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Abstract. We find multipullback quantum odd-dimensional spheres equipped with natural
U(1)-actions that yield the multipullback quantum complex projective spaces constructed from
Toeplitz cubes as noncommutative quotients. We prove that the noncommutative line bundles
associated to multipullback quantum odd spheres are pairwise stably non-isomorphic, and that
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1. Introduction

Complex projective space is a fundamental object in topology and algebraic
geometry. It also makes its mark in lattice theory as its affine covering provides
a natural model of a free distributive lattice [3]. In [15], a noncommutative
deformation of complex projective spaces preserving this lattice-theoretic property
was introduced and studied. The new quantum complex projective space C *-algebras
C (PN (7)) were defined as multipullback C *-algebras [25] rather than as fixed-point
subalgebras [24,31].

In this paper, we solve the problem of constructing multipullback quantum-odd-
sphere C *-algebras C (SIZ{N *1) from which the C*-algebras C(PV (7)) emerge as
fixed-point subalgebras for a natural circle action. Then we develop and utilise
a presentation of C(S 12{N *1) as the universal C*-algebra generated by N + 1
commuting isometries satisfying a sphere equation (see Theorem 3.3). We exploit
this presentation to show that the K-groups of C(S éN 1) and of C(PY (7)) coincide
with their classical counterparts.

The constructions and results described above admit the following generalisation.
For each antisymmetric matrix 8 € My 4+1(R), we construct 6-twisted versions
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Cc(S lqu,\;+ YandC (]P’év (7)) of our quantum-odd-sphere C *-algebra and our quantum-
complex-projective-space C *-algebra. The twisted-sphere algebra is universal for
N + 1 isometries commuting up to phases specified by the matrix 6 and satisfying
a sphere equation. The twisted-projective-space C*-algebra is the fixed-point
subalgebra of C(S 12{1,\g+ 1) for a natural diagonal U(1)-action. We prove that K -theory
of these algebras is independent of 6.

To state our main result, we recall some background. Given a C *-algebra A, we
write C(U(1), A) for the C *-algebra of norm-continuous functions from U(1) to A.
Each action « of U(1) on A determines a homomorphism

5:A— C(U(1),4) by b@)(A):=ay(a), ae A, LeUQ). (1.1)
We say that « is free if and only if
span{a §(b) | a,b € A} = C(U(1), A),

where Span stands for the closed linear span. The general definition of freeness of a
quantum-group action on a C *-algebra is due to Ellwood [11], and the special case of
any compact Hausdorff topological group acting on a unital C *-algebra looks exactly
as above. -

Given a: U(1) ~, A as above, for each character m € U(1) = Z, the spectral
subspace A, is

A =1{a € A ay(a) = M"aforall A € U(1)}.

The subspace A is the fixed-point subalgebra A% (also denoted AY™M) of A, and since
AmAn € Ap4n for all m, n, the spectral subspaces are always A%-bimodules. When
« is free, they are finitely generated projective left A%-modules [10, Theorem 1.2]
encoding associated noncommutative line bundles.

By constructing a strong connection [13], we prove that the action of U(1)
on C (Si,N *1) is free, so its spectral subspaces C (SlziN *1), are finitely generated
projective left C(PY (7))-modules. To prove that the characters of U(1) defining
these noncommutative line bundles are Ky-invariants, we derive a general method
of pulling back noncommutative associated line bundles over equivariant maps
(Theorem 6.1).

The key results of this paper can be summarized as follows:

Theorem 1.1. Fix an integer N > 1 and a matrix 0 € Mp41(R) that is anti-
symmetric in the sense that 0;; = —8;; foralli, j. Then:

(1) Ko(C(SFT) = Z[1] and K1(C(S3Y,T) = Z.
(2) Ko(C(P) (7)) = ZN*! and K1 (C(PY (T))) = 0.
(3) The spectral subspaces C (SIZ_IN 1), regarded as left C(PYN (T))-modules, are

pairwise stably nonisomorphic. In particular, the module C (Slz_IN | of
sections of the tautological line bundle is not stably free.
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Our multipullback approach to quantum odd spheres is based on the Heegaard-
type splitting of a (2N + 1)-dimensional sphere into N -dimensional solid tori. Each
odd-dimensional sphere decomposes into a union of solid tori, along the lines of the
Heegaard splitting of the 3-sphere [21]. Under this decomposition, the embedding
of each component torus in the sphere is equivariant for the diagonal U(1)-action.
Taking quotients by the U(1)-actions yields a covering of the complex projective
space by quotients of solid tori, which is a closed restriction of the usual affine
covering.

To obtain the untwisted (6 = 0) sphere algebras C (S%IN *1), we study a
noncommutative deformation of this decomposition, using the point of view from [22]
that the Toeplitz algebra 7 can be regarded as the C *-algebra of a noncommutative
disc. In [5], the authors constructed a decomposition of a 3-dimensional quantum
sphere along these lines by taking a pullback of two copies of the tensor product of
the circle algebra and the Toeplitz algebra. The index pairing of noncommutative
line bundles over the resulting pullback quantum complex projective line (mirror
quantum sphere) was computed in [18]. Subsequently, in his Ph.D. thesis, Jan
Rudnik extended the construction in [5] to five dimensions using multipullback
C*-algebras. One of his main results was establishing the stable nontriviality of
the dual tautological line bundle over the multipullback complex quantum projective
plane [19, Theorem 2.4]. In this paper, we carry this idea further to all odd integers
bigger than one. Very recently, Albert Jeu-Liang Sheu showed in [27] that, for all
dimensions, the multipullback quantum-complex-projective-space C *-algebras can
be realized as groupoid C *-algebras.

The paper is organized as follows. In Section 2, we recall definitions and claims
crucial for the formulation and proofs of new results. In Section 3, we construct our
multipullback quantum-odd-sphere C *-algebras and their twisted analogues. With
the help of the theory of twisted higher-rank graph C *-algebras [28], we establish
that the twisted multipullback quantum-odd-sphere C*-algebras can be presented
in terms of a universal property (see Theorem 3.3). In Section 4, we construct
quantum-complex-projective-space C *-algebras and their twisted analogues as fixed-
point algebras for U(1)-actions on the corresponding sphere algebras. We identify
the untwisted quantum-projective-space algebras obtained in this way with the ones
constructed in [15] as multipullbacks. In Section 5, we prove parts (1) and (2)
of Theorem 1.1. In Section 6, we use the Chern—Galois theory of [4] to prove
Theorem 6.1, which then we use to show Theorem 1.1(3).

2. Background

2.1. Multipushouts, multipullbacks and the cocycle condition. As the notion of a
multipullback C *-algebra (called a multirestricted direct sum in [25]) is a cornerstone
of this paper, we begin by recalling its definition.
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Definition 2.1 ([25, p. 264]). Let (n;.: A; = Aij)i,jeJ,i+; beafamily of C*-algebra
homomqrphisms, with A;; = Aj;. Then the multipullback C*-algebra of A;’s
along JT; ’s is the C*-algebra

{(Cli)ie] e®@,csAi l JT;(CZ,') = nij(aj), for all distinct 7, j € J}.

In what follows, we will construct algebras of functions on quantum spaces as
multipullbacks of finitely many C *-algebras. To make sure that this construction
corresponds via duality to the presentation of a quantum space as a union of closed
subspaces (see [20]), we assume the cocycle condition (see Definition 2.2). First we
need some auxiliary definitions.

Let (JT;-Z A; — Aij)i,jes,i+; be a finite family of surjective C*-algebra homo-
morphisms, with A;; = Aj; fori # j. For all distinct 7, j, k € J, we define

A;k := A;/(ker ) + ker 7}

and denote by
[~]’jk:Ai —> A’jk

the canonical surjections. For distinct i, j, k € J, define
n,ij: ;k — Ajj /7l (kerm}), by [bi];k — 7% (b)) + 7 (ker }).

These ”k] are isomorphisms when the 77 are all surjective, as assumed herein.

Definition 2.2 ([5, Proposition 9]). We say that a finite family

(7f: Ai — Aij)i,je],iaéj
of surjective C*-homomorphisms satisfies the cocycle condition if and only if, for
all distinct i, j, k € J,

(D) nj. (ker:r,i) = JTl-j (ker n,{), and

(2) the isomorphisms ¢,/ := (/)" on]': 4], — A% satisfy ¢>;.k = ¢ o ¢/".

Theorem 1 of [20] implies that a finite family (nj.: Aj — Ajj)ijerix; of
C*-algebra surjections satisfies the cocycle condition if and only if, for all K & J,
allk € J\ K,and all (b;);ex € P,k Ai such that n;. (bi) = 7] (b;) for all distinct
i,j € K, there exists by € Ay such that also n,i(bi) = nl-k (by) for alli € K. This
corresponds in the classical setting to the idea that all partial pushouts of a collection
of topological spaces embed in the total pushout.
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2.2. Heegaard-type splittings of odd spheres. We recall the Heegaard-type splitt-
ings of odd-dimensional spheres into solid tori. We write

T::{CE(C||C|:1}
for the unit circle,

D:={ce(C||c|§1}
for the unit disc, and

N
S2N+1 = {(Zi)i e (CN+1 \Zi:() |Zi|2 — 1}
for the unit (2N + 1)-dimensional sphere. For 0 <i < N, let
Vii={(z0.....2n) € M| |zi] = max{|zo. ... [zn }}.

Also, let z := (zg,...,zy) and d := (dp,...,dy). Then ¢;(z) = |z;|7'z
determines a homeomorphism

¢i:Vi > D' x T x DN7F c cN+1,
with inverse given by
1
- 2,
()= (1+ Y 1d;2) "d
J#i

These homeomorphisms allow us to present S>¥*1 as a multipushout of closed
solid tori. Indeed, for each i, let

X; = D' xT x DN,
and fori < j, let
X;j =D xTxD/7"1xT x DN/ =X;nX;.

Then S2N+*1 js the multipushout of the solid tori Xo,..., Xy given by the
diagrams (2.1):
§2N+1

=R

X <—V Vi —>X 2.1

N t

X’j_VﬂV ,"j.

So if ~ is the equivalence relation on the disjoint union []; X; generated by
¢i(d) ~¢j(d)foralld € V;NV;andalli < j, then

§2N+1 ~ (]_[X,->/~

(Note that ¢j; o ¢,-;1 = idy; ;)
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To motivate our definition of Heegaard quantum spheres later on, we dualize this
multipushout picture of S2V+1 (with x dualized to ®) to obtain a multipullback
presentation of C(S2N*1).  Let res:C(D) — C(T) be the restriction map.
Fori < j, we write

7t C(D)® ® C(T) ® C(D)®N
— C(D)®¥ ® C(T)® C(D)® 7' ® C(T) ® C(D)®N~/

for the surjection id®/ ® res ® id®V /. Then C(S?V*+1!) is naturally isomorphic to

{(foreos fN) € DILC(D)® ® C(T) ® C(D)®N
| 7 (f;) = 7! (fy) foralli < j}.

2.3. Gauging diagonal actions and coactions. Throughout this paper, we denote
a right action of a group G on a space X by juxtaposition, that is (x, g) +— xg. The
general idea for converting between diagonal and rightmost actions of a group G is
as follows. We regard X x G as a right G-space in two different ways, which we
distinguish notationally as follows.

» We write (X x G)R for the product X x G with G-action (x, g) - h := (x, gh).
e We write X x G for the same space with diagonal G-action (x, g)h := (xh, gh).

There is a G-equivariant homeomorphism «: (X x G)® — X x G determined by
k(x,g) := (xg, g), with inverse given by k1 (x, g) = (xg~', g). In general, given
any cartesian product of G-spaces, we will regard it as a G-space with the diagonal
action, except for those of the form (X x G)R just described.

In what follows, the unadorned tensor product between C*-algebras means the
minimal completed tensor product, the unadorned tensor product between Hilbert
spaces denotes the Hilbert-space tensor product, and ®g stands for the purely
algebraic tensor product. We use the Heynemann—Sweedler notation (with the
summation sign suppressed) for this completed product. We often identify the unit
circle T with the unitary group U(1), and take advantage of the induced quantum-
group structure (coproduct, counit, antipode) on C(U(1)). Even though we only use
the classical compact Hausdorft group U(1), we are forced to use the quantum-group
language of coactions, etc., to write explicit formulas, and carry out computations.

Let G be a compact Hausdorff group, and let H := C(G). Then S: H — H,
given by S(h)(g) := h(g™!), is the antipode map, &(h) := h(e) defines the counit
(e is the neutral element of G), and

A:H— H® H = C(G xG),
A(h)(g1.82) := h(g182) =: (ha) ® h(2))(g1.82) = h(1)(g1)h(2)(g2).

is a coproduct. If «: G — Aut(A) is a G-action on a unital C *-algebra A, then there
isacoaction§: A > A® H = C(G, A) given by

8(a)(g) == ag(a) =: (aq) ® a))(g) = aan)(g)-
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Consider A ® H as a C *-algebra with the diagonal coaction
P ®h+— p)®ha)® payh),

and denote by (4 ® H)R the same C *-algebra with the coaction on the rightmost
factor: p ® h = p ® ha) ® hp). Then the following map is a G-equivariant
(i.e. intertwining the coactions) isomorphism of C *-algebras:

R(A®H) — (A® H)R, a®hr— ag) ®anyh. (2.2)
Its inverse is explicitly given by
RhNA H)YR— (A® H), a®hr— ag ® S(am)h. (2.3)

2.4. Affine closed coverings of complex projective spaces. The odd sphere S2V+1
is a U(1)-principal bundle. The diagonal action of U(1) on S?¥+1 is given by

(zoy ... zZN)A = (20A, ..., ZNA).

Since T C D is rotation invariant, this action restricts to a U(1)-action on each
D'xT x DN¥=1, so the multipushout given by (2.1) is U(1)-equivariant.

To obtain a multipushout presentation of PV (C) = S?¥+1/U(1), we need to
gauge the diagonal actions to actions on the rightmost components. This will yield an
alternative multipushout presentation of S?V*1. Using the notation of Section 2.3,

we write R
k: (DN x U(1))" —DV x U(1)

for the gauging homeomorphism. Identify U(1) with T, and write
F;n: DN xU(l)— D' xT x DN

for the map given by

Fin(do,...,di—1,di,dit1...,dN-1,dN)
= (do,....di—1,dn.,diy1....dNn-1.d;).
Combining the above two maps, we obtain a U(1)-equivariant
hi := Fiy o: (DY x U(1))® — D' x T x DN,
Next, let
xR .= (DY xu))®
foralli. Fori < j < N, let
xR = (D' x T x DV 1 u)®, xR = (D771 x T x DN x u(1)*,
and X; ;=D ' xT xD/7 "' xT x DN = X;,.
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Fori # j, we define
hij = hi|XlR,~:X]I'?i —> Xi,j = Xj,i.

We use the /; and /;; to transform the multipushout structure of SV +1 described
by (2.1). Explicitly, for 0 <i < j < N, we obtain the commutative diagram (2.4):

(2.4)

Xi,j

Fori < j, we define y;; := h]_.l.1 o h,'j:XJIfi — ij. (Note that, unlike in the
previous multipushout presentation of S>V*1, these maps are not identities.) With
this notation, S2V+! is homeomorphic to the quotient of the disjoint union

[T @ xv@w)® = 1] x&

0<i<N 0<i<N

by the smallest equivalence relation such that d ~ x;;(d) forall d € X ]Ifi. The
equivalence relation ~ respects the U(1)-actions, so we obtain a multipushout
presentation of SV +1/U(1) 2 PV (C) by everywhere collapsing U(1) to a point.
This multipushout presentation of the complex projective space agrees with the
multipushout presentation used in [15, Section 1.2] to obtain the multipullback
noncommutative deformation of PV (C).

3. Twisted multipullback quantum odd spheres

3.1. Twisted quantum even balls. Recall that we regard the Toeplitz algebra 7 as
the quantum-disc C *-algebra [22]. Let s be the generating isometry in 7 [6,7] and u
the generating unitary in C(T). Leto: T — C(T), s — u, denote the symbol map.
We use the exact sequence

0— K — T -2 C(T) — 0

to regard the circle T as the boundary of the quantum disc, or two-dimensional
quantum ball. Thus the one-dimensional quantum sphere then corresponds to
the quotient 7/JK. From this perspective, 7®V can be regarded as the algebra
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of the Cartesian product of N two-dimensional balls, and therefore as a copy of a
2N -dimensional (non-round) quantum ball. The quotient 7@V 1/ K®N+1 is then
viewed as the algebra of the boundary of the quantum ball, that is, a quantum sphere of
dimension 2N + 1. In the same spirit, T7®V ® C(T) is regarded as the algebra of the
Cartesian product of a 2N -ball and a circle, which is to say a (2N + 1)-dimensional
noncommutative solid torus.

By analogy with the Heegaard splitting of in the preceding section, we
define the algebra C (S?{N *1) of continuous functions on the Heegaard quantum
sphere as the multipullback of the C *-algebras 7® ® C(T) ® 7®V~ with respect
to the maps

S2N+1

T TRC(T)RTEN T — T8 C(T)RT® ' 'oC(T)@T®N ™/, i<,

given by n; = id7®i®C(T)®¢j—i—1 ®0 ®idyen—;. For j < i, the formula for nj.
is the same as above but with the roles of i and j interchanged.

In Section 5.2, we will realize C (S%IN *1) as the special case where § = 0 of a
multipullback of twisted tensor products of the same sort. To construct such 8-twisted
spheres, we begin by defining the twisted Toeplitz algebras ’]bN *1 which we view
as twisted-quantum-ball C *-algebras.

Definition 3.1. Fix N > 0, and suppose that § = (Qij),l'\szo € My+1(R) is
antisymmetric in the sense that 6;; = —6;;. We define the twisted Toeplitz algebra
’J'GN *1 to be the universal C*-algebra generated by isometries {wg ey wﬁ,} such
that

0 2mif 0, .6 —2mif

wy =e fkw,fw? and  w;twy =e fkw,fw?* forall j # k.

<o

w

With this in hand, we are ready to present our definition of the twisted Heegaard
quantum sphere S 1211\’0"'1, which we view as the boundary of a twisted quantum ball.

Thus we generalize the 3-dimensional case S 21 o introduced and analyzed in [2].

Definition 3.2. For 0 < i < N, let Iie denote the ideal of ’J‘;,N +1 generated by
1 - wfwie*, and for i # j, let Ig- = Il.e + 119 Let Big = 'J'GNH/IZ.G and
Bf = TNH /I8, Also, let

o;: %N-i-l

— Bf and n':Bf — B}, 3.1)
be the natural quotient maps. We define the rwisted-Heegaard-quantum-sphere
C*-algebra as the multipullback of the algebras Bie over the homomorphisms 77,
that is

N
CSET) = {@o.....by) € @ BY | w}(bi) = ] (b)) forall 0 < i < j < N},
i=0
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0;i 0;ij

To ease notation, we define w,” := o; (w k) and wy
and distinct i, j. We define s; € C(SZN“) by

. 7] 6 0
= wy + 1 +Ij for all &

S; 1= (wf;o,...,wf;N).

Fori,j €{0,..., N}, we have

2mib;;

sisj = eSS, sis; =€ ' Vsisi, wheni % ],
s’s; =1,
and [ —sesp) = 0. (3.2)
k=0
The unlversal property of J "'N *1yieldsa U(1)Y +1-action satisfying (Ag, ..., Ay)-

=A; w . We call this the gauge actionon Jy T.N+1 This action descends to each B;
and each B, ;, and hence induces a U(1)Y +1-actlon on C (SZN *1), also called the

gauge action. Restricting to the diagonal in U(1)Y ! gives a U(1)-action « on
C(S2N+1) such that

@y(bo,....bx) = (A-bo, ..., A by). (3.3)

3.2. A universal presentation. We prove, using Whitehead’s twisted relative Cuntz—
Krieger algebras of higher-rank graphs [33] (see also [28]), that the twisted-Heegaard-
quantum-sphere C *-algebra of Definition 3.2 enjoys a universal property.

Theorem 3.3. Consider aninteger N > 1 and an antisymmetric matrix 0 € My +1(R).
Let Ag(N + 1) be the universal C*-algebra generated by isometries sy, ...,SN
satisfying

Sisj = e2710ij sjsi and sis;‘ = e_z’”e"f's;‘si, (3.4)

and the sphere equation
N
[Ja-sisH)=o. (3.5)

Then there is a U(1)-action on Ag(N + 1) such that X - s; = As; for all i, and there
is a U(1)-equivariant isomorphism

do: Ag(N + 1) — C(SZN“)

such that
Po(si) =s; = (wf;o, ...,wf;N) foralli.

Furthermore, the maps 7'[5: B; — Bjj satisfy the cocycle condition of Definition 2.2.
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The existence of the U(1)-action on Ag(N + 1) and of the homomorphism ¢y
follows from the universal property of Ag(N + 1). We use the technology of twisted
relative higher-rank graph C *-algebras [28] to see that ¢bg is injective. For surjectivity,
and to see that the cocycle condition is satisfied, we will need the following technical
lemma.

Lemma 3.4. Let A be a C*-algebra and suppose that Iy, ..., I, are ideals of A.
Suppose that ay, . .. ,a, € A satisfy

ai + ;i +1j)=a; +; + 1))
foralli, j. Then there exists a € A suchthata + I; = a; + I; forall i.

Proof. We proceed by induction on n. The base case n = 0 is trivial. Suppose as an
inductive hypothesis that there exists a’ € A suchthata’ + I; = a; + I; foralli < n.
Then

a4+ i+ 1) =an+ (; + 1)

for all i < n, whence
a' —an € (Ui + In). (3.6)
1<n
Since the ideals of the C*-algebra A form a distributive lattice with meet given by
intersection and join given by sum, we have

NG+ =(NE)+ X }(Imgli)g(ﬂli)wn.

i<n i<n 0+#F <{0,...,.n—1 i<n

Combining this with (3.6), we obtain @’ — a, = b’ — by, where b’ € ﬂ;:é I; and
b,€l,.Puta:=a —b'. Since b’ € I; foralli < n — 1, we have

a+li=d+1;i=a+1
fori < n — 1. Furthermore,
a=d—-b =a,—b, and b, €I,,
soa + I, = a, + I, too. ]

The general theory of twisted higher-rank graph C *-algebras requires significant
background, but fortunately the only higher-rank graphs we need to consider are the
following elementary examples. Let A denote a copy of the monoid NV +! under
addition. This becomes an (N + 1)-graph in the sense of [23, Definition 1.1] under
the degree map

d: A —> NN

given by the identity map on NV 1. We write ey, . . ., ey for the canonical generators
of NV+1 Since we can view A as a category, we write v for the composition of
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elements p,v. This is really just 4 + v when the two are regarded as elements
of N¥+1_ The unique vertex of A is 0 € N¥*+1 For u = (io, ..., un) € A, we

write
N
ul =" .
i=0

A cocycle on A is a map
ccAXA—T

satisfying the cocycle identity

c(u,v)ed, pv) = c(A, weAp, v)

forall A, u,v € A. Since N¥+1 is directed, every finite F C A \ {0} is exhaustive
as in [28, Section 2]. So given any collection & of finite subsets of A \ {0}, we
can form the twisted relative Cuntz—Krieger algebra C* (A, ¢; &), which is generated
by isometries {sg(4) : A € A} satisfying relations (TCK1)~(TCK4) and (CK) of
[28, Section 3].

Lemma 3.5. Let A denote NV regarded as an (N + 1)-graph as above. Fix
an antisymmetric matrix 0 € My +1(R). There is a cocycle ¢ on A given by

c(p,v) = i), 3.7

Let & := {{eo, ...,en}}. Then there is an isomorphism
Ag(N +1)— C*(A,c; 8)
that carries w; € Ag(N + 1) to sg(e;) € C*(A,c;€) for0 <i < N.

Proof. One checks that Ag(N +1) and C *(A, c¢; &) have the same universal property.
O

Proof of Theorem 3.3. Therelations (3.4) and (3.5) are invariant under multiplication
of the s; by any fixed A € U(1). Thus the universal property of Ag(N + 1) yields
the desired U(1)-action.

The universal property of TGN *1 yields a homomorphism
Ye: rJ"@N+1 — C(SIZJ’VGH) givenby Yg(a) = (oo(a),ol(a), .. ,oN(a)).
Applying Lemma 3.4 to A = ‘TON *1 and the ideals I; = ker(o;) shows that
CSH ={(00(@),01(a), ..., on(a)) | a € TV},

S0 Yy is surjective. Since ]_[jyzo(l —wj w}‘) € ker o; for each 7, it belongs to ker vy,
so g descends to a surjective homomorphism

¢o: Ag(N + 1) — C(Sg™)

such that ¢g(s;) = s; for all 7.
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By Lemma 3.5, to prove the injectivity of ¢y it suffices
p:C*(A,c;:6) — C(Sys")

satisfying p(sg(ei)) = ¢g(s;) is injective. For this, we aim to apply the gauge-
invariant uniqueness theorem [28, Theorem 3.15] for C*(A, ¢; 8).

The homomorphism p is equivariant for the gauge actions on C(Sj; 2N 'H) and
C*(A, c; &). Since sg(0) is the identity element of C*(A, ¢; €), we have ~

p(s5(0)) = (1,1,....1) #0.

Hence, by [28, Theorem 3.15], it suffices to show that for each finite F in the
complement of the satiation & of & (see [28, p. 837]),

p( TT (6@ = sgsg ) #0

neF

The set

& :={F C A\ {0} |
there exists i > 0 such that | p| > i implies p > ¢ for some ¢ € F}

satisfies conditions (S1)—(S4) on page 87 of [28] and contains &. An induction shows
that any set containing & and satisfying conditions (S1)- (S4) contains &’. Hence
g =6. So for a finite set F ¢ &, there is a sequence (p’) in A with |p’| — oo
such that p* # ¢ forallg € F and all i € N. By passmg to a subsequence, we
may assume that p — oo for some j < N. Since p' # g forallg € F and all i,
it follows that g € F implies ¢; > 0 for some [ # j. Therefore there exists [ # j
such that g > ¢;, which forces

s6(@)sg (@)™ = sg(e1)sg(q — er)sg(q —er)*sge(en)” = sgler)sg(en)”.
Thus
p(1—sg(@)sg(@)*) = p(1 —sgle)sg(en™) = 1—s;s].
Applying this reasoning to each g € F, we obtain

p( [T (1= sé@sé@") = [T -sisp).

qgeF 1#£]

Since each s; € C(S2N+1) - @l —o Bi (where B; =7 N+1/I) the jth coord-
inate of [ ;. ; (1 —slsl)ls

(TTa=ssh) = o ([T =wiwp). (3.8)

I#] ’ I#]
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So it suffices to show that the right-hand side of (3.8) is nonzero. Since o (%N th

is universal for the same relations as the twisted relative Cuntz—Krieger algebra
C*(A,c;{ej}), there is an isomorphism

Gj(%N+1)—>C*(A,c;{ej})

that carries o (w;) to s{c ej}(el) for each /. The satiation {e; } of {e;} does not contain
the set {e; | [ # j}, so [28, Proposition 3.9] implies that

[T =5t ensfe,yen) #0.

I#j
giving 0 ([[;2; (1 — wyw;)) # 0 as required. This completes the proof that ¢y is
an isomorphism.

Since each B; = ’TONH/I,- and B;; = rJ‘gNH/(I,- + 1;) by definition, the
homomorphisms n; are distributive in the sense of [20, Definition 2]. Lemma 3.4
shows in particular that given distinct i, j, k and elements b; € B; and b; € B;
such that JT;. (by) = ni’ (bj), there exists by € By such that nik (br) = Jrlic (b;) and
n}‘ (br) = Jr,ﬁ (bj). Hence Theorem 1 of [20] implies that the n; satisfy the cocycle
condition of Definition 2.2. O

3.3. Strong connections. Since we focus on free U(1)-actions on unital C *-alge-
bras, we avoid the general coalgebraic formalism of strong connections of [4], and
formulate the concept of a strong connection from [13] solely for U(1)-actions on
unital C *-algebras.

Let A be a unital C *-algebra carrying a U(1)-action. For m € Z, recall that A,
denotes the spectral subspace

{acA|X-a=A"aforall A € U(1)}.
We write C[u, u*] for the *-algebra of Laurent polynomials. Let £ be a unital linear
map
:Clu,u*] — Am) ® Am) CA® A,
[u ! ] <r92 m) alg <r92 m) - alg

where @, Am denotes the algebraic direct sum of the spectral subspaces. We say
that £ is a strong connection for the U(1)-action on A if, writing

mygyA® A— A
alg

for the multiplication map, we have
(mgol)(h) =h(1)14 forallh € Clu,u*], 3.9

and
Lw")e A, ® A, foralln € Z. (3.10)
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By [30], the existence of a strong connection is equivalent to the strongness
(equalities instead of inclusions) of the grading:

AmAy = Apsn forallm,n € Z.

Moreover, by [1, Theorem 0.4] combined with [4, Theorem 2.5(1)], the existence of
a strong connection is equivalent to freeness.

3.3.1. A strong connectionon S 2N +1. In what follows, we will need the following
family of U(1)-fixed elements of C(SZNH)

N
Hy =1, Hi;:]‘[a—sjsj), ie{0,...,N—1}.

j=i+1
Consider the linear map
6] — (D s m) ® (D CSHy ™ m)
meZ ale meZzZ

defined inductively as follows:

(=11, L") :==sy" ®sp forn > 0,
and L") = ) (s ® D@1 @ spHy))  forn <0.  (3.11)
0<k<N

Then £ is a strong connection for the U(1)-action on C(S; 2N +1) Equation (3.10)
for n > 0 is trivial, and for n < 0 follows from an elementary induction argument.
Equation (3.9) for n > 0 is trivial because sg is an isometry. To check it forn < 0,
we first use the sphere equation (3.2) to see that

N
Z SkS]tHk =1,
k=0

and then employ a straightforward induction argument (see the proof of [17,
Lemma 4.2]) using the recursive formula (3.11).

4. Twisted multipullback quantum complex projective spaces

Our twisted-multipullback-quantum-odd-sphere C *-algebras (see Definition 3.2)
yield a natural construction of a family of 8-twisted-quantum-complex-projective-
space C *-algebras as fixed-point algebras. Using the U(1)-action « on C (S2N 1y
from equation (3.3), we define

C(Py' (7)) := C(SF"H™.
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To study C(S i%“)“, we gauge the diagonal action o on C (Sffg“) to an action

on a single twisted component, where it is easy to determine the U (1)-invariant

subalgebra. As in Section 3, restricting to the diagonal subgroup of U(1)N*1 yields
a diagonal action on ’J'GN *1 given by

0 ._ 0 _ 0

k'w‘]' . — (A,...,A)‘wj —_— A,w].

We can also compose with the coordinate inclusions U(1) < U(1)N*! to obtain
actions -; of U(1) given by

wy, ifi # j,
/\wi, ifi :j.

Since that gauge action descends to the quotients by the ,f and [/ kej’ so do these

U(1)-actions. We will consider Bie and Bg. to be endowed with the diagonal U(1)-
O;Rk

i

and Bi(j-;Rk the same C *-algebras endowed with the
U(1)-action on the kth twisted component. Accordingly, we will write the generators

of Bie Ri and B%Rk as wle;’;Rk and wf;” Re respectively.

Lemmad4.1. Forany (N + 1) x (N + 1) antisymmetric real matrix 8 and0 <i < N,
define antisymmertric real matrices k;(0) and ;" (0) of the same size by

action and we denote by B

ki(0)jk = 0ij + Ojx + Oin i Jk # 0, ki(0)ij = 0;j,
ki O) k= =0 + Ok — Oiy i jk #Ei, ki (0)ik = ik “4.1)

Then
(6 (0)) = 0 = i (7 (0)).

ki (0);R;
1

and there exists a U(1)-equivariant C*-isomorphism k; Bl.e — B such that

Ki(wz;i) = wZi(9)2i§Ri w;‘i(e);i§Ri ifi £k, ki (wl{?;i) = w;‘i(e)ﬁ;Ri’

Ki—l(wZi(e)Qi§Ri) — wz;i(w?;i)* ifi # k, Ki—l(w:fi(G);i:Ri) — w?;i.
4.2)

Proof. The equalities
ki (ki (0) = 0 = ki (k1 ()

follow from elementary calculations using (4.1). To see that (4.2) defines
*-homomorphisms, note that, by the universal property of 7~ 9 and the definition

of Il.@, it suffices to check that the elements «; (wg;i) and «; 1(wzi (0);i;R,-) satisfy
respectively the relations that determine Bie and B;‘ iO:R: et , j, k be all distinct

(the cases where k = i or j =i are trivial).
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(1) Since (we;i)*wegi = 1, we must have /c-((we;i)*we;i) = 1. Furthermore
k k T 7 t k k7 ’

0;i 6;i 0;i 0;i
i (wp" ) wp™) = ki (w™) ki (w,’")
K (0)31; Rl) (wKt (0);i; Rz) Kz (0);i;R; Kl (0):i;R; = 1.

= (wl l

k; (0);i;R; ) ki (0)5i;R;
k

(2) Since (wy = 1, we must have

K;

— (( K,(@)zR,) K,(@)IR)_L

Furthermore,

—1(( ki (0)5i5R; Y w Kl(9)t R; ) —1( ki (0)3i; R:)*Ki—l(wZi(g)éi§Ri)

—w (w )*wz;i(wf;i)*—

(3) Since w?”wz” = ez’”efsz wel we must have
Wty = 205k i (w w),
Furthermore,
6;i
Ki(w wk )

:Kz(w )Kl(w )

ki (0);isR; ki (0);isR; ki (0);i3R;  ki(0)5i;R;

w; w; wy w;
eZnilc,'(B)ikwﬁi(e);i;Riw’]zi(e);i;Riw;‘i(e);i;Riwfz‘(e)QﬁRi

_ 2wilki (0)ix+ki (0) k), ki (0);isR; | ki (0)sisR; ki (0);isR; | ki (0)5i5R;
=e (’ ! ! f)wk w; w; w;

o2 i\Ki )ik +ki (0) jx+ki (9),,) /];i (0):i5R; w:fi (0):i5R; wljc_f (0):i;R; w;cl- (0):i5R;

 (0)ik+ii (8) 5 +k: (8) ;i)

o2 (i @ik +x10) i 6) 1) W )i ()
27n(

Ki (wel f-;i )
It remains to show that
Ok = ki(0)ix + ki (0) jx + ki (0) ;.
Since «;(0)ix = Ok and k;(6);; = 0;;, we have 0, = O;x + ki (0) jx + 0}i, so
ki (0)jx = 0ij + Ok + Oki

by the antisymmetry of 6.
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(4) Since (wf;i)*wz;i = e 270k wz;i(wf.;i)*, we must have

Ki((w?;i)*wz;i) _ e—zm'ejkxi (wz;i (w?;i)*).
Furthermore,

0:i 9:i
Ki ((w] l)*wk l)
_ 030\ % 0;i
—Ki(wj ) ki (wy™)

— (w:fi(O);i;Ri)*(w?(9);i;Ri)*wzi(9);i;Ri w;‘i(G)Qi;Ri

— o27i (—Ki ) ki (0) ji—ki ©)ik ) wi O%isR; (W’ (6)3i5R; ) wki (0):i5R; (w* (9);i;R[)*

k i 1 J

— 27 (—Ki ) jx—i (0) ji—ki ©)ik ) whi @R ki (0)53R; (W’ (0):i5R; ) (w" (9);i;R[)*
k i i J

_ ezm(—Kf(G)jk—K,'(O)ji—K,'(O)ik)Ki(wz;i)Ki(wQ;i)*

i
_ o 2mi\—k;(0) jx—«ki(0) ji—Kki (@ix) .. 0;i 030\ *
—e ( i j i ji—Ki(0); )Kl(wk (w] ) )

— e—ZJTiO_/‘kKi (wz,l (wje,l)*)

ki (0);i;R;

(5) Since w?i (6):i:R; Wy, K (0):i;R;

2mik; (0) jk wZi (0);i;R;
J

=e w , we must have

—1,, ki (0);i3R; ki (0);i;R; 27ik; (0) i, —1 ., ki (0)isR; ki (0);i;R;
K; (wj’ Iwkl 1) —e ik ( )iji (wkl lel z)'

Furthermore,
Ki—l(w’;i(e)§i§Ri wZi(9)§i§Ri)
_ Ki—l(wji(e);i;Ri)Ki—l(w;i(e);i;Ri)
— ij;i (wie;i)*wz;i (wiﬁ;i)*
— €2ﬂi(_9ik+9jk+9ij)wz;i(w?;i)*w?;i(w?;i)*
— e2ni(9ij+9jk+9ki),(i—1(wzi(G);i;Ri)Ki—l(wljfi(G);i;Ri)

_ 2miki(0) ji ,—1(,, ki (0):05R; ki (0)5i5R;
=e i J Ki (wkl zwjl 1)‘
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(6) Since (w?‘(@);t;R,ﬁ)*wzi(G);l;Ri — o 2miki(8) jk wzi(e);l;Ri (w?‘(O);t;Ri)*, we see
that

Ki—l((w;i(9)§i§Ri)*wZi(9);i§Ri) — e—27‘[iKi(9)ij_i—1(wZi(9)§i§Ri (wji(9)§i§Ri)*).

Furthermore,
Kl_—l((wﬁi(9)§i§Ri)*wzi(9);i§Ri)
_ Ki_l(wy(e);i;Ri)*Ki_l(wzi(e);i;Ri)
— wiG;i (w?;i)*wzgi (wie;i)*
_ ezni(—ejk+9,-k+9,-i)wz;i(wie;i)*w?;i(w?;i)*
— eZﬂi(_eij_Bjk_eki)Ki—l(wzi(e)QiiRi)Ki—l(w’;i(e);iiRi)*

_ —2miki (0) jx . —1 (ki (O):05R; ¢ ki (0)3i5R; \*
—_— wik;( )]kK_i (wkl l(wjl 1) )

Thus we have shown that k; and «; ! are well defined *-homomorphisms. They are
evidently U(1)-equivariant. Since wf * and w;’ O3Ri gre unitaries, k; and «; ! are

mutually inverse. O

The maps «;, k;” ! descend to the BZ because they fix the generator

(1~ w0

of o; (1 j.)). It follows that «; induces an invertible U(1)-equivariant C *-isomorphism
ki (0);R;

ij such that

..+ BY
Kij: B, — B

0;ij ki (0);i7;R; ki (0)if;R;  .p . 0;ij ki (0)5ij;R;
/ci;j(wk )=wk’ "w,’ Poafi £k k(w7 ) = w;)! ’

Kz_,]l (w;i(e);iJZRi) — wzﬂ'j (wi@ﬂj)* if i # k, Kl_,jl (wl’fi(e)iij;Ri) — w?ﬁj'

Bl @R B/ @:R: given by the commutative

Thus we obtain composed maps 8}

diagrams
—1 i .
BZ{C[(G);R,‘ ke Big Ty Bi94 Ki:j B{cf(e);R,j'
] 1
ai

~ico ki (O3RN ki (0)5if;R;
ForanyOfka,wehaveo}(wk’ ’)—wk’ L,
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4.1. The multipullback structure of C(S N +1)R We define the twisted-Heegaard-

sphere C *-algebra C(S2N+1)R to be the 1mage of C(SZNH) under ]_[ ki. We

ki (0):R;

compute morphisms 77 JT ' that assemble the B; into the multipullback C* algebra

C(Sy 2N +1)R Fix any i < j. We determine 7’ , and 7 7'[ through the commutative
dlagram

Blm (O);R; B;fj ()R,
NG A[. 7/ -
K'~_1 >~ \n'/ ﬂl - LKTI
i > o _ - J
0 6 ki (0);R; 6 0
Bi - Bt] Xi Bij e Bij F Bi .

Ty

Then C (Sy 2N +1)R is equivariantly isomorphic to the multipullback C *-algebra over

the 7" iz Note that the above diagram can be rewritten as follows:

i (0);R; k;(O);R;
Bl’C:( );R; Bjj( ) J (43)
/ ~
re
/ . ~
~
L LA .
JI;‘ U; /l/ alj
\ //
3 ad
ki (O);R; Ki i i pkj ()R
Bl] < -Bl. _ /Bl]
ﬁu
. . AP A ~AJ . 5 AQ T )
Thus, for i < j, we have T =0 and 77 = ¥, 00}, where V¥ 1= k;;; OK]z

We compute the images of the generators of ijj ©):R; under the 1},- j:fori < j and
k#1i,],
wl ] (

k;j(0)ij;R; -1 Kkj(0)sif; RJ))

)= K,,](K wk

0;
:K,,](wk ](w Ty )
0;
= Ki;j(wk U)Kz ](w l])
wZi(e)zleRz ki (0)ij;R;

w; "(w;

_ ki 0)if5R; o ki (0)5i7 3R\
— wkl 1 (w .l l) ,

ki (0);i]; Rl) (le (0);ij;R; )

Kj(e)l]R —1,. k;j(@)ij;R; ))

7)== Ki;j(Kj;i w;
051 . 0;ij\*
=Ki;j(wi (wj ) )

ki (0)5ijsR; o ki (0)sijiRi\x ki (0):ij; R\
1 l(wil l) (wjl l)

Vij (w;

= w;

(wlfi (0)ij;R; )*
j b
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~ kj(0)i;R; . —1,. kj(0)ij;R;
Wij(wj/ )= Ki;j(Kj;i wjl /))
0;ij
= Ki;j (wj )

_ ki (0)i75R; ki (0)3i)5R;
= w; w; . 4.4)

4.2. The U(1)-fixed-point subalgebra of C (S;I\;"'I)R as a multipullback. For
any antisymmetric (N + 1) x (N + 1) real matrix 6, let us denote by ; (¢) the matrix
obtained from «; () by removing the ith row and column. Re-index the remaining
elements so that both row and column indices run from 1 to N.

Forany 0 <i < N, let 4; := 'J}iv(e). The isometries v1,..., vl generating A;
satisfy

v;v}; — 2miki(9) ji v};vi, (vi-)*v,’; = o 2miki(0) jk v};(vé-)*,

foralll < j,k <N,j #k.

We claim that A; is isomorphic as a C *-algebra with the U(1)-invariant subalgebra
of B;C A this, observe that the universal property of A; yields a
C*-homomorphism ¢;: 4; — (B;" O%Ri\U) gych that

piuhy = g TEST

RO s Ok g s,
An argument using the gauge-invariant uniqueness theorem as in the proof of
Theorem 3.3 shows that ¢, is injective. To see that it is surjective, first observe

that B;" ©):Ri i3 densely spanned by elements of the form

(wllclt (9);i;R,~)n1 L (w%(e)ii;Ri)"N (w;‘\;(e)ii;Ri)*mN . (w/f[(e);i;Ri)*ml )

i O)izRi unitary in B3R the expectation onto the U(1)-invariant
subalgebra of B!’ (O):R;

spanning element to

N )
Sni,m,' l_[ (w?'(é));i;Ri)nj l_[ (wzi(é));i;Ri)*nk_

j=0 k=N

J#i k#i

Since w
, obtained by averaging over the U(1)-action, takes such a

Therefore, the U(1)-invariant subalgebra of B;( iO:R; g spanned by elements of
this form, and such elements are in the range of ¢;. Hence ¢; is surjective. For
any i # j, we will denote the generators of A;,; (which are the images under the
canonical quotient maps of the generators of A;) by v’fj e vj\;,j . Fori < j, the

Jii

i3 o
elements v7" € A;;; and vy},

€ Aj.; are unitary. The inverse of ¢; satisfies

¢_—l(wKi(9)§i§Ri) _ Wigr ik <,
Pk vi, ifi <k.
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Let J; be the ideal of 4; generated by (1 — vj. (v;)*). ForO0<i < j <N,let
Aj.ji=A;/J; and A :=A;/Ji1.
The isomorphisms ¢, ! descend to isomorphisms

i5j : .
(O) R N D v s ifk < i,
(pi;l: (BKt (9)’R1)U(1) N Ai'j, wKz (0);i;R; — k+1

& ’ k vk’], ifi <k.

Using the isomorphisms ¢; and ¢;; we can transport the multipullback structure
of the U(1)-fixed-point subalgebra of C(SZN TR a5 follows (0 <i < j < N):

A; bi (B;Ci (9);Ri)U(1) (B;j (9);R_1‘)U(1) oy Aj .5)
' /
\\ &' &/ //
ki (0);R;\U) Vij k;(O);R;\UQ)
i\ . (Bij ) -7 (Bijj J) ) 2
Jj N\ 1 . , plf
N \¢” b7 ) .
A ~
AlQJ'(____‘//_l_j _____ A],l

In the dlagram 4. 5) we have used the same symbols to denote the (co)-restrictions
of the maps o° i 6/ and 1//, ; to the respective U(1)-invariant subalgebras. Since all
these maps are U (1) -equivariant, the restrictions corestrict as expected.

We will now explicitly write the values of maps p’] ,oi] LY, 0<i < j <N,
defined by the commutative diagram above, on generators of respective domains. It
is straightforward to verify that p; and pi] are the canonical quotient maps given by

p](vk)—vk’] and pl(vk)—v , 1 <k<N.

In case of the isomorphisms ¥;; := q’)i;l o 1/717 0¢ji,0<i < j <N, wewil
perform a careful case-by-case analysis. The first splitting into cases follows from
the definition of v;; (see (4.4)): eitherk =i +lork #i + 1.

(1) Fork =i + 1:

Vij (Uz+1) =& (WU (¢11(U1+1)))
= ¢11 ({p\l]( Kj(e) ik ))
= ()
= (vj’]) .
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(2) Fork #1i + 1:
Wij(vli;i) = ¢i}1({ﬁ\ij (¢ji(U]{;i))) =: ().

Here the definition of ¢ ; forces a split into cases k > j ork < j.

(a) Fork > j:
1/ 1(0);ij;R;
() = 95" (P (w” 7))
- i (0)i)3R; i (0)317; R \*
=¢ij1(wz( )it (w';( )sij ) )
= v (7).
(b) Fork < j:

() = ¢ (Vs (w ")

_ ¢i71 (wZ[_(f)ﬂj;Ri (wji (9);ij;Ri)*)

=: (k).
Now we arrive at another split into cases: k —1 > i ork — 1 < i. (The case
k — 1 =i was taken care of previously.)
1) Ifk—1>i: o
(%) = v (vF7)",
(i) Ifk—1<1i: S
(k%) = v (07)"

Summarizing, when 0 <i < j < N and 1 <k < N, we obtain

v’ ifk=i+1,
Yij (i) = (v’ (v’j;])*, ifk > jork <i+1,
vl WD ifi 41 <k <.

Consequently, the U(1)-fixed-point subalgebra of C (S?f;H)R is isomorphic to

the multipullback of the algebras A; with respect to the natural maps 4; — A;,;,
Aj — A;;j,1 < j,determined by the diagrams

A A;
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5. The K -groups of twisted multipullback quantum odd spheres
and complex projective spaces

We begin by deriving a short exact sequence of commutative C *-algebras whose
noncommutative counterpart provides a basis for computing the K-groups of the
twisted multipullback quantum complex projective spaces.

The 2N + 1-dimensional sphere S?V*1 is the closed subset of C¥+! defined by

N
SN+ {(zo,...,zN) e TNt N |z = 1}.
i=0

Denote by D := {c € C | |c| < 1} the unit disk, and by D¢y := {c € C | |c| < 1}
the interior of the unit disk. Next, we define a non-round odd sphere as follows:

N
SZDNJrl = {(co,...,cN) e pN+1 | l_[ (1 — |c,~|2) = O}.
i=0

Since
N
1_[ (I—lcil*) =0
i=0

if and only if |¢;| = 1 for some i € {0,..., N}, it follows that

N
Yol =1
i=0

for any (cg,...,cN) € S%NH. Also,

N
Dzl =1
i=0

gives
max {|zo|.....|zn|} = ;
~ VN +1
Hence there are well-defined maps
N
sz)N+1 5 (Cj)ﬁ'vzo NN ( ¢j ) c §2N+1
Yiloleil?/ =0
2N+1 N Zj N 2N +1
ST RGN (max{|zO|,...,|ZN|}),-=o S

These maps are mutually inverse and continuous, so that S2V+1 ~ SLZ)N +
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Now consider the following splitting of S f)N +1

are closed and open respectively:

SZNHL = L(e;)i € SEVT [ lew| = 1} 1T {(ci)i € SENH | few| < 1.

into a pair of disjoint sets which

The condition in the first of these sets forces ]_[1N=0(1 — |¢i]?) = 0 regardless of the
values of (cg,...,cn—1) € DV. Hence

{(ci)i € SV | |en| =1} = DV x S

Furthermore, when (¢; )V, is an element of the second set, then ﬂfv:_ol (1—1]ci]>) =0
because 1 — |cy|? > 0. Consequently,

{(ci)i € SV [ |en| < 1} = SEV! x D
Summarizing, we obtain the decomposition
S = (D x8') LT (53" x Do).

2N+1
SD

For the diagonal actions of U(1), this decomposition of induces the

U(1)-equivariant short exact sequence
00— Co(SFV~! x Dg) —= C(SF ") ——= C(DN x §1) —=0

of C*-algebras. Finally, remembering that SZV~! and S2V~! are equivariantly
homeomorphic for the diagonal U(1)-actions, and using standard identifications, we
obtain the following U(1)-equivariant short exact sequence of C *-algebras:

0 ——= C(S?V71) ® Co(Dy) — C(SV 1)
—=C(D)®NQC(SH)——=0. (5.1

5.1. Quantum odd spheres. Recall that s denotes the isometry generating the
Toeplitz algebra 7. The universal properties of the maximal tensor product (equal
to the minimal tensor product when tensoring with 77) and of the untwisted algebra
F:N*+1 show that the map

Jo
TN 3w 1% @5 @ 18N/ ¢ gONHI (5.2)

is an isomorphism.

To see where Definition 3.2 comes from, and how it relates to noncommutative
solid tori, recall first that o denotes the symbol map from 7 to C(T). When 6 = 0,
we denote C(S%II,V@H) by C(SZV*1). We have 7"t = 7®N+1 and each /; of
Definition 3.2 is precisely the kernel of

id® Qo ® id®NV . 7N+l _, B .= 7% @ C(T) @ TN, (5.3)

and so each B; is the noncommutative solid torus algebra 7% ® C(T) ® 7N,
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The algebras B; and B;; and the maps n} of Definition 3.2 are then given by

B =T®@C(MT® " 1oC(MeT®/, i<j ije{01,... N}
BijIZBji, j<i, i,jE{O,l,...,N}, and
wh=id/ ® ®idV/:B; > Bi;, i#j.i.j €{0.1,....N} (5.4)

Thus our definition of C(Sy 2N +1) as the multipullback along the 7’ § is a natural

noncommutative dual to the Heegaard-type splitting of S?V*1 described in
Section 2.2.

To compute K« (C(Sy 2N +1)) we first compute the K-theory of the untwisted

quantum sphere C (Si,N +1) by applying the Kiinneth theorem and then the six-

term ideal-quotient exact sequence. We then apply results of [28] to see that the
K-theory of C(Sy 2N +1) is identical to that of C(Sg; 2N+1y - Since the cocycle ¢ on A

in Lemma 3.5 is 1nduced by a group cocycle on Z¥, the corresponding twisted
multiplication on C*(A; &) can be realised using Rieffel’s framework of twisted
multiplicative structures on C *-algebras arising from actions of R¥ applied to the
gauge action of TX on C*(A; &) and the dense *-subalgebra span{s;,s; : n,v € A}.
So we could alternatively apply [26, Main Theorem, p. 200] to prove that the K -theory
of C(S2N+1) is identical to that of C(SZNH)

Recall that "ON g canonically isomorphic to 7
the generator w; of TN *1 to the elementary tensor

7 @N+1 yia the map that carries

I ®1®s1®---®1,

where the s appears in the ith (counting from zero) tensor factor. Recall also
that we have Ko(7) = Z and K;1(7) = 0 with the generator in K, being the
class of the identity element. It then follows from the Kiinneth theorem (see
e.g. [32, Remarks 9.3.3]) that Ko (7 N+1) = Z[1] and K; (T N+1) = 0. Given
m = (mg,my, .. mN) e ZN*1 we write W, for the element ]_[, oW of VT,

(By convention, wl (wl*)k fork > 0.)

Lemma 5.1. For N > 0, there is an isomorphism of X ((2(NN 1)) onto the ideal 1
f~N+1 generated by ]_[ —o(1—wj w;f) that carries the matrix unit E pq to

W,,(U (1= wjw}) ) Wy,

Proof. Let R := ]_[j-vzo(l —wj w;‘). As the w; are commuting isometries, we see
that w;“R = 0 = Rwj; for all i, and then we deduce that

WiR =0=RW,
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for all p € N¥+1\ {0}. Similarly, observe that
(W, RW)Wu RW,) = (Wp RYW, W RW; = 8, 4w, R}

Since (W, RW/)* = W, RW, we see that the W), RW form a family of matrix
units indexed by NV *1, and so there is a homomorphism

K (NNt — 1

carrying each E,, to W, RW. Since R is nonzero, and since K ((2(NV+1)) is
simple, this homomorphism is injective. Surjectivity follows from

N
[T —wjw) =1 —wowd)R = R — woRw;. O
j=0

The following result (Theorem 1.1(1)) generalizes [2, Theorem 4.1] and [19,
Theorem 3.2].

Theorem 5.2. Consider aninteger N > 1 and an antisymmetric matrix 0 € My +1(R).
Then

Ko(C(SHRTH) = Z[1] and Ki(C(SEY,T) = Z.

Proof. We first consider the case where 6;; = 0 for all i, j. Theorem 3.3 combined
with Lemma 5.1 and the isomorphism 7;; Tl FON+L given in (5.2) implies that

C(S2NF1) 2 GNF1 /[ = TON+L g (02 (NN+1)). (5.5)
We claim that the inclusion
L JC(EZ(NN+1)) — .TON—H
of Lemma 5.1 induces the zero map on K-theory. As Ko(K((2(NV¥N+1)) = 7

is generated by [R], we just have to show that [R] = 0 in KO(?‘;)N“) = 7Z. The
N+ o~ 7ON+1 gjven by (5.2) carries R to

isomorphism ¥
(I1—ss")RA—s55s") @ - ® (1 —s5).

Since s is an isometry, we have

[1—55*] = [s*s —s55*] =0
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in Ko(7). As K1(7) = 0, the Kiinneth isomorphism implies that
[(1-ss)R(1—s5)® - (1 —s55%)]=0

in Ko(7®N+1). Therefore [R] is zero in Ko(7;" T') as claimed.
Since
Kl (K(ZZ(NN—{-I))) —0= Kl (%N-i-l)’

Theorem 9.3.2 of [32] gives the exact sequence

z 0 z Ko(C(S2V+1))

Ki(C(SENTY) 0 0.
Hence Ko(C(SZ' 1) = Z[1] and K1 (C(SF' 1)) = Z.
For general 6, we have
C(SFVF) = C*(A.c: 8)

by Lemma 3.5. By (3.7), the cocycle ¢ on A arises from exponentiation of an
R-valued cocycle. Hence [28, Theorem 6.1] gives

via isomorphisms that preserve the Ky-class of the identity. 0

Remark 5.3. An alternative proof can be obtained using the exact sequence (5.6).

5.2. Multipullback quantum complex projective spaces. In our computation of
the K-theory of C(PY (7)), we will use two auxiliary results. The first result is a
quantum version of the short exact sequence (5.1):

Lemma 5.4. With respect to the diagonal U(1)-action, for any positive integer k,
there exists a U(1)-equivariant short exact sequence of C*-algebras

0—=CSH Q@K —=CSH) —= T8 @ C(S)) —=0. (56)
Proof. The starting point is the Toeplitz extension, i.e. the exact sequence

0 X VA o] (L) —— )

where o is the symbol map. Since the Toeplitz algebra is nuclear, so is 7@k whence
the sequence of C *-algebras

0—=T% @K —> T g7 182 78k g C(S1) —0 (5.7)
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is also exact. Equation (5.5) gives
(T @ X)/ XS = C(SFF ) @ X

by the nuclearity of K. So taking quotients by K ®*¥*+1 throughout (5.7) yields
the exact sequence (5.6). The U(1)-equivariance follows from the fact that all the
identifications used are U(1)-equivariant. O

The second result is a standard fact about compact-group actions, so we omit its
proof.

Lemma 5.5. Let G be a compact Hausdorff topological group and let A be a
C*-algebra with a pointwise norm continuous G-action a: G — Aut(A). Let I C A
be a closed two-sided G -invariant ideal of A. Then A/ I admits the induced G-action,
and the sequence of fixed-point algebras

0 1¢ AC (4/1)6 ——=0

is exact.

To compute the K -groups of the invariant subalgebra C(PY (7)) :=C(S IZLIN Thum)
we first construct a family of short exact sequences. Fix N € N, N > 1. For all
k € {1,..., N} apply the exact functor _ ® KX®N~* to the sequence (5.6) to obtain
the short exact sequence

0—>» C(Slzik_l) ® JCON—k+1 C(Silk-‘rl) ® JCON—k
—=T% o C(Sh) @ KN 0.

By Lemma 5.5, the restriction of the above sequence to U(1)-invariant subalgebras
is again exact:

_ _ U@ U
0 (C(S%Ik ) ® KON k+1) (€Y (C(S§k+1)®JC®N k) eY)

— - (T @ C(SH @ KONK)D 0. (58)
Our gauge trick (2.2)—(2.3) shows that

T @ C(S') ® KON *
with diagonal U(1)-action is U(1)-equivariantly isomorphic with

T @ C(S') ® KONV *
where U(1) acts only on the C(S!)-component. Hence

(T8 @ C(s") @ KN F)VW ~ 7k g yoN—F (5.9)
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Next, let
S = (C(SHF T @ XN YDk co,... N},

Using this notation and (5.9), we can write the family of short exact sequences (5.8)
as

00— Sgg —= S —= T @ KN+ ——, (5.10)
where k € {1,...,N}.
Theorem 5.6. Let N be a positive integer. Then

Ko(C(PN (7)) =2zt and Ki(C(PN(T))) = 0.

Proof. Since Sy = C(PN(T)), it suffices to prove that Ko(Sx) = ZF+! and
Ki(Sxg) =0forallk € {1,..., N}. We do this by induction on k. For k = 0, the
gauge trick gives

So = (C(SY) ® x®V)D = xeN.
Consequently,
Ko(So) = Ko(K) =7Z, Ki(So) = K1(K) =0.

Now assume that Ko(Sx_1) = Z¥ and K;(Sx—;) = 0. The short exact sequence
(5.10) of C *-algebras induces the six-term exact sequence of Abelian groups:

Ko(Sk—1) — Ko(Sk) — Ko(T®¥) (5.11)

| |

K1 (T®F) < K1(Sk) < K1(Sk—1).

The Kiinneth theorem gives Ko(7®*) = Z and K;(7®k) = 0. Combining this
with the inductive hypothesis, the sequence (5.11) becomes

Z¥F — Ko(Sx) —= Z

|

0<—— K1(Sg) =— O.

Exactness gives K1(Sx) = 0, and exactness combined with the projectivity of free
Abelian groups gives Ko(S;) = Z @ Z* = 7F+1. 0
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5.3. Twisted multipullback quantum complex projective spaces. We begin by
establishing notation. Fix a positive integer N, and let 8 € Mpy41(R) be
an antisymmetric real matrix. For k,/ < N, define O := e2™1%: For
0 <k <1 < N, let T be the universal C*-algebra generated by the isometries
Sk, .. .,S satisfying the usual identities:

— . . . * . — Py . *
§;8j = Oy5878;, 8857 = Oy5858; .

We will identify 7% ; with the corresponding subalgebra of 7o y. Let K« ;) be the

ideal of 7% ; generated by the product ]_[f= x(1—=s;57). Foreachk < N, the universal
property of 7o, shows that the formula

o (si) .= Oks;

defines actions o of both N and Z on 7o n, and hence on each 77, ;,.

The idea of the computation is the same as in the untwisted case, with small
changes due to the fact that the isometries generating the noncommutative sphere
do not commute. We regard the twisted noncommutative sphere as the quotient
of the twisted semigroup C *-algebra of NV *1 by the ideal of compact operators:
C*(NN+1.®)/X. A convenient presentation of C*(N, ®) that will be used below
comes from the fact that

C*(NVT1 @) = (... ((T xq, N) xN)...) Xy N,

where the actions oy are determined by the cocycle ®. While there exists a
considerable theory of semigroup C*-algebras, we do not need to use it below.
Instead, we will reduce the computation to the one done in the untwisted case.

Let t = (itg, ..., i7) € N'+17% be a multi-index, and let {e,,},, be the standard
orthonormal basis of [2(N/T17%) Fork <i <[,let8; := (0,...,1,...0) € N/F1-k
with 1 in the slot labeled by i. Define

n(k,l)(si)eu = 1_[ ®;;jeu+5i'

k<i<j<l
Lemma 5.7. Letk € {1,..., N}. In the decomposition
ZZ(NN+1) — IZ(Nk) ® ZZ(NN+1_k),

where the second factor corresponds to the last N + 1 —k components in NN 1 the
following equalities hold:

70,N) (T0,k—1 K, n)) = 70.k-1)(To,k-1) @ Kk, N)
mo,N (Ko,n)) = m©0.k-1)(Ko,k-1)) ® K, n)-
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Proof. By construction, fori < k,
0. (51) € 0 f—1)(To k—1) ® B(I2(NNF17H)),
70.8) (KN C 70, k-1)(Tok-1) ® K (P (NVH17H)).
Now the claim of the lemma follows. X

Corollary 5.8. Let k € {l,...,N — 1}. Put C(S{gl ) = 7,1/ K. j). There

J
exists a U(1)-equivariant short exact sequence of C*-algebras:

0——C(SHonur) ® Kew) —= C(Sion) ® Kaer1n
— (To,k—l Ny Z) ® Kk+1,5) —0.

The action of U(1) is the one induced naturally from its diagonal action on Tp .

Proof. Lemma 5.7 reduces the claim to the identity

7(0,6) (T0.6) /70,5 (To,k—1K 0,k))
= 10,k) (To,k—1Tk,k)/ 7(0,5) (T0,k—1 Kk k) = Tok—1 Ny Z,

which immediately follows from the construction of mg k). O

Proof of Theorem 1.1(2). For0 <k < N, let
o 2k+1 u()
T = (C(Sg ) ® Ki+1,3))
Since the crossed product T x—1 Xq, Z contains the regular representation of Z, and
hence a copy of the regular representation of U(1) on C*(Z) = C(S!), we get, as in
the untwisted case,

(Tok—1 ¥ay Z) ® K1) = Tor1 ® Kier1n)-

Finally, as Ty = C (]P’éV (7)) by Theorem 3.3 and a twisted version of Lemma 5.1
(which is straightforward to prove), the rest of the argument is the same as in the
untwisted case, with Ty in place of Sx. Therefore Ko(C (]P’ON (7)) = ZN*! and
Ki(C(P}' (7)) = 0. 0

6. Noncommutative line bundles over multipullback quantum
complex projective spaces

6.1. Equivariant homomorphisms and spectral subspaces. Take a U(1)-equi-
variant x-homomorphism f: A — A’ of unital U(1)-C *-algebras, and suppose that
the U(1)-action on A is free. Then there exists a strong connection £ on A. It is
straightforward to check that £’ := (f ® f) o { is a strong connection on A’, so
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that the U(1)-action on A’ is also free. The U(1)-equivariance of f guarantees that
its restriction to the fixed-point subalgebra B := AV corestricts to the fixed-point
subalgebra B’ := (A)YM_ This f turns B’ into a (B’ — B)-bimodule given by the
usual multiplication on the left and the formula &’ - b := b’ f(b) on the right.

Since f: A — f(A) is a linear surjection over a field, it splits. So there exists a
linear map g: f(A4) — A suchthat f og = idy4). Wehave A = g(f(A4)) @ker f.
Let {a’;}; be an extension of a basis {e;}; of f(A) to a basis of A". Also, let {ex }x
be a basis of ker f. Then {a;}; := {g(e;)}; U {ex }x is a basis of 4, and f(a;) = a;
or f(a;) = 0. For any n € Z, we can write

L") = Zal ®r(u") and (") = Z a; @ f(ri(u")).
leL leL’!

Here L’ and L are respectively m’ and m element sets, with m’ < m, and f(a;) = a;
forl <m’and f(a;) = 0forl > m’.

It follows from the Chern—Galois theory of [4] that the existence of a strong
connection guarantees that spectral subspaces are finitely generated projective as left
modules over fixed-point C *-algebras. Given a strong connection £ and a spectral
subspace A, we have an explicit formula given in [4, Theorem 3.1] for an idempotent
E" representing the spectral subspace: E}; := r¢(u")a;. Hence

F(ER) = flre@™)ay forl <m',

f(E}) =0 for > m’,
are the matrix coeflicients of an idempotent representing B’ ® g A,. Using the strong
connection £’ and the linear basis {a;};, we conclude that the matrix coefficients of
an idempotent representing Aj, are also f'(rx (u"))a;, but with indices k,/ € L'.

To continue this reasoning and to take care of the range of indices, it is convenient
to adopt the block-matrix notation. Let

B = (rl(u”),...,rm(u")) and y:= (ay,...,am).
Much in the same way, let
B = (f(ri@™),.... frmw(@™)) and ¥y :=(d},....q,,).

Then
E" = IBnTV € M,,(B)

is an idempotent matrix representing 4,, and

(EY" = 8.7y € My (B)

n

is an idempotent matrix representing A, Finally, put

Bu = (f(ri™)..... frm™)) = (B, o)

and Y = (',0,...,0) (with m — m’ zeros at the end).

Then (E")" = ,B,’{Ty” € M,,(B’) is an idempotent matrix representing B’ @ g A,.
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The crux of our argument is that (E’)"” and (E”)" represent isomorphic left
B’-modules. After extending (E’)" by zeros to size m, we obtain a matrix conjugate !
to (E")":

(i D) O =08

Here we used the fact that y’ ,B;,T = 1, which is condition (3.9) for the strong
connection £'. Following the reasoning of the previous paragraph, we have arrived at:

Theorem 6.1. Ler f: A — A’ be a U(1)-equivariant *-homomorphism of unital
U(1)-C*-algebras, and let B and B’ be the respective fixed-point C*-subalgebras.
Assume that the U(1)-action on A is free. For eachn € 7, let A, and A), denote
the n™ spectral subspaces of A and A’ respectively. Then, for any n € Z, there is an
isomorphism of finitely generated left B’-modules:

B'® Ay, = A,
B
In particular, the induced map (f|B)«: Ko(B) — Ko(B’) satisfies
(f18)«([An]) = [4,] foreveryn € Z.

6.2. Pairwise non-isomorphism. The goal of this section is to prove Theorem 1.1(3),
i.e. to show that the line bundles over the multipullback quantum complex projective
space PV (77) associated to the Heegaard odd quantum sphere S 12LIN +1 are classified
by their defining winding number. We will do it reducing the problem to the special
case N = 1, which was already solved elsewhere. Here the main problem is that we
do not have any U(1)-equivariant maps from C (S%IN Hht C (S;I). We overcome
this difficulty by finding a wrong-way equivariant map that restricted to fixed-point
subalgebras induces an isomorphism on the K-groups.
To begin with, we need to unravel the pullback structure of C(S 12LIN .

Lemma 6.2. For any N € N, N > 0, the U(1)-C*-algebra C(S%INH) can be
presented as the following equivariant pullback:

C(S[2—1N+1)

y&

CSN NHeT TN @ C(Sh)

C(SZN " ® C(S).

'We are grateful to Tomasz Maszczyk for pointing this out to us.
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Here

o T 5 wr— (oo(w),...,on—1(w)) € C(SFN ),

and o; is defined by (5.3), which is the 8 = 0 case of (3.1). The defining
*-homomorphisms are equivariant with respect to the diagonal action.

Proof. We adopt the definitions from (5.3) and (5.4), but now we have to play with
different N at the same time, whence the need for additional labeling:

BN =7% g C(s") @ TN

1

ﬂ;-’N =id® Ro ® id®WN=1)

Then, the definition of C (5121N *1) becomes:

N
C(S2NH) = {(bo, vy e P BY
i=0
IVo<i<j<N:xNp= nif’N(b,-)}.
Denoting the logical sentence
VOo<i<j<M<N:xNb)=x"b))

by P 1{,1v ((b;);), we can rewrite this formula as
N-1
C(S2N+1) = {((bi)i,bN) e (EB B,-N) & (79N @ C(s") |
i=0

PY (b)) A(VO<i<N—1:2Nb) =(0;® id)(bN))}. 6.1)

Next, using the exactness of the tensor product _ ® 7 (which follows from
nuclearity of 7), we can write

CSPHeT

N-1
{(Z;i)i e@ BV P{} ((Zi)i)} ®T
i=0

N-—1
=i e @ BY | P (000)}- 6.2)

i=0
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Combing (6.1) with (6.2), we arrive at:

CSEH ={(Bi)i.bw) € (CSFTH@T) @ (T @ C(sH) |
Vo<i<N—1: ") = (0 ® id)(bn)}.

Finally, we obtain

CSZN) = {(r,y) e (CSHFHeT) @ (T8N ® C(SY))
| (id®0)(x) = (0 ®id)(»)},

which proves the lemma. O

The next step is to establish a wrong-way map with the right-way inverse in
K-theory:
Lemma 6.3. Consider C(S;I) Q@ TOW=D) with the diagonal U(1)-action. Then

7C(SH) 3x—x®@1eC(SH) @ T8N

is a U(1)-equivariant x-homomorphism whose restriction-corestriction 1 to the
U(1)-invariant subalgebras induces an isomorphism of K -groups:

_ - ~@(N—1\U

s K (C(PL(T))) — Ku((C(SE) @ TEN-D)YD)
Proof. The pullback presentation of C (513{) together with the exactness of tensoring
with 7®W-1 yields two U(1)-equivariant pullback diagrams. We combine them

in the following commutative diagram of U(1)-equivariant *-homomorphisms (all
considered with the diagonal U(1)-action):

0 O3y @ TOWD
SN N
T@C(Sl) C(S1)®T T®C(Sl)®?‘®(N—l) C(S1)®T®N

id®1
o®id id®o o®id id ®o ®id
C(SH ®C(Sh CSHC(SH e TeW-D

id®1
(6.3)
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Using the gauge isomorphisms (2.2) together with some permutations of tensor
factors, we transform the diagonal action (on the pullback components) to the action
on the rightmost factor thus obtaining the following commutative diagram:

nR

C(siHR™ "~ (C(8}) @ TEN-D)R

w%id\\ / \
T ®C(Sh) TRCs) TN (s 7N g C(S!)

id ®1®id
o®id ® o®id W
C(sH®C(sh CSHRTEN-D g C(S")
D o Ge 2
id ®1Q®id

6.4)

Here the top line is U(1)-equivariantly isomorphic to the top line of the previous
diagram, and ¢ and i are given by

$:T ®C(SH — C(SH®C(Sh,
Pt @ui— umSo)) uew),
v T TNV g (s — C(sH) @ 7NV g C(sh),
Vit ®@r@ui— S(o()ra)ua) ® o) @ uew)-

Finally, to pass to the restriction-corestriction of Diagram 6.3 to the U(1)-invariant
subalgebras, it suffices to note that it is isomorphic to the restriction-corestriction of
Diagram 6.4, and that the latter is obtained by removing the rightmost factors from
the pullback components:

ce\T)” (C(s3) & TEN-D)F)ID
T T T®N rj'®N
id®1
o Soo o®id 1;
c(sh C(SY) @ 7OWN-D
id®1

Here

VTN 51 @F > S(o(t)F 1) ® Fo) € C(SH) @ TNV,
Due to the naturality of the Kiinneth formula, all three maps id ® 1 Fov—1) between
the pullback components induce isomorphisms on K-groups. Hence, it follows from
[12, Theorem 3.1] that also 7 induces an isomorphism on K-groups. O
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Proof of Theorem 1.1(3). Lemma 6.2 implies that
f = (pr? ® idrow—2) o (pr} ® idgew—-3) 0+ o prl
is a surjective U(1)-equivariant *-homomorphism
fiCSHTY — C(S3) @ TEWD,
Furthermore, by Lemma 6.3 we have a U(1)-equivariant *-homomorphism
1:C(S) — C(Sgp) @ TN,

whose restriction-corestriction 7 to fixed-point subalgebras induces an isomorphism
on K-groups.

Next, the freeness of the diagonal U(1)-action on C(S %IN +1), which follows from
Section 3.3.1 for 6 = 0, allows us to apply the final statement of Theorem 6.1 to infer
that the equality of Ko-classes [C(S %IN T, =[C(S %IN *1),] implies the equality
of Ky-classes

[(csiy @ T®NY), ] = L([(SFm])

_ 6.5
= A = (e e 7o) 1 O

Here by f we denoted the restriction-corestriction of f to U(1)-invariant subalgebras.
Much in the same way, identifying the isomorphic C *-algebras

((C(SIS-I) ® T®(N—1))R)U(1) ~ (C(S;{) ® T@(N—l))U(l)’

we conclude that

[(c(Si) @ T®NY), ] = i ([C(STm])- (6.6)
[(C(si) @ TENY), ] = 2 ([C(SEA). (6.7)
Now, it follows from (6.5)—(6.7) and the injectivity of 7}, that [C(S?,)m] = [C(S;I)n].
Finally, by an index-pairing calculation [16, Theorem 3.3], we obtain m = n. O
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