J. Noncommut. Geom. 12 (2018), 1161-1197 Journal of Noncommutative Geometry
DOI 10.4171/JNCG/300 © European Mathematical Society

The Harish-Chandra isomorphism for quantum GL,

Martina Balagovic and David Jordan
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1. Introduction

A fundamental construction in the geometric representation theory of areductive alge-
braic group G is Harish-Chandra’s restriction homomorphism: given a conjugation-
invariant differential operator on the Lie algebra, g, of G, we consider its restriction
to the Cartan subalgebra fh C g. The restricted differential operator is invariant for the
Weyl group W, but it may develop poles along hyperplanes stabilized by reflections
in W. Conjugating by the discriminant eliminates these poles, and produces a regular,
W -equivariant differential operator on f. This procedure leads to a homomorphism
of algebras,

HC:D(g)° - D",

from the algebra D(g)® of ad-invariant differential operators on g, to the algebra
D(H)" of W-invariant differential operators on the Cartan subalgebra b).

Levasseur and Stafford’s theorem [23] states that the restriction homomorphism
descends to an isomorphism, called the Harish-Chandra isomorphism,

HC: D(g) // G S pm”.

ker(€)
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Here, e:Ug — C denotes the “co-unit” homomorphism, sending the generating
subspace g C Ug to zero. More generally, for any ad-equivariant two-sided ideal
d C Ug, we denote by

D(@) //,6 = (D@ /D@ -&*)°.

the quantum Hamiltonian reduction along the quantum moment map, fi*: Ug — D(g),
corresponding to the derivative of the adjoint action. The word “quantum’ here refers
to the fact that D(g) and Ug quantize the standard symplectic structures on 7*g
and g*, respectively, and that i* quantizes a classical moment map u: T*g — g*.

Specializing to the case G = GLy, g = gly, b = CN, W = Sy, the algebra
D(H)" admits a canonical deformation to the spherical rational Cherednik algebra,
denoted e H.(G)e, and depending on a parameter ¢ € C. In [11], Etingof and
Ginzburg extended Levasseur—Stafford’s theorem, by defining a deformed Harish-
Chandra isomorphism,

HC,: D(g)//J’G = ¢H.(G)e.

Here J. C Ug is a certain ad-invariant, two-sided ideal quantizing the orbit o, of
traceless matrices X € sly such that X + c - Id has rank at most one. The classical
Hamiltonian reduction of T*gly along o, gives rise to the celebrated Calogero—
Moser variety €01y .

Each of the ingredients of the deformed Harish-Chandra homomorphism H C,
admits a multiplicative deformation:

* The universal enveloping algebra Ug g-deforms to a subalgebra O,(G) of the
quantized universal enveloping algebra U,g. The algebra O,(G) is, moreover,
a quantization of G with its Semenov-Tian—Shansky Poisson bracket. On the
other hand, the spherical rational Cherednik algebra e Ho(G)e g-deforms to the
spherical double affine Hecke algebra (spherical DAHA), denoted e 4e, which in
turn quantizes the Ruijsenaars-Schneider integrable system RG . We can encode
these basic inputs and outputs in the following “diamonds of degenerations:

04(G) o el; 4e
quasi-classical classical quasi-classical classical
limitg — 1 limitg — 1 limit q‘y limitg — 1
Ug 0(G) eHce RGN (1.1
associated rational associated rational
graded degeneration graded degeneration
S(9) My

The arrows “classical limit ¢ — 1” and “associated graded” on the right diagram are
theorems of Oblomkov [26] and Etingof—Ginzburg [11], respectively.
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Each of the elements of Hamiltonian reduction also g-deform: these basic inputs
to Hamiltonian reduction are organized into the left hand side of Figure 1. We have:

» The algebra £(g) g-deforms to the algebra £D,(G), of quantum differential
operators on G. The algebra D,(G) is, moreover, a quantization of the
“multiplicative cotangent bundle”, G x G.

e The map *. This is itself a g-deformation of a multiplicative moment map
G xG —G.

* Each ideal . C Ug g-deforms to an ad-invariant, two-sided ideal J; C Uyg,
for t € C*; each d;, in turn, quantizes an orbit O;, consisting of special linear
matrices X € SLy such that X + ¢ - Id is rank at most one.

* The quantum Hamiltonian reduction Dy (G) //J’ Uy, g is constructed analogously,
both to the quantum Hamiltonian reduction of £D(g), and to the multiplicative
Hamiltonian reduction of G x G.

It is thus a natural and important problem to construct the g-analog of the Harish-
Chandra isomorphism,

=

HCy,: ‘D‘I(G)//J Us9 — eH; 4e,
t
which would give rise to the degenerations on the right hand-side of Figure 1:

wh
d; COHG) ———L—— D,(G)

é at t_,—/J’J eH[)qe

de CUg Do) e
Hamiltonian e H" e
~y reduction
4(0) C 0(G) —" —— 0(G x G) L{/}"*GN
#
J(00) C S(a) . O(T*g) Oy

Figure 1. The elements of classical, multiplicative, quantum, and quantum multiplicative Hamil-
tonian reduction, and their degenerations.

Such quantum Harish-Chandra isomorphisms have been constructed for special
parameters, first in [30], when ¢ is a root of unity, via quantum differential operators
on GLy x PN~1 and subsequently in [18], in the formal neighborhood of ¢ = 1,
as a special case of a quantum multiplicative quiver variety.

Each of these approaches rely on being “close to” the classical setting: in [30]
Azumaya algebras are employed to reduce to a geometric problem on the spectrum
of the center, while [18] relies upon formal deformation arguments. Neither method
can be applied to arbitrary — or even generic — values of the parameter g € C.
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1.1. Mainresult. This paper is devoted to constructing a g-deformed Harish-Chandra
isomorphism “far from” the classical setting — when ¢ is not a root of unity — in
the case N = 2. Our main result is Theorem 4.1, in which we construct an explicit
isomorphism of algebras:

IR

HC,y: Dy(GLy) //J Uygly, = e, 4(GLo)e.
t

and which holds for any ¢ € C* not a root of unity, and for all 1 # =i.

Our construction of H C,; ; consists of giving explicit presentations and PBW bases
of both algebras (see Theorems 2.6 and 3.20), and directly defining and computing
HC, s against these PBW bases. To this end, we exploit certain natural Z2-gradings
on each algebra; while the graded pieces are infinite-dimensional, we express each
algebra as an Ore localization of a certain auxiliary algebra with finite-dimensional
graded pieces, and show that H C,; is a graded isomorphism there, compatibly with
the localization.

Remark 1.1. In light of [30], [18], and the present paper, it is natural to conjecture
the existence of a g-deformed Harish-Chandra isomorphism for all N. The explicit
description of the Harish-Chandra isomorphism which we propose in this paper is
unfeasible for large finite N, owing to the increasing complexity in a presentation for
the spherical double affine Hecke algebra as the rank N grows. However, Burban,
Schiffmann, and Vasserot have defined in [6, 28] a certain “N — oo limit” of the
positive parts of the spherical DAHA, which embeds into the Hall algebra of an elliptic
curve, and has many remarkable properties; in particular this limiting algebra can be
computed with more directly than its finite N constituents. A certain specialization
of Burban and Schiffmann’s algebra appears in [24], where it is related to the skein
algebra of the torus. It should be interesting, therefore, to consider the N — oo limit
of the Hamiltonian reduction procedure for D, (GL y); the present paper provides
an initial step in that direction.

In the paper [19], certain explicit formulas are given for elements cy,...,cn
which g-deform the coefficients of the characteristic polynomial, thus generalizing tr,
and det,; of Lemma 3.9; these give natural generators for subalgebra of invariants in
04(G). The formulas in Theorem 4.1 suggest that such a g-deformed Harish-Chandra
homomorphism may be defined simply by sending the collection of generating
invariants, ¢;, in each @4 (G)-subalgebra of D,(G), to the elementary g-symmetric
polynomials P; and Q;, respectively.

Remark 1.2 (Roots of unity). When the quantum parameter ¢ is a root of unity,
there is an interesting phenomenon, related to the quantum Frobenius Hamiltonian
reduction of [14]: the algebra D,(G) develops a large center, and many more
vectors become invariant for the quantum group action. Meanwhile, the functor of
taking invariants is no longer exact, so the simplification of Lemma 3.19 cannot be
made. It is interesting to note that, nevertheless, the isomorphism H Cy; ; is perfectly
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well-defined when ¢ is a root of unity, only it identifies the spherical DAHA at a
root of unity with an abstract algebra which cannot in turn be identified with the
quantum Hamiltonian reduction. This suggests that, when ¢ is a root of unity, the
notion of Hamiltonian reduction employed here should be replaced by one involving
divided powers quantum groups, so that the isomorphism H C, ; recovers its natural
interpretation.

Remark 1.3 (Other types). It is possible to apply the techniques of this paper to other
surfaces in place of the marked torus, and to other groups of small rank. For the GL3
case, see [29]. For the case of SL, and the four-punctured sphere, one recovers the
(CY, Cy) DAHA; this is work in progress of Juliet Cooke.

1.2. Relation to factorization homology. Let us briefly explain the connection of
the present work to [1,5] and to [2], where Theorem 4.1 has already been announced.
Since this relation is only motivational in the present paper, we will be informal,
refering to those papers for complete details. Let us fix the braided tensor category
4 = Rep, G of integrable modules for the quantum group, its factorization
homology defines an invariant of surfaces valued in “pointed” (a.k.a. E¢-)categories,
i.e. categories endowed with a distinguished object:

Surfaces —> Pointed categories,

S (/SA,COS).

The algebra O,(G) arises naturally in this context: its representation theory,
the category O,;(G)-mody of O4(G)-modules in +, computes the factorization
homology f Ann #2» Of b on the annulus, and we have Oan = O4(G) itself.

Given a U, g-equivariant two-sided ideal of O4(G), such as d;, the category M of
modules for the algebra O, (G)/J; therefore defines a “braided A-module category”.
Braided #-module categories serve as the point defects in the associated topological
field theory (TFT): the factorization homology of the pair (U,g, J;) defines an
invariant of surfaces with marked points, again valued in pointed categories:

Marked surfaces —>  Pointed categories,

(S,%) ( (s,(x');"’M)’ C9<s,x))-

A theorem in [2] identifies the endomorphism algebra of the distinguished object
for a torus 72, marked at a single point with the braided module category determined
by J;, with the quantum Hamiltonian reduction algebra D, (G) // 1, Uggls.

Hence the results of this paper identify this endomorphism algebra, in the case
G = GL,, with the spherical double affine Hecke algebra eHl; se. This points
to a new construction of the representation theory of the DAHA in topological
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terms. The factorization homology studied in [1] and [2] is expected to extend to
3-dimensional TFT: its values on suitably decorated knot complements therefore give
rise, functorially, to representations of el 4e.

Such an extension, combined with Theorem 4.1, may eventually provide a link
between factorization homology and several expected topological invariants valued
in the representation theory of the DAHA, such as the quantum A- [13,17] and
DAHA-Jones [9] polynomials associated to knots in S 3. and the DAHA modules
of [16,27] associated to plane singularities. Our results may be compared to [3], who
study appearances of the spherical DAHA as modified skein algebras: in particular,
at ¢t = 1, both constructions recover [12], and both constructions are aimed at
restoring the lost parameter ?.

1.3. Outline. An outline of the paper is as follows. In Section 2, we recall the def-
inition of the double affine Hecke algebra H;, of GL, and its spherical
subalgebra eH; 4e, and we give an explicit presentation and a PBW basis for the
latter (Theorem 2.6). In Section 3 we recall the definition of D,;(GL>) and its
Hamiltonian reduction O, (GL>) // 1, U, 9, and we give an explicit presentation and
a PBW basis for the latter (Theorem 3.20). Section 4 contains the main result,
Theorem 4.1, which constructs an isomorphism between the spherical DAHA and
the Hamiltonian reduction of &,;(GL;). This result follows directly from the
presentations of these two algebras from Theorems 2.6 and 3.20, which constitute
the main technical contribution of the paper. The proofs of Theorems 2.6 and 3.20
are delayed until Section 5, and Section 6, respectively.

Acknowledgements. The authors would like to thank Pavel Etingof and Kobi
Kremnizer for several helpful conversations over the years, and the anonymous
referee for helpful remarks. The first author was supported by the EPSRC grant
EP/K025384/1. The research of the second author is supported by European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation
programme (grant agreement no. 637618).

2. Double affine Hecke algebra H; , of GL; and its spherical subalgebra

2.1. Parameters. Letusfixabasering R, , =C[t*!, ¢*1][(¢241)7!], the commut-
ative ring of rational functions in variables ¢ and ¢ whose denominators are products
of powers of ¢, g and t? + 1.

For any numbers ¢’,¢" € C* with ()2 + 1 # 0, the quotient of R, by the
corresponding maximal ideal m = ((¢ — ¢’), (t — t')) gives the evaluation map
Riq = R:gq/m = C. For any algebra A over R; 4, the evaluation map gives its
specialization, an algebra A/mA over C.
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For the rest of the paper we will work with algebras depending on parameters ¢
and ¢; we will treat the corresponding algebras over R;, and their specializations
simultaneously. Most arguments and results apply in both settings; we will point out
the distinction only when necessary. In particular, the condition “q is not a non-trivial
root of unity” means either that we work over R;, (so the condition is vacuously
true), or over C, but with the stated restriction.

2.2. The double affine Hecke algebra H; 4.

Definition 2.1. The double affine Hecke algebra (DAHA) of type GL, is the
associative algebra I; , with generators

+1 +1 +1 y+1 £l
T X{ X5 Y, Y;
and relations

TXiT =Xo, T7'NMT'=Yy, Xi1Xo=XoXi, YiY2=TaY1,
X1 X2 =@ X1 XoY1, X{'Va=WX{'T2 (T+t')WT-t)=0.

(2.1

Remark 2.2. This definition first appeared in [7]. There are several different

conventions in the literature for the presentation of DAHA and the choice of

parameters. Definition 2.1 follows the conventions of [15] (see also [7], [8], and [25])

up to replacing the parameters ¢ by 12 and g by ¢2. This rescaling is not significant,

and it is dictated by the need to align the parameters for DAHA with the parameters

for D,;(GL>) in the next section.

Remark 2.3. Let S, be the symmetric group of order 2. The algebra H; ; is
isomorphic to the semidirect product C[S,] x C[XF!, X1, YE, V;F!, and the
algebra IH; 4 is a flat deformation of H ;.

The following proposition gives the reordering relations for any two genera-
tors X;, Y; and the PBW basis. Similar relations can be written for any two
generators X iil, inl.

Proposition 2.4. (1) The following relations are also satisfied in H; 4:
T>?=@t—tHOI'+1, T'=T—-@—-1t7Y, (2.2)
XY, =q2T72Y X4, X1V =Y X1+ @ —t HT V1 Xy,
XV =Y Xo 4+t —t™Hg 2TV Xy, XoYs = q 2V X, T2,
(2.3)
(2) The set
(TeYf Y2 xbr x22 | e € (0,1}, a4, b; € Z)

forms a basis of H; 4.
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Proof. Part (1) is proved by direct computations. Part (2) was proved in [8]. For
illustration we prove the relations (2.3).

First, rewriting the relation X 1Y, = Y2 X7 1T 2 from (2.1)as Y2T2 X1 = X1 Y2,
we have

X 1Y, = Y,T?X,

Ly, X, + (¢ — YT,

Dy, X, + ¢ -t HT 'Y Xy (2.4)
Conjugating the relation X{ 'Y, = Y,X;!'772 by T~! and rewriting, we have

T'XT'T =T 'L x'r™!

(2.5)
X' =T X,

Next, we have

X Y, = X;' X1 X,1

21 _ —
= .t EP.€P.0

@ 4272y, ;. (2.6)

Conjugating (2.6) by T', we have
XY, & X,y 7!

@ 2ty x, 771

@D 2y, x, 72, 2.7)

Finally, combining (2.4) and (2.6), we get
Xo¥v1 & X, 727, T

D TX, YT + (t —t ™ )TX\TY>T

D TrymXiT+ ¢ -t YNXT + (t —t)TX,TY2T

Dy T X T+ -t WYX T+ (-t HTX, V)

DY TXT + ¢ —HTX Y,

O yiX, + (1 —tHg 2T 'Y X, (2.8)
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The algebra H, 4 is Z*-graded by
deg X; =deg X, = (0,1), degY; =degY, = (1,0), degT = (0,0).

This grading is inner: it follows from (2.3) that any & € H; , withdegh = (M, N)
satisfies
Y1Y2h =q2NhY1Y2, X1X2l’l =q_2MhX1X2. (29)

2.3. The spherical double affine Hecke algebra eI, ,e. The subalgebra of the
double affine Hecke algebra generated by T and 7! is the (finite) Hecke algebra of
the symmetric group S». For t2 4+ 1 # 0, this algebra is isomorphic to the group
algebra of S,. Denoting the only nontrivial element of the symmetric group by s, the
identification is given by

S SR

T =
2 T

The trivial idempotent of S is
l+s 1417

= = —ecH;,.
¢ 2 1 +12 L4

It satisfies
eT =Te=te, eT '=T7le=1"1e. (2.10)

This action of this idempotent on any representation is the projection to the trivial
representation of S, or equivalently to the representation of the Hecke algebra in
which T acts by the eigenvalue 7.
Definition 2.5. The spherical double affine Hecke algebra is the subalgebra el 4e
of H 4.

We will give an explicit presentation of the spherical DAHA by generators and
relations, and the resulting PBW type basis for it.
Theorem 2.6. (1) The spherical double affine Hecke algebra eHl, 4e is isomor-

phic to the algebra with generators Py, Pzil, 01, Q;El, R and relations:

PP, = P\ P, (2.11) P,R = ¢ 2RP,, (2.17)
0201 = 0102, (2.12) RO = ¢ 203R, (2.18)
P20y =q Q2P (2.13) PR =q?RPi + (1—¢ )01 Py,
P01 =q 201 P, (2.14) (2.19)
P12 =q720,P1, 215 RO1 =47 Q1R+ (1 =402 P,

2.20
P1Q1 = 01P1+ (g > =R, (2.16) ) P (2.20)
RE=(0+1t)qg " +177)02P
—q202P —q 201 P +q 201 RPy.
2.21)
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The isomorphism is given by

D(P1) = e(X1 + Xa)e, @(P2) =e(X1X2)e, P(R) =e(t?Y1 X1 + VaXo)e,
®(01) =e(Y1+ Ya)e, @(Q2) =e(Y112)e. (2.22)

The 7Z%-grading is given on the generators by
deg P; = (0,i), degQ; = (i,0), degR = (1,1),

and ® is a graded isomorphism.

(2) After the identification given by the isomorphism ®, the set
{Q?ngzReplblebz |e €{0,1},a1,b1 € Nog,az,b5 € Z}

forms a basis of the spherical double affine Hecke algebra e, 4e.

The presentation of the spherical DAHA by generators and relations given in
Theorem 2.6 is one of the main technical steps of the paper and is used in the proof
of the main result, Theorem 4.1. Section 5 is dedicated to the proof of its proof.

3. The algebra D, (GL ;) of quantum differential operators
and its Hamiltonian reduction

In this section, we recall the definitions quantum enveloping algebra U,gl,, the
quantum coordinate algebra O, (G L), the algebra £, (GL,) of polynomial quantum
differential operators, and the Hamiltonian reduction D, (GL>) // 4, U of Dy(GL>).
We will follow the conventions of [21] and [18].

3.1. The quantum enveloping algebra U= U, gl,.We use the conventions from [21].
Definition 3.1. The quantum enveloping algebra U = Uj,gl, is the Hopf algebra
with:

* generators
E, F, Kif', K*':
’ ’ 1 ’ 2

e relations

K EK[' = ¢4E, K,EK;' =¢7'E,
K\FK{'=q7'F, K)FK,'=qF,
KiK;' — K{'K>

K1K2=K2K1, EF — FE = ] )
q9—49
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* the Hopf structure:

AME)=E® K K;' +1®E, S(E)=-EK{'K», e(E)=0,
AF)=F®1+K{'K;®F, S(F)=-K\K,;'F, &(F)=0,
A(K;) = K; ® K;, S(K;) = K1, e(K;) = 1.

The vector representation V' of U has ordered basis {e_1, e1 }, with action:

-1
e A S Pt

pv(E) = [? 8}, pv(F) = [8 (1)}

The Hopf algebra U is quasi-triangular, with the R-matrix

_ _ 1
R = qH®H . an(n 1)/2(q_q l)n [n] 'En ® F".
q!

n=>0

Here g ®H is the operator which acts by a scalar on the tensor product of any two
weight spaces. More precisely, for V7, V5, representations of U, and vy € Vi, v, € V5
vectors such that K; > v; = g%/ v}, the action of gH®H on their tensor product is
given by ¢1®H > (v; ® vy) = g¥11*¥12t@1022(y; ® v,).

3.2. A presentation of U via L-matrices. We recall an alternative presentation of U
which uses the R-matrix &R, its inverse R~ and the vector representation py
(see [21]). Define R, L*, L™ by

R = (pv ® py)(R) € Matrx2 ® Mataxa,

LT = (id ® py)(R) € Matzx2(U),

L™ = (py ® id)(R™") € Matr,2(U),
where Mat, x> denotes the set of 2 X 2 matrices with entries in the ground ring (R; 4
or C), and Mat,«,(U) denotes the set of 2 x 2 matrices with entries in the algebra U .
Let LY = L* ®id, L =id® L*.
Proposition 3.2 ([21, Theorem 8.33]). The Hopf algebra U is isomorphic to the
Hopf algebra with:

* generators given by the entires of the matrices

Lt [11“ z;l} - [1;1 0 }
0 L2 172 152
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e relations given by the entries of the matrix equations
LILFR=RLILE, L7LFJR=RLILy, and 7' =)}

e which may be written explicitly as:

Ut =150 =1 U =5
W =T P = gl
W =gl LR =7

ll—ZZz—i-l _ 12-|—111—2 — (q _q—l)(lil—le—l _ 11+112_2)7
* the Hopf structure given by:

S(L¥)=(HT A =D IF R () =4y
k

The isomorphism is given by:
=K L = -qHKTE. 172 =—(g—q7)FKL.

3.3. The adjoint action and the quantum coordinate algebra @,(GL;). The
Hopf algebra U acts on itself by the adjoint action, defined as

x>y =x1yS(xwp) forAx)= Zx(l) ® X(2).

The locally finite subspace with respect to this action is the subalgebra generated
by the entries of the matrix LT S(L™), and by (lfr 112+ 2)~1. This subspace has
another interpretation, as the quantum algebra of functions on the group GL, (see
Proposition 3.6:

Definition 3.3. Let O (GL>) be the algebra with

¢ generators / }., organized in a matrix

_ {Ei 65].
a6

* relations given by the entries of the matrix equation

Ro1L1RLy = LyR>1 L1 R,

» which may be written explicitly as:
007 = 0105 + (1 — g~ 20503, 301 = 1143,
0 =005 — (1 — g 263, 0308 = q20303, (3.1)
(il = 6+ (1—q7) (06 - 66). G0 =g 146,
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Proposition 3.4. The element dety (L) := €143 — q>{3£7 is central in OF (GL,).
Definition 3.5. Let

04(GLy) = O} (GLy)[dety (L)™"]

denote the algebra obtained from @ ; (GL>) localizing at the central element det, (L).
We call O,(GL,) the quantum coordinate algebra of GL,. !

Proposition 3.6 ([21]). There is a unique algebra homomorphism, ¢: O4(GL2) — U,
defined on generators by L +— Lt S(L™), i.e.

¢ > Y LFSATE).
k

Moreover, this is an algebra embedding, whose image is contained in the locally finite
part of U with respect to the adjoint action.

Remark 3.7. It was proved in [20] (see also [21, 6.2.7]) that the analogous map ¢
for sl, (more generally, for a simply connected semi-simple group) is an isomorphism
onto the locally finite part. A straightforward computation gives that ¢ (dety (L)) =
(! 1+ 112+ 2)2. Hence, while the image of ¢ does not contain the central element,

KiKy = 1112 = \/dety (L),

comparison with Rosso’s isomorphism for sl, gives that the locally finite part is
generated by the image of ¢ and this central element. The entire quantum group is
furthermore generated by adjoining K.

Using this embedding, we can pull back the restriction of the adjoint action of U
on the locally finite part of U, and get an action of U on O,(GL5). Unpacking these
definitions and identifications, we have the following:

Lemma 3.8. The embedding O4(GLy) — U of the quantum coordinate algebra
into the quantum enveloping algebra and the resulting restriction of the adjoint action
are given on generators by the following formulas.

e The embedding:
U =K?+q ' q—q7 VKK 'EF. 43 =47 (q—q DK K, E,
07 =(q—qa HK;?F, 5 =K;"
e The action:
Km > Klj — q‘sim_‘gjmg;’
E >0 =815 — §i—pq® =20},
F > K; = §;—2q¥i=2"1a} — 8,-=1q_1€§.
'In fact there are two candidates for this name, and for the notation O,(G), the other being the

restricted dual to Uy, also known as the Fadeev—Reshetikhin-Takhtajan (FRT) algebra. We will not make
use of the FRT algebra in this paper.
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Lemma 3.9. The center of O,(GL,) is equal to the space O4(GL2)V of U-invar-
iants. It is the subalgebra generated by the q-trace try (L), the g-determinant dety (L),
and its inverse, where the g-trace and the g-determinant are defined as:

try(L) = 0+ q 22,

3.2
dety (L) = 0142 — 012, G2

Proof. Because O,4(GL>) is a flat deformation of O (G), it follows that the subalgebra
of invariants is generated by a unique element in degree one, and two. The formulas
here follow by direct computation. O

Remark 3.10. Up to changes in convention, these formulas first appeared in [22].
For N > 2, the description of the center of O,(GLy), and hence U, gly, in terms
of g-deformed minors is taken up in [19].

3.4. The algebra D, (GL2) of quantum differential operators. Next, we recall
the definition of the algebra of polynomial quantum differential operators on GL5.

e
All the conventions follow [18], and correspond to the quiver e © in their notation.
They first appeared in this formulation in [30].

Definition 3.11. We let i)(;r (G L) denote the algebra with:

* generators a’; and 9';, i, j = 1,2, organized in matrices

1 1 81 31
— |0 2] e =] )
ay a; d7 03

* relations given by the entries of the following matrix equations

Ry1A1RA; = A2R21 A1 R, (3.3)
R21D1RD> = DyR31 D1 R, 3.4
Ry1D1RA> = ARy D1 RS (3.5)

* which may be written out explicitly as follows:

ayai = ajay + (1 —q *)aya; aai = ajas

aal = ala? — (1 —q *)d2a? ala) = ¢*ala? (3.6)
ata; = aat + (1 —q7)(aya3 —a3a3)  azai =q aja;

340] = 910} + (1= 0k3 201 = ol

3201 = 0107 — (1 —q~%)3%0% 9303 = q%0303 (3.7)

010, = 0307 + (1 —¢ (9103 - 0303) 0307 = q 9703
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0p-af =—-(1—q72)-0-af+q 2 a; -+ > —q Y -a- 8

0y -ay=(qg>=1)-8y-a5+q >-a}-0;
0j-at=(1—¢>-93-ai—(q—q ") 93-al +ai -9 +(1—¢q ) -a}- 07
01-a3=(0—-¢>-97-ay—(q—q ") 95-a3 +a5-9;

-ay=aj- 95+ (0—q ) a3 B+ (@ =1)-ay-0;
8,-a5=q"%-ay-9,

0-ai =(>=1)-85-a{+a7-3+ (@ =1 -a3-91 +(1—¢7%) a5
0 a3=(¢ =13 a3 +q a3

07-aj =q a1 -5 —(1-¢7%)-93-a]
01-ay=(qg>—1)-03-a3 +ay- 07

07-af =q7%-ai-

32-a3 =a3- 02

03-a; =ay -5+ (1—¢%) -ay- 8

32 -ay =al-03

0-ai=q2-a}- B+ (q =1 -a3-07

32 -a3 =q % a3 05. (3.8)

Proposition 3.12. (1) The elements
det,(A) := aja3 — q*ayai, dety(D):= 0105 —q*3307
satisfy:

detq(A)aj = aédetq (A4), detq(D)a; = q_za;detq(D),
3 dety(A) = g *dety(4)0;, 9’ dety(D) = dety(D)J’.

In particular, the multiplicative set {dety(A)™det,(D)"|m,n € N} satisfies the
Ore condition.

(2) The set of elements

i] i2 im kl k2 kn
ajlajz...aijl1 312 ap)

withn,m € N, ip, jp. kp,lp € {1,2}, subject to the conditions

Vp (ip<ipy1) or (ip=ipy1and jp < jpt1),
Vp (kp<kp+1) or (kpzkp+1andlp§lp+1)

Jorms a basis of i); (GL»).
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Proof. Claim (1) is a straightforward computation; claim (2) is Theorem 5.3 in [18].
O

Definition 3.13. We let D,(GL,) denote the algebra,
Dy(GLy) := DF (GLy)[dety (A) ™ dety (D)™'],

obtained by localizing 50; (GL3) at the element det, (A)det, (D). We call this the
algebra of polynomial quantum differential operators on GL,.

Remark 3.14. The two evident copies of O4(GL>) inside D,;(GL>), embedded by
L +— Aand L — D, carry an action of U as described in Lemma 3.8. This extends
to the action of U on the algebra D,(GL»), a consequence of the construction
of D4(GL>) via a U-linear map, see Section 3 in [18].

The algebra D, (GL,) is Z>-graded by
deg(a}) = (1,0), deg(3}) = (0. 1). (3.9)
This grading is inner, in the sense that for any 1 € £,(GL,) with deg(h) = (M, N)
we have

dety(A) - h = ¢*Vh - dety(A), dety(D)-h =g *Mh-dety(D). (3.10)

3.5. The quantum Hamiltonian reduction D, (GL3) //Jt U. In addition to the
two embeddings of O,(GL>) into D,;(GL,) givenby L +— A and L +— D, we will
use a third, more involved embedding, given by the “quantum moment map”. We
will make use of the following quantum cofactor matrices D and A, and the quantum
inverse matrices, D! and A~ !:

i-| @ —q*a; 5_| % —q%9}
—q*ai q*a; + (1—q*)a; —q*07 q*93 + (1—¢*)93
A7 = (dety(4)) ' 4, D™ = (dety(D)) "' D. (3.11)

The notation A~! and D! is justified by the fact that AA™! = A7'4 = [ and
DD '=D7'D=1.

Definition/Proposition 3.15 ([18, Proposition 7.20, Definition 7.24]). We have a
homomorphism of algebras,

tq: Og(GL2) — Dy(GLy)  defined on generators by 1, (L) = DA™ D' A.

The homomorphism (i is called the quantum moment map.
Fort € C*, let X; € GL, denote the matrix,

72 0
Xi = ( 0 tz)’



The Harish-Chandra isomorphism for quantum GL> 1177

and let O; denote its conjugacy class in GL,. The multiplicative Calogero—-Moser
variety is the set

C;:={(A.B) € GL, x GL,, suchthat AB"'A™'B € 0,}.

The GLj,-varieties O; and C; admit canonical equivariant g-deformations,
constructed as follows.
Definition 3.16. Forz € C*,letd; C O4(GL>) denote the two-sided ideal in O, (GL>)
generated by the central elements:

Z; =trg(L — q* - X;) = try (L) — g*- (72 4+¢7%t?), and dety (L) — q8.

Consider also the left D,(GL,) ideal D;(GL>) - pg(dy).

Remark 3.17. The two-sided ideal J; and the left ideal Dy(GL3) - ug(J;) are
ad-equivariant g-deformations of the defining ideals of O; and Cy, respectively.

We note that 1, (dety (L) — ¢®) = 0, so that
Dq(GL3) - pgq(dr) = Dg(GL2) - j1q(Z:)
is in fact a principal left ideal. Since the principal generator
1q(Ze) = trg(ng(L)) —q* - (72 +¢7%1%)

is U-invariant by Lemma 3.9, it follows that D, (GL>) - uq(Z;) is preserved by U,
and the action of U descends to the quotient,

M = Dy(GL) [ Dy(GLa) - g (Z1).

Definition 3.18. The quantum Hamiltonian reduction of £, (GL») by the moment
map (44 along the orbit Oy is defined to be the subspace

Dy(GLa) [, U = (Dy(GL2) [ Dy(GLa) - 1g(Z))"

of U-invariants in the quotient of D, (GL,) by the left ideal generated by 114 (d;).

Any endomorphism p of the cyclic D, (GL>)-module M is uniquely determined
by p(1), which should be invariant for the U-action, and should have the property
that ;- p(1) C J;. The quantum moment map condition, j1(x).y = (x(1)-y)u(x(2))
ensures that the former property implies the latter, as it implies that 4, commutes
with p(1). Hence we have an isomorphism,

Dy(GLy) //J U = End (D,(GLo) / Dy(GL) - g (Z1)).

We therefore regard the quantum Hamiltonian reduction as an algebra, with this
multiplication. This algebra structure can be understood more directly, as follows:



1178 M. Balagovic and D. Jordan

Lemma 3.19. When q is not a nontrivial root of unity, we have a natural isomorphism
of algebras:

Dy(GLy) //J U = Dy(GLo)" / Dy(GL2)Y - uy(Zy).

Proof. Locally finite representations of U are semisimple, so taking invariants is
exact and we have

U
Dy(GLa) [, U = (Dg(GLa) [ Dy(GL2) - pg(Z0))
U
=~ D,(GLy)Y [(Dy(GL2) - pq(Z0)" .
As the generator (t4(Z;) of the ideal is U -invariant, we also have
U
(Dg(GLa) - 114(Z1))” = Dg(GL2)Y - p1g(Zy). O

The usefulness of this lemma is that it reduces the problem of finding the
presentation of D,;(GLy) //JzU to the problem of finding the presentation of

D,(GL,)Y. This is employed in Section 6.

The ideal D4(GL>) - ;tqy(Z;) is only a one-sided ideal in D, (GL»). However, its
sub-space of invariants, (Dy(GL2) - uq(Z )Y, is a two-sided ideal in Dy (GL»)Y.
This equips Dy (GL>) //JzU with an algebra structure, which coincides with the
above description of it as the algebra of endomorphisms of the module M. The
following theorem gives a presentation of this algebra by generators and relations,
and the corresponding PBW basis for it.

Theorem 3.20. Assume that q,t # 0, and that q is not a nontrivial root of unity.

(1) The quantum Hamiltonian reduction Dy(GL>) // 4, U isisomorphic to the algebra

with generators ¢y, czil, di, dzil, r and relations:

€201 = €162, (3.12) dor = ¢ %rd>, (3.17)
drdy = did>, (3.13) rea, =g 2cor, (3.18)
dacs = q *cady, BG4 dyr = q7rdy + (1-q2)g 2c1ds,  (3.19)
dycy = g %c1da,  (3.15) rei =q 2cir + (1—q72)q *c2dy,  (3.20)
dicy = q2cady, (3.16)  dyey = crdy + (72 = 1)r, (3.21)

r? = q_4(1 + tz)(q_2 + t_z)czdz — q_4czd12 — q_4012d2 + q_zclrdl. (3.22)
The isomorphism is given by

W(cy) = try(A), W(cz) =dety(A4), W(r) = g*try(DA),

(3.23)
W(dy) = trg(D), W(dy) = dety (D).
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The 7 grading is given by
degc; = (i,0), degd; = (0,i), degr =(1,1),
and V is a graded isomorphism.
(2) After the identification given by W, the set
{9 c82rdl1dl? | € €{0,1},a1,by € No,az,bs € Z)

forms a basis of the algebra Dy, (GL2)//JZ U.

Section 6 is dedicated to the proof of this theorem.

4. The quantum Harish-Chandra isomorphism

Theorem 4.1. Assume that q,t # 0, t> + 1 # 0, and q is not a nontrivial root of 1.
There exists a unique graded isomorphism of algebras,

HC,q: Dy(GLy) //J u 2 oM, 4e

such that:

HC,4(d1) = P, HCu4(dy) =q*P, HC,4(r) =R,
HC;4(c1) = Q1. HCy4(c2) = % 0.

Proof. This follows directly by comparing the presentation of elH; e given in
Theorem 2.6 and the presentation of ,(GL>) // 1, U given in Theorem 3.20. O

Remark 4.2. We note that the isomorphism HC; , extends, even for ¢ a root of
unity, to give an isomorphism:

HCG 4 !B/!B . (w -2+ q_ztz)czdz) 5 e 4e,

where B is an explicitly given algebra with generators and relations (see Prop. 6.1),
which recovers the Hamiltonian reduction when ¢ is not a root of unity. In the
case the ¢ is a non-trivial root of unity, one should take more care with defining
the Hamiltonian reduction, so that the isomorphism will still hold. It should be
interesting to compare this directly to [30].
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5. Proof of Theorem 2.6

This section contains the proof of Theorem 2.6. The aim is to give a presentation of
the spherical DAHA by generators and relations (Theorem 2.6 (1)), and at the same
time to find a PBW type basis for it (Theorem 2.6 (2)).

Throughout this section, let 4 be the algebra with generators Py, Pzil, 01,0 5“,
R and relations (2.11)—(2.21). It is Z?-graded by

deg(P1) = (0,1), deg(P2) = (0,2),
deg(Q1) = (1,0), deg(Q2) = (2,0), deg(R) = (1. 1).

We first describe a PBW basis of this algebra.

Lemma 5.1. The set
{ ?] Q;zReplbl szz | € € {0, 1},a1,b1 € No,az,bz € Z}

forms a basis of the algebra A.

Proof. We will use the Diamond Lemma from [4]. In the language of that paper, the
defining relations (2.11)—(2.21) of 4 are straightening relations, prescribing how to
replace (straighten) certain monomials by linear combinations of other, simpler (with
respect to some ordering), monomials.

For a monomials ABC such that AB can be straightened and BC can be
straightened, we say that the straightening diamond holds if the two resulting
straightenings of ABC can be further straightened to a common value: in other
words, the results of straightening A BC should be independent on the choice to first
straighten A B or to first straighten BC. As proved in [4], the necessary and sufficient
condition for such a straightening algorithm to be well defined, and for the resulting
set of straightened monomials to be a basis, is that the straightening diamonds hold
for all monomials ABC.

To apply this theorem to the algebra 4, we must establish the straightening
diamonds for all of the following monomials:

PyPiR, P,P1Q3, P,P101, PRQO>, PRQ,

P20,01, PiRQ>, R*Q,, P10201, RQ201,
P,R?, PiRQ:, PiR?, R?>Q:, R

This is done by direct computation. Because P, and O, each g-commute with
all other generators, the only non-trivial checks involve the final four monomials. For
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illustration, we prove that the straightening diamond for P; RQ holds. Straightening
P1 R first, we get

(PiR)0:1"2 ¢ *RP0) + (1-¢7%)01P20:

(2.16),2.14) _ 2y — 2\ —
="gTPROI1PL+q (g - 1) R+ (1-q7%)g 201 P>
220)  _ _ - 2y —
=" q*O\RPL+q 2 (1-q72)02PE + 472 (¢2 - 1)R?
+q7(1-¢7%) 01 P
Straightening RQ); first instead, we get

220  _ _
Pi(RQ1) =" ¢ 2PiO1R+ (1—q7%)P102Py

(2.16),(2.15) _ _ _ _ _
=7q20iPIR+q7 g 2 - 1)R* +q7 > (1 — ¢ 2) Q. P

¢ *01RP1+q*(1—q %) 0P +q (¢ > - )R?
+q72(1-q7%) Q. PL.

219)

By inspection, these two expressions agree.
This proves the corresponding claim for the subalgebra AT generated by Py, Ps,
01, Q2, R. The claim for +4 follows by localization at P, Q5. O

Next, we show that the defining relations of +4 are satisfied in the spherical DAHA.

Lemma 5.2. The map ®: A — elll; se given by (2.22) is a graded algebra homo-
morphism.

Proof. The images of Py, P, R, Q1, O, under the proposed map @ lie in the
spherical subalgebra of H;,, and the images of P, and Q, are invertible. It
remains to show that ®(Py), ©(P5), D(Q1), P(Q>), and ®(R) satisfy the relations
(2.11)—(2.21). This is a straightforward, if lengthy computation, using relations from
Definition 2.1 and Proposition 2.4.

First, notice that in ®(Py), ®(P2), P(Q1), P(Q2), P(R), it is enough to write e
on the left:

O(P1) = e(X1 + Xa)e = (X1 + Xz)e = e(X1 + X2),

®(Q1) = e(Y1 + Ya)e = (Y1 + Ya)e = e(Y1 + Ya),

O(Pr) = e(X1X2)e = (X1X2)e = e(X1X2), (5.1
®(Q2) = e(Y1Y2)e = (Y1Y2)e = e(Y112),

O(R) = e(t2Y1 X1 + VaXo)e = e(t 2Y1 X1 + Y2 Xo).

This simplifies some computations by allowing us to calculate in the subalgebra
generated by X, X5, Y;, V>.
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For example, using the relation X; X, = X5 X from Definition 2.1, we have that

O(P2P1) = e(X1Xz)e - e(X1 + Xa)e
= e(X1X2)(X1 + Xp)e
= e(X1 + X2)(X1X2)e
= ®(P1 P),
proving (2.11). In a similar way, the relation (2.12) follows from Y, Y, = Y, Y;, and
relations (2.13), (2.14), (2.15), (2.17), and (2.18) follow from (2.9). For illustration

we include the slightly more involved proof of relation (2.16); relations (2.19), (2.20),
and (2.21) are proved analogously.

®(P10Q1) = e(X1+ Xp)e-e(Y7 + Ya)e
W e(X1Y1 + X172 + Xo¥) + XaYa)e
= e(q T2V + Vo Xy + (- THTTY X
+ Y1 Xo+ (=17 T IN X + 4P R XRT e
22) e(q_zT_2Y1X1 + VX1 + ¢ —tTHT7 I X,
+VXo+ (=Yg 2T X 4 7YX,
—(t—tTHg P T 'Y X1)e
=y e((1 =12+ g2 X1 + Y1Xo + V2 X1 + ¢ 2YaXo)e
e((V1+Y2) (X1 + X2) + (@ > — DY Xy + Y2X3))e
= ®(Q1P1+ (@2~ DR). -

This proves that ®(Py), P(P2), D(Q1), P(Q2), D(R) really satisfy the relations
(2.11)—(2.21) (i.e. that ® is a homomorphism). It remains to show that they generate
the whole spherical double affine Hecke algebra (i.e. that ® is surjective), and that
the stated relations are exhaustive (i.e. that ® is injective). We tackle injectivity first.

Lemma 5.3. The set

(0(0§' 052 RE P} P?) | € €{0.1},a1.by € No,az, by € Z)

is linearly independent in el 4e. The homomorphism ® is injective.

Proof. We will use the PBW theorem for I , (Proposition 2.4 (2)) to prove that the
above set is linearly independent in eH; 4e C H; 4.

Assume that for some finite indexing set /, some collection of nonzero scalars
ai,i € I,andsome¢; € {0,1},a;,1,bi1 € No,a;2,bi2 € Z,i € I, we have

Seo(0} 08 R P PL) =0

iel
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Using the definition of the map ® and the observation (5.1), we can write this as

D e (Y14 Y2)  (Y1Y2)“2 (172 Y1 Xy + Y2 X2)5 (X1 + Xo)P1 1 (X1 X)Pi2 = 0,

iel
Using e = (1 +¢T)/(1 + t?) and the PBW theorem for DAHA, it follows that also

YY1+ ) (M) %2 (X + Y2 X2) (X1 + X2)P (X1 X2)2 = 0.
iel
(5.2)
The subalgebra generated by Ylil, Y2il is commutative. After multiplying (5.2) on
the left by some power of Y1Y, if necessary, we can assume that a; » > 0 for all
i € I, and that there exists at least one i € [ for which a; > = 0. Similarly, by
multiplying (5.2) on the right by some power of X; X5, we can assume that b; » > 0
foralli e I.
As explained after Definition 2.1, the algebra H, 4 is Z? graded. We may assume
that all terms in the expression (5.2) are of the same bigraded degree (M, N). This
means that for all i € I we have

aiq +2aip+ € =M,
bi,l + 2bi,2 + ¢ = N.

The PBW theorem for DAHA (Proposition 2.4 (2)) implies that, as a vector space,
H, 4 is also Z* graded by (deg(Y1), deg(Y>), deg(X1), deg(X>)). The highest power
of Y7 in the term

a; (Y1 + Yo)41 (Y1 Vo) %2 (172Y 1 X1 + Yo X0) (X1 + X2)b01 (X Xo)P02
of the expression (5.2) is equal to
aig+taip+e6=M-—a;,.

Using the assumption that there exists ani € I with ¢; » = 0 and the PBW theorem
for H; 4, we get that the coefficient of Y. 1M in (5.2) is

D ai(X1+ X)Xy Xo)P2 4 Y et TP X (X + X2)P (X Xp)Pi2 = 0,

iel, i€l
a; »=0,¢;=0 a; »=0,¢;=1

(5.3)
while at least one of the coefficients «; in (5.3) is nonzero. Let

f=) ei(Xi+ X" (X1 Xo)P2, g =Y it (X + Xp) (X1 Xp) P2

iel, iel,
a; 2=0,6;=0 a; »=0,¢;=1

(5.4)
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Formula (5.3) states that

f+Xig=0. (5.5)
Polynomials f and g are symmetric in X, X», so symmetrizing (5.5) we get that
X1+ X

Subtracting this from (5.5) we get that
(X1 —X2)g =0.

This and the PBW basis imply that g = 0, and so also f = 0.

At least one of the coefficients ¢; in at least one of the expressions in (5.4) is
nonzero. On the other hand, another use of the PBW theorem for DAHA implies that
the set { (X + X2)?1 (X, X»)%-2}is linearly independent. This is a contradiction. [

To show that the injective graded homomorphism ®: A — e 4e is surjective,
we would like to employ a dimension argument. However, these algebras are infinite
dimensional, and bigraded with infinite dimensional bigraded pieces. To work around
this problem, we introduce the following auxilary algebras.

Definition 5.4. Let H;fq denote the subalgebra of H, , generated by T+ X1, X»,

Y1, Ys. Let AT denote the subalgebra of 4 generated by Py, P>, Q1, Q5 and R.
These subalgebras are also Z2 graded, and have finite dimensional bigraded

pieces. The homomorphism ® restricts to a graded homomorphism 4% — e]H[Z' q€-

By the next lemma, we can easily recover information about H, 4, elH; 4e and 4

from the information about H,Tq, eHj: q€ and AT,

Lemma 5.5. (1) The multiplicative set {(Y1Y>)*(X1X»)?} in H; 4 satisfies the Ore
condition, and the multiplicative set { Q% sz } in A satisfies the Ore condition.

(2) The algebra U, 4 is the localization of Hj:q by (Y1Y2) N (X1X2)™Y, and the
algebra A is the localization of AT by Q51 Py L.

We will first prove that the restriction of the homomorphism ® to A+ — eH ,+ 4€ 18
an isomorphism, and then use this lemma to deduce the same about ®: A — el 4e.

Let A be any algebra over C or over R, with a Z? grading. If working over
the ground ring C, assume that every bigraded piece A[M, N] is a finite dimensional
C-vector space with dimension dim(A[M, N]). If working over the ground ring R; 4,
assume that every bigraded piece A[M, N] is a free R;,-modules of finite rank
dim(A[M, N1]). In either case, we record the dimensions of the bigraded pieces as a
Hilbert series in two variables given by

Hilbs(u.v) = ) dim (A[M, N])u™v".
(M.N)

Let us compute the Hilbert series of the algebras 4™ and eHZ’ q€-
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Lemma 5.6. The set
{0 05 REP' P | € € {0, 1}.a;. b € No)

is a basis of the algebra A™Y. The Hilbert series of this bigraded algebra is given by

Hilb 4+ (4, v) =

1 1 1 1 (1 + uv)
. . . . uv.
1l—u 1—u?2 1—v 1—102

Proof. The first assertion follows directly from Lemma 5.1. To calculate the Hilbert
series, note that deg(Q{' 05> R¢ Plbl szz) = (ay + 2a, + €,by +2by + €), s0

Hlle+ (u, l)) = Z ual+2az+€vb1+2b2+€

a1,a2>0,b1,b2>0
e=0,1

1 1 1 1
— ) ) ) (1 . O
w1 10 1oz 0w

Lemma 5.7. The Hilbert series of the bigraded algebra eH,‘t’ 4€ Is given by

1 1 1 1
5> - (14 uv).
v

Hilb ) = : . .
! eHLe(u v) l—u 1—u?2 1—v 1-—

Proof. Consider e]I-]I,J,r 4> as a vector space over C or as a free module over R; 4. By

Proposition 2.4 (2), a basis of eH;, is the set {eY;"! v xbi x| g b € Ny

+

The group S3 acts on el,", by right multiplication, and the space of invariants is

q
precisely the spherical subalgebra e]I-]I,J,r g€

This S, action depends polynomially on t*!, does not depend on ¢, and it
preserves the finite dimensional bigraded pieces thqu [N, M]. The dimension of the
space of invariants in every bigraded piece can be calculated using group characters
as

. 1 .
dim (e HtJ,rq [N, Mle) = 5" (Tr(ldeH;;[N,M]) + Tr(SeH;;[N,M]))'

This expression takes values in Ny, does not depend on ¢, and the only term which
depends on ¢ is Tr(s(eH+ N M]), which is in C[t*'][(¢2 4+ 1)™']. Thus, the above
t.q B

formula gives a polynomial function from {t € C*|t2 # 1} to Z. The only such
functions are constants. This proves that dim(e]HI,J,r 4[N, M]e) does not depend on ¢
and q.

We will calculate the Hilbert series of e]HI,J’r q4€ by calculating itat7 = 1,9 = 1.
The graded action of S, on e H 1+ 1 can be identified with the usual permutation action
of S on the space C[X1, X3, Y1, ¥2]. Denoting the trivial character of the group S»
by y+ and the sign character by y_, we see that the two dimensional permutation
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representation spanned by X, X5 has graded character (y+ + y—)u. Consequently,
the bigraded characters of C[X1, X»] and C[X;, X5, Y1, Y2] can be computed as

1 1
xcrx, X1, v) = I—vrr T-ug ™0
1 1 1 1

XCIX1,%5,%1,Y5] (U, V) = Y+

1—u)(+.1—u)(_.1—v)(+'l—v)(_.
X+ X+ tux— X+ X+ t+vx-

l—u  1—-u2 1-v 1—22

_ (A 4uv)y+ + W +v)x-

= w(d—u?)(1-v)(1-v?)
Reading off the y+ coeflicient, we get that the bigraded Hilbert series of the spherical
DAHA equals

HﬂbeH,que(“’ v) = Hilbthle(u, v)

1 1 1 1
- . . . .1 . ]
l—u 1—u?2 1—v 1—102 (I +uv)

We are now ready to prove the main Theorem of section 2, Theorem 2.6, which
describes the spherical DAHA by generators and relations and gives a PBW basis for
it.

Proof of Theorem 2.6. Let us prove that the map &: A — el e, defined on
generators by (2.22), is an isomorphism.

It is a Z? graded algebra homomorphism by Lemma 5.2, and injective by
Lemma 5.3. Its restriction ®|,+: AT — eH,‘fqe to the algebra AT from
Definition 5.4 is thus also a graded injective homomorphism. By Lemma 5.6 and
Lemma 5.7, the algebras 4™ and eH;’: ,¢ have the same Hilbert series, so @4+
is an isomorphism. By Lemma 5.5, the homomorphism @ is a localization of the
isomorphism ®| 4+, and thus it is also an isomorphism.

In particular, the image under ® of the basis given in Lemma 5.1 is a basis of the
spherical DAHA el 4e. O

6. Proof of Theorem 3.20

This section contains the proof of Theorem 3.20, which gives the presentation of the
quantum Hamiltonian reduction

Dy(GLa) [f, U = (Dg(GLa) [ Dy(GL2) - pg(h)”

= 0,(GLy)Y [0 (GLY - 1g(Z0)

by generators and relations, and a PBW type basis for it. To this end, we first give a
presentation of D, (GL,)Y, in Proposition 6.1.
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For most of this section we allow ¢, ¢ formal, or g, € C* arbitrary. Lemma 6.5
requires the additional assumption that ¢ is not a nontrivial root of 1. The spirit of
the proof is very similar to the proof of Theorem 2.6 given in Section 5.

6.1. A presentation of D,(GL 2)Y. The main result of this subsection, and the
only part of it which is used in the rest of the paper, is the following proposition.

Proposition 6.1. Assume that q is not a non-trivial root of unity.

(1) Let B be the algebra with generators:

and relations:

€201 = C1C2,
drd, = dyd>,
drcr = q *erds,
drc1 = q 2c1da,

dica = g 2cads,

+1 +1
cl’ C2 ’dla dz 7r7w

dici = cidy + (72— Dr, (6.6)

wr = rw,
2
wey =g 2cqw,
wer =g *ew,
wdy = qzdllU,

wdy = q4d2w.

There is an isomorphism of algebras

given on the generators by

6.1) dor = q %rd>, (6.7)
(62) rey=q 2cor, (6.8)
(63) dir =q7%rdi + (1 —q 2)q 2c1dy, (6.9)
6.4) rey=q 2cir + (1 —q2q %cady, (6.10)
65) rP=qgtw+(@q*+q %eds
—q *c2d} —q 7 cidy + q Peyrd,,
(6.12) (6.11)
(6.13)
(6.14)
(6.15)
(6.16)
U: 8 — (D,(GLy))"
U(cy) = try(A), U(cy) = det, (A),
V(d,) = try(D), U(d,) = det, (D), (6.12)

U(r) = ¢*try(DA), W(w) =try(DADA).

(2) Let §+ be the subalgebra of B generated by c1, 3, d1, da, r, w. The isomorph-
ism WV restricts to the isomorphism of algebras

Ulgs: 8" — (D} (GL2))".
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The algebras B and B are Z2-graded by
deg(c1) = (1,0),  deg(di) = (0.1),  deg(w) = (2,2),
deg(cz) = (2,0),  deg(dz) = (0,2), deg(r) = (1, 1).

The multiplicative set generated by c>d» and w is g-central, and therefore Ore in 87,
and B is a noncommutative localization of 87 by this set.
Let us first show that the map W is indeed a homomorphism.

(6.13)

Lemma 6.2. The elements
try(A), dety(A), try(D), dety(D), ¢?try(DA), try(DADA),

which appear on the right hand sides of formulas (6.12), are U -invariant and satisfy
defining relations (6.1)~(6.16) of the algebra B. Therefore, (6.12) defines a graded
algebra homomorphism ¥: 8 — (D (GL,))Y.

Proof. Themaps L — A, L+ D, L+~ DAand L — pu,(L) are all homomorph-
isms of U -modules, so the U -invariance of these elements follows from Lemma 3.9.

Seeing that these elements satisfy relations (6.1)—(6.16) is also a direct
computation, using the explicit form of defining relations of 9,(GL,) given by
(3.6), (3.7), and (3.8). For instance, (3.10) immediately implies (6.1), (6.2), (6.3),
(6.4), (6.5), (6.7), (6.8), (6.14), (6.16).

For illustration, let us also prove (6.6). We claim that

W(d)¥(c1) = W(e)W(d) = (72 = 1)¥(r).
The left hand side is equal to
W(d1)W¥(c1) — W(cr)W(dy)
= trg(D) trg(A) — trg(A) trg(D)

= (31 +¢7203) (a1 + ¢ %a3) — (a +q%a3) 3] + ¢ 7>93)
L (@2 - D (ald + (g7 = Daldd + q2abd} + atdl + (g7 — a3}
+ (=g +q7%a303).
On the other hand,
U(r) = g*try(DA)

qg*(@aj + 83a7) + (Ba; + 85a3)

D 419! 4 (72— 1)ald? + ¢2ald? + q2ald? + a2d) (6.14)
+ (@ 2= 1Da3d} + (1 —q72 +q a3

Comparing these two expressions proves (6.6). Relations (6.9), (6.10), (6.11), (6.12),
(6.13) and (6.15) are proved by similar direct computations. O
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We now describe a PBW basis of the algebra B and the Hilbert series of B71.
Lemma 6.3. (1) The set
{c'flc;zrsdfldfzw” | a1.b1,c € No,az, by € Z,e € {0, 1}

is a basis of B.
(2) The set

by ;b
{ci”cgzredl 'dy*we | ay,bi,a,by, ¢ € Ng, € € {0, 1}}

is a basis of B*.
(3) The Hilbert series of the algebra B is given by
1
(I —u)(1 —v)(1 —u?)(1 —v2)(1 —uv)’

Proof. (1) The first claim follows from the second by localization at ¢, and d>.

Hilbg+ (u,v) =

(2) The second claim is an application of the Diamond Lemma from [4], similar to
the proof of Lemma 5.1. Relations (6.1)—(6.11) are straightening relations, describing
how to reorder monomials. In order to apply the Diamond Lemma, it remains to
establish the straightening diamonds for the following 26 monomials:

wdady, wdar, wdaca, wdycy, wdir, wdica, wdicy, wrca, Wrey, Weacy,
2
dadyr, dadica, dadicy, darca, darey, dacacy, dires, r7ca, dicacy, reaeq,

wr?, dyr?, dir?, direy, rleq, 3.

This is a direct calculation, very similar to that in the proof of Lemma 5.1. As
there, all but the final four monomials follow immediately from the fact that ¢, d»
and w g-commute with all generators. For illustration, we include a proof that the
straightening diamond for r2¢; holds. Straightening r? first, we find:

r*)e, 2’ (¢ %cirdi —q *cidr — g *e2d} + 7w + (7 + ¢ )cada) 1
(6.6),
(6.13&(6‘4)4_2017’61611 + (@ =g Herr? —q8cidy — gt eadicrdy

—(q =g Headir + g Cciw + (7 + ¢ ¥)crc1dn

(6.10),(6.11)

OV g etrdy + (@ = g O)eread?

+(q7% —q Heirdy

— (g =g cida— (g7 —q O c1c2d} + (7 — g7 0w

+ @ —q)(q + g% cicads — g Ocidr — g erc0d]

— (@ —q Heardy — (7% — ) card,

— (@ =g Mg =g Yerc2ds + g Ccrw + (¢ + g ¥)crcads

8 4

= q %irdi—q 8cic2d} —q7%cidr + g cyw + (g7 — g ®)eard,

+@2¢7 " = ¢ + 4 %c102ds.
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Straightening rcy first, we find:

6.10)  _ _ _
r(rcl)(: g 2rewr + (@2 — g Hread;

(6.10),(6.8) _4 4
= 4

cir? + (g —q ®eadir + (g — g %) card,

6.11),(69) _ _ _ _ _ _
=g ctrd) —q78cidy — g ¥ crc2d} + g Bcrw + (@78 + g7 ) crc2ds

+ (@ =g ®eardi + (@ = ¢G> — g Ycicads

+ (¢
6.11),(6.9) _ - - - - -
OTLODG=62rdy — g78¢3dy — g Bercad] + g 21w + (¢4 — g ¥)eardy

+ (2q_10 — q_s + C]_6)C1C2d2.

—q %) cord,

By inspection, these two expressions agree. Similar computations show that
straightening diamonds hold for the remaining expression; hence, by the Diamond
Lemma, the given set of straightened monomials is indeed a PBW basis for 87 .

(3) Using (2), we calculate the Hilbert series of BT as

Hilb:g-i- (u’ U) — Z ua1+2a2+6+20 vb1+2b2+6+2c

ay,by,az,b2,c>0

€€{0,1}
_ I+ uv
T (=—w)(1 —u?)(1 —v)(1 —v2)(1 —u?v2)
1
= . O
(1 —uw)(1—=v)(1 —u?)(1 —v2)(1 —uv)
Next, we show that U| g+ is injective.
Lemma 6.4. The image of the set
(9 c82redP dPwe | ar, by, c € Ny, ,az,by € Z, € € {0,1}} (6.15)

under the map V is linearly independent in (Dy(GL2))Y. The map V: B —
(Dy (GL))Y is injective.

Proof. Let us consider the set
{9 c82rdalal? | ay, by, d € No,as, by € 7} (6.16)

with a partial order on it given by the degree d of r. Looking at the defining relations
(6.1)—(6.11) of the algebra B, we see that

by ;b —2b;— by ;b
I eSPred) dyPwe = gT2br bt ae a1 82,20 g1 22 1 Jower order terms.

In other words, the set (6.16) is also a basis of 8, and the change of basis matrix
between (6.15) and (6.16) (in some order) is upper triangular with powers of g on the
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diagonal. So, it is enough to prove that the image under W of the set (6.16) is linearly
independent in (D, (GL>)) v,

Suppose, for the sake of contradiction, that there is a nontrivial linear combination
of the images under V¥ of some elements of (6.16).

> tayandin by V(e 52 rddl dy?) = 0. (6.17)

a1,b1,d €Ny,
a»,breZ

By this assumption, the set
E ={e=(ay,a2.d.b1,b) | ay,by.d € Ny, az,bs € L, tq, ay.d by ,b, 7 0}

is not empty. After multiplying (6.17) on the left by some power of U(c,) and on the
right by some power of W(d,), we may assume that

E=ENN;,

meaning that all exponents a,, b, are nonnegative integers. Let py,..., ps: E = Ny
be projections from E to the coordinates of E. We have

3 e trg ()1 dety ()2 (¢trg(DA)) ey (D)? dety (D)2 = 0. (6.18)
e€E

Let
N =max {(p2 + p3)(e) | e € E}.

The set (p2 + p3) "' (N) C E is nonempty. Putting (6.18) in PBW order using (3.2),
(6.14), and (3.6), we read off that the leading nonzero term of aé is equal to
> aela} +q72a3)* (—qH)N (ap)N (@})*2(83) % trg (D) dety(D)*2 = 0.
e€(p2+p3)~1(N)

This can be rewritten as
aj a
N i . .
2. Zae(i )q 2241 (ghya @)V (@) (@) (8})?
e€(pa+p3) "1 (N) i=0 try(D)P! det,(D)?2 = 0. (6.19)
Fix any (a1,as,d,by,bs) € (p2 + p3) "' (N). Then the set

pi (@) N pyt(az) N p3'(d)

is not empty. Using the PBW theorem for O, (GL>), (Proposition 3.12) and equation
(6.19), we see that

D aetrg (D)@ dety (D)P5© = 0. (6.20)

eepy(a)Np5 Ha)Np3 (@)
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Let
M = max {ps(e) | e € py'(a1) N p; ' (a2) N p3 ' (d)}.
The set
pi'a) N p5taz) N p3'(d) N ps (M)

is nonempty. The leading 0} term in (6.20) is then

D ety (D)PQ HM DM =o. (6.21)

eepy LaNps L (ax)np3 L (d)Nps 1 (M)
From this it follows that
@ =0 forallee py'(a) N py'(az) N p3'(d)Nps (M) € E,

which contradicts the definition of the set E.
So, the assumption that there exists a nontrivial linear combination of the images
under ¥ of some elements of (6.16) is wrong. This proves the lemma. O

We have now shown that the map W from the statement of Proposition 6.1 is a
graded injective homomorphism of algebras. To see that it is an isomorphism, we em-
ploy a dimension argument. The algebras 8 and £, (G L>) have infinite dimensional
bigraded pieces, so we first deal with their subalgebras 8+ and i);” (GL»y).

Lemma 6.5. Assume that q is not a nontrivial root of unity. Then the Hilbert series
of the algebra i); (GLy)Y is

1
(I —u)(1 —v)(1 —u?)(1 —v2)(1 —uv)’

Hilbi)j(GL2)U (u,v) =

Proof. Asabigraded U-module, D, (G L) isisomorphic to O (GL2) @O (GL>).
In order to find the invariants, we will decompose the representation @ ;‘ (GLy) of U
into irreducible direct summands. The multiplicities of irreducible modules in this
decomposition is the same for a variable ¢, for all ¢ € C* which are not roots of
unity, and for ¢ = 1. (For ¢ # 1 such that ¢g” = 1, there are genuinely more
invariants.) In particular,

Hﬂbi),j_(GLz)U (ua U) = Hﬂbi)l‘f‘(GLz)U(glz) (ua U)'

We will calculate this Hilbert series at g = 1.

At g = 1, the algebra U = U(gl,) is the universal enveloping algebra of gl,.
Let V}, denote the irreducible representation of U(gl,) which factors through the
quotient U(gl,) — U(sl,) and whose highest weight is n. We have dim V,, = n + 1.
Then

span{a; |i,j € {1,2}} VoV,
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as U(gl,) modules. For any U(gl,) module V, let S(V') denote the symmetric algebra
on V' with the obvious grading. There is an isomorphism of graded U(gl,) modules

OF(GLy) =C[d} |i,j €{1.2}] = S(Vo @ Vo) = S(Vo) ® S(V2).  (6.22)

Let us record the decomposition of graded pieces into irreducible direct summands
as a one-variable Grothendieck group expression. In that language,

[S(Vo)l = D _[Volu*. (6.23)

k>0

Using weights, we decompose the symmetric algebra on V, as a direct sum of
irreducible representations, and similarly get that

SOV =Y [ @iz0 Van—ai " =D > [Van—aiJu". (6.24)

n=>0 n>0i>0
Combining (6.22), (6.23) and (6.24), we get

Z[vo]uk)(zz [VZn_4i]u”) = [Vanai Ju .

k>0 n>0i>0 k>0n>0i>0
(6.25)

We are interested in the multiplicity of [Vo] in Of (GL2) ® O (GL>). For that
purpose, recall that

ot 6] =

Vm ® Vn = Vintn © Vm+n—2 ®--- b V\m—n\-

The trivial representation Vj appears as a summand in the decomposition of V,, ® V,
if and only if m = n, and in that case it appears with multiplicity 1. So,

[0 (GL)®OT(GL)| =D > D> [Van-ai "3 0% 0 D [Vam—ss o™

k>0n>0i>0 >0 m>0 j>0

and

[(0F (GLy) ® O;L(GLZ))U(grz)]

- Z Z [(V2n—4i & Vzm_4j)U(9[2)]un+kvm+l

k>0,n>0, [>0,m>0,
0<i<n/2 0<j<m/2

= [Vol Z Z San—aimam—aju" o™t

k>0,n>0, [>0,m>0,
0<i<n/2 0<j<m/2
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The Hilbert series of the space of invariants is thus

. _ n+k, m+I
Hllberol‘i‘(GLz)U(glg) (M, U) - Z Z 82n—4i=2m—4ju v

k>0,n>0, [>0,m>0,
0<i<n/2 0<j<m/2

1 n._..m
= mz Z Z Z 8on—si=o2m—aju"v

i>0 j>0 n>2i m>2j

1 n, n—2i j
= w2 2

i>0 j>0 n>2i

1 n+2i..n j
== P IP P Bl

i>0 jZO n>0
T (1—w)(1—v)d —u?)(1 —v2)(1 —uv)’

We are now ready to prove the main statement of this subsection.

Proof of Proposition 6.1. Assume that ¢, ¢ # 0, and that ¢ is not a nontrivial root of
unity.

The map W, defined on generators of B in (6.12) extends uniquely to a graded
homomorphism of algebras U: 8 — (D,;(GL2))Y by Lemma 6.2. By Lemma 6.3
and Lemma 6.4, the image of a basis in B is linearly independent in (D (GL,))Y,
so the map W is injective. The restriction of W to B7 is thus also a graded injective
homomorphism of algebras ¥|g+: 8% — (D] (GL»))Y. The Hilbert series of 8+
and (D, (GL,))Y givenin Lemmas 6.3 and 6.5 coincide, so W| g+ — (D, (GL2))Y
is an isomorphism. The algebra 8 is a localization of 8% by the Ore set generated
by cada, the algebra (D, (GL3))Y is a localization of (ch(;F (GL,))Y by the Ore set
generated by det, (A)dety (D) = W(cpd>), and the map W is a localization of the
map ¥|g+. So, ¥: B — (D4 (GL3))Y is an isomorphism of algebras. O

6.2. A presentation of D,(GL3) [/, 4, U. We now combine Lemma 3.19 and Prop-
osition 6.1, to prove Theorem 3.20.

Proof of Theorem 3.20. By Lemma 3.19 and Proposition 6.1, we have
DY(GLy) [] U = 0(GLo)Y [ Dy(GL2)Y - 1g(Z0) = B [ BT (1g(20)
dt

Let us first calculate the generator W1 (uq(Z;)) of this principal B ideal.

P20 g (1q(trg (L — ¢*X1)))

U (trg(DAT'D'A — ¢*X;))

vl (“q(zt))
Def, 3.15
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OV U (tr, (D dety (A) ' Adety (D) D A — g* X1))
E_

!(dety (A) " dety (D) try(DAD A) — g*trg(X1))
ey ldy w =gt + g7
= cz_ldz_l(w —q*(r + q_ztz)dzcz)
@ cz_ldz_l(w -2+ q_ztz)czdz).
Thus 8 - ! (tq(Z;)) is the principal left ideal in B generated by the element
ey ldy(w— (77 + g1 eads).
or equivalently, by the element
w— (72 + g %t%)cads.
A presentation of the quotient,
.i)’/.i)’ (w— (72 + g2 eads)
can be deduced from the presentation of the algebra 8 given in Proposition 6.1, as
follows:
e Generators are: ci, c;ﬂ, di, dzil, r.

¢ Relations are (6.1)—(6.10), and an extra relation obtained from (6.11) as

rP=q'w+ (g + ¢ O cadr — g erd? — g edy + g P errdy
=q 2+ gD eady + (T + ¢ O)eads
—q Yed! —q7*ctdy + g Perrdy

= q_4(1 + 12)(61_2 + t_z)czdz — q_4czd12 — q_4cfd2 + q_zclrdl. (6.26)
This proves that D, (GL>) // 1, U is isomorphic to the algebra
B/8- (w7 +q2P)02da),
who_se presentation is stated in Theorem 3.20, with the isomorphism W induced

by W. O
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