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Calabi-Yau deformations and negative cyclic homology

Louis de Thanhoffer de Vélcsey and Michel Van den Bergh*

Abstract. In this paper we relate the deformation theory of Ginzburg Calabi—Yau algebras
to negative cyclic homology. We do this by exhibiting a DG-Lie algebra that controls this
deformation theory and whose homology is negative cyclic homology. We show that the bracket
induced on negative cyclic homology coincides with Menichi’s string topology bracket. We
show in addition that the obstructions against deforming Calabi—Yau algebras are annihilated
by the map to periodic cyclic homology. In the commutative we show that our DG-Lie algebra
is homotopy equivalent to (77°Y [u], —u div).
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1. Introduction

Throughout k is a field of characteristic zero. In this paper we discuss the
deformation theory of Calabi—Yau k-algebras in the sense of Ginzburg [13]. Recall
that a k-algebra A is d-Calabi—Yau if it is perfect as A°-module and there is an
isomorphism! in D(A¢)

n: RHom e (4, A¢) — 774, (1.1)

In the rest of this introduction we fix a d-CY algebra A. Here and throughout the
paper we take the point of view that 7 is part of the structure of A.

The definition of a d-Calabi—Yau algebra can be “relativized” without any
difficulty. Hence there is an associated deformation theory. Our first result in
this paper is the construction of a DG-Lie algebra which controls this deformation
theory.

To be more precise: let Nilp be the category of commutative, finite dimensional,
local k-algebras (R, m) such that R/m = k. For R € Nilp let Def4 ,(R) be the

*The second author is a senior researcher at the FWO.
I'This isomorphism is sometimes required to satisfy a certain symmetry condition but this happens to
be automatically satisfied. See [29, App. C].
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category of R-algebras B which are d-Calabi—Yau (with respect to R) and which
are in addition equipped with an isomorphism B ® g k =~ A respecting . We
view Def 4, as a pseudo-functor from Nilp to the category of groupoids Gd.

For a nilpotent DG-Lie algebra h let MC(h) be the groupoid of solutions to the
Maurer—Cartan equation in  (see §5). For an arbitrary DG-Lie algebra g we have an
associated “deformation functor”

ME(g): Nilp —> Gd: (R, m) — MC(g ®j m).

In this paper we introduce a DG-Lie algebra ©°(A4, 1) (see §6) which controls the
deformation theory of (4, 1).2

Theorem 1.1 (A combination of Prop. 4.2 and Thm. 6.1 below). There is a morphism
of pseudo-functors w: M€(D*(A,n)) —> Defy,, which when evaluated on an
arbitrary R € Nilp is essentially surjective on objects and surjective on morphisms.

We obtain in particular for R € Nilp a bijection between MC(D°*(A4) ®; m)/=
and Def 4 ,(R)/=. In this sense the deformation theory of A is controlled by the
DG-Lie algebra ©°(A4, n).

©°*(A, n) is constructed as a twisted semi-direct product of the Hochschild cochain
complex with the negative cyclic chain complex of 4. So the construction is similar
in spirit to [26] which treats finite dimensional 4,-algebras with a non-degenerate
inner product. However our algebras are not finite dimensional and they do not carry
an inner product.

The construction of ©°(A4, n) yields a morphism

$: D% (A, 1) —> C*(4),

where €*(A) is the (shifted) Hochschild cochain complex of A. As is well known,
€°(A) controls the deformation theory of A as algebra. The morphism ¢ corresponds
to “forgetting n” as is explained in §7.

The next result is the construction of an explicit quasi-isomorphism of complexes
D°(A,n) = £ CC(A) (1.2)

between ©°(A4,n) and the shifted negative cyclic complex CC, (4). As a result
we obtain the following information about the deformation theory of Calabi—Yau
algebras.

Theorem 1.2. (1) The tangent space to the deformation space of a d-Calabi-Yau
algebra is HC;_, (A).

2n fact this is slightly imprecise as ©°®(A, n) is only determined up to a non-unique isomorphism.
The actual definition of ©®(A, 1) depends on the lift of 1 to an explicit cycle in a suitable complex but
we will ignore this subtlety in the introduction.
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(2) The obstructions against deforming a d-Calabi—Yau algebra are in
ker (HC;_;(4) — HCY" ,(4)).

The first statement is a formal consequence of (1.2). The second statement is
Theorem 10.1 below. It follows in particular that if HC;_5(A) — HCY" ,(4) is
injective then the deformation theory of A as Calabi—Yau algebra is unobstructed.
This happens for example if d < 3 (see Corollary 10.5 and Lemma 10.6 below).

Our next result is the description of the Lie bracket on HC,(A4) induced by (1.2):

Theorem 1.3 (Theorem 8.2 below). The Lie bracket on negative cyclic homology
induced by (1.2) is the “string topology” Lie bracket introduced in [20] by Menichi.

Let us now specialize to the case where A is commutative. Let TP°Y-*(A) be the
Lie algebra of poly-vector fields on A. Then 7 in (1.1) may be interpreted as a volume
form (see §9 below). Let div be the divergence operator on TPN:*(4) associated
to n. Using Willwacher’s “formality for cyclic chains” [32] (see also [7,23,28]) we
show that there is an isomorphism

(TP [u], —udiv) => D°(4, ) (Ju| = 2)

in the homotopy category of DG-Lie algebras which fits in a commutative diagram

(TP%2(A)[u], —u div) —== D*(A) (1.3)

e !

TP () — = T*(A)

~

The lower arrow is a globalized version of Kontsevich’s formality quasi-isomorphism
[16]. This diagram gives a conceptual explanation of Dolgushev’s result [8] that the
Kontsevich x-product associated to a divergence free Poisson bracket is Calabi—Yau.3

Acknowledgements. We would like to thank Damien Calaque and Boris Tsygan for
help with references.

Notation and conventions. All rings and ring homomorphisms are unital. We mix
homological and cohomological indices, using the convention X; = X *.

2. Preliminaries on the Hochschild and cyclic complexes

In this section remind the reader about the basic operations on the Hochschild and
cyclic complexes. The reason for putting this section first is that it also allows us to
introduce some notation. Readers vaguely familiar with the material may safely skip
to the next section.

3This is a special case Dolgushev’s result. Dolgushev does not restrict to the Calabi—Yau case.
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2.1. Notation. Let R be a commutative ring and assume that B is an R-algebra. Let
C.(B) and C*(B) denote the usual relative Hochschild chain and cochain complexes
of B/R. Thus

C*(B) = @) Homg(ZB®". B)
Co(B) =P B®(ZB)®"

where, here and below, all unadorned tensor products are over R. We also use
¢*(B) = XC*(B)
= P Homgr(SB®". =B).
n

We will also consider the normalized versions of these objects:

C*(B) = (P Homr(E(B/R)®". B).

Ca(B) =P B =(B/R®",

and a similar definition for €* (B). It is well known that the obvious maps
C*'(B) — C*(B) and C.(B) —> C.(B)

are quasi-isomorphisms [31, Thm. 8.3.8, Lem. 8.3.7].
If x € €"(B) then we write |x| = n — 1. Thus |x| refers to the cohomological
degree of x.

2.2. The Hochschild cochain complex. The standard algebraic structures on the
Hochschild cochain complex can all be deduced from its structure as a brace
algebra [11]. Recall that the braces are maps

C*B)R--RC(B) —C*(B)xQ@X1 @@ X = X{X1,...,%m}
defined by

X{X1,...,xXm}(b1,...by)
= Z (—l)ex(bl, .. -bi1 ,X](bi1+1, Ce bil+|xl‘+1)’ Ce
0<i1<<im=n

e ,b,-m,xm(b,-m+1, ce ,bi,71+|xm|+1), .. .bn),

where € = Y 1" |xk|ix. The corresponding Gerstenhaber Lie bracket on €*(B) is

[x,y] = x{y} — (=) Py e
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Let © € ¢(B) = Hom(ZB ® B, XB) denote the “inverse” multiplication
w(by,by) = —b1bs. Then [, u] = 0 and hence

dx = [u, x] (2.1

defines a differential of degree one on €*(B).
The cupproduct on €°*(B) is defined by

xUy = (=DM pufx, yl.

This is an associative product of degree one on €*(B), or equivalently an associative
product of degree zero on C*(B). One has [11]

(1) (e*(B),d, [, ]) is a DG-Lie algebra;

(2) (C*(B),d, V) is a DG-algebra, commutative up to homotopy;

(3) More generally: (C*(B),d, [, ], U) is a so-called DG-“Gerstenhaber algebra” up
to homotopy.

2.3. The Hochschild chain complex. When combining the Hochschild cochain
complex with the Hochschild chain complex things becomes much more intricate [2,
24]. We will content ourselves by giving formulas for the basic operations and stating
some relations between them. We refer to [24] for more details.

The first basic operation is the contraction

lx(b0®®bn) = box(blz'--bd)®bd+1 ®®bn

for x € €*(B) and by ® --- ® b,, € Co(B). This is an action of €*(B) on C.(B)
satisfying |ix| = |x| + 1 and

ixiy = (_1)(|x|+1)(|y|+l)iyUx- (2.2)

The contraction is often written as a capproduct: ix(—) = x N —.
The second basic operation is the Lie derivative

n—|x|—1
Ly(bo®--®by) = > (~DMbo @+ @b @ x(bis1.....bisix41) @ @by
i=0

n
+ Y (DD (b b bo. . bixjengi) @ ® by
i=n—|x|

The Lie derivative defines a graded Lie action of €*(B) on C.(B). Explicitly:
|Lx| = [x| and
[Lx, Ly] = L[x,y]- (2.3)
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The Hochschild differential on €4(B) is defined as b = L. From (2.1) and (2.3)
one obtains
[b, Lx] = Lgx. 2.4)

Hence (Co(B),b) is a DG-Lie module over €*(B). One also has compatibility with
the contraction:
[b,ix] + iax = 0. 2.5)

The last basic operation we need is the Connes differential.
B:Ce(B) —> Co(B)

with formula

n
Bbo® + ®by) =Y (-1 1®b ® - ®by ®bo® -+ ®biy
i=0

n
+ D" @ 1®bi @ ®by ®by® - ® bi .
0
It is well known that |B| = —1, bB + Bb = 0, B> = 0.

Some of the following identies hold only for normalized chains/cochains. Note
that if x € €*(B) then iy, L, are well-defined operations on Ce(B).

Lemma 2.1. Assume x € €*(B). Then on Co(B) we have
[B,Lx] =0. (2.6)

The formula (2.6) does not hold for unnormalized cochains.

2.4. The negative cyclic complex. Let u be a variable of degree two and put
CC, (B) = Co(B)[u].

Equipped with the cyclic differential b + uB, this is the normalized negative cyclic
complex. In the sequel operations on Co(B) will be (tacitly) extended to CC, (B)
by making them u-linear. This applies in particular to i, and L,. Combining (2.4)
and (2.6) we obtain

[b+ uB, Lx] = Lgx-. 2.7

The compatibility of i, with the cyclic differential is more subtle. In [24] (see
also [12]) Tamarkin and Tsygan define for x € ¢*(B) a graded endomorphism S,
of Co(B) (depending linearly on x) such that |Sy| = |x| — 1 and such that the
following identity holds

[0+ uB. iy 4+ uSy] + igx +uSsx = uLy (2.8)

on CC, (B). This identity will be important for us in the sequel. Note that it
implies (2.7).



Calabi—Yau deformations and negative cyclic homology 1261

The following is a special case of [24, Prop. 3.3.4].

Lemma 2.2. Let x,y € €*(B) be such that dx = dy = 0. Then [Ly,iy + uSy] is
homotopic to (—1)|x|(i[x,y] + uS[x,y])-

2.5. A comment on base change. If A is a k-algebra and R is a commutative k-
algebra then for B = A ®j R it is clear that Cge(B) = Ce(4) ®% R (where
contrary to our usual conventions we have now made the base ring explicit in the
notation). Since the negative cyclic complex involves a product this is not true for
CCg «(B). However it is true if R is finite dimensional. Similarly in that case we
have C;(B) = C*(A4) ®k R. In the sequel we will not mention these base change
isomorphisms explicitly.

2.6. Some comments on signs. In the previous sections the operations iy, Ly, S¢,b,B
of degree |x| + 1, |x|, [x| — 1, 1, —1 were defined as acting on C4(B). We define
corresponding operations on shifts X" Cq(B) in the usual way:

ix(s"b) = (=1)"WITDs7i (b),

Ly(s"b) = (=1)"*s" L (b),

Se(s"b) = (=1)" 757 S, (1),
b(s"b) = (=1)"s"b(b),
B(s"b) = (—1)"s"b(B),

where s is the degree change operator |sb| = |b| — 1.

The relations between iy, Ly, Sy, b, B stated in §2.3,§2.3 carry over to all shifts
Y’ Cq(B) without any sign changes, since all terms in the identities (necessarily)
have the same degree.

3. Preliminaries on Calabi-Yau algebras

In this section we extend Ginzburg’s definition of Calabi—Yau algebras to the relative
case.

Let R be a commutative ring. For an R-algebra B we put B¢ = B @ B°. We
use without further comment the standard equivalences between the categories of left
B¢-modules, right B¢-modules and B-bimodules which are R-central.

A B¢-module is called perfect if it has a finite resolution by finitely generated
projective B®-modules. If B is R-flat and B is a perfect B¢-module then we say
that B is homologically smooth over R. The implicit flatness hypothesis ensures that
B¢ = B ®g B° is the correct definition from a derived point of view. We could
have avoided this hypothesis by first replacing B by an R-flat DG-resolution but for
simplicity we have chosen not to do this.
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Definition 3.1 (Ginzburg [13]). An R-Calabi—Yau algebra of dimension d is a pair
(B, n) where

(1) B isan R-algebra B which is homologically smooth over R;
(2) n is an isomorphism RHompge (B, B¢) — %7 B in D(B®).

Remark 3.2. Note that the amount of freedom for 7 is quite limited. If (B, 1), (B, 1)
are Calabi—Yau then there exists z € Z(B) such that ' = z7 (see [6]).

Recall that if M is a complex of B¢-module then its Hochschild homology and
cohomology are respectively defined as
HHi(B.M) = H'(M ®" B).
HH'(B, M) = H'(RHomge (B, M)).
As usual we write HH; (B) = HH; (B, B) and similarly HH! (B) = HH' (B, B). One

has
HH; (B) = H™'(C.(B)),

and if B is a projective R-module then
HH'(B) = H'(C*(B)).

The operations [, ], U, N, L, B introduced in §2 descend to homology and make the
pair (HH®*(B), HH.(B)) into a so-called calculus structure [24]. Up to suitable, and
for us irrelevant, signs U is the Yoneda products on HH®*(B) = Ext%.(B, B) and N
is the action of HH®*(B) on HH,(B) = H~*(B ®%. B) through its action on the
second factor (see e.g. [3, Prop. 11.1, 12.1]).

Lemma 3.3. Let B be a homologically smooth algebra. Then for M a perfect
B¢-module there is a canonical isomorphism

HH; (B, M) =~ Hompge (X' RHompe (M, B®), B) (3.1)
in D(R).

Proof. Since M is perfect we may replace it with a complex of finitely generated
projective B¢-modules. In this way we reduce to M = B¢ which is an easy
verification. O

Definition 3.4. Let B be a homologically smooth algebra R and n € HH;(B). We
say that 1 is nondegenerate if its image under (3.1) is an isomorphism.

This allows us to redefine a d-Calabi—Yau algebra over R as a couple (B, n)
where B is a homologically smooth R-algebra and 5 is a non-degenerate element
of HH,; (B). Below we will massage this new definition further. Recall the following:
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Proposition 3.5 (“Poincare duality”). Assume that (B,n) is a d-Calabi-Yau
R-algebra. Then for each i, the map

HH'(B) — HHy_;(B):jt— N7y (3.2)
is an isomorphism.

Proof. The existence of the isomorphism was first stated in [30] without the explicit
formula (3.2). The formula (3.2) is folklore. For completeness we include a possible
proof.

The proof of Lemma 3.3 shows that there is a canonical isomorphism in D(R)

y Lt
RHompe (RHompe (B, B¢), B) = B ®%. B, (3.3)

which is compatible with the RHompe (B, B)-actions on the marked copies of B.
By definition n € H —d (B ®I§e B) corresponds under (3.3) to an isomorphism
nT:RHompge (B, B®) — ¥4 B. This yields an isomorphism

) {

RHompe (2% B, B) —> RHomge (RHompe (B, B¢), B):0 > 0 o™  (3.4)
also compatible with the marked RHom e (B, B)-actions. Composing (3.3) and (3.4)
gives us an isomorphism

—dp k L 4
¢&:RHompe (X7 “B,B) — B ®p. B,

which sends Idp to 7.

According to the discussion preceding Lemma 3.3, the compatibility with
the RHompe (B, B)-actions implies that & transforms U into N on the level of
cohomology. More precisely,

E(uUo)==xuné).
The lemma now follows by taking o = Idp. 0
Corollary 3.6. Assume that (B, n) is a d-Calabi—Yau R-algebra. Then
HH'(B) =0 fori €[0.d].
HH;(B) =0 fori €[0,d].

As before let CC, (B) = (Co(B)[u], b+ uB) be the negative cyclic complex and
denote its corresponding homology by HC, (B).

Proposition 3.7. Let (B,n) be a d-Calabi-Yau R-algebra. Then, HC; (B) = 0
fori > d and, furthermore, the map

m:CC, (B) —> Co(B): Y biu' > bo

induces an isomorphism HC;(B) = HH4(B).
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Proof. We use a spectral sequence argument. We view CC, (B) as a double complex
with b pointing vertically upwards and uB pointing horizontally to the right. By
Corollary 3.6 we have HH; (B) = O fori > d. Hence if we filter CC, (B) by column
degree then the E! term of the resulting spectral sequence looks like

0 HHy,_»(B) —2~uHH,_; (B) 2~ u2 HH,(B)
0 HH,_,(B) —2~ y HH,(B) 0
0 HH, (B) 0 0
0 0 0 0
From this the result follows. ]

Definition 3.8. Let B be a homologically smooth R-algebra. We say that an element
n € HC, (B) is non-degenerate if 77(n) is non-degenerate.

The leads to the following redefinition of a Ginzburg d-Calabi—Yau R-algebra,
which we use below.

Definition 3.9 (Restatement of Definition 3.1). A Calabi-Yau algebra of dimension d
over R is a couple (B, ) where B is a homologically smooth R-algebra and 7 is a
non-degenerate element of HC (B).

We have shown that this definition is equivalent to Ginzburg’s original definition.
In the more general setting of DG-algebras this is no longer the case. It is generally
believed that Definition 3.9 is the “correct” definition for a d -Calabi—Yau algebra in
the DG-case. This is the point of view of Kontsevich—-Soibelman in [17] and also of
Keller [15].

4. Deformations of Calabi-Yau algebras

In this section we fix a d-Calabi—Yau k-algebra (A4, 1o) as in Definition 3.9. We will
study the deformations of A as a Calabi—Yau algebra.

Let Nilp be the category of commutative, finite dimensional, local k-algebras
(R, m) such that R/m = k. For (R,m) € Nilp we define a groupoid Def 4, (R)
as follows: the objects in Def 4,5, (R) are triples (B, s, n) such that B is an R-flat
R-algebra, s: B — A is an R-algebra map inducing an isomorphism B ® p k — A
and 7 is an element of HC; (B) such that s(n) = no.
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A morphism (B1, 51, n71) = (B2, $2,12) is a commutative diagram

Bl—>

N A

such 72 = ¢(n1). One sees that Def 4 ,, becomes a pseudo-functor Nilp — Gd in
the obvious way.

To be able to rightfully claim that Def 4 ;, describes the Calabi—Yau deformations
of (A4, o) we need the following elementary lemma.

Lemma 4.1. Assume that (B, s,n) € Def 4 ,,(R). Then (B, n) is d-Calabi-Yau.

Proof. We have to show that B is a perfect B®-module and that 7 induces an
isomorphism 7: RHompe (B, B®) — L7 ¢B.

Since R is finite dimensional every flat R-module is R-projective. This applies
in particular to B and B®. Let

0O—-P,—>+—>Pp—>A—>0

be a finite resolution of A by finitely generated projective A°-modules. It is easy to
see that this resolution can be lifted step by step to a resolution

0—->Qy—-+—> Q09— B—0,

where the Q; are finitely generated projective B¢-modules satisfying Q; @ gk = P;
In particular B is perfect.

It also follows that H = cone n is perfect. It it easy to that n* @ k = U(J)r , and
hence

(cone n™) ®F k =~ cone(n* @ k) = cone naL =0.

If now suffices to note that if H is perfect and H @~ k = 0 then H = 0. O

We now introduce a variant of the groupoid Def 4 ,,(R) which is easier to
describe cohomologically. We remind the reader of the base change convention
exhibited in §2.5 which we will use throughout. As in §2.2 let —uo € €!(A) be

the multiplication map on A and let Ao be a lift of 79 to CC, (4). We define an
associated groupoid Defi1 o (R) as follows. The objects are couples (i, ) where

(1) u € ¢'(A) ®x R is such that —u defines a unital associative multiplication
on A ®; R;

(2) pmodm = po;
(3) n € CCy (A) ® R;
4) (L, +uB)(n) =0;
(5) nmod m = 1.
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For (4), recall that L,, + uB is the cyclic differential for the algebra (4 ®x R, u1). A
morphism (i1, 1) = (42, 7n2) in Deflj‘l,uo,ﬁo(R) is a couple (¢, &) where

(1) ¢ is a unital map of R-algebras ¢: (A @k R,—u1) — (A Qx R, —u»2);

(2) ¢ is the identity modulo m;

(3) £ is an element of@d_ﬂ(A) Qp m;

4 (L, +uB)(§) = ¢(m) —n2.

The composition of morphisms

¢'.§) (9,8)
(11, m) ——> (2, 1m2) — (U2, 7m2)

is defined by
(@.8)0(¢".E) = (pod . ¢(§) + ). 4.1
Below we will often use the notation 7 for the cohomology class of a cocycle 7.
Proposition 4.2. The morphism of groupoids
Ob (Def'il,ﬁo (R)) —> Ob (DefA,no (R)): (n,n) — ((A ®r R, —p), “mod m”, ﬁ)
Mor (Def}y 5, (R)) —> Mor (Def4,z4(R)): (4,€) > ¢

is essentially surjective on objects and surjective on morphisms.

Proof. We first prove essential surjectivity. Let (B,s, ) € Defy,,(R). Then,
since R is finite dimensional local and B is R-flat we have an isomorphism
B =~ A ®i R as R-modules and it is easy to see that this isomorphism may be
chosen to make the following diagram commutative

B

S A®R
\ Am
A

We now transfer the multiplication on B to A ®; R where it becomes an element
of —pu € ¢1(A) ®; R which modulo m is equal to —uo. We do the same
with ¢ € HC;(B) and we choose an element n € CC, (A) ®k R such that
(L +uB)(n) =0,n = ¢ (). Thus in Def 4 5, (R) we have

(B,s, V) = ((A ®r R, —n), — mod m, ﬁ).

This proves essential surjectivity. Now we prove surjectivity on morphisms. Let
(1, m1), (2, m2) € Ob(DefI;1 o (R)) and let ¢ be a unital algebra morphism

(A ®k R7_H‘1) — (A ®k Rv—MZ)

inducing the identity modulo m and satisfying ¢ (171) = 7>.
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It follows that ¢(n1) — 72 is a boundary in the negative cyclic complex of
(A ®k R, —u2). In other words there exists § € CC; ;(A) ®x R such that

¢(m) —n2 = (L, +uB)(§).

We have to show that we may choose & € @;H (A) Q@ m
Since ¢ is the identity modulo m we have

¢ (n1) —n2 mod m = 11 — 12 mod m
= 7o — 7o
=0.

It follows that ¢(n;) — n, € CC, (A) ® m and hence d£ mod m = 0. Since
HC,;,(A) = 0 by Proposition 3.7 we see that there exists y € CC;,,(A) ®k R
such that (L, + uB)(y) = £ mod m. In other words

§ =&~ (Ly, +uB)(y) € CCy (A) ® m.
Then the couple (¢, ') is a pre-image for ¢. O

For completeness we state the following.
Proposition 4.3. Let 7y, € CC, (A) be a different lift of no. Then Def’, i (R) and
Defk;1 o (R) are isomorphic.

We could easily prove this here directly, however we will postpone the proof until
§6 where we reinterprete Def';1 i (R) in terms of the Maurer—Cartan equation.

5. The Maurer—Cartan formalism

In this section we briefly recall the construction of the deformation functor associated
to a DG-Lie algebra.

Let h® be a DG-Lie algebra over k. The set

MC(h*) <

{y eh'|dy + %[y,y] = 0}
is the set of solutions to the Maurer—Cartan equation in h®. It has a natural structure
of a groupoid which we now describe.

Assume that n is a nilpotent Lie algebra and let U (n) be the enveloping algebra
of n, completed at the augmentation ideal. Then the group exp(n) is by definition the
set of group like elements in U (n). It is well known and easy to see that there is a
bijection

exp:n —> exp(n):n > e”

between the primitive and the group like elements in U (n).
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Now assume that h*® is nilpotent. Then U (%) acts on the graded Lie algebra h*

using the adjoint action and hence so does the gauge group G(H*) &f exp(h?). This
action does not commute with the differential and in particular it does not preserve
MC(h*). However the following modified gauge action does:

of . eadx -1
exp(x) * y £ ¥ (y) — ————(dx)
(5.1)

oo
adx 1 n
=¥ (y) - > = 1)!(adx) (dx),
n=0
where x € h°, y € h! and (ad x)(u) = [x, u].
An elegant derivation of this action is given by Manetti [19, §V.4]. One first
formally adjoins an element & of degree one to h® such that dx = [§, x], d§ = 0 and
[6,8] = 0. Then (5.1) can be rewritten as:

exp(x) * y = "% (y 4+ 8) — 6. (5.2)
This action preserves MC(h*®) since for y € h':
yeMC(H®) < [y+46,y+é8 =0.

In the sequel we view MC(h*) as a groupoid through the G (h*®)-action.

If y € MC(h®) then by definition b} is the DG-Lie algebra which is h*® as graded
Lie algebra but which has the deformed differential d,, = d + [y, —]. Using (5.2)
one easily shows that for x € h°

dx. e °
e x: b, — bexp(x)*y (5.3)

is an isomorphism of DG-Lie algebras

Assume (R,m) € Nilp. Given an arbitrary DG-Lie algebra g® over k, the
vector space g* ® m becomes a nilpotent DG-Lie algebra. We define M€ (R) as
MC(g°® ® m) equipped with the groupoid structure introduced above. In this way
we obtain a pseudo-functor M€: Nilp —> Gd. This is the “deformation functor”
associated to g°.

6. The DG-Lie algebra ©°(A4, »)

Below (4, fj) is a d-Calabi—Yau k-algebra where 19 € CC,(A) satisfies

(Lo + uB)(10) =0,

with —19 € @!(A) being the multiplication on A. In this section we associate a
DG-Lie algebra ©°*(A, no) to A and prove that its deformation functor (see §5) is
isomorphic to the functor DefE’él’77 , introduced in §4.
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If g* is a DG-Lie algebra and M* a g®*-module then the direct sum complex
g° @ M *® becomes a DG-Lie algebra when endowed with the following bracket:

[(g.m), (g'.m")] := ([g. &), gm’ — (—=1)!&"mlg"m)

The resulting DG-Lie algebra is called the semi-direct product of g* and M *® and is
denoted by g°® x M*

By (2.3) and (2.7) (see also §2.6) we have a DG-Lie action
€*(4) x T77ICC, (4) — TTITICC, (A): (x.1) = Lan
and we can form the corresponding semi-direct product
D*(A)F = €*(4) x =797ICC, (4).

The element x = (0,5 %" '159) € D*(A)¥ satisfies dx = 0 and [x,x] = 0. So
it satisfies the Maurer—Cartan equation. Put ©°(A4, no) = ”D’(A)i, with notation as
in §5.

Theorem 6.1. Let (R, m) € Nilp. There is an isomorphism of groupoids

®(R):MC(D°*(4,n0) ®k m) —> Def&l,no(R)’

which on objects is given by

—d—1

(,s n) = (o + (. Mo + 7). (6.1)

Corollary 6.2. There is a natural transformation of pseudo-functors

O: ME(D*(A,n9)) —> Defi,no’

which, when evaluated on R € Nilp, is an isomorphism of groupoids.

We shall prove Theorem 6.1 by combining some lemmas. Throughout we fix
(R, m) € Nilp. The following lemma says that ®(R) behaves correctly on objects.

Lemma 6.3. Let 4 € EI (A) @ m and n € &d_(A) Qi m. The following are
equivalent:

(1) (u,s7971n) € MC(D*(A. 1o) ® m);

() (o + ft.no + 1) € Def’y , (R).
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Proof. We will work out what it means for (11, 5747 1n) € D'(4, no) @ m to satisfy

the Maurer—Cartan equation. To simplify the notations we write 75 = s N0,
n = s~4"1y. We compute

1
5[(% ), (w.n)] + do(p. 1)
1
= E(UMM], 2L, () + ([1o. k). (Lo +uB)()) + [(0, ng). (1. 7)]
1
= 5([M,M], 2L, (1)) + ([0, k], (Lo + uB)(1)) + [0, L,u(n5)]

= (31 1 + 0. 11, L) + (L +uBY) + L)
= ([0 + 1, o + 1], (Lo + uB)(0' + 1)),

where in the last line we have used [wo, jto] = 0, (L, + uB)(np) = 0. Thus if
(ko + p,mo + 1) € Def'j‘l’no(R) then (11,597 1n) € MC(D*(4,n9) @k m). To
prove the converse the only thing we still need to check is that —(uo + ) defines a
unital multiplication on 4 ®; R. This follows immediately from the fact that —p¢ is
unital and p is normalized. O

The next two lemmas will help us describing the gauge group action of
G(D*(4, ).

Lemma 6.4. Let n be a nilpotent Lie algebra over k and let M a representation of n.
Then there is an isomorphism of groups

exp(n) x M — exp(nx M): (exp(n), m) + exp(n, 0) exp(0, m).

Proof. This is a straightforward verification from the definition of “exp” in §5 using
the fact that

Ulhx M) = U(h) x Sym(M). O

Lemma 6.5. Let g°* be a nilpotent DG-Lie algebra over k and M*® a nilpotent
DG-module.  Consider the DG-algebra h® which is g* x M*® as graded Lie
algebras and which is equipped with a deformed differential (dy, dp) + do where
do:g® —> M is of the form g — (—=1)8lgmyq for suitable mg € M. Then for
g€g’ me MO and (g1, my) € h' we have

exp(g,0) * (g1,m1) = (exp(g) * g1, €% (my —mo) + my),
exp(0,m) * (g1,m1) = (gl’ml — (g1 + du)m).
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Proof. We compute

exp(g, 0) x (g1,m1) = " (g, my) =) ad"(g,0)(dy(¢.0))

n

(n+ 1)!
1
(n+ D!

= (eadggl,egml)—z ad”(g,0)(dyg,dog)

= (% gy efmy) = Y (ad” (8)(dqg). 8"+ 'mo)

n

1
(n+ 1)!

= (ef * g1, e%(m1 —mo) + mo).

Similarly:

exp(0,m) * (g1.m1) = €™ (g my) =) ﬁ ad" (0.m)(dy(0.m))

= (g1,m1) — (0, g1m) — (0, dpym)
= (g1,m1 — (g1 + dm)m). O

We will also use the following variant of (5.2)

Lemma 6.6. Let h® be anilpotent DG-Lie algebra with inner differential d = [, —].
Then for x € §°, y € b! one has

exp(x) * y = *“*(y + o) — po.

Proof. Direct evaluation of the righthand side yields the formula (5.1) for exp(x) * y.
O

Proof of Theorem 6.1. We start by verifying that (6.1) yields indeed a map of
groupoids. To this end we have to define ®(R) on maps. Note that by
Lemma 6.4 each element of exp(D°(4, io,no) ® m) can be uniquely written as

exp(0, s~ 1g) exp( £, 0) for
f € @®(4) @ m = Hom(A4/k, A) ®, m C Hom(A4, A) @ m
and & GC_Cd_H(A) Qp m.

We put ¢ = e/ Then ¢ € Hom(4, A) ® R is such that ¢ mod m = Id4.
Assume that

exp(0,s™971E) x exp(£,0) * (w1, s~ 1) = (2,579 ). (6.2)

We define ®(R) on maps as follows

®(R)(exp(0,57471&) exp( £, 0)) = (e, (=1)?¢). (6.3)
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For this to be well defined we should have a morphism

(@, (=1)?8): (o + 11,70 + 1) — (o + p2. o + M2)
in Deflj‘l’no (R). In other words:
@ ¢:(AQr R, —(uo+ 1)) — (ARr R, — (o + p2)) is an R-algebra morphism;

(b) (1o + n1) = no + 12 + (=D (Lugrus + uB)(€).
Put g, = 57971y fori = 0,1,2, & = 57971, We invoke Lemma 6.5 with
mg = —1,. Then (6.2) yields

(12, 1) = (exp(f) * pr, el (o + 1}) = 1o = Lexp( s (§) = (Lo + uB)(E)).

(6.4)
We may compute exp( ) * 41 inside unnormalized cochains C*(A4) and then we may
invoke Lemma 6.6. We find

exp(f) * 1 = €/ (o + 1) — to.

Furthermore a direct computation shows that

e (po + 1) = e’ o (o +pa) o (e )

=¢o(po+u)o@ o).

Hence (6.4) translates into

po+p2=do(mo+p)o(@ ¢~

Mo + > = ¢ + 17) — (Lug+us + uB)(E).

The first of these equations yields (a). The second yields (b) taking into account that
L o+u, + uB has degree one, which induces a sign change.

It remains to show that our assignment respects compositions. By Lemma 6.4
we have for f.g.h € ¢%(A) ®x m such that exp(h) = exp(g)exp(f), v,§ €
CC_;_1(A) ®k m:

CD(R)(exp(O, s—d-1 v) exp(g, 0) o exp(0, s_d_lg) exp( f. O))
=d>(R)( exp(0, 741 v) exp(0, s_d_legé) exp(g, 0) exp( f, 0))
=®(R)(exp(0, s™7 (v + e%&)) exp(h, 0))
=(e". (-1 (v + €%8))
=(efe’, (=) (v + €%§))
and
®(R)(exp(0, s~ 1v) exp(g, 0)) o ®(R)(exp(0, s~ ~'&) exp( £, 0))
= (5. (D) (e, (=1)%)
= (egef, (—l)d(v + egé))
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by (4.1). We conclude that ®(R) is indeed a map of groupoids. By Lemma 6.3
it is bijective on objects, and running the above computation backwards, starting
from (6.3), we see that it also bijective on maps. Thus ®(R) is an isomorphism of
groupoids. O

The following result implies Propositon 4.3.

Proposition 6.7. Assume that 0o, 1, € @; (A) induce the same element in HC; (A).
Then D°(A, no) = D°(A, ny).

Proof. From (5.3) one sees that it is sufficient to show that (0, s™* 1), (0,541 o)
are in the same G(D*(A4)*) orbit. Pick & € CC,1(A) such that

Mo = o + (=D (Lo + uB)g.
We compute using (5.1)

exp(0,s747LE) % (0,57 o) = (0,579 o) — (0, (L + uB)(s™471E))
= (0.5~ p). 0

7. Relation with Hochschild cohomology

Let (A, 7o) be a d-Calabi—Yau k-algebra and let —to be the multiplication of A. Let
(R,m) € Nilp. We may define pseudo-functors Def 4, Deflj‘i: Nilp — Gd in the
same way as Def 4 5, Def'f‘l’,7 o> ignoring 7o. The induced morphism

Def® (R) —> Def4(R)

is essentially surjective on objects and surjective on morphisms. Furthermore there
is an isomorphism of groupoids

®(R): MC(C*(A) @i m) —> Def’y (R): it > 1o + i
The obvious morphism of DG-Lie algebras
¢:D°(A,m0) —> C*(A): (1, ) = p

makes the following diagram commutative:

ME(D* (A, np)) ~2—= ME(E*(4))

o) |o

Defy4 , ———— Def
cta.n forget n cta
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8. Homology of ©°(A4, 1)

Let (A4, 7o) be a d-Calabi—Yau algebra as before with multiplication —pg. In this
section we prove that the homology of ©°®(A, 1) is isomorphic to HCZ, ;_, (4).
Furthermore we show that the induced Lie bracketon HC— , ;_, (A) is given Menichi’s
string topology bracket [20].

In our statements and computations we will use the following conventions:

» Taking homology classes is indicated by overlining.

* Depending on context 2~ will mean either “up to homotopy” (when discussing
maps) or “up to addition of a coboundary” (when discussing elements).

Theorem 8.1. The map
W:D* (4, 10) — THICC, (A): (.57 M)

> (=DM 4+ uS,) (57 g) +us™ Ty

is a quasi-isomorphism of complexes.

Proof. To simplify the notation we put

I, =iy +usS,.

We first check that W does indeed commute with differentials. Write 7 = 574 1n,,

n = s~471y. Then
W) = s> (=D gy +urf), 8.1)

and hence

(doW)(u,n)
= (b + uB)s? (=)™~ 1m0 + un')
= s2((=D)"™=Y (o + uB) I,y + u(b + uB)n')

= s2((=D"o + uB, 1,](1p) + u(o + uB)n’) (since (b + uB)np = 0)
= s2((=)"= Ly, — g n + uo + uB)y) (by (2.8))

= s2((=D" T guny + u((o + uB)n’ — (=1 L))

= W(dp. (b+uB)y — (=)™ L,np) (by (8.1))

(Yod)(u,n).
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To see that W is indeed a quasi-isomorphism, consider the following commutative
diagram

0 ——X747ICC, (4) D*(4,n9) ————C(4) ——0

0 ——uX?+ICC, (4) — = ~4+ICC, (A) — =74+1C,(4) —=0

The map on the left is multiplication by u which is an isomorphism. The map W is
given on cohomology by

= £1,m0 mod u = i, m(no),

where 7 is as in Proposition 3.7. Hence W is an isomorphism by Proposition 3.5.
From the five lemma we conclude that the middle arrow is an isomorphism on
cohomology as well. O

We now describe the Lie bracket on HC, (A) induced by the quasi-isomorphism W.
As already used in the above proof the map

— N 7 (ijo): HA' (4) —> HHy_; (A4)

is invertible by Proposition 3.5. Let us denote its inverse by j. Using j, one can
transport the cup product on HH*(A) to a product on HHe(A)

- HH; (A) X HHJ (A) —> HHH—j—d(A)
with explicit formula
a-b=(ja)Ujb))nx(io)

or in a form more suitable for us below

Iy T (M0) 1y 7 (70) = Ty upy T (70)- (8.2)
Theorem 8.2. The Lie bracket induced on

H*(77*1CC, (4)) = HCuyg-1(4)
by the quasi-isomorphism \V is given by

[, —]:HC, (4) x HC,,(4) — HC, , ,_ ;. 1(A): (11, n2)
= (=DIMFEB( () - 7 (2),

where B is given by

B:HH,(4) — HC_,,(A4): 7 > Bv.
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We first need the following technical lemma.

Lemma 8.3. Ler i € €*(A) and n € CC, (A) be cocycles. Then L wn and Bi, ()
are both cocycles in CC, (A) and Bi,m(n) = Lunin HC, (A).

Proof. L,n is a cocycle by (2.7). Bi,m(n) is a cocycle since 7(n) is a cocycle
in Co(A) and

(b + uB)(Bi, (1)) = bBi,(n) = —Bbi,(n) = 0,

where the last equality follows from (2.5).
For the second claim, we first multiply by u:

u(Lun—Biymw(n) = [b+uB, I,Jn—uBiyw(n) (by(2.8))
= (b+uB)I,n—uBi,m(n) (since (b + uB)n = 0)
= (b + uB) (1 —ium(n)) (since biy, () = 0).

Now, 72 (Lun— iy (1 (1)) = i,u7r(7) —i,u7(n) = 0, which means that 7,,7— iy, (1)
is divisible by u. Thus it follows that

Lyun—Biym(n) = (b +uB) (™ (Iun — ipm()),
hence the claim. O

Proof of Theorem 8.2. Let (11,5 % 1) and (2,5 %9 1n,) be two cocycles in

D*(A, no). We must prove for n; = s~ 1y,

s ([ (1. 1)) (2. m5)]) = [s971W (1, ny). 5971 (2. ). (8.3)

We will first compute the lefthand side of (8.3). Writing out the differential in
D°(A, ng) explicitly, the fact that (i1, 1}), (42, 1,) are cocycles implies

dpuy =duz =0, 8.4)
(b+uB)n) — (=ML, my = (o +uB)y — (DL =0,
where 7 = s_d_ln{). We compute

def 4_—

x 5[, 1)), (amy)])
= 547N pal. Ly oy = (<DL ) 8-
= s (=it g e u(Lyy iy — (=DEIEIL ),

where we have used (8.1) and the fact that 15| = |12
We now consider the boundary element (b + uB)1,,, 5. By (2.8), we have

(b+uB)Iy, 77/2 - (‘UWl Hllm (b + UB)nlz + Lap, 77/2 =uLy, ’7/2‘
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Taking into account (8.4) this becomes
(b + uB) Iy ny = (=)™ (b + uB)ny + uLyy 1)
— (_1)\M1\—1+|M2|1M1LM2% +uLy, ,7/2
and similarly
(b + uB) I, ny = (=Dl L+ uLy,n).

We now subtract both boundaries with appropriate sign from (8.5) to obtain the
following homologous cocycle

x o ()R (1 oy = Ty Lusmiy + (D211, 1y )

3 (8.6)
= (_I)WIH_'MZ' 1Sd+l(l[m,.u«2] — Ly Ly, + (_l)lmlmzuuzl‘m)%'
By Lemma 2.2 and (8.4):
Vo I (—1)“‘“1[“1,“2] = 0.
Thus
Iy 0] = (_l)llm(Lm L, — (=DlEm HIMZIIMLM)
— (_1)|M1|(LM11M2 _ (_1)|M1|(|M2|+1)1M2LM)
— (_l)lulle Iy — (_I)WHIMIIMLM_
Substituting this in (8.6) we obtain
X (_1)|M1|+\M2\—1Sd+1((_1)|M1|LM]Mz% _ 1M1LM2776)' (8.7)

Next we observe, using (2.8)

[b +uB, I, 1, — (_1)(|M1 |+1)(|M2|+1)1M2Um]
= [b+uB, Iy, 1, + (=D)L o+ uB, 1]
_ (_1)(|M1|+1)(\M2\+1)[b +uB, I,up, ]
— ”(Lmluz + (_1)\M1\+11M1LM2 _ (_1)(““|+1)(‘M2‘+1)LM2UM1)’
(8.8)
and also using (2.2):
Ly L, — (_1)(|ll«1I-H)(\l/«zH—l)IMZUM1 mod u = i, iy, — (_1)(““|+1)(|M2|+1)iM2UM1
= 0.

In other words I, I,,, — (—1)(#11+DUr2l+D s divisible by u and we obtain
from (8.8)

Ly 1, + (_1)|M1|+11M1LM2 i~ (_1)(““|+1)(|M2|+1)LM2UM1'
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Substituting this back in (8.7) we find

X (_1)|Ml|(|M2|+1)sd+1L/L2U/L1 ,76
= (=il +Dgdig; o () (by Lemma 8.3)
= (=2 dF g () (by §2.2)

~ (_1)|M2|+1(_1)(|m |+|M2|+1)(d+1)Bim U (M0),

and hence by (8.2)
¥ = (_1)|M2|+1(_1)(|IJ«1|+|M2|+1)(d+1)B(l'Mln(ﬁ0) . iuz”(ﬁo))-
To compute the righthand side of (8.3) we note
7 (s W 1)) = w(sTHH DT L 4 ) (by (8.1))
— (_l)wl‘|—1(_1)(|,U«i|+1)(d+1)l-mn(n0),

so that

[s471W (11, my), 97 W (12, 1) |
= (=DIMFB (s g ) - s 1 W (. )
— (_1)\11«1\+d+|M1|+|M2|(_1)(|M1|+|M2|)(d+1)B(l'M17.[(n0) . iuz”(UO))
— (_1)\l/~2\-|-1(_1)(|,ulI-i-wz\-l-l)(d-H)B(Z-M1 7 (7o) - iuzﬂ(ﬁo))7

finishing the proof. 0

9. The commutative case

In this section we will use formality results from [7,16,23,28,32] so we will assume
that the ground field k£ contains R. It is likely that this condition can be removed by
using the methods from [9, 10] but we have not checked it.

Let A = O(X) where X is a smooth affine d-dimensional Calabi—Yau variety
over k. Let TP°Y:*(A) be the Lie algebra of poly-vector fields on X. We assume that
TPY-*(A) is shifted in such a way that the Lie bracket has degree zero. Similarly
let 2°(A) be the differential forms on X (not shifted).

We fix a volume form 7 € Q¢ (A4). The Hochschild—Kostant-Rosenberg map
furnishes an isomorphism HHy (A4) = Q¢ (A4). So we may consider 7 as an element
in HHy (A4) and hence by Proposition 3.7 as a cycle (still denoted by 1) in CC,(A).
It is well known and easy to see that (A4, 1) is a Calabi—Yau algebra in the sense of
Ginzburg. Let

div: TPY*(4) — TPY-*"1(4)

be the divergence operator corresponding to 1 (see §9.4 below). The divergence is a
differential which acts as a derivation with respect to the Lie bracket on TP°Y-*(A).
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In this section we will prove the following result.

Theorem 9.1. There exists an isomorphism
(TP (A)[u]), —udiv) = D*(A, n)

in the homotopy category of DG-Lie algebras which fits in a diagram like (1.3).

Recall that the homotopy category of DG-Lie algebras is the category of DG-Lie
algebras with quasi-isomorphisms formally inverted.

9.1. Semi-direct products for L .,-algebras. We remind the reader of a few basic
definition regarding Lo-algebras and modules. Let h* be a graded k-vector space.
Recall that an L.-structure on h*® is a square zero, degree one coderivation Q on the
symmetric coalgebra S€(Xh*®). Such an L-structure is determined by its Taylor
coefficients 9" Q which are maps S”(Xh*) — XZh°. Here and in related situations
below we always assume that zeroth order Taylor coefficient are zero.

A DG-Lie algebra can be made into an L ,-algebra by putting

' 0(sg) = —sdg, 9*0(sg.sh) = (=1)!8ls[g.h], 90 =0 forn > 3.

A morphism of L-algebras ¥ : (g°, Q) — (b°, Q) is a coalgebra morphism
¥ S¢(2g*) — S¢(Xh®) commuting with Q. It is also determined by its Taylor
coefficients 9" y: S (Xg®) — Xbh°.

If V'* is a graded k-vector space then an Lo-h*-module structure on V* is a
square zero, degree one differential R: S€(Xh°®) ® V'* — S¢(XZh*) ® V'* satisfying

(0 ® Idsey, ® Idy 4+ 1dge, ®R) o (A ® Idy) = (A ® Idy) o R

as maps from S°(Zh*) ® V* to S(Zh*) ® S°(XZhH*) ® V* An Lo-h*-module
structure R on V' * is entirely determined by the maps 3"t R: S"(Zh*)QV* —> V°.
If b* is a DG-Lie algebra and V'*® is a DG-module over it then V'* can be made into
an L,-module over h by putting

M R(w) =dv, *R(sg.v)=g-v, "R=0 forn>3.

If V* is an Leo-h*-module then so are ™ V'*® for all m using the obvious sign
convention

"tIR(sg1,....58n,8™V) = (—1)m(”+|g1‘+"'+‘g”|)8”+1R(sgl, e Sgn, ).

We may combine the Loo-structures on h* and X V'* to make the direct sum h* & V'*
into an Lo-algebra. We will denote the resulting L.-algebra by h*® x V'* and call
it the semi-direct product of h®. This is an obvious generalization of the semi-direct
product of a DG-Lie algebra with a DG-module which was used in §6.
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Assumethat (V*, R), (W*®, R) are Lo-h*-modules. An L, morphism u: V*—W?*
is a comodule map u: S€(Xg) @ V°* — S¢(Zg) ® W*. commuting with R. It is
determined by its Taylor coefficients 0" : S (Xh*) @ V°* —> W*.

Given in addition an Loo-morphism :g° —> b* the pullback V7 of V* is
defined as follows:

8”+1R¢(sg1,...,sgn,v)
= Z LI TR Y (5Liys -2 5Cinn, )» O™ Y (G 410> Sy -+

t,1<mj)<-<my_1<n

ceey an_mt_l w(sgimt_l+1 9 .. ’Sgn)a U),

where for all j: iy ;41 < -+ <im; ., and the sign is the Koszul sign of the corre-
sponding shuffle of the (sg;);. By construction we have a canonical L ,,-morphism

Yyigtx Vy — b x V°,
which restricted to S” (X g) coincides with 0" .

9.2. Twisting. Assume that ¥: g* —> h*® is a L,-morphism between L -algebras
equipped with some type of topology and let @ € g! be a Maurer—Cartan element
in g!, i.e. a solution of the L,-Maurer—Cartan equation

1 i
2 7@ =0.

i>1

One has to assume that one is in a situation where all occurring series are convergent
and standard series manipulations are allowed. In our application below the series
are in fact finite.

Define Q, ¥, and @’ by [33]

(0" Qu)(y) = ;, %(a"” 0)(w ]w y)  (fori >0) 9.1)
i | .
(' Vo) (y) = g 7@ *+ w)(wﬁ -wy)  (fori>0) (9.2)
1 .
o'=>" F(aup)(a) : -.-a)) (9.3)

j=17 Jj

for y € S*(Zg®). Then e.g. by [33] @’ is a solution of the Maurer—Cartan equation
on h* and furthermore g°, h*, when equipped with Q,, Q- are again L.-algebras.
Let us denote these by g, and h?,. Finally v/, is an Lo, map g;, — b,
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9.3. Applying formality to (A4, n). By [4, 16,33] there is an Lo-quasi-iso-
morphism B
U TPOY2(4) — €°(A)

such that d'4( is the standard Hochschild—Kostant—-Rosenberg quasi-isomorphism.

View (CC, (A),b + uB) as an Ly.-module over 7P°Y-*(A4) via {l as in §9.1.
We also view (2°(A4)[u],ud) as a DG-Lie module over TP°Y-*(A) via the Lie
derivative. Then by [7,23,28,32] there is an L-quasi-morphism of L,-modules
over TPY-*(4)

&: (CC, (4).b+uB) — (Q*(4)[u]. ud),

where 0!G is again the HKR quasi-isomorphism. Thus we get a roof of L .-quasi-
morphisms of graded DG-Lie algebras

TP-2(4) x ~4-1CC, (A)

/ \
Tpoly,-(A) X E_d_lﬂ'(A)[[Mﬂ E'(A) X Z_d_lﬁ._(/l)

9.4)

We obtain a new roof by twisting with (0, /) where n/ = s~¢~1.

(TPO]y’.(A) X Z_d_lﬁo_(A))(O,n/) (95)

y w

T (A1) D*(A,n)
where
T4, 1) = (T (4) x =71 [u]) .-

The complexes here are are 2-step filtered. The arrows are quasi-isomorphisms since
if we take the associated graded complexes for the 2-step filtrations we find the same
arrows as in (9.4).

9.4. Divergence etc.... The divergence operator is defined by

div: T*PY(A4) — T~ 1Y (4)

via the following identity
diy nn)=divy Nn.

We conclude immediately
divZ =0
and furthermore the following is true [21]:
D"y yal = div(yrye) — div(y)yz — (D7 yy divys.
So (TPY:*(A), —div, U) is a BV-algebra (see App. A).
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Proposition 9.2. There is an L -isomorphism of DG-Lie algebras
§: (TPY*(A)[u], —u div) — T°(A).
Proof. According to Proposition A.4 there exists an L ,-isomorphism
(TP (A)[u]. —u div) — (T"Y*(4) x a, —u div),
where a is the abelian graded Lie algebra on the vector space uT?°Y-*(A)[u]. The
action of TP°Y-*(A) on a is given by
y*a=[y.al+ )" divy Ua.

To finish the proof it is sufficient to show that the following map
8 (TPY*(A) x a, —udiv) — T°(4,1)
= (TPM*(A4) x Z_d_IQ'(A)[[u]])(O’n,): (r.a) — (y, (=D*u"'a ny)
is an isomorphism of DG-Lie algebras. First we show that
8 a— 27IQ (A [u]:a — (D@ n )

is compatible with the action of TP%:*(4). We compute for y € TP¥-*(A4) and
acea.

§'(y xa) =8 ([y.al + (=) divy Ua)
= (=D)"Haly =Yy a] + (=D divy Ua) Ny’
= (—DFlaly = () div(y Ua) — (~D)"div(y) Ua
+y Udiv(a) + (=D div(y) ua) Ny’
= (=DHlaly = (=) div(y Ua) + y Udiva) Ny’
= (DT (DY n@ng) +y ndani)
= Ly (8'(a)).
Now we check compatibility with the differential of ' on an element a € a.
§'(—udiva) = —(=D)\*diva Ny’
= (~Dld(@n )
= d(§'(a)).
Finally we check compatibility with the differential of ' on y € TPV-*(A).
§'(—udivy) = —(=)"*divy ny
= (=D"d(y nn)
= (=D"Lan
= [(0.1). (y.0)]. O
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Proof of Theorem 9.1. 1t suffices to combine diagram (9.5) with Proposition 9.2,
taking into account that an L o-quasi-isomorphism yields an isomorphism in the
homotopy category of DG-Lie algebras via the bar cobar construction. O

10. Obstructions

Let g* be a DG-Lie algebra and let (S,n) — (R,m) be a surjective morphism
in Nilp with one-dimensional kernel ks C n. Let x € g! ® m be a solution to the
Maurer—Cartan equation. Lift x to an arbitrary element £ of g! ® n and let p(%) € g2
be such that p(x)s = dx + %[)2, X]. Then clearly dp(x) = 0 and furthermore the
cohomology class

o(x) € p(%) € H'(g")

does not depend on the chosen lift x of x. It is easy to see that o(x) = 0 if and
only if x can be lifted to an element of MC(g® ® n). Consequently o(x) is called the
obstruction class of x.

The obstruction space O(g®) is the linear span in g2 of all o(x) for all morphisms
(S,n) — (R, m) with one-dimensional kernel and all x € MC(g* ® m) as above.

Clearly o(x) and hence O(g®) is functorial under DG-Lie algebra morphisms. It
is well known and easy to see that this functoriality extends to L s,-morphisms.

Recall that the periodic cyclic complex CCh™ (A) of a k-algebra A is obtained by
inverting u in CC; (A). Its homology will be denoted by HC5™ (A). The following is
the main result of this section.

Theorem 10.1. Let (A, 7)) be a d-Calabi-Yau algebra. Then the composition

. 2 /e Thm 8.1 _ per
0(®@°(A,n) — H*(D°(4,n) = HC,;_;(4) - HC, ,(4)

Is zero.

The proof depends on the following beautiful result by Tsygan and Daletskii
[27, Thm. 1] (see also [5]).

Theorem 10.2. The Lie action of €*(A) on CC, (A) can be extended to a u-linear
Loo-action of the DG-Lie algebra (€*(A)[u,€],d + ud/de), with |e| = 1, €2 = 0
and such that
d'R(y) =dy
azR(SU’ V) = LO')/
R(s(€0).y) = Isy

for o € €*(A), y € CCS (A).
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The statement about % R(s(eo), y) does not occur in [28, Thm. 1] but it follows
easily from the proof.

In the rest of this section (A4, 1) is a d-Calabi—Yau algebra.

Lemma 10.3. There is a commutative diagram of complexes

(€*(A) x 2771 CCT(A))0,1) (€ (ADu. €] x T4 CCT(A))0.)

41 CC, (4))

(10.1)
where

o U was introduced in Theorem 8.1;
e = S_d_ln/,‘
* the horizontal map is a twist (see §9.2) of the map obtained from the obvious
inclusion of DG-Lie algebras
(€*(4).d) = (C(A)[u.€].d + 9/de);

o U restricted to €°*(A)[u, €] is u-linear and satisfies

V(o) = (=) I,y
Vo) = (=17 Loy 102
U'(eo) =0
foro € €°(A);
o U restricted to ©¢' CCy (A) is multiplication by u.
Proof. The commutativity of the diagram is clear. We only have to show that ¥’
commutes with the differential. For ¥’ restricted to £~¢~1 CC, (A) this is obvious.
As far as the restriction of W’ to €*(A)[u, €] is concerned: the only non-trivial case
(given that W already commutes with the differential) is the evaluation on an element
of €g.
Using (9.1) we find for o € €*(A)

do.y(€0) = (d(ea), (=1)& I7).
Given (10.2) we have to show
V' (d(o,n(€0)) = 0.
We compute
V' (dgo.n)(€0)) = W' (d(e0), (1) I, 7y)
= W' (—edo +uo, (=) ,7')
= (=D ULy + (=Dl
=0. m



Calabi—Yau deformations and negative cyclic homology 1285

Lemma 10.4. Consider =%+ CC:"(A) as an abelian DG-Lie algeba. Then there
exists an L o-morphism

A:D%(A4, ) — =74l (4)
such that the following diagram is commutative

H*(@*(A. 7)) — =2 pe(z-4+1 CC; (4))

HY () j canonical
H* (¥ CCY (4))

Proof. To simplify the notations put
g* =¢%(4), V- =3x7471cc(4), VP =3x"9"1CCo(A).

Thus we get Loo-morphisms (see §§9.1, 9.2)

. - . - . -1
(8° % V) — (8°[u. el x V )(o,n’) — (9w u™" €] x Vper)(o’n,)
SO VP gy = VP = S2VPT (10.3)
Here ¢ goes in the wrong direction but it is easy to see that (g®[u, u™!, €], d +ud/de)
is acyclic. Hence c is an quasi-isomorphism. This means that there is an L ,-quasi-

isomorphism ¢’ which goes in the opposite direction and which inverts ¢ on the level
of cohomology. Taking the composition of everything we obtain an L ,,-morphism

(go X V_)((),r;/) N 22vper’

which is the desired A.

It remains to show that A and W are compatible on the level of cohomology. This
follows from the following commutative diagram whose upper row is a compressed
version of (10.3) and whose lower row we obtain from (10.1).

A

o
~

I

(0° x V) — (@l u™ el x VP oy =

22 V- 22 J/ per }/per xu 22 /per

T E—— yper 2 yper
Xu H

canonical
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Proof of Theorem 10.1. The theorem follows from Lemma 10.4 together with the
functoriality of obstruction spaces under L..-morphisms and the fact that the
obstruction space of an abelian Lie algebra is trivial. O

Corollary 10.5. If the map HC;_;(A) —> HCY' (A) is injective then the
deformation theory of A is unobstructed.

This corollary applies for example in the case d < 3 by the following well-known
lemma.

Lemma 10.6. HC, (4) — HCY' (A) is an isomorphism for n < 0.
Proof. There is an exact sequence
HC,_1(4) — HC, (4) — HC*'(A) — HC,—»(A)

(e.g. [18, Prop. 5.1.5]) where HC,(A) denotes ordinary cyclic homology. The
complex computing ordinary cyclic homology is concentrated in homological
degrees > 0. Hence HC,,(A4) = 0 for n < 0. This finishes the proof. O

Remark 10.7. Many 3-dimensional Calabi—Yau algebras are obtained from superpo-
tentials (see [1,29]). For those itis is not very surprising that the deformation theory is
unobstructed (the deformations come from deforming the superpotential). However
there are examples of 3-dimensional Calabi—Yau algebras which are not obtained
from superpotentials. See e.g. [6]. Simple examples are given by 3-dimensional
smooth commutative Calabi—Yau algebras with no exact volume form.

A. A technical result on BV-algebras

Recall that a DG-BV-algebra is a quadruple (g°, d, A, U) where (g°, d) is a complex,
U is a commutative, associative product of degree* 1 on g* compatible with d, A is a
differential of degree —1, (g°, d, [—, —]) is a DG-Lie algebra with [—, —] defined by:

[g.h] = (=DEF(A(g U k) = Ag Uh — (=DM g U AR)
and U, [—, —] are related by the Leibniz rule:
[g.hy Uhol = [g. ] U hy + (=D)EIMIFDR G (g )

It is shown in [14, 25] that if h® is a DG-BV-algebra then (h*((u)),d + uA)
is homotopy abelian. The same proof works for ubh®[u],d + uA) but not
for (h*[u],d + uA). Our aim in this section is to make (h*[u],d + uA) as

4As always our grading conventions are such that Lie brackets have degree zero.
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“commutative as possible” (see Proposition A.4 below) by making at least its sub-
DG-Lie algebra (uh®[u],d + uA) abelian. This is not completely straightforward
since in order to do this we have to twist the action of h* on ubh*[u].

The fact that (h*((v)),d + uA) and (uh*Ju],d + uA) are homotopy abelian is
in fact a special case of a general result in [22]. For the benefit of the reader we repeat
the proof of this result. Afterwards we will reuse the proof to treat (h*[u], d + uA).

It is convenient to use the following adhoc definition.

Definition A.1. A BV_ algebrais a DG-Lie algebra g* equipped with a commutative,
associative product U of degree —1, compatible with d, such that

[g.h] = (=D& (d(g U h) —dg Uh — (—1)!¢1T1 g U dh) (A.1)

and
[g,h1 Uhs] = [g, ] U hy 4+ (=)WMD G (g hy). (A2)

Lemma A.2 ([22]). Let g°* be a BV_-algebra and let a® be the same as g° but with
the Lie bracket set to zero. Then there is a Loo-morphism y: g* —> a® such 3" is
the identity. In other words g° is homotopy abelian.

Example A.3. Let (h*,d, A, U) be a DG-BV-algebra. Then
(ub*[u].d +ul,[—, —]u" " (—U-))

is a BV_-algebra and hence by the previous lemma (uh*[u], d + uA) is homotopy
abelian. The same reasoning applies to (h*((u)),d + uA).

Proof of Lemma A.2. Put V* = ¥g°®. The coderivation Q on S¢V'* corresponding
to the DG-Lie structure is given by

NV — Visg > —sdg
92Q: S2V* — V*: (sg.sh) — (—=1)&ls[g, h]

and all other 0" Q are zero.
For simplicity of notation we put

581+582+-5gn = s(g1 U+ U gn).
From (A.1) and (A.2) we obtain:

alQ(Ul 'U2"'Un) = ZeialQ(vi)Ul {)l .
i A A
+ Zfi,jazQ(v,-,vj)vl DDy, (A3)
i<j
where the signs are determined by

V1 Vg- Uy = € V; 'Ul"’ﬁi"'vn

A

=€i,jvi'vj'vl"'vi"'vj"'vn-
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Consider 3! Q as acoderivation of S€V* andlet ¥: S€V* — SV * be the coalgebra
automorphism determined by

" Y (V1,...,Up) = V1 - Vge-Up.
Then (A.3) becomes
QoY =yo0,
which finishes the proof. 0

Proposition A.4. Let (h°,d, A, U) be a DG-BV-algebra. Let a® be the graded vector
space ub*[u]. The following operation

hxa=[ha+ D"PFTAMR) Ua (A.4)

for h € b®, a € a® makes a® into a graded \®-representation. Furthermore d + uA
defines a derivation on the Lie algebra b® x a® and finally there is an Loo-isomorphism

¢:h°u] — (b° x a®,d + ul)
such that 3' ¢ is the identity.

Proof. In the proof below we identify the underlying vector spaces of h*[u] and
h® x a in the obvious way. The fact that (A.4) defines indeed a representation as well
as compatibility with differentials is an easy direct verification: Now put V'* = Xa®,
W* = Eh°. Let Q be the coderivation on S¢(W* & V*) corresponding to bh*®[u].
We observe that ' Q|W*® = 31 Q + 0>Q, where 3' Q| = —d and ' Q5 = —uA.
Let Q' be the coderivation on S€(W* @ V*) corresponding to (h°® x a®,d + uA).
We have 3' Q' = 9! Q. Furthermore

Q' (wr, wz) = *Q(wy, wa) for wy, wy € W*,
020" (v1,v2) =0 for vy,vy € V°,
and forh € h*,a € a°®
320’ (sh,sa) = (=) s(h * a)
= (=)"s[h,a] — s(Ah U a)
= 32Q(sh,sa) + ' Q2 (sh) - sa,
where as above x - y = u~!(x U y). In other words
20" (w,v) = 0w, v) + ' 0x(w)-v forwe W, veVl®*. (A.5)
We now construct the desired Loo-morphism. By definition 0"y = Id forn = 1.
Forn>1,i > 1, wy,...,w; € W vq,...,vj € V* we put
Y (wi,..., wi,vg,...,0;) =0
and

n . e . .o
b
" Y (vi,...,Vj) = V1 Vp- - Vp.
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We now verify
yoQ=00oy

We must evaluate both sides on S'W* ® S/ V*. If i = 0 then the desired equality
follows from the proof of Lemma A.2. If i > 2 then both sides are zero so this case
is trivial as well. If i = 2 then both sides are zero unless j = 0 in which case we
reduce to 02Q|S2W* = 32Q'|S>W*.

We concentrate on the case i = 1. We find

(QIOW)(UM,UL...,U]') = 82Q'(w1,v1 SV e Vp)

and
(¥ 0 Q)W v1.....v;) = ' Qa(wy) - vy -+-v; + D £I2Q(wy,vy) vy -eebyeeev;
l

= 81Q2(w1).v1...vj +82Q(w1’v1 'UZ"'UJ')~

We conclude by (A.S). ]

References

[1] R. Bocklandt, Graded Calabi Yau algebras of dimension 3, J. Pure Appl. Algebra, 212
(2008), no. 1, 14-32. Zbl 1132.16017 MR 2355031

[2] D. Calaque and C. A. Rossi, Compatibility with cap-products in Tsygan’s formality
and homological Duflo isomorphism, Lett. Math. Phys., 95 (2011), no. 2, 135-209.
Zbl 1213.81142 MR 2764337

[3] D. Calaque, C. A. Rossi, and M. Van den Bergh, Hochschild (co)homology for Lie
algebroids, Int. Math. Res. Not. IMRN, (2010), no. 21, 4098-4136. Zbl 1215.14006
MR 2738352

[4] A.S.Cattaneo, G. Felder, and L. Tomassini, From local to global deformation quantization
of Poisson manifolds, Duke Math. J., 115 (2002), no. 2, 329-352. Zbl 1037.53063
MR 1944574

[5] Yu. L. Daletskii and B. L. Tsygan, Operations on Hochschild and cyclic complexes,
Methods Funct. Anal. Topology, 5 (1999), no. 4, 62-86. Zbl 0955.58002 MR 1773904

[6] B. Davison, Superpotential algebras and manifolds, 2012. arXiv:1010.3564v1

[7] V. Dolgushev, A formality theorem for Hochschild chains, Adv. Math., 200 (2006), no. 1,
51-101. Zbl 1106.53054 MR 2199629

[8] V. Dolgushev, The Van den Bergh duality and the modular symmetry of a Poisson variety,
Selecta Math. (N.S.), 14 (2009), no. 2, 199-228. Zbl 1172.53054 MR 2480714

[9] V. Dolgushev, D. Tamarkin, and B. Tsygan, Formality of the homotopy calculus algebra
of hochschild (co)chains, 2008. arXiv:0807.5117v1 [math.KT]


https://zbmath.org/?q=an:1132.16017
http://www.ams.org/mathscinet-getitem?mr=2355031
https://zbmath.org/?q=an:1213.81142
http://www.ams.org/mathscinet-getitem?mr=2764337
https://zbmath.org/?q=an:1215.14006
http://www.ams.org/mathscinet-getitem?mr=2738352
https://zbmath.org/?q=an:1037.53063
http://www.ams.org/mathscinet-getitem?mr=1944574
https://zbmath.org/?q=an:0955.58002
http://www.ams.org/mathscinet-getitem?mr=1773904
https://arxiv.org/abs/1010.3564v1
https://zbmath.org/?q=an:1106.53054
http://www.ams.org/mathscinet-getitem?mr=2199629
https://zbmath.org/?q=an:1172.53054
http://www.ams.org/mathscinet-getitem?mr=2480714
https://arxiv.org/abs/0807.5117v1

1290 L. de Thanhoffer de Vélcsey and M. Van den Bergh

[10]

(11]

(12]

[13]
[14]

[15]
[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

[25]

V. Dolgushev, D. Tamarkin, and B. Tsygan, The homotopy Gerstenhaber algebra of
Hochschild cochains of a regular algebra is formal, J. Noncommut. Geom., 1 (2007),
no. 1, 1-25. Zbl 1144.18007 MR 2294189

M. Gerstenhaber and A. A. Voronov, Higher-order operations on the Hochschild complex,
Funktsional. Anal. i Prilozhen., 29 (1995), no. 1, 1-6, 96. Zbl 0849.16010 MR 1328534

E. Getzler, Cartan homotopy formulas and the Gauss-Manin connection in cyclic
homology, in Quantum deformations of algebras and their representations (Ramat-Gan,
1991/1992; Rehovot, 1991/1992), 65-78, Israel Math. Conf. Proc., 7, Bar-Ilan Univ.,
Ramat Gan, 1993. Zbl 0844.18007 MR 1261901

V. Ginzburg, Calabi-Yau algebras, 2007. arXiv:math/0612139

L. Katzarkov, M. Kontsevich, and T. Pantev, Hodge theoretic aspects of mirror symmetry,
in From Hodge theory to integrability and TQFT tt*-geometry (Providence, RI), 87-174,
Proc. Sympos. Pure Math., 78, Amer. Math. Soc., Providence, RI, 2008. Zbl 1206.14009
MR 2483750

B. Keller, private communication, 2006.

M. Kontsevich, Deformation quantization of Poisson manifolds, Lett. Math. Phys., 66
(2003), no. 3, 157-216. Zbl 1058.53065 MR 2062626

M. Kontsevich and Y. Soibelman, Notes on Ao-algebras, Aoo-categories and non-
commutative geometry, in Homological mirror symmetry (Berlin), 153-219, Lecture Notes
in Phys., 757, Springer, Berlin, 2009, Zbl 1202.81120 MR 2596638

J.-L. Loday, Cyclic homology. Appendix E by Maria O. Ronco. Chapter 13 by the author in
collaboration with Teimuraz Pirashvili, second edition, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 301, Springer-Verlag,
Berlin, 1998. Zbl 0885.18007 MR 1600246

M. Manetti, Lectures on deformations of complex manifolds (deformations from
differential graded viewpoint), Rend. Mat. Appl. (7), 24 (2004), no. 1, 1-183.
Zbl 1066.58010 MR 2130146

L. Menichi, Batalin-Vilkovisky algebra structures on Hochschild cohomology, Bull. Soc.
Math. France, 137 (2009), no. 2, 277-295. Zbl 1180.16007 MR 2543477

V. Schechtman, Remarks on formal deformations and Batalin-Vilkovisky algebras, 1998.
arXiv:math/9802006v2 [math.AG]

G. Sharygin and D. Talalaev, On the Lie-formality of Poisson manifolds, J. K-Theory,
2 (2008), no. 2, Special issue in memory of Yurii Petrovich Solovyev, Part 1, 361-384.
Zbl 1149.17013 MR 2456106

B. Shoikhet, A proof of the Tsygan formality conjecture for chains, Adv. Math., 179 (2003),
no. 1, 7-37. Zbl 1163.53350 MR 2004726

D. Tamarkin and B. Tsygan, The ring of differential operators on forms in noncommutative
calculus, in Graphs and patterns in mathematics and theoretical physics (Providence,
RI), 105-131, Proc. Sympos. Pure Math., 73, Amer. Math. Soc., Providence, RI, 2005.
Zbl 1150.16011 MR 2131013

J. Terilla, Smoothness theorem for differential BV algebras, J. Topol., 1 (2008), no. 3,
693-702. Zbl 1153.14005 MR 2417450


https://zbmath.org/?q=an:1144.18007
http://www.ams.org/mathscinet-getitem?mr=2294189
https://zbmath.org/?q=an:0849.16010
http://www.ams.org/mathscinet-getitem?mr=1328534
https://zbmath.org/?q=an:0844.18007
http://www.ams.org/mathscinet-getitem?mr=1261901
https://arxiv.org/abs/math/0612139
https://zbmath.org/?q=an:1206.14009
http://www.ams.org/mathscinet-getitem?mr=2483750
https://zbmath.org/?q=an:1058.53065
http://www.ams.org/mathscinet-getitem?mr=2062626
https://zbmath.org/?q=an:1202.81120
http://www.ams.org/mathscinet-getitem?mr=2596638
https://zbmath.org/?q=an:0885.18007
http://www.ams.org/mathscinet-getitem?mr=1600246
https://zbmath.org/?q=an:1066.58010
http://www.ams.org/mathscinet-getitem?mr=2130146
https://zbmath.org/?q=an:1180.16007
http://www.ams.org/mathscinet-getitem?mr=2543477
https://arxiv.org/abs/math/9802006v2
https://zbmath.org/?q=an:1149.17013
http://www.ams.org/mathscinet-getitem?mr=2456106
https://zbmath.org/?q=an:1163.53350
http://www.ams.org/mathscinet-getitem?mr=2004726
https://zbmath.org/?q=an:1150.16011
http://www.ams.org/mathscinet-getitem?mr=2131013
https://zbmath.org/?q=an:1153.14005
http://www.ams.org/mathscinet-getitem?mr=2417450

[26]

(27]

(28]

[29]

(30]

(31]

Calabi—Yau deformations and negative cyclic homology 1291

J. Terilla and T. Tradler, Deformations of associative algebras with inner products,
Homology, Homotopy Appl., 8 (2006), no. 2, 115-131. Zbl 1116.16032 MR 2246025

B. Tsygan, Formality conjectures for chains, in Differential topology, infinite-dimensional
Lie algebras, and applications (Providence, RI), 261-274, Amer. Math. Soc. Transl. Ser.
2, 194, Amer. Math. Soc., Providence, RI, 1999. Zbl 0962.18008 MR 1729368

B. Tsygan, On the Gauss-Manin connection in cyclic homology, Methods Funct. Anal.
Topology, 13 (2007), no. 1, 83-94. Zbl 1116.18010 MR 2308582

M. Van den Bergh, Calabi—Yau algebras and superpotentials, Selecta Math. (N.S.), 21
(2015), no. 2, 555-603. Zbl 1378.16016 MR 3338683

M. Van den Bergh, A relation between Hochschild homology and cohomology for
Gorenstein rings, Proc. Amer. Math. Soc., 126 (1998), no. 5, 1345-134. MR 1443171;
Erratum: Proc. Amer. Math. Soc., 130 (2002), 2809-2810. MR 1900889 Zbl 0894.16005

C. A. Weibel, An introduction to homological algebra, Cambridge Studies in Advanced
Mathematics, 38, Cambridge University Press, Cambridge, 1994. Zbl 0797.18001
MR 1269324

T. Willwacher, Formality of cyclic chains, Int. Math. Res. Not. IMRN, (2011), no. 17,
3939-3956. Zbl 1230.18014 MR 2836399

A. Yekutieli, Deformation quantization in algebraic geometry, Adv. Math., 198 (2005),
no. 1, 383-432. Zbl 1085.53081 MR 2183259

Received 10 June, 2016

L. de Thanhofter de Volcsey, Department of Computer and Mathematical Sciences,
University of Toronto Scarborough, 1265 Military Trail, Toronto, ON M1C 1A4, Canada

E-mail: ldethanhoffer @me.com

M. Van den Bergh, Departement WNI, Universiteit Hasselt,
3590 Diepenbeek, Belgium

E-mail: michel.vandenbergh@uhasselt.be


https://zbmath.org/?q=an:1116.16032
http://www.ams.org/mathscinet-getitem?mr=2246025
https://zbmath.org/?q=an:0962.18008
http://www.ams.org/mathscinet-getitem?mr=1729368
https://zbmath.org/?q=an:1116.18010
http://www.ams.org/mathscinet-getitem?mr=2308582
https://zbmath.org/?q=an:1378.16016
http://www.ams.org/mathscinet-getitem?mr=3338683
http://www.ams.org/mathscinet-getitem?mr=1443171
http://www.ams.org/mathscinet-getitem?mr=1900889
https://zbmath.org/?q=an:0894.16005
https://zbmath.org/?q=an:0797.18001
http://www.ams.org/mathscinet-getitem?mr=1269324
https://zbmath.org/?q=an:1230.18014
http://www.ams.org/mathscinet-getitem?mr=2836399
https://zbmath.org/?q=an:1085.53081
http://www.ams.org/mathscinet-getitem?mr=2183259
mailto:ldethanhoffer@me.com
mailto:michel.vandenbergh@uhasselt.be

	Introduction
	Preliminaries on the Hochschild and cyclic complexes
	Notation
	The Hochschild cochain complex
	The Hochschild chain complex
	The negative cyclic complex
	A comment on base change
	Some comments on signs

	Preliminaries on Calabi–Yau algebras
	Deformations of Calabi–Yau algebras
	The Maurer–Cartan formalism
	The DG-Lie algebra  D(A,)
	Relation with Hochschild cohomology
	Homology of  D(A,)
	The commutative case
	Semi-direct products for L-algebras
	Twisting
	Applying formality to D(A,)
	Divergence etc…

	Obstructions
	A technical result on BV-algebras

