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Bar simplicial modules and secondary cyclic (co)homology

Jacob Laubacher, Mihai D. Staic* and Alin Stancu

Abstract. In this paper we study the simplicial structure of the complex C*((4, B,¢); M),
associated to the secondary Hochschild cohomology. The main ingredient is the simplicial
object B(A, B, ¢), which plays a role equivalent to that of the bar resolution associated to
an algebra. We also introduce the secondary cyclic (co)homology and establish some of its
properties (Theorems 4.11 and 5.11).
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1. Introduction

Hochschild cohomology of an associative k-algebra A with coefficients in the
A-bimodule M, H*(A, M), was introduced in [7] as the homology of an explicit
complex. Hochschild’s motivation was the study of certain extensions of algebras and
the characterization of separability of algebras. Cartan and Eilenberg’s realization
that Hochschild cohomology is an example of a derived functor meant that resolutions
can be used to study it (see [1]). The main ingredient used for the description of the
Hochschild (co)homology became the so-called bar resolution. A few years later,
Gerstenhaber discovered the importance of Hochschild cohomology in the study of
deformations of algebras as well as its rich algebraic structure (see [4] and [5]). A
first connection with geometry was noticed in [8] where it was proved that, for a
smooth algebra A, the Hochschild homology can be explicitly computed using the
module of differential forms on A. Later, Connes noticed that the complex used to
define the Hochschild cohomology HH®(A) = H®(A, A*) admits an action of the
cyclic group Ce+1, and that this action is compatible with the differential (see [2,12]).
He used this fact to define the cyclic cohomology which, in the commutative case,
is essentially equivalent to the de Rham homology. This was a pivotal point in the
development of noncommutative geometry since cyclic (co)homology is defined for
algebras that are not necessarily commutative.

*The second author was partially supported by a grant of the Romanian National Authority for Scientific
Research, CNCS-UEFISCDI, project number PN-II-ID-PCE-2011-3-0635, contract nr. 253/5.10.2011.
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The secondary Hochschild cohomology groups, H" ((A, B, €); M), are associated
to a B-algebra A (determined by &: B — A) and an A-bimodule M which is
B-symmetric. Their construction was motivated by an algebraic version of the
second Postnikov invariant (see [14]). The secondary Hochschild cohomology was
used in [15] to study deformations of the B-algebra structures on Af¢]. Some
of its properties were studied in [16], where it was proved that the complex
C*((A, B,¢); A) is a multiplicative non-symmetric operad and that the secondary
Hochschild cohomology H*®((A, B,¢); A) is a Gerstenhaber algebra. It was also
proved there, for characteristic 0, that H*((A, B,¢); A) admits a Hodge type
decomposition. When B = k one can easily see that the secondary Hochschild
cohomology reduces to the usual Hochschild cohomology.

In this paper we study the simplicial structure of the complex C*((4, B,¢); M),
which defines the secondary cohomology. For this we introduce the notion of a simpli-
cial module over a simplicial algebra. The main example is an object B(A4, B, ¢), that
we call the Secondary Bar Simplicial Module. In many ways B(A, B, ¢) behaves
like the bar resolution associated to a k-algebra A. Using B(A, B,¢e) we get a
presentation of H*®((A, B,¢); M) as the homology of the complex associated to
a co-simplicial k-module Hom 4,8, (B (A, B,&), €(M)). This approach also
allows us to give natural constructions for the secondary Hochschild and secondary
cyclic cohomologies associated to the triple (A, B,&) (HH®(A, B, ¢), respectively
HC*(A, B,g)). These two new cohomology theories have many of the nice
properties one would expect. We mention here the functoriality and the existence
of a long exact sequence (of Connes’ type) relating them. We should point out that
HH" (A, B, ¢) is not a particular example of the group H"((A, B, ¢); M), this being
one place where it is important to work with simplicial modules and not just modules.

Another application of the secondary bar simplicial module B(A, B, ¢) is that
it allows us to introduce the secondary homology groups He((A4, B, ¢); M) (as well
as the Hochschild and cyclic homology groups associated to the triple (4, B, €)).
When B = k, we recover the usual Hochschild and cyclic homology. We expect that
the groups introduced here, HH.(A, B, ¢) and HC,.(A, B, ¢), have applications to
geometry and we plan to study this problem in a future paper.

2. Preliminaries

2.1. Cyclic (co)homology. Throughout this paper k is a field, ® = ®y, and all
k-algebras have a multiplicative unit. Cyclic cohomology was introduced by Connes.
For a comprehensive account of this topic see [2,9] or [12]. We recall here that the
cyclic cohomology is the cohomology of a certain sub-complex of the Hochschild
complex. More precisely, let A be an associative k-algebra and A* = Homg (4, k)
with the A-bimodule structure defined by (afa’)(x) = f(a’xa). The Hochschild
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coboundary on C*(A, A*) transfers to C*(A) := C**t1(A, k), where it is given by
the formula

(bf)(ao.ay,....any1)
= YD i)+ CD™ S @adon )
i=0

and the Hochschild cohomology of of the complex C*(A4, A*) is denoted by HH *(A).
The operators b’: C"(A) — C"T1(A) and A: C"(A) — C"(A) defined by
n
b f)(ao.ar.....ans1) = Y (D' f(....aiait1....),
i=0

(Af)ao.....an) = (=1)" f(an.....a0)

satisfy the relation (1 — A)b = b'(1 — ). If we set C;(A) := Ker(I — A), then
(C;, b) is a complex, called the cyclic complex of A. The homology of this complex
is called the cyclic cohomology of A and is denoted by HC*(A).

The canonical monomorphism C?(A4) — C*(A, A*) from the cyclic cochain
complex C;(A) to the Hochschild complex with coefficients in A* induces a
morphism /: HC*(A) — HH®(A). Connes proved that, in characteristic 0, there
exists a long exact sequence

oo > HC" 2(A) - HC™(A) 4 HH"(A) - HC" '(4) - HC"*1(4) 4.

The “dual” notion, called cyclic homology, appeared in the work of Tsygan
(see [17]) and Loday—Quillen (see [13]) and it can be described as the homology of a
quotient of the Hochschild complex (Ce(A4, A), b). More precisely, let C,, (4, A) =
A®@+D and b, b': C,(A) = Cr_1(A) and A: C,(A) — C,(A) be given by

n—1

b(ay® - ®ay,) = Z(—l)iao Q- ®aidi+1 @ -
i=0 e Qan + (=D "apag ® - @ ay—1,

n—1

blap®---®an) =) (~1)\ao® - ®aiait1 @ ® an,
i=0

Mao® -+ ®ap) = (—1)"an ®ao ® -+ ® an—1.

It is known that (1 — L)’ = b(1 — 1), so the differential b is well-defined on
CA(A) := C4(A, A)/Im(1 —1). The homology of the complex (C2(A), b) is called
the cyclic homology of A and is denoted by H C,(A).

Similar to the case of cyclic cohomology, in characteristic 0, there is a long exact
sequence relating the cyclic and Hochschild homology of A,

e = HCp(A)—HCpz(A)— HHp_1(A) 5> HCp_1(A) = HCp_zy(A) — -+ .
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Part of this paper is to show that similar long exact sequences exist and relate the
secondary Hochschild and cyclic (co)homologies associated to a triple (4, B, €).

2.2. The secondary Hochschild cohomology. Let A be an associative k-algebra, B
acommutative k-algebra, &: B — A amorphism of k-algebras such that e(B) C Z(A),
the center of A, and M an A-bimodule symmetric over B (i.e. e(b)m = me(b) for
allb e Bandm € M).

Given the data above, the secondary Hochschild cohomology of the triple (4, B, €),
with coefficients in M, was introduced by the second author in [15] as a tool
in the study of algebra deformations, A[¢], which admit (nontrivial) B-algebra
structures. It is denoted by H*®((A4, B,¢); M) and some of its properties were
discussed in [16]. We mention here the existence of a Gerstenhaber algebra structure
on H*((A, B,¢); A) and of a Hodge-type decomposition, in characteristic zero,
for H*((A, B,e); M).

We recall from [15] the definition of the secondary Hochschild cohomology. The
secondary Hochschild complex is defined by setting

C™((A, B,£); M) := Homy, (A®" ® B®"#=D/2_prp),
To define the coboundary map, 85:C"((A, B.£); M) — C"t1((A, B.&); M), it

is convenient to view an element 7 € A®" @ B®"("~1D/2 45 having the matrix
representation

ai b1,2 bl,n—2 bl,n—l bl,n
1 ay - bap bapu_1 bay
T=x| - . . . . ,
ce 1 an—1 bn—l,n
1 1 an

where a; € A, b;j € B,and 1 € k. For f € C"((A, B,¢); M), we define:

ap bo1 -+ bon—1  bon
I ar - bipr bin
() ® = . .
an—1 bn—l,n
1 1 an
ay bl,z bl,n—l bl,n
1 ay - bru1 bap
= aoe(bo,1bo2 ... bon) f | ®
1 1 an—1 bn—l,n

1 | B 1 an
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ap boy - boi—1bo,; e bon—1 bo
I a - bii—1b1, bin—1 bin
+Y it 1 e aiaie®ion) 0 bicinibiny bicinbin
i=1 . . . . .
1T 1 ... . an_1 Bu—tn
1 1 ... . 1 an
ap boy -+ bopn—2  bon-1
1 ar - bip—2 biu
+ (_1)n+1f Q| - ’ : : ang(bO,nbl,n . '~bn—1,n)~
1 1 crr dp—2 bn72,n71
1 1 1 an—1

The following result was proved in [15].

Proposition 2.1. (C"((A, B,¢); M), ;) is a complex (i.e. &, , 85, = 0). We denote
its homology by H" ((A, B, €); M) and we call it the secondary Hochschild cohom-
ology of the triple (A, B, €) with coefficients in M.

2.3. Simplicial category A. We recall a few definitions and results from [12]. Let A
be the category whose objects are the finite ordered sets7 = {0, 1, ..., n}, for integers
n > 0, and whose morphisms are the nondecreasing maps. One can show that any
morphism in A can be written as the composition of face maps, d':n — n + 1, and
degeneracy maps, s':i1 — n — 1, where

di(u): u, ifu<z:, si(u): u, ifufl:,
u+1, ifu>i, u—1, ifu>i.

The maps d’ and s' depend on n, although the notation does not reflect this
dependance. When each composite function below is defined, it can be shown that
we have the following identities:

d/d' =did’™Y, ifi < j,
s/ st =sis~i+1, ifi <j,
sldl =dis'7, ifi < j,
s/d! = identity, ifi = j,i=j+1,
sTdt =d s/, ifi > j 4 1.
A simplicial object X, in a category €, is a functor X: A°® — €. This means that
there are objects Xo, X1, X2, ... in € such that for any nondecreasing map ¢:m — n

we have a morphism X(¢): X, — X;,. In addition, for any ¢ and ¥ nondecreasing
maps, we have X (¢ o ) = X(¢) o X(¢).
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Using the notations §; := X(d?) and 0; := X(s'), the maps 8;: X, 1 — X,, and
0i: Xn—1 — X, satisfy the following relations.
3,‘5]' = 8j_13i, ifi < j, (2.1)
0i0j = 04104, ifi <j,
hoy=ojdk, Mi<j, (2.2)
$io0; =idy,,. ifi=jori=j+1,
$ioj =06, ifi>j+1.

A co-simplicial object in a category €, is a functor X: A — €.

3. Simplicial algebras and modules

In this section we introduce (recall) some definitions concerning simplicial algebras.
We also give a few examples that will be used extensively in the rest of the paper (the
most important being Example 3.11).

Definition 3.1. A pre-simplicial k-algebra # is a collection of k-algebras (A, )n>0
together with morphisms of k-algebras, 8;"’: A, — Ay—1, such that Equation (2.1)
is satisfied.

Definition 3.2. A simplicial k-algebra 4 is a collection of k-algebras ()0
together with morphisms of k-algebras, 8;"’: A, — A,_1 and crlfA’: An —> At
such that Equations (2.1) and (2.2) are satisfied.

Example 3.3. Let A be a k-algebra. We define the simplicial k-algebra A(A) by
setting A, = A, 8;’" =idy, and alf""’ = idy4.

Example 3.4. Let A be a k-algebra, B a commutative k-algebra, and &: B — A a
morphism of k-algebras such that e(B) C Z(A). We define the simplicial k-algebra
A(A, B, ) by setting 4, = A ® B®?"+D @ 4 and

Sfa®u ®® R @Y P1® @ Py ®D)
=as(@]) R ® - Ry, @Y1 VP2 R Bn b,
PR R Ry ®Y QP11 @ ® iy @ b)
=a®1®u® Qe YRR ®Pr®b,
@@ ®@0w® Qe QY@ ® & Pu®D)
=aQ®a ® Q1 ® QY RP1® - ®PBifit1 ® @ Pn D,
R VLB R, ®YRPI® - ® fn ®D)
=aQ®u R QRuUIQRu+1 QYR QBRI RPit1 Q-
"'®:3n®b7
SraRaI®0®  Qu®YRP1® ® fn ®b)
=aQu @ @ap—1 @y ®P1® - ® Pu_1 ® e(Ba)b,
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raRU®W® R, @Y ®PI @ ® fn ®D)
=a®a® R,y P ®1RD,

for 1 <i <n — 1. Note that for B = k we obtain A4(4 ® A°P) as in Example 3.3.

Definition 3.5. We say that M is a pre-simplicial left module over a pre-simplicial
k-algebra +A if M = (M,),>0 is a pre-simplicial k-vector space together with a left
A, -module structure on M, for each n, such that we have the natural compatibility
conditions 51‘.’“(anmn) = S;A(an)S;M(mn), for all a, € A, and m, € M,.
Definition 3.6. We say that M is a simplicial left module over a simplicial k-algebra 4
if M = (My,)n>o is a simplicial k-vector space together with a left +,-module
structure on M, for each n, such that we have the natural compatibility conditions
8;’“(anmn) = S;A(an)S;M(mn) and U;M(a,,mn) = oi‘*“(an)ai'M(mn), for all a,, € A,
and m, € M,.

Remark 3.7. The above definitions can be easily adapted to (pre)simplicial right
modules or bimodules.

Example 3.8. If A is a k-algebra and M is a left A-module, we can construct the
following (pre)simplicial left modules over A (A4).

(a) For each nonnegative integer p, let M(M(p)) be the pre-simplicial module
obtained by setting M, = M, M, = 0if n # p, and S;M =0. Fora, e A, = A
and m, € M, = M, the product a,m, is given by the left A-module structure
on M.

(b) The simplicial left module M (M) is defined by setting M, = M, S;M = idy,
and JlfM = idps. Fora, € A, = A and m,, € M, = M, the product a,m,, is given
by the left A-module structure on M.

(c) If M is an A-bimodule then M(M(p)) and M(M) are (pre-)simplicial left
modules over A(A ® A°P).

Example 3.9. If A is a k-algebra then the bar resolution 8(A), is a simplicial left
module over A(4 ® A°). Recall that B, = A®"*2 and the A ® A°°-module
structure is given by

(@®b)-(ap®a; ® - Qapt+1) =aap®a; ® -+ Q an+1b.
For 0 <i < n we have
5,‘-‘@(a0®a1 ® Qdnt+1) =0 Q- ®aiai+1 Q- R dnt1,
Uiﬂ(a()@al R Qant+1) =00 Qa; @1 ®aj+1 Q@ - Qdnt1.

The next three examples arise from the context in which the secondary Hochschild
cohomology is defined. Let A be a k-algebra, B a commutative k-algebra, &: B — A
a morphism of k-algebras such that ¢(B) C Z(A), and M an A-bimodule which is
symmetric over B.



872 J. Laubacher, M. D. Staic and A. Stancu

Example 3.10. (a) For each nonnegative integer p, we define the pre-simplicial left
module M(M(p)), over the simplicial k-algebra A(A4, B, ¢), by setting M, = M,
M, = 0forn # p,§; = 0. The only nontrivial multiplication is /4, x M, — M,
given by the formula

@R ® R, QY RP1 Q- QB,®b)-m,
=ae(oy...apyPr...Bp)mpb. (3.1)

(b) The simplicial bimodule M (M), over the simplicial k-algebra A(A4, B, ¢), is
defined by taking M, = M, §; = idy, and o; = idy. The multiplication
Ay X M, — My is given by the formula

@R ® - ®u,QYRP1® - ®PBn®D)-my
=ae(oy...onyB1...Bn)mub. (3.2)

Our next example can be viewed as an analogue of the Hochschild bar resolution
in the context of secondary Hochschild cohomology. This example will be used
extensively in the next sections.

Example 3.11. The bar simplicial left module 8B(A, B,¢), over the simplicial
k-algebra A(A, B, €), is defined by setting B, (A4, B, £) = A2 @ p®n+1)(n+2)/2,
For 0 <i < n we define

ap boa -+ bon+i
I a1 - bias
5;_53 Rl - .
1 1 bn,n+l
I - aptr
ap boi - bo,ibo,i+1 “ee bon bon+1
1 a - b1,ib1,i+1 bin bin+1
=]\ - - oooaiaiv18biiv1) o0 binbivin bipt1bixiasa |
1 1 v . v a bn,n+1
1 1 ... ) 1 i1
ap boi -+ bont1
I a1 - bias
o';(B ® . . cee .
1 1 bn,n+1

L1 an
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ap boy -+ boi 1 boiv1 -+ bon  bon+i

1 ay - by 1 brigz1 -+ big b1n+1

. . ERRI 1 bi,i+1 bi,n bi,n-l—l
—el1 1 o 1 11 1

. . 1 1 aiy1 - bit1n bitin+

1 1 . 1 . ap bn,n+1

1 [ . 1 i1

Finally, the 4, -module structure on 8B, is given by

ao bO,l cee bO,n+1
1 ar - biptr
@R ®  VupRYRP1 R VP Rb)|® . :
1 1 bn,n+l
L1 - aptr
aag aibo1 -+ anbon  Ybon+1
1 ar -+ big biat1B
=x| - . ) (3.3)
1 1 an bn,n-i-lﬂn
1 dni1h

Remark 3.12. The bar construction described above can be formulated in terms of
bimodules. This is the analog of the fact that an A-bimodule is a left A ® A°P-
module. Our choice to use left modules turns out to be more convenient in the next
section when we have to consider Hom and ® of simplicial modules over a simplicial
algebra A.

4. Secondary cyclic cohomology

4.1. Secondary cohomology of a triple (A, B, ¢). In the arXiv version of [15] we
introduced a certain cyclic module associated to a triple (A, B, ). That construction
does not have all the properties which one would like from a cyclic cohomology, so
the construction was removed from the final version of the paper. In this section we
take a different approach to the secondary cyclic cohomology, one which seems to be
more consistent with the classical theory and could have applications to geometry.

Definition 4.1. We say that M is a co-simplicial left module over a simplicial
k-algebra A if M = (M"),>¢ is a co-simplicial k-vector space together with a
left #A,-module structure on M", for each n, such that we have the natural com-
patibility conditions 834(8;’4’(an+1)mn) = an+185M(mn) and ail(ai""’(an_l)mn) =
an—10Y(my) forall ay—1 € Ay—1, an+1 € Ap41 and my, € M".
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For a simplicial left module (X,Six ,aix) and a co-simplicial left module

Y, ,0:’,'/), both over the simplicial algebra 4, we define M”" := Homu,, (X, Y")
and the maps D*: M" — M"*! and S': M" — M""! by

D(f) =8y f8).
Si(f) = ol foi¥.

With the above definitions we have the following lemma.

Lemma 4.2. (M, D', S%) is a co-simplicial k-module, which we will denote by
Homuy (X, ¥).

Proof. An easy verification of the definition. 0

If M is an A-bimodule that is B-symmetric, we denote by €(M) the co-
simplicial 4(A, B, ¢)-module determined by €"(M) = M, 8{3 = idy, 0{3 = idyy,
with the obvious 4 ® B®@"tD & A% left module structure (same as in
equation (3.2)). Lemma 4.2 implies that Hom 44,8, (B(A4, B, &), €(M)) is a co-
simplicial k-module.

By using the same lemma and the adjunction forgetful functor/tensor product, it is
not hard to see that the induced complex associated to this co-simplicial module can
be identified with the complex C”((A, B, ¢); M) = Homy (A®" @ B®"=1/2 pr)
and that we have the following theorem.

Theorem 4.3. The homology of the induced complex of the co-simplicial module
Hom4,B,6)(B(A, B, &), €(M)) is the secondary Hochschild cohomology of the
triple (A, B, &) with coefficients in M, namely H*((A, B, ¢e); M).

We will use the bar simplicial module 8B (A4, B, ¢) to introduce the analogue of
the Hochschild complex of A4, with coefficients in A* = Homyg (A4, k), and then use
it to define the secondary cyclic cohomology.

Example 4.4. We define a co-simplicial module (A4, B,¢) over A(A, B,¢) as
follows. First, take #" = Homy (A ® B®", k), with the #,-left module structure
given by

(@R ® R, @Y ®P1I® R P ®b)-$)(ao @by ® -+ ® by)
= ¢ (baoas(y) ® a1b1B1 ® -+ ® tubpfn).

Second, if 1 <i < n, we define Sf%,: H" — FH" T by

8% @) a®b1 ® @ but1) = plac(by) ® b ® -+ ® by 1),
8 (@)@ ®b1 ® -+ @ buy1) = p(e(buy1)a ® by ® -+ ® by),
8% @) a®b1 ®  @bur1) =@ b1 ® ®bibiy1 ® & but).
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Finally, if 0 <i <n — 1, we set af%,: K" — H" 1 tobe given by
0 (@)@®b1® - ®by1) =¢p(@a®b1® @b ®1®bi11 ® -+ ®by_y),
Proof. Straightforward computation. O

Now, if we combine the bar simplicial module 8 (A, B, ¢) (Example 3.11), the co-
simplicial module # (A, B, ¢) (Example 4.4), and Lemma 4.2, we get the following
result.

Proposition4.5. Hom44,p,¢)(B(A4, B, ¢), H (A, B, €)) is a co-simplicial k-module.
We denote the associated cohomology groups by HH" (A, B, ¢), and we call them
the secondary Hochschild cohomology groups associated to the triple (A, B, ¢€).

Proof. Follows from the above discussion. O

Next we will study in more details the complex C"(A, B,&) which de-
fines HH" (A, B,¢), the secondary Hochschild cohomology associated to the
triple (A4, B,¢). The notation “C” is used to avoid confusion with the complex
C"((A, B,e); M), which defines the secondary Hochschild cohomology of the
triple (A, B, ) with coefficients in M. Notice that

(_jn(As B? 8) = HomeAn (Bn? an)’

where A, = A ® B®@n+1) ® AP, B, = A®®+2) ® B®(n+l)(n+2)/2’ and
H" = Homy (A ® B®", k). From Proposition 4.5, we have

d':C"(A,B,g) - C"T1(A, B, ¢)

is defined by d*(f) = Sf%, f 817@. More precisely, we have:

ap bor - bO,n+2 a
I ar -+ Dbius2 ay
(o] -
1 ro-- bn+l,n+2 Op
I 1 - apy2 On+1
apaie(bo,1) bopbia -+ bont2bini2 ag(ay)
1 a b1n+2 as
- fle : :
bn—l,n+2 (077

1 1 An+2 Qp+1
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ap bor -+ bont2 a
. 1 ar - bips2 a1
a'(f)|e| -
1 1 bu+1n+2 Un
I 1 - aps2 Op+1
aop bO,l oo bO,ibO,i+1 cee bO,n+2 a
1 a - b1,ib1,iv1 b1 n+2 o
— f ® . . .
aiajv16(biiv1) -+ bint2bivin+2 Q41
11 ... . Anir U1

forl <i <n,and

ap bor -+ boni2 a
1 ar - bipsa ay
d”+1(f) ®
bn+1,n+2 Oy
an+2 Op41
ap by - bon+1bon+2 e(an+1)a
I a - bin+1b1,n+2 aq
bn,n+1bn,n+2 Op—1
11 - apt1ap+28(bnti,n+2) oy

The differential 9,: C"(A, B,e) — C"1'(4, B,¢) is given by the formula
0n = Y2 (~D)id".

Using the standard properties of adjoint functors we can identify C” (A, B, ¢)
with

Homy (A®” ® B®""=1/2 Hom; (A ® B®", k))
or, even better, with
Homy (A®(n+l) ® B®"(”+1)/2,k).
The identification is given by

W,:C"(A, B, &) = Homy (A®"TD) @ BE(1D/2 ),
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ap bor --- bo,n
I a bin
U (f) | ®
1 1 bun—1n
1 1 a
1 ... 1 1 .
1 ar - brpr 1 [7001
:f ®© bn—l,n 1 b
. 1 0,n—1
an b
1 1 - 1 1 O.n

Combining 2111 the results f£0m this section, one can see that the induced
differential, b,: C" (A, B, &) — C"t1(A, B, ¢), has the following formula:

ap bo1 -+ bon bonti
I a1 - bip bia+:
b)) | ® :
1 1 ttt g bn,n+1
1 1 1 Apn+1
agp - bO,ibO,i—H e bO,n bO,n+1
. 1 - bl,ibl,i+l bl,n bl,n+1
_ islel o . ) .
g( Yo 1w aiaigieiiv1) -+ binbivin  bint1bitins
o 1 1 ani1
ant1a08(bont1) brnvibo -+ binyiboi 0 buaribon
1 a bl,i bl,n
e . . . )
+ (=1 Pl ® 1 . a; bin
1 . 1 dn

Remark 4.6. With the identification above, we have that the secondary Hochs-
child cohomology associated to the triple (A, B, €) is the homology of the complex
(én(A, B,¢),b,). When B = k, we have that #" = A* and we recover the known
fact that HH"(A) is the cohomology of the Hochschild complex with coefficients
in A*.

Remark 4.7. Although similar in name, the reader should note the difference
between HH®(A, B, ¢), the secondary Hochschild cohomology associated to the
triple (A, B, ¢), and H*((4, B, ¢), M), the secondary Hochschild cohomology of
the triple (A, B, ) with coefficients in M. In general, the former is not a special case
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of the latter since the “coefficient” module #” varies with n, but note that they both
arise from co-simplicial modules of the form Hom 4 4,8,¢)(B(A, B, ¢), —).
Remark 4.8. It was proved in [3] that the secondary cohomology is a particular
case of a generalized higher Hochschild cohomology. More precisely, to a
triple (A, B,&) with A commutative, a symmetric bimodule M and a pointed
simplicial pair (X, Y) one can associate a generalized higher Hochschild cohomology
H ('X,Y)((A, B,e); M). When (X,Y) = (*,Y) one recovers the higher Hochschild
cohomology Hy (A, M) (see[6]), when (X, Y) = (S 1. D?) one recovers the second-
ary Hochschild cohomology H*((A, B, €); M). It would be interesting to construct
a natural simplicial algebra and a bar simplicial module associated to that general
setting.

4.2. Secondary cyclic cohomology. There is a natural left action of the cyclic group
Zns+1 = (A)on C"(A, B, €) (where A is the permutation (0, 1,2, ..., n)), defined as
follows:

ao boyr bop - bon—1 bon

1 ar bip - bip1 bin

A ® . . .

cre o dp—1 bn—l,n

1 e 1 a,
ap bO,n bl,n bn—2,n bn—l,n
1 ao bor -+ bon—z bon—1

=(-D"9|®

an—2 bn—z,n—l
1 ... 1 a1

Similarly, we have a right action of Z,,; on C*(4, B,¢) (pA = A"¢p). We
define the secondary cyclic complex as a sub-complex of C*(4, B, ¢). A multilinear
functional ¢ € C"(A, B, ¢) is called a secondary cyclic n-cochain if it is invariant
under the action of Z, 4. Thatis, A¢ = ¢ (a condition equivalent to pA = ¢).

The k-submodule of C"(A, B, ¢) of secondary cyclic n-cochains is denoted by
C 1(A, B, ). Note that the action of A determines an operator on C"(A, B,¢) and
we have that EZ(A, B,e) = Ker(1 — 1).

Lemma 4.9. For every n > 0 we have by, (6}11 (A4, B,8)) C EfH(A, B,¢).

Proof. Similar to the case of cyclic cochains, one can show that (1—1)b, = b, (1-1),
where by, is the sum of the first n + 1 terms from the definition of b,. Since
CJ (A, B, &) = Ker(1 — 1), we obtain the stated result. O

Definition 4.10. The homology of the complex (C (A, B,¢),b) is denoted by
HC*(A, B,¢) and is called the Secondary Cyclic Cohomology associated to the
triple (A4, B, ¢).
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Next we obtain a similar result to Connes’ long exact sequence.

Theorem 4.11. Let k be a field of characteristic zero. For a triple (A, B, €) we have
a long exact sequence

... HC"(A, B,&) 5> HH"(A, B, s)
B S
— HC" Y(A,B,e) > HC"t'(4,B,&) > ---,
where I is induced by the inclusion Cf (A, B,e) —> ok (A, B,¢).

Proof. We will follow the line of proof from [9] and [12]. Note that the short exact
sequence of complexes

0— C;(A,B,e) > C*(A,B,e) — C*(A,B,¢)/C; (A, B,e) - 0

induces a long exact sequence

... = HC"(A, B,s) 5> HH"(A, B, )
— H"(C*(A,B,e)/C;(A,B,¢)) > HC"" (A, B, &) — ---.
In order to get the statement from the theorem we need to show that
HC" '(A,B,s) ~ H"(C*(A, B,)/C; (A, B,¢)).
Take 3 B
N=1+A+---4+A":C"(A,B,¢e) > C"(A, B,¢).
One can check that (1—A)b = b'(1—1), N(1—1) = (1-A)N = 0,and bN = Nb’,
so we obtain the short exact sequence of complexes:
_ _ A - _

0— C®°(A,B,e)/Cr (A, B,¢) ~ (C*(A, B,¢),b") X C;(A,B,g) — 0.
The only part which requires an additional explanation is the inclusion Ker(N) C
Im(1 — A4). If ¢ € Ker(N), then let

U=¢p—A%p—213% - —(n—1A"$.
It is then easy to see that we have (1 —A)((1/(n + 1))¥) = ¢.
Finally, the complex (C*(A, B, ¢), b’) has the contracting homotopy

ao bO,l bO,n—l
afl® 1 ay - big
1 1 ce an—1

ap boa -+ bonu—1 1

1 ar - by 1

=D ® : 1

1 1 an—1 1

1 1 1 1
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Thus, since H”(C’(A, B,s),b’) = 0, we get an isomorphism
HC" '(A,B,e) ~ H"(C*(A, B.&)/C; (A, B.¢))
and our proof is now complete. O

Remark 4.12. One can give an alternative proof for Theorem 4.11 by showing that
C (A, B, ¢) is a cyclic object.

5. Secondary homology

In this section we give a brief description for the secondary (cyclic) homology
associated to a triple (4, B, ¢).

We will use the bar simplicial module 8B(A, B, ¢) over the simplicial algebra
A(A, B,¢e). The first step is to prove an analog of the Lemma 4.2 replacing the
functor Hom 4 with the tensor product & 4.

Let (X, Six , aix) be a right simplicial module and (¥, 8;51/ , aiy) a left simplicial

module, both over a simplicial algebra 4. We set M, := X,, ® 4, ¥, and define the
maps Dj: M,, - My_1 and S;: M;,, — M1 by the formulas

D; = 81x ® 8lan Quy Yn = Xn—1 ®u,_y Yn—1

Si :oix®oiy:Xn ®An Yn —)Xn+1 ®An+1 Yn+1.

One can check that these maps are well defined. Moreover, we have the following
lemma.

Lemma 5.1. (M, D;, S;) is a simplicial k-module, which we’ll denote by X @ 4 Y.
Proof. An easy verification of the definitions. O

The next two examples, obtained by specializing the above construction, lead
to the definition of the secondary Hochschild homology and the secondary cyclic
homology.

Example 5.2. Let M be an A-bimodule that is B-symmetric. We denote by § (M)
the simplicial #4(A, B, ¢)-module determined by &, := M, with the obvious
A ® B®C" D) & A%P.right module structure (see equation (3.2)), §f = idy and
af = idy. Lemma 5.1 implies that (M) ® 4(4,B,s) B(A, B, ¢) is a simplicial
k-module.

Definition 5.3. The homology of the complex associated to the simplicial k-module
(M) ®u4,B,e) B(A, B, ¢e) is called the secondary Hochschild homology of the
triple (A, B, ) with coefficients in M and it is denoted by He((A4, B, ¢); M).
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Remark 5.4. We can make the identification 8, ® 4, B, = M ® A®" ® B®"(1~1/2
and, if we set C,((4, B,e); M) = M @ A®" @ B®""=D/2 one can easily see that
the differential d,,: C,((A, B,¢); M) — Cn,_1((A, B, &); M) is given by the formula

ao bO,l bO,i bO,n—l
1 ay - by - bia
On|m®| ai - bin_
1 1 - e apy
ai b1,2 bl,i bl,n—l
1 ay - byi -+ bypy
=maoe(bo.1bo2 - bon— | ) ’
0&(bo,1bo,2 0,n—1) 1 1 o @ e bin
1 1 1 e ayy
ap bo1 -+ bo,i—1bo,i bo,n—1
I a - b1i-1b1, bin—1
n—1
+ -Dm® ) ’
;( : I 1 - aj—1a;ebi-1,i) -+ bi—1n-1bin—1
1 | 1 An—1
ao b0,1 bO,i bO,n—Z
1 aj bl,i bl,n—2
+ (—D)"ap—1me(bon—1b1,n—1*bu—2.4-1) ® 1 " b
. e al e l,n—2
1 . ) 1 an_z

In particular, we get that Ho((A, B,&); M) = Ho(A, M).

Example 5.5. We introduce the simplicial A (A, B, ¢)-right module £(A4, B, €) by
setting £, = A ® B®". The #,-module structure on &£, is given by

(@ ®h Q@ ®by) RU® - Ru, @Y RP1® R frn ®b)
= bagae(y) @ a1b181 ® - ® anby By.
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The simplicial structure maps, S;f: £n — Ln—1 and aix: £y — £y+1, are defined
by

§E(@®b1® - @by) =ae(b) ®by ® -+ ® by,

5¥@®by ® -+ ®by) =e(by)a @by ®-++ @ by_1,

§Ea®b1® - @by) =a®b; ® - ®bibis1 ® & by,

ifl <i <n-—1,and
0f@®bh® Qb)) =a®b1® - b @1 ®bj11 @ Q by,
if0 <i <n.
Proof. Straightforward computation. O

Definition 5.6. The homology of the complex associated to the simplicial k-module
L(A,B,¢) ®a4,B,) B(A, B,¢) is called the secondary Hochschild homology
associated to the triple (A4, B, €) and it is denoted by HHe.(A, B, ¢).

Remark 5.7. We can identify £, ®.4, 8B, with A®(+D) @ p®n(n+1)/2 554 we
denote the latter by C, (A, B,¢). If b is the ind_uced differential, one can see that
HH,(A, B, ¢) is the homology of the complex (C.(A4, B, ¢), b), where

ao bO,l bO,n—l bO,n
1 ar - bip—1 bin
byl ® .
1 1 s dp—1 bn—l,n
1 ... 1 an
ap -+ bo,ibo,i+1 e bo.n—1 bo.n
| R b1,ib1,i+1 bin—1 bin
n—1
_ oilel: . } .
;( ) I - ajaip18(biivr) bin—1bivin—1 binbit1n
1 ... 1 1 a,
anaoe(bon) binbox -+ binboi -+ bn—1nbon-1
1 a T bin—1
+=D"|® '
-1 1 T
1 ) 1 dn_i

Remark 5.8. For a triple (A, B, ¢) we have HH((A, B,e) = HHy(A).
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Just like in the case of C" (_A, B, ¢), there are natural left and right actions of the
cyclic group Z,+1 = (1) on C, (A, B, ¢). More precisely, the left action is given by

ao bO,l bo,z bO,n—l bO,n
1 a1 bip -+ bip—1 bin
Al ® . . .
an—1 bn—l,n
1 ce 1 ay
ap bO,n bl,n bn—Z,n bn—l,n
1 a0 boyx -+ bon—2 bon-1
:(_1)” ® . . .

ap—2 bn—z,n—l
1 e 1 an—1

We define the complex C,f (A, B,s) := C, (A, B,¢)/Im(1—A). If b}, denotes the
sum of the first n terms in the formula defining b,, the relation (1—21)b), = b,(1—21)
holds, so the operator b is well defined on 6,)‘ (A, B, e). With these considerations,
we introduce the cyclic homology associated to the triple (4, B, ¢).

Definition 5.9. The homology of the complex (CA(A, B,¢),b) is denoted by
HCl.(A, B, ¢) and is called the cyclic homology associated to the triple (A, B, ¢).

Remark 5.10. If n = 0, HCy(A, B,e) = HHo(A) = A/[A, A].

Similar to the case of the classical cyclic homology, we have a long exact sequence
which relates the secondary Hochschild and cyclic homology groups associated to the
triple (A, B, ). Our approach in proving this result is based on a natural extension
of the cyclic bicomplex of A. Then we follow the same line of proof as in [10], so
we won’t reproduce all the details here.

For N = 14+ A+ A% +---+ A", we have the relations N(1—1) = (1—-A)N = 0,
Nb =b'N, (1 —A)b" = b(1 — L) and b? = b'?> = 0. This implies that we have the
following double complex, whose total complex we denote by (Tote C(A4, B, €), 3).

b —b’ b
Ca(A. B.&) <=2 Cy(A. B.&) <— Cr(A. B.e) <=2 ...
b b’ b’
Ci(A, B, &) <=2 Ci(A, B,e) <Y Ci(A, B,e) <2 ...

b —b’ b

Co(A, B,&) <=2 Cy(A, B, &) <X— Co(A, B,e) <=2 ...
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In characteristic 0, we have that Ker(1 — 1) = Im N and Ker N = Im(1 — 1)
so the rows are exact. It follows that the homology of the total complex, is exactly
the cyclic homology associated to the triple (A4, B, €). Moreover, following [10], we
have a short exact sequence of complexes

0 — Tot, C(A, B, &) <> Tote C(A, B, £)[2] => Tote C(4, B, &) — 0,

where Tot, C(A4, B, ¢)[2] is the shifted by 2 complex and the truncation map s is
defined by

S(X0s X1, -+ Xn) = (X0, X1, ..., Xp—2).
The kernel of s is the total complex of the first two columns,
TO'[; C(A,B,s) = A% B®n—1n/2 ® A®(n—1) ® B®n—2)(n—1)/2

It is not hard to see that the complexes (Co(A, B, €), b) and Tot, C(A, B, ¢) have the
same homology since they are homotopy equivalent via the map

I 1 r .. 1
alo bc(l),l Zo,n—l 1 ao bos - bono
h|® ! La=l =®|1 1 ay - bl,n—l
! L ann 1 1 e P

We obtain that the short exact sequence defined above induces the desired long
exact sequence. More precisely, we have the following theorem.

Theorem 5.11. Let k be a field of characteristic zero. For a triple (A, B, €) we have
a long exact sequence
S
-+ —> HC,(A,B,e) > HC,,—»2(A, B, ¢)
B 1
— HH,_1(A,B,e) > HCy_1(A,B,&) — - .

Here S is induced by the truncation map s and B is the connecting homomorphism
of the long exact sequence. An explicit formula for B, at the level of chains, is

B =(1—-=M)tN:C,(A,B,g) - Chi1(4, B, ¢).

Next we make some remarks about the relation between H He(A, B, €), and two
classical versions of Hochschild homology H He(A) and HHE (A).

Remark 5.12. Let (Ce(A),d) the chain complex associate to the Hochschild
cohomology and (C.(A, B,¢),b) the chain complex that gives the secondary
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Hochschild homology associate to the triple (4, B,¢). Just like in [11], one can
show that there is a morphism ¥: (Ce(A),d) — (Ce(A, B, ¢), b) determined by

ao 1
1 ay
Yn(@1 ®ar, ® - ®ap—1®ay) =R | : Do 1
DI an—l
1 - 1 a,

This induces a morphism at the level of homology V,,: HH,,(A) — HH, (A, B, ¢).

Remark 5.13. Likewise, denote by (CB(A), d) the chain complex associated to the
usual Hochschild homology of 4 relative to B. We can define a morphism of chain
complexes ¢: (Co(A, B, €),b) —> (CE(A), d) by

ao bO,l bO,n
1 a “ee bl,n
on | ® ) =ao®Bal®B---®Ban8( 1_[ bi,j)-
: : : . 0<i<j<n
1 1 e dap

It is easy to verify that d,, o ¢, = @,—1 0 by, for all n > 1 and so we get a morphism
©,: HH, (A, B,&) — HHE(A). Moreover, one can see that ¢, o V, is the natural
projection C,(A) — Cf (A), and so @, o Y, is the natural map from HH,(A)
to HHE(A).

There are other chain complexes that can be associated to a triple (A4, B, ¢). It
would be interesting to establish the relation among these complexes and to figure
out their relevance to other areas of mathematics. We plan to come back to these
groups in a future paper and discus their connection with the de Rham homology.
We are especially interested in defining a K-theory associated to a triple (4, B, ¢),
and in finding its geometrical meaning. Notice that even in the commutative case
the construction from this paper has the potential to provide a new perspective on
problems in geometry.

Acknowledgements. We thank the anonymous referee for his/her recommendations
that helped us improve this paper.
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