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Quasimodular Hecke algebras and Hopf actions

Abhishek Banerjee

Abstract. Let ' = T'(N) be a principal congruence subgroup of SL5(Z). In this paper,
we extend the theory of modular Hecke algebras due to Connes and Moscovici to define the
algebra Q(I") of quasimodular Hecke operators of level I'. Then, @(T") carries an action of “the
Hopf algebra J¢; of codimension 1 foliations” that also acts on the modular Hecke algebra +A(T")
of Connes and Moscovici. However, in the case of quasimodular forms, we have several new
operators acting on the quasimodular Hecke algebra @ (I"). Further, for each 0 € SL>(Z), we
introduce the collection @ (I") of quasimodular Hecke operators of level I' twisted by o. Then,
Q4 () is a right @(T")-module and is endowed with a pairing

(. ):Qe(I) ®Qe(I') — Qo (D).

We show that there is a “Hopf action” of a certain Hopf algebra b on the pairing on Q4 (T").
Finally, for any 0 € SL»(Z), we consider operators acting between the levels of the graded
module Q¢ (') = ®mez@o(n)(T'), where

o(m) = ((1) T) -0

for any m € Z. The pairing on @ (I") can be extended to a graded pairing on Q4 (I") and we
show that there is a Hopf action of a larger Hopf algebra hz 2 b on the pairing on Q4 (T).
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1. Introduction

Let N > 1 be an integer and let ' = I'(N) be a principal congruence subgroup
of SL,(Z). In [6,7], Connes and Moscovici have introduced the “modular Hecke
algebra” A (") that combines the pointwise product on modular forms with the action
of Hecke operators. Further, Connes and Moscovici have shown that the modular
Hecke algebra A(I") carries an action of “the Hopf algebra #(; of codimension 1
foliations”. The Hopf algebra J¢; is part of a larger family of Hopf algebras
{Hy|n > 1} defined by them in [5], with the Hopf algebra #, acting on C *-algebras
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coming from foliations of codimension n. Then, the discovery by Connes and
Moscovici [6] of the J;-action on the modular Hecke algebra #4(I") reveals deep
connections between noncommutative geometry and number theory. For further
work on this Hopf algebra #;, we refer the reader, for instance, to [4,13].

In [1], we showed that the action of the Hopf algebra #; is associated with
Frobenius and monodromy operators in arithmetic geometry. In fact, the Hopf
algebra #; acts on a complex in [1] that is obtained by modifying a certain bi-complex
introduced by Consani [8, § 4] for computing the cohomology of the “fiber at infinity”
of an arithmetic variety. The bi-complex of Consani [8] is the arithmetic analogue
of the ‘nearby cycles complex’ in algebraic geometry (see, for instance, [9, § 2]).
By considering modular forms as sections of line bundles, we also developed in [2]
an J(;-action on an algebra of Hecke operators lifted to line bundles over modular
curves. The lifting of Hecke operators to the level of line bundles in [2] also leads to
additional operators that are obtained by modifying the #;-action.

The objective of this paper is to introduce and study quasimodular Hecke
algebras Q(I") that combine the pointwise product on quasimodular forms with
the action of Hecke operators. Further, we will also study the collection @, (I")
of quasimodular Hecke operators twisted by some ¢ € SL,(Z). The latter is
an extension of our theory of twisted modular Hecke operators introduced in [3].
We recall that quasimodular forms can be interpreted geometrically as sections of
bundles on the moduli space of elliptic curves (see [11]). As such, the J;-action
on Q(I') demonstrates the amazing versatility of the Hopf algebra #; of Connes
and Moscovici. Additionally, the use of quasimodular forms helps us to find new
operators on the algebra @(I"). At the heart of these new operators is the classical
Eisenstein series G, of weight 2 which is not a modular form but only quasimodular
(see Section 2 for details). However, we know (see [6, Remark 1]) that G, plays
an important role in defining actions on the modular Hecke algebra . Hence, we
feel that working with the quasimodular Hecke algebra allows us to fully involve
the Eisenstein series G, in the theory. The action of these new operators is also
expressed in terms of the action of a co-commutative Hopf algebra, which arises as
the universal enveloping algebra of a Lie algebra. We also hope that in the future, we
can lift the quasimodular Hecke operators to the level of bundles in the same spirit
as our work in [2].

We now describe the paper in detail. In Section 2, we briefly recall the
notion of modular Hecke algebras of Connes and Moscovici [6,7]. We let @M
be the “quasimodular tower”, i.e., @M is the colimit over all N of the spaces
QM(T(N)) of quasimodular forms of level T'(N) (see (2.8)). We define a
quasimodular Hecke operator of level I' to be a function of finite support from
F\GL;F (Q) to the quasimodular tower @ M satisfying a certain covariance condition
(see Definition 2.4). We then show that the collection @(I") of quasimodular
Hecke operators of level I' carries an algebra structure (@(I"), %) by considering
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a convolution product over cosets of I' in GL;r (Q). Further, the modular Hecke
algebra of Connes and Moscovici embeds naturally as a subalgebra of Q(I"). We
also show that the quasimodular Hecke operators of level I" act on quasimodular forms
of level T, i.e., QM (T") is a left @(I")-module. In this section, we will also define a
second algebra structure (& (I"), *") on @(I") by considering the convolution product
over cosets of I in S L, (Z), a construction that should be compared to the “restricted”
modular Hecke algebra from [1, § 4]. When we consider @ (I") as an algebra equipped
with this latter product ", it will be denoted by Q" (I') = (Q(T"), *").

In Section 3, we define Lie algebra and Hopf algebra actions on @(I"). Given a
quasimodular form f € Q@M (I") of level T, it is well known that we can write f as
a sum

f=> ai(f) Gi (1.1)
i=0

where the coefficients a;(f) are modular forms of level I' and G, is the
classical Eisenstein series of weight 2. Therefore, we can consider two different
sets of operators on the quasimodular tower @.M: those which act on the
powers of G, appearing in the expression for f and those which act on the
modular coefficients a;(f). The collection of operators acting on the modular
coeflicients a; ( f) are studied in Section 3.2. These induce on @(I") analogues of
operators acting on the modular Hecke algebra 4 (I") of Connes and Moscovici and
we show that @(I") carries an action of the same Hopf algebra #; of codimension 1
foliations that acts on #A(I"). On the other hand, by considering operators on @M
that act on the powers of G, appearing in (1.1), we are able to define additional
operators D, {T;g}kzl,lzo and {¢"™},,>, on @(T') (see Section 3.1). Further, we
show that these operators satisfy the following commutator relations:

(1) = W - T

[D.9™]=0. [Tig™]=0. [p™.¢"]=0 (12)

5 1
[1},D] = Sk - DT/t - (k= 3T,

We then consider the Lie algebra &£ generated by the symbols D, {T,g Ye>1,1500
{(]ﬁ(m)}mzl satisfying the commutator relations in (1.2). Then, there is a Lie action
of £ on @(I"). Finally, let # be the Hopf algebra given by the universal enveloping
algebra U(L) of £. Then, we show that # has a Hopf action with respect to
the product *” on @(I") and this action captures the operators D, {T,g Ye>1.1>0 and
{1 =1 on @(T). In other words, # acts on @(T) such that:

h(F' " F2) =3 " hqy(F') «" hoy(F?), Yhed, F'.F?e@). (1.3)

where the coproduct A: H — H @ J is given by A(h) = Y hay ® h(y) for
any h € .
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In Section 4, we develop the theory of twisted quasimodular Hecke operators.
For any 0 € SL,(Z), we define in Section 4.1 the collection @ (I") of quasimodular
Hecke operators of level I' twisted by 0. When o = 1, this reduces to the original
definition of @(I"). In general, @,(I") is not an algebra but we show that @, (I")
carries a pairing:

(@) ® Qe (T) — Qo (D). (1.4)

Further, we show that @, (I") may be equipped with the structure of a right @ (I")-
module. We can also extend the action of the Hopf algebra #; of codimension 1
foliations to @4 (I"). In fact, we show that J¢; has an action on the right @ (I")-module
@4 (I") and this action is Hopf, i.e.,

h(F' % F?) =Y " hay(F") % hy(F?),
Vhed, Fle@,I), F2e@@). (1.5)

We recall from [6] that #; is equal as an algebra to the universal enveloping algebra of
the Lie algebra £; with generators X, Y, {5, }»>1 satisfying the following relations:

[Y,X]=X, [X,(gn]=8n+l, [Y,(Sn]=n8nv [8k981]=07
Vk,I,n>1. (1.6)

Then, we can consider the smaller Lie algebra [; € £; with two generators X,
Y satisfying [Y, X] = X. If we let hj; be the Hopf algebra that is the universal
enveloping algebra of [, we show that the pairing in (1.4) on @, (I") carries a “Hopf
action” of h1. In other words, we have:

h(F'.F?) =" (hay(F").h@)(F?). Vheby, F'.F>e@,(I). (1.7

In Section 4.2, we consider operators between the modules @, (I") as o varies
over SL»(Z). More precisely, for any t,0 € SL,(Z), we define a morphism:

X1 Qo (T) — Qe (D). (1.8)

In particular, this gives us operators acting between the levels of the graded module

Qo (T) = P Qomy (D), (1.9)

meZ

where for any o € SL,(Z), we set

o(m) = ((1) 1711) - 0.

Further, we generalize the pairing on @, (I") in (1.4) to a pairing:

(. ):@Q6(I) ® Ary6(T) —> @iy (1), (1.10)



Quasimodular Hecke algebras and Hopf actions 1045

where 11, 7, are commuting matrices in SL(Z). In particular, (1.10) gives us a
pairing

aa(m)(r) ® C‘Za(n)(r) e CQa(m-i—n)(r‘)v Vm,n e Z
and hence a pairing on the tower Q4 (I"). Finally, we consider the Lie algebra [z 2 I;
with generators {Z, X, |n € Z} satisfying the following commutator relations:

[Z, Xu] = (n + DXp, [Xp.Xw]=0, Vn,n eZ. (1.11)

Then, if we let 7 be the Hopf algebra that is the universal enveloping algebra of Iz,
we show that hz has a Hopf action on the pairing on Q4 (I"). In other words, for any
F!, F?2 € Qq(T), we have

h(F', F?) =" (hay(F').h@)(F?)). Vhebg. (1.12)

2. The quasimodular Hecke algebra

We begin this section by briefly recalling the notion of quasimodular forms. The
notion of quasimodular forms is due to Kaneko and Zagier [10]. The theory has
been further developed in Zagier [14]. For an introduction to the basic theory of
quasimodular forms, we refer the reader to the exposition of Royer [12].

Throughout, let H € C be the upper half plane. Then, there is a well known
action of SL,(Z) on H:

az+b
cz+d’

‘C’ 2) € SLy(Z). @2.1)

Z > VZGH,(

For any N > 1, we denote by I"(N) the following principal congruence subgroup of
SL2 (Z)

T(N) := { (‘C’ fl) € SL(Z) ‘ (‘c‘ Z) = ((1) (1)) (modN)}. (2.2)

In particular, I'(1) = SL,(Z). We are now ready to define quasimodular forms.

Definition 2.1. Let f: H — C be a holomorphic functionandlet N > 1, k,s > 0
be integers. Then, the function f is a quasimodular form of level N, weight k and
depth s if there exist holomorphic functions fy, f1, ..., fs:H — C with f; # 0

such that: _
- +b . g
it (F) =S ae() e
j=0

for any matrix (‘C’ 3) € I'(N). The collection of quasimodular forms of level N,

weight k and depth s will be denoted by @Mj (I'(N)). By convention, we let the
zero function 0 € (fltMg(F(N)) forevery k >0, N > 1.
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More generally, for any holomorphic function f:H — C and any matrix
a=(95)eGL}(Q), we define:

az+b
cz+d

(flea)(z) == (cz + d)"‘f( ) Vk>0. (2.4)

Then, we can say that f is quasimodular of level N, weight k and depth s if there
exist holomorphic functions fy, fi1,..., fs: H — C with f; # 0 such that:

c J a b
cz—i—d)’ Va_(c d)eF(N). (2.5)

When the integer k is clear from context, we write f|zo simply as f|o for
any o € GL;' (Q). Also, it is clear that we have a product:

)@ =3 f (z)(
j=0

AML(T'(N)) ® QM}(T'(N)) —> (Q:Mi:tl (I"(N)) (2.6)

on quasi-modular forms. For any N > 1, we now define:

QMT(N)) := P M} (T (N)). (2.7)

s=0 k=0
We now consider the direct limit:
QM = h_H)l QMT(N)), (2.8)
N>1

which we will refer to as the quasimodular tower. Additionally, for any k& > 0 and
N > 1, we let My (I'(N)) denote the collection of usual modular forms of weight k
and level N. Then, we can define the modular tower M:

M= lim M(T(N)). M(T(N)):= P M (T (V). (2.9)
N>1 k=0

We now recall the modular Hecke algebra of Connes and Moscovici [6].

Definition 2.2 (see [6, § 1]). Let ' = '(N) be a principal congruence subgroup
of SL,(Z). A modular Hecke operator of level I" is a function of finite support

F:T\GLI(Q) — M, Tar F, (2.10)
such that for any y € I", we have:
FayzFah’- (2.11)

The collection of all modular Hecke operators of level I' will be denoted by A(I").
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Our first aim is to define a quasimodular Hecke algebra @(I") analogous to the
modular Hecke algebra +(I") of Connes and Moscovici. For this, we recall the
structure theorem for quasimodular forms, proved by Kaneko and Zagier [10].
Theorem 2.3 (see [10, § 1, Proposition 1]). Let I' = I'(N) be a principal congruence
subgroup of SLy(Z). For any even number K > 2, let Gx denote the classical
Eisenstein series of weight K :

Gk(z) := _f_§ +> (ZdK—l)eZ’”'"Z, (2.12)

n=1 \d|n

where By is the K-th Bernoulli number and z € H. Then, every quasimodular
form in QM(T") can be written uniquely as a polynomial in G, with coefficients
in M(T"). More precisely, for any quasimodular form f € QM3 (T), there exist
Sunctions ao(f), a1(f), ..., as(f) such that:

=) ai(f)Gs, (2.13)
i=0

where a; (f) € My—; (') is a modular form of weight k — 2i and level T for each
0<i<s.
We now consider a quasimodular form f € @M. For sake of definiteness, we

may assume that /' € QM (I'(N)), i.e. f is a quasimodular form of level N,
weight k and depth s. We now define an operation on @ M by setting:

i
[l =" (ai(f)lk—2i2)G5. Yo eGLF(Q), (2.14)
i=0
where {a; () € My—2;(I'(N))}o<i<s is the collection of modular forms determining

f =Y3_pai(f)G} as in Theorem 2.3. We know that for any @ € GLJ (Q), each
(a; (f)|k—2i@) is an element of the modular tower M. This shows that
i
flle =" (ai(f)lk—2ia)Gh € QM.

i=0

However, we note that for arbitrary o € GL;F(Q) and a;(f) € Mr—ri(['(N)),
it is not necessary that (a;(f)|x—2;®) € My_o;(I'(N)). In other words, the
operation defined in (2.14) on the quasimodular tower @ M does not descend to
an endomorphism on each @ M7 (I'(N)). From the expression in (2.14), it is also
clear that:

(f -l =(flla)-@glle), fla-B)=(flo)lB.
Vfge@M, apeGLI(Q). (2.15)

We are now ready to define the quasimodular Hecke operators.
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Definition 2.4. Let I' = I'(V) be a principal congruence subgroup. A quasimodular
Hecke operator of level I' is a function of finite support:

F:T\GL} (Q) — @M, Tar F, (2.16)
such that for any y € I", we have:
Fay = Faly. 2.17)
The collection of all quasimodular Hecke operators of level I' will be denoted
by @(T).

We will now introduce the product structure on @ (I"). In fact, we will introduce
two separate product structures (Q(I"), %) and (@ (I"), *") on Q(I").

Proposition 2.5. (a) Let I' = T'(N) be a principal congruence subgroup and
let Q(I") be the collection of quasimodular Hecke operators of level I'. Then,
the product defined by:

(FxG)og:= Y Fg-(Gyg—1llB). YaeGLI(Q) (2.18)
BET\GLT (Q)

forall F, G € Q(I') makes Q(I") into an associative algebra.

(b) Let ' = T'(N) be a principal congruence subgroup and let Q(I") be the
collection of quasimodular Hecke operators of level I'. Then, the product defined
by:

(F+" G)o:= Y Fg-(Gog-1]B). VaeGL3(Q) (2.19)
BeT\SL2(Z)

forall F, G € Q(I') makes Q(I") into an associative algebra which we denote
by @" ().

Proof. (a) We need to check that the product in (2.18) is associative. First of all, we
note that the expression in (2.18) can be rewritten as:

(F%G)a= Y Fu-Gulor. YaeGLT(Q), (2.20)

] =

where the sum in (2.20) is taken over all pairs (o, &) with apr; = @ modulo the
following equivalence relation:

(a1,02) ~ (yag,a0y™"), VyeTl. (2.21)
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Hence, for F, G, H € Q(I"), we can write:

(F#(G*H)g= ) Foy-(Gx H)gllas

aho =«
- zFal-( ) GaZ-H%uaz)ual (222)
ahai=o azon=0a)

= Y Fuy - (Gayllor) - (Hasllozer),

w30 =
where the sum in (2.22) is taken over all triples (o1, 2, @3) with ¥zap¢; = @ modulo
the following equivalence relation:

(a1, 02,03) ~ (yai, Yooy Lasy™), Vyy el (2.23)

On the other hand, we have

(F*G)xH)g = Y (F*G)oy - Haylly

azaf=a

= Z ( Z Fal 'Ga2||051) : Hﬂl3”a/2/ (2.24)

azaf=a “araj=of

= Y Fay - (Gayller) - (Ha la2ar),

300 =0

where the sum in (2.24) is taken over all triples (o1, 2, @3) with ¥zap¢; = o modulo
the equivalence relation in (2.23). From (2.22) and (2.24) the result follows. We can
similarly verify (b). O

We know that modular forms are quasimodular forms of depth O, i.e., for

anyk >0, N > 1, we have My (['(N)) = @Mg (I"(N)). It follows that the modular
tower M defined in (2.9) embeds into the quasimodular tower @ M defined in (2.8).
We are now ready to show that the modular Hecke algebra +A(I") of Connes and
Moscovici embeds into the quasimodular Hecke algebra @(I") for any congruence
subgroup I' = I'(N).
Proposition 2.6. Let I' = I'(N) be a principal congruence subgroup of SLo(Z).
Let A(D) be the modular Hecke algebra of level T as defined in Definition 2.2 and
let Q(T") be the quasimodular Hecke algebra of level I as defined in Definition 2.4.
Then, there is a natural embedding of algebras A(I') — Q(I").

Proof. For any o € GL;r (Q) and any f € QM7 (T"), we consider the operation
f +— f|lo as defined in (2.14):

Sl =" (ai(f)lk—2i)Gh € QM. (2.25)

i=0
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In particular, if f € My (') = @Mg(f‘) is a modular form, it follows from (2.25)
that:

fllae =ao(Nlka = flka = fla e M. (2.26)
Hence, using the embedding of M in @M, it follows from (2.11) in the definition
of A([') and from (2.17) in the definition of @(I") that we have an embedding
A(l") — @(T") of modules. Further, we recall from [6, § 1] that the product
on A(I") is given by:
(FxG)og:= Y Fg-(Gyg—1]B). YaeGLI(Q), F.G e AT). (227
BeT\GLF (@)
Comparing (2.27) with the product on @(I") described in (2.18) and using (2.26) it
follows that A(I") — @(I') is an embedding of algebras. O
We end this section by describing the action of the algebra @(I") on @M (T).

Proposition 2.7. Let I' = I'(N) be a principal congruence subgroup and let @(I")
be the algebra of quasimodular Hecke operators of level I'. Then, for any element

f € @QM(T) the action of Q(I") defined by:

Fxf:=Y Fg-f|B. VFe@) (2.28)
BeM\GLT (Q)

makes @ M (") into a left module over Q(T").

Proof. 1t is easy to check that the right hand side of (2.28) is independent of the
choice of coset representatives. Further, since F € Q(I") is a function of finite

support, we can choose finitely many coset representatives {f1, 82, ..., Bx} such
that
n
Fxf=Y Fg - flB;. (2.29)
j=1

It suffices to consider the case f € @M} (") for some weight k and depth s. Then,
we can express f as a sum:

=) ai(f)Gs, (2.30)
i=0

where each a; (f) € My—;(I"). Similarly, for any g € GL;'(Q), we can express Fg

as a finite sum:
g

Fg =Y ap(Fp)- G} (2.31)
r=0
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with each ag,(Fg) € M. In particular, we let t = max{tg,,1g,,...,1g,} and we can
now write: ;
Fg, =Y ag,.(Fg,) G} (2.32)
r=0

by adding appropriately many terms with zero coeflicients in the expression for
each Fg . Further, for any y € I', we know that

t

Fﬂjy = Fﬂj ”V = Z(aﬂjr(Fﬂj)h/) : G;

r=0

In other words, we have, for each j:

t
Fpy = Z“ﬂjyr(Fﬂjy) -Gy, agyr(Fpy) = (aﬂjr(Fﬂj)|V)' (2.33)
r=0

The sum in (2.29) can now be expressed as:

Fxf:=> Fg - flBi=Y>"Y ap(Fs,)-(ai(f)IB;) G5 (2.34)
j=1

i=0r=0j=1

For any i, r, we now set:

Air(F. f) =Y _ag,-(Fg,) - (ai(f)IB,))- (2.35)

Jj=1
Again, it is easy to see that the sum A;,(F, f) in (2.35) does not depend on the
choice of the coset representatives {81, B2, ..., Bx}. Then, for any y € T", we have:

n

Air(F. f)ly =Y (ap,r(Fg)ly) - (ai(f)IB;v)

J=1

n (2.36)
=" ap;r(Fp,p) - (@i(H)IB;7) = Air(F. f),
j=1

where the last equality in (2.36) follows from the fact that {81y, B2y, ..., Bny} is
another collection of distinct cosets reprsentatives of I' in GL;r (Q). From (2.36),
we note that each A4;,(F, f) belongs to M(I"). Then, the sum:

s t
Fxf=Y Y Ay(F. f) Gyt (2.37)

i=0r=0

is an element of @ M (I"). Hence, @ M (T") is a left module over Q(I"). O
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3. The Lie algebra and Hopf algebra actions on @ (T")

Let I' = I'(NV) be a principal congruence subgroup of SL,(Z). In this section, we
will describe two different sets of operators on the collection @(I") of quasimodular
Hecke operators of level I'. Given a quasimodular form f € QM(T") of level T", we
have mentioned in the last section that f can be expressed as a finite sum:

f=) ai(f)- G, 3.1
i=0

where G5, is the classical Eisenstein series of weight 2 and each a; () is a modular
form of level I'. Then in Section 3.1, we consider operators on the quasimodular
tower that act on the powers of G, appearing in (3.1). These induce operators D,
{Tlg }k>1,1>0 on the collection @(I") of quasimodular Hecke operators of level I'. In
order to understand the action of these operators on products of elements in € (I"), we
also need to define extra operators {¢(”‘)}m21. Finally, we show that these operators
may all be described in terms of a Hopf algebra # with a “Hopf action” on @" (I"),
ie.,

h(F'«" F?) =Y " hqy(F') " hy(F?). Yhedt, F'.F>e @ (). (32)

where the coproduct A: H — H ® H is given by A(h) = ) h) ® h() for any
h € J€. In Section 3.2, we consider operators on the quasimodular tower @M that
act on the modular coefficients a;(f) appearing in (3.1). These induce on @Q(I")
analogues of operators acting on the modular Hecke algebra +A(I") of Connes and
Moscovici [6]. Then, we show that Q(I") carries a Hopf action of the same Hopf
algebra J¢; of codimension 1 foliations that acts on A(I").

3.1. The operators D, {T,‘f) and {¢“} on @(T'). For any even number K > 2,
let Gk be the classical Eisenstein series of weight K as in (2.12). Since G, is a
quasimodular form, i.e., G, € @M, its derivative G, € Q.M. Further, it is well

known that:
S5t(+/—1
G, = %@ — 4 (V=1)G3, (3.3)

where G4 is the Eisenstein series of weight 4 (which is a modular form). For our
purposes, it will be convenient to write:

2
Gy=> g;G) (3.4)
j=0

with each g; a modular form. From (3.3), it follows that:

_ 7D,

3 4 g1=0, g =—4u(vV=1). (3.5)

&o
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We are now ready to define the operators D and {Wj}x>; on @M. The first
operator D differentiates the powers of G»:

D:QM — @M

— i . i _ 1 i . i—-1
r= e - ﬁ)(gzal(f)cz Gz) .

_ 1 SN ‘ it
——mzzmz(f)ngz .

i=0 j=0
The operators { Wy }x>1 are “weight operators” and Wy also steps up the power of G,
by k — 2. We set:
i . i _
We: @M — QM. f = ai(f)Gy Y iai(f)G5*2. (3.7)
i=0 i=0

From the definitions in (3.6) and (3.7), we can easily check that D and W are
derivations on @ M. Finally, for any o € GL;r (Q) and any integer m > 1, we set

5
v = —ﬁ(Ginla ~GI). (3.8)

Lemma 3.1. (a) Let f € QM be an element of the quasimodular tower and
o€ GL; (Q). Then, the operator D satisfies:

D(f)lle = D(flle) + v - (Wi (f)llex). (3.9)

where, using (3.8), we know that vél) is given by:

1
MO

5
P m(gokx —go) = —ﬂ(G4|Ol — Gy),

Ya € GLT(Q). (3.10)

(b) For f € QM and a € GL (Q), each operator Wy, k > 1 satisfies:

Wie(H)lle = Wi (flle). (3.11)
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Proof. (a) For the sake of definiteness, we assume that f = Zé:o ai(f)Gé with
each a;(f) € M. Forua € GL+(Q) it follows from (3.6) that:

Dl = -— N_)(szl(f)g, 6547 )l
= o F)ZZ i(ai(f)ler)(g;le)Gy

D(f ) = D(Z (ai(f)a)Gé)

1 , i
:_m;; i(ai(f)la)g; G571

From (3.12) it follows that:

(3.12)

D(f)llet = D(f o) = ai(f)le)(gjle — ;)65 7"
ST PR
(3.13)
From (3.5), it is clear that g; |« — g; = O for j = 1 and j = 2. It follows that:

N

1 .
D(Nlle = D(flla) = ———=) , i(ai(f)|e)(golr — g0) G5
8 (v/—1) ; @ oo o)
1 N
= o — . i(a; o Gi_l).
e (ol = ) (; (a:(f)|e) G
This proves the result of (a). The result of part (b) is clear from the definition
in (3.7). O
We note here that it follows from (3.8) that for any «, 8 € GL ;’ (Q), we have:
v =vimB+vi. Vm = 1. (3.14)

Additionally, since each G is a modular form, we know that when o € SL»(Z):
5
v = —54(GFle=GY') =0, VaeSLy(Z),m=1. (3.15)

Moreover, from the definitions in (3.6) and (3.7) respectively, it is easily verified
that D and {Wj}x>; are derivations on the quasimodular tower @M. We now
proceed to define operators on the quasimodular Hecke algebra @(I") for some
principal congruence subgroup I' = I'(N). Choose F € Q(I"). We set:

D, Wi, ¢"™: Q) — QT), k>1,m>1
D(F)y := D(Fy). Wi(F)o 1= Wi(Fo), ¢ (F)o :=v{" - F,.  (3.16)
Yo e GLT(Q).
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From Lemma 3.1 and the properties of vém) described in (3.14) and (3.15), it may be
easily verified that the operators D, W and ¢(m) in (3.16) are well defined on @(T").
We will now compute the commutators of the operators D, { Wy }x>; and {p™ Ym=>1
on @(I"). In order to describe these commutators, we need one more operator E:

E:QM — QM, [+ Gs-f. (3.17)

Since G4 is a modular form of level I'(1) = SL,(Z), i.e., G4y = G4 for any
y € SL,(Z), it is clear that E induces a well defined operator on @(I"):

E:Q() — Q(I), E(F)q:= E(Fy) = G4 Fy,
VFe@(), a e GLF (Q). (3.18)

We will now describe the commutator relations between the operators D, E,
{E'"Wilk=1.120 and {¢™} 51 on Q(T).

Proposition 3.2. Let I' = I'(N) be a principal congruence subgroup and let @ (I")
be the algebra of quasimodular Hecke operators of level I'. The operators D, E,
{E'W; Ye>1,1>0 and {1 =1 on Q(T) satisfy the following relations:
[E.E'W;]=0, [E,D]=0,
(m)7] — (m)7] — (m) (m) (m)] _
[E.¢"] =0, [D.¢""]=0, [Wi.¢"]=0, [¢".¢"] =0, (319)

(k —3)E' W1

o~

5
[E'W;, D] = i(k — D(E™ W) —

Proof. For any F € Q(I') and any o € GL2+ (Q), by definition, we know that
D(F)y = D(Fy), Wi (F)og = Wi(Fy), and E(F)q = E(F,). Hence, in order to
prove that [E, W] = 0 and [E, D] = 0, it suffices to show that [E, W;](f) = 0 and
[E, D](f) = 0, respectively, for any element f € @M. Both of these are easily
verified from the definitions of D and W in (3.6) and (3.7) respectively. Further,
since [E, Wi] = 0, it is clear that [E, E' W] = 0.

Similarly, in order to prove the expression for [E' Wy, D], it suffices to prove that:

[E'Wi., DI(f) = %(k — D)(E"Wies)(f) - %(k —3)E'Wit (f)  (3.20)

for any f € @M. Further, it suffices to consider the case where

f = ai(f)G,
i=0
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where the a; (f) € M. We now have:

i 2
WiD(f) = —ﬁm(z > iai(f)g; Gé“‘l)

i=0 j=0

_ 1 z+J+k 3’
o (\/_);JZ;(Hw )ai(f)g;G,

DWi(f) = D(Ziai (1165742

(3.21)

o l+j+k 3
- gnw—);;j(’“‘ 2)ai(f)g; G

It follows from (3.21) that:

_ 1 A it jt+k—3
Wk, DI(f) = —871(\/—_1) ;;l]az(f)ng2

1 A , it j+k—3
+m;;l(k—l)at(f)ngz

- Zza,(f)G’“”

 8w(v/- )iz
+ (k-1 ia;i(f)goGyt* 3
81 w )Z ’
i
+(k—1) ai()GE*,
87 (v ),Xg
where the second equality uses the fact that gy = 0. Further, since go =

(57(v/—1)/3)G4 and g5 = —47(+/—1), it follows from (3.1) that we have:
5 ! . i — 1 : . i -
[We. DI(f) = 5 (k = 1) ;zcmi(f)G;" Yo ke=3) ;mi(f)G;" 1

= 2k~ DEW () — 5k =W () (3.22)

Finally, since E commutes with {W }x>; and D, it follows from (3.22) that:

5 1
[E'Wee. D] = Gk = D)(E"™ ' Weer) = 5 (k = 3)E W,
Vk>1,1>0 (3.23)
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as operators on @(I"). Finally, it may be easily verified from the definitions that
[E.¢™] = [D.¢™] = [Wi.¢™] = 0. O
The operators {E ! Wi bk>1,1>0 appearing in Proposition 3.2 above can be
described more succintly as:
LM — QM, T!:=E'Wi, Vk>1,1>0 (3.24)
and
T Q) — Q), TH(F)o = T{(Fy) = E'Wi(Fy),
VFe@@), a € GLT(Q). (3.25)

We are now ready to describe the Lie algebra action on @(T").

Proposition 3.3. Let £ be the Lie algebra generated by the symbols D, {T,f Ye>1,1>05
{¢(m)}mzl along with the following relations between the commutators:

[T 1] = 0 =TT,
[D7¢(m)] =0, [T]g’qs(m)] =0, [¢(m),¢(m/)] =0, (3.26)
5 1
[7{,D] = i nT/tl - Sk = 3T,

Then, for any principal congruence subgroup I' = I'(N'), we have a Lie action of £
on the algebra of quasimodular Hecke operators Q(I") of level T'.

Proof. Forany k > 1 and [ > 0, T,é has been defined to be the operator £ ! Wi
on @(I"). We want to verify that:

[Tl 7] =k —kHTHL . VK =1, 11">0. (3.27)

As in the proof of Proposition 3.2, it suffices to show that the relation in (3.27) holds
for any f € QM. As before, we let f = Y ;_,a;(f)G, where each a;(f) € M.
We now have:

i
TITH(f) = T,g(zz'ai (f)GY . G;+k’—2)
i=0
i .
=il + K = 2)ai(f)GLH - G R,
i=0

,- (3.28)
TLTH ) = T,j,’(zz'ai(f)(;f1 : G;“‘—Z)
i=0

i
— Zl(l +k _2)ai(f)Gi+l/ . G£+k’+k—4‘

i=0
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From (3.28) it follows that:
i .
[TL.TE)) = (K =k) Y iai(f)GLT - GEF 4 = (1 k)T H, . (329)
i=0
Hence, the relation (3.27) holds for the operators Tlg, T,g,/ acting on Q(I"). The

remaining relations in (3.26) for the Lie action of &£ on @(I") follow from (3.19). O

Lemma 34. Let f € QM be an element of the quasimodular tower and let
o€ GL;(Q). Then, for any k > 1, | > 0, the operator T,é:(fleM — QM
satisfies:

24
Ti(Nlle = Ti(flle) = v - (TS le)- (3.30)

Proof. For the sake of definiteness, we assume that f = Y i_, a;(f)- G} with each
a;(f) € M. We now compute:

Tl = (E'Wo (f) e = (Zici -ai(f)Gé“H) lot

i=0

= 3" i(Ghle) - (a: (f)]er) GET*2,
i=0

. (3.31)
T f o) = (E'Wi)(fllew) = (Eka>(Z (ai(f)|a)G£)
i=0
= i(Gh) - (ai(f)le) GLHF2.
i=0
Subtracting, it follows that:
TH(O)lle — TL(f lle) = (Ghla — GL) - (Z i(a; <f>|a)G;+’°—2)

i=0 (3.32)

20 (W)

Putting 72 = E°W), = Wj, we have the result. [
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Proposition 3.5. Let I' = I'(N) be a principal congruence subgroup and let Q(I")
be the algebra of quasimodular Hecke operators of level I'. Then, for any k > 1,
[ > 0, the operator Tl satisfies:

TUF'« F)) =T/ (FY) « F2 + F' « TL(FH) + = (¢(’)(F ) * TO(F?)),,.
VFL,F2e@@). (3.33)

Further, the operators {T]g Yk>1,1>0 are all derivations on the algebra Q" (I') =
(Q(T), *").

Proof. We know that T,g = E'Wj, and that W} is a derivation on @M. We choose

quasimodular Hecke operators F', F? € @(T"). Then, for any a € GL;' (Q), we
know that:

Ti(F s F2),

—ewi X R (209)

BeT\GLT (Q)
> E'Wi(Fg - (Fl-i18))
BeN\GLT (Q)
Y GLWi(Fp) - (FoilB)+ D Fg-Gi-Wi(F2-i11B)
BeT\GLF (Q) BET\GLT (Q)
Y Gy WiFg) - (FLolB)+ Y Fi-Gi- (Wa(F2_0)lB)
BeT\GLF (Q) BeN\GLT (Q)
= (TLFEY« F?) + Y Fz-(G4lB) - (Wi(FL5-0)IIB)
BET\GLT (Q)
— Y F-(GylB—Gy) - (Wi (F2_DIB)
BeN\GLS (Q)
= (TLFY) x F?)  + (F' « TL(F?)),
24
5 2 Fpovg - (We(Fg)lp)
BEM\GLF (Q)

+ 2 OEY « TR,

= (TLFYY x F?)  + (F' = TL(F?)), :

where it is understood that ¢(0) = 0. This proves (3.33). Further, since vfgl) = 0 for
any 8 € SL,(Z), when we consider the product *" defined in (2.19) on the algebra
@7 (I), the calculation above reduces to

TLF " F?) = TL(FY) +" F? 4+ F' «" TL(F?). (3.34)

Hence, each T,i is a derivation on Q" (T"). O



1060 A. Banerjee

Proposition 3.6. Let I' = I'(N) be a principal congruence subgroup and let Q(I")
be the algebra of quasimodular Hecke operators of level T.

(@) The operator D: Q(I') —> Q(I") on the algebra (Q (), x) satisfies:
D(F'% F?) = D(FY) %« F2 + F' « D(F?) — ¢W (F') x TX(F?),
VF! F?2e@@). (3.35)

When we consider the product %", the operator D becomes a derivation on the
algebra Q" (') = (Q('), "), i.e.:
D(F's«" F?) = D(FY)«" F2+ F'«" D(F?), VF!F?>ec@"(I). (3.36)
(b) The operators {Wy }r>1 and (¢~ 1 are derivations on @(T), i.e.,
Wi(F' % F?) = Wi (F') x F2 4+ F' x Wi (F?),
1 2 1 2 1 2 (3.37)
P (F' % F2) = ¢ (FY) % F2 + F' % ¢"™(F?)

for any F', F? € Q(T'). Additionally, {¢"™}pm>1 and {Wi k=1 are also
derivations on the algebra Q" (I') = (Q(T"), %").

Proof. (a) We choose quasimodular Hecke operators F!, F2 € @Q(I'). We have
mentioned before that D is a derivation on @ M. Then, for any @ € GL;r (Q), we
have:

D(Fl*Fz)azD( Y Fp(Fl lllﬂ))

BeM\GLY (Q)
= Y D(Fg-(F}-1IB))
BeM\GLS (Q)
= Z D(Fﬂl) ﬁ 1||,3 Z Fﬂ B—l”ﬁ)
BeM\GLS (Q) ﬁeF\GL+(@)
= (D(FYx F?),+ > Fz-(D(F-DIB)
ﬁer\GL;(@
Y Fpevg - (Wa(FZ0)8)
BeT\GLS (Q)

= (D(F") x F?)_ + (F' * D(F?), — (¢ (F') x T)(F?)),,.

This proves (3.35). In order to prove (3.36), we note that vlgl) = Oforany 8 € SL»(Z)
(see (3.15)). Hence, when we use the product " defined in (2.19), the calculation
above reduces to

D(F's" F?) = D(FY " F?2 + F!' «" D(F?) (3.38)
forany F!, F? € Q" (I).
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(b) Forany F!, F2 € @(T") and knowing from (3.14) that v{™ = v/gm) + vgg)_l 1B,

we have:

¢ (F' % F2)g =00 Y Fj-(Fl-i1B)
BeM\GLT (Q)

= > (" Fj)-(F4-i18)

BEM\GLF (Q) -
1 m 2
+ > Fy-(v518) - (F2-118)
BeT\GLT (Q) (3.39)
_ ¢(’”)(F1) * F2 4 Z Fﬂ1 . ((V(ZZL 'F;ﬂfl)”ﬁ)
BelM\GLT (Q)
=" FNF2 4 37 By (0 (a1 16)
BelM\GLT (Q)

= ¢ (FYYx F2 + F' x ™ (F?).

The fact that each Wy is also a derivation on @(I") now follows from a similar
calculation using the fact that W} is a derivation on the quasimodular tower @M
and that Wi (f)|la = Wi(f||la) for any f € @M, o € GL;(Q) (from (3.11)).
Finally, a similar calculation may be used to verify that {Wj };>; and {51 are
all derivations on Q" (I"). O

We now introduce the Hopf algebra J# that acts on Q" (I"). The Hopf algebra
is the universal enveloping algebra U(L) of the Lie algebra &£ introduced in
Proposition 3.3. As such, the coproduct A: # —> H & K is defined by:

AD)=D®1+1®D, ANTH=T{®1+1xT},

Ap™)=¢™@1+1®¢™. (340

We will now show that # has a Hopf action on the algebra Q" (T").

Proposition 3.7. Let I' = I'(N) be a principal congruence subgroup of SLo(Z).
Then, there is a Hopf action of J on the algebra Q" ('), i.e.,

h(F' <" F2) =3 " hay(F') «" hoy(F?), YF'.F?e@ (). he X, (341)

where A(h) =Y ha) ® h) forany h € K.
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Proof. In order to prove (3.41), it suffices to verify the relation for D and each of
{T,f Ye>1,150s {¢("‘)}mz 1. From Proposition 3.5 and Proposition 3.6, we know that
for F!, F2e @ (I") andany k > 1,/ >0, m > 1:

D(F'«" F?) = D(FY) «" F? 4+ F! «" D(F?),

THF' +" F?) = TH(FY) +" F2 4+ F' " T} (F?), (3.42)

d)(m)(Fl *r F2) — ¢(m)(F1) *r F2 + Fl *r d)(m)(Fz)

Comparing with the expressions for the coproduct in (3.40), it is clear that (3.41)
holds for each h € #. O

3.2. The operators X, Y, and {§,} of Connes and Moscovici. LetI" = I'(N)bea
congruence subgroup. In this subsection, we will show that the algebra @ (I") carries
an action of the Hopf algebra #; of Connes and Moscovici [5]. The Hopf algebra J¢;
is part of a larger family {#, },>1 of Hopf algebras defined in [5] and #¢; is the Hopf
algebra corresponding to “codimension 1 foliations”. As an algebra, #; is identical
to the universal enveloping algebra U (L) of the Lie algebra £ generated by X, Y,
{8n}n>1 satistying the commutator relations:

Y, X=X, [X,64] =6n+1, [Y.0n] =nbu, [0k.0;] =0,
Vk,I,n>1. (3.43)
Further, the coproduct A: #; —> H1 ® J1 on H; is determined by:
AX)=XQR1+1QX+6QY,

(3.44)
AY)=YR1+1QY, AG1)=6®1+1R46;.
Finally, the antipode S: #; — #; is given by:
SX)y=—-X+6Y, S¥)=-Y, S6)=-0b. (3.45)

Following Connes and Moscovici [6], we define the operators X and Y on the modular
tower: for any congruence subgroup I' = I'(N), we set:

k
Y:Mp(T) — Mp(I), Y(f):= Ef’ Y f e Mp(D). (3.46)

Further, the operator X : My (I") —> My 1, (I") is the Ramanujan differential operator
on modular forms:

1 d
X(f):= Imide

where A(z) is the well known modular form of weight 12 given by:

()~ e (log &) V(). ¥ f €MD), (347)
widz

AG) = @m)%q [ —¢")**, q=e". (3.48)

n=1
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We start by extending these operators to the quasimodular tower @M. Let
f € QM;.(T) be a quasimodular form. Then, we can express f = > ;_,a;(f)G},
where a; (f) € Mg—p;(I"). We set:

X(f) =Y X(ai()-Gs Y(f) =) Y(ai(f))- G (3.49)
i=0 i=0

From (3.49), it is clear that X and Y are derivations on @M.
Lemma 3.8. Let f € QM be an element of the quasimodular tower. Then, for any
o€ GL;|r (Q), we have:

X(NHlle = X(flle) + (g1 - Y())ller, (3.50)
where, for any § € GL;'(Q), we set:

1 d . AlS s
M= ogidz 2 A '

Further, we have Y (f ||@) = Y(f)| .

Proof. Following [6, Lemma 5], we know that for any g € M, we have:
X(g)la = X(gla) + (g1 - Y(@))le. Yo e GLT(Q). (3.52)

It suffices to consider the case f € QM7 (I") for some congruence subgroup I'. If we
express f € QML (D) as f = > i_oa (f)G; with a; (f) € Mg—y; (D), it follows
that:

Xai(fle = X (ai(Hla) + (g1 - Y (@i (f)))le, Yo eGLI(Q) (3.53)

for each 0 < i < 5. Combining (3.53) with the definitions of X and Y on the
quasimodular tower in (3.49), we can easily prove (3.50). Finally, it is clear from the
definition of Y that Y( f|@) = Y(f)| .

O

From the definition of g in (3.51), one may verify that (see [6, § 3)]):

K18, = Ms, |82 + ps,, ¥ 81,8 € GLT(Q) (3.54)

and that g = 0 for any 6 € SL,(Z). We now define operators X, Y and {5, }»,>1 on
the quasimodular Hecke algebra @ (I") for some congruence subgroup I' = I'(N).
Let F € @(T") be aquasimodular Hecke operator of level I'; then we define operators:
X,Y,6,: Q") — @(IN),
X(F)o = X(Fy), Y(F)g:=Y(Fa)., 6(F)a=X"""(lta) Fou,  (3.55)
Vo e GLT(Q).
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We will now show that the Lie algebra &£, with generators X, Y, {8, }»>1 satisfying
the commutator relations in (3.43) acts on the algebra @(I"). Additionally, in order
to give a Lie action on the algebra Q" (I") = (Q(T"), "), we define at this juncture
the smaller Lie algebra [; C £ with generators X and Y satisfying the relation

[Y,X] = X. (3.56)

Further, we consider the Hopf algebra bh; that arises as the universal enveloping
algebra U(I;) of the Lie algebra [;. We have used the Hopf algebra h; in a similar
manner before to act on a “restricted” version of a modular Hecke algebra in [1, § 4].
We will show that J; (resp. h1) has a Hopf action on the algebra @ (I") (resp. @ (I")).
We start by describing the Lie actions.

Proposition 3.9. Ler &£ be the Lie algebra with generators X, Y and {8, }n>1
satisfying the following commutator relations:

[Y,X]=X, [X,Sn]=8n+1, [Y’8H]=n8n7 [8](981]:07
Vk,I,n>1. (3.57)

Then, for any given congruence subgroup I' = T'(N) of SL,(Z), we have a Lie
action of £1 on the module @ (T").

Proof. From [6, § 3], we know that for any element g € M of the modular tower,
we have [Y, X](g) = X(g). Since the action of X and Y on the quasimodular
tower @ M (see (3.49)) is naturally extended from their action on M, it follows that
[Y, X] = X on the quasimodular tower @ M. In particular, given any quasimodular
Hecke operator F' € @(I") and any « € GL;F(Q), we have [Y, X](F,) = X(F,) for
the element F, € @M. By definition, X(F), = X(Fy) and Y (Fy) = Y(F), and
hence [Y, X] = X holds for the action of X and ¥ on @(I").

Further, since X is a derivation on @M and 8, (F)q = X" ' (je) - Fy, we have

[X,860)(F)a = X (X" ' (1ta) - Fa) — X" N (a) - X(Fa),

(3.58)
= X(Xn_l(ﬂa)) “Fo = X"(1a) - Fo = $p+1(F)q-

Similarly, since pqg € M S @M is of weight 2 and Y is a derivation on @M, we
have:

[V, 8] (F)a = Y (X" (i) - Fa) — X" (1ta) - Y(Fo),

. nel (3.59)
= Y(X (,ua)) - Fy =nX"" () - Fy = 18y (F)g.
Finally, we can verify easily that [§x, 6;] = O for any k, [ > 1. O

From Proposition 3.9, it is also clear that the smaller Lie algebra [; € £; has a
Lie action on the module @(I").
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Lemma 3.10. Let ' = I'(N) be a congruence subgroup of SL,(Z) and let Q(T")
be the algebra of quasimodular Hecke operators of level I'. Then, the operator
X:Q(I') — Q(T) on the algebra (Q(T"), x) satisfies:

X(F'« F2) = X(FY) « F2 4+ F' « X(F?) + §1(F1) = Y(F?),

VF! F?2e@@). (3.60)

When we consider the product ", the operator X becomes a derivation on the algebra
Q" () = (@), "), ie.

X(F'«" F?)=X(FY«" F2+ F' «" X(F?), VF.F?e@"(T). (3.61)

Proof. We choose quasimodular Hecke operators F!, F2 € @Q(T). Using (3.54), we
also note that

0=y =pg—1|B+mug, VBeGLT(Q). (3.62)

We have mentioned before that X is a derivation on @ M. Then, forany @ € GL;r (Q),
we have:

X(F! % F?), = X( Y Fp(Fle Ilﬁ))

BeT\GLS (Q)

= D X(F5-(F,-118))

BeT\GLT (Q)

= Y X(Fp)-(FlB)+ Y Fg-X(FlB)
BeM\GLF (Q) ﬂer\GL+(@)

= (X(FY)* F?),+ Y Fz-(X(F_)IB)

ﬂer\GLj(@)

— D Fg-((ng—1 - Y(FZ-))B)

BET\GLT (@)
= (X(FY) = F?) + (F' %« X(F?)),
+ D (Fg-mp) - (Y(F-0)lB)
BEM\GLF (Q)
= (X(FYx F?)_ + (F' % X(F?)),, + (81(FY) x Y(F?)),.

This proves (3.60). In order to prove (3.61), we note that ug = Oforany B € SLy(Z).
Hence, if we use the product *”, the calculation above reduces to

X(F'«" F?) = X(FY) «" F2 + F' «" X(F?) (3.63)

forany F', F? € @"(I). O
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Finally, we describe the Hopf action of #; on the algebra (Q(T"), %) as well as
the Hopf action of h; on the algebra @"(I') = (Q(T"), *").

Proposition 3.11. Let ' = I'(N) be a congruence subgroup of SL,(Z). Then, the
Hopf algebra #1 has a Hopf action on the quasimodular Hecke algebra (Q(T), x);
in other words, we have:

h(F' % F?) =Y hay(F) ® hy(F?). YheJ, F'.F? € @I). (3.64)

where the coproduct A: H1 —> H1 @ Hy is given by A(h) = Y hay @ he) for
any h € . Similarly, there exists a Hopf action of the Hopf algebra b, on the
algebra Q" (I') = (Q(T"), *").

Proof. In order to prove (3.64), it suffices to check the relation for X, Y and §; € #;.
For the element X € #1, this is already the result of Lemma 3.10. Now, for any F L
F?2 e @) and o € GLJ (Q), we have:

81(F1*F2)azﬂa'( Z F/;‘(F;ﬂ—lnﬁ))

BET\GLT (Q)
= > (g F) - (FalB)+ D Fi - ((apr - 1B
BEM\GLF (Q) BEM\GLF (Q)

= (81(F") = F?) + (F' % 81(F?)) (3.65)

o
Further, using the fact that Y is a derivation on @M and Y(f|la) = Y(f)|l« for
any f € @M, € GL;r (Q), we can easily verify the relation (3.64) for the element
Y € J,. This proves (3.64) for all h € H;.
Finally, in order to demonstrate the Hopf action of h; on @" (I"), we need to check
that:
X(F'5" F?) = X(FY) " F? + F' 5" X(F?),

3.66
Y(F'«" FA) = Y(FY) «" F2 4+ F' «" Y(F?) (3:60)

forany F!, F2 € @"(T'). The relation for X has already been proved in (3.63). The
relation for Y is again an easy consequence of the fact that Y is a derivation on @ M
and Y(f ) = Y(f)|la forany f € @M, @ € GLT (Q). O

4. Twisted quasimodular Hecke operators

LetI" = I'(N) be a principal congruence subgroup of SL,(Z). Forany o € SL»(Z),
we have developed the theory of o-twisted modular Hecke operators in [3]. In
this section, we introduce and study the collection @4 (I") of quasimodular Hecke
operators of level I' twisted by 0. When 0 = 1, @4(I") coincides with the
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algebra @ (I") of quasimodular Hecke operators. In general, we will show that @, (I")
is a right @ (I")-module and carries a pairing:

()@ (1) ®Qs(I") — Qs (). 4.1)

We recall from Section 3 the Lie algebra [; with two generators Y, X satisfying
[Y, X] = X. If we let h; be the Hopf algebra that is the universal enveloping algebra
of [1, we show in Section 4.1 that the pairing in (4.1) on @4(I") carries a “Hopf
action” of h1. In other words, we have:

h(F'.F?) = (hay(F").h@)(F?). Vheb, F'.F?e@,(T). (4.2)

where the coproduct A:h; — b ® by is given by A(h) = Y hay ® h(y) for
any i € h. In Section 4.2, we consider operators X;: @4 (I') — Q.4 (I") for any t,
0 € SLy(Z). In particular, we consider operators acting between the levels of the
graded module:

Qo (T) = P Qomy (D), (4.3)

mez
where for any 0 € SL,(Z), we set o(m) = ((1) ’{‘) - 0. Further, we generalize the

pairing on @ (') in (4.1) to a pairing:

() Qomy(I) ® Qoy(T') — Qontn)(L), Vm,n € Z. 4.4)

We show that the pairing in (4.4) is a special case of a more general pairing
()@ o(D) ®Qro(I') — Qo6 (1), 4.5)

where 71, 72 are commuting matrices in SL,(Z). From (4.4), it is clear that we have a
graded pairing on Q4 (I") that extends the pairing on @, (I"). Finally, we consider the
Lie algebra [z with generators {Z, X, |n € Z} satisfying the commutator relations:

[Z,Xs] = 1+ DX, [Xu,Xw] =0, ¥Yn,n eZ. (4.6)

Then, for n = 0, we have [Z, Xo] = X, and hence the Lie algebra [z contains the
Lie algebra [; acting on @, (I"). Then, if we let hz be the Hopf algebra that is the
universal enveloping algebra of [z, we show that hz has a Hopf action on the pairing
on Q4 (T"). In other words, for any F!, F? € Q. (T"), we have

h(F'.F?) =" (ha)y(F").h@)(F?). Vhebz, 4.7)

where the coproduct A: hz — hz ® bz is defined by setting A(h) := > ha) Qh(a)
for each /i € hz.
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4.1. The pairing on @, (I') and Hopf action. Leto € SLy(Z)andletI’ = I'(N)
be a principal congruence subgroup of SL,(Z). We start by defining the collection
@4 (I") of quasimodular Hecke operators of level I" twisted by 0. When o = 1, this
reduces to the definition of Q(T").

Definition 4.1. Choose 0 € SL,(Z) and let I' = I'(N) be a principal congruence
subgroup of SL,(Z). A o-twisted quasimodular Hecke operator F of level I is a
function of finite support:

F:T\GLS (Q) — @M, Ta+> Fye@QM (4.8)

such that:
Fyy = Fyloyo™, VyeTl. (4.9)

We denote by @, (I") the collection of o-twisted quasimodular Hecke operators of
level T'.

Proposition 4.2. Let I' = I'(N) be a principal congruence subgroup of SL,(Z)
and choose some 6 € SL,(Z). Then there exists a pairing:

(@) ® Qe (T") — Qu(I) (4.10)

defined as follows:

(F'Fg:= Y Fgo-(FoipilloB),
Bel'\SL»(Z)
2 VF' F?2e@,T), a € GL}(Q). (4.11)

Proof. We choose y € I'. Then, for any 8 € SL,(Z), we have:

Fl, =F} .
vbo — "o 4.12)

Faza—lﬁ—ly—l loyB = F;U—lﬂ—l ||UV_10_10V,8 = Fja—lﬂ—l loB

and hence the sum in (4.11) is well defined, i.e., it does not depend on the choice
of coset representatives. We have to show that (F!, F?) € @,(T"). For this, we
first note that F}/Z‘w_1 g1 = Fazg_, g1 for any y € I' and hence from the expression

in (4.11), it follows that (F!, F2),, = (F!, F2),. On the other hand, forany y € T,
we can write:

(F' FP)ay = Y Fio - (FL,o-15-1l0B). (4.13)
BeT'\SL»(Z)
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We put§ = Boy o™, Itis clear that as B runs through all the coset representatives
of ' in SLy(Z), so does §. From (4.9), we know that Fslgy = F{_|loyo~'. Then,
we can rewrite (4.13) as:

(Fl» Fz)a)/ = Z Fﬁloy ) (Fjg—]g—l ||080V0_1)

8€T\SL»(Z)
= Y (Flloye™) - ((F2 _15-1llo8)lloyo™)
§€T\SL>(Z) (4.14)
=( Y Fyy (F2 15 ||08))||<oyo—1>
§eT\SL>(Z)

= (F', F?)glloyo™".
It follows that (F!, F2) € @,(T") and hence we have a well defined pairing
(. ):Q:(T) ®Qs(T) — Qu(T). O

We now consider the Hopf algebra h; defined in Section 3.2. By definition, b is
the universal enveloping algebra of the Lie algebra [} with two generators X and Y
satisfying [Y, X] = X. We will now show that [; has a Lie action on @, (T") and
that h; has a “Hopf action” with respect to the pairing on @ (I").

Proposition 4.3. Let 0 € SL,(Z) and let T' = T'(N) be a principal congruence
subgroup of SL»(Z).

(a) The Lie algebra |1 has a Lie action on Q4 (I") defined by:

X(F)q = X(Fy), Y(F)q:=Y(F,),
VFe@ ), aeGLI(Q). 4.15)

(b) The universal enveloping algebra G, of the Lie algebra 1y has a “Hopf action”
with respect to the pairing on Q4 (I"); in other words, we have:

WF'LF?) =) (hay(FY.hay (F?)),
VFUF?2e@y(),heby, (4.16)

where the coproduct A:hy —> by ® by is given by A(h) = ) ha) ® h(y) for
any h € by.

Proof. (a) We need to verify that for any F € Q4 (I") and any o € GL;r (Q), we
have ([Y, X](F))o = X(F)y. We know that for any element g € @M and hence in
particular for the element F, € @M, we have [Y, X](g) = X(g). The result now
follows from the definition of the action of X and Y in (4.15).
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(b) The Lie action of [; on @, (I") from part (a) induces an action of the universal
enveloping algebra h; on @4(I'). In order to prove (4.16), it suffices to prove the
result for the generators X and Y. We have:

(X(F',F?),=X((F'.F?)q)
=X( Z Fﬂa' ag—lﬁ 1||<7:3))
BET\SL>(Z)
= D X(Fg,) - (Fl-15-1l0B)

BEM\SL»(Z)
+ D Fpo X(FoomipmiloB) (417
BEM\GLF (Q)

= Y X(FL) - (F2 1y il0B)

BeT\SL>(Z)
Z Fﬂo' X(F2 —15—1)”0.8)
BET\SL>(Z)

= (X(F"). F?), + (F'. X(F?),.
In (4.17), we have used the fact that 08 € SL»(Z) and hence

X(F(faflﬂflnaﬂ) = ( ac—18— 1)”018
We can similarly verify the relation (4.16) for Y € ;. This proves the result. O

Our next aim is to show that @, (T") is a right @ (I")-module. Thereafter, we will
consider the Hopf algebra #; defined in Section 3.2 and show that there is a “Hopf
action” of J¢; on the right @ (I")-module @, (T").

Proposition 4.4. Let 6 € SLy(Z) and let ' = T'(N) be a principal congruence
subgroup of SLy(Z). Then, Q4 (T") carries a right @(I")-module structure defined
by:

(F'% F?)q:= Y Fao-(F2 _15-11B) (4.18)

BEM\GLF (Q)
forany F' € Q,(T') and any F? € Q(T").
Proof. We take y € I'. Then, since F! € @, (") and F? € @(T"), we have:
Fylﬁa = Fﬁla, Fja—13—1y—1 lyB = F;O-—lﬂ—lly_lyﬁ = F(fg—lﬂ—llﬂ‘ (4.19)

It follows that the sum in (4.18) is well defined, i.e., it does not depend on the choice
of coset representatives for I' in GL; (Q). Further, it is clear that (F! % F2),, =
(F! % F?),. In order to show that F! « F2 € @, (I"), it remains to show that

(F1 * Fz)ay = (F1 * Fz)a||0y0_1.



Quasimodular Hecke algebras and Hopf actions 1071
By definition, we know that:
(F'% F?)oy = Y Fgo-(Flo-15-11B) (4.20)
BEM\GLF (Q)

1

We now set § = Boy~ 1o~ L. This allows us to rewrite (4.20) as follows:

(F' % F)qy = Z Fio, - (Fgm1s-1l8oyo™)

8er'\GLT (Q)
= Z (FSIGHGVO_I) ' ((FaZU*lS*l |8)|OVG_1)
§eT\GLT (@ 4.21)
= ( Z F51U ' (sza—lz?—l |5)) ”0)/0.—1
§eT\GLS (Q)

= (F1 * F2)a||0)/0_1.

Hence, (F! x F?) € Q4(I"). In order to show that @, (") is a right @(I")-module,
we need to check that F! x (F2 x F3) = (F! « F?) x F3 forany F! € @, (") and
any F?, F3 € @(T"). For this, we note that:

(F' 5« F?)y = > Fj - (Foleio™")., VaeGLT(Q), (4.22)

e =a

where the sum in (4.22) is taken over all pairs (a1, &z) such that ¢p; = o modulo
the the following equivalence relation:

(aq,02) ~ (V(Xl,az)/_l), VyeTl. (4.23)
It follows that for any o € GL;L (Q), we have:

(F'« F?)« F?), = Y Fy - (FLleio™") - (Foleaeno™").  (4.24)

a3 =

where the sum in (4.24) is taken over all triples (o1, o2, @3) such that azo0; = @
modulo the following equivalence relation:

(o1.00,03) ~ (yar. Yooy azy™"), Vyy el (4.25)
On the other hand, we have:

(F'« (F>x F?), = > Fy - ((F>x F¥)gla107")

/
Ot2(11=0t

= Z FO}1 . (F(32|a10_1) . (F‘33|a2a10_1).

a3 =0

(4.26)
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Again, we see that the sum in (4.26) is taken over all triples (a1, @2, ®3) such that
asoar; = o modulo the equivalence relation in (4.25). From (4.24) and (4.26), it
follows that (F! % (F? x F3))q = ((F' x F?) x F3),. This proves the result. []

We are now ready to describe the action of the Hopf algebra #; on @, (I").
From Section 3.2, we know that J; is generated by X, Y, {6, }»>1 which satisfy the
relations (3.43), (3.44), (3.45).

Proposition 4.5. Let I' = I'(N) be a principal congruence subgroup of SL»(Z)
and choose some 0 € SLy(Z).

(a) The collection of o-twisted quasimodular Hecke operators of level T can be
made into an J#1-module as follows; for any F € Q4 (') and o € GL;'(Q):

X(F)g = X(Fy), Y(F)g:=Y(Fy), 8u(F)g:=X"""(lge-1)" Fa,
Vn>1. 4.27)

(b) The Hopf algebra #1 has a “Hopf action” on the right Q(I")-module Q5 (T); in
other words, for any F' € @ (T") and any F? € Q(T), we have:

h(F' % F?) =Y hay(F') x h)(F?). YheH, (4.28)

where the coproduct A: H1 —> H1 ® H is given by A(h) =Y ha) ® h) for
each h € J¢;.

Proof. (a) For any F € @4(I'), we have already checked in the proof of
Proposition 4.3 that X(F), Y(F) € @4(I"). Further, from (3.54), we know that
forany & € GLF (Q) and y € T, we have:
— -1 —
Hygo—1 = Wy lao +_/’io¢o—1 = Hgo—1> B (4.29)
Hayo—1 = Hao—1 loyo™ + Hoyo—1 = Hgo—1 loyo™".

Hence, for any F € @, (I"), we have:

8n(Flya = X" (lyao—1) - Fra = X" (tgg—1) - Fa = 82(F)a,
$n(Flay = X" ' (ayo—1) * Fay = X" Hpgo-1loyo™") - (Falloyo™) (4.30)
=6y (Falloyo™".
Hence, 6, (F) € @4 (T"). In order to show that there is an action of the Lie algebra &£,
(and hence of its universal eneveloping algebra #1) on @, (I"), it remains to check
the commutator relations (3.43) between the operators X, Y and §, acting on @, (T").

We have already checked that [Y, X] = X in the proof of Proposition 4.3. Since X
is a derivation on @M and 8, (F)g = X" 1(jye—1) - Fg, we have:

[X.8a)(F)a = X (X" (1tag—1)  Fa) = X" (Roo—1) - X(Fa)

431)
= X(Xn_l(/vl“oco—l)) Fy = Xn(MaU—l) Fy = 8n+1(F)Ol-
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Similarly, since py5—1 € M € @M is of weight 2 and Y is a derivation on @M, we
have:

[V, 80)(F)a = Y (X" (ptgo—1) - Fa) = X" N(ptgo—1) - Y(Fo)

4.32
=Y (X" Noo—1)) - Fu = n X" Npoo—1) - Fo = n8u(F)q. (*+32)

Finally, we can verify easily that [6x, ;] = O forany k, [ > 1.

(b) In order to prove (4.28), it is enough to check this equality for the generators X,
Y and§; € #,. For F1 € Q;(T"), F? e Q(IM) and « € GL;F(Q), we have:

(X(F'% F?)), = X((F' % F?)y)
= Z X(Fﬁlc ’ (Faza—‘ﬂ—l |ﬂ))

BEM\GLF (Q)
= D X(Fg) - (F2 igalB)+ D Fo-X(F2_15-118)
Be\GLY (Q) BeM\GLS (Q)
= (X(F)* F2), + ) Fao - X(Flip)IB
ﬂer\GL+(<o_>)
— D Fh (g lB) Y (F2ipm0)IB
BeM\GLT (Q)
= (X(FY)*« F?), + Y F,-X(FL_i,.)IB
ﬂer\GL;(Q)
+ Y Fhormp Y (F2 1508
Ber\GLT (Q)

= (X(F') = F?) + (F' = X(F?)),
+ Y 81(F)go - Y(F)ye-15-11B
BeN\GLF (Q)

= (X(FY* F?), + (F' « X(F?)), + (1(F") * Y(F?)),.
(4.33)

In (4.33) above, we have used the fact that 0 = pg-15 = ug—1|f + pug. For a,
B € GLS(Q), it follows from (3.54) that

Hao—1 = Hao—1g-18 = Hoo—14-1 1B+ 1p. (4.34)

Since F? € Q(I") we know from (3.55) that 81 (F?)gg-15-1 = flgg-1p-1-F2 _ gt
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Combining with (4.34), we have:
51((1'71 * Fz))a = Ugo—1 - (F! % F?),
= D tao—t (Fgo - (FL_151118))

BeT\GLS (Q)
1 2
= > (ms-Fio) (Fl-i5-11B) (4.35)
BeI\GLY (Q)
+ Z Fﬂlo' : (Maa_lﬂ_l . Fjo-—lﬂ—l)|ﬁ
BEI\GLS (Q)

= (81(F) % F?) + (F' % 81(F?))

o
Finally, from the definition of Y, it is easy to show that

(Y(F' % F?)), = (Y(F') =« F?)_+ (F' x Y(F?) O

a

4.2. The operators X;: @, (') — @4 (I') and Hopf action. LetI" = I"'(N) be
a principal congruence subgroup and choose some o € SL,(Z). In Section 4.1, we
have only considered operators X, Y and {§, },,>1 that are endomorphisms of @, (T").
In this section, we will define an operator

X::Qs(I) — Qs () (4.36)

for t € SL,(Z). In particular, we consider the commuting family {p, := ((1) ’} )}nez
of matrices in SL(Z) and write o (n) := p, - 0. Then, we have operators:

X0,: Qom)(T') — Qomin)(I'), Ym,ne€Z 4.37)

acting “between the levels” of the graded module Q4 (") := @,,c7 @om)(I'). We
already know that @, (I") carries an action of the Hopf algebra h;. Further, b; has
a Hopf action on the pairing on @, (I") in the sense of Proposition 4.3. We will
now show that h; can be naturally embedded into a larger Hopf algebra hz acting
on Qg (I") that incorporates the operators X, in (4.37). Finally, we will show that
the pairing on @, (I") can be extended to a pairing:

(_, _)Z (,‘Zo(m)(F) %) (QU(,,)(F) —> @U(m—{—n) (F), Ym,neZ. (4.38)

This gives us a pairing on Q. (I') and we prove that this pairing carries a Hopf action
of hz. We start by defining the operators X; mentioned in (4.36).

Proposition 4.6. Let I' = I'(N) be a principal congruence subgroup of SL,(Z)
and choose 0 € SLy(Z).

(a) Foreach t € SLy(Z), we have a morphism:
X::@Qo(D) — Qio(T). Xo(F)o = X(Fo)|z7",
VF €@y(), a € GL; (Q). (4.39)
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(b) Let t1, 12 € SL2(Z) be two matrices such that 111, = t2711. Then, the commut-
ator [X+,, X,] = 0.

Proof. (a) We choose any F' € @4(I"). From (4.39), it is clear that X (F)yq =
Xo(F)q forany y € T and & € GL3 (Q). Further, we note that:
Xe(Flay = X(Fay) It~ = X (Falloyo™)|lz™!
= X(FaH‘L’_l)”‘L'O')/O_lT_l (4.40)
= Xc(F)|((zo)y(@™' ™).
It follows from (4.40) that X (F) € Q.,(I") forany F € Q4 (I").

(b) Since 7; and 7, commute, both X, X, and X, X+, are operators from @, (I")
t0 Q1,0 (I") = Qyro(I'). Forany F' € Q4 (I"), we have (V o € GL2+(Q)):

(Xe Xoy(F)) = X (Xey(F)a) 77!
= X2(Fa)lry "oy (441)
= X2 (F)llr' 0" = (X, Xey (F)),-
This proves the result. O

As mentioned before, we now consider the commuting family {p, := ((1) 1 )}ne Z
of matrices in SL,(Z) and set o(n) := p, - 0 for any 0 € SL,(Z). We want to
define a pairing on the graded module Q4 (I") = ,,cz @om)(I") that extends the
pairing on @ (I'). In fact, we will prove a more general result.

Proposition4.7. Let I" = I'(N) be a principal congruence subgroup of SL,(7Z) and
choose 0 € SLy(Z). Let 11, 1o € SLy(Z) be two matrices such that T11, = Tp1;.
Then, there exists a pairing:

(_, _): @rlo(r) ® @tza(r) — Q‘L’]‘[za (r) (442)
defined as follows: for any F! € Qq,5(') and any F? € Qq,5(T), we set:

(FL.Fy = Y (Fi,lrt)- (F2 15 lraoBt 5 t),
BeT\SL>(Z)
2 Va e GLT(Q). (4.43)

In particular, when ty = 1, = 1, the pairing in (4.43) reduces to the pairing
on Q4 (') defined in (4.11).

Proof. We choose some y € I'. Then, for any o € GL;' (Q), B € SL>(Z), we have

1 _ gl .
Fyﬁa = F,Ba and:
(Foczo_]ﬂ_]y_l ||tzoy,3t1_112_1) = (F;a—lﬂ—l ||120y_10_112_1r20yﬁrl_112_1)

= (F;U_lﬂ_l lr2oBty 'ty ).
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It follows that the sum in (4.43) is well defined, i.e. independent of the choice of coset
representatives of I" in SL;(Z). Additionally, we have:

(FL.F?)gy = > (Fgolry")- (F} o151 02087 557). (4.44)
Bel\SL>(Z)
We now set § = Boy o1, Since F! € @,,,(T"), we know that
FSIO')/ = F310||110y0_111_1.

Then, we can rewrite the expression in (4.44) as follows:

(Fls FZ)CXJ/
= Y (Fio i) - (F2 15 lodoyo v 5
BeT\SL>(Z)
= Z (F810||110y0_ltl_1r2_1) . (Focza_‘é’—‘ ||r2050yo_111_1r2_1)
BeT\SL>(Z)
= ( Z (Fgolltat) - (F2, —i-i ||‘L'2C78‘L'1_1‘L’2_1))||‘L’1120)/O'_1‘L'1_1‘L'2_1
Bel'\SL»(Z)
= (F', F?)y|ltiraoyo ey ot (4.45)
From (4.45) it follows that (F1, F?) € @¢,1,6(T). O

In particular, it follows from the pairing in (4.42) that for any m, n € Z, we have
a pairing
(., _): Qc(m) e éQtf(n)(r) — @a(m+n) I). (4.46)
It is clear that (4.46) induces a pairing on Q4 (I') = P,,cz @om)(I") for each
0 € SLy(Z). We will now define operators {X,}nez and Z on Q4 (I"). For
each n € Z, the operator X,: Qs (I') —> Qg (I") is induced by the collection of
operators:

X,T = Xpni@g(m)(r) —> (Qg(er,,)(I‘), Vme Z, (4.47)

where, as mentioned before, p, = (7). Then, X,:Qs(I') — Qg (T) is an
operator of homogeneous degree 7 on the graded module Q4 (I"). We also consider:

Z:Qomy(I') — Qoom)(I'),  Z(F)o :=mFy + Y(Fy),
VF€Qym(), @€ GLF (Q). (4.48)
This induces an operator Z: Q4 (I') —> Q4 (I") of homogeneous degree 0 on the

graded module Q. (I"). We will now show that Q. (I") is acted upon by a certain
Lie algebra [z such that the Lie action incorporates the operators { X, },ez and Z
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mentioned above. We define [z to be the Lie algebra with generators {Z, X, |n € Z}
satisfying the following commutator relations:

[Z,X] = 1+ DX, [Xu,Xw]=0, ¥Yn,n eZ. (4.49)

In particular, we note that [Z, Xo] = Xo. It follows that the Lie algebra [z contains
the Lie algebra [; defined in (3.56). We now describe the action of [z on Q4 ().

Proposition 4.8. Let I' = I'(N) be a principal congruence subgroup of SL,(Z)
and let 0 € SLo(Z). Then, the Lie algebra Iz, has a Lie action on Q4 ().

Proof. We need to check that [Z, X,,] = (n + 1) X, and [X,,, X,)] =0,V n,n' €Z
for the operators {Z, X,,|n € Z} on Q4 (I"). From part (b) of Proposition 4.6, we
know that [X},, X,,v] = 0. From (4.47) and (4.48), it is clear that in order to show that
[Z, X,] = (n + 1)X,, we need to check that

[Z’ XIT] = (n + I)X,T: CQU(WI)(F) — C(z(r(m-f—n)(l—‘)

for any given m € Z. For any F € @5()(I') and any o € GL5 (Q), we now check
that:
(ZXN(F)), = +m) X (F)o + Y (X (F)a)
= (n+m)X(F)lpg" + YX(Fo)loy " (4.50)
(X3 Z(F)), = X(Z(F)a)llpy' = mX(Fo)llpy" + XY (Fa)llpy, -

Combining (4.50) with the fact that [Y, X] = X, itfollows that [Z, X]"'] = (n+1)X]"
for each m € Z. Hence, the result follows. O

We now consider the universal enveloping algebra hz of the Lie algebra [7.
Accordingly, the coproduct A on bz is given by:

AX) =X, ®14+10X,, AMZ)=ZR1+1QZ, VneZ (451

Itis clear that 7 contains the Hopf algebra b1, the universal enveloping algebra of [;.
From Proposition 4.3, we know that h; has a Hopf action on the pairing on @, (I").
We want to show that hz has a Hopf action on the pairing on Q4 (I"). For this, we
prove the following lemma.

Lemma 4.9. Let I' = I'(N) be a principal congruence subgroup of SL»(7Z) and let
0 € SLy(Z). Let 1y, 12, 13 € SL2(Z) be three matrices such that t;t; = tj7;, V i,
j €{1,2,3}. Then, forany F! € Q,c(T'), F? € Q1,s(T), we have:

Xoy(F' F?) = (Xoy (FY), F?) + (F', X1, (F?)). (4.52)
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Proof. Consider any & € GL (Q). Then, from the definition of X, it follows that

Xoy(FL.F?)y = )~ X((Fgollea!) - (F2 i poillmeoBri e )l ! (4.53)

BeT\SL>(Z)
= Z (X(Fﬂla)nrz_lr;l) . (Foczc_]ﬂ_l 0Bt e )
BeT\SL,(Z)
+ Z (FﬁlUth_lr;l) . (X(F;U_lﬂ_l)||t20/311_112_113_1).
BeI\SL>(Z)

Since F! € Q¢ (T), it follows that X, (F!) € Q¢ z30(I"). Similarly, we see that
Xe3(F?) € Qryry6(T). Tt follows that:

(Xo(F). F2), = 3 (Xey(FDgollty ') - (Fper g 0Bty 15 ' 5)

BET\SL2(Z)
= Y (X(Fg)lle ') - (Fooi g lleofry ' '3 )
BeI\SL>(Z)
(F' X (F))a = Y (Fiollts't3") - (Xey (F?)gg-15-1[T2m30B7 ' 15 ' 15Y)
BeI\SL2(Z)
= Z (F/310||r2_113_1) . (X(Fjo_lﬂ_l)”‘(3_1‘52‘[30’,3‘[1_11'2_1‘(;1)
BET\SL,(Z)
= D (Fgolm'e") - (X(Flmipm) ImaoBey 'y '),
BET\SL,(Z)
(4.54)
Comparing (4.53) and (4.54), the result of (4.52) follows. L]

As a special case of Lemma 4.9, it follows that for any F! € Qy(n)(I") and
F2 € Qu(m)(T), we have:

Xop (F' F?) = Xy (F', F?) = (Xu(F"), F?) + (F'. Xx(F?)), VneL.
(4.55)
We conclude by showing that hz has a Hopf action on the pairing on Q4 (I").
Proposition 4.10. Let ' = I'(N) be a principal congruence subgroup of SL»(Z)

and let 0 € SLy(Z). Then, the Hopf algebra Yz has a Hopf action on the pairing
on Qg (T). In other words, for F', F? € Q4 (T"), we have

h(F'.F?) =" (hay(F").h@)(F?)). (4.56)

where the coproduct A: bz, —> bz ® bz is defined by setting A(h) 1= Y ha)y®h(a)
foreach h € bz.

Proof. Ttsuffices to prove the resultin the case where F1 € Qg () (T), F2 € Qg () (T)
for some m, m" € 7. Further, it suffices to prove the relation (4.56) for the generators
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{Z, Xn|n € Z} of the Hopf algebra hz. For the generators X, n € Z, this is already
the result of (4.55) which follows from Lemma 4.9. Since A(Z) = Z Q1 +1® Z,
it remains to show that
Z(F',F?) = (Z(F"), F?) + (F', Z(F?)),
VF' € Qomy(I), F? € Qom(I). (4.57)

By the definition of the pairing on Q4 (I"), we know that (F!, F?) € Qg (ntm) (D).
Then, for any o € GL; (Q), we have:

Z(F',F?)q = (m+m')(F', F)q + Y(F', F?)q
= (m+m') Z Fﬂo'”p (F;g—lﬂ—l ||Pm’0:3P;11/0;¢}))

Bel'\SL»(Z)
+ Y Y((Fgollont) - (Faroi gl omroBoy' o))
BeT\SL»(Z)
= > (mFg + Y(Fg)Ioit) - (Foymi gl omro By ot
el'\SL>(Z
+ﬂ 2\: 2((1@;10”10;1/1) : ((mleo—lﬂ—l + Y(Fazgfl’gfl))||pm’0ﬂpr;1pr;})
BeT\SL>(Z)
= > (ZFEYpolog)  (Fayr g lomoBom' o)
el'\SL>(Z
ﬂ \+2% (Fgollom!) - (Z(F?)ag-1p-1 1l om0 Bpm it
el'\SL>(Z
= (szl;, FZZ(): + (F'. 2(F?),. (4.58)
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