H e00

n;1

KE . /en;1 // H e0

n;1

is exact (cf. Remark 2.14), there exists xi;j;t 2 H Se1

n;1 such that

KE.�/en;1
.xi;j;t / D h

1;1;in
n;1;e00.ei;j;t /:

Since ˛ is zero on F Se1

1;4 and h1;1;outn;1;Se1
.xi;j;t / 2 F

Se1

1;4 ,

h
1;1;out
n;1;Se2

�
˛en;1

.xi;j;t /
�
D ˛f1;4

�
h
1;1;out
n;1;Se1

.xi;j;t /
�

D 0:

By Theorem 2.13, there exists yi;j;t 2 F Se2

1;2 such that h1;1;inn;1;Se2
.yi;j;t / D ˛en;1

.xi;j;t /.
Note that

h
n;1;out
n;1;Se2

�
h
1;1;in
n;1;Se2

.yi;j;t /
�
D h

n;1;out
n;1;Se2

�
˛en;1

.xi;j;t /
�

D ˛f1;3

�
h
n;1;out
n;1;Se1

.xi;j;t /
�

D 0:

By Diagram (1) in Theorem 2.13,

h
n;1;out
n;1;Se2

�
h
1;1;in
n;1;Se2

.yi;j;t /
�
D Qf

Se2

1;2 .yi;j;t / D 0:

By Theorem 2.13, there exists zi;j;t 2 F Se2

1;1 such that Qf Se2

1;1 .zi;j;t / D yi;j;t . Note that
Qf
Se2

1;1 D f
Se2

1;1 . Define �i;j WZmi;j ! F
Se2

1;1 by

�i;j .ei;j;t / D zi;j;t :

Define �WF e001;2 ! F
Se2

1;1 by

� D
X̀
iD1

kiX
jD1

�i;j :
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Definition of the chain map .ˇi /5iD0: Define ˇ1WF e
00

1;1 ! F
Se2

1;1 by � ı f e001;1. Define
ˇ2WF

e00

1;2 ! F
Se2

1;2 by f Se2

1;1 ı �. Set ˇi D 0 for i D 0; 3; 4; 5. A computation shows
that .ˇi /5iD0 is a homomorphism from Ksix.e

00/ to Ksix.Se2/.
Let ˇ 2 Homƒ.KE.e

00/;KE.Se2// be the unique homomorphism such that
ˇf1;i

D ˇi . We need to check that

˛ � ˇ ı KE.�/ D 0

onH Se1

n;1 for all n D pni;j

i .
Since ı.˛/ D 0 and ı.ˇ ı KE.�// D 0, we have that

˛en;1
.y/ D

�
ˇ ı KE.�/

�
en;1

.y/ D 0

for all y 2 im.H Se0
n;1 ! H

Se1

n;1 /.
Note that�
ˇ ıKE.�/

�
e

p
ni;j
i

;1

.xi;j;t / D ˇ
�
h
1;1;in
p

ni;j

i
;1;e00

.ei;j;t /
�

D h
1;1;in
p

ni;j

i
;1;Se2

�
ˇ.ei;j;t /

�
D h

1;1;in
p

ni;j

i
;1;Se2

�
f

Se2

1;1 .zi;j;t /
�

D h
1;1;in
p

ni;j

i
;1;Se2

.yi;j;t / D ˛e
p

ni;j
i

;1

.xi;j;t /:

For each i D 1; : : : ; ` and each j D 1; : : : ; ki , set

Xi;j D span
1�t�mi;j

xi;j;t :

By the above equation, we have that�
ˇ ıKE.�/

�
e

p
ni;j
i

;1

.x/ D ˛e
p

ni;j
i

;1

.x/; for all x 2 Xi;j :

For convenience, set di;j D p
ni;j

i . We will first show that .ˇ ı KE.�// D ˛ on
H

Se1

di;1;1
. Let x 2 H Se1

di;1;1
. Since

KE.�/edi;1;1
.x/ 2 ker

�
KE. /edi;1;1

WH e00

di;1;1
! H e0

di;1;1

�
;

by Lemma 4.2 there exist z1; z2; : : : ; zki
2 F e

00

1;2 with zj in

0˚ � � � ˚ 0˚ Zmi;j ˚ 0˚ � � � ˚ 0 � F e
00

1;2

such that

KE.�/edi;1;1
.x/ D

kiX
jD1

h
1;1;in
di;1;1;e

00.zj /:
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By Lemma 3.1,

h
1;1;in
di;1;1;e

00.zj / D !
e00

di;1;di;j ;1

�
h
1;1;in
di;j ;1;e

00.zj /
�
:

By Lemma 4.2, h1;1;in
di;j ;1;e

00.zj / is in the subgroup ofH e00

di;j ;1
generated by

˚
h
1;1;in
di;j ;1;e

00.ei;j;t / W 1 � t � mi;j
	
:

Since

KE.�/edi;j ;1
.xi;j;t / D h

1;1;in
di;j ;1;e

00.ei;j;t /;

there exists xj 2 Xi;j � H Se1

di;j ;1
such that

KE.�/edi;j ;1
.xj / D h

1;1;in
di;j ;1;e

00.zj /:

Set yj D !Se1

di;1;di;j ;1
.xj /. Then

KE.�/edi;1;1
.yj / D !

e00

di;1;di;j ;1

�
KE.�/edi;j ;1

.xj /
�
D h

1;1;in
di;1;1;e

00.zj /:

Hence,

KE.�/edi;1;1
.x/ D KE.�/edi;1;1

� kiX
jD1

yj

�
:

Hence,

x �

kiX
jD1

yj 2 ker
�
KE.�/edi;1;1

�
D im

�
H Se0
di;1;1

! H
Se1

di;1;1

�
:

Thus,

˛edi;1;1
.x/ D ˛edi;1;1

� kiX
jD1

yj

�
and

�
ˇ ı KE.�/

�
edi;1;1

.x/ D
�
ˇ ı KE.�/

�
edi;1;1

� kiX
jD1

yj

�
:
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Note that�
ˇ ı KE.�/

�
edi;1;1

.yj / D ˇedi;1;1

�
KE.�/edi;1;1

.yj /
�

D ˇedi;1;1

�
KE.�/edi;1;1

�
!

Se1

di;1;di;j ;1
.xj /

��
D ˇedi;1;1

�
!e
00

di;1;di;j ;1

�
KE.�/edi;j ;1

.xj /
��

D !
Se2

di;1;di;j ;1

�
ˇedi;j ;1

�
KE.�/edi;j ;1

.xj /
��

D !
Se2

di;1;di;j ;1

��
ˇ ı KE.�/

�
edi;j ;1

.xj /
�

D !
Se2

di;1;di;j ;1

�
˛edi;j ;1

.xj /
�

[since xj 2 Xi;j ]

D ˛edi;1;1

�
!

Se1

di;1;di;j ;1
.xj /

�
D ˛edi;1;1

.yj /:

Therefore, .ˇ ı KE.�//edi;1;1
.x/ D ˛edi;1;1

.x/. We have just shown that�
ˇ ı KE.�/

�
edi;1;1

D ˛edi;1;1
:

Let x 2 H Se1

di;2;1
. Since

KE.�/edi;2;1
.x/ 2 ker

�
KE. /edi;2;1

WH e00

di;2;1
! H e00

di;2;1

�
;

by Lemma 4.2, there exist z1; z2; : : : ; zki
2 F e

00

1;2 with zj in

0˚ � � � ˚ 0˚ Zmi;j ˚ 0˚ � � � ˚ 0 � F e
00

1;2

such that

KE.�/edi;2;1
.x/ D

di;2

di;1
h
1;1;in
di;2;1;e

00.z1/C

kiX
jD2

h
1;1;in
di;2;1;e

00.zj /:

Arguing as in the case di;1, for j � 2, there exists xj in H Se1

di;j ;1
satisfying the

following:

(1)
�
ˇ ı KE.�/

�
edi;2;1

�
!

Se1

di;2;di;j ;1
.xj /

�
D ˛edi;2;1

�
!

Se1

di;2;di;j ;1
.xj /

�
(2) KE.�/edi;2;1

�
!

Se1

di;2;di;j ;1
.xj /

�
D !e

00

di;2;di;j ;1

�
KE.�/edi;j ;1

.xj /
�
D h

1;1;in
di;2;1;e

00.zj /.

By Lemma 3.1,

�e
00

di;2;di;1;1
ı h

1;1;in
di;1;1;e

00 D
di;2

di;1
h
1;1;in
di;2;1;e

00 :
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By Lemma 4.2, h1;1;in
di;1;1;e

00.z1/ is in the subgroup ofH e00

di;1;1
generated by˚

h
1;1;in
di;1;1;e

00.ei;1;t / W 1 � t � mi;1
	
:

Since
KE.�/edi;1;1

.xi;1;t / D h
1;1;in
di;1;1;e

00.ei;1;t /;

there exists x1 2 Xi;1 � H Se1

di;1;1
such that

KE.�/edi;1;1
.x1/ D h

1;1;in
di;1;1;e

00.z1/:

Note that

KE.�/edi;2;1

�
�

Se1

di;2;di;1;1
.x1/

�
D �e

00

di;2;di;1;1

�
KE.�/edi;1;1

.x1/
�

D �e
00

di;2;di;1;1

�
h
1;1;in
di;1;1;e

00.z1/
�

D
di;2

di;1
h
1;1;in
di;2;1;e

00.z1/:

Moreover,�
ˇ ı KE.�/

�
edi;2;1

�
�

Se1

di;2;di;1;1
.x1/

�
D ˇedi;2;1

�
KE.�/edi;2;1

�
�

Se1

di;2;di;1;1
.x1/

��
D ˇedi;2;1

�
�e
00

di;2;di;1;1

�
KE.�/edi;1;1

.x1/
��

D �
Se2

di;2;di;1;1

�
ˇedi;1;1

�
KE.�/edi;1;1

.x1/
��

D �
Se2

di;2;di;1;1

��
ˇ ıKE.�/

�
edi;1;1

.x1/
�

D �
Se2

di;2;di;1;1

�
˛edi;1;1

.x1/
�

[since x1 2 Xi;1]

D ˛edi;2;1

�
�

Se1

di;2;di;1;1
.x1/

�
:

Set y1 D �Se1

di;2;di;1;1
.x1/ and yj D !Se1

di;2;di;j ;1
.xj / for all j � 2. Then we have that�

ˇ ı KE.�/
�
edi;2;1

.yj / D ˛edi;2;1
.yj /

for all j D 1; 2; : : : ; ki . Also note that

kiX
jD1

KE.�/edi;2;1
.yj / D KE.�/edi;2;1

.x/:

Therefore,

x �

kiX
jD1

yj 2 ker
�
KE.�/edi;2;1

�
D im

�
H Se0
di;2;1

! H
Se1

di;2;1

�
:



246 S. Eilers, G. Restorff and E. Ruiz

Hence,

˛edi;2;1
.x/ D

kiX
jD1

˛edi;2;1
.yj / D

kiX
jD1

�
ˇıKE.�/

�
edi;2;1

.yj / D
�
ˇıKE.�/

�
edi;2;1

.x/:

We have just shown that ˛edi;2;1
D .ˇ ı KE.�//edi;2;1

.

We can continue this process to show that

˛edi;j ;1
D
�
ˇ ı KE.�/

�
edi;j ;1

for all j D 1; 2; : : : ; ki . Hence,

˛edi;j ;1
D
�
ˇ ı KE.�/

�
edi;j ;1

for all i D 1; 2; : : : ; ` and j D 1; 2; : : : ; ki .

5. Isomorphism theorem

In this section we prove a UMCT for a certain class of extensions, i.e. we prove
that the natural homomorphism �e1;e2

from KKE.e1; e2/ to Homƒ.KE.e1/;KE.e2//

is an isomorphism, for extensions e1 and e2 of separable, nuclear C �-algebras in
the bootstrap category N with K-groups of the associated cyclic six term exact
sequences being finitely generated, zero exponential map and with the K1-groups of
the quotients being free abelian groups.

Lemma 5.1 (General 5-lemma). Let there be given a commutative diagram

A

˛
��

// B

ˇ
��

// C




��

// D

ı
��

// E

�
��

A0 // B 0 // C 0 // D0 // E 0

with abelian groups and group homomorphisms, where both rows are complexes.
Then the following holds:

(1) If the first row is exact at C , the second row is exact at B 0, and ˛ is surjective,
and ˇ and ı are injective, then 
 is injective.

(2) If the first row is exact at D, the second row is exact at C 0, and ˇ and ı are
surjective, and � is injective, then 
 is surjective.

Proof. Diagram chase.
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Proposition 5.2. Let e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2 be extensions
of separable, nuclearC �-algebras in in the bootstrap categoryN , with the associated
cyclic six term exact sequences in K-theory being finitely generated, K1.A0/ D
K1.B0/ D 0, and K1.A2/ and K1.B2/ being torsion free.

Then �e1;e2
is an isomorphism.

Proof. Let moreover e0 and e00 be as in the previous section. Since ��;� is natural,

KKE.e
0;Se2/ //

�e0;Se2

��

KKE.e
00;Se2/ //

�e00;Se2

��

KKE.Se1;Se2/

�Se1;Se2

��

//

Homƒ
�
KE.e

0/;KE.Se2/
�

// Homƒ
�
KE.e

00/;KE.Se2/
�

// Homƒ
�
KE.Se1/;KE.Se2/

�
//

// KKE.Se0;Se2/

�Se0;Se2

��

// KKE.Se00;Se2/

�Se00;Se2

��
// Homƒ

�
KE.Se0/;KE.Se2/

�
// Homƒ

�
KE.Se00/;KE.Se2/

�
is commutative, the top row is exact, and by Theorems 4.5 and 4.6,

Homƒ
�
KE.e

0/;KE.Se2/
�

// Homƒ
�
KE.e

00/;KE.Se2/
�

//

// Homƒ
�
KE.Se1/;KE.Se2/

�
// Homƒ

�
KE.Se0/;KE.Se2/

�
is also exact.

SinceKsix.e
0/ andKsix.e

00/ are projective, �e0;Se2
, �e00;Se2

, �Se0;Se2
, and �Se00;Se2

are isomorphisms (cf. Lemma 2.15). So by the general 5-lemma (see above), �Se1;Se2

is an isomorphism. By Lemma 2.16, �e1;e2
is an isomorphism.

Theorem 5.3. Let e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2 be extensions
of separable, nuclear C �-algebras in the bootstrap category N with the associated
cyclic six term exact sequences inK-theory being finitely generated, zero exponential
map, and K1.A2/ and K1.B2/ being torsion free.

Then the natural map �e1;e2
WKKE.e1; e2/ ! Homƒ.KE.e1/;KE.e2// is an

isomorphism.

Proof. Note that for each j D 1; 2, we have that Ksix.ej / Š Ksix.ej;1/˚Ksix.ej;0/

where ej;i is an extension of separable, nuclear C �-algebras in the bootstrap
category N such that Ksix.ej;1/ is of the form

� // � // �

��
�

OO

�oo 0oo
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and Ksix.ej;0/ is of the form

0 // 0 // 0

��
0

OO

�oo �oo

where theK1’s ofKsix.ej;1/ is finitely generated and free, and theK1’s ofKsix.ej;0/

are finitely generated.
By Bonkat’s UCT and since ��;� is natural, we have that the diagrams

KKE.e1; e2/
Š //

�e1;e2

��

KKE.e1;1 ˚ e1;0; e2/

�e1;1˚e1;0;e2

��
Homƒ

�
KE.e1/;KE.e2/

�
Š
// Homƒ

�
KE.e1;1 ˚ e1;0/;KE.e2/

�
;

KKE.e1;1 ˚ e1;0; e2/
Š //

�e1;1˚e1;0;e2

��

KKE.e1;1 ˚ e1;0; e2;1 ˚ e2;0/

�e1;1˚e1;0;e2;1˚e2;0

��
Homƒ

�
KE.e1;1 ˚ e1;0/;KE.e2/

�
Š
// Homƒ

�
KE.e1;1 ˚ e1;0/;KE.e2;1 ˚ e2;0/

�
are commutative.

Hence, to prove that �e1;e2
is an isomorphism it is enough to prove that

�e1;1˚e1;0;e2;1˚e2;0
is an isomorphism. Since �e1;0;e2;1˚e2;0

and �e1;1;e2;0
are iso-

morphisms (this follows from Lemma 2.15 and an argument using [1, Lemma 7.1.5]
and the UMCT of Dădărlat and Loring, cf. [3]), it is enough to prove that �e1;1;e2;1

is an isomorphism.
Since e1;1 isKKE -equivalent to an extension as in Proposition 5.2, by the naturality

of ��;� and by Proposition 5.2, �e1;1;e2;1
is an isomorphism.

Remark 5.4. The class of extensions that the above theorem applies to contains the
following classes:
� The class of all Cuntz–Krieger algebras satisfying condition (II) of Cuntz with one
specified ideal.

� The class of all purely infinite Cuntz–Krieger algebras with one specified ideal.
� The class of all Cuntz–Krieger algebras with one specified gauge invariant ideal.
� The class of all graph algebras satisfying condition (K) with one specified ideal
and finitely generated Ksix.

� The class of all unital graph algebras satisfying condition (K) with one specified
ideal.
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� The class of all purely infinite graph algebras with one specified ideal and finitely
generated Ksix.

� The class of all graph algebras with one specified gauge invariant ideal and finitely
generated Ksix.

Remark 5.5. We do not know of any counterexample to a general UMCT for the
ideal-related K-theory with coefficients, neither do we know how to prove a general
UMCT with one specified ideal. But it is clear that we can get the analogue result
when we rotate the conditions on theK-theory. We also get the analogue result when
either of the variables has four zero groups in the associated cyclic six term exact
sequence. Moreover, it is possible do certain direct sums of these as well.

6. Reduced invariant

Remark 6.1. By going over the proof once again, it is clear that if we use the invariant
consisting of all the groups F e1;i , F

e
n;i , H

e
n;i for all n 2 N�2 and i D 0; 1; 2; 3; 4; 5,

and all the homomorphisms

f e1;i ; f en;i ; ˇen;i ; �en;i ; �en;mn;i ; ~emn;m;i ; !en;mn;i ; �emn;m;i ;

h
1;1;in
n;i;e ; h

1;1;out
n;i;e ; h

1;n;in
n;i;e ; h

1;n;out
n;i;e ; h

n;1;in
n;i;e ; h

n;1;out
n;i;e

for all m; n 2 N�2 and i D 0; 1; 2; 3; 4; 5, then the corresponding theorem still
holds, i.e. Theorem 5.3 still holds if we replace Homƒ.KE.e1/;KE.e2// with the
homomorphisms between the groups only respecting those natural transformations
mentioned above.
Remark 6.2. We do not know yet whether these are all the homomorphisms to
include. Let

e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2

be extensions of separable C �-algebras, with e1 in the bootstrap category N . Then
we have, as noted in [5, Remark 6.6], natural homomorphisms

Gi WKKE.e1; e2/! KK.Ai ;Bi /;

for i D 0; 1; 2. Using [5, Remark 6.6], we see that G0 is an isomorphism if
K0.A2/ D K1.A2/ D 0, G1 is an isomorphism if K0.A0/ D K1.A0/ D 0, G2 is
an isomorphism if K0.A1/ D K1.A1/ D 0. Using this, the UCT of Rosenberg
and Schochet and the UCT of Bonkat, it is not so hard to see that KKE.e; e

0/

for e; e0 2 ffn;i W n 2 N�2; i D 0; 1; 2; 3; 4; 5g are generated by the KKE -classes of
the maps mentioned above. We believe that it is true also when one of the entries
is of the form en;i and the proof should be similar as well. For KKE.en;i ; em;j /,
Example 9.1 of [5] indicates that there might be some natural homomorphisms we
have not described yet.
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Definition 6.3. We now define a reduced invariant, the reduced ideal-related K-
theory with coefficients Kred

E
.e/, which consists of all the groups F e1;i , F

e
n;i , H

e
n;4

for all n 2 N�2 and i D 0; 1; 2; 3; 4; 5. A homomorphism between such invariants
should be a family of group homomorphisms between these groups which respects
the natural homomorphisms

f e1;i ; f en;i ; ˇen;i ; �en;i ; �en;mn;i ; ~emn;m;i ; !en;mn;4; �emn;m;4;

h
1;1;in
n;4;e ; h

1;1;out
n;4;e ; h

1;n;in
n;4;e ; h

1;n;out
n;4;e ; h

n;1;in
n;4;e ; h

n;1;out
n;4;e

for all m; n 2 N�2 and i D 0; 1; 2; 3; 4; 5.
Theorem 6.4. Let e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2 be extensions
of separable, nuclear C �-algebras in the bootstrap category N with the associated
cyclic six term exact sequences inK-theory being finitely generated, zero exponential
map, and K1.A2/ and K1.B2/ being torsion free.

Then the natural map

� red
e1;e2
WKKE.e1; e2/! Homƒred.Kred

E .e1/;Kred
E .e2//

is an isomorphism.

Proof. By going through the whole proof once again, we see that this is all we need
in order to prove the theorem.

Remark 6.5. There are of course a few informations in the invariant which are
uniquely determined e.g. the homomorphism from K0.A2/ to K0.B2/ is uniquely
determined by the rest of the invariant. But it would make the definition of a reduced
invariant quite fragmented if we were to take all such things out of the invariant.

7. Automorphisms of Cuntz–Krieger algebras

In this section, we use our invariant Kred
E

to classify the automorphism group
of a stabilized Cuntz–Krieger algebra with exactly one non-trivial ideal up to
equivalences: unitary homotopy equivalence and approximate unitary equivalence.

7.1. Unitary homotopy equivalence.
Definition 7.1. Let A and B be C �-algebras. We say that two �-homomorphisms
'; WA ! M.B/ are unitarily homotopic if there exists a norm-continuous map
Œ0;1/ 3 t 7! ut 2 U.M.B// such that for a 2 A and t 2 Œ0;1/ we have that

'.a/ � u�t  .a/ut 2 B

and, moreover,
lim
t!1

u�t  .a/ut D '.a/;

for all a 2 A. If the images of ' and lie insideB, the first condition is superfluous.
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For each C �-algebra A we let Innh.A/ denote the set of automorphisms of A,
which are unitarily homotopic to the identity morphism on A.

Kirchberg has a very general classification theorem for (strongly) purely infinite
C �-algebras in [9, Folgerung 4.3], which in the case we are looking at specializes to
the following.
Theorem 7.2 (Kirchberg). Let eWA0 ,! A1 � A2 be an essential extension
of separable, nuclear, stable, simple, purely infinite C �-algebras in the bootstrap
category N . Then we have a short exact sequence of groups

f1g // Innh.A1/ // Aut.A1/ // KK�1E .e; e/ // f1g;

where the group operation on Aut.A1/ and KKE.e; e/
�1 are composition of maps

and Kasparov product, respectively.
When we combine this theorem with the UMCT from previous sections we get

the following corollary.
Corollary 7.3. Let eWA0 ,! A1 � A2 be an essential extension of separable,
nuclear, stable, simple, purely infinite C �-algebras in the bootstrap category N with
all groups in the associated cyclic six term exact sequence being finitely generated,
zero exponential map, and K1.A2/ being torsion free. Then we have a short exact
sequence of groups

f1g // Innh.A1/ // Aut.A1/ // Autƒred.Kred
E
.e// // f1g:

Remark 7.4. We can apply the above corollary to the following C �-algebras:
(1) A1 D B1 ˝ K, where B1 is a Cuntz–Krieger algebra satisfying condition (II)

of Cuntz with exactly one non-trivial ideal.
(2) A1 D B1 ˝ K, where B1 is a purely infinite graph algebra with exactly one

non-trivial ideal and finitely generated K-theory.

7.2. Approximately unitary equivalence.
Definition 7.5. Let A and B be C �-algebras. We say that two �-homomorphisms
'; WA ! M.B/ are approximately unitarily equivalent if there exists a sequence
of elements fung1nD1 in U.M.B// such that for a 2 A and n 2 N we have that

'.a/ � u�n .a/un 2 B

and, moreover,
lim
n!1

u�n .a/un D '.a/;

for all a 2 A. If the images of ' and lie insideB, the first condition is superfluous.
For each C �-algebra A we let Inn.A/ denote the set of automorphisms of A,

which are approximately unitarily equivalent to the identity morphism on A.
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Theorem 7.6. Let e1WA0 ,! A1 � A2 and e2WB0 ,! B1 � B2 be extensions
of separable C �-algebras. Let �; W e1 ! e2 be homomorphisms. If A1 is
semiprojective, A0 is generated by projections, and �1 and  1 are approximately
unitarily equivalent, then KE.�/ D KE. /.

Proof. We identify A0 with its image in A1 and B0 with its image in B1. With
this identification, �0 becomes the restriction �1jA0

. Since A1 is semiprojective,
by [2, Proposition 2.3], there exists a unitary u 2 M.B1/ such that ad.u/ ı �1 is
homotopic to  1. Let ˆWA1 ! C.Œ0; 1�;B1/ be a homotopy from ad.u/ ı �1 to  1.

We claim that ˆ.a/ 2 C.Œ0; 1�;B0/ for all a 2 A0. Since A0 is generated by
projections, it is enough to show that evt ı ˆ.p/ 2 B0 for all projections p 2 A0
and for all t 2 Œ0; 1�. Let p be a projection in A0. Then there exists a partition
0 D t0 < t1 < � � � < tn�1 < tn D 1 of Œ0; 1� such that

kevt ıˆ.p/ � evs ıˆ.p/k < 1

for all t; s 2 Œti�1; ti �. In particular,

kev0 ıˆ.p/ � evt ıˆ.p/k < 1

for all t 2 Œ0; t1�. Therefore, evt ıˆ.p/ is Murray–von Neumann equivalent to

ev0 ıˆ.p/ D ad.u/ ı �1.p/

for all t 2 Œ0; t1�. Since � is a homomorphism from e1 to e2, we have that
ad.u/ ı �1.p/ 2 B0. Since B0 is an ideal of B1, we have that evt ı ˆ.p/ 2 B0

for all t 2 Œ0; t1�. Using the same argument in the interval Œt1; t2�, we get
that evt ıˆ.p/ 2 B0 for all t 2 Œt1; t2�. Continuing this process, we get that
evt ı ˆ.p/ 2 B0 for all t 2 Œ0; 1�. Hence, ˆ.p/ 2 C.Œ0; 1�;B0/. We have
just proved our claim.

We have shown that ad.u/ ı �1 and  1 are homotopic with the homotopy
respecting the canonical ideals A0 and B0. Thus, KKE.ad.u/ ı �/ D KKE. /.
Since KKE.ad.u/ ı �/ D KKE.�/, we have that KKE.�/ D KKE. /. Therefore,
KE.�/ D KE. /.

We believe that Theorem 7.6 is true without the semiprojectivity assumption and
the assumption that the ideal A0 is generated by projections but we have not been
able to obtain a proof.
Corollary 7.7. Let eWA0 ,! A1 � A2 be an essential extension of separable,
nuclear, stable, simple purely infinite C �-algebras in the bootstrap category N with
finitely generated K-theory, zero exponential map, and K1.A2/ being torsion free.
If A1 semiprojective, then we have a short exact sequence of groups

f1g // Inn.A1/ // Aut.A1/ // Autƒred.Kred
E
.e// // f1g:
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Proof. By Theorem 7.6,

Inn.A1/ // Aut.A1/ // Autƒred.Kred
E
.e//

the chain complex is an exact sequence. It is clear that

f1g // Inn.A1/ // Aut.A1/

is an exact sequence. By Corollary 7.3,

Aut.A1/ // Autƒred.Kred
E
.e// // f1g

is exact.

Remark 7.8. We can apply the above corollary to the following C �-algebras:
(1) A1 D B1 ˝ K, where B1 is a Cuntz–Krieger algebra satisfying condition (II)

of Cuntz with exactly one non-trivial ideal.
(2) A1 D B1 ˝ K, where B1 is a unital purely infinite graph algebra with exactly

one non-trivial ideal. The fact that A1 is semiprojective follows from the results
in [4].
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