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Toeplitz operators and the Roe-Higson type index theorem

Tatsuki Seto

Abstract. Let M be a complete Riemannian manifold and assume that M is partitioned by a
hypersurface N. In this paper we introduce a novel class of functions Cy (M) on noncompact
manifolds, which is slightly larger than the algebra of Higson functions. Out of ¢ that belongs
to Cy, (M) we construct an index class Ind(¢p, D) in K-group of the Roe algebra of M by using
the Kasparov product. It is supposed to be a counterpart of Roe’s odd index class. We finally
prove that Connes’ pairing of Ind(¢, D) and Roe’s cyclic 1-cocycle is equal to the Fredholm
index of a Toeplitz operator on N. This is an extension of the Roe-Higson index theorem to
even-dimensional partitioned manifolds.
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1. Introduction

Let M be a complete Riemannian manifold and assume that M is a partitioned
manifold. That is, there exists a closed submanifold N of codimension one such
that M is decomposed by N into two components M+ and M, and one has
N=MTNM"=0MT = IM~; see Definition 2.1. Let S — M be a Clifford
bundle in the sense of J. Roe [16, Definition 3.4] and D the Dirac operator of S.
Denote by Sy the restriction of S to N and v a unit normal vector field on N pointing
from M~ into M*. Then we can equip Sy with a Z,(= Z/2Z)-graded Clifford
bundle structure, where the Z,-grading on Sy is defined by using the Clifford action
of v. Let Dy be the graded Dirac operator on Sy .

Let C* (M) be the Roe algebra of M, which is a non-unital C *-algebra introduced
by Roe in [16]. In [16], Roe also defined the odd index class odd-ind(D) = [up] €
K, (C*(M)), where u p is the Cayley transform of D.

Roe also defined the cyclic 1-cocycle ¢ on a dense subalgebra X of C*(M),
which is called the Roe cocycle. The Roe cocycle is constructed to be the Connes—
Chern character of the Fredholm module defined by the partition of M which
corresponds to the Wiener—Hopf extension. Thus Connes’ pairing (x,¢) of ¢
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with x € K;(C*(M)) is equal to the index map defined by the Wiener—Hopf
extension; see [13, Remark 4.14] and Section 4.3.

The Roe cocycle ¢ is related to the Poincaré dual of N, pd(N) € H!(M); see[15,
Section 6.1]. In fact, there uniquely exists a coarse cohomology class o € HX (M)
such that the character map HX'(M) — H}!(M) sends a to pd(N). Moreover,
the character map HX'(M) — HC'(X) sends « to [{]. By this relationship of
¢ and N, it is expected that we could pick up some informations of N by using .
Indeed, Roe proved Connes’ pairing (odd-ind(D), ¢) is equal to the Fredholm index
of D;{, up to a certain constant multiple [16]. In [10], N. Higson gave a simplified
proof of a variation of Roe’s theorem, thus we call it the Roe—Higson index theorem
in this paper.

On the other hand, index(D;) is O for N is of odd dimension; see, for instance [16,
Proposition 11.14]. This implies that the Roe-Higson index (odd-ind(D), ¢) is trivial
when M is of even dimension. However, Connes’ pairing of ¢ with x € K1 (C*(M))
is non trivial in general.

In this paper, we shall develop an index theorem on even dimensional partitioned
manifolds, which is analogous to the Roe—Higson index theorem. For this purpose,
we need to replace two ingredients, odd-ind(D) and the Dirac operator D;\L, by an
index class Ind(¢, D) = [¢]®[D] and a Toeplitz operator on N, respectively. In
order to define this index class Ind(¢, D) on M, we need to introduce a new class
of C*-algebra Cy, (M), which is larger than the Higson functions on M and smaller
than the bounded continuous functions on M ; see Definition 3.1. In fact, we use
¢ € GL;(Cy(M))and [D] € KK°(C,(M),C*(M)). By using the algebra Cy, (M),
this index class Ind(¢, D) can be regarded as a counterpart of Roe’s odd index; see
Subsection 4.1. It turns out Connes’ pairing (Ind(¢, D), ¢} is equal to the Fredholm
index of a Toeplitz operator on N up to a certain constant multiple. The precise
statement as follows:

Main Theorem (see Theorem 3.6). Let M be a complete Riemannian manifold which
is partitioned by N as previously. Let S — M be a graded Clifford bundle with the
grading € and denote by D the graded Dirac operator of S. Take ¢ € GL;(Cw(M));
see Definition 3.1. Then the following formula holds:

(Ind(9. D). ) =~ —index(Ty, ).

Applying a topological formula of the Fredholm index for Toeplitz operators
proved by P. Baum and R. G. Douglas [2], we obtain the following:

Corollary (see Corollary 3.7). Let M be a partitioned manifold partitioned by
(M™*,M~,N). Denote by 1 the characteristic function of M*. Let S — M be
a graded Clifford bundle with the grading €, and denote by D the graded Dirac
operator of S. We assume ¢ € C>°(M ; GL;(C)) is bounded with bounded gradient
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and ¢~V is also a bounded function. Then one has

index(H(D +e)7! [‘g (1’] (D + o)L TI(L2(S))! — H(LZ(S))’)

Z/ 7*Td(TN ® C)ch(8T)n*ch(¢).
S*N

The idea of the proof is as follows. Firstly, we calculate the Kasparov product
[#]®[D] by using the Cuntz picture of [D]. Secondly, we calculate (Ind(¢, D), ¢)
explicitly by using the Hilbert transformation and a homotopy of Fredholm operators
thecasefor M = Rx Nand¢ = 1Q® ¢ for y € C*°(N;GL;(C)). Finally, we
reduce the general case to R x N by applying a similar argument in Higson [10].

Set M = Rx N and assume that N is of odd dimension. Leti: N > x — (0,x) €
R x N be the inclusion map. Connes [5,7] defined an element i! € KK'(N, M).
In this case, the main theorem is derived from the Roe—Higson index theorem by
applying i! formally as follows. The Dirac operator D on M defines an element
[D] € KK°(M,pt). Let us take a function ¢: M — GL;(C) and suppose that ¢
determines an element [¢] € KK'(M, M). By the Kasparov product, we have an
element

[¢]®[D] € KK' (M, pY)

and also
i1®([¢]®[D]) = [¢|n]®[DN] € KK°(N.C).

On the other hand, the Roe-Higson index theorem implies (A(x), &) = ¢4 (i!®x)
with x € KK'(M,pt) the fundamental class of the Dirac operator, where
A: KKY(M,pt) — K{(C*(M)) is the assembly map and g+: K°(N) — Z is the
homomorphism induced by the mapping ¢ from N to a point. Thus we have

(A([#]®ID]). &) = q+(i!®([¢]®[D])) = index(Ty| ).

which is a statement of the main theorem for M = R x N.

This formal argument is correct only if ¢ is an element in GL;(Co(M)) since
the above KK groups are defined as KK (M, pt) = KK'(Cy(M), C), for instance.
However, if ¢ were chosen as an element in GL;(Co(M)), ¢ should take a constant
value outside a compact set of M. This implies that ¢|x is homotopic to a constant
function in GL;(C(N)) and thus index (7}, ) should vanish. Therefore, in order to
obtain non-trivial index, we have to employ a larger algebra than Cy(M).

Higson [9] introduced such a C *-algebra Cj, (M) that contains Co(M), which
is now called the Higson algebra. It plays an important role in a K-homological
proof of the Roe—Higson index theorem. The Higson algebra is defined as follows:
Cp(M) is the C *-algebra generated by all smooth and bounded functions defined
on M of which gradient is vanishing at infinity [9, p. 26]. C,(M ) contains Co(M)
as an ideal and is contained in Cy (M) by definition. Given ¢ € C*°(N), we note
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that ¢ = 1 ® ¥ does not belong to Cy, (M) in general. Thus the Higson algebra is not
large enough to prove our main theorem. On the other hand, we have ¢ € Cy(M).
Moreover, C,, (M) is the largest C*-algebra A for which we can define [D] as an
element in KK%(A, C*(M)). They are reasons why we introduced the C *-algebra
Cw(M) in our main theorem.

This paper contains more general method than that of author’s previous paper [17],
which proves the case when two dimension by elementary method and contains a
non-trivial example.

2. Preliminaries

2.1. Partitioned manifolds. We firstly describe a partitioned manifold, which is a
main object in our main theorem.

Definition 2.1. Let M be an oriented complete Riemannian manifold. Assume that
the triple (M ™, M ~, N) satisfies the following conditions:

e M™T and M~ are submanifolds of M of the same dimension as M, dM + # (¢ and
oM~ #£ 0,

e M=MtUM—;
e N is a closed submanifold of M of codimension one;
e N=MtTNM-=-0M*t=0M".

Then we call (M, M~, N) apartition of M. M is also called a partitioned manifold.

Figure 1. Partitioned manifold.

For example, we can consider R x N is partitioned by (R4 x N, R_x N, {0} xN),
where weset Ry = {t e R;¢t>0}and R_ = {r e R; ¢t <0}.
We fix the notation of two functions which are defined by a partition.

Definition 2.2. Assume that M is partitioned by (M *, M~, N). Denote by IT the
characteristic function of M * and set A = 211 — 1.
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2.2. The Roe algebra. In this subsection we recall the definition of the Roe algebra
C*(M) and describe some properties of it.

Definition 2.3 ([14, p. 191]). Let M be a complete Riemannian manifold and S — M
a Hermitian vector bundle. Denote by L2(S) the L2-sections of S and £ (L2(S)) the
bounded operators on L2(S). Denote by X the algebra of bounded integral operators
on L2(S) which have smooth kernels and finite propagation. Denote by C* (M) the
closure of X and call it the Roe algebra.

We collect some properties of the Roe algebra which we shall need. Let Co(M)
be the C *-algebra of all continuous functions on M vanishing at infinity.

Proposition2.4 ([11,14,15]). Let M be a complete Riemannian manifold and S — M
a Hermitian vector bundle. Denote by D* (M) the x-subalgebra of £(L*(S)) which
contains pseudolocal operators with finite propagation, where T € £(L?(S)) is
pseudolocal if [, T] ~ 0 forall f € Co(M), that is, [ f, T] is a compact operator.
Denote by D*(M) the closure of D*(M). Then the following holds:

(i) D*(M) is a unital C*-algebra;
(ii) Forallu € C*(M) and f € Co(M), one has uf ~ 0and fu ~ 0;

(ili) C*(M) isequalto the closure of {u € £(L?(S)); finite propagation and uf ~ 0
and fu ~O0forall f € Co(M)};

(iv) C*(M) is a closed *-bisided ideal in D*(M);

(v) Let D be a self-adjoint first order elliptic differential operator with finite propa-
gation. Then one has f(D) € C*(M) forall f € Co(R) and y(D) € D*(M)
for any chopping function y € C(R;[—1,1]). Here y € C(R;[—1,1]) is a
chopping function if y is an odd function and limy_ o y(x) = 1.

Moreover, we assume M is a partitioned manifold. Then we can get the following
properties.

Proposition 2.5. If M is a partitioned manifold, then the following holds:
(i) Forallu € C*(M), one has [T1,u] ~ 0 and [A,u] ~ 0.
(ii) For allu € C*(M) and ¢ € C(M) satisfies ¢ = II on the complement of a

compact set in M, one has [, u] ~ 0.

Proof. Dueto [14, Lemma 1.5], [I1, u] is of trace class for allu € X. So (i) is proved
by the definition of C*(M). Since the support of IT — ¢ is compact, there exists
f € Co(M) such that f(IT —¢) = (I1 — ¢) f = I1 — ¢. Therefore, we get (ii). O

2.3. The Roe cocycle. We define a certain cyclic 1-cocycle on X/, which is called
the Roe cocycle.
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Definition 2.6. For any A, B € X, set
1
(A, B) = ZTr(A[A,A][A, B]).

We call : X x X — C the Roe cocycle.
Proposition 2.7 ([14, Proposition 1.6]). ¢ is a cyclic 1-cocycle on X.

In our main theorem, we would like to take the pairing of ¢ with the index class
in K1(C*(M)). For this purpose, we have to extend a domain of .

Definition 2.8. Let M be a partitioned manifold and S — M a Hermitian vector
bundle. Then we define a subalgebra 4 in C* (M) such that one has u € A if [A, u]
is of trace class.

We note that »4 is a Banach algebra with norm ||u||4 = ||u|| + ||[A, u]|1, where
|l - || is the operator norm and || - ||; is the trace norm.

Proposition 2.9. Let M be a partitioned manifold and S — M a Hermitian
vector bundle. Then 4 is dense and closed under holomorphic functional calculus
inC*(M).

Proof. Since X C A C C*(M), 4 is dense in C*(M). By [6, p. 92 Proposition 3]
and Proposition 2.5(ii), + is closed under holomorphic functional calculus in C*(M).
O

Remark 2.10. Due to Definition 2.8, we can extend a domain of { to AT, the
unitization of .

2.4. Pairing of the Roe cocycle with an element in K;-group. For any Banach
algebra A, we denote by A™ the unitization of A. Denote by GL;(A) the set of
invertible elements u in M;(A™) such that we have u — 1 € M;(A). Set K;(A) =
70(GLoo(A)), the Kq-group of A. In this subsection, we describe Connes’ pairing
of the Roe cocycle with an element in K (C*(M)).

Proposition 2.11. Let M be a partitioned manifold and S — M be a Hermitian
vector bundle. Then the inclusion i: A — C*(M) induces an isomorphism

iv: Ki(A) = K1 (C*(M)).

Proof. Use Proposition 2.9 and [6, p. 92 Proposition 3]. O
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Due to Proposition 2.11, we can take the pairing of the Roe cocycle with an
element in K;(C*(M)) through the isomorphism i,: Ky (A) =~ K (C*(M)) as
follows:

Definition 2.12 ([6, p. 109]). Define the map
(- ¢): Ki(C*(M)) — C

by ([u],¢) = % D ¢((w™1)ji,uij), where we assume [u] is represented by an
element ¥ € GL;(4) and u;; is the (i, j)-component of u. We note that this
is Connes’ pairing of cyclic cohomology with K-theory, and 1/8mi is a constant
multiple in Connes’ pairing.

We can write its pairing by a Fredholm index.
Proposition 2.13. For any u € GL;(C*(M)), one has

([u].¢) = —#index(l’[ul’[: TI(L2(S))! — TI(L2(S))").

Proof. Since both sides of this equation do not change by homotopy of u €
GL;(C*(M)), it suffices to show the case when u € GL;(+). Then we obtain

) 1 _ 1 _
8i[u). ¢) = 5 > Tr(A[A, A i) = ZTr(A[A,u [A, u)).
i,j
Due to an equality IT— Ty~ TTuIT = —II[IT, u~!][IT, u]I1, these two operators
IT — TTu~ ' TTuIT and TT — IMuTTu "1 are of trace class on TT(L2(S))!. Thus we get

index (TTuIT: TI(L2(S))! — T(L*(S))")
= Tr(TT — Hu ' Mull) — Tr(TT — HuTlu~'1I)

by [6, p. 88]. The above calculations implies desired equality. O

2.5. Toeplitz operators. We recall the definition of Toeplitz operators for Dirac
operators and its index theorem. The Fredholm index of the Toeplitz operator appears
in our main theorem.

Definition 2.14. Let N be a closed Riemannian manifold. Let Sy — N be a Clifford
bundle in the sense of [16, Definition 3.4] and D y the Dirac operator of Sy . Denote
by H the subspace of L?(Sy) generated by non-negative eigenvectors of Dy and
let P: L?(Sy) — H_ be the projection.

Let ¢ € C(N ; M;(C)) be a continuous map from N to M;(C). Then for any
seH i, we define the Toeplitz operator Ty: H i — H _l|, by Tys = P(¢s).

Toeplitz operators are Fredholm when the range of ¢ is contained in the set of
invertible matrices.
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Proposition 2.15 ([3, Lemma 2.10]). Assume that ¢ is a smooth map, then [¢p, P] is
a pseudodifferential operator of order —1. Therefore [¢, P] is a compact operator
on L2(Sy)! for all € C(N ; M;(C)). This implies a Toeplitz operator Ty is a
Fredholm operator for ¢ € C(N ; GL;(C)).

There exists an index theorem for Toeplitz operators. We can consider that this
index theorem is a corollary of the Atiyah—Singer index theorem. Let 7: S*N — N
be the unit sphere bundle of 7*N. Denote by o(x,£) € End((m*Sn)(x,5) the
principal symbol of Dy forall (x,£) € S*N and § & ¢) the 1-eigenspace ofo(x,§&) =

ic(§). Set 8% =g /S(J; &) then 871 turns out to be a subbundle of 7*Sy .

Proposition 2.16 ([2, Cororally 24.8]; [3, Theorem 4]). The Fredholm index of
Toeplitz operators satisfies the following:

index(Ty) = (w*Td(TN ® C)ch(81)m*ch(¢). [S*N]).

3. Main theorem

3.1. Theindex class. In this subsection, we define the odd index class in K1 (C*(M)).
After that, we take the pairing of the Roe cocycle with this class.

Let (M, g) be a complete Riemannian manifold and S — M a graded Clifford
bundle with the Clifford action ¢ and the grading €. Denote by D the graded
Dirac operator of S. Set || f|| = supyep |f(x)] for f € C(M) and | X| =
SUP ey vV E&x (X, X) for X € C®(TM). Denote by Cp(M) the C*-algebra of
continuous bounded functions on M.

Definition 3.1. Define ‘W (M) by the subset of C °° (M) such thatone has f € W(M)
if || 1] < 400, ||grad(f)| < +o0o. Define Cy(M ) by the closure of W(M ) by the
uniform norm on M.

Of course, W(M) is a unital x-subalgebra of Cp(M). Therefore, Cy (M) is a
unital C *-algebra.

Remark 3.2. Let C;, (M) be the Higson algebra of M, that is, C, (M) is the C*-
algebra generated by all smooth and bounded functions defined on M with which
gradient is vanishing at infinity [9, p.26]. By definition, one has C,(M) C Cy(M).

Weassume M = Rx N and ¢ € C°°(N). In this case, we have 1 ® ¢ € C, (M)
but 1 ® ¢ & Cy(M) in general. This is a merit of using Cy (M) (see Section 6).

We define a Kasparov (Cy, (M), C*(M))-module which is made of the Dirac
operator D. We assume that the Roe algebra C*(M) is an evenly graded C *-algebra
and a graded Hilbert C* (M )-module simultaneously, where the grading is induced
by €. Since yo(x) = x(1 + x2)71/2 is a chopping function, the left composition
of Fp = D(1 + D?)~Y/2 € D*(M) on an element of C*(M) is an odd operator
on C*(M).
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Proposition 3.3. Let u:Cy (M) — B(C*(M)) be the left composition of the
multiplication operator: u(f)u = fu € C*(M) for f € Co(M) andu € C*(M).
Then one has [C*(M), u, Fp] € KK(Cw(M), C*(M)).

Proof. Our proof is similar to the Baaj-Julg picture of Kasparov modules [1,
Proposition 2.2]. Firstly, we obtain Fp € B(C*(M)), since Fp is a self-adjoint
bounded operator on L2(S) and one has Fpu € C*(M) for any u € C*(M).
Becauseof 1 — F3 = 1—D?*(14+ D?)™' = (14 D?)™' € C*(M) = K(C*(M))
and Fj = Fp, it suffices to show [u(f), Fp] € C*(M).

Now, the following integral formula

[u(f), Fp] = %/Ooo ATV20 4+ 0) (1 + D2+ )7 £ D] + D2+ 1) lda
+ 1 /oo A7Y2D(1 + D2+ M)7UD, /1D + D* + A)"'dA
T Jo

is uniformly integrable for any f € W(M) by
[A+D2+ )Y <A+1)7 and |[DA+D2+1)7Y <+1)7V2
for any A > 0, and

[1(f). D] = —c(grad(f)) € D*(M)

for any f € W(M). So we obtain

(1u(f). Fp] € C*(M)

forany f € W(M)by D(1+ D? +1)~! € C*(M) for any A > 0. Thus we obtain

[1u(f). Fp] € C*(M)

for any f € Cy (M), since we have ||[u(f), Fplll < 2| f| for any f € W(M)
and 'W(M) is dense in Cy(M). This implies (C*(M), u, Fp) is a Kasparov
(Cy(M),C*(M))-module. O

Remark 3.4. Set [D] = [C*(M),u, Fp] € KK(Cw(M),C*(M)). Let y be a
chopping function. Then one has y(D) — Fp € C*(M) by y — xo € Co(M).
Therefore, we obtain [D] = [C*(M), u, x(D)], that is, [D] is independent of the
choice of a chopping function y.

This class [D] € KK(Cy (M), C*(M)) goes to the E-theoretic class introduced
by C. Wulff [19] by using the canonical map

KK(Cy(M),C*(M)) - E(Cy(M).C*(M)).
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Any ¢ € GL;(Cyw(M)) determines [¢p] € K;(Cyw(M)). Due to the Kasparov
product

®c,): K1(Cw(M)) x KK (Cy(M),C*(M)) — K1(C*(M)),

we get the index class in K1(C*(M)) as follows.
Definition 3.5. For any ¢ € GL;(Cy(M)), set

Ind(¢. D) = [¢]®c,n)[DP] € K1(C*(M)).

3.2. The operator on N. Roughly speaking, our main theorem is Connes’ pairing
of the Roe cocycle with Ind(¢, D) € K{(C*(M)) is calculated by the Fredholm
index of a Toeplitz operator on a hypersurface N. In this subsection, we define its
operator.

Let M be a partitioned manifold partitioned by (M *, M~ , N). LetS=St® S,
¢ and D are same in Subsection 3.1. Let v € C*°(T'N) be the outward pointing
normal unit vector field on N = oM .

Set Sy = S|y and define cy:C®(TN) — C®(End(Sy)) by cy(X) =
c(v)c(X). Then Sy can be equipped with a Clifford bundle structure with the
Clifford action cy. Denote by Dy the Dirac operator of Sy. We denote the
restriction of ¢ € GL;(Cy(M)) to N by the same letter ¢. Let Ty be the Toeplitz
operator with symbol ¢. This Toeplitz operator T is the operator on N in our main
theorem.

3.3. The index theorem. We recall that we can take Connes’ paring of the Roe
cocycle with Ind(¢p, D) € K{(C*(M)). Our main theorem gives the result of its
paring.

Theorem 3.6. Let M be a partitioned manifold partitioned by (M, M~ ,N). Let
S — M be a graded Clifford bundle with the grading € and denote by D the graded

Dirac operator of S. We denote the restriction of ¢ € GL;(Cw(M)) to N by the
same letter ¢. Then the following formula holds:

(Ind(¢, D), ) = —#index(Td,).

If a function ¢ € C®(M;GL;(C)) satisfies ||¢p| < oo, ||grad(¢)| < oo and
||| < oo, one has ¢ € GL;(C,(M)) since the gradient of ¢! is also bounded.
The index theorem for Toeplitz operators (see Proposition 2.16) implies the following:

Corollary 3.7. Let M be a partitioned manifold partitioned by (M, M~ , N),
and T1 the characteristic function of M ™. Let S — M be a graded Clifford bundle
with the grading € and denote by D the graded Dirac operator of S. Assume
that ¢ € C®(M; GL;(C)) satisfies ||¢| < oo, ||grad(¢)| < oo and ||¢p~!| < oo.
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Then one has
index(H(D o)t [‘g (1)] (D + )TI: TI(L2(S)) — n(L2(S)))

:/ 7*Td(TN ® C)ch(8T)m*ch(¢).
S*N

The proof of Theorem 3.6 and Corollary 3.7 is provided in Sections 6 and 7.

4. Suspensions and extensions

4.1. A relationship with Roe’s odd index. In this subsection, we give a formal
discussion about a relationship with Roe’s odd index. Firstly, we recall the definition
of Roe’s odd index class odd-ind(D) [14, Definition 2.7]. Let M be a complete
Riemannian manifold, S — M a Clifford bundle, D the Dirac operator of S and y a
chopping function. Then we have y(D) € D*(M) and g(x(D)) is independent of a
choice of y, where g: D*(M) — D*(M)/C*(M) is a quotient map. Moreover, we
have
[4((x(D) + 1)/2)] € Ko(D*(M)/C*(M))

by x>—1 € Co(R;R). Let§: Ko(D*(M)/C*(M)) — K,(C*(M)) be aconnecting
homomorphism of the six-term exact sequence in operator K -theory. Set

odd-ind(D) = 8([q(()((D) + 1)/2)]) € K; (C*(M)).
Remark that we have
odd-ind(D) = [(D —i)(D +i)™']

if we choose

0= ol 520

where we choose the principal value of the argument is (—, 7]. Note that the map
defining the odd index class is called the assembly map

A: K (Co(M)) — K1(C*(M)).

Secondly, we reconstruct this odd index in terms of KK-theory. Define
c.:C - Cy(M)byc,(x) =zforz e Cand x € M. Then we have

c. € KK(C,Cy(M))
since this map c. is a *-homomorphism. On the other hand, we have
[C*(M) & C*(M), ;1 & . x(D) ® (—x(D))] € KK'(Co(M),C*(M))

1/2

since xo(x) = x(x? 4+ 1)~1/2 is a chopping function and we have y — yo € Co(R).
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We denote by [D] this K K-element. Then we obtain
C~®CW(M)[D] = odd—ind(D).

Finally, we may suppose our Kasparov product is a counterpart of Roe’s odd index
as follows. We composite the suspension isomorphism

KK(C,Cyw(M)) — KK'(C,Cu(M) ® Co(R))
and the induced homomorphism by an inclusion
Co(M) ® Co(R) = Co(M) ® C(S1) — Co(M x S).
Thus we get a homomorphism
0:KK(C,Cy(M)) - KK'(C,Cy(M x S1)).
On the other hand, there is a homomorphism
KK'(Cu(M),C*(M)) - KK'(Cy(M),C*(M x S'))

since KK is stable. Let Dg1 be a Dirac operator on S'. Dg1 determines [Dg1] €
KK(C(S!),C). By the composition of the Kasparov product [Dg1] ®¢ — and the
induced map of this x-homomorphism

Co(M x SY) 3 [ = fluxpy ® 1 € Cy(M) @ C(S1),
we get a homomorphism
T: KK'(Cy(M),C*(M)) - KK(Cy(M x S'),C*(M x Sh)).

Consequently, by using homomorphisms o and 7, we may suppose our Kasparov
product is a counterpart of Roe’s odd index.

4.2. Wrong way functoriality. In this subsection, we see a correspondence between
an index theorem for partitioned manifolds with Connes’ wrong way functoriality.
For the simplicity, we assume M = R x N with N closed. Leti:{pt} — R be an
inclusion map defined by i (pt) = 0, and p: R — {pt} a constant map. Due to Connes
(see, for instance, [5,7]), they define wrong way functoriality i! € KK!(C, Co(R)),
(i xidy)! € KKY(C(N),Co(M)) and p! € KK (Co(R), C), respectively. We note
the following:

i'®cy®) P! = (poi)! = 1c € KK°(C,C).

Let Dy be the Dirac operator on N and Dg the Dirac operator on R defined by
a spin structure of R. These Dirac operators define elements in K-homology, that is,
they define

[Dy] € KK*(C(N).C) and [Dgr] = p!€ KK'(Co(R),C),
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respectively. Moreover, Dy and DR determine the Dirac operator Dps on M =
R x N satisfies

[Du] = [Dr] ®c [Dn] € KK*T(Co(M), C).
Firstly, we assume * = 0. Let [E] € KK°(Co(M), Co(M)) be a K K-element
defined by a vector bundle £ — M by using the inclusion map

KK°(C,Co(M)) — KK°(Co(M), Co(M)).

Then we have

(i xid§)! ®cym) ([E] ®coar) [Dam])
= [E|n] ®cwv) (i xidn)! ®cym) ([Pr] ®c [Dn])
= [E|n] ®cw) [Dn]-
Therefore, by using the map

g+: KK°(C(N),C) - KK°(C.C) = Z,
which is the homomorphism induced by the mapping ¢ from N to a point, we have

ax(i! ®coon) ([E] ®con) [Du))

is equal to the Fredholm index of the Dirac operator on N twisted by E|y. This is a
similar formula to the Roe—Higson index theorem. Combine the Roe—Higson index
theorem, this implies the composition of the assembly map A with Connes’ pairing
of ¢ is equal to g« (i! ®c,m) —)-

On the other hand, we assume *x = 1. Take ¢ € GL;(Cy(M)), then it defines an
element [¢] € KK'(Co(M), Co(M)) by using the inclusion map

KK'(C,Co(M)) — KK'(Co(M), Co(M)).
The similar argument in * = 0 implies

C]*(l' ®CO(M) ([[QS]] ®C0(M) [DM])) = ind'eX(T¢|N)‘

However, since ¢ — 1 vanishes at infinity, ¢| ; is homotopic to a constant function in
GL;(C(N)). Therefore the right hand side is always 0.

One might suspect that this computation can be (partially) extended to a
larger class of ¢. This suspicious is natural, however, the equality (A(x),{) =
g« (i! ®cy(m) x) is only proved when x € KK'(Co(M),C) is the fundamental
class of the Dirac operator by using the Roe—Higson index theorem. In particular,
the left hand side vanishes when dim M is even, that is, the above x is an element in
the kernel of (A(—), ¢). Therefore, we have to directly prove at least the equality

(Ind(D,1® ¥).¢) = ¢+ (i! ®cyn) ([Pr] ®c ([¥] ®cv) [Dn])))

for ¥ € GL;(C*(N)) in order to prove our main theorem by using wrong way
functoriality. Of course, our main theorem implies this formula.
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4.3. The Roe cocycle and an extension. In this subsection, we see a relationship
between the Roe cocycle ¢ and an extension. Let M be a partitioned manifold and IT
the characteristic function of M*. Set H = TI(L?(S)). Let ¢: £(H) — Q(H)
be the quotient map to the Calkin algebra. Define 6: C*(M) — £(H) by 6(A) =
MAMD andt:C*(M) - Q(H) byt =g oo. Set

E={AT)eC*(M)® £(H): t(4) = q(T)}.
Then we get an extension t of C*(M):
0—- K(H)— E—C*(M)—0.

This extension 7 corresponds to the Fredholm module (L?(S), A) on X and the
Connes—Chern character of (L?(S), A) equals the Roe cocycle.

By the definition of a pairing (-, -)ina: K1 (C*(M)) x Ext(C*(M)) — Z and
Proposition 2.13, we obtain

([ul. &) = ([u]. [t]}ina = index(TTuIT)

up to a certain constant multiple for any [u] € K;(C*(M)).
Moreover, these are equal to the connecting homomorphism of this extension:

3:K1(C*(M)) > Ko(K(H)) = Z.
In fact, for any unitary
ueU(C*(M)) ={uecUC*"M)"):u—1eC*(M)},
denote by v(u) the partial isometry part of the polar decomposition of o (u). Then

we have t(1#) = g(v(u)) since o (1) is an essential unitary operator on H. Therefore,
(u,v(u)) € E is a partial isometry lift of u. So we obtain

3(u]) = [T = v()*v(@)] = [T = v@)v(n)*] € Ko (K (H)).
By the identification Ko (K (H)) = Z, we have
3([u]) = index(v(u)) = index (0 (u)).
Therefore, we obtain
(041, ) = {[u]. [1])ina = B([u]) = index(MuTT)

up to a certain constant multiple.
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5. Calculation of the Kasparov product in the index class

5.1. Explicit formula of the index class. In this subsection, we represent the
index class by an element in GL;(C*(M)). For this purpose, we present [D] by
the Cuntz picture of KK(Cw (M), C*(M)) and then we calculate Kasparov product

[p]®c, ([ D]. Set
Cp(M) = {u + [{; g] cueC*(M), f.ge Cb(M)}.

Then C, (M) is a C*-subalgebra of D*(M) and contains C*(M) as an essential
ideal. Let y € C(R;[—1, 1]) be a chopping function. Set n(x) = (1 — y(x)?)/? €
Co(R). Then 7 is a positive even function and we have n(D) € C*(M).

Proposition 5.1. Let 1: C,)(M) — Moo (Cy(M)) be the standard inclusion and K

the C*-algebra of all compact operators on a countably infinite dimensional Hilbert
space. Set Dy, = y(D) + en(D) € D*(M),

vt =(24 o] 0:) wa v-i=o([g 7])

(Y4, ¥-): Co(M) — B(Hc+any) > C* (M) ® X
is a prequasihomomorphism from Cy(M) to C*(M) ® K in the sense of [8,
Definition 2.1] and one has [D] = [V, V-] in KK(Cy(M),C*(M)). We note
that (Y4, ¥_) is a quasi-homomorphism in the sense of [ 12, Definition 3.3.1]. Here,
we omit the subscript y for the simplicity.

Then

Proof. We assume C*(M)°P is equipped with the interchanged grading of C*(M).
Then (C*(M)P, 0, y(D)) is a degenerate Kasparov (Cy (M), C*(M))-module. So
we obtain

_ [ oy, [# O] [x@) 0
[D]—[C (M)eC (M)p’[o o}’[ 0 X(D)H'

Since the following difference

|:€77(D) X(D):| _|: 0 X(D)] B [en(D) 0 :| € Mx(C™(M))

is an C*(M)-compact operator, we obtain [D] = [C*(M) & C*(M ), u & 0, G|,
where G is the operator of the first term of the above difference.
The even grading of C* (M) is defined by the decomposition of St & S~, so we

have
— _ * tri * wi | M 0 0 0 0 0(0
[D]—|:E—C(M) b C*(M) ,[0 O]GB[O ,u]’[i) 0]i|
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under the canonical isomorphism (see [4, p.119]):
KKO(CW(M)’ C*(M)) = KKO(CW(M), C*(M)tri)’

where "' means the trivially grading. Now, we conjugate by D @ 1 € B(E). Then

we obtain 2 0D 0 0 1
_ US>
o=[s [ 2 3]

By adding a degenerate (Cy, (M), C*(M)™)-module (Hc*ar)®Hc*(ar). 0. [ 4 ]).
we obtain

% p gt (D(n®0)D) &0 0 0 1
[D] = [(C (M) @Hc*(M))z,[ 0 06 1) @0} , [1 0]],

where H¢+(pr) is a countably generated Hilbert space over C*(M)"™. We define a
unitary operator
W:C*(M)" & Hexmy — Hexan

by W(ao, (a;)72,) = (ai);2, and conjugate by W @& W. So we obtain

i=1

[D] = |:HC*(M) ® Hex )y |:w0+ WO_:| ’ |:(1) (1)] i|

We can show ¥4 (f) € Moo (C,(M)) by using
0 0 1 ~
|: |:‘w0+ w_j| , |:1 0] :| € K(HC*(M)M)‘

(Y4, Y-): Cy(M) = B(He=an)) > C* (M) @ K
is a prequasihomomorphism from Cy (M) to C*(M) ® K and we obtain
[D] = [+, -] O

Remark 5.2. By definition, one has

TN e

Therefore,

0 0 0 f 0 n(D)~ f
for any f € Cy(M). We get another proof of ¥4 (/) € M (Cp'(M)).

The Cuntz picture of Kasparov modules suits the Kasparov product with an ele-
ment in K;-group [8, Remark 1, Theorem 3.3]. See also [12, p. 60], which contains
an explicit formula.

Proposition 5.3. Forany ¢ € GL;(Cw(M)), one has

Ind(¢,D)=[:D[f§ ﬂ:o[(l) qﬁlHeKI(c*(M)).
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Proof. Firstly, we obtain

w+<¢—1)+1=1(®[‘§ ?]@) and vf_(¢—1)+1=j([é gD

where j: GL;(Cp(M)) — GLoo(Cy (M)) is the standard inclusion. Thus we get

0 ¢

The last of this subsection, we back to Connes’ pairing in our main theorem.

Ind(¢, D) = [i) |:g(l')> (1)] D [1 O_IH € Ki(C*(M)). O

Remark 5.4. By Proposition 2.13, one has

(Ind(¢. D). )
1 0 0
:—glndex(noﬁ[(b }@[o 6! }“iH(H(S))l*“(LZ(S))l)'

On the other hand, TTuTT is Fredholm for any u € GL;(C, (M)) because of [ f, IT] =
for any f € Cp(M). This implies

1
(Ind(¢p, D), &) = ——mdex(H.SD |:¢ 0] !DH)
In order to use bellow sections, we fix notation here. Set

¢ 0 1 0
“x,d):@x[o 1 Dy and vy =uUy e — 0 ¢l

Then we obtain

L [@—Da(d)*r [p (D)
”X"”_‘DX[ 0 n(D)‘(aﬁ—l)]

5.2. Another formula in the special case. By Remark 5.4, our main theorem is the
coincidence of two Fredholm indices:

index (ITu ¢ 1) = index(Ty).

Both sides of this equation do not change a homotopy of ¢. Therefore, it suffices
to show the case when ¢ € GL;(‘W(M)). In this case, p: M — GL;(C) is a
smooth function such that ||¢|| < oo, ||grad(¢)|| < oo and ||¢~!|| < co. Moreover,
we also assume that ¢ satisfies [|D|, ¢] € £(L?(S)). This condition is a technical
assumption in this subsection. For example, if S — M has bounded geometry and
all derivatives of ¢ are bounded, then ¢ satisfies this technical assumption. Set

Wi(M) = {f € WM);[ID], f] € £(L*(5))}.
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1/2

In this subsection, we use yo(x) = x(1 + x?)~!/2 as a chopping function, that is,

we use D = Dy,.
In order to prove our main theorem, we perturb the operator JD[‘g (1)]1) by a
homotopy. Firstly, for any ¢ € [0, 1], set

F,=t+(1—1)(1+4 D*>»7Y2 e D*(M).

Forany ¢ € (0, 1] and x € R, set

1
t+ (=11 +x2)~1/2°

Ji(x) =

Then we obtain f;(D) € D*(M) since we have f; — 1/t € Co(M). Thus F; has a
bounded inverse F;"! = f;(D) for any t € (0, 1].
Secondly, because of

(D +e)7! [{; 8} (D +€)o — [8 5),] o=(D+e7! [{; —C(griii(f))‘] -

forany f € M;(W(M)) and o € C°(S), we obtain

= 21/ + ligrad(HOl) o]l 2

L2

H(D +e)7! [{; 8} (D +e¢)o

This implies
1|/ 0 2
o(f)=(D +¢) 0 0 (D +¢€) € £(L*(S))
since C2°(S) is dense in L2(S). Moreover, we obtain p( f) € C,(M)by (D +e)le

C*(M) and
S —c(grad(f))” x
[O P i| € D*(M).

Finally, set po(f) = ;’D[{; 8]50 and p;(f) = F; 'p(f)F, forany t € (0, 1] and
f € W(M). Formally, we set F; ! = (1 + D?)Y/2_ Then we obtain

pe(f) = F'p(f)Fr € £(L2(9))

for any ¢t € [0, 1] and f € W(M). We note that we have

wH =0/ o|D wa miH=o0n).

This family of bounded operators 7 — p; () is continuous in C,’ (M) for f' € W1 (M).
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Proposition 5.5. Foranyt€|0, 1]and f€ M;(‘W1(M)), one has p; () € M;(C, (M)).
Moreover,

[0,1] 51+ p(f) € Mi(Cr(M)) C Mi(£(L*(S)))

Is continuous.

Proof. 1t suffices to show the case when [ = 1.
Firstly we show p;(f) € Cp'(M). Whent = 0, 1, we already proved. We assume
t € (0,1). We have

w=[o §]=rr@reor

tf + (1 —10)f(1+ D?)7V2 te(grad(f)” + (1 —1)[f. D~(1+ D?)71/?]
[ 0 tf + (1 =01+ D2 ]

Because of F, ! € D*(M), (D + €)' € C*(M) and

tf +(—1)f(14+ D272 te(grad(f))” + (1 —0)[f. D~(1 + D?)~1/?]
[ 0 tf + (=01 +DH)V2f }

€ D*(M),

we obtain p;(f) € Cp(M).

Next we show continuity of > p;(f). F; 1, p(f), and F; are bounded operators
foranyt € (0,1],and [0,1] > ¢ — F; € £(L?*(M)) is continuous. Thus ¢ — p;( f)
is continuous on (0, 1]. The rest of proof is continuity at £ = 0. First, we show
(D 4+ ¢€)"'F'|| < 2forany ¢ € [0, 1]. Set

X

1+ 27 + (-1 +x2)-172)
1

T+ )+ (-1 +x2)12)

g(x) =

and he(x)

Then we have
1 1
= <1
t(x| +1/|x)+ A =1)/1+1/x2 " 2t +1—1

and |h;(x)| < 1. Thus we obtain ||(D + €)"'F ! <2 by

lgr(x)| =

(D+e) ' F=DA+ D) F ! +e(1+ D)7 = (D) + ehy(D).
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By using ||(D + €)"!F, 71| < 2, we can prove continuity at 7 = 0. For any 7 > 0, a
difference p; () — po(f) equals

(D +e) ' F! [tf —1f(14+ D?™2 te(grad(f)” —1[ £, D~(1 + DZ)—I/z]}

0 tf —t(1+ D272 f

_ _ D2 —-1/2 "D~ D2 —1/2
D+, 1—@}[f“+0 O ]]

The first term converges to 0 with the operator norm as ¢ — 0.
We show the second term converges to 0 with the operator norm as ¢ — 0. Due
to

D—(D+eF =t(D+e)fl —(1+ D>72),

the second term is equal to

1D+ &) FH{(1+ DY)V — 131 + D)/
f(1+D?7Y2 [f,D=(1+ D?)~V/2]
' [ 0 (1+ D)~V f } ‘

Therefore, if (1 + D2)Y/2 f(1 + D?)~"/2 and (1 + D?)V2[f. D(1 + D?)7/?] are
bounded, the second term converges to 0 with the operator norm as ¢ — 0. We show
that (1 + D?)V/2 f(1 + D?)"Y/2 and (1 + D?)"/2[ £, D(1 + D?)~"/2] are bounded.
By using the following equalities
(D> +D'2f(D* + )7V =[(D*+ D2 fID*+ 1)V + f
and
(D?+ DV2[£.DD* + )72 = [(D? + D2, f]DD* + )72 + [/ D],

it suffices to show that [(D2 + 1)'/2, f] is a bounded operator. Because of a(x) =
VX2 +1—]x| € Co(R), we have (D) € £(L*(S)). This implies [(D? +1)'/2, f]

is bounded if and only if [| D[, f] is bounded. We note that boundness of [|D|, f] is
required the definition of the algebra 'W; (M ). Hence,

(D> + D2 (D2 +1)7Y2 and (D + D)'V2[ £, D(D* 4+ 1)7/?]

are bounded. Thus the second term converges to 0 as ¢ — 0. Therefore ¢ — p;(f)
is continuous. 0

Due to Proposition 5.5, the following maps

M{p:(¢ — 1) + DI TI(L3(S)) — T(L3(S))
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determines a continuous family of Fredholm operators for any ¢ € GL;(W,(M)).
Therefore, we obtain

(Ind(¢. D), ¢) = —L_index(n(z) +eo)! [") 0] (D + e)n)
8mi 0 1

for any ¢ € GL; (W1 (M)).

Remark 5.6. In the definition of p;, we do not use the assumption [|D], f] €
L(L?(S)). In particular, one has p(f) € Cy(M) for f € W(M). Set o(¢p) =
p(p—1)+ 1forany ¢ € GL;('W(M)). Then the operator [To(¢)I1 is Fredholm for
allg € GL;(W(M)).

6. The case for R x N

Let N be a closed manifold. In this section, we prove Theorem 3.6 in the case that
M = R x N. Recall that R x N is partitioned by (R4 x N,R_ x N, {0} x N).
Let Sy — N be a Clifford bundle, ¢y the Clifford action on Sy and Dy the Dirac
operator on Sy. Given ¢ € C®(N;GL;(C)), we define the map ¢: R x N —
GL;(C) by ¢(t,x) = ¢(x). We often denote ¢ by ¢ in the sequel. Note that we
have ¢ € GL; (W1 (R x N)).

Let p:R x N — N be the projection to N. Set S = p*Sy & p*Sy and
€ = 1 @ (—1), where € is the grading operator on S. Then we define a Clifford action

¢:C®(TM) — C*(End(S))
by

_ 0 1 _ 0 CN (X ) oo
c(d/dt) = |:_1 O]’ c(X) = |:CN(X) 0 ] forall X € C*°(TN).
Here d/dt¢ is a coordinate unit vector field on R. Then S — M is a Clifford bundle
and the Dirac operator D of § is given by

b 0 d/dt + Dy
= |—d/dr + Dy 0 ‘

Denote by H, the subspace of L2(Sy) which is generated by non-negative
eigenvectors of D . Also denote by H_ the orthogonal complement of H in L2(S).
Set F = 2P — 1, where P is the projection to H.

Due to Subsection 5.2, it suffices to show

index(H(D +e)! |:(g ?i| (D + e)H) = index(Ty).

For this purpose, we perturb the operator I1o(¢)I1 by ahomotopy. We firstly estimate
the supremum of some functions to prove a continuity of the homotopy.
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Lemma 6.1.

(i) Set .
X
e R (=

foralls € [0,1] and x € R\ (—s,s). Then one has sup, | fs(x)| < 2 and
sup, |gs(x)| <2 foralls € [0, 1].

(ii) Set
1

x2 +{(1 —s)A + ssgn(A)}2 + (1 — )2
and vy, s(x) = xpp s(x) forall A € R, s € [0,1) and x € R, where sgn(1) is 1
if A >0o0r—1ifA <0. Then one has

1 1
< <
sgp|u;t,s(x)| =522+ 1) and sgp|v,1,s(x)| 21 —5)VA2+1

JorallA € R, s €[0,1).

/’Lk,s(x) =

Proof. (i) For0 <s < 1/2, we have

| fs(x)] = fs(1—5) < 1.

For1/2 < s < 1, we have
| fs()] = fs(s) = 2.
This implies sup,, | fs(x)| < 2. On the other hand, we have |gs(x)| < gs(s) < 2.

(ii) For A > 0, we have

(1 —=s5)A + ssgn(A) = (1 —s5)A > 0.
On the other hand, for A < 0, we have

(1 —=s)A +ssgn(A) < (1—s5)A <O.

So we obtain |py s (x)| < 7y s(0) < 1/(1 —s)%(A% + 1).

On the other hand, we obtain

[va,s(x)| < V)k,s(\/{(l — $)A + ssgn(A)}2 + (1 — s)2)
1
= 20—$)vVA2+1

Proposition 6.2. Set

D — 0 d/dt + (1 —s)Dy + sF
$ 7| —=d/dt + (1 —s)Dy + sF 0
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Joralls € [0, 1] and
ugs = (Ds + (1 —S)G)_l [?)) ?i| (Ds + (1 —s)e).

Then the map [0,1] 3 5 = ug s € L(L2(S)Y) is continuous.

Proof. Tt suffices to show the case when [ = 1. Since we have (d/d¢)* = —d/dt
and Dy is a Dirac operator on N, Dj is a self-adjoint closed operator densely defined
on domain(Dy) = domain(D).

Next we show o (D) N (—s,s) = @ forall s € (0, 1]. Set

_ 0 d/dt + (1 —s)Dy o F
TS_[—d/dt—i—(l—s)DN 0 ] and J_[F 0]

These operators T and J are self-adjoint and we have
Ds=Ts+sJ and TyJ +JTs=2(1—s)DyF >0
on domain(D). So for any o0 € domain(D), we obtain

1Ds0ll7> = I1T50 1172 + s2Ja 172 + s{(TsJ + JTy)o,0) 2

2 2 20112
> 57| Jollp. = s7llollg..

This implies o (Ds) N (—s,s) # @. In particular, D has a bounded inverse.

On the other hand, when s € [0, 1), we have (Dg + (1 — 5)e)™! € £(L%(S))
since (Ds + (1 —s)€)? = D2 + (1 —5)? is invertible. Therefore ug ; is well defined
as a closed operator on L?(S) with domain(uy ) = domain(D) for all s € [0, 1].
Thus we obtain ug ; € L(L*(S)) by

wf{éq+wﬁﬂ—mﬂ

¢
_ [(1 =)@ —1) —(1—s)cn(grad(@)) + s(o. F]}
0 (I=95)(—-1 '

Next we show continuity of [0, 1] 3 5 > ug s € £(L?(S)). First, because

(Ds + (1 - s)e)_l = fs(Ds) + (1 - s)egs(Ds),
we have

nan+a—nd*nsgmﬁun+a—ngM&unf4 (%)

by Lemma 6.1. Therefore {||(Ds + (1 — s)€)~!{|}s[0.1] is @ bounded set.
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Next, for any s, s” € [0, 1], a difference ug s — ug o equals
(s"=5)@—1) (s —s)cn(grad(@)) + (s —s)g. F]}
0 (s"=s)@—1)
+{(Ds + (1 =)&) = (Dy + (1 =)™}
. [(1 —s)¢—1) —(1—s"cn(grad(¢)) + 5'[¢, F]
0 (1=s) -1
The first term o v converges to O with the operator norm as s — s”.

The rest of proof is the proof of the convergence to 0 of the second term S .
Firstly, we assume s” = 1. Then we obtain

(D + (1-)e)! [

:| =g + ﬂs,s’-

,Bs,l = {(Ds + (1 —s)e)_l — Dl_l} [8 [¢’()F]:|

and

(Ds +(1—s)e) ' = D' = (s — 1)(Ds + (1 —s5)e) ' D! [ 0 DNi|

Dy O
+(1=5)(Ds + (1 =9)e)~'(J —e) DT
since Dy commutes F' and d/df on domain(D), respectively. Therefore, we have

Lpeifo 0
Boi = (s = D(Ds + (1=5)e) ' D} [0 Dyle. Fl}

+ (1 —$)(Ds + (1 —)e)"'(J — ) D} [8 [¢bF1]

and thus B ; converges to 0 with the operator norm as s — 1 since Dy[¢, F]is a
pseudo-differential operator of order 0 on N and |[(Dg + (1 — s)e)~ |, |/, Il€ll,
and || D7!| are uniformly bounded.

We assume 0 < s’ < 1. Since an operator

[(1 =N —1) —(1—s")cn(grad(¢)) + s'[@, F]]
0 (1-s)@—1)

is bounded, it suffices to show
|(Ds + (1 = 5)e) ™ = (Dy + (1 =5")€) | =0

as s — s’. We have
(Ds + (1—5)e) " = (Dy + (1 —5")e) ™"
=(s—5)(Ds+ (1 —s)e)_1 [DON DON (Dy + (1 — s’)e)_1

+ (5" —5)(Ds + (1 =5)e) " (J —e)(Dy + (1 = 5)e) ™"
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and the second term converges to 0 with the operator norm as s — s’ by (x). So it
suffices to show that an operator U defined by

U= py W]t a-sre

_ [DnASd/dt + (1 —s")Dy + 5'F) —(1—s")DyA!
- (1—s)DyA! DyA N (—d/dt + (1 —s")Dy + s'F)

is a bounded operator on L2(S) = L?(R)? ® L?(Sy), where set
Ay = —d?/di* + {(1 = s)Dy + S F}* + (1 —s')2.

Now, if DyA!, iDyA;'d/dr, and DyA,' Dy are bounded, then U is also
bounded. We show Dy As_,1 Dy is bounded. Denote by £, the A-eigenspace of Dy .
Then DNAS_,IDN acts as

W —d?/di? + ((1—s)A + s'sgn(R)* + (1 =52}

on L2(R) ® E,. This operator is equal to A%, s (id/dr) and we have

1A% a5 (id/dn)] < 1/(1 = 5')?
by Lemma 6.1. Therefore we obtain

IDnAG Dy = 1/(1 =)

Similarly, we can show

IDNAGH = 1/(1=5)?  (use pay)
and

[iDy A d/de|| < 1/2(1 —s")  (use vy ).
Thus U is bounded. Therefore we obtain
[(Ds + (1 =5)e) ™ = (Dy + (1 —5)e) | =0

as s — s’ as required. O

By Proposition 6.2, TTuy ¢ I1 is a continuous path in £ (IT(L?(S ). In fact, this
continuous path is a desired homotopy of Fredholm operators.

I 0
oa =g )

forall s € [0,1]. One has [I1,vg 5] ~ 0. Therefore,

Proposition 6.3. Set

Mug  I: TI(L*(S)) — TI(L3(S))

is a Fredholm operator.
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Proof. Itsuffices to show the case when/ = 1. Due to Proposition 6.2 and closedness
of K (L?(S)), we may assume s € [0, 1).

First, we show g(D;s + (1 —s)e)~! ~ 0 for any g € Co(R). Since C>(R) is
dense in Cy(R), it suffices to show the case when g € C°(R). Because Ty (see
in the proof of Proposition 6.2) is a first order elliptic differential operator and g
commutes with a operator on N, we have

lg(Ds + (1 =s5)€) ™ u| 1
< C(l8(Ds + (1 =5)0) "l 12 + [Tog(Ds + (1 —9)6) u)

< C'llullL2

for any u € L?(S). Here, | - || is the Sobolev first norm on a compact set
Supp(g) x N. By the Rellich lemma, we have g(Ds + (1 — s)e)~! ~ 0. Thus we
also have

(Ds + (1= s)e)_lg = (g(Ds + (1 - S)f)_l)* ~ 0.

Second, we show [p, (Ds + (1 — s)e)™!] ~ 0 for any ¢ € C*®(R) satisfying
¢ = IT on the complement of a compact set in M. Since ¢ commutes with a operator
on N, we have

/

[cp, (Ds + (1— s)e)_l] =(Ds+ (1— s)e)_1 |:—?P/ (g] (Ds+(1— s)e)_1 ~ 0.

By a similar proof in the proof of Proposition 2.5(ii), we have
[T1, (Dg + (1 —s5)e)" 1] ~0.
This proves ITvg s ~ vg sI1, and thus
Mug  I: TI(L?(S)) — TI(L*(S))

is a Fredholm operator. O

Due to Propositions 6.2 and 6.3,

index(Io(¢)I1: TI(L(S)) — M(L*(S))

is equal to index(TTug 1 IT). Let H: L?(R) — L2(R) be the Hilbert transformation:

Ma’y.

i
Hf(t) = ——P.V. T~y

Then the eigenvalues of H are only 1 and —1 by H? =1and H # £1. Let #_ be
the (—1)-eigenspace of H and P: L2(R) — J_ the projection to J_.
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Proposition 6.4. Set Ty = (—it + F)~'¢(—it + F). Then PT4P* is a Fredholm
operator and one has

index (Mo(¢)TT: TI(L2(S)) — TI(L3(S))) = index(P Ty P*: X — X),
where X = J_ ® L*(Sn).
Proof. Due to Propositions 6.2 and 6.3, we have
index (ITo(¢)IT: TI(L?(S)) — M (L*(S)))
= index(Mug 1 IT: TI(L?(S)) — TI(L?(S))).
Because of

1 0
Uo.1 = [o (d/dt + F) '¢(d/dt + F)] ’

the quantity
index(TTo(¢)TT: TI(L(S)) — TI(L2(S)))

equals
index (I1(d/d¢+F)~'¢(d/dt+ F)IT: TI(L*(R))®L*(Sn) — TI(L*(R))®L*(Sw)).

Let ¥: L?(R) — L?(R) be the Fourier transformation:
FUIE = [ e fwydx,

Then, we have F ~1TIF = (1 — H)/2 = P and $~'d/dtF = —it. This implies
index (ITo(¢)IT: TI(L?(S)) — T(L*(S))) = index(PTyP*: X — X). O

Thus it suffices to calculate index(ﬁ T ﬁ*) in order to prove the main theorem.
For this purpose, we use eigenfunctions of the Hilbert transformation.

Lemma 6.5 ([18, Theorem 1]). Define a, € L*(R) by

(t—0)"

an(t) = W

foralln € 7. Then {a, /7 } is an orthonormal basis of L*(R) and

an, ifn <0,

Ha, =
—ay, ifn>0.

This implies H— = Spanc{an}n>o.
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Proposition 6.6. One has index(ﬁ T P *) = index(Ty). Therefore Theorem 3.6 in
the case when M = R x N holds.

Proof. Set Xg = C{ao} ® H4+ and X; = (Spanci{an}n>1 ® Hy) & (H- @ H-).
We note that we have

Xo® X; = H_® L*(Sy) = X.

Let p: J— — C{ao} be the projection to C{ag}. Then pg = p ® P: X — Xy is the
projection to Xy and p; = idy — po: X — X is the projection to X;.
By the decomposition of L?(Sy) = H; @ H_, we have
idLZ(R)®P¢P* %®P¢(1—P)*
(1 P)pP* idiag) ® (1— P)p(1— P)*

-

¢=

So we obtain

PT4P*pi = p* @ POP* = idciagy ® Ty
and
~ A
(P — p)* ® PpP* LLP* @ Pg(1—P)*

T[’;* * N N
YU T i (p i (1— P)pP* P @ (1— P)p(l— P)*

i
t—i

This implies Image(ﬁ?},ﬁ*pg) C Xo, Image(’fqbﬁ*pf) C X; and
(BT B* 1) (PToB* 1) = BTy TPy = i

So PTyP* forms a direct sum of an invertible part P, P* p* and another part
¢ p ol D p
*

DG D* %
P(}P* _ |:P ¢P Po o Q\* *:| on XO @Xl
0 PJ¢P P1
This proves index(ﬁ']};,ﬁ*) = index(ﬁ’ffp ﬁ*p(’)k) = index(Ty). O

We note that we also get

index (ITu ¢ 1) = index(Ty).

7. The general case

In this section we reduce the proof for the general partitioned manifold to that of
R x N. Our argument is similar to Higson’s argument in [10]. By above sections, it
suffices to show the case when ¢ € GL;('W(M)). Firstly, we shall show a cobordism
invariance. See also [10, Lemma 1.4].



Toeplitz operators and the Roe—Higson type index theorem 665

Lemma 7.1. Let (MY, M~ ,N) and (M, M~',N') be two partitions of M.
Assume that these two partitions are cobordant, that is, symmetric differences
M*AM*" are compact. Let TI and TI' be the characteristic function of M+
and M, respectively. Take ¢ € GL;(W(M)). Then one has

index (ITu ¢ 1T) = index(IT'uy,411') and index(Io(¢)IT) = index(IT"o(¢)IT’).

Proof. Tt suffices to show the case when [ = 1. Since we have [¢, [1] = 0 and
(14,4, 1] ~ 0, we obtain

index (TTuy 4 T1: TI(L?(S)) — TI(L2(S)))

= index((l —1II) |:1 0

0 ¢

= index( [(1) g} + vy g: LZ(S) — LZ(S)).

] + Muyp: L*(S) — LZ(S))

Therefore, it suffices to show TTv, 4 ~ IT'vy.4. Now, since M * A M’ are compact,
there exists f € Co(M) such that IT — IT" = (IT — IT’) f. So we obtain

HUX,¢ - H'vx,¢ = (H - H’)fvx,(p ~ 0.
By the similar argument, we can prove
index(Io(¢)TT) = index(IT'o(¢)IT’). O

Secondly, we shall prove an analogue of Higson’s Lemma [10, Lemma 3.1].

Lemma7.2. Let My and M5 be two partitioned manifolds and S; — M ; a Hermitian
vector bundle. Let I1; be the characteristic function of M]+ We assume that there

exists an isometry y: M2+ — M1+ which lifts an isomorphism y*: S1|,,+ — Sa|,,+-
1 2
We denote the Hilbert space isometry defined by y* by the same letter

y*: 1 (L*(S1)) — Ma(L*(S2)).
Take uj € GLi(Cp(M;)) such that y*u 1y ~ [auzy™. Then one has
index(Hlull'Il) = index(l'[zuzl'lz).
Similarly, if there exists an isometry y: M, — M, which lifts an isomorphism
v :Silmy = Selmy and  y*uill ~ Thusy™,

then one has
index(l'[lull'[l) = index(l'[zuzl'[z).
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Proof. It suffices to show the case when / = 1. Let
v:i(1 = My)(L*(S1) = (1 — H2)(L?(S2))
be any invertible operator. Then
V = y*I; +v(l — Iy): L*(S1) — L*(S>)
is also invertible operator. Hence we obtain
V(A —Ty) + Myui ) — ((1 = ) 4+ Hou )V
=y I Iy — MauaIoy™ ~ y*u Iy — Mauzy™ ~ 0.
Therefore, we obtain
index(Hlull'Il) = index(quZHZ)
since V is an invertible operator and one has
index(HjujHj) = index((l —1I0;) + Hjujl'[j)
forj =1,2. O

Applying Lemma 7.2, we prove the following:

Corollary 7.3. Let My and M, be two partitioned manifolds. Let S; — M be
a graded Clifford bundle with the grading €;, and denote by D ; the graded Dirac
operator of S;j. We assume that there exists an isometry y: M2+ - M 1+ which lifts
isomorphism y*: S1| Mt = Ss| M of graded Clifford structures. Moreover, we

assume that ¢; € GL;('W(M)) satisfies ¢p1(y(x)) = ¢a(x) for all x € M2+ Then
one has
index(l’[lux,d,1 Hl) = index(quX#,sz).

Proof. Fix small R > 0. It suffices to show y*u, ¢, I11 ~ Tlauy, ¢,y" the case
when a chopping function y € C(R;[—1, 1]) satisfies Supp(y) € (—R, R). Set
Nog ={x € M1+; d(x, N1) < 2R}. Let ¢ be a smooth function on M; such that
Supp(¢1) C M 1+ \ N2r and assume that there exists a compact set K C M; such
that ¢; = I1; on M; \ K. Set g2(x) = ¢1(y(x)) for all x € M2+ and ¢, = 0
on M, . Then we have

Y Vro It ~ Y vy g 01 and  Tlavy g™ ~ @avyp,¥™.

Thus, if we have y* v, ¢, @1 ~ @20y,4, 7", then we obtain

1 0
y*qu¢1H1 ~ y*va¢l(p1 + V* |:0 ¢1} Hl

. 1 07 . .
~ (p2vx,¢2y + HZ |:O ¢2i| Yy o~ quXa¢2y .
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We shall show y*vy 4,01 ~ @20y.4,7*. Now, we have y* v, 4,01 = Vy,6,7 01
since the propagation of y(D) and n(D) is less than R, respectively,and y*D = Dy*
on M*. Moreover, we have [vy,4,, 92] ~ 0 since vy,4, € M;(C*(M)). Therefore,
we obtain

Y Vpd1 01 = Vygo ¥ P1 = Uy 027" ~ 02Uy, V" O

In order to prove Corollary 3.7, we apply Lemma 7.2 as follows.

Corollary 7.4. We also assume as in Corollary 7.3. Then one has
index(ng(¢1)H1) = index(Hzg(d)z)Hz).

Proof. Tt suffices to show y*o(¢p1)I1; ~ TTo0(¢h2)y*. Let @1 be a smooth function
on M7 such that Supp(¢1) C M 1+ and assume that there exists a compact set K C M,
such that g1 = TT; on M; \ K. Set g2(x) = ¢1(y(x)) forall x € M, and ¢ = 0

on M. Setvg, = o(¢;) — [(1, ¢0j ] Then we have
Y ve, Ty ~ y*vg, 01 and  Tlovg,y™ ~ @204, 7",

Thus, if one has y*vg, @1 ~ @2v4,y™, then we obtain

* * * 1 0
yio(p)II ~ y*vg, 01 + ¥ [0 ¢1] T,

. 1 07 . .
~ @2vg, 7" + 113 [0 ¢2] y" ~ Iho()y™.
We shall show y*vg, @1 ~ @204,y *. In fact, we obtain

Y Vg 01 — 020,V
- - —1 —c(grad -
~{y e1(D1 + )™ = (D2 + )y en) [¢10 (%bl —(qil)) ]

$1—1 —C(grad(¢1))_]

~ (D + ) P DL l(Dr e [P T

~0

since grad(¢) has a compact support and [D1, ¢1] = c(grad(¢;)). Thus, we get
Y*ug, Iy ~ Iloug, y*. Therefore, we obtain

index (ITqug, I1y) = index(IToug, 1)

by Lemma 7.2. O
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Proof of Theorem 3.6, the general case. We assume ¢ € GL;(‘W(M)). Firstly, let
a € C®°([-1,1];[-1, 1]) satisfy
-1, if—-1<t<-3/4
a(t) = {0, if-2/4<t<2/4,
1, if3/4<t<1.
Let (—446,468) x N be diffeomorphic to a tubular neighborhood of N in M satisfies

sup g, x) —p(s. ) < ™"~

(¢,x),(s,y)€[—36,38]xN

Set y(t,x) = ¢p(48a(t),x) on (—45,46) x N and ¥ = ¢p on M \ (—45,486) x N.
Then we obtain ¥ € GL;(W(M)) and || — ¢|| < ||¢~||~!. Thus a map

[0,1]3 1 ¢ =ty + (1 —1)p € GL(W(M))

is continuous with the uniform norm. Therefore it suffices to show the case when
¢ € GL;(W(M)) satisies ¢ (t,x) = ¢ (0, x) on (—28,26) x N. Due to Lemma 7.1,
we may change a partition of M to

(MTU([-8,0]x N),M~\ ((—8.0] x N),{—8} x N)

without changing index(ITu, 4I1). Then, due to Corollary 7.3, we may change
M™T U ([-8,0] x N) to [-8§,00) x N without changing index(ITu,, 4I1). Here, ¢
is equal to ¢ (0, x) on [—§,00) x N and the metric on [0, 00) X N is product. We
denote this manifold by

M' = ([-8,00) x N) U (M~ \ ((=8,0] x N)).
M’ is partitioned by
([~8.00) x N.M~\ ((=8,0] x N),{—8} x N).

We apply a similar argument to M’, we may change M’ to a product R x N without
changing index(ITu , 4IT). Now we have changed M to R x N. O

Proof of Corollary 3.7, the general case. Similar. O
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