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Separability idempotents in C *-algebras
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Abstract. In this paper, we study the notion of a separability idempotent in the C*-algebra
framework. This is analogous to the notion in the purely algebraic setting, typically considered
in the case of (finite-dimensional) algebras with identity, then later also considered in the
multiplier algebra framework by the second-named author. The current work was motivated
by the appearance of such objects in the authors’ ongoing work on locally compact quantum
groupoids.
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1. Introduction

Consider a groupoid G over the set of units G, together with the maps s: G — G©
and 1:G — G© (the “source map” and the “target map”). This means that there
is a set of “composable pairs” G® = {(p.q) € G x G : s(p) = t(¢)}, on which
the product pq in G is defined. This product is assumed to be associative, in an
appropriate sense. The set of units, G(*, may be naturally regarded as a subset
of G. There exists also the inverse map p > p~! (so that (p~1)~! = p), for which
we have s(p~!) = t(p), t(p~!) = s(p), and satisfying some natural conditions.
For a more detailed discussion on the definition and the basic theory of groupoids,
refer to [5,9]. The groupoid notion can be further extended to incorporate locally
compact topology, which is the notion of a locally compact groupoid. For this, refer
to [19,20].

Suppose G is a groupoid and consider A = K(G), the set of all complex-valued
functions on G having finite support. For the time being, let us disregard any topology
on G. Under the pointwise multiplication, A becomes a commutative algebra.

In particular, if G is a finite groupoid, the algebra A becomes unital (1 € 4). In
that case, it is known that A can be given a structure of a weak Hopf algebra, together
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with the map A from A into A ® A (algebraic tensor product), defined by

f(pq), ifs(p) =1t(q),
0, otherwise.

(Af)p.q) =

The A map is referred to as the “comultiplication” (or “coproduct”). A weak
Hopf algebra is in general noncommutative, but includes the above example as a
fundamental case. For more discussion on weak Hopf algebras, refer to [2,3]. In
a sense, a weak Hopf algebra is a finite quantum groupoid (see also [18,23,29]).
Recently, at the purely algebraic level, this notion has been further generalized to
include the case of non-finite groupoids (so the algebra A is non-unital), which is the
notion of a weak multiplier Hopf algebra developed by one of us (Van Daele) and
Wang. Refer to [26,27].

If (A, A) is a weak multiplier Hopf algebra, there exists a certain canonical
idempotent element E, playing the role of “A(1)”. Among the main properties of £
is the fact that it is a separability idempotent. Namely, there exist algebras B and C
such that £ is an idempotent element contained in the multiplier algebra M(B ® C),
and it satisfies some number of conditions. The case that is relevant to us is when A
is a *-algebra and is “regular” (see Section 4 of [27]). As a consequence, it turns out
that there exist bijective anti-automorphisms Sg: B — C and S¢: C — B such that

Eb®1)=E(1®Sp((}). (1®c)E = (Sc(c)®1)E,

forbe B,c eC.

In the special (commutative) case of the weak multiplier Hopf algebra A = K(G)
for a groupoid G, let B be the subalgebra of M(A) given by the pull-back of the
algebra K(G ) via the sourcemap s: G — G©, and C € M(A) the pull-back of the
algebra K(G©) via the target map t: G — G©. Then we will have E € M(B®C).
The maps Sg, Sc would come from the antipode map of the weak multiplier Hopf
algebra.

One of the main reasons for studying separability idempotents lies in the fact that
they play an important role in the theory of weak multiplier Hopf algebras. In a sense,
any separability idempotent arises from a weak multiplier Hopf algebra, and having
an appropriate separability idempotent element can guide us to construct an example
of a weak multiplier Hopf algebra: See Proposition 3.2 of [28]. See [24] (refer to both
versions v1 and v2, as they are substantially different), where a systematic discussion
is given on separability idempotents in the setting of multiplier algebras, together
with some examples. Separability idempotents also arise naturally from the theory
of discrete quantum groups (See Section 3 of [24]).

Suppose the groupoid G is now equipped with a compatible locally compact
topology. A natural question to ask is whether we can formulate a C*-algebraic
theory similar to that of a weak multiplier Hopf algebra, together with a suitable
separability idempotent element, keeping all the topological aspects.
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The aim of the current paper is to define, develop, and clarify the notion of a
separability idempotent in the setting of C *-algebras. While the setting may be more
general, this makes things a little restrictive as well, because we need the element to
be compatible with the C *-structures on B and C, unlike in the purely algebraic case.
On the other hand, not every property from the purely algebraic case will carry over
(for instance, the maps Sp and S¢ will only have to be densely-defined). However,
it is worth noting that we are still able to formulate below a reasonable notion.

Such separability idempotents turn out to be quite useful in developing a C*-
algebraic counterpart to the weak multiplier Hopf algebra theory, which would
provide us with a (sub)class of locally compact quantum groupoids. This is discussed
in the authors’ upcoming work [10-12].

In the purely algebraic theory of separability idempotents (see [24]), the defining
conditions imply the existence of two distinguished linear functionals, denoted ¢c
and ¢p, on the algebras C and B respectively. In our formulation below (in the
C *-algebra setting), we assume instead the existence of two faithful KMS weights p
(on C) and v (on B), from which the other properties follow, including the densely
defined anti-homomorphisms. This approach is somewhat similar in philosophy to
the general theory of locally compact quantum groups as given in [15, 16,25].

We will see that the separability idempotent £ € M(B ® C) is more or less
determined by the C *-algebra B and the weight v, where ® is now the C *-algebra
(spatial) tensor product. Meanwhile, the existence of E means that the pair (B, v)
cannot be arbitrarily chosen. It is an interesting question to explore the nature of the
C*-algebra B, and we will do this towards the end of the paper.

The paper is organized as follows. In Section 2, we gather some basic results
concerning C*-algebra weights. The purpose here is to set the terminologies and
notations to be used in later sections. Our main definition and the properties are given
in Sections 3 and 4. We introduce the notion of a separability triple and a separability
idempotent in Section 3. As a consequence, we obtain the (densely-defined) anti-
homomorphisms yp and y¢c (These are the maps corresponding to Sp and Sc in
the purely algebraic case.). More results and properties are collected in Section 4,
including the fact that a separability idempotent is “full”.

In Section 5, some examples are considered. In addition to the natural example
coming from a groupoid or a weak multiplier Hopf algebra, we included an example
arising from a certain action groupoid and another example when the base C *-algebra
is the algebra of compact operators.

In Section 6, the separability idempotent notion is considered in the von Neumann
algebra setting. We show that the C*-algebra approach and the von Neumann
algebra approach are equivalent, in the sense that one can start from the C *-algebra
framework, then construct a separability idempotent in the von Neumann algebra
framework, then from this, one can recover the idempotent and the C*-algebra we
began with.
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Finally, in Section 7, we explore the nature of the base C *-algebra B, which
would allow the existence of a separability idempotent. We claim that B has to be a
postliminal C *-algebra.

Acknowledgements. This work began during the first-named author (Byung-Jay
Kahng)’s sabbatical visit to University of Leuven during 2012/2013. He is very
much grateful to his coauthor (Alfons Van Daele) and the mathematics department
at University of Leuven for their warm support and hospitality during his stay.

2. Preliminaries on C *-algebra weights

In this section, we review some basic notations and results concerning the weights on
C *-algebras, which will be useful later. For standard terminologies and for a more
complete treatment on C *-algebra weights, refer to [6,21,22]. See also a nice survey
given in [14].

Let A be a C*-algebra. A function ¥: AT — [0, o0] is called a weight on A, if
V(x+y)=vy(x)+v(y) forall x,y € AT and ¥ (Ax) = Ay (x) forall x € AT
and A € RT, with the convention that 0 - co = 0.

Given a weight ¥ on A, we can consider the following subspaces:

My = {a € AT : y(a) < oo}
Ny :={acd:ya*a) < oo}
My := NNy = span{y*x : x,y € Ny |.

It is easy to see that 91y is a left ideal in M(A), the multiplier algebra of A.
So My C My, Moreover, My, is a *-subalgebra of A spanned by 90}, which turns

out to be its positive part. It is possible to naturally extend i on 9:@ to a map
from 91y, into C, which we will still denote by .

A weight ¥ is said to be “faithful”, if ¥ (a) = 0,a € A™, implies a = 0. We say
a weight ¥ is densely-defined (or “semi-finite”), if 91y is dense in A. Throughout
this paper, a weight (on a C™*-algebra A) will always be assumed to be faithful,
semi-finite, and also lower semi-continuous.

It is useful to consider the following sets, first considered by Combes [6]:

Fy ={we A} 1 o(x) < Y(x),Vx € A+},
Gy = {aa) tw € Fy, fora e (0, 1)}.

Here A* denotes the norm dual of A. Note that on 7, one can give a natural order
inherited from A% . Meanwhile, Gy is a directed subset of Fy. That is, for every
w1, Wy € Gy, there exists an element w € &y, such that w; < w, w, < w. Because
of this, 9y, is often used as an index set (of a net). Since ¥ is lower semi-continuous,
we would have: ¥ (x) = limyeg, (a)(x)), forx € A™.
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One can associate to Y a GNS-construction (Hy, wy, Ay). Here, Hy is a
Hilbert space, Ay :My — Hy is a linear map such that Ay (My ) is dense in Hy,
and (Ay(a), Ay (b)) = Y (b*a)fora,b € Ny,. Since V¥ is assumed to be lower semi-
continuous, we further have that Ay, is closed. And, 7y is the GNS representation
of A on Hy, given by my (a)Ay (D) = Ay(ab) fora € A, b € 9y,. The GNS
representation is non-degenerate, and the GNS construction is unique up to a unitary
transformation.

Every w € A* has a unique extension to the level of the multiplier algebra M (A),
which we may still denote by w. From this fact, it follows easily that any proper
weight ¥ on A has a natural extension to the weight 1 on M(A). For convenience,
we will use the notations 9ty = 9N and My = 9. Also, the GNS construction
for a proper weight ¥ on A has a natural extension to the GNS construction for ¥
on M(A), with va—/ = e%w.

To give somewhat of a control over the non-commutativity of A, one introduces
the notion of KMS weights (see [6] and Chapter VIII of [22]). The notion as defined
below (due to Kustermans [13]) is slightly different from the original one given by
Combes, but equivalent.

Definition 2.1. Let v be a faithful, semi-finite, lower semi-continuous weight. It
is called a KMS weight, if there exists a norm-continuous one-parameter group of
automorphisms (0y)ser of A such that ¢ oo, = ¢ forallt € R, and

Y(a*a) = W(a,-/z(a)a,-/z(a)*) foralla € D(0y)2).

Here, 0;/, is the analytic generator of the one-parameter group (o;) at z = i/2,
and O (0;/2) is its domain. In general, with the domain properly defined, it is known
that 0., z € C, is a closed map.

The one-parameter group (oy) is called the “modular automorphism group” for /.
It is uniquely determined, as v is faithful. In the special case when v is a trace,
that is, ¥ (a*a) = Y (aa™) for a € Ny, it is clear that  is KMS, with the modular
automorphism group being trivial (o0 = Id).

Basic properties of KMS weights can be found in [13,14,22]. In particular, there
exists a (unique) anti-unitary operator J (the “modular conjugation”) on ¢y, such that
JAy(x) = Ay (0i/2(x)*), x € Ny N D(0i/2). There exists also a strictly positive
operator V (the “modular operator”) on #y such that VI!Ay(a) = Ay (o:(a)),
fora € Ny and ¢ € R. Following is a standard result, which can be easily extended
to elements in the multiplier algebra:

Lemma 2.2. Let v be a KMS weight on a C*-algebra A, with GNS representation
(Hy, wy, Ay). Then we have:

(1) Leta € D(0i/2) and x € Ny,.. Then

xa €Ny and Ay(xa) = an(oi/z(a))*JAw(x).
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(2) Leta € D(0—;) and x € My,. Then

ax,xo_ij(a) € My and Y(ax) = 1//(x0_i (a)).
(3) Let x € Ny NN, and a € Ny, N D(0—;) be such that o—;(a) € Ny. Then
Y(ax) = ¥ (xo—i(a)).

It is known (see [14,22]) that when we lift a KMS weight to the level of von
Neumann algebra 77y, (A)” in an evident way, we obtain a normal, semi-finite, faithful

(“n.s.f.”) weight 1; In addition, the modular automorphism group (a;/’)for the

n.s.f. weight 1Z leaves the C *-algebra B invariant, and the restriction of (0;/’ )to B
coincides with our (0y). The operators J, V above are none other than the restrictions
of the corresponding operators arising in the standard Tomita—Takesaki theory of von
Neumann algebra weights.

In Tomita—Takesaki theory, a useful role is played by the Tomita *-algebra. In
our case, consider the n.s.f. weight 1/~/ on the von Neumann algebra 7y (A4)”. Then
the Tomita *-algebra for J denoted by TJ, is as follows:

S e . 7 7 P
7= {x €Ny ﬂ‘ﬁ{/; : x is analytic w.r.t. 0¥, and 0 (x) € 915 N ‘ﬁ&, Vz e (C}.

It is a strongly *-dense subalgebra in 7y, (A)”, and it satisfies many useful properties.
Refer to the standard textbooks on the modular theory, for instance [21, 22].
Furthermore, it is known that 7 := 'J’@ N A is (norm)-dense in the C*-algebra A,
so turns out to be useful as we work with the weight ¥ in the C*-algebra setting.
In particular, it is easy to see that for every z € C, the domains D(o,), which
contain 7y, are dense in A.

3. Definition of a separability idempotent

In this section, we wish to give the proper definition of a separability idempotent
element in the C *-algebra framework. Let us begin by considering a triple (E, B, v),
where:

e Bisa C*-algebra,

e v is a (faithful) KMS weight on B, together with its associated norm-continuous
automorphism group (0}’),

e E € M(B ® C) is a self-adjoint idempotent element (so a projection, satisfying
E? = E = E*), for some C*-algebra C such that there exists a *-anti-
isomorphism R: B — C.
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Remark. In the above, we can see immediately that C =~ B°P as C *-algebras. Even
so, there is no reason to assume that C and B°P to be exactly same. Going forward,
our triple (E, B, v) will be understood in such a way that the C*-algebra C and
the *-anti-isomorphism R: B — C are implicitly fixed, with C possibly different
from B°P.

The weight theory says 91, is only a left ideal in B, but we have below a useful
result involving By = @(Jiv/z)’ which is dense in B.

Proposition 3.1. Foranyx € M, andb € By, we have: xb € M,,. Asa consequence,
we have:

mvBO gmw 9:anO ggﬁv, B())kgﬁv gmv
Proof. See (1) of Lemma 2.2, from which it follows that
* 2 *
v((xb) (xb)) = (A,,(xb),Av(xb)) < ||Ui"/2(b) H v(x*x).

The result 91, Bp € N, is an immediate consequence. As for the next two results,
use the fact that 0, = NI, O

Consider the triple (E, B, v) as above, with C and R understood. We now give
the definition of the separability triple:

Definition 3.2. We will say that (E, B, v) is a separability triple, if the following
conditions hold:

() veid)(E)=1
(2) Forb € By, we have: (v Q id)(E(b® 1)) = R(ai"/z(b)).
If (E, B, v) forms a separability triple, then we say E is a separability idempotent.

Remark. In Definition 3.2 above, (1) means that for any w € C}, we require
(id ®w)(E) € M, (€ M(B)) and that v((id ®w)(E)) = w(1). From this, it will
follow that (id ®w)(E) € M, for any w € C*, and that v((id ®w)(E)) = (1),
Vo € C*. We are using here a natural extension of v to the multiplier algebra M (B),
still denoted by v. However, we will soon see that (id w)(E) € B, actually. See
the corollary following Proposition 4.3.

By Proposition 3.1, we know (id Qw)(E) b € 9M,,,Vw € C* and Vb € By. What
condition (2) of the definition is saying is that we further require v((id ®w)(E) b) =
o((R 0 0}},)(b).

The following result provides sort of a uniqueness result for the separability
idempotent E.

Proposition 3.3. Let E be a separability idempotent. Then E is uniquely determined
by the data (B, v, R).
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Proof. From Definition 3.2 and Remark following it, we know that
(v(-0) ® W)(E) = w((Ro0}),)(h)), Vb e By, Yo € C*. (3.1)

Since By is dense in B, we know {v(-b) : b € By} is dense in B*. This shows
that £ is completely determined by the data (B, v, R). O

As we regard a separability triple (E, B, v) to implicitly fix the C*-algebra C
and the anti-isomorphism R (see an earlier remark), we can see from the above result
that the E is more or less characterized by the pair (B, v). However, the element
E € M(B ® C) that is determined by (B, v) via equation (3.1) does not necessarily
have to be a projection. In other words, the existence of the separability idempotent £
is really a condition on the pair (B, v). In Section 7 below, we will discuss a little
about the nature of the C*-algebra B that could allow this to happen.

Let us now gather some basic properties of the separability triple (£, B, v) and
the separability idempotent £ € M (B ® C). For convenience, let us write yg (b) :=
(Ro Ui"/z)(b), for b € By, which determines a map yg: By — C. Since ol."/z isa
closed map (see comment given in Definition 2.1), we see that yp is also a closed
map.

Proposition 3.4. Considered as a map from B to C, the aforementioned map yp
is a closed, densely-defined, injective map, whose range is dense in C. Moreover,
for b € By, we have: (v ® id)(E(b ® 1)) = yp(b).

Proof. Since D(yp) = By is dense in B, it is clear that yp is densely-defined. We
have already seen that it is closed. The injectivity of yp is easy to see, because R is
an anti-isomorphism and ¢, is an automorphism for all 7.

By the property of the Tomita algebra, we know that 7;, € By and 01.3/2 (%) = T5.
So we have: al."/z(?;) = ai"/z(fl'; N B) = 35 N B = T, which is dense in B. In
addition, since R is an anti-isomorphism between B and C, we see that Ran(yg) =
R(oi"/z(BO)) D R(Y,), which is dense in C.

The last result is just re-writing (2) of Definition 3.2. O

For convenience, write Cy = Ran(yp), which is dense in C. By the above
proposition, we can consider yl;l: Co — B. Viewed as a map from C to B, it is
clear that the map yl;l is also a closed, densely-defined injective map, having a dense
range. In fact, we will have: y3z' = 0”150 R™', and D(y3z') = Ran(yp) = Co,
while Ran(y3z') = D(yg) = Bo.

Proposition 3.5. (1) By = D(yp) is closed under multiplication, and yp is an
anti-homomorphism.

2) Co=D ()/El) is closed under multiplication, and )/El is an anti-homomorphism.
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Proof. Suppose b,b’ € By = D(0}),)- Being analytic elements, we have bb’ € By.
Meanwhile, since yp = R o ol."/z, with Gi"/2 being an automorphism and R an anti-
isomorphism, we have yg(bb') = yg(b')ygp(b). Similarly, we have: yz'(cc’) =
vz (c)yg'(c) forc,c’ € C. O

Here is a property that relates the C *-algebras B and C, at the level of their dense
subspaces:
Proposition 3.6. (1) Forb € By, we have: E(b ® 1) = E(1 ® yp(b)).
(2) Forc € Cy, we have: E(1®c) = E(ygl(c) ® 1).

Proof. (1) For b,b’ € By,

() ®id)(E( ® 1) = (v ®id)(E(bD’ ® 1)) = yg(bb') = yp(b")ys(b)
= (v Qid)(E(}' ®1))ys(b) = (v ®id)(ED’ ® yp(b)))
= (v ®id)(E(1®ys®)(' ®1)
= (v(-b) ®id)(E(1 ® yp(b))).

In the second equation, we are using (2) of Definition 3.2. The third equation holds
because yp is an anti-homomorphism. Since v is faithful, and since the result is true
for all b’ € By, which is dense in B, we conclude that E(b ® 1) = E(1 ® yg(b)).

(2) This is an immediate consequence of (1), because Cy = Ran(yp) and By =
Ran(ygl). O

From (v @ id)(E(b ® 1)) = R(ai"/z(b)), b € By, take the adjoint. Knowing
that R is a *-anti-isomorphism, we have:

(v ®id)((b* ® DE) = [R(0},(0)]" = R([o},,(D)]*) = R(c”;,,(b¥)).

This observation means that for b € By = D(0”;,), which is also dense in B, the
expression (v ® id)((b ® 1)E) is valid, and (v ® id)((h ® 1)E) = (R o Uﬁi/z)(b).
Or, put another way, we have:

V(b ([d®w)(E)) = o((R ooji/z)(b)), forw € C*,b e D(0?;),).

So, by the same argument as in the case of the map yp, it is clear that the map
b (Roa?, /2) (b) is closed and densely-defined on B, injective, and has a dense
range in C. Also, its inverse map ¢ — (crl."/2 o R)(c) is closed and densely-defined
on C, injective, and has a dense range in 5. So let us define the maps yc:C — B
and y- 1: B — C as follows:

Proposition 3.7. Write yc := 0}), 0 RVandyc' := Roo”; /o Then:

(1) The map yc is closed and densely-defined on C, injective, and has a dense range
in B.
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(2) The map yq Uis closed and densely-defined on B, injective, and has a dense
range in C.

(3) Both maps yc and yq U are anti-homomorphisms: That is,

yc(ec') = ye(c)ye(c), c.c’ € D(ye).
and ye' (bb) =y (B)ye' (b). b € D(ych).

(4) Forc € D(yc), we have:
(1®c)E = (yc(c) ® 1)E.
(5) Forb € D(yg'), we have:
b®DE=(1®y:'(b))E.

Proof. (1) and (2) were already observed in the previous paragraph. Proof of (3) is
done exactly as in Proposition 3.5. The anti-homomorphism properties are needed
in the proof of the results (4) and (5), which is done using a similar argument as in
Proposition 3.6. 0

Remark. The results of Proposition 3.6 and Proposition 3.7 suggest us that E
behaves very much like a separability idempotent in the purely algebraic setting [24],
justifying our definition given in Definition 3.2. Our maps yp and y¢ correspond to
the maps Sp and Sc in [24]. Indeed, our Proposition 3.6 (1) and Proposition 3.7 (4)
are exactly the defining axioms in the algebraic case (see Definition 1.4 of [24]),
for Sp and S¢. The only difference is that in the algebraic case, the maps Sp and S¢
are bijections, while our yp, yc maps are densely-defined with dense ranges.

Compared to the purely algebraic setting, we have here the *-structure. The next
result is about the relationship between the *-structure and the maps yp, yc. Observe
that in general, the maps y g, y¢ are not necessarily *-maps.

Proposition 3.8. (1) Forb € D(yp), we have:
yp(0)* € D(yc) and yc(ys(®)*)" =b.
(2) Similarly for c € D(yc), we have

ve(rc(0)*)" =c.
Proof. (1) If b € D(y) = o‘()(ai"/z), then we know from Proposition 3.6 that
E(b®1)=E(l ® yg(b)). Taking adjoints, we have: (b* Q@ 1)E = (1Qyp(b)*)E.
Note that b* € D(o?, /2) = D(y¢ 1). Comparing with Proposition 3.7, it follows
that yg(b)* € D(yc) and yc(yp(h)*) = b*. This is equivalent to saying that
ye(ys(b)*)* = 0.

(2) Similar argument will show that: yp(yc(c)*)* = ¢, c € D(yc). O
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Notice the properties of the maps yp, y¢ obtained so far, namely, being closed and
densely-defined anti-homomorphisms satisfying the result like Proposition 3.8 for the
*-structure. One may observe that the behavior of the maps y g, y¢ resemble that of
the antipode map for a locally compact quantum group. Indeed, in a certain context,
it turns out that the maps yp, yc are indeed the antipode map of a locally compact
quantum groupoid (A, A), restricted to the subalgebras B and C, which are essentially
the “source algebra” and the “target algebra”. And, our anti-isomorphism R would be
the restriction to B of the “unitary antipode” R 4: A — A. More systematic treatment
in this direction will be given in our upcoming works [11, 12].

4. Properties of the separability idempotent

Suppose we have a separability triple (£, B, v) in the sense of the previous section,
with C and R understood. We have already observed that E is uniquely determined
by the pair (B,v). Now, using the *-anti-isomorphism R: B — C, we can also
define a faithful weight  on C, by

wi=voR l=voyc.

The second characterization is true because yc = Ul.”/z o R~1, while v is ¢V-invariant.
It is not difficult to show that u is also a KMS weight on the C *-algebra C, together
with its modular automorphism group (o;*);cgr, given by o/* := Roo”, o R™L. It
turns out that the pair (C, i) behaves a lot like (B, v).

Proposition 4.1. Let u be as above. Then we have:
(d®u)(E) =1.

Proof. As in the remark following Definition 3.2, the above equation means that
(O®id)(F) € 971“ for all @ € B* (naturally extended to the multiplier algebra level),
and that ©((0 ® id)(E)) = 6(1).

We can verify this for 6 = v(-b) € B*, where b € D(yp). Such functionals
are dense in B*, so that will prove the proposition. To see this, consider an arbitrary
b € D(yp). Thenby Definition 3.2 (2), we have (v®id)(E(b®1)) = (Rooi"/z) ) =
v (b). Apply here ;. Then we have:

w(v @ d(EDB ® 1)) = 1((Ro0}),) (b)) = v(b).

where, we used the fact that u = v o R7! and that v is o¥-invariant. Observe that
this equation can be re-written as

n((6 ®id)(E)) = 6(1).

proving the claim. O
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Corollary. As a consequence of the previous proposition, we have the following:
(id®u)((1®c)E) = ycle),

forc € D(yc).

Proof. Use the fact that (1 ® ¢c)E = (yc(c) ® 1)E, for ¢ € D(yc) and that

(id ®u)(E) = 1. Note also that D(yc) = D((o;), © R™)) = JD(GZ./Z). O

We also have the following alternative descriptions for the maps yp, yl;l, yC,
yc', which will be useful later:
Proposition 4.2. We have:

YB = R Oaiv/z = Ul_Li/z oR,

-1 _ v -1 _ p-1_ K
VB —a_l./zoR =R ©0;/5

ye = ai"/z o R 1 =R oai./z,
vc' =Rooly, =0l,0R.

Proof. The definitions involving the weight v have been already observed in the
previous section. As for the descriptions involving the weight 1, we just use the fact
that 01’72 = Rocrfi/ZOR_1 and crf“i/z = Rocrl.”/ZOR_l. O

In the below is the result that is usually assumed as part of the definition of a
separability idempotent in the purely algebraic setting:

Proposition 4.3. Forall b € B and all ¢ € C, we have:
E(1®c) e BQC, (1®c)E e BQC, (hRE e BRC, EMb®Il) e B&C.
Here, ® is the (spatial) C*-tensor product.

Proof. Since E € M(B ® C), we know that E(b ® ¢) € B® C, forany b € B and
any ¢ € C. If, in particular, by € D(yp), we have:

E(1®yB(bo)c) = E(1QyB(bo))(1®c) = E(bo®1)(1®c) = E(bo®c) € BRC.

But the elements yg(bg)c, for by € D(yp), c € C, are dense in C, because Ran(yg)
is dense in C and C? = C. It follows that E(1 ® ¢) € B® C forall ¢ € C. Similar
argument holds for each of the other three cases. O

Corollary. As a consequence of the proposition, we have:

(id®w)(E) € B, Vo € C*, and (W ®id)(E) € C, VO € B*.
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Proof. Let b € D(yp) € B. Then, we know from the above proposition that
Eb®1)e B®C. So

(v(-b) ®id)(E) = (v @ id)(E(b ® 1)) € C.

Since the v( - b) form a dense subspace of B*, this means that (0 ® id)(E) € C, for
all 6 € B*. Similarly, we have (id ®w)(E) € B, forallw € C*. O

We already knew that (id @w)(E) € M(B), but we now see that it is actually
contained in B. Moreover, we see below that such elements form a dense subspace
in B. Similar for C.

Proposition 4.4. The separability idempotent E is “full”, in the sense that:

{(0 Qid)(E(b® 1)) :b € B,0 € B*} isdense in C,
{(0 ®id)(b ® 1)E) :b € B,0 € B*} isdense in C,
{(i[d®w)(1® ¢)E) : ¢ € C,w € C*} is dense in B,
{((dQw)(E(1®¢)):c € C,w € C*} is dense in B.

Proof. By the corollary following Proposition 4.3, we are assured that containment
statement for each set is true. So we just need to show that they are dense subsets.

Consider arbitrary by, b, € D(yp), which is dense in B. We know from
Proposition 3.5 that D (yp) is closed under multiplication, so b1b, € D(yp). For
0 = v(-by) € B*, we have:

(0 @id)(E(b1 ® 1)) = (v @ id)(E(b1b2 ® 1)) = yp(b1b2).
This shows that
{(0 ®id)(E(b®1)):b <€ B0 € B*}

contains {yg(b1b2) : b1,bs € D(yp)}, which is dense in C because yp was shown
to have a dense range in C. This proves the first statement. Proofs for the other
statements are very much similar, knowing that the maps yp, yEl, Yc, Ve 1 all have
dense ranges. O

Here is a result that is related to the fact that E is full. While it is possible to give
the proof using the above proposition, we instead chose to give a direct proof, which
seems simpler.

Proposition4.5. (1) If (1 ® ¢)E =0, ¢ € C, then necessarily ¢ = 0.
Q) IfE(1®c) =0, c € C, then necessarily ¢ = 0.
B) FE(b®1)=0,b € B, then necessarily b = 0.
@ If(b® )E =0, b € B, then necessarily b = 0.
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Proof. (1) Let ¢ € C be such that (1 ® ¢)E = 0. While, for any b € D(yp), we
know yg(b) = (v ® id)(E(b ® 1)). So we have:

cyp(0) =c(v QIN(EB ® 1)) = (v Qid)((1 ® c)E(b ® 1)) = 0.
Since Ran(yp) is dense in C, this means that ¢ = 0.
The results (2), (3), (4) can be proved similarly. L]

Remark. The “fullness” of £ € M(B ® C), as given in Proposition 4.4, means that
the left leg of E is B and the right leg of E is C. In the purely algebraic setting, the
fullness of E was part of the definition of E being a separability idempotent [24].
There, from the defining axioms, one obtains the existence of certain “distinguished
linear functionals”, ¢p and ¢c. In our setting, however, we begin first with the
weights o and v, then obtain the results on E, including its fullness, the maps yp,
yc, and the like.

In the next proposition, we see that the analytic generators o' ;. and 0¥, can be
characterized in terms of the maps yp and yc.

Proposition 4.6. We have:
(1) 0%;(c) = (y o yc)(c), forc € D(yp o yc).
(2) 0¥;(b) = (yg' o yc")(b), forb € D(yz' o ych).

1 2

Proof. (1) Useyp = 0‘_‘1./2 oRandyc = R~ 00,5 observed in Proposition 4.2.

(2) Useyz' = oﬁi/z o R™!and )/51 =Ro crii/z, again from Proposition 4.2. [

Remark. The significance of Proposition 4.6 is that the maps yp o y¢ and yEl o yEl
provide “modular automorphisms” for the weights © and v, respectively. To be more
precise, recall Lemma 2.2. Our result says that for ¢ € D(yp o yc) = i)(ofi
and x € M, we have: cx, xafi (c) € My, and p(cx) = /L(xofi (c)) =
w(x(yB o yc)(c)). Similar also for the weight v.

We will conclude this section by showing a few different characterizations of the
idempotent E.

Proposition 4.7. Foranyt € R, we have: (6} ® o",)(E) = E.

Proof. Suppose b € JO(UZ."/Z) = D(yp) be arbitrary, and compute:

(v ®id)((o; ® c“)(E)(b ® 1))
= (v ®id)((6; ® c)[E(0’,(b) ® 1)])
= (v ®id)((i[d ®")[E(c”,(b) ® 1)]) = o, ((v ® id)[E(c”,(b) ® 1)])
=0 (y(02,(b))) = " ((Ro 0} © o’)()) = ((Roo?, o Ui"/z)(b))
=(Roo/ o R")((Roa?, 00,)(b)) = (Roa}),)(b) = yr(b)
= Iid(E(} ®1)).
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In the first equality, we are using the fact that ¢}’ is an automorphism. In the second
equality, we used v o 0} = v.

This is true for any b € °T)(cfi"/z). By the uniqueness property observed in
Proposition 3.3, we conclude that (6} ® ¢*,)(E) = E, for any ¢ € R. O

Write ¢ to denote the flip map on M(B ® C). So we will have cE € M(C ® B).
In the below, we wish to show that (y¢ ® yB)(cE) = E. However, as of now, we do
not know if the expression (yc ® yB)(cE) even makes sense as a bounded element.
To make sense of all this, and anticipating other future applications, we prove first
the following lemma:

Lemma 4.8. Suppose b € T, and ¢ € 7,. We have:

(ve ® v8)((ve' () ® y5' (¢))(GE)) = E(b ® ¢),
(vc ® v8)(GE)(vc' () ® y5'(¢))) = (b ® ©)E,
(ye @ ye) (1@ y5 () GE)yc' (h) @ 1) = (b @ DE(1 ®¢).
(ye ® ve)((rc' () @ DSE)1 ®y5'(c)) = (1 ®)E(b ® 1).

Proof. To verify the last equation, note that (1 ® ¢)E(b ® 1) € M, g,. Applying
v ® u, we have:

VoW ((I®)EDG®1) =wauw((®c)EED® 1))
= @ w(lyc(c) ® 1JE[1 ®@ yp(b)])
= (L@ v)([1 ® yc(©)](E)[ys() ® 1])
= (u @ v) ([0} (yr(r)) ® 1I(E)[1 ® 6”; (yc (c))]).

By Proposition 4.6, we know that 6/ (yp (b)) = (yz' o ¥z (5 (b)) = yc'(b), and
o’ (yc(©)) = (yg' ovg)(yc(c)) = yg'(c). So we have:

veW(I®)EG® D) = (n&v)(yc'(®) & E)1 ®yg ().
Since 4 = v o yc and v = u o yp, we thus have:
VR W((I®)EbB® 1) =Wwoyc®umoys)(lyc' () @ GE)1 ® yz' (o).

This result is true for any b € 75, ¢ € 7, which are dense in B and C, respectively.
Moreover, we know that the weights v, u are faithful. It follows that

1®)Eb®1) = (yvc ®yp)(lvc' (b) ® IGE)1 ® y5' (0)]),

proving the claim. Other cases can be proved similarly. 0
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By Lemma 4.8, we can now prove the following result:
Proposition 4.9. We have: (yc ® yp)(cE) = E and (yp ® yc)(E) = ¢E.

Proof. As written, we do not know whether (yc ® yp)(cE) is bounded. However,
for b € 7, (dense in B) and ¢ € 7, (dense in C), we know from Lemma 4.8 that it
can be made sense as follows:

[(ve ® vB)GE)](b ® ¢) := (yc ® y8)((rc' (b)) ® y5' (0))(SE)) = E(b ® ¢),
(b ®)[(vc ® yB)SE)] == (vc ® y8)(SE)(vc' (h) ® y5'(c))) = (b ® ) E.

This means that (yc ® yg)(cE) coincides with E € M(B ® C) as a left and right
multiplier map, on a dense subset of B ® C. Since E is bounded, this implies
that (yc ® yB)(cE) can be canonically extended to a left and right multiplier map
on all of B ® C, which would mean that (yc ® yg)(cE) € M(B ® C), and that
(yc ®yB)(cE) = E. By taking the flip map, we alsohave: (ypQyc)(E) = cE. O

Corollary. We have: (R™! ® R)(cE) = E and (R ® R™')(E) = ¢E.

Proof. From the proposition, we know: ¢cE = (yg Q Yc)(E) € M(C ® B). Apply
R™! ® R to both sides. By Proposition 4.2, we know yg = R o oi"/z and yc =
R7lo o‘_‘i/z. Thus we have:

(R ® R)(GE) = (R™' ® R)(yB ® yc)(E) = (o)), ® 0”, ,)(E) = E.

For the last equality, we used the result of Proposition 4.7.
By taking the flip map, we also have: (R ® R™!)(E) = ¢E. O

5. Examples and special cases

5.1. Groupoids. As indicated in the Introduction, the theory of weak multiplier
Hopf algebras is motivated by attempts to generalize the notion of a groupoid. Our
theory is essentially a C *-algebraic counterpart to the weak multiplier Hopf algebra
theory. While it is true that this is not fully general due to the fact that the existence
condition for the separability idempotent element is rather strong to be compatible
with some topological aspects, it remains the case that a certain subclass of groupoids
provide us with typical examples. See below.

Example SA. Let G be a discrete groupoid (equipped with the discrete topology).
Set the notations for the unit space G©, the source map sg: G — G©, and the target
map tg: G — G©, as in the Introduction. Consider the commutative C *-algebras
A = Co(G) and M(A) = Cp(G). Let 5,t:Co(G®) — M(A) be the pull-back
maps corresponding to s and tg, respectively. That is, for f € Co(G®), we
have s(f) € M(A) = Cp(G) such that s(f)(p) = f (sg(p)), and similarly for the
map ¢. Let B and C be the images under the maps s and ¢, which are C *-subalgebras
of M(A). We have M(B) and M(C) contained in M(A) as subalgebras.
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Let E € M(A® A) = Cp(G x G) be such that

E(p.q) = 1, ifSG(P.) = 16(q),
0, otherwise.
Since E(p,q) = E(SG (p), tg (q)), we observe easily that £ € M(B ® C).

Consider next the counting measure on G©, which naturally determines a weight
on Co(G®). Using the pull-back maps, we can define weights v on B and 1 on C.
They are faithful, tracial weights (so KMS).

To describe the R map, consider s(f) = fosg € B, where f € Co(G®). Then
we have R(f osg) € C, givenby R(f osg)(p) = (fotg)(p~1). Itis a well-defined
map, because whenever s (p) = sg(q) € G©®, we have 1t (p~") = tg(g™"). Itis
clear that it is an (anti)-isomorphism.

It is not difficult to see that (E, B, v) forms a separability triple in the sense of
Definition 3.2, and therefore E is a separability idempotent.

Example 5B. Consider again a discrete groupoid G. Denote by K(G) the space of
all complex functions on G having finite support. In particular, for p € G, define
Ap € K(G) by
. _ 1, ifx=p,

Ap(X) i=Opx = 0, otherwise.
Note that any function f* € K(G) can be expressed in the form f = . f(P)Ap.
We can give K(G) a *-algebra structure by letting A ,A, = A4, valid only when pg
is defined and O otherwise; while at the same time letting A}‘, = A,—1. This is none
other than the convolution *-algebra structure.

Similar to the group case, one can consider the (left) regular representation
of K(G) on I?(G), given by the counting measure on G. The regular representation
extends K(G) toa C*-algebra A = C(G). Unless G© is a finite set, the algebra A
is in general non-unital. However, at the level of the multiplier algebra, the unit
element is I = 3 A,, where the sum is taken over all e € G(©. We will skip the
details (left Haar system, and the like) and refer to the standard textbooks ([19, 20]),
as the issue at hand is more about the separability idempotents than about groupoid
algebras. More discussion on the (quantum) groupoid aspects will be given in the
authors’ upcoming papers [11, 12].

Note that if e € G, we have sg(e) = tg(e) = e. Because of this, the base
algebras B and C, which are generated by {A;,(p) : p € G} and {A;;p) : p € G}
respectively, will turn out to be isomorphic to Co(G?). The counting measure
on G would provide the weights v and . Being faithful and tracial, they are KMS
weights. Let R: B — C be given by As; (p) = Ay, (p-1)- It is a well-defined map,
which is clearly an (anti)-isomorphism.

Now consider E := )_ A, ® A., where the sum is taken over all e € GO, Ttis
not difficult to show that it becomes a separability idempotent.

tc(p
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Remark. (1) Since G is discrete, the topology does not play much significant role
here. At the *-algebra level, the two examples above can be described in the
framework of weak multiplier Hopf algebras [26,27]. For a general weak multiplier
Hopf algebra, the discussion about E being a separability idempotent in terms of its
“distinguished linear functionals” (4 and v in our case) can be found in Section 4
of [24].

(2) There also exists the notion of a measured quantum groupoid by Lesieur and
Enock, in the von Neumann algebra framework [8, 17]. It generalizes the notion of
a groupoid, so in some special cases (for instance, when the base algebra is finite-
dimensional), they provide a separability idempotent. But we will postpone the
discussion on all these cases related to “quantum groupoids” to our future papers [11,
12].

5.2. Anexample coming from an action groupoid. Consider the following specific
example: The group (Z, +) acts on Z := Z U {oo} by translation and leaving oo
fixed, and let Z x Z be the corresponding action groupoid (or, transformation group
groupoid). It can be considered as a locally compact groupoid, together with the
discrete topology on Z, and Z being the compactification to co. Then consider
G = (Z x 7.)|§» the restriction of the action groupoid to N c Z.

G is also a groupoid (the “Cuntz groupoid”, see [4,19,20]), where G© = N and
equipped with the target map ¢: (m, p) — m and the source map s: (m, p) — m+ p.
We have: (m, p)-(n,q) = mypn(m, p + q). Itis alocally compact groupoid,
whose topology is inherited from that of the action groupoid Z x Z. The (left) Haar
system is given by the discrete measure on each ¢-fiber.

We can certainly consider, as in Example 5B above, a natural separability
idempotent Eqg 1= ) 5§ Am,0 ® Am,0, Which is characterized by By = CO(G(O))
and vy, the counting measure on By, namely, vo(An,,0) = 1, Vm € N. However, for
this next example, we instead wish to consider all of CG as the base algebra for our
(soon to be constructed) separability idempotent.

Consider B := C*(G) = CG. As in Example 5B, it can be realized as
a completion of the convolution algebra C.(G) given by the convolution product
Am,pAn.g = Sm+pnAm,p+q and the involution A3, ) = Amp,—p. As before, we are
regarding the generators A,, , as functions on G, given by Ap, ,(n,q) = Smnépq.
It is known that B is isomorphic to the C *-algebra generated by the unilateral shift
operator on /2(N), but we do not need this fact for our purposes (see [20]).

Fix a positive constant 7z > 0. Define:

E:= Y e P2 (1 — e pom @ Am.pm- (5.1)
m,peN

Actually, the sum is taken over all (m, p —m) € G,sot(m,p—m) =m € N and
s(m, p —m) = p € N, but with the convention that e~>° = 0. In what follows,
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we will show that there exists a suitable weight vz on B so that (E, B, vy) forms a
separability triple.

Proposition 5.1. E is self-adjoint and idempotent.

Proof. (1) By definition, A* = A+ (p—m),—(p—m) = Ap,m—p. SO we have

m,p—m

E* — Z e—(P+m)h/2(1 _ e_h)Ap,m—p ® /\p,m—p — E.
m,peN

(2) Since A, p—mAn.g—n = Sm+(p—m) nAm,(p—m)+(g—n) = Op.nAm,qg—m, We have:

E2 — Z e—(p+m)h/26—(q+n)h/2(1 _ e_h)zkm,p—m)&n,q—n ® Am,p—m)kn,q—n

m,p,n,q€N

= Z e_Phe_(‘I+m)h/2(1 — e_h)zkm,q_m &® Am,q—m
m,p,q€N

— Z e—(q+m)h/2(1 _e_h)/\m,q—m ® /\m,q_m - E.
m,geN

The second equality is using the fact that n = p, and the third equality is because
Ypene PM(1—e) =1 O

Let C = C*(G), which will be considered as an opposite C *-algebra of B, via
the map R: B — C, defined on the generators by R(A,,4) = A, 44,—¢. Coming from
the involution, it is clear that R is indeed a *-anti-isomorphism.

Next, define the weight vz on B, whose values on the generators are

Vi(Am,0) = emh(l — e_h)_l, form=0,1,2,...;
Vi (Am,p) = 0, when p # 0. (5.2)

So for f € C.(G), we have: vy, (f) = S5_ e (1 —e7)™! £(m,0). With the

m=0
values known for the generators, it is clear that v is a proper weight on B. It is

in fact a KMS weight, together with the one-parameter group (a,h),eR, defined by
01'(Anq) 1= e74" ), .. See proposition below.

Proposition 5.2. Let E be as in Equation (5.1), and consider the weight vy on B as
in Equation (5.2). Then:

(1) v, together with the one-parameter group (Uth )teRr, is a KMS weight on B.
(2) Foreach A, 4, we have: E(A, 4 ® 1) = E(1 ® eqh/zkn_,.q,_q).

3) (v Qid)(E) = 1.

4) (4 ®A)(E(ing ® 1)) = R(07) ().
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Proof. (1) Letvy(f*f) = 0, where f =", f(m, p)Am,p. Since A; ,Am,p =
An-ﬁ-q,—qkm,p = 8n,m)\fn+q,p—q, we haVe:

f*f = Z fn,q) fm, p)A, sAmp = Z f(m,q) f(m, p)Am+q,p—q-

m,p,n.q m,p,q

Note also that v4 (Ap44,p—g) = O unless p = g. It follows that

va(f*f) =Y Fm, p) f(m, p)va(hmt p.0)-
m,p

But we always have vj (Am4p,0) > 0, while f(m, p) f(m, p) > 0. This means that
v (f*f) = Oonlyif f(m, p) = 0, showing that v, is faithful.
Meanwhile, with the (o,h) given above, we have:

. 0, ifg #0,
Vh("th()“n,q)) = vi(e nqh/\n’q) - Vi(An), ifg=0
n,0)s = L.

Soforanyt € R, we see that vy, (Uf’ ()Ln,q)) = v3(Anq), Y1, q, showing the invariance
of v under the (af’). In addition,

Vi (07, n.g)0l, Ong)*) = v (€722 )€ Xy g—g)) = € v1(An0)

— e(q+n)h(1 _ e—h)—l’

which coincides with v4 (4, ;An.q) = Va(Ant+q,—gAng) = Vi(Antq,0). Therefore,
by Definition 2.1, we see that vy is indeed a KMS weight.

(2) Let E be as in equation (5.1). Then:
EQug®1D) =Y e P21 — e b mAng ® Am.p-m
m,p
— Ze—(n+m)h/2(1 _ e_h)lm,n—m-i—q ® Am,n—m
m

while

EQ® eqh/z)un+q’_q) = Ze_(p+m)h/2(1 - e_h)eqh/zkm,p_m & Am,p—mAntq,—q

m,p

— Ze—(n+q+m)h/2(1 _ e_h)eqh/zkm,n—{—q—m ® Am,n—m-
m

Comparing, we see that E(Ay., ® 1) = E(1 ® e?"/2), 1, _4).
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(3) With the definition of v given in Equation (5.2), we have:
vy ®I[E(Anqg @ 1)]
= (]}h ® ld) I:Z e—(n+m)h/2(1 _ e_h))tm,n—m-l—q (%) Xm,n_m]

m
— Ze—(n—l—m)h/Z(l _ e—h)emh(l _ e_h)_lsn—m—{—q,o)&m,n—m _ eqh/2kn+q’_q'
m
(5.3)

By (2), this can be realized as (v ® id)[E(1 ® eqh/z/\n+q,_q)] = eqh/zknJrq,_q,
which is equivalent to (v; ® id)[E(1 ® Am,p)] = Am,p, true for any generator A, ,.
This shows that (v; ® id)(E) = 1.

(4) By definition, we know Uih/z (Ang)=e7"2 ) 4. SO R(aih/z()tn,q)) =eT/2) 00 4.
Then the result obtained in equation (5.3) is none other than saying

(4 ®id)(E(Ang ® 1)) = 2214 g = R(0]}5(Ang))- O

By Definition 3.2, we conclude from Proposition 5.2 that (E, B, v3) forms a
separability triple, and therefore, E is a separability idempotent. We may have an
occasion in the future to explore this example further.

5.3. A case when B = By (J). We wish to study an example that generalizes the
example given in Section 4 of [24]. Consider a Hilbert space J, possibly infinite-
dimensional. Fix an orthonormal basis (§;) ;e for #, where J is an index set. For
any v € J, we may write v = ZJ-GJ v;&;, wherev; = (v, ;). Consider also Tr(-),
the canonical trace on B(H).

Define Eg := Zi’jej eij ® e;j, where the e;; € B(H) are the matrix units,
given by

eij(v) :=(v,§;)& =v;§, forve H.

Lemma 5.3. With the notations above, we have the following results:
(1) Fora € B(J) and v € J, we have, fori € J, (av)i = }_;c;aijv;, where

aij = (a§;. &)
(2) Fora € B(H¥), we can consider al € B(H), the “transpose” of a, defined by
all’ = aj; = (a& . &), fori,j € J. We will have:

ij
Tr(a) = ) _(a&;. &) = ) _aj; =Tr(a").
jeJ jeJ

(3) For the (unbounded) operator Eq defined above, we have:

Eo(vew) = Z vwi& ®§&, forv,we .
i,jeJ

Proof. Straightforward: Basic linear algebra. O
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Proposition 5.4. Let a € B(FH). Then we have:
Eo(a®1) = Eo(1®a’).
Proof. Forv,w € J, by using Lemma 5.3, we have:
Eo(a® 1) (v w) = Eg(av® w)
=) @)wi&E Q& = ) (apv)w& ®&

i,jeJ i,jkeJ
= Y wlaw)E @& = Y vla Wik ®&;
i,j,keJ ikeJ
= Eo(v®alw).
This is true for all v, w € #. So Eg(a ® 1) = Eo(1 @ aT). O

Consider r € B(H), which is invertible and Tr(r*r) = 1. So r is a compact
operator of Hilbert-Schmidt type. This means that r~! is unbounded in general,
unless # is finite-dimensional. Next, define a new operator E, by

E:=rQ1)E)(r*®1). (5.4)

To learn more about the property of E, we will first consider a lemma.
Lemma 5.5. Let e;; € B(H) be as above. Then we have:
(1) eijexs = 8jkeir.
(2) el*] = ej,-.
(3) Fora € B(H), we have: ), eijae; = Tr(a)e;.
Proof. (1) Letv € J be arbitrary. We have:

eijer1(V) = eij(ex1 (V) = eij (vi€k) = vid ki = 8jkeir(v).
(2) Let v, w € J be arbitrary. We have:

(eij(v),w) = (v;&.w) =vw; = (v,w;§j) = (V,eji(w)).

(3) Letv € J be arbitrary. We have:

Y eijae(v) = Y eja(uiE) =Y vlei,j(zakjék)

jeJ jeJ jeJ keJ
= Y vageE) = Y viar; 8k
J.keJ j.ked
= Z ajjvi§ = Tr(a)e;(v). O

jeJ
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By using the result of Lemma 5.5, we obtain the following proposition:

Proposition 5.6. Let E be defined as in (5.4) above. Then E € B(H @ H), and we
have: E* = E = E2.

Proof. By Lemma 5.5 (2), we observe that
*
Ej = ( Z eij ®€ij) = Z eji ®eji = Ey.
i,jeJ i,jeJ

It follows that £* = ((r ® D Eo(r* ® 1))* = E.
By Lemma 5.5 (1) and (3), we see that

Eo(r*r ® DEo = ) (ei; ® eiy)(r'r ® D)(exs ® ex)

i,jklel
= Z eijrireg ® 8jrei = Z eijrire;; @ ey
ijklel i,jled
= Z Tr(r*r)e;; ® e;; = Tr(r*r)Eq = Ej.
ileJ

In the last line, we used the assumption that Tr(r*r) = 1. It follows that
E>=(r @ DE(r*r®@ DE(r*®1) =& DHE(r*®1)=E.

We see that E is a self-adjoint idempotent, so a bounded projectionin B(H Q@ H).
O

Next, define B := Bo(H), the C *-algebra of compact operators on . Let us
consider a suitable weight on B:

Proposition 5.7. Consider the map v := Tr(r~! - r*~1) = Tr(p ), where
p= Pl = (rr*)~ L

It is a KMS weight on the C*-algebra B. The associated norm-continuous auto-
morphism group, the “modular automorphism group” for v, is (0} ):er, defined by
O.V(b) — itb —it'

t pop

Proof. From the properties of Tr(-), which is itself a proper weight, it is easy to see
that v is a lower semi-continuous weight and is densely-defined. It is also faithful,
because if v(b*b) = Tr(r~'b*br*~') = 0, it necessarily means br*~' = 0,
sob =0.

With the definition of the (0}’) given above and for b € 90, observe that

V(o) (b)) = Te(pp*'bp™") = Te(p~" pp*'b) = Tr(ph) = v(b). 1 €R.
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This shows the invariance of v under the (0,”). While, for b € i)(al."/z), we have:

* U GRS G BN Lo, 1
(07, (0)0), (b)) = Te(p(p~2bp2)(p~2bp2)*) = Tr(p2bpb™ p~2)
— Tr(ph* p~2 p2b) = Te(ph*b) = v(b*b).
By the conditions given in Definition 2.1, we see that v is a KMS weight. O

Let C = By(H). Note that M(B) = M(C) = B(H). Meanwhile, by polar
decomposition, write r* = u|r*|, where |r*| = (rr*)% = p_%. NowletR: B — C
be defined by R(b) := (ubu*)T. Itis a *-anti-isomorphism, with R~ (c) = u*cTu.
It will soon be made clear why we choose R in this way.

With the definition given in Equation (5.4), we showed in Proposition 5.6 that £
is self-adjoint and idempotent such that £ € B(H ® #) = M(B ® C). In the next
proposition, we see that (£, B, v) indeed forms a separability triple.

Proposition 5.8. Consider the triple (E, B, v) as given above. Then

(1) (v ®id)(E) = 1g(g), where 1 g(g) is the identity in M(B) = B(J).

(2) Forb € °T)((Il."/z), we have: (v @ id)(E(b ® 1)) = R(ai"/z(b)).

By Definition 3.2, we see that (E, B, v) forms a separability triple, and therefore, E

is a separability idempotent.

Proof. (1) To be rigorous, as noted in the Remark following Definition 3.2, we
should understand (1) as saying that (id @w)(E) € M, for ® € C* and that
v((id ®w)(E)) = w(1). As C = By(H), any w € C* may be expressed in the form
w = Tr(-a), where a is a trace-class operator. Then, since (€;;a)mn = Sm.idjn,
we have:

(id®w)(Eo) = ([d®Tr)(Eo(l ® a)) = Z €ij(Omiajm) = Z eijaji=a’.
i,j,meJ i,jeJ
(5.9
With p = r*~'r~1, it is obvious from Equation (5.5) that
Tr(a”T) = Te(r* pral) = Tre(pra® r*) = Tr(pr(id ®w)(Eo)r’*).

Since we can write 7 (id ® ) (Eo)r* = (id @) ((r ® 1) Eo(r* ® 1)) = (id ®w)(E),
and since v = Tr(p - ), we can now see that (id @w)(E) € 9,. We also have:

v((id ®@w)(E)) = Tr(pr(id @) (Eo)r*) = Tr(a”) = Tr(a) = w(1),
proving the claim.

(2) Recall the polar decomposition r* = u|r*| = up_%. For b € B, note that
rEbr* Tl = u|r* bt = up_%bp%u*. We see that r*br*~! is bounded if
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and only if p_%bp% = Oi"/z(b) is bounded. In particular, if b € !D(al."/z), we know
that 7*br* ™" is bounded.

Consider an arbitrary trace-class operator a, and consider @ = Tr(-a). For the
time being, write s = (r*br*~")T, which is also bounded. As the algebra of trace-
class operators forms an ideal in B (J), it follows that sa is also trace-class. Then
as in Equation (5.5), we will have:

(id®@w)(Eo(1 ® 5)) = (id ® Tr)(Eo(1 ® sa)) = (sa).

By Proposition 5.4, this can be re-written as: (id ®w)(Eo(s? ® 1)) = (sa)T. With
p=r*""r"Tands = (r*br* "7 it follows that
Tr((sa)T) = Tr(r* pr(sa)’) = Tr(pr(sa)T r*)
= Tr(pr(id @) (Eo(s” ® 1))r*)
= Tr(pr(id ®w) (Eo(r*br* ™" @ 1)r*)
= Tr(p(id ®w)((r ® 1)Eo(r*b ® 1)))
= Tr(p(id ®w)(E(h ® 1))).

Therefore, we can conclude that (id @) (E (b ® 1)) € M, and that
V((i[d @) (E(b ® 1)) = Tr((sa)") = Tr(sa) = o(s) = a)((r*br*_l)T).
This is true for any w € C*. In other words, we have:
v ®id)(EG ® D) = (*br* )T = (uo}),(0u*)" = R(o),()). O

Since E € M(B ® C) is a separability triple, all the results of Section 3 and
Section 4 will hold. Here we gather some of them, which may be useful in the future.

Consider & := v o R™!. By general theory (see Section 4), we know that it is
a KMS weight on C = 8y(H), such that (id ®u)(E) = 1g). The following
proposition gathers its properties.

Proposition 5.9. With the definition above, we have: 1 =Tr(q - ), where g = ((r*r)~1)T.
The modular automorphism group for i is (6}")rer, given by

0l(c) = (Roa”, 0o RN (c) = ¢''cq™", ceC.
Proof. (1) If ¢ € 9, we will have:
u(c) =v(R7 () = v*eTu) = Te(pu*cTu).

. _1 _1
From the polar decomposition r* = u|r*| = up~2, we have: r = p~2u™, and

_ 1 .
r~! = upz. So we can write:

u(c) = Tr(p%pp_%u*cTu) = Tr(up%pp_%u*cT) =Tr(rpre?).
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Since p = r* 7'+, we thus have:

uic) = Tr(r_lr*_lcT) = Tr((r_lr*_lcT)T) = Tr(c(r_lr*_l)T) = Tr(gc),

Whereq = (r_lr*_l)T — ((r*r)_l)T,

(2) We can check the result directly, by using the characterization given in (1) and
by imitating the proof of Proposition 5.7. Or, we can compute the following:

of'(c) = (Roa”, o R™(e) = up~u*cTup'u")T = (up'u)  eup™u*)T.

But,
upitu* — (upu*)it — (up%p%u*)lt — (r—lr*—l)it — (qT)it.

It follows that (up'*u*)T = g**. Also, (up~"*u*)T = g7, In this way, we can see
that 0/ (c) = ¢'fcq ™. O

The next proposition describes the (densely-defined) anti-homomorphism maps
YB.Y5' Yc, yc' that we saw in Sections 3 and 4.

Proposition 5.10. (1) Forbe i)(ai"/z), writeyg(b):=(R o al."/z)(b) =(@r*br=HT.
We have:

Ebo1)=E(1®ysk)=E1® ¢*br*HT).

(2) For c € Ran(yp) = JD(UZ.’;Z), write yg'(c) = (R™' o 0';;2)(6) = r* 1T p™,
We have:

E1®c)=E@ygi 1) =Er "cTrrel).

(3) Force !O(ofl./z), writeyc(c):=(R7 1o Ufl./z)(c) = (oi"/2 o R°Y(c)=rcTr 1.
We have:
(1®c)E = (yc(c) ® l)E = (rcTr_1 ® 1)E.

(4) For b € Ran(yc) = !O(aﬁi/z), write )/El(b) =(Ro aﬁi/z)(b) = (r~1br)T.
We have:

b®NE=(1®y:'(h)E=(1& ¢ 'br)T)E.
(5) The maps yp, y;l, Yc, Yo 1 are anti-homomorphisms such that

ye(ys(0)*)" = b, forb € D(o}),);
and )/B()/c(c)*)* =c, force i)(ofi/z),

Proof. See Propositions 3.5, 3.6, 3.7, 3.8, 4.2. O
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6. Separability idempotents in von Neumann algebras

6.1. Separability idempotent in the von Neumann algebra setting. It is possible
to consider the notion of a separability idempotent in the setting of von Neumann
algebras. We will do this here. Later in the section, we will also explore how the
C *-algebra approach and the von Neumann algebra approach are related.

We begin by considering a triple (£, N,V ), where

e N is a von Neumann algebra;

e 7V is an n.s.f. weight on N, together with its associated modular automorphism
group (0;');

* F is a self-adjoint idempotent (so a projection) element contained in the von

Neumann algebra tensor product N ® L, where L is a von Neumann algebra such
that there exists a *-anti-isomorphism R: N — L.

Consider the triple (E, N,V) as above. As in Section 3, we consider L and
R: N — L tobe implicitly understood. We now give the definition of the separability
triple:

Definition 6.1. We will say that (E, N,V) is a separability triple, if the following

conditions hold:

(1) V®id)(E) = 1.

(2) Forb € @(032), we have: (V Q id)(E(b® 1)) = R(of/z(b)).

If (E, N, V) forms a separability triple, then we say E is a separability idempotent.
Let (E, N,V) be a separability triple. Then, using the *-anti-isomorphism

R:N — L, we can define the n.s.f. weight /i on L, given by i := Vo R™L.

The arguments given in Sections 3 and 4 will all go through, including the existence
of the densely-defined anti-homomorphisms yy, Y1, and y;,l, )/Zl:

Proposition 6.2. We have the maps

YN =Roof/2=al_jl./zoR and )/Lzaf/zoR_l :R_loog./z.

They are closed and densely-defined, injective anti-homomorphisms, having dense
ranges. We can also consider )/K,l and )/L_l, having similar properties. In addition,
we have:

(1) Forb e i)(ol?v;z), we have: E(b ® 1) = E(1 ® yn (b))

(2) Forc € i)(cri”/“z), we have: E(1 ® ¢) = E()/K,l(c) ® 1).
(3) Forc € i)(crz./z), we have: (1 ® ¢)E = (yrL(c) ® 1)E.

(4) Forb e @(aii/z), we have: (b ® 1)E = (1® y;'(b))E.
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We can also show that E is full. The proof is done in essentially the same way as
in Proposition 4.4. The only difference is that while the sets were norm dense in the
C *-algebra setting, now the sets are strongly*-dense in the current setting:

Proposition 6.3. The separability idempotent E € N ® L is “full”, in the sense
that:

{(9 QRId)(Eb®1)):be N, 0 e N*} is dense in L,
{(0 ®id)((b ® 1)E) :b € N,0 € N} is dense in L,
{(id®a))((1 ®c)E):ceL,we L*} is dense in N ,
{(id®a))(E(1 ®c)):cel,we L*} is dense in N .

Other results in Sections 3 and 4 also have corresponding results, including the
following:

Proposition 6.4. Let the notation be as above, and as before, denote by ¢ the flip
map on N ® L. Then:

(1) (67 ® 6™)(E) = E, forallt € R.
(2) (yL ® yN)(GE) = E and (yn ® yL)(E) = GE.
3) (R"'®R)(cE) = E and (R® R™1)(E) = ¢E.

Proof. See Propositions 4.7 and 4.9. 0

6.2. Comparison with the C *-algebraic notion. The results above seem to indi-
cate that the C *-algebra approach and the von Neumann algebra approach to the
separability idempotent are equivalent. To prove this, let us first begin with the
C *-algebra framework.

Suppose (E, B,v) is a separability triple in the C*-algebra setting, with the
C*-algebra C and the *-ani-isomorphism R: B — C understood, and 4t = v o R™1.
Let 7, and m, be the GNS representations of B and C, on #, and ¥,
respectively. For convenience, we may regard B = m,(B) C B(H,), and also
C =m,(C) € B(H,). Then we have £ = (7, ® 7,,)(E) C B(H), ® H,.).

Consider N := 7, (B)”. Denote by vV the weight on N lifted from v. Since v is
a KMS weight, we know that ¥ should be an n.s.f. weight on N. Similarly, define
L := 7, (C)"”. We can perform the lifting of 1 and obtain /i, an n.s.f. weight on L.
We expect that our separability idempotent will be described at the level of these
von Neumann algebras. First, let us show that the *-anti-isomorphism R: B — C
extends to R: N — L, also a *-anti-isomorphism.

Lemma 6.5. We have:
Il

C={(v®id)((bf ® NE(b ® 1)) : by, by e N}

B={(d@n((1®EI® o) e .
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Proof. First statement is a consequence of E being “full” (Proposition 4.4), together
with the fact that 91, is dense in B. Note also that the functionals of the form
v(b] - b2), b1,by € NM,, are dense in B*. Second statement is also a consequence
of E being full. O

Lemma 6.6. (1) b € N, if and only if R(b)* € N,,.
(2) ¢ € Ny, ifand only if R (c)* € MN,.

Proof. Use v = o R. We have: v(b*bh) = u(R(b*b)) = w(R(B)R(D)*),
because R is a *-anti-isomorphism. So b € N, if and only if R(b)* € 91,. Similar
proof for the other statement. O

Proposition 6.7. The (C*-algebraic) *-anti-isomorphism R: B — C extends to
R: N — L, which is also a (von Neumann algebraic) *-anti-isomorphism.

Proof. From Lemma 6.5, we know the elements (id®u)((1 ® ¢{)E(1 ® ¢2)),
c1,c2 € My, generate B. Under R, since p = v o R, we have:

R(([d®u) (1 ® cHE(l ® c2)))
= ([{[d@V)((R® RH(1®c)HE( ® c2)))
= (i[d®v)((1 ® R (c2)[(R® RTH(E)(1 ® R™'(c1)"))
= (v ®id)(R'(c2) ® DE(R™!(c1)* ® 1),

using the fact that (R ® R™1')(E) = ¢E (Corollary of Proposition 4.9). Similarly,
we also have:

R (0 ®id)((bF ® DE(b2 ® ) > (d@p)((1 ® R(b2)E( ® R(b1)")).
Recall that

N = m,(B) = {(i[d®u) (1 ® c))E(1 ® ¢2)) : 1,02 € My}
and L=m,(C) ={(v@id)((b] ® DE(b> ® 1)) : b1, by € M, }".

In view of Lemma 6.6, looking at the generators of N and L, it is now clear that
the R map extends to an injective map R from N onto L. The preservation of the
*-structure and the anti-multiplicativity of R are all straightforward because of the
corresponding properties of R. O

Remark. For convenience, we may still write R instead of ﬁ, with its inverse
R™: L — N also a *-anti-isomorphism. It is evident that we will have ji = Vo R™1.
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Finally, observe that £ € M(B ® C) € N ® L. Since B, C are dense in N,
L, and since V, [t naturally extend v, u, it follows that (E, N, V) forms a separability
triple in the sense of Definition 6.1.

Let us next consider the problem of going back. So we begin with a separability
triple (E, N, V) in the von Neumann algebra setting, again with the von Neumann
algebra L and the anti-isomorphism R: N — L understood. Also recall that
fA=VoRL

Let 77 be the Tomita *-algebra, which is dense in 91;. Let ¢y, c2 € 7. Observe:

(dRI)((1 ® 3)E(1®cy)) = ([d®( Ag(c1), Ap(c2)))(E) = (id ®wg,,)(E),

where £ = Aj(c1), n = Aj(cz). Considering the result of Proposition 6.3, we see
that the (id ®wg ,)(E) are strongly*-dense in the von Neumann algebra N. This
suggests us to consider the norm closure of the space spanned by the elements
(id ®wg n)(E), for &, n € Hy. Namely,

B := {(id®we ) (E) 1 £,n € Jfﬁ}” g {({d®w)(E) :w € B(Jf’,;)*}n 6

Similarly, define:

C:={(0Q®id)(E):0 ¢ :8(3(;)*}” ". (6.2)

We gather some results on these subspaces B (C N) and C (C L).

Proposition 6.8. Let (E, N, V) be a separability triple in the von Neumann algebraic
sense of Definition 6.1, so that E € N ® L is a separability idempotent. Consider
the subspace B of N, given in Equation (6.1), and the subspace C of L, given in
Equation (6.2). Then we have:

(1) D(yn) N B is dense in B, and yy restricted to this space has a dense range
in L.

(2) B is a *-subalgebra of N.

(3) D(yL)NC isdensein C, and yL, restricted to this space has a dense range in N.

(4) C isa *-subalgebra of L.

Proof. (1) Letcy, ¢z € Tp, and consider (id ® WA 5 (c)),A5(c,))(E) € B. But,

(id ®A 1 (e, A5 (en) (E) = (d®F)((1 ® ) E( ® c1))

= (d&@)(E[l ® c10”,(e)]) = yi' (c102(c3)).
(6.3)

So we see that (id ® WA ;(¢),A 5 () (E) € D(yn)NB. Weknow from Equation (6.1)
that such elements span a dense subspace of B. In addition, the elements of the form
clal_Ll- (¢3), c1,¢2 € T, are known to be dense in L. As a consequence, we see that
under yy, the space D(yy) N B is sent to a dense subspace in L.
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(2) Let b € D(yy) N B, and consider b = (id®@w)(E), for o € B(Hp)«. Such
elements are dense in B. Observe that

bb = (ild ®w)(E) b = (id ®w)(E(h®1)) = (id ®w)(E(1®yx (b)) = (id ®8)(E),

where 8 = w(- yn (b)). This shows that B is closed under multiplication. Meanwhile,
observe also that [(id ®w)(E)]* = (id ®w)(E), by the self-adjointness of E. So we
see that B is a *-subalgebra of N.

(3), (4) Proof is similar to that of (1), (2). ]

Corollary. (1) B is a C*-subalgebra of N, and N is the von Neumann algebra
closure of B.

(2) C is a C*-subalgebra of L, and L is the von Neumann algebra closure of C.

Proof. For B, being a norm-closed *-subalgebra of N, that is strongly *-dense in N,
the result follows immediately. Similar for C in L. O

In the next proposition, we show that £ € M (B ® C) and that E is a separability
idempotent:

Proposition 6.9. Let E € N ® L be a separability idempotent in the von Neumann
algebraic sense, and consider the C*-subalgebras B of N and C of L, as defined
above. Denote by v the weight on B, restricted fromV on N, and similarly, consider |1
on C, restricted from i1 on L. Then:

(1) The of, t € R, leaves B invariant. So we can consider 0} = Ule,fort e R.
Similar for (c}*), on C.

(2) v is a KMS weight on B, equipped with the (norm-continuous) automorphism
group (0}). Similarly,  is a KMS weight on C, equipped with the automorphism

group (07").
(3) Ee M(B®C).
4) (E, B,v) forms a separability triple in the C*-algebraic sense of Definition 3.2.

Proof. (1) Consider (id ®w)(E) € B, where € B(H)«. Forany r € R, we
know from Proposition 6.4 that (oft ® o!)(E) = E. So we have:

o7 ((id ®w)(E)) = o7 ((id ®w)[(67, ® 6/)(E)]) = (id ®(w 0 0/))(E). (6.4)

Since B = {(id®w)(FE) :w € !B(]fﬁ)*}" ”, this means that Gf(B) = B, for
allt € R. By a similar argument, we can show that 6/*(C) = C, forall ¢ € R.
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(2) Let v = v|p. It is a faithful weight because v is. To see that v is semi-finite,
consider (id ®WA ; (¢1),Az(c2))(E) € B,forcy, c2 € T Weknow that such elements
span a dense subspace of B. By Equation (6.3), we have:

V((d ®WA 5 (1), A7) (E)) = T((d @04 4 (e1),A7(c2)) (E)) = 5()/1?/1(0102 (c3)))

= ,Tl(cloi-(c;)) < 00.

In the last line, we used the fact that )/;,1 = R! oa_ﬁ i/2 (analogous to Proposition 4.2),

soVoyy! =fio Ul—Li/z = [&. In this way, we have shown that v is valid on the dense
subspace {(id @A ;(c),Az(c2)) (E) : €1, ¢2 € Tz}, which forms a core for v.

Meanwhile, since o7 (B) = B, we may write 0 = o/|p, for t € R. With
t— af being strongly continuous, and by Equation (6.4), we have that for b € B,
the function ¢ — o0} (b) is norm-continuous. From the properties of the modular
automorphism group (07),er for U, we can show easily the analogous properties
for (0):er, and this means that v is a KMS weight on the C*-algebra B. By
construction, it is clear that the W *-lift of v will be just U on N.

Similarly, if we let 4 = fi|c, then it is a KMS weight on the C*-algebra C,
together with the one-parameter group of automorphisms (0/*),er, where 6 = o*|c.
The W*-lift of w is [t on L.

(3) We already know that E is a self-adjoint idempotent contained in N ® L.
Therefore, by Proposition 6.3, we have for any ¢ > 0 and for any & € Jy, n € Hp,
we can find a finite number of elements p1, ps, ..., p, € B of the form (id ®w)(E),
w € B(Hp)« and q1,q2,....q, € C of the form (6 ® id)(E), 0 € B(H5)«, such
that

(2~ > ®a)E@n)| <e.
k=1

Since N (also B) acts on K3 in a non-degenerate way, and similarly for L
(also C) on Hg, without loss of generality we may let £ = A, (bg) = As(bo)
and n = A, (co) = Ap(co), where by € My, co € Ny, Then:

[ (A @ Ap) (Ebo @ co) - Sk ® ) bo ® ) | <e.
k=1

Since by, co are arbitrary, while 91, is dense in B and 91, is dense in C, we can see
that E is contained in the closure of B ® C under the strict topology. In other words,
EeMB®CO).

(4) From (3), we saw that £ € M(B ® C). From (1), (2), we saw that v is a KMS
weight on B, together with its associated norm-continuous automorphism group (o).
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Meanwhile, note that for (id ®w)(E) € B (S N), by Proposition 6.4 (3), we
have:

R((id ®w)(E)) = R((0 ® id)(SE))
= R((w ®id)[(R® R™')(E)]) = (wo R) ®id)(E) € C.

This shows that the *-anti-isomorphism R: N — L restricts to R: B — C. This will
be also a *-anti-isomorphism. Since R: B — C is a restriction of R: N — L and
since 0 = Of | B, the conditions of Definition 6.1 for (E, N, V) immediately give rise
to the conditions of Definition 3.2. This means that (£, B, v) is a separability triple
in the C *-algebraic sense. And, the associated yp, yc maps are none other than the
restrictions of yy and yr to B and C, respectively, which have already appeared
in (1), (3) of Proposition 6.8. O

7. The nature of the base C *-algebra B

The requirements for (£, B, v) being a separability triple means that some possible
restrictions will be needed on the pair (B, v). This question was considered in the
algebraic setting (see [24]), and the conclusion in that framework was that B has to
be a direct sum of matrix algebras. While the current situation is different, we do
expect that some similar conditions on the base C *-algebra B will exist. We wish to
explore this question in this section.

To begin, assume that B is a C *-algebra, v a KMS weight on B, such that the
pair (B, v) satisfies the relevant conditions that give us a separability idempotent
E € M(B ® C). Here C is the opposite C *-algebra of B.

7.1. The subalgebra BbB for afixed b € B. Letusfixb € B. By Proposition 4.3,
we know that (b ® 1)E is contained in the C*-tensor product B ® C. So, for any
k € N, we can find a finite number of elements bi(k) € B, ci(k) eC@i=12,...,Np),
such that
&k k 1
H(b ® )E —be )& ¢! )” <

1=

Next, let b € Bbe arbitrary and let ¢ > 0. By Proposition 4.4 (since E is “full”),
we can find ¢ € C, w € C*, such that Hb —({dRw)(E(1®C)) || < ¢/(2]|b]|). Then
we have:

|65 — bid @3 )(E(1 & €))| < %
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Consider k € N such that % < ¢e/Q|la|lI€]l), and as above, find corresponding
b® e B, c® eC(i=1.2,...,N) Then:

[bidea)Eq @) - %bfk)a(cfk)g |

1=

Ni
I s *) o (%) . Loy _ 8
= |aaea) ([0 e nE -2 e Jae®)| < z-1ael < 3.
Combine this with the earlier inequality to obtain (by triangle inequality):

Ny
o - 3 o) <+ & =

i=1

)
14
e-distance from span(bl.(k) ke N,i =1,2,...,N;). And, this result is true for
arbitrary b € B and any ¢ > 0. We thus have:

In the above, each @(c;"’¢) € C. So we have shown that any bb is within

bB gspan(bi(k) ckeN,i = 1,2,...,Nk)

From the countable generating set {bi(k)} for bB, consider a maximal linearly
independent (basis) subset {3 }1ca, indexed by a countable set A. We obtain the
following result:

Proposition 7.1. (1) For a fixed b € B, we can find a countable collection of
elements {b) } ea contained in B, such that

bB C span (b,x A€ A)II ”.

(2) Foranyk € N, we can find a finite set Fi, C A and a finite number of elements
{catrer, in C, such that

H(b@ DE-Y b ®q” < %
A€Fy

(3) For any z € bB and any ¢ > 0, we can find a finite set F C A and a finite
number of elements {Cy}, o in C, such that

H(Z® NE — Zbk ®EAH <e&.
reF
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Proof. (1) From the way {b, } e Was constructed, it is clear that each generator bi(k)

for bB can be expressed as a linear combination of the {b, }. So the result follows.

(2) As aconsequence of (1), for any finite sum of the form Zk,i bi(k) &® ci(k), we can
find a finite set ' C A so that

Y b @ =3 b @y,
k,i AEF

where the ¢, are appropriate elements in C. In particular, for a fixed k € N, we can
find a finite set Fy C A and elements {c;}cF, , such that

Nk

k k
Zbl( )®Ci( ) = Z bA®C)L.
i=1 A€ Fy

Then we have:

H(b® DE- Y b ®C,\H < %
AEFy

(3) Find b € B such that |z — bb | < 5. Without loss of generality, we may assume
that b € D(yc'), such that b®DE=(1Q yEl(I;))E. Note that

(b @ VE = (b ®@ yc' (B)E = (1® yc' (h))(b @ 1)E.

Find k € N such that % < e/(2||y51(5)||), then by (2) we have a finite subset
F = Fi C A such that:

H bb® DE - by ®yc'(B)es H = H(l @12 GG @VE-Y b @] H
AeF AeF

1 = )
< % ||Vc1(b)|| < 5
Write ¢; = yEl(g)cA. Then,
~ - e
H(bb@ )E — ZbA ®q“ <%
AEF

Meanwhile,
- ~ £
”(z Q DE — (bb ® 1)E| <|lz=bb||E]| < 3

By the triangle inequality, we have:

H(Z®1)E—ZbA®E)LH<8. O
reF



1032 B.-J. Kahng and A. Van Daele

Next, for a typical generator b, (for a fixed A € A), we wish to explore the
space Bby. Since E(b) ® 1) is contained in the C*-tensor product B ® C,
for any m € N we can find a finite number of elements bf{"]) € B, cl(("]) e C
(j =1,2,..., Np), such that

N
1
Eb, 1) -3 p™ ('"?H<—.
H (by ® 1) ; e <

From the set {bimj) :m e N, j = 1,2,..., Ny}, find a maximal linearly
independent subset {b, ;}4c0,, indexed by a countable set Q. Then we will have

similar results as before:

Il
Proposition 7.2. (1) Bb; C span(by,:q € Q1) ”.

(2) Forany y € Bb) and any ¢ > 0, we can find a finite set F cC 0, and a finite
number of elements {Cy}, o in C, such that

HE(y ©)—Y by ®EAH <e.
geF

Proof. Proof is similar to that of Proposition 7.1. O

Proposition 7.2 is valid for any b,, for A € A. Meanwhile, it is evident that
BbB C UyepBby. So

I
BbB Cspan(by 4 :A € A,g € Qy)

Again, similarly as above, find {b,},cp, indexed by a countable set P and is a
maximal linearly independent subset of the {b, ,}. Then we have the following
result:

Theorem 7.3. (1) For a fixed b € B, we can find a countable set of elements
{bp}pep in B, such that

BbB C span(b, : p € P) .

(2) For any x € BbB and any ¢ > 0, we can find a finite set F C Pand a finite
number of elements {C,} pef in C, such that

CEIESILA-TA B

peF
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Proof. (1) This is a consequence of the previous paragraph.
(2) Let x € BbB and ¢ > 0 be arbitrary. We can find a finite number of elements
by, bl;b5, b5 .. b, by € B such that
|x — (B,bb) + bbby + -+ + bbbL) | < g
Since yo !is densely-defined in B, we may as well take each b € D(ych). Then

(bbb ® DE = (bjb ® y&' O E = (b} ® v&' 5])) (b ® 1)E.

We know from Proposition 7.1(2) that the expression (b ® 1)E can be
approximated arbitrarily closely by a finite sum of the form ) , . 7 ba ® ¢y This
means that for each i, the expression (b;bb;’ ® 1) E can be approximated arbitrarily
closely by a finite sum of the form Y ;cr biby ® y¢ Y(b!)cy. Meanwhile, by
Proposition 7.2 and part (1) above that each b can be expressed as a finite linear
combination in terms of the {6, } ,cp. So we can find a finite set P; C P such that

H b @ NE -3 b, ®c¥)
PEP;

&
< 5
3n

for some appropriate {cg)} pep; € C. This can be done for each (b]bb! ® 1)E,
i=1,2,...,n.

We are able to find a finite set ¥ C P{U P, U---U P, C P and suitable elements
{Ep}peﬁ, such that

n
Dby =YY by®c?.
peF i=1pep;

Therefore,

| @DE =Y by @] = [[([x — (b160] + b4bbY + -+ b,bb;) | @ 1) E|
'l n
re +> | ibny @ E=3" by @ e

i=1 peP;

£ £
< —||E -— <& OJ
SIEN+n- o <

Remark. The choice of the generators {b,} ,cp is determined by b, but of course
not unique. Even so, to avoid confusion, we will from now on fix the choice of
the {b,} as the generators for BbB. Without loss of generality, we may assume that
each generator b, is a self-adjoint element. In addition, since 1, is dense in B, we
may as well take each b, € N,, oreven b, € 7, (Tomita subalgebra). This would in
turn means that each b, is contained in the domains of the maps yp and y 1
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In the below is a lemma concerning the elements ¢, € C:

Lemma 7.4. In Theorem 7.3 (2) above, as we approximate (x ® 1) E by the finite sums
of the form ) b, @ ¢, it is possible to choose each ¢, to be contained in J/El (BbB).

Proof. Since D(yp) is dense in B, we may, without loss of generality, assume that
x € D(yp) N BbB. Let e > 0. As in (2) above, we can find a finite subset F C P
and the elements {c;J } pef in C, such that

H(X® DE — pr ® ch| < %

pPEF

Since D(yc) is dense in C, we may assume here that each ¢}, € D(yc).
Apply yB ® yc. Since yp is anti-multiplicative, we then have:

|5 @ ve)EYa(0) 8 D) = 3 vaby) @ yc(c))

&
<2,

2
peF

Recall from Proposition 4.9 that (yp ® yc)(E) = ¢E. So applying the flip map, this
becomes

[EQ®@ys00) =Y ve () @ v8,)| < %
peF

or equivalently (by Proposition 3.6), we have:

[Ec®D =Y ye(e)) ® yaby)| < g (7.1)
peF

Let M = |F| -max([|b,] : p € ﬁ). For each p € F, consider ® € C*, such
that
1 ~
a)()/B(bp)) = and a)(yg(bq)) =0 ifg e F withg # p.

This is do-able because yp being an injective anti-homomorphism, the linear
independence of the {b, } implies the linear independence of the {yg(b,)}. Note that
ol = ﬁ Applying id ®w to Equation (7.1), we obtain:

[d ®0)ECe® D] =ye(e))] < 57

Note that (id ®w)[E(x ® 1)] € BbB. In other words, we must have each y¢ (c;,) to
be within 537 -distance from BbB.
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While this in itself does not automatically mean each y¢ (c;,) must be contained
in BbB, this allows us to choose instead ¢, € Y 1(BbB) such that

&

I =l = [ve(ey) = ye @] < 577

for each p € F. We would then have:

H(x@ DE-Y b, ®5pH <JxeDE-Y b&c]
peﬁ PEF

+ 2 bp ® (¢, = &)

peF

<§+|f|-max(||bp|| :pef)-ﬁ <e. O

7.2. BbB is a (separable) liminal C *-algebra. Assume now that the fixed element
b € B is self-adjoint. Then BbB is a (two-sided, closed) ideal in B, so itself a
C *-algebra. Also by the characterization given in Theorem 7.3, we see that BbB is
a separable C*-algebra. Let us explore what else we can learn about the nature of
this C *-algebra BbB.

Since v is a KMS weight on B, we can perform the GNS construction, and obtain
(mr, #, A), where A is the (injective) GNS map. We may regard B = w(B) C B(H).
Clearly, 7 is also a representation for the C *-algebra BbB, and we have:

BbB = n(BbB) C B(J).

I Nlge

Consider now the subspace #}, := span(A(by) : p € P) C #, where the
bp € T, are as in Theorem 7.3. Under the representation 7z, the C *-algebra BbB
leaves the subspace #, invariant. In this way, we obtain a subrepresentation
of BbB, acting on #;. Meanwhile, by Gram-Schmidt process, without loss of
generality, we may further assume that v(byb,) = (A(bp), A(by)) =0if p,q € P
is such that p # ¢, while v(bpb,) = 1, Vp € P. (Recall that we are assuming
each b, to be self-adjoint).

Definition 7.5. For any p,q € P, denote by (b,, b,) g the operator acting on #j
such that

(bp.bg) £E = (£ Abg)|A (D).
Clearly, these are finite-rank (actually, rank one) operators contained in 8B (Hp).

Proposition 7.6. Any operator in wp(BbB) can be approximated by a linear
combination of the operators (b,,by)E, p.q € P.

Proof. Since mp arises from the GNS representation, we know that for x € BbB and
A(b) € Hp, we have: B _
7w (X)A (D) = A(xb).
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Leth = by, form € P. Asb € D(yp), we can write b= (id ®/L)(E(5® 1)).
Then
xb = (id@w)((x @ DE(b ® 1)) = (i[d@w)((x ® NE( & yp(h))).

Let € > 0 be arbitrary. By Theorem 7.3 (2), we can find a finite subset ' C P
and {Cp} per in C, such that

H(x@l)E— Zbl,@&“pH <

&
peF 2|a]l

By Lemma 7.4, we may assume that each ¢, € )/51 (BbB).
Observe that:

5= 3" n@ra@yb,| = |daem([c@VE- Y b8 |1 @rs0))|
peF DEF

& ~ )
= ys®)| = <.
<35 lys®)] =3

We know 1t = v o yc. So u(@ya(5) = v((yc o y8)B)yc ). And, using
the fact that yc o yp = o0}’ (see Proposition 4.6), we see that

1(@ya(b)) = v(re @)b).

As yc(¢p) € BbB, we can approximate it arbitrarily closely by a finite linear
combination of the by, for ¢ € F (P) = P. This can be done for each p e F.
Therefore, it is evident that we can find a finite linear combination of the expressions
V(bgb)bp = (A(b), A(by)) bp, thatis within Z-distance from } _ ,c p u(CpyB(D))b)p.

It follows that xb can be approximated within e-distance by a finite linear
combination of the (A(b),A(by))b,. Applying the GNS-map A, we see
that 7r5 (x) A (D) can be approximated arbitrarily closely by finite linear combinations
of the expressions

(AB). Abg)) Abp) = (bp.by) £ A(D).

All this would hold for each of the basis element A (b,,), m € P. In this way, we
prove that any 75 (x), x € BbB, can be approximated by a linear combination of the
operators (bp,bg)E, p.q € P. O

Write V' = span((bp,bg)E : p.q € T') (€ B(Hp)). Then:

Proposition 7.7. For the operators (bp,by)E.(bp',bg')E €V, we have:
(D <bp, bq)E (bp’» bq’)E = 8p’,q (bpy bq’)E
) (bp,bq)fz = (bq,bp)E-

As a result, we conclude that 7"”"" >~ Bo(Hp), the algebra of compact operators
on Hyp.



Separability idempotents in C *-algebras 1037

Proof. These are rather standard and straightforward.
(1) Let & € Jp be arbitrary. we have:

<bP’b4>E<bP”bq’>E5 = (EvA(bq’))(bp’bq)EA(bp’)
= (&, Abg))Abp), Abg))A (D).
= V(b;bp’)(bp’bq’)EE = 8p,q(bp.bg') EE.
(2) Let&, ¢ € Hp. Then

((bp.bg) £E.§) = ({6, Ab))A(Dp). §) = (£, Ab) (A (bp). )
= (€. (A(bp). DA (b)) = (£, (¢ Abp)) Alby))
= (€. (bg. bp) EL).

It follows that (b, by) % = (bg.bp)E.-

(3) The results of (1), (2) show that V is a *-algebra contained in B(J}), and
the generators behave exactly like the matrix units (see, for instance, Lemma 5.5).
Therefore, the operator norm closure of V' coincides with Bo(Hp). O

The following results are immediate:
Theorem 7.8. Let b € B be a fixed self-adjoint element. Then we have:
(1) BbB = mp(BbB) C Bo(Hp).
(2) The C*-algebra BbB is liminal.

Proof. (1) The result of Proposition 7.6 is that 7r; (BbB) is contained in the closure
of V. Therefore, by Proposition 7.7, the result follows.

(2) Since BbB is a C*-algebra contained in the algebra of compact operators, it is
liminal, in the sense of [7]. ]

7.3. B is a postliminal C *-algebra. By definition, a C*-algebra A is said to be
postliminal, if every non-zero quotient C *-algebra of A possesses a non-zero liminal
closed two-sided ideal (see [1,7]).

In our case, suppose J is any nontrivial proper (closed, two-sided) ideal of B, and
let B/J be its corresponding quotient C *-algebra. Since J # B, we can consider
a self-adjoint element » € B with b ¢ J. Consider the ideal BbB of B. Then
BbB + J is an ideal of B such that (BbB + J)/J =~ BbB/(BbB N J). Since
the latter is a quotient of a liminal C *-algebra BbB, it is also liminal. In this way,
we have shown that the quotient C *-algebra B/J contains an ideal (BbB + J)/J,
which is isomorphic to a liminal C *-algebra. By definition above, we can see that B
is postliminal:

Theorem 7.9. Let (E, B,v) be a separability triple. Then B is a postliminal
C*-algebra.
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Remark. For separable C*-algebras, it is well known that being postliminal is
equivalent to being type I. The result that B is postliminal (or type I) seems compatible
with the result in the purely algebraic case [24], where it was shown that the base
algebra B has to be a direct sum of matrix algebras.

Finally, here is the result when B is commutative:

Proposition 7.10. If B is commutative, its spectrum is totally disconnected.

Proof. If B is commutative, any of its ideals is also commutative. In particular,
each building-block ideal BbB (for b self-adjoint), being a commutative subalgebra
contained in the algebra of compact operators, would be isomorphic to C, spanned
by a single projection. Our B would be spanned by its projections. If we write
B =~ Cy(X), where X is the spectrum of B, this means that X is totally disconnected.

O

Remark. In fact, if B is commutative, B =~ Cy(X), its spectrum X turns out to be
discrete. See Remark following Proposition 2.2 in [11].
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