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in compact Lie group equivariant Kasparov categories. Applying the relative homological
algebra developed by Meyer and Nest, we relate the Atiyah—Segal completion theorem with the
comparison of g with the augmentation ideal of the representation ring.
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1. Introduction

Equivariant KK-theory is one of the main subjects in the noncommutative topology,
which deals with topological properties of C*-algebras. The main subject of this
paper is the homological ideal

38 (A4, B) := Ker (ResZ: KK (4, B) — KK (4, B))

of the Kasparov category ARC, whose objects are separable G-C*-algebras,
morphisms are equivariant KK-groups and composition is given by the Kasparov
product.

In [31], Meyer and Nest introduced a new approach to study the homological
algebra of the Kasparov category. They observed that the Kasparov category
has a canonical structure of the triangulated category. Moreover, they applied
the Verdier localization for SR in order to give a categorical formulation of the
Baum—Connes assembly map. Actually they prove that an analogue of the simplicial
approximation in the Kasparov category is naturally isomorphic to the assembly
map. Their argument is refined in [29] in terms of relative homological algebra
of the projective class developed by Christensen [11]. Moreover it is proved that
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the ABC spectral sequence (a generalization of Adams spectral sequence in relative
homological algebra) for the functor K«(G x ) and an object A converges to the
domain of the assembly map.

These results are essentially based on the fact that the induction functor Indg is
the left adjoint of the restriction functor Resg when H < G is an open subgroup. On
the other hand, it is also known that when H < G is a cocompact subgroup, Indg is
the right adjoint of Resg . This relation enables us to apply the homological algebra
of the injective class for KK-theory. It should be noted that the category of separable
G-C*-algebras is not closed under countable direct product although the fact that
ARY have countable direct sums plays an essential role in [29,31,32]. Therefore,
we replace the category G-C*sep of separable G-C*-algebras with its (countable)
pro-category. Actually, the category Proz._, G-€*sep is naturally equivalent to
the category 0 G-C*sep of g-G-C*-algebras, which is dealt with by Phillips in
his study of the Atiyah-Segal completion theorem. Fortunately, KK-theory for
(non-equivariant) o-C*-algebras are investigated by Bonkat [7]. We check that his
definition is generalized for equivariant KK-theory and obtain the following theorem.

Theorem A.16 and Theorem 3.4. For a compact group G, the equivariant Kasparov
category o RRC of 0-G-C*-algebras has a structure of the triangulated category.
Moreover, for a family ¥ of G, the pair of thick subcategories (¥ €, (?J)loc) is
complementary. Here ¥ € is the full subcategory of ¥ -contractible objects and ¥ J
is the class of ¥ -induced objects (see Definition 3.3).

Next, we observe that this semi-orthogonal decomposition is related to a classical
idea in equivariant K-theory called the Atiyah—Segal completion. In the theory
of equivariant cohomology, there is a canonical way to construct an equivariant
general cohomology theory from a non-equivariant cohomology theory. Actually,
for a compact Lie group G and a G-C W-complex X, the general cohomology
group of the new space given by the Borel construction X xg EG is regarded as
the equivariant version of the given cohomology group of X. On the other hand,
equivariant K-theory is defined in terms of equivariant vector bundles by Atiyah
and Segal in [3,47]. This group has a structure of modules over the representation
ring R(G) and hence is related to the representation theory of compact Lie groups.
In 1969, Atiyah and Segal discovered a beautiful relation between them [4]. When
the equivariant K-group K7, (X) of a compact G-space is finitely generated as an
R(G)-module, then the completion of the equivariant K-group by the augmentation
ideal is actually isomorphic to the (representable) K-group of the Borel construction
of X.

This theorem is generalized in [1] for families of subgroups. The completion
of K¢ (X) by the family of ideals g (H € ¥) is isomorphic to the equivariant
K-group Kg(X x E¢G) where E¢ G is the universal ¥ -free G-space. On the other
hand, Phillips [41] generalizes it for K-theory of C*-algebras. In order to formulate
the statement, he generalizes operator K-theory for o-C*-algebras in [42]. Actually,
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this contains the Atiyah—Segal completion theorem for twisted K-theory because
the twisted equivariant K-group is isomorphic to the K-group of certain C*-algebra
bundles with (twisted) group actions.

The Atiyah—Segal completion theorem is generalized for equivariant KK-theory
by Uuye [56]. Here he assumes that KK (4, B) are finitely generated for all sub-
groups H of G in order to regard the correspondence X > KK% (A4, BQ C(X)) asan
equivariant cohomology theory of finite type. We prove the categorical counterpart
of the Atiyah—Segal completion theorem under weaker assumptions.

Theorem 3.15. Let G be a compact Lie group and let A, B be 0-C*-algebras such
that KKf (A, B) are finitely generated for * = 0, 1. Then the filtrations (Jg)*(A, B)
and (Ig)*KKG (A, B) are equivalent.

Applying Theorem 3.15 for the relative homological algebra of the injective class,
we obtain the following generalization of the Atiyah—Segal completion theorem.

Theorem 3.21. When KKC (A, B) are finitely generated R(G)-modules for x = 0, 1,
the following R(G)-modules are canonically isomorphic,
KK® (4, By = KK (4, B) = RKK®(E5G: 4, B) = 0 RR® /7 €(A, B).
G
Note that in some special cases we need not to assume that KK (4, B) are finitely
generated. In particular, we obtain the following.

Corollary 3.13. Let Z be the family generated by all cyclic subgroups of G. Then,
there is n > 0 such that (3g)" = 0.

It immediately follows from Corollary 3.13 that if Resg A is KK _contractible
for any cyclic subgroup H of G, then 4 is KK -contractible. This is a variation
of McClure’s restriction map theorem [27] which is generalized by Uuye [56] for
equivariant KK-theory. Since we improve the Atiyah—Segal completion theorem, the
assumption in Theorem 0.1 of [56] is also weakened (Corollary 3.23).

Moreover, the Atiyah—Segal completion theorem for proper actions and groupoids
are studied in [8,23]. We generalize Theorem 3.21 for groupoid equivariant
KK-theory (Theorem 4.7) and equivariant KK-theory for proper G-C*-algebras
(Theorem 4.8) under certain assumptions.

Next we apply Corollary 3.13 for the study of the complementary pair
((€d),,c, €E) of the Kasparov category 0RR% and the Baum—Connes conjec-
ture (BCC). Our main interest here is permanence property of the BCC under group
extensions, which is studied by Chabert, Echterhoff and Oyono-Oyono in [9, 10, 35]
with the use of the partial assembly map. Let ] - N — G NN G/N — 1 be
an extension of groups. It is proved in Corollary 3.4 of [9] and Theorem 10.5
of [31] that if G/N and 7~ (F) for any compact subgroup F of G/N satisfy the
(resp., strong) BCC, then so does G. Here, the assumption that 7~ !(F) satisfy
the BCC is related to the fact that the assembly map is defined in terms of the
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complementary pair ((€d),,. , €€) (this assumption is refined by Schick [45] when G
is discrete, H is cohomologically complete and has enough torsion-free amenable
quotients by group-theoretic arguments). On the other hand, Corollary 3.13 implies
that the subcategories €€ and €Z€ coincide in o RR®. As a consequence we refine
their results as following.

Theorem 5.4. Let1 - N — G — G/N — 1 be an extension of second countable
groups such that all compact subgroups of G/N are Lie groups and let A be a
G-C*-algebra. Then the following holds:

(1) If x=Y(H) satisfies the (resp., strong) BCC for A for any compact cyclic
subgroup H of G/N, then G satisfies the (resp., strong) BCC for A if and
only if G/ N satisfies the (resp., strong) BCC for N xR A,

() If =Y (H) and G/N have the y-element for any compact cyclic subgroup H
of G/ N, then so does G. Moreover, in that case y,— gy = 1 and yg/n = 1 if
and only if yg = 1.

This paper is organized as follows. In Section 2, we briefly summarize
terminologies and basic facts on the relative homological algebra of triangulated
categories. In Section 3, we study the relative homological algebra of the injective
class in the Kasparov category and prove the Atiyah—Segal completion theorem in
KK-theory. In Section 4 we generalize the Atiyah—Segal completion theorem for
groupoid equivariant case. In Section 5, we discuss on permanence property of the
Baum—Connes conjecture under extensions of groups. In Appendix A, we survey
definitions and some basic properties of equivariant KK-theory for o-C*-algebras.

2. Preliminaries in the relative homological algebra

In this section we briefly summarize some terminologies and basic facts on the relative
homological algebra of triangulated categories. The readers can find more details
in [32] and [29]. We modify a part of the theory in order to deal with the relative
homological algebra of the injective class for countable families of homological
ideals.

A triangulated category is an additive category together with the category
automorphism ¥ called the suspension and the class of triangles (a sequence

AL Bich sa

suchthat go f = hog = Xf o h = 0) which satisfies axioms [TRO]-[TR4] (see
[34, Chapter 1]). We often write an exact triangle A - B — C — X A as

A B
\°\ /
C.

Here the symbol A —> B represents a morphism from A to ¥ B.
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Let ¥ be a triangulated category. An ideal J of ¥ is a family of subgroups J(4, B)
of (A, B) such that

T(A,B)oJ(B,C)o%(C,D) C J(A, D).

A typical example is the kernel of an additive functor F': T — 2. We say that an ideal
is a homological ideal if it is the kernel of a stable homological functor from ¥ to an
abelian category 2 with the suspension automorphism. Here a covariant functor F
is homological if F(4) — F(B) — F(C) is exact for any exact triangle

A—- B—-C — XA

and stable if FF o ¥ = ¥ o F. Note that the kernel of an exact functor between
triangulated categories is a homological ideal by Proposition 20 of [32].

For a homological ideal JJ of T, an object A is J-contractible if id 4 is in J and is
J-injectiveif f*:T(D, A) — T(B, A)iszeroforany f € J(B, D). The triangulated
category ¥ has enough J-injectives if for any object A € Obj T there is a J-injective
object / and a J-monic morphism A — [ i.e. the morphism ¢ in the exact triangle

N—l>A—>I—>ZN

is in J. Note that the morphism ¢ is J-coversal, that is, an arbitrary morphism
f: B — A in J factors through ¢ (see [29, Lemma 3.5]).

More generally, we consider the above homological algebra for a countable family
J = {Jktkez-, of homological ideals of €. For example, we say an object A is
J-contractible if A is Jx-contractible for any k € Z~.

Definition 2.1. A filtration associated to J is a filtration of the morphism sets of T
coming from the composition of ideals {J;, 0 Ji, 0+ 0 Ji, }rez-, Where {i1. iz, ...}
is a sequence of positive integers such that each k € Z- ¢ arises infinitely many times.

Note that two filtrations associated to J are equivalent (here, we say that two
filtrations A, and A/, of an abelian group A are equivalent if for any n € Z~ there
ism € Zxg such that A,, C A} and A}, C A,). For simplicity of notation, we use
the notation J” for the r-th component of a (fixed) filtration associated to Jj unless
otherwise noted.

The relative homological algebra is related to the complementary pairs (or semi-
orthogonal decompositions) of the triangulated categories. For a thick triangulated
subcategory € of ¥ ([34, Definitions 1.5.1 and 2.1.6]), there is a natural way to obtain a
new triangulated category ¥ /€ called the Verdier localization (see [34, Section 2.1]).
A pair (N, J) is a complementary pair if ¥(N, 1) = 0 forany N € ObjN, I € Obj T
and for any A € Obj ¥ there is an exact triangle

Ng—>A— 14— XNy
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such that Ny € Objt and |4 € ObjJ. Actually, such an exact triangle is unique
up to isomorphism for each A and there are functors N: ¥ — 9t and /: ¥ — 7T that
maps A to N4 and 14 respectively. We say that N (resp., 1) the left (resp., right)
approximation functor with respect to the complementary pair (91, J). These functors
induces the category equivalence I: T/91 — Jand N: /7 — 1.

Moreover we assume that a triangulated category ¥ admits countable direct
sums and direct products. A thick triangulated subcategory of ¥ is colocalizing
(resp., localizing) if it is closed under countable direct products (resp., direct sums).
For a class € of objects in T, let (€)'° (resp., (€),0) denote the smallest colocalizing
(resp., localizing) thick triangulated subcategory which includes all objects in €. We
say that an ideal J is compatible with countable direct products if the canonical
isomorphism (A, [ [ By) = [[ (A, By) restricts to J(A, [ [ Bx) = [[J(A4, By).

We write 915 for the thick subcategory of objects which is Jg-contractible for
any k. If each Jj is compatible with countable direct products, 915 is colocalizing.
We write J5 for the class of Jg-injective objects for some k.

Theorem 2.2 ([29, Theorem 3.21]). Let ¥ be a triangulated category with countable
direct product and let J = {J;} be a family of homological ideals with enough
Ji-injective objects which are compatible with countable direct products. Then, the
pair (N, (33)'°) is complementary.

We review the explicit construction of the left and right approximation in
Theorem 3.21 of [29]. We start with the following diagram called the phantom
tower for B:

Y iq 3 4
— No N, N, N3 <N,
0/ Oﬁ Oﬁ 0/
70 /€0 T /812 /&2 m3 /83 ma
lo 5 Iy 5 I 5 I3 5 cee

where li-H are in J;, and Iy are J;, -injective (here {ix}xez., is the same as in

Definition 2.1). There exists such a diagram for any B since ¥ has enough Jj-injectives.
We write L;{ for the composition

B

! I-1 k+1
bh-1°h—a©r ol

Since each L];H is J;, -coversal, we obtain J? (A, B) = Im(:J)« for any A.
Next we extend this diagram to the phantom castle. Due to the axiom [TR1],
there is a (unique) object B, in ¥ and an exact triangle

Np—>B—>§p—>ENp

for each p. By the axiom [TR4], we can complete the following diagram by dotted
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morphisms

B

Np—1=——Np
\ S \ /
B,y —o——>1,

By

and hence B, is J”-injective. Moreover, we obtain a projective system

N, N,

e e

<_}_ <_}_
B B

B
N

N3
5 p ol A I
N N Bl’

of exact triangles. Now we take the homotopy projective limit

Ip := ho- 1(_111B
)4

(we also use the symbol B for this object) and

Np := ho—l(lr_an.

Here the homotopy projective limit of a projective system (B, (pg +1) is the second
part of the exact triangle

57 [ 8, - ho-lim B, — [ B, “= [] 5.

where S := [] @71, Then, the axiom [TR4] implies that the homotopy projective
limit

Ng — B — Ip — XNp

of the projective system of exact triangles is also exact. In fact, it can be checked
that I is in (33)1‘” and Np is in 915 and hence Np and Ip gives the left and right
approximation of B.

At the end of this section, we review the ABC spectral sequence, introduced
in [29] and named after Adams, Brinkmann, and Christensen. Let B be an object
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in T, let J be a countable family of homological ideals with a fixed filtration and
let F: ¥ — 2Ab be a homological functor. Set

D =@ DP4, DP1:= Fpiq41(Npt1).

E=@EP!. EPT:= Fpigri(lp+1),
; +2 ~

ipg = (01" : DP9 — prla-l
Jpg = (epy1)*: DP1 — EpP—Latl

kpg = (mp)* EPY— DPItL

where N, = A and |, = O for p < 0. Then the diagram

D—">D

N/

forms an exact couple. We call the associated spectral sequence is the ABC spectral
sequence for B and F.

Proposition 2.3 ([29, Proposition 4.3]). Let B be an object in ¥ and let F be a
homological functor. Set

D;Jq — qu(B) - l-r—l(Dp—r+1,p+r—1)

and EPY = EPY(B) := k~'(DP)/j(Keri").
Then the following hold:
(1)

I Fpig+1(Np),  ifp =0,
DP~1 = {gptr=lp 1 (B), if—r+1<p<0,
Fpiq+1(B), ifp<-r+1,
where JP F (B) denotes the subgroup
{f<E 1§ € F(A), f €37(4, B)}
of F(B).
(2) The Ey-page Ef 1 is isomorphic to the right derived functor
R?F1(B) := Hp(Fy(l+), (8;)«)-

(3) There is an exact sequence

JPFpiq+1(B)
JPHF g v1(B)

where Bad?*?(B) = Bad?? := J® F,;(N)).

0—

i
— E29 — BagPtl.ptatl _, gagr-ptatl
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Lemma 2.4. Assume that
i:Bad?TLPtatl(B) s Bad? P4t (B)

is injective. Then, the ABC spectral sequence E},, converges to F(B) with the

filtration 3* F (B). Moreover, ay: F(B) — F(B) induces an isomorphism of graded
quotients with respect to the filtration J* F.

Proof. The convergence of the ABC spectral sequence follows from Proposi-
tion 2.3(3). By (the dual of) Proposition 3.27 of [29], we have the morphism
between exact couples and hence the commutative diagram

0 ——> gttty —= EL (B) —% Bad?H+17 (B) -~ Bad™(B)

A T N

3P Fpig+1(B) P4 X pHa+1,p Ry i P (B
0 3P F i 11(B) Es (B) — Bad (B) —— Bad?4(B).

Now, by Proposition 2.3(2), the map a: Eé’q (B) —> Eé’q (E) is an isomorphism and
hence so is ax: EZ! (B) — EEI(B). Therefore, injectivity of

i:Bad?t1:2+a+1(p) . Bad?PT4t1(B)

implies y = 0. Consequently we get ¥ = 0, which gives the conclusion. O

3. The Atiyah—Segal completion theorem

In this section we apply the relative homological algebra of the injective class
introduced in Section 2 for equivariant KK-theory and relate it with the Atiyah—
Segal completion theorem. We deal with the Kasparov category 0 8RR of 0-G-C*-
algebras, which is closed under countably infinite direct products. The definition and
the basic properties of equivariant KK-theory for o-G-C*-algebras are summarized
in Appendix A. In most part of this section we assume that G is a compact Lie group.
We need not to assume that G is either connected or simply connected.

For a subgroup H < G, consider the homological ideal J g = Ker Resg
of d RRC. There are only countably many homological ideals of the form J g since
3g1 = 3g2 when H; and H, are conjugate and the set of conjugacy classes of
subgroups of a compact Lie group G is countable ([36, Corollary 1.7.27]).

Definition 3.1. Let ¥ be a family, that is, a set of closed subgroups of a compact
group G that is closed under subconjugacy. We write J jg for the countable family of
homological ideals {3g | H € ¥}.
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In particular, we say that the family 7 consisting of the trivial subgroup {e} is the
trivial family.
Let us recall that the induction functor

Ind%: 0 H-C*sep — 0 G-C*sep

is given by
Ind§; A:={f € C(G.A) | s (f(g-h) = f(2)}

with the left regular G-action A4 (f)(g’) = f(g~'g’) when H is a cocompact
subgroup of G. By the universal property of the Kasparov category (Theorem A.15),
it induces the functor between Kasparov categories. An important property of this
functor is the following Frobenius reciprocity.

Proposition 3.2 ([31, Section 3.2]). Let G be a locally compact group and H < G
be a cocompact subgroup. Then the induction functor Inleq is the right adjoint of the
restriction functor Resg . That is, for any 0-G-C*-algebra A and o -H -C*-algebra B

we have
KK (4,Ind} B) = KK (Resg 4. B).

Proof. The equivariant KK-cycles induced from the *-homomorphisms

eq:Resd nd% A = C(G, ) — A4, = fle),
ng: B — Ind$ Res? B~ C(G/H)® B, aw+ a® lgy,

form a counit and a unit of an adjunction between Indg and Resg . Actually, it
directly follows from the definition that the compositions

H Resg nA H G H EResg A H
Resg A ——— Resg Indp; Resg A ———— Resg A,
"G B Ind9, ¢
H HE¢B
nd% B —"— Ind$, Res Ind%, B ——— Ind%, B

are identities in 0 RRC. O

Definition 3.3. Let G be a compact group and let ¥ be a family of G.

(1) A separable o-G-C*-algebra A is ¥ -induced if A is isomorphic to the inductions
Indg Ao where Ay is a separable o-H-C*-algebra and H € ¥. We write ¥ d
for the class of ¥ -induced objects.

(2) A separable 0-G-C*-algebra A is ¥ -contractible if Resg A is KK -contractible
forany H € ¥ . We write ¥ € for the class of ¥ -contractible objects.

Inparticular, when ¥ = T we say that A is trivially induced and trivially contractible,

respectively.

Theorem 3.4. Let G be a compact group and let ¥ be a family G. The pair
(FE(F 9)) is complementary in 0 RRC.
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Proof. This is proved in the same way as Proposition 3.21 of [29].
Note that
FE€ = N7 and FdC Jy7.
G G

By Theorem 2.2, it suffices to show that o RRY has enough 3g -injectives and all
J jg -injective objects are in (% 4)'°°. The first assertion follows from the existence of
the right adjoint functor of Resg . Actually, for any H € ¥, the morphism

A — I ;= Ind$ Resf A

isJ g -monic and /1 is J g -injective. Moreover, the morphism A is a direct summand
of I1 when A is Jg -injective. This implies the second assertion. O

In particular, applying Theorem 3.4 for the case of ¥ = 7, we immediately get
the following simple but non-trivial application.

Corollary 3.5. Let A be a separable o-C*-algebra and let {a; };¢[0,1] be a homotopy
of G-actions on A. We write Ay for the 0-G-C*-algebra (A, a;). Then, Ay and A,
are equivalent in o RRC® /T°€. In particular, if Ay and Ay are in (’]’J)IOC, then they
are KKG—equivalent.

Corollary 3.5 is applied for the study of C*-dynamical systems in [2]. Actually,
it follows from Thomsen’s description of KK-groups using completely positive
asymptotic morphisms [52] that a unital G-C*-algebra with the continuous Rokhlin
property (or more generally finite continuous Rokhlin dimension with commuting
towers) is contained in the subcategory (7 4)'.

Proof. Consider the 0-G-C*-algebra
A:=(4®C[0,1],a),

where &(a)(t) = a;(a(t)). Since the evaluation maps evi:A — A, are non-
equivariantly homotopy equivalent, they induce equivalences in o RRC JT €.
Consequently,

evi o (evg) 1: g — Ay

is an equivalence in o RRC /T €. The second assertion is obvious. O

Next we study a canonical model of phantom towers and phantom castles.
Actually, we observe that the cellular approximation tower obtained in the proof
of Theorem 3.4 is nothing but the Milnor construction of the universal ¥ -free
(i.e. every stabilizer subgroups are in ¥') proper (in the sense of [37]) G-space
(see [25]). Hereafter, for a compact G-space X, we write €x for the mapping cone

{f € Co([0,00), C(X)) | f(0)=C-1x}

of the x-homomorphism C — C(X) induced from the collapsing map X — pt.
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Definition 3.6. Let {H,},cz., be a countable family of subgroups in F such that
any L € ¥ are contained infinitely many H,’s. We call the phantom tower and the
phantom castle determined inductively by

Ip(B) :=Ind§ Resg” N,(B) = N,(B) ® C(G/H))

is the Milnor phantom tower and the Milnor phantom castle (associated to {Hp}),
respectively.

By definition, I and N in the Milnor phantom tower are explicitly of the form

Ny = A®Co/n, -+ ® Co/my»
k=2 A®Ce/H, ® - Cq/m,_, ® C(G/Hy),

and L]]z *1isinduced from the restriction (evaluation) *-homomorphismevy: €g/g, —C

given by f — f(0).
For G-spaces Xi,..., Xy, the join *Z=1 Xy is defined to be the quotient of
A" x ([] Xx), where

A" = {(rl,...,r,,) e Y 6= 1},
with the relation

(tl,...,tn,xl,...,x,,)~(t1,...,t,,,y1,...,yn)

if x; = yy for any k such that 7 # 0. It is equipped with the G-action induced from
the diagonal action on A” x [[ Xi (where G acts on A" trivially). For n € Z-,
Eg »G denotes the n-th step of the Milnor construction 3k _,; G/H.

Lemma 3.7. The nth step of the cellular approximation (6,, of C is isomorphic
to C(Eg »G).

Proof. More generally, let X be a ¥ -free finite G-CW-complex containing a point x
whose stabilizer subgroup is H. By Proposition 2.2 of [29], there is n > 0 such
that C(X) is (Jg )"*-injective. Moreover, the morphism evy: €x — C is in Jg
since the path of H-equivariant x-homomorphisms ev( x): €x — C connects evg
and zero. Let {X;} be a family of ¥ -free compact G-CW-complexes such that for
any H € ¥ there are infinitely many X;’s such that X iH # . Then, in the same
way as Theorem 2.2, the exact triangle

o0 n o0
SC(*Xi) — lim ®‘€Xi - C —>C(>‘<X,~)
i=1 nSo0 i1 i=1

gives the approximations of C with respect to the complementary pair (€, (% 4)'°°).
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Now we compare the filtration (J g )*(A, B) with another one:

(1Z)"KKC (A, B) := {Zyi e vk e 18 g eKKG(A,B)},

where Ig are the augmentation ideals KerResg of R(G) and {H,;} is the same
as Definition 3.6. Obviously its equivalence class is independent of the choice of
such {H;}. We also remark that

(I)"KKC (4. B) € (35)"(A. B). O
Example 3.8. We consider the case that G = T! and ¥ = T . The first triangle in

the Milnor phantom tower is

Co (R?)

\ 7

(T

where T! = U(1) acts on R? = C canonically. By the Bott periodicity, KK (N;, C)
is freely generated by the Bott generator € KKY(N;, C) and Jg (N, C) = Ig - B.
Consequently, ¢} is in IGKKC (4, B). More explicitly, () = A B where A :=
[A°C] — [A'C]. Since L(l) is Jg-coversal, Jg (A, B) = IgKKG(A, B) holds for
any A and B.

Example 3.9. Let G be a compact connected Lie group such that 7;(G) has no
2-torsion element and let 7 be a maximal torus of G. In this case the following
lemma shows that L(l) = 0 and hence Gg =1 g KKS = 0.

Lemma 3.10. The morphism g € KK®(C, C(G/T)) in the Milnor phantom tower
has a left inverse.

Proof. Let us fix a choice of positive roots P C A and p := ) ,.p «/2. By the
assumption about 2-torsion elements of 1 (G), the weight i p is analytically integral,
that is, (X, ip) € 2 Z for any X € it such that eX =1 € T (in terms of bundles,
this means that the flag manifold G/ T has a homogeneous Spin®-structure).

Let A € it* be an analytically integral weight such that A + p is regular
ie. (o, A + p) # O forall « € P. The Borel-Weil-Bott theorem (see, for example,
[5, Theorem 8.7]) says that the equivariant index of the twisted Dirac operator D
on G/ T twisted by A is the highest weight module [V, ] € R(G). In particular, when
A = 0, the index of the (untwisted) Dirac operator is 1 € R(G). Therefore, the
corresponding K-homology cycle [D] € KK (C(G/T), C) satisfies

[m0] ®c (/1) [P] = [Ind D] = 1 € R(G) = KK®(C,C)

since g is induced from the x-homomorphism mapping 1 € C to the identity
element in C(G/T). O
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For a group homomorphism L — G and a family ¥ of G, define the pull-back
to be
o*F :={p " (H)|H € ¥}.

Then, the functor ¢*: 0 R8¢ — 0 RRL maps (¥ 4) and F€ to (p*F J) and p*F €,
respectively. For a subgroup H < G, set

Fy = {gHg_1 | g € G}.

Theorem 3.11. Let H < G be compact connected Lie groups without any 2-torsion
in their fundamental groups and rank G —rank H < 1. For a group homomorphism
o:L — G,let ¥ := @*Fpy. Then, for anyr € Z~g there is k € Z~ such that

@)k (A, B) ¢ (If)"KKE(A, B)
forany A, B € 0C*sepL.

Proof. 1t suffices to find a compact F -free proper L-space X such that the exact
triangle

€x > C 5 C(X) > T¢y
in 0 RRL satisfies ¢ € (If)’KKL(‘C’X, C) because
Im(t ® idp)« = Ker(r ® idp)« D (I5)*(4, B),
forany A, B € 0¢*sepl and k € Z- such that X C Eg L. Since
o 1§ 1

for any M € ¥, we can reduce the problem for the case that ¢ = id.

When rank G = rank H, it immediately follows from Example 3.9 (note that in
this case (35 ) = 0 for some k > 0). To see the case that rank G — rank H = 1,
choose an inclusion of maximal tori Ty C Tg. Consider the exact triangle

SC(T¢/Tu) = €rsyry — C — C(Tg/Th).

By Example 3.8, Reng (disin 177:(’;{ KK76 (N;, C). Since (I;é{)” C Ig” R(Tg) for
sufficiently large n > 0 ([1, Lemma 3.4]), for any [ > 0 there is k > 0 such that

K=l @ @i e 1H)KKTS (N, C)

(note that Ig” = Ig). Moreover, tlg is actually in (Ié])lKKG (Ng, C) since
KKC (Ng, C) is a direct summand of KK”6 (N, C) by Example 3.9. Now E¢ ;G is
the desired X (recall that C(Eg  G) = Cy). O
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As a corollary, we obtain a generalization of Corollary 1.3 of [1]. For a family
of G, we write ¢y for the family generated by (topologically) cyclic subgroups in .
In particular, let Z denote the family generated by all cyclic subgroups. Here, we
say that T < G is a cyclic subgroup of G if there is an element g € T such that
{g"} = T. Note that T is cyclicif and only if T = T™ x Z /I Z.

Lemma 3.12. Let ¥ C ¥’ be families of G. If for any H € ¥ there is k € Z~¢

such that (J = 0, then two filtrations 3%~ and J " are equivalent uniformly,
htht‘j?”k 0, then two filtrations J¥, and J& q y,

that is, for any k > 0 there is n > 0 (independent of A and B) such that

WE)"(4.B) c 3E)*(A. B)
forany A, B € 0C*sepC.
Proof. Pick
H],...,Hk c ¥’

By assumption, we can choose L; 1,...,L; j (i =1,...,k) such that

~Li1 ~Lij;
lo.io =0.
JH; JH; 0

Then, by definition

(35" 0036 ) oo (J5 003G ) C 3 0- 0 5K,

which is the conclusion. O

Corollary 3.13. For a compact Lie group G, the following hold:

(1) There is n > 0 such that (J%)" = 0. In particular, the subcategory Z€ is zero
in 0 RRC.

(2) For any family ¥ of G, the filtrations (3?; )* and (chyc)* are equivalent.
Moreover, ¥ € = F, € in o RRY.

Note that the second assertion means that for any n > 0 we obtain k > 0 (which
does not depend on A and B) such that

(35) (A, B) C (37)"(A, B).

Proof. First, we prove when G is abelian by induction with respect to the order
of G/G°, where G is the identity component of G. When G/G? is cyclic, then
the assertion holds because G is also cyclic. Now we assume that G/G° is not
cyclic (and hence any element in G/G? is contained in a proper subgroup). Let &
be the family of G generated by pull-backs of proper subgroups of G/G°. By the
induction hypothesis and Lemma 3.12, it suffices to show that there is a large n > 0
such that (32 )" = 0. Because G is covered by finitely many subgroups in &, we
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obtain a large m > 0 such that (/ g )" = 0. Since G/G" is a direct product of
finite cyclic groups, there is a nontrivial group homomorphism f:G/G°® — T!.
Applying Theorem 3.11 for compositions of the quotient G — G/G° and f, we get
n > 0 such that (38)” C (Ig)mKKG =0.

Fot general G, let 7: G — U(n) be a faithful representation of G. As is pointed
out in the proof of Theorem 3.11 for Ty(,) < U(n) and m (in this case F is equal
to the family of all abelian subgroups AB of G), Example 3.9 implies that there
is k € Z~¢ such that (C@:B )k = 0. Now, we get the conclusion by Lemma 3.12
for Z C ASB.

Now, the assertion (2) immediately follows from (1) and Lemma 3.12. O

Remark 3.14. Unfortunately, in contrast to Theorem 3.11, ng el g KK (Ng, ©)
does not hold for general compact Lie groups and families. For example, consider
the case that G = T2 and ¥ = 7. Computing the six-term exact sequence of the
equivariant K-homology groups associated to the exact triangle

SC(SZn—l % SZn—l) s Cgonigoni — C — C(SZn—l % SZn—l)’
we obtain
KKO (€g2n-1yg20-1,C) = R(G) - £
(Note that
KK§ (C($?" ! x §2"71),C) 2 K4 (CP" x CP") =0
by Poincaré duality.) By Theorem A.12(3), we obtain
KKS(Nc,C) = R(G) - (§°

and hence (° is not in IgKK%(Nc, C).

Instead of Theorem 3.11, the following theorem holds for general compact Lie
groups and families.
Theorem 3.15. Let G be a compact Lie group and let A, B be 0-C*-algebras such
that KK*G (A, B) is finitely generated for x = 0, 1. Then the filtrations (ng)*(A, B)
and (I g Y*KKC (A, B) are equivalent.

Note that this is a direct consequence of Lemma 3.7 and Corollary 2.5 of [56]

when KK (A4, B) are finitely generated for any H < G and % = 0, 1.
In order to show Theorem 3.15, we prepare some lemmas.

Lemma 3.16. Let G be a compact Lie group, let X be a compact G-space and

let A, B be 0-G x X-C*-algebras. We assume that KK*GKX(A, B) are finitely

generated for x = 0, 1. Then, the following holds:

(1) Assume that G satisfies Hodgkin condition and let T be a maximal torus of G.
Then KKE*X (A, B) are finitely generated for x = 0, 1.
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(2) When G = T", KKI*X (A, B) are finitely generated for any H < T".

(3) For any cyclic subgroup H of G, there is a G-space Y such that C(Y) is
(Jg)k-injectivefor somek > 0and KKG*X (A, BQC(Y)) are finitely generated
for x =0, 1.

Proof. First, (1) follows from the fact that C(G/T) is KK%-equivalent to C !¢
(which is essentially proved in [44, p. 31]). To see (2), first we consider the case
that T” /H is isomorphic to T. Then, the assertion follows from the six-term exact
sequence of the functor KKT">xX (A, B ® ) associated to the exact triangle

SC(T') — Cy(R?) - C — C(TY).

In general T"/H is isomorphic to T™. By iterating this argument m times, we
immediately obtain the conclusion.

Finally we show (3). Since the space of conjugacy classes of G is homeomorphic
to the quotient of a finite copies of the maximal torus 7 of G by a finite group, there
is a finite family of class functions separating conjugacy classes of G. A moment
of thought will give you a finite faithful family of representations {w;: G — U(n;)}
such that {y(s;)} separates the conjugacy classes of G. Then, two elements g1 , g»
in G are conjugate in G if and only if so are in U := [[U(n;) (here G is regarded
as a subgroup of U by [ ] 7;). Set

?::{LfGﬂgHg_l|geU}.

Then G actson U/H ¥ -freely and every subgroup in F¢y. is contained in a conjugate
of H. By Corollary 3.13(2), C(U/H) is (3g)k—injective for some k > 0. Moreover,
KK% (4, B ® C(U/H)) are finitely generated R(G)-modules. To see this, choose
a maximal torus 7 of U containing H. Then U/H is a principal 7'/H -bundle
over U/ T and we can apply the same argument as (2). O

Lemma 3.17. Let X be a compact G-space and let X1, ..., Xy, be closed G-subsets
of X such that
X U---UX, =X
Then, in the category o RRP*X | the filtration associated to the family of ideals
Ix1,x, = { Ker Resgz?
is trivial (i.e. there is k > 0 such that (Jx, ,_,_,Xn)k =0).

Proof. It suffices to show the following: Let X be a compact G-space and X, X, be
a closed G-subspaces such that X = X; U X,. For separable 0-G x X -C*-algebras
A, B, D and & € KK9*X (4, B), &, € KK®*X (B, D) such that

Resgz§' & =0 and Resg§§2 £,=0

holds, we have &, o §; = 0.
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To see this, we use the Cuntz picture. Let Kg := K(L?(G)*) and let g5 x A be
the kernel of the canonical *-homomorphism

(A®Keg) *x (A®Kg)) ® K¢ — (A ®Kg) ® K¢

fora G x X-C*-algebra A. Then, KK%*X (4, B) is isomorphic to the set of homotopy
classes of G x X-equivariant *-homomorphisms from g5 x A to g5, x B and the
Kasparov product is given by the composition.

Let X’ be the G-space

X]X{O}U(XlﬂXz)X[0,1]UX2X{1}CXX[O,1]

and let p: X’ — X be the projection. Note that p is a homotopy equivalence.
Let ¢1:qs,xA — qs,xB be a G x X-equivariant *-homomorphism such that
[¢1] = &1. By using a homotopy trivializing ¢;|x,, we obtain a G x X’-equivariant
*-homomorphism

¢1:9s,x'P* A — qs,x'p* B

such that [¢]] = &; under the isomorphism
KK®"X (4, B) = KKX'(p* 4, p*B)
and ¢] = 0on X' N X x [0, 1/2]. Similarly, we get
©3:p"4sB — p*qsD
such that [p}] = & and 95 = 0on X' N X x [1/2,1]. Then,
§2061 =[p3001]1 =0. [

Proof of Theorem 3.15. By Corollary 3.13, it suffices to show the theorem for Fy..
Hence we may assume that ¥ = . without loss of generality. When G = T", the
conclusion follows from Lemma 3.16(2) and Corollary 2.5 of [56].
For general G, let U be the Lie group as in the proof of Lemma 3.16(3) and let T
be a maximal torus of U. Consider the inclusion
KKC(4, B) =~ KKY*Y/6(1ndY A,1ndY B)

C KK™U/G(Ind¥ A, Indg, B).
Set # and F' the family of G and T respectively given by

F:={L<GngHg '|He¥F, gelU},
F':={L<TnNgHg '|HeF geU}

Note that Corollary 3.13 implies that the filtration (Sjg )* is equivalent to (3g )*
since Feye = Feye-
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Consider the family of homological ideals

~F' e HD(U/G Irod
Irwv)G = {KerResTxU/G | H € f’}.

We claim that the restriction of the filtration
(3¥;U/G)*(Indg A, Indg B)

on KK (4, B) is equivalent to (35)*(A, B).

Pick L € ¥#’. The slice theorem ([58, Theorem 2.4]) implies that there is a family
of closed L-subspaces X1, ..., X, of U/G and x; € X; suchthat| JX; = U/G and
the inclusions Lx; — X; are L-equivariant homotopy equivalences. Now we have
canonical isomorphisms

Lx;
Resy, '

Xi )
KK X (Ind% Alx,, Indg Blx,) —— KKE*E* (Ind% Alpx,, Ind% B|Lyx;)

— KK&LE'NG (4, B)

such that LemlnG Lox
gLg™' NG _ XX
Resg; = ResleU/G
under these identifications (here g € U such that gL = x; € U/L). Now, we have

glg NG e % . Therefore, by Lemma 3.17, we obtain (35)" C 3?;[]/6 for some

k > 0. Conversely, since ¥ = Fey, for any L € F , we can take g € U such that
gLg™! € ¥'. Hence,

KK (A, B) N 37,6 (A. B) C 3G (A, B).

Similarly, the filtration (Ig )*KKC (A, B) is equivalent to the restriction of
(If/)*KKT"(U/G(Indg A,Indg B). Actually, by Lemma 3.4 of [1], the Ig-adic
and 15 " _adic topologies on KK (4, B) (here ¥” is the smallest family of U
containing ¥) coincide and so do the 1 g "-adic and I f "_adic topologies on

KKT*V/%(1nd% A, ndY B).
Finally, the assertion is reduced to the case of G = T". O

Theorem 3.15 can be regarded as a categorical counterpart of the Atiyah—Segal
completion theorem. Since Theorem 3.15 holds without assuming that KK (4, B)
are finitely generated for every H < G, we also obtain a refinement of the Atiyah—
Segal theorem ([56, Corollary 2.5]).

Lemma 3.18. Let A, B be separable o-G-C*-algebras such that KKf (A, B) are
finitely generated for x = 0, 1. Then there is a pro-isomorphism

{KK (4, B)/(3E)P (A, B)} e, = KK (4, Bp)} -
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Proof. By Lemma 3.16(3), there are compact G-spaces { X jxez-, such that
KKS (4, B ® C(Xy))

are finitely generated for * = 0, 1, each C(X;) is (3g )" -injective for some r > 0
and for any H € ¥ there are infinitely many X ’s such that X ,fl # 0. Set

p p
N, =B®QCx,. I,:=N, ,®C(X,). B, =B®C(kX)

i=1 i=1
and B _
N := ho—l(i_111N;, B = ho—l(il_nB;.
By the same argument as Theorem 2.2, we obtain that

SB' >Ny —B— B

is the approximation of B with respect to (¥C, (¥ 4 )°¢). Moreover, by the six-term
exact sequence, we obtain that KK& (4, B ;,) are finitely generated R(G)-modules.
Consider the long exact sequence of projective systems

{KKY (4,5 B})}, 2o, {KKS (4,N,)}

(‘(1)))* (‘1(1)7)*

—— {KK¢(4, B)} —— {KKS (4, E;,)}p.

Then, {Im(:5)+}, = {Ker(a})«} is pro-isomorphic to (35)*(14, B). Actually, for
any p > 0 there is r > 0 such that

(3E) (A, B) c Ker(ad)s = Im(:))« C (3E)7 (4, B)

since E;) is (I Jg )" -injective for some r > 0.
Therefore, it suffices to show that the boundary map {d,} is pro-zero. Apply
Theorem 3.15 and the Artin—Rees lemma for finitely generated R(G)-modules

M :=KK®(A,N}) and L :=Imd,.

Since E; is (Jg )" -injective for some r > 0, there is k > 0 and [ > 0 such that

m (), NnL=@GE) (AN)nLc () MnLc(g)L=o

Consequently, for any p > 0 there is / > 0 such that ImL§+l 00dp47 =0. O

Remark 3.19. It is also essential for Lemma 3.18 to assume that KKf (A, B) are
finitely generated. Actually, by Theorem 3.11, the pro-isomorphism in Lemma 3.18
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implies the completion theorem when G = T'! and ¥ = 7. On the other hand,
since the completion functor is not exact in general, there is a ¢-C*-algebra A such
that the completion theorem fails for K¢ (A4). For example, let A be the mapping

cone of o o o
P _ 1P c-p c

Then, the completion functor for the exact sequence
0 — R(G)® = R(G)® — K& (4) - 0

is not exact in the middle (cf. Example 8 of [50, Chapter 86]).

Lemma 3.20. Let A, B be separable o-G-C*-algebras such that KKf (A, B) are
finitely generated for x = 0,1. Then, the ABC spectral sequence for KK (4,.)
and B converges toward KK (A, B) with the filtration (32— )*(A, B).

Proof. According to Lemma 2.4, it suffices to show that

i Badp+l’p+q+l — BadP,P-HI-H

is injective. As is proved in Lemma 3.18, the boundary map 9, is pro-zero
homomorphism and hence the projective system {Ker:}} = {Imd,} is pro-zero.
Therefore, for any p > 0 there is a large ¢ > 0 such that

KCI'L(I) N (Jg)oo(A, Np) C Kertop N (3g)q(A, Np) = Kertop N ImL§+q =0. O
Theorem 3.21. Let A and B be separable o-G-C*-algebras such that KKZ (4, B)
are finitely generated R(G)-modules (¥ = 0, 1). Then, the morphisms
« KK®(4, B) - KK%(4, B),

« KK%(4, B) > RKK®(E#G:; A, B),

« KK%(4, B) - 0 RR®/F€(A, B),

induce the isomorphism of graded quotients with respect to the filtration (J (g )*(A, B).
In particular, we obtain isomorphisms

KK (4, B)", = KK%(4, B) = RKK®(E#G; 4, B) =~ 0 RR® /F€(A, B).

7 =
IG

Proof. This is a direct consequence of Lemma 3.18 and Lemma 3.20. Note that
Lemma 3.18 implies that the projective system {KKG (A, Bp)} satisfies the Mittag-
Leffler condition and hence the 1(1111 -term vanishes. O

Corollary 3.22. Let A be a separable o-C*-algebra and let B, be a homotopy of

continuous actions of a compact Lie group G on a o-C*-algebra B. We write B, for
0-G-C*-algebras (B, B;). If KKC (A, By) and KK% (A, By) are finitely generated
for x =0, 1, there is an isomorphism

KK (4, By)N, — KK (A, B))",.
IG IG
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We also weaken the assumption of Theorem 0.1 of Uuye [56], a generalization of
McClure’s restriction map theorem ([27, Theorem A and Corollary C]) for KK-theory.

Corollary 3.23. Let G be a compact Lie group and let A and B separable G-C*-
algebras. We assume that KK*G (A, B) are finitely generated for x = 0, 1. Then the
Jollowing hold:

(1) If KK¥ (A, B) = 0 holds for any finite cyclic subgroup H of G, then
KKS (A4, B) = 0.

(2) If € € KK (A, B) satisfies Resg & = 0 for any elementary finite subgroup H
of G, then £ = 0.

Proof. 1t is proved in Theorem 0.1 of [56] under a stronger assumption that
KK* (A, B) are finitely generated R(G)-modules for any closed subgroup H < G.
Applying Theorem 3.21, the same proof shows the conclusion. O

4. Generalization for groupoids and proper actions

In this section, we generalize the Atiyah—Segal completion theorem for equivariant
KK-theory of certain proper topological groupoids. Groupoid equivariant K-theory
and KK-theory are studied, for example, in [22] and [54].

First, we recall some conventions on topological groupoids. Let§ = (¢!, 6°,s,r)
be a second countable locally compact Hausdorft topological groupoid with a haar
system. We assume that § is proper, that is, the combination of the source and the
range maps (s,7): 8! — §° x g9 is proper. We write [¢] for the orbit space §°/¢
of § and 7: g% — [§] for the canonical projection. For a closed subset S C §°,
let §s denote the full subgroupoid given by

g5:={geg |s(g).r(g)eS} and g:=S5.
Hereafter we deal with proper groupoids satisfying the following two conditions:

For any x € §9, there is an open neighborhood U of x, a compact
G -space Sy with a § -fixed base point x¢ and a groupoid homomorphism
¢x: 97 x Sy — & such that

o the inclusion {xo} — Sy is a ¥ -homotopy equivalence, 4.1)
o the homomorphism ¢, is injective and a local equivalence ([17, Defini-

tion A.4]) such that ¢y (xo) = x and @x |grxix,} = idgx,
The groupoid ¥ admits a finite dimensional unitary representation whose 4.2)

restriction on g is faithful for each x € §°.

We say that a triple (U, Sy, @x) asin (4.1) is a slice of § at x.
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Example 4.1. The slice theorem for G-CW-complexes ([24, Theorem 7.1; see also
Lemma 4.4(ii)]) implies that (4.1) holds for § such that for any x € § there is a
saturated neighborhood U of x and a local equivalence G x X — §y where G are
Lie groups and X are G-CW-complexes.

Example 4.2. All proper Lie groupoid satisfies (4.1). Actually, the slice theorem for
proper Lie groupoids ([58, Theorem 4.1]) implies that for any orbit @ of § there isa
tubular neighborhood U of @ and alocal equivalence § x NyO© — Gy where x € O
and N O is the normal bundle of @. On the other hand, a proper Lie groupoid does not
satisfies (4.2) in general even if it is an action groupoid. Actually, let G be the group
as Section 5 of [23]. Then, the groupoid § := G x R is actually a counterexample.
To see this, compare Lemma 4.4(2) below with the fact that

Im (R($) - R($}) = R(T)) = R(T/K)

(see [23, p. 615]).

Example 4.3. By Lemma 4.4 below and Theorem 6.15 of [16], an action groupoid
G x X satisfies (4.2) if

* G is a closed subgroup of an almost connected group H; or

* G is discrete, X/G has finite covering dimension and all finite subgroups of G
have order at most k for some k € Z .

Lemma 4.4. Let § be a proper groupoid whose orbit space is compact.

(1) If the Hilbert §-bundle L*§ is AFGP ([55, Definition 5.14]), then §
satisfies (4.2).

(2) If § satisfies (4.2), the representation ring R(§Y) is a noetherian module over
R(¥) := KK¥(C,C) for any x € §°.

(3) If § satisfies (4.1) and (4.2), then R(§) is a noetherian ring.

Proof. First we check (1). Let (#,,m,) be an increasing sequence of finite
dimensional subrepresentations of 12§ whose union is dense. For any x € §°,
there is n > 0 such that m,|gx is faithful. By continuity, there is a saturated
neighborhood U of x such that Jrn|gyy is faithful for any y € U. We obtain the
conclusion since [§] is compact.

To see (2), take an n-dimensional unitary representation # of & and let U(J) be
the corresponding principal U(n)-bundle. Then we have the ring homomorphism

R(U(n)) = R(E); V] [UH) xym V]

Now, the composition R(U(n)) — R(§) — R(¥y) is actually induced from a group
homomorphism ¥} — U(n) which is injective by assumption. By Proposition 3.2
of [48], R(§}) is a finitely generated (and hence noetherian) module over R(U(n)).
Consequently, we obtain that R(¥;) is noetherian as an R(¥)-module.
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If G satisfies (4.1) in addition, there is an open covering {U; } and x; € U; such that
R(&,) is isomorphic to R (&x!) and in particular is a noetherian R(§)-module. By
a Mayer—Vietoris argument, we obtain that R(¥) itself is a noetherian R(¥)-module.

O

The induction for groupoid C*-algebras is given in Definition 4.18 of [38]. Let ¢
be a second countable locally compact groupoid and # be a subgroupoid. Let
(2, g, p) be a Hilsum—Skandalis morphism [19] from § to # given by

Qi={ged |s(g)eH}, o0:=5:Q>H°, p=r:Q—>9°

together with the left §-action and the right J¢-action given by the composition. The
induction functor o #-C*sep — 0§-C*sep is given by

* H
Ind5, A = Q*4:= (Cp(Q) @0 A4)" .
In the same way as the case of groups, it induces the functor between Kasparov

categories.

Proposition 4.5. Let § be a proper groupoid and let # be a closed subgroupoid.
Then, the induction functor Ind§€ is the right adjoint of the restriction functor Resjg ,
that is,

KK?(4,Ind%, B) =~ KK (Res¥ 4, B).
Proof. We have the isomorphism
)Jaf

Ind%, Res¥ 4 = (Cp(Q) @ z0 A)* S Cp(Q/H) ®g0 A aly) = a,—1 (a(y)).

Let A be the subspace of 2 consisting of all identity morphisms in #. The same
argument as Proposition 3.2 we can observe that the following *-homomorphisms

e4:Res¥ Ind5, 4 = (C(Q) @x A* — 4, f > fla,
nB:BeIndiResgB;C(Q/Jf)@)x B: a~a®lg/
gives the unit and counit of the adjunctions. O

Now we introduce two generalizations of Theorem 3.21. First we consider a
proper groupoid § satisfying (4.1) and (4.2). For simplicity, we assume that [§] is
connected. Then we have aring homomorphismdim: R(§) — Z. Set I¢ := Kerdim
be the augmentation ideal. We regard a closed subspace S C 9 as a subgroupoid
consisting of all identity morphisms on x € S. We write Eg for the homological ideal
Ker Resg of 0 RR? and in particular set Jg 1= 320. We say that 0-§-C*-algebras of
the form A = Indf;0 Ay is trivially induced and we write 7 4 for the class of trivially

induced objects. Similarly, we say that o-§-C*-algebras B such that Resg0 B is

0
KK?" -contractible is trivially contractible and we write 7€ for the class of trivially
contractible objects.
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Lemma 4.6. Let (U, S, @) be a slice of § at x € €° and let V be the smallest
saturated closed subspace of §° containing ¢(S).

(1) Let A be a 6-§-C*-algebra. If Resg A is KKS-contractible, then Resg A is
KK -contractible.

(2) If V is compact, the filtrations 323 and 3;1/ are equivalent under the isomorph-
ism o RRYS ~ o RRYY.

Proof. Since the homomorphism ¢:§) x § — § is a local equivalence, for any
y € ﬁf} we have a closed subspace W of ﬁ{} containing y in its interior and a
continuous map f: W — §!suchthatso f =idandro f(W) C S, which induces
a group homomorphism

{Ad f(w)}wew: KK® (Resg 4, Resg B) — KK" (Resy A,Res) B).

Since ReséVV =Ad f(u)o Resév, we obtain Gg’v C Sév.

In particular, if Resg A is KK -contractible, then Resg/ A is KK" -contractible.
We obtain (1) because any locally contractible X -C*-algebra is globally contractible
(which follows from a Mayer—Vietoris argument).

To see (2), let {W; } be a finite family of closed subspaces of ;@3 obtained as above
such that | W; = ﬁ{}. Then, in the same way as Lemma 3.17, we obtain

~S ~W ~W, ~V
(g, )" CJg, 0+0dg) Clg, - O

Consider the following assumption for a pair (A4, B) of o-§-C*-algebras
corresponding to the assumption that KKf (A, B) are finitely generated R(G)-
modules in Theorem 3.21:

There is a basis {U;} of the topology of & such that R(¥)-modules
9. G5, G5,
KK, (Resg ' ,Resg ' B) (4.3)
are finitely generated.

Theorem 4.7. Let § be a proper groupoid satisfying (4.1) and (4.2) whose orbit
space is compact. Then the following holds:

(1) A pair (T€, (T 4)') is complementary in o RRY .
(2) Forany pair of 0-G-C*-algebras (A, B) satisfying (4.3), there are isomorphisms
of R(§)-modules

KK? (4, B)}, =~ KK?(4, B) =~ RKK? (E; A, B) = 0 RR? /T€(A. B).



804 Y. Arano and Y. Kubota

Proof. Assertion (1) can be shown in the same way as Theorem 3.4.
To see (2), take slices {(X;, Si, ¢;)}ier such that

Gy, Gy, Gy,
KK*X’ (Reng’ A, Reng’ B)
are finitely generated and | 7(X;) = [§]. Consider the groupoid

FO=| |Si. F'i={(g.i./) €9 xIxI]|s(g)€qi(S). r(g) € ¢;(S))}
with

s(g,i,j)=s(g) € Si, r(g.i j)=r(g) esS;,
and

(h,j.k)o(g.i,j) =(goh i k).
Then, € is Morita equivalent to ¥ and we have the family of closed full subgroupoids
G = 8la1 (s iex

such that § = (U ¥ and the pair (4| g0, B|go) of 0-§;-C*-algebras satisfies (2).

Let # be a proper groupoid which admits a local equivalence ¢: G X X — H
where G is a compact Lie group and X is a compact G-CW-complex (such as §; or
%; N§;). Then, by Lemma 4.6, I 3 -adic topology and /g -adic topology on

KK* (4, B) =~ KKE¥ (¢* 4, ¢* B)

coincide. Moreover ¢* preserves 7€ and (7 4)'°. Hence, (2) holds for # by
Theorem 3.21.
By Lemma 3.4 of [1] and the proof of Lemma 4.4, I¢-adic and Ig, -adic topologies

coincide on KK (A|go, B|go). Moreover, Resgi preserves 7€ and (7 4)'°°. Finally

we obtain (2) for g by using the Mayer—Vietoris exact sequence

KK?! (Resg! A, Resg! B)),

.- —=KK?(4, B)j, — ® —> KK% (Res2 A, Res2 B)p, —--
KK (Resy” A,Resy” B))
g

i

_ KK (Res§! A, Res' B) _
.o.—>KK?(4, B) —— o) HKKgO(ReS?)A,ReSZO B) —---
KK?2 (Res?, Resy” B)

(for § = § U G, § := § N G,) and the five lemma recursively. Note that
the first row is exact because the completion functor is exact when modules are
finitely generated. Since the augmentation ideal /g and the complementary pair

(7€, (T 4)"°) are preserved under Morita equivalence, we obtain the consequence.
O
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Second generalization is the Atiyah—Segal completion theorem for proper actions.
Let G be one of:

* a countable discrete group such that and all finite subgroups of G have order at
most k for some k € Z-¢ and has a model of the universal proper G-space EeG
which is G-compact and finite covering dimension; or

* a cocompact subgroup of an almost connected second countable group,

and let ¥ be a family of G consisting of compact subgroups. Set § := G x EeG.
According to Section 7 of [31], the category o RRY is identified with the subcategory
(€d),,. of o RRY by the natural isomorphism

Pheg:KKO (4, B) 5 KK (4 ® C(EeG), B ® EeG)

since G has a Dirac element coming from a proper o-G-C*-algebra when G is
discrete ([53, Theorem 2.1]) or a closed subgroup of an almost connected second
countable group H ([21, Theorem 4.8]).

Theorem 4.8. Let G and ¥ be as above. Then, the following holds:

(1) A pair (F€,(F 4)°) is complementary in (€4),,. C 0 RRC.

(2) For any pair of proper -G -C*-algebras A, B such that KK*H (A, B) are finitely
generated for any compact subgroup H of G, there are isomorphisms of R(§)-
modules

KK (4, B)", =~ KK%(4, B) =~ RKK® (E5 §; A, B) = 0 RR®/F€(4, B).

17 =
Proof. The proof is given in the same way as Theorem 4.7. Note that 3g = ‘”jg X
for any H -subspace X of E'eG (even if X is not compact) since the composition

o RRHTEEG s o ggtl" X - o agt

is identity. O

5. The Baum-Connes conjecture for group extensions

In this section we apply Corollary 3.13 for the study of the complementary pair
(€d))., €E) of the Kasparov category 0 RRY when G is a Lie group. As a
consequence, we refine the theory of Chabert, Echterhoff and Oyono-Oyono [9,10,35]
on permanence property of the Baum—Connes conjecture under extensions of groups.

Let G be a second countable locally compact group such that any compact
subgroup of G is a Lie group. We bear the case that G is a real Lie group in mind.
We write € and € Z for the family of compact and compact cyclic subgroups of G,
respectively.
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Corollary 5.1. We have €€ = €Z€ and (€d),,. = (€Zd)

loc loc*

Proof. Since €Z C €, we have €Zd C €4 and €€ C €Z%€. Hence it suffices to
show €€ = €Z€, which immediately follows from Corollary 3.13(2). O

Corollary 5.2 (cf. [26, Theorem 1.1]). The canonical map f:EezG — EeG
induces the KK -equivalence f*: C(EezG) — C(EeG).

Note that the topological K-homology group Ki*(G; A) is isomorphic to the
KK-group KK®(C(E¢G), A) of o-C*-algebras for any G-C*-algebra A.

Proof. Since f is a T-equivariant homotopy equivalence between EeG and EezG
forany T € €Z, f* is an equivalence in 0 RRC /€ Z'€. The conclusion follows from
Corollary 5.1 because C(EezG) and C(EeG) are in (€d),,. = (€ZJ) O

loc loc*

Next we review the Baum—Connes conjecture for extensions of groups. Let
l1-N—->G—>G/N —1

be an extension of second countable locally compact groups. We assume that any
compact subgroup of G/N is a Lie group. As in Subsection 5.2 of [15], we say that
a subgroup H of G is N-compact if w(H) is compact in G/N. We write €y for
the family of N-compact subgroups of G. Then, we have the complementary pair
((Cnd)ie » ENC). Itis checked as following. First, in the same way as Lemma 3.3
of [31], for a large compact subgroup H of G/ N we have

KKY(Ind} 4, B) = KK" (Res? Ind;/" A,Resg B).

where H := 7w~ '(H) forany H < G/N and Uy is as Section 3 of [31]. Hence,
KKG(Q.M) =0forany Q € €y and M € €x€. Let

SM—-Q—-C —-M

be the approximation exact triangle of C in o RRY/N with respect to ((€d )., €C).
Since the functor 7*: 0 ARN — /KRG maps €4 to €yd and €€ to €T
respectively,

ST*M - 7*Q - C — 7*M

gives the approximation of C in 0 R8¢ with respect to ((€nd) e » ENC). Hereafter,
for simplicity of notations we omit 7 * for 0-(G/ N )-C*-algebras which are regarded
as 0-G-C*-algebras.
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Since €4 C €yd and €€ C €€, we obtain the diagram of semi-orthogonal
decompositions

(€J)loc— (B‘y)loc—)() P P——0
| A T A
DG/N
(EN ) ARC ene T T 'W (5.1)
| | N
(End). NEE ee eve, 3%

For a 0-G-C*-algebra A, the (full or reduced) crossed product N x A is a twisted
0-G/N-C*-algebra ([43, Definition 2.1]). By the Packer—Raeburn stabilization trick
([14, Theorem 1]), it is Morita equivalent to the untwisted G/ N -C*-algebra

N x™ 4:=Co(G/N,N x A) xzz (G/N),

where & and T are induced from the canonical G-action on Co(G/N, N x A). The
Packer—Raeburn crossed product N x™R  is a functor from G-€*sep to G/ N-€*sep,
which induces the partial descent functor ([10, Section 4])

j§N 0 RRC — grRO/N

by universality of 0 RRY (Theorem A.15).

Lemma 5.3. The functor jGG/N maps (Exd ). to (€d),,. and €€ 1o €.

loc

Proof. Let H be a N-compact subgroup of G and let A be a o-H-C*-algebra.
Then, N x"R Ind$, A admits a canonical 6-G/N x ((G/N x H\G)/G)-C*-algebra
structure. Since the G/ N-action on (G/N x H\G)/G is proper, N x™® Ind$, A4 is
in (€d),,.. Consequently we obtain

loc*

JE (NS 10e) C (€)1 -

Let A be a €y -contractible o-C*-algebra. Then, for any compact subgroup H of
G/N,
Resd v (N xPR 4) = N x Res” &) 4
G/N - G

is KK -contractible. Hence we obtain jg /N (eye) cree. O
Consider the partial assembly map

p&/ N KEP(G: A) — K¥P(G/N: N x A)
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constructed in Definition 5.14 of [9]. Then, in the same way as Theorem 5.2 of [30],
we have the commutative diagram

K:"(G:P® A) KP(G;Q® A) K'P(G; A)

- l Kz

KP(G/N; N x™R (P ® 4)) —= KiP(Q; N x™R (Q ® 4)) == KLP(G/N; N x™® A)

l% l% J/MG/N‘NMPRA
jc &™)

G Jjc(OG/N)
K«(G x (P® A)) Ki(Gx (Q® A)) ——————— Ky (G x A)

and hence the composition of partial assembly maps
HG.A = G/N Nxrea © gy (KSP(G:A) = KSP(G/N: N xR 4) > Ku(G x A)
is isomorphic to the canonical map

Ki(G x (P® A)) » Ky (G x (Q® A)) = Ki(G x A).

In other words, the partial assembly map /Lg/ iv is isomorphic to the assembly map
1G.ae4 for Q® A.

We say that a separable o-G-C*-algebra A satisfies the (resp., strong) Baum—
Connes conjecture (BCC) if jg (Dg) induces the isomorphism of K-groups (resp., the

KK-equivalence).

Theorem 5.4. Let1 - N — G — G/N — 1 be an extension of second countable
groups such that all compact subgroups of G/N are Lie groups and let A be a
separable o-G-C*-algebra. Then the following hold.:

(1) If n=Y(H) satisfies the (resp., strong) BCC for A for any H € €Z, then G
satisfies the (resp., strong) BCC for A if and only if G/N satisfies the
(resp., strong) BCC for N xR 4.

Q) If n=Y(H) for any H € €Z and G/N have the y-element, then so does G.
Moreover, in that case yp—1(gy = 1 forany H € €Z and yg )y = 1 if and only
ifye = 1.

Proof. To see (1), it suffices to show that G satisfies the (resp., strong) BCC for
Q ® A. Consider the full subcategory 91 of o RRC consisting of objects D such
that G satisfies the (resp., strong) BCC for D ® A. Set €Zd; be the family of all
G-C*-algebras of the form Co((G/N)/H) for H € €Z. By assumption, 9t contains
7*€Zd ;. Since N is localizing and colocalizing, 91 contains 7 * (‘C’ZJI)}EE, which
is equal to 77* (€4 1)1 because Co(G/N)/H) are KK -equivalent to

loc

Co((G/N)/H) ® C(EezH) € n* (€ZJ1)".

By Proposition 9.2 of [31], we obtain Q € 1.
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Assertion (2) is proved in the same way as Theorem 33 of [15]. Actually, since
we may assume without loss of generality that G/N is totally disconnected by
Corollary 34 of [15], the homomorphism

DE:KKY%(A4,P) - KKC (P ® 4,P)

is an isomorphism if A € 7* (€Zd),,. and in particular when A = Q (note that
any compact subgroup is contained in an open compact subgroup which is also a Lie
group by assumption). Consequently we obtain a left inverse

ng/N:Q—>P

of Dg/ N Now, the composition

ng/N on*ng/n:C — P

is a dual Dirac morphism of G. Of course, g o Dg = idc if ng/N o Dg/N = idq
and r](;/Nng/N =id(c. O

A. Equivariant KK-theory for o -C*-algebras

In this appendix we summarize basic properties of equivariant KK-theory for o-C *-
algebras for the convenience of readers. Most of them are obvious generalizations of
equivariant KK-theory for C*-algebras (a basic reference is [6]) and non-equivariant
KK-theory for o-C*-algebras by Bonkat [7]. Throughout this section we assume
that G is a second countable locally compact topological group.

A.1l. Generalized operator algebras and Hilbert C*-modules. Topological prop-
erties of inverse limits of C*-algebras was studied by Phillips in [39-42]. He
introduced the notion of representable K-theory for o-C*-algebras in order to
formulate the Atiyah—Segal completion theorem for C*-algebras.

Definition A.1. A pro-G-C*-algebra is a complete locally convex x-algebra with
continuous G-action whose topology is determined by its G-invariant continuous C*-
seminorms. A pro-G-C*-algebra is a 0-G-C*-algebra if its topology is generated by
countably many G-invariant C*-seminorms.

In other words, a pro-G-C*-algebra is a projective limit of G-C*-algebras.

Actually, a pro-G-C*-algebra A is isomorphic to Lgnpes(A) Ap, where §(A4) is

the net of G-invariant continuous seminorms and
Ap:=A/{x € A| p(x*x) = 0}

is the completion of A4 by the seminorm p € §(A). A pro-G-C*-algebra is separable
if A, are separable for any p € &§(A4). If A is a separable o-G-C*-algebra, then
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it is separable as a topological space. Basic operations (full and reduced tensor
products, free products and crossed products) are also well-defined for pro-C*-
algebras. When G is compact, any o-C*-algebras with continuous G-action are
actually o-G-C*-algebras.

We write 0G-C*sep for the category of separable o-G-C*-algebras and
equivariant x-homomorphisms. Then we have the category equivalence

1(1_1112 Proz_,G-C*sep — 0 G-Csep,

where Proz_,G-C*sep is the category of surjective projective systems of separable
G-C*-algebras indexed by Z - with the morphism set

Hom ({4}, {Bm}) = lim lim Hom (A, Bp).

n m

Actually, a x-homomorphism ¢: A — B induces a morphism between projective

. o @
systems since each composition A — B — B, factors through some A4,.
Next we introduce the notion of Hilbert module over pro-C*-algebras.

Definition A.2. A G-equivariant pre-Hilbert B-module is alocally convex B-module
together with the B-valued inner product (-,-): E x E — B and the continuous
G-action such that

<€1,€2b) = (el,€2> b, <€1,€2)* = <€2,€1) ,
g({e1.e2)) = (gle1). g(e2)) .  gleb) = g(e)g(b),

and the topology of E is induced by seminorms pg (¢) := p({e, e))'/?for p € 8(B).
A G-equivariant pre-Hilbert B-module is a G-equivariant Hilbert B-module if it is
complete with respect to these seminorms.

Basic operations (direct sums, interior and exterior tensor products and crossed
products) are also well-defined (see [46, Section 1]).
As alocally convex space, E is isomorphic to the projective limit lim E,
<—pe8(B)
where

Ep:= E/{e e E|p(e,e)) = O}.
A G-equivariant Hilbert B-module E is countably generated if E, are countably
generated for any p € 8(B).

Let L(E) and K(E) be the algebra of adjointable bounded and compact operators
on E respectively. They are actually pro-G-C*-algebras since we have isomorphisms

L(E)= lim L(E,), K(E)= lim K(E,).
peS(B) peS(B)

In particular, L.(E) and K(E) are 0-G-C*-algebra if so is B. Note that IL.(E) is not
separable and the canonical G-action on LL(E) is not continuous in norm topology.
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Kasparov’s stabilization theorem is originally introduced in [20] and generalized
by Mingo—Phillips [33] and Meyer [28] for equivariant cases. Bonkat [7] also gives a
generalization for o-C *-algebras. Let J be a separable infinite dimensional Hilbert
space and we write # g, Hg,p and K¢ for ¥ @ B, HRL*(G)®B,and K(L>°GRH),
respectively.

Theorem A.3. Let B be a o-unital 0-G-C*-algebra and let E be a countably
generated G -equivariant Hilbert B-module together with an essential G-equivariant
s-homomorphism ¢: Kg — IL(E). Then there is an isomorphism

E® Hg.p = Ha,B
as G-equivariant Hilbert B-modules.

Proof. In the non-equivariant case, the proof is given in Section 1.3 of [7]. In fact,
we have a sequence {e'} in E such that sup,, ||¢}|| < 1 and {m(e’)} generates E , for
any p € §(B) since the projection (E,); — (E£4)1 between unit balls is surjective
for any p > g. Now we obtain the desired unitary U as the unitary factor in the polar
decomposition of the compact operator

T:Jp — E @ Jp; TE)=2"c @4,
where {£7} is a basis of Jp. Actually the range of |T'| is dense because

T*T = diag (472,47%,...) + (277 (ei,e5))
is strictly positive.
In the equivariant case, we identify £ with L*(G, #) ® (L*(G, #)* ®k E)
and set
Eo:=J ®c (L*(G, ¥#)* ®k, E).

Let U be the (possibly non-equivariant) unitary from #p to Eg & Hp as above.
Then we obtain

U(g) = g(U): Cce(G, Hp) — Ce(G. Eo ® Hp).
which extends to a G-equivariant unitary
U:He,p = L*(G, Hp) — L*(G,Eo ® Hp) = E & ¥ 5.
More detail is found in Section 3 of [28]. ]

A pro-C*-algebra is o -unital if there is a strictly positive element 7 € A. Here,
we say that an element & € A is strictly positive if 14 = Ah = A. A pro-C*-
algebra A is o-unital if and only if it has a countable approximate unit. A separable
o-C*-algebra is o-unital and moreover has a countable increasing approximate unit
([18, Lemma 5]).
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LemmaA.4. Let B be ao-C*-algebrawith G-action, A C B ao-G-C*-algebra, Y a
o-compact locally compact space, ¢: Y — B a function such that y — [p(y),a] are
continuous functions which take values in A. Then there is a countable approximate
unit {u;} for A that is quasi-central for ¢(Y) and quasi-invariant, that is, the
sequences [u;,o(¥)| (v € Y) and g(u;) — u; converge to zero.

Proof. Let {pn}nez-, be an increasing sequence of invariant C*-seminorms on B
generating the topology of B and let {v,, } be a countable increasing approximate unit
for A and h := Y _27¥v;. By induction, we can choose an increasing sequence {,, }
given by convex combinations of v;’s such that:

(1) pn(upyh—h) <1/n;

) pa([un. @(»)]) <1/nforany y € Yy;

(3) pn(g(un) —u,) <1/nforany g € X,,.

Each induction step is the same as in Section 1.4 of Kasparov [21]. O
Theorem A.5. Let J be a 0-G-C*-algebra, A1 and A, o-unital closed subalgebras

of M(J) where G acts continuously on Ay, A a separable subset of M(J) such that
[A, A1] C Ay and ¢: G — M(J) a function such that

sup p(e(9)
2€G, peS(M(J))

is bounded. Moreover we assume that Ay - A, Ay - ¢(G) and ¢(G) - Ay are in J
and g — @(g)a are continuous functions on G for any a € Ay + J. Then, there are
G -continuous even positive elements My, M, € M(J) such that:

e Mi+ M, =1,

e Mia;, [M;,d], Map(g), o(g)M>, g(M;) — M; are in J for any a; € A;, d € A,
g € G,

e g Myop(g) and g — ¢(g) M, are continuous.
Proof. The proof is given by the combination of arguments on p. 151 of [21] and

in Theorem 10 of [18]. Actually, by Lemma A.4 we get an approximate unit {u,}
for A; and {v,} for J such that:

(1) pu(unhy —hy) <277,

(2) pn([un.y]) <2 foranyy €Y,

(3) pn(g(un) —uy) < 27" forany g € X,

@) pn(vaw —w) < 272" forany w € W,

(5) pn([vn, Z]) is small enough to p, ([bn, Z]) <27"foranyz € {h;, ha}UY Up(X,),
(6) pn(g(bn) —bn) <27 forany g € X,
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where h1, h,, k are strictly positive element in A;, A, and J respectively such that

Pn(h1), pu(h2), pu(k) <1

for any n, ¥ C A is a compact subset whose linear span is dense in A, X, is a
increasing sequence of relatively compact open subsets of G whose union is dense
inG,

Wy = {k, unho, uns1h2} Utn@(Xn) Uttn410(Xnt1) U@(Xp)ttn U @(Xpt1)tnt1

and
by = (v — vn—l)l/z-

Now, it can be checked that the finite sum Y _ b,u,b, converges in the strict topology
to the desired element M, € M(J). O

A.2. Equivariant KK-groups. A generalization of KK-theory for pro-C*-algebras
was first defined by Weidner [57] and was generalized for equivariant case by
Schochet [46]. Here the notion of coherent A-B bimodule is introduced in order
to avoid Kasparov’s technical theorem for pro-C*-algebras. On the other hand,
Bonkat [7] introduced a new definition of KK-theory for o-C*-algebras applying the
technical theorem A.5 for o-C*-algebras. In this paper we adopt the latter definition.

Definition A.6. Let A and B be o-unital Z/2-graded o-G-C*-algebras. A G-

equivariant Kasparov A-B bimodule is a triplet (E, ¢, F') where

e E isaZ/2-graded countably generated G-equivariant Hilbert B-module;

e ¢: A — L(F) is a graded G-equivariant x-homomorphism;

» F € L(E)2% such that [F. o(A)], p(A)(F> — 1), p(4)(¢(F) — F) € K(E), and
¢(a)F, Fo(a) are G-continuous.

Two G-equivariant Kasparov A-B bimodules (E1, ¢1, F1) and (E», @2, F>) are
unitarily equivalent if there is a unitary u € IL(Eq, E») such that ugpiu* = ¢,
and uFu* = F,. Two G-equivariant Kasparov A-B bimodules (Ey, ¢1, F1)
and (E,, ¢z, F») are homotopic if there is a Kasparov G-equivariant A-1B
bimodule (E, ¢, F) such that (ev;)«(E, ¢, F) are unitarily equivalent to (E;, ¢;, F;)
fori =0,1.

Definition A.7. Let A and B be o-unital Z/2-graded o-G-C*-algebras. The
KK-group KK (4, B) is the set of homotopy equivalence classes of G-equivariant
Kasparov A-B bimodules.

It immediately follows from the definition that KK (C, A) is canonically
isomorphic to the representable equivariant K-group R K, OG (A) introduced in [42].

Definition A.8. Let (E1, ¢, F1) be a G-equivariant Kasparov A-B bimodule
and (E», @2, F>) a G-equivariant Kasparov B-C bimodule. A Kasparov product
of (E1,¢1,F1) and (E», @2, F>) is a G-equivariant Kasparov A-C bimodule
(E1 ®p E», ¢, F) that satisfies the following:
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(1) The operator F € L(E1 ®p E») is an F»-connection. That is,
Ty o Fy— (_1)degx~dengF oTy and F,o T: _ (_l)degx-deng T; oF

are compact for any x € Ey;
) ¢(a)[F; ® 1, Flp(a)* > 0 mod K(E).

Theorem A.9. Let A, B, C and D be o-unital o-G-C*-algebras. Moreover we
assume that A is separable. The Kasparov product gives a well-defined group
homomorphism

KKS (4, B) ® KK®(B,C) — KK%(4, C),
which is associative, that is,
(x®BY)®cz=x®p(y®c z2)

for any x € KKC(A, B), y € KK®(B,C) and z € KK®(C, D) when B is also
separable.

Proof. What we have to show is existence, uniqueness up to homotopy, well-
definedness of maps between KK-groups and associativity of the Kasparov product.
All of them are proved in the same way as in Theorem 12 and Theorem 21 of [49]
or Theorem 2.11 and Theorem 2.14 of [21]. Note that we can apply the Kasparov
technical theorem A.S5 since we may assume that sup,cgq gy P(F) < 1 by a
functional calculus and a separable o-C*-algebra is separable as a topological algebra
(see also [6, Sections 18.3—18.6]). ]

Moreover, we obtain the Puppe exact sequence (as [6, Theorem 19.4.3]) for
a *-homomorphism between o-C*-algebras and the six term exact sequences ([0,
Theorem 19.5.7]) for a semisplit exact sequence of o-C*-algebras by the same proofs.

Next we deal with the Cuntz picture [12] (see also [28]) of KK-theory for o-G-
C*-algebras.

Definition A.10 ([12, Definition 2.2]). We say that (¢g,¢1):A = D > J — B is
an equivariant prequasihomomorphism from A to B if D is a o-unital o-C*-algebra
with G-action, ¢y and ¢; are equivariant *-homomorphisms from A4 to D such that
@o(a) — p1(a) are in a separable G-invariant ideal J of D such that the restriction
of the G-action on J is continuous, and J/ — B is an equivariant *-homomorphism.
Moreover, we say that (pg, ¢1) is quasihomomorphism if D is generated by ¢o(A)
and @1 (A), J is generated by {¢o(a) — ¢1(a) | a € A} and J — B is injective.
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The idea given in [13] is also generalized for o-G-C*-algebras.

Definition A.11. Let A and B be o-G-C*-algebras. The full free product A * B is
the 0-G-C*-algebra given by the completion of the algebraic free product A *,, B
by seminorms

Pramp(@iby...anby) = ||wa(a)p(by) ... walan)wp(bn)ll .

where w4 and wp are x-representations of A and B on the same Hilbert space. In
other words, when A = 1<i£1An and B = l(iile, the free product A * B is the
projective limit

1(1111(A,, * By).

By definition, any *-homomorphisms ¢4: A — D and ¢p: B — D are uniquely
extended to ¢4 * pp: A x B — D. We denote by QA the free product A * A and
by g A the kernel of the x-homomorphism id4 * id4: QA4 — A.

Since we have the stabilization Theorem A.3 and the technical Theorem A.5 for
0-G-C*-algebras, the following properties of quasihomomorphisms and KK-theory
is proved in the same way. We only enumerate their statements and references for the
proofs. Here we write g A for the G-C*-algebra ¢(A ® Kg).

* The set of homotopy classes of G-equivariant quasihomomorphisms from A K
to B ® K¢ is isomorphic to KKC¢ (A, B) ([12, Section 5]).

« The functor KK®: G-€*sep x G-C*sep — R(G)-Mod is stable and split exact in
both variables ([13, Proposition 2.1]).

* For any 0-G-C*-algebras A and B, A * B and A @ B are KK -equivalent
([13, Proof of Proposition 3.1]).

e The element 74 := [o] in KK (¢4, A) where 7o := (idy * 0)|qa:qA — Ais
the KK¢ -equivalence ([13, Proposition 3.1]).

* There is a one-to-one correspondence between G-equivariant quasihomomor-
phisms from 4 ® Kg to B ® K¢ and G-equivariant *-homomorphisms from
gsA to B ® Kg ([28, Theorem 5.5]).

e There is a canonical isomorphism KK®(A4,B) =~ [¢;4,B ® Kg]° (the
stabilization Theorem A.3 and [13, Proposition 1.1]).

* The correspondence

G
[4s4 ® Kg.4sB ® Kg]” — KKP(4, B)

pr>mpogo(wa)”!

induces the natural isomorphism ([28, Theorem 6.5]).
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For a projective system { A, 7, } of -C*-algebras, the homotopy projective limit
ho- 1(£1 Ay is actually isomorphic to the mapping telescope

Tel A, := |/ € [TC(10.1].42) | /(1) = ma(fO)}.

The following theorem follows from the fact that the functor KK¢ (A,.) and
KK (., B) is compatible with direct products when B is a G-C*-algebra.

Theorem A.12. The following holds:
(1) Let {An}nez-, be a inductive system of o-G-C*-algebras and A := ho- h_H)l Ap.

For a 0-G-C*-algebra B, there is an exact sequence

0— LiLanK*GH(A,,, B) — KK%(A4, B) - KK%(4,, B) — 0.

(2) Let{By}nez- be aprojective system of o-G-C*-algebras and B := ho- l(lr_n By,
For a a-G-C*-algebra B, there is an exact sequence

0— LigllKKf_H(A, B,) — KK%(4, B) — 1<i£1KK*G(A, B,) — 0.

(3) Let {An}nez-, be a projective system of 0-G-C*-algebras and A := ho- l(in Ap.
For a G-C*-algebra B, there is an isomorphism

KK® (4, B) =~ h_r)nKKG(An,B).

Corollary A.13. Let A = ho- l(ln A, and B = ho- l(in B, be homotopy projective
limits of C*-algebras. There is an exact sequence

0— 1(1311 li_r)nKKf_H(A,,, Bn) — KK%(4, B) — l(iLnli_r)nKKG(An, By,) — 0.

m n m n

In particular, if two homotopy projective limits

A =ho-lim A4, and B = ho-lim By,
<~ <~

of G-C*-algebras are KK -equivalent, then we get a pro-isomorphism of projecctive
systems {A, }, —> {Bm}m in ARC.

A.3. The Kasparov category.

Definition A.14. We write 0 RRC for the Kasparov category of o-G-C*-algebras
i.e. the additive category whose objects are separable o-G-C*-algebras, morphisms
from A to B are KK (4, B) and composition is given by the Kasparov product.

Note that the inclusion G-€*sep C 0 G-C*sep induces a full embedding AR
in 0 RRY. Additional structures of £RC such as tensor products, crossed products
and countable direct sums are extended on 0 R2C. Moreover the category ARY has
countably infinite direct products.
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Theorem A.15 ([51, Theorem 2.2]; [7, Satz 3.5.10]). The category o R8R% is an
additive category that has the following universal property: there is the canonical
functor

KKC:o¢*sep — 0 RRC
such that for any C*-stable, split-exact, and homotopy invariant functor F: 6 €* sep — 2
there is a unique functor F such that the Jollowing diagram

oC*sep¥ ——= A

l ,,,,,

o ARC
commutes.

This follows from the Cuntz picture introduced in the previous subsection.

A structure of the triangulated category on AR is introduced in [31]. Let S be
the suspension functor SA := Co(R) ® A of C*-algebras. Roughly speaking, the
inverse ¥ := S~! and the mapping cone exact sequence

EB—>cone(f)—>Ai>B

determines a triangulated category structure of ARC. More precisely we need to
replace the category RRY with another one that is equivalent to ARY, whose objects
are pair (A, n) where A is a separable o-G-C*-algebra and n € Z, morphisms from
(A,n)to (B, m)are KK, _,, (A, B) and composition is given by the Kasparov product.
In this category the functor X: (4,n) — (A,n + 1) is an category isomorphism (not
only an equivalence) and S o ¥ = X o § are natural equivalent with the identity
functor. A triangle

X (B,m) — (C,l) »> (A,n) — (B,m)

is exact if there is a *-homomorphism from A’ to B’ and the isomorphism «, 8, and y
such that the following diagram

XB C A B

N R R

EB’—>cone(f)—>A/—f>-B’.

commutes. For simplicity of notation we use the same letter AR for this category.
Theorem A.16. The category o RRC, with the suspension . and exact triangles as
above, is a triangulated category.

We omit the proof. Actually, the same proof as for RRC given in Appendix 1
of [31] works since we have the Cuntz picture of equivariant KK-theory introduced
in the previous subsection.



818 Y. Arano and Y. Kubota

Acknowledgements. The authors would like to thank their supervisor Yasuyuki
Kawahigashi for his support and encouragement. They also would like to thank
Georges Skandalis and N. Christopher Phillips for suggesting initial ideas and Kang
Li for helpful comments. The first author wishes to thank the KU Leuven, where the
last part of this paper was written, for the invitation and hospitality. This work was
supported by Research Fellow of the JSPS (No. 26-2598 and No. 26-7081) and the
Program for Leading Graduate Schools, MEXT, Japan.

References

[1] J. F. Adams, J.-P. Haeberly, S. Jackowski, and J. P. May, A generalization of the Atiyah—
Segal completion theorem, Topology, 27 (1988), no. 1, 1-6. Zbl 0657.55007 MR 935523

[2] Y. Arano and Y. Kubota, Compact group actions with continuous Rokhlin property,
preprint, 2015. arXiv:math/1512.06333

[3] M. Atiyah and G. Segal, The index of elliptic operators. II, Ann. of Math. (2), 87 (1968),
531-545. Zbl 0164.24201 MR 0236951

[4] M. Atiyah and G. Segal, Equivariant K-theory and completion, J. Differential Geometry,
3 (1969), 1-18. Zbl 0215.24403 MR 0259946

[5] N. Berline, E. Getzler, and M. Vergne, Heat kernels and Dirac operators, Corrected
reprint of the 1992 original, Grundlehren Text Editions, Springer-Verlag, Berlin, 2004.
7Zbl 1037.58015 MR 2273508

[6] B. Blackadar, K-theory for operator algebras, Second edition, Mathematical Sciences
Research Institute Publications, 5, Cambridge University Press, Cambridge, 1998.
Zbl 0913.46054 MR 1656031

[71 A. Bonkat, Bivariante k-theorie fiir kategorien projektiver systeme von c*-algebren,
Ph.D. Thesis, Preprintreihe SFB 478, heft 319, 2002.

[8] J. Cantarero, Equivariant K-theory, groupoids and proper actions, J. K-Theory, 9 (2012),
no. 3, 475-501. Zbl 1254.19008 MR 2955971

[9] J. Chabert and S. Echterhoff, Permanence properties of the Baum—Connes conjecture,
Doc. Math., 6 (2001), 127-183 (electronic). Zbl 0984.46047 MR 1836047

[10] J. Chabert and S. Echterhoff, Twisted equivariant K K-theory and the Baum-Connes
conjecture for group extensions, K-Theory, 23 (2001), no. 2, 157-200. Zbl 1010.19004
MR 1857079

[11] J. D. Christensen, Ideals in triangulated categories: phantoms, ghosts and skeleta, Adv.
Math., 136 (1998), no. 2, 284-339. Zbl 0928.55010 MR 1626856

[12] J.Cuntz, Generalized homomorphisms between C *-algebras and K K -theory, in Dynamics
and processes (Bielefeld, 1981), 31-45, Lecture Notes in Math., 1031, Springer, Berlin,
1983. Zbl 0561.46034 MR 733641

[13] J. Cuntz, A new look at K K-theory, K-Theory, 1 (1987), no. 1, 31-51. Zbl 0636.55001
MR 899916


https://zbmath.org/?q=an:0657.55007
http://www.ams.org/mathscinet-getitem?mr=935523
http://arxiv.org/abs/1512.06333
https://zbmath.org/?q=an:0164.24201
http://www.ams.org/mathscinet-getitem?mr=0236951
https://zbmath.org/?q=an:0215.24403
http://www.ams.org/mathscinet-getitem?mr=0259946
https://zbmath.org/?q=an:1037.58015
http://www.ams.org/mathscinet-getitem?mr=2273508
https://zbmath.org/?q=an:0913.46054
http://www.ams.org/mathscinet-getitem?mr=1656031
https://zbmath.org/?q=an:1254.19008
http://www.ams.org/mathscinet-getitem?mr=2955971
https://zbmath.org/?q=an:0984.46047
http://www.ams.org/mathscinet-getitem?mr=1836047
https://zbmath.org/?q=an:1010.19004
http://www.ams.org/mathscinet-getitem?mr=1857079
https://zbmath.org/?q=an:0928.55010
http://www.ams.org/mathscinet-getitem?mr=1626856
https://zbmath.org/?q=an:0561.46034
http://www.ams.org/mathscinet-getitem?mr=733641
https://zbmath.org/?q=an:0636.55001
http://www.ams.org/mathscinet-getitem?mr=899916

[14]

[15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

The Atiyah—Segal completion theorem in KK-theory 819

S. Echterhoff, Morita equivalent twisted actions and a new version of the Packer—Raeburn
stabilization trick, J. London Math. Soc. (2), 50 (1994), no. 1, 170-186. Zbl 0807.46081
MR 1277761

H. Emerson and R. Meyer, A descent principle for the Dirac—dual-Dirac method, Topology,
46 (2007), no. 2, 185-209. Zbl 1119.19005 MR 2313071

H. Emerson and R. Meyer, Equivariant representable K-theory, J. Topol., 2 (2009), no. 1,
123-156. Zbl 1163.19003 MR 2499440

D. S. Freed, M. J. Hopkins, and C. Teleman, Loop groups and twisted K-theory. I, J.
Topol., 4 (2011), no. 4, 737-798. Zbl 1241.19002 MR 2860342

M. A. Hennings, Kasparov’s technical lemma for b*-algebras, Math. Proc. Cambridge
Philos. Soc., 105 (1989), no. 3, 537-545. Zbl 0691.46045 MR 985690

M. Hilsum, and G. Skandalis, Morphismes K -orientés d’espaces de feuilles et fonctorialité
en théorie de Kasparov (d’aprés une conjecture d’A. Connes), Ann. Sci. Ecole Norm. Sup.
(4), 20 (1987), no. 3, 325-390. Zbl 0656.57015 MR 925720

G. G. Kasparov, Hilbert C *-modules: theorems of Stinespring and Voiculescu, J. Operator
Theory, 4 (1980), no. 1, 133—150. Zbl 0456.46059 MR 587371

G. G. Kasparov, Equivariant K K-theory and the Novikov conjecture, Invent. Math., 91
(1988), no. 1, 147-201. Zbl 0647.46053 MR 918241

P-Y. Le Gall, Théorie de Kasparov équivariante et groupoides. I, K-Theory, 16 (1999),
no. 4, 361-390. Zbl 0932.19004 MR 1686846

W. Liick and B. Oliver, The completion theorem in K-theory for proper actions of a
discrete group, Topology, 40 (2001), no. 3, 585-616. Zbl 0981.55002 MR 1838997

W. Liick and B. Uribe, Equivariant principal bundles and their classifying spaces, Algebr.
Geom. Topol., 14 (2014), no. 4, 1925-1995. Zbl 1307.55008 MR 3331607

W. Liick, Survey on classifying spaces for families of subgroups, in Infinite groups:
geometric, combinatorial and dynamical aspects, 269—322, Progr. Math., 248, Birkhiuser,
Basel, 2005. Zbl 1117.55013 MR 2195456

M. Matthey and G. Mislin, Equivariant K-homology and restriction to finite cyclic
subgroups, K-Theory, 32 (2004), no. 2, 167-179. Zbl 1072.19006 MR 2083579

J. E. McClure, Restriction maps in equivariant K-theory, Topology, 25 (1986), no. 4,
399-409. Zbl 0613.55005 MR 862427

R. Meyer, Equivariant Kasparov theory and generalized homomorphisms, K-Theory, 21
(2000), no. 3, 201-228. Zbl 0982.19004 MR 1803228

R. Meyer, Homological algebra in bivariant K-theory and other triangulated categories.
I, Thil. Math. J., 1 (2008), 165-210. Zbl 1161.18301 MR 2563811

R. Meyer, and R. Nest, The Baum-Connes conjecture via localization of categories, Lett.
Math. Phys., 69 (2004), no. 237-263. Zbl 1053.19002 MR 2104446

R. Meyer, and R. Nest, The Baum-Connes conjecture via localisation of categories,
Topology, 45 (2006), no. 2, 209-259. Zbl 1092.19004 MR 2193334

R. Meyer, and R. Nest, Homological algebra in bivariant K-theory and other triangulated
categories. I, in Triangulated categories, 236-289, London Math. Soc. Lecture Note Ser.,
375, Cambridge Univ. Press, Cambridge, 2010. Zbl 1234.18008 MR 2681710


https://zbmath.org/?q=an:0807.46081
http://www.ams.org/mathscinet-getitem?mr=1277761
https://zbmath.org/?q=an:1119.19005
http://www.ams.org/mathscinet-getitem?mr=2313071
https://zbmath.org/?q=an:1163.19003
http://www.ams.org/mathscinet-getitem?mr=2499440
https://zbmath.org/?q=an:1241.19002
http://www.ams.org/mathscinet-getitem?mr=2860342
https://zbmath.org/?q=an:0691.46045
http://www.ams.org/mathscinet-getitem?mr=985690
https://zbmath.org/?q=an:0656.57015
http://www.ams.org/mathscinet-getitem?mr=925720
https://zbmath.org/?q=an:0456.46059
http://www.ams.org/mathscinet-getitem?mr=587371
https://zbmath.org/?q=an:0647.46053
http://www.ams.org/mathscinet-getitem?mr=918241
https://zbmath.org/?q=an:0932.19004
http://www.ams.org/mathscinet-getitem?mr=1686846
https://zbmath.org/?q=an:0981.55002
http://www.ams.org/mathscinet-getitem?mr=1838997
https://zbmath.org/?q=an:1307.55008
http://www.ams.org/mathscinet-getitem?mr=3331607
https://zbmath.org/?q=an:1117.55013
http://www.ams.org/mathscinet-getitem?mr=2195456
https://zbmath.org/?q=an:1072.19006
http://www.ams.org/mathscinet-getitem?mr=2083579
https://zbmath.org/?q=an:0613.55005
http://www.ams.org/mathscinet-getitem?mr=862427
https://zbmath.org/?q=an:0982.19004
http://www.ams.org/mathscinet-getitem?mr=1803228
https://zbmath.org/?q=an:1161.18301
http://www.ams.org/mathscinet-getitem?mr=2563811
https://zbmath.org/?q=an:1053.19002
http://www.ams.org/mathscinet-getitem?mr=2104446
https://zbmath.org/?q=an:1092.19004
http://www.ams.org/mathscinet-getitem?mr=2193334
https://zbmath.org/?q=an:1234.18008
http://www.ams.org/mathscinet-getitem?mr=2681710

820

[33]

[34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

(50]
[51]

[52]

Y. Arano and Y. Kubota

J. A. Mingo and W. J. Phillips, Equivariant triviality theorems for Hilbert C *-modules,
Proc. Amer. Math. Soc., 91 (1984), no. 2, 225-230. Zbl 0546.46049 MR 740176

A. Neeman, Triangulated categories, Annals of Mathematics Studies, 148, Princeton
University Press, Princeton, NJ, 2001. Zbl 0974.18008 MR 1812507

H. Oyono-Oyono, Baum-Connes conjecture and extensions, J. Reine Angew. Math., 532
(2001), 133-149. Zbl 0973.46064 MR 1817505

R. S. Palais, The classification of G-spaces, Mem. Amer. Math. Soc., (1960), no. 36, 72pp.
Zbl 0119.38403 MR 0177401

R. S. Palais, On the existence of slices for actions of non-compact Lie groups, Ann. of
Math. (2),73 (1961), no. 73, 295-323. Zbl 0103.01802 MR 0126506

W. Paravicini, Induction for Banach algebras, groupoids and KK, J. K-Theory, 4 (2009),
no. 3, 405-468. Zbl 1189.19004 MR 2570950

N. C. Phillips, Inverse limits of C *-algebras, J. Operator Theory, 19 (1988), no. 1, 159—
195. Zbl 0662.46063 MR 950831

N. C. Phillips, Inverse limits of C *-algebras and applications, in Operator algebras and
applications, Vol. 1, 127-185, London Math. Soc. Lecture Note Ser., 135, Cambridge
Univ. Press, Cambridge, 1988. Zbl 0668.00014 MR 996445

N. C. Phillips, The Atiyah-Segal completion theorem for C *-algebras, K -Theory, 3 (1989),
no. 5, 479-504. Zbl 0709.46034 MR 1050491

N. C. Phillips, Representable K-theory for o-C *-algebras, K-Theory, 3 (1989), no. 5,
441-478. Zbl 0709.46033 MR 1050490

J. A. Packer and I. Raeburn, Twisted crossed products of C *-algebras, Math. Proc.
Cambridge Philos. Soc., 106 (1989), no. 2, 293-311. Zbl 0757.46056 MR 1002543

J. Rosenberg and C. Schochet, The Kiinneth theorem and the universal coefficient theorem
for equivariant K-theory and K K-theory, Mem. Amer. Math. Soc., 62 (1986), no. 348,
vi+95pp. Zbl 0607.46043 MR 849938

T. Schick, Finite group extensions and the Baum-Connes conjecture, Geom. Topol., 11
(2007), no. 1767-1775. Zbl 1201.58019 MR 2350467

C. Schochet, Equivariant K K-theory for inverse limits of G-C ™*-algebras, J. Austral.
Math. Soc. Ser. A, 56 (1994), no. 2, 183-211. Zbl 0812.19004 MR 1261582

G. Segal, Equivariant K -theory, Inst. Hautes Etudes Sci. Publ. Math., 34 (1968), 129-151.
Zbl 0199.26202 MR 0234452

G. Segal, The representation ring of a compact Lie group, Inst. Hautes Etudes Sci. Publ.
Math., 34 (1968), 113-128. Zbl 0209.06203 MR 0248277

G. Skandalis, Some remarks on Kasparov theory, J. Funct. Anal., 56 (1984), no. 3, 337-
347.7bl 0561.46035 MR 743845

Stacks Project, 2015. http://stacks.math.columbia.edu

K. Thomsen, The universal property of equivariant K K-theory, J. Reine Angew. Math.,
504 (1998), 55-71. Zbl 0918.19004 MR 1656818

K. Thomsen, Asymptotic homomorphisms and equivariant K K-theory, J. Funct. Anal.,
163 (1999), no. 2, 324-343. Zbl 0929.46059 MR 1680467


https://zbmath.org/?q=an:0546.46049
http://www.ams.org/mathscinet-getitem?mr=740176
https://zbmath.org/?q=an:0974.18008
http://www.ams.org/mathscinet-getitem?mr=1812507
https://zbmath.org/?q=an:0973.46064
http://www.ams.org/mathscinet-getitem?mr=1817505
https://zbmath.org/?q=an:0119.38403
http://www.ams.org/mathscinet-getitem?mr=0177401
https://zbmath.org/?q=an:0103.01802
http://www.ams.org/mathscinet-getitem?mr=0126506
https://zbmath.org/?q=an:1189.19004
http://www.ams.org/mathscinet-getitem?mr=2570950
https://zbmath.org/?q=an:0662.46063
http://www.ams.org/mathscinet-getitem?mr=950831
https://zbmath.org/?q=an:0668.00014
http://www.ams.org/mathscinet-getitem?mr=996445
https://zbmath.org/?q=an:0709.46034
http://www.ams.org/mathscinet-getitem?mr=1050491
https://zbmath.org/?q=an:0709.46033
http://www.ams.org/mathscinet-getitem?mr=1050490
https://zbmath.org/?q=an:0757.46056
http://www.ams.org/mathscinet-getitem?mr=1002543
https://zbmath.org/?q=an:0607.46043
http://www.ams.org/mathscinet-getitem?mr=849938
https://zbmath.org/?q=an:1201.58019
http://www.ams.org/mathscinet-getitem?mr=2350467
https://zbmath.org/?q=an:0812.19004
http://www.ams.org/mathscinet-getitem?mr=1261582
https://zbmath.org/?q=an:0199.26202
http://www.ams.org/mathscinet-getitem?mr=0234452
https://zbmath.org/?q=an:0209.06203
http://www.ams.org/mathscinet-getitem?mr=0248277
https://zbmath.org/?q=an:0561.46035
http://www.ams.org/mathscinet-getitem?mr=743845
http://stacks.math.columbia.edu
https://zbmath.org/?q=an:0918.19004
http://www.ams.org/mathscinet-getitem?mr=1656818
https://zbmath.org/?q=an:0929.46059
http://www.ams.org/mathscinet-getitem?mr=1680467

[53]

[54]

[55]

[56]

The Atiyah—Segal completion theorem in KK-theory 821

J.-L. Tu, The gamma element for groups which admit a uniform embedding into Hilbert
space, in Recent advances in operator theory, operator algebras, and their applications,
271-286, Oper. Theory Adv. Appl.,, 153, Birkhduser, Basel, 2005. Zbl 1074.46049
MR 2105483

J.-L. Tu, La conjecture de Novikov pour les feuilletages hyperboliques, K-Theory, 16
(1999), no. 2, 129-184. Zbl 0932.19005 MR 1671260

J.-L. Tu, P. Xu, and C. Laurent-Gengoux, Twisted K-theory of differentiable stacks, Ann.
Sci. Ecole Norm. Sup. (4), 37 (2004), no. 6, 841-910. Zbl 1069.19006 MR 2119241

O. Uuye, Restriction maps in equivariant K K -theory, J. K-Theory, 9 (2012), no. 1, 45-55.
Zbl 1298.19003 MR 2887199

J. Weidner, K K-groups for generalized operator algebras. I, II, K-Theory, 3 (1989), no. 1,
57-77; 79-98. Zbl 0684.46058; Zbl 0684.46059 MR 1014824

N. T. Zung, Proper groupoids and momentum maps: linearization, affinity, and convexity,
Ann. Sci. Ecole Norm. Sup. (4), 39 (2006), no. 5, 841-869. Zbl 1163.22001 MR 2292634

Received 31 August, 2016; revised 07 February, 2017

Y. Arano, Graduate School of Mathematical Science, The University of Tokyo,
3-8-1 Komaba, Meguro-ku, Tokyo 153-8914, Japan

E-mail: arano@ms.u-tokyo.ac.jp

Y. Kubota, Graduate School of Mathematical Science, The University of Tokyo,
3-8-1 Komaba, Meguro-ku, Tokyo 153-8914, Japan

E-mail: ykubota@ms.u-tokyo.ac.jp


https://zbmath.org/?q=an:1074.46049
http://www.ams.org/mathscinet-getitem?mr=2105483
https://zbmath.org/?q=an:0932.19005
http://www.ams.org/mathscinet-getitem?mr=1671260
https://zbmath.org/?q=an:1069.19006
http://www.ams.org/mathscinet-getitem?mr=2119241
https://zbmath.org/?q=an:1298.19003
http://www.ams.org/mathscinet-getitem?mr=2887199
https://zbmath.org/?q=an:0684.46058
https://zbmath.org/?q=an:0684.46059
http://www.ams.org/mathscinet-getitem?mr=1014824
https://zbmath.org/?q=an:1163.22001
http://www.ams.org/mathscinet-getitem?mr=2292634
mailto:arano@ms.u-tokyo.ac.jp
mailto:ykubota@ms.u-tokyo.ac.jp

	Introduction
	Preliminaries in the relative homological algebra
	The Atiyah–Segal completion theorem
	Generalization for groupoids and proper actions
	The Baum–Connes conjecture for group extensions
	Equivariant KK-theory for -C*-algebras
	Generalized operator algebras and Hilbert C*-modules
	Equivariant KK-groups
	The Kasparov category


