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ideal property if each of its closed two-sided ideals is generated by projections inside the ideal.
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1. Introduction

George Elliott initiated the classification program of nuclear C*-algebras since his
classification of approximately finite-dimensional (AF) algebras via their scaled,
ordered Ko-groups ([6]). Successful classification results have been obtained for
AH algebras (the inductive limits of matrix algebras over metric spaces) with slow
dimension growth for cases of real rank zero (see [2-5,9, 10, 12, 13, 16, 17]) and
simple AH algebras (see [7,8, 11, 18,25]) by using the so called Elliott invariant,
which consists of the ordered Ko-group, the K;-group, the simplex of tracial state
space and the natural pairing beween the tracial state space and the Ko-group.

A C*-algebra is said to have the ideal property if each of its closed two-sided
ideals is generated (as a closed two-sided ideal) by projections inside the ideal. It
is obvious that both simple, unital C*-algebras and real rank zero C*-algebras have
the ideal property. There are many other examples of C*-algebras arising from
dynamical systems which have the ideal property (see [20,28-32], etc.). In 1995,
K. Stevens classified all unital approximately divisible Al algebras with the ideal
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property ([39]). Conel Pasnicu studied C*-algebras with the ideal property and
obtained a characterization theorem for AH algebras with the ideal property which
are quite useful for classification theory (see [27]). In 2011, K. Ji and C. Jiang
improved Stevens’ result by dropping the conditions unital and approximate divisible
(see [21]). Subsequently, Jiang and the present author completely classified all
inductive limits of splitting interval algebras (ASI) with the ideal property ([22]).
Al algebra is a special case of ASI algebra. The invariant we used to classify ASI
algebras in our paper was first proposed by Stevens. We call it Stevens invariant.
Stevens invariant of a C*-algebra A consists of the Ko-group of A, the K;-group of A
and the tracial state spaces of all hereditary C*-subalgebras of the form eAe with
certain compatibility conditions, where e is any projection in A. Stevens invariant is
also used to classify AH-algebras with the ideal property (see [19]).

We know that for simple C*-algebras, traces are assumed to be bounded in the
unital cases, and lower semicontinuous and densely defined in the non-unital case.
But these two kinds of traces will not suffice for the classification of non-simple
C*-algebras. That is, for non-simple C*-algebras, in many cases, all finite traces or
densely defined lower semi-continuous traces are identically zero on a proper ideal.
Therefore, neither finite traces nor densely defined traces can give information of the
ideals. In this paper, we propose to include the extended valued traces (the value
could be infinity) in the traditional Elliott invariant — called the Extended Elliott
Invariant. Another sign for considering the extended valued traces is that all lower
semicontinuous traces on a C*-algebra constitute a non-cancellative cone that in
particular determines the lattice of closed two-sided ideals, an important invariant in
its own right.

It is natural to ask what is the connection between the extended Elliott invariant
and the Stevens invariant? Does the extended Elliott invariant still work for classifying
C*-algebras with the ideal property? In this paper, we partially answered these two
questions. The following theorems are our main results in this paper:

Theorem 1.1. Let A be a C*-algebra with the ideal property. Then the Stevens
invariant of A is equivalent to the extended Elliott invariant of A.

Theorem 1.2. Let A, B be two C*-algebras with the ideal property. If A and B
have isomorphic extended Elliott Invariant, then A and B have isomorphic Stevens
Invariant — and vise versa.

The paper is organized as follows. In Section 2, we recall some definitions and
lemmas. In Section 3, we define two categories § and & corresponding to Stevens
invariant and extended Elliott invariant respectively. We show that there are canonical
non-trivial maps between the object set of & and the object set of §. Moreover, the
Stevens invariant of a C*-algebra can always be derived from its extended Elliott
invariant. The converse is true when the C*-algebra has the ideal property. In
Section 4, we extend the maps defined in Section 3 to be functors between two sub-
categories of § and & and prove Theorem 1.2. Finally, we show that there is a class
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of C*-algebras without the ideal property whose extended Elliott invariants cannot
be derived from their Stevens invariants.

Acknowledgements. The result of this paper is part of my thesis. I benefit a lot from
discussions with my advisor, Professor Guihua Gong in writing this paper. I would
like to express my gratitude to him, for his support, patience, and encouragement
throughout my graduate studies.

2. Preliminaries

For convenience of the reader, we recall some definitions and lemmas (see [33] for
more details).

Definition 2.1. Let A be aC*-algebra. A weighton A is afunction¢: Ay — [0, +00]
such that:

(1) ¢(ax) = agp(x),ifx € AL and o € Ry;
(i) ¢(x +y) = ¢(x) + ¢(»), if x and y belong to A .

Moreover, ¢ is lower semi-continuous if for each @ € R4 the set

fxedy|¢() <a}

is closed.

Definition 2.2. Let A be a C*-algebra. A trace on A is a weight ¢ such that
¢ (w*xu) = ¢(x) forall x € A4 and all unitary u € A, where A is the unitization
of A.

Remark 2.3. In this paper, we denote by T(A) the collection of all lower semi-
continuous traces on A. This set is a non-cancellative cone endowed with operations
of pointwise addition and pointwise scalar multiplication by strictly positive real
numbers (see [14] for details). Let Tg(A) denote the set of all finite traces on A.

The following two propositions are properties of traces quoted from [33].
Let A be a C*-algebra and ¢ be a trace on A. Let A‘i be a subset of A defined by

A‘i = {x €Ay | p(x) < oo}.

Proposition 2.4 (see [33, 5.1.2]). For each trace ¢ on a C*-algebra A the linear
span A® of A‘i is a not necessary closed ideal of A with (A%)4 = A‘i, and there is
a unique extension of ¢ to a positive linear functional on A®. Moreover, the set

Af:{xeA|x*xeA‘i}

. . ¢
is an ideal of A such that y*x € A?® forany x,y € A;.
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Proposition 2.5 (see [33, 5.2.2]). If ¢ is a trace on a C*-algebra A, then

d(yx) = Pp(xy)

for each x in A® and y in A. Moreover, if ¢ is lower semi-continuous, then

¢ (x*x) = $p(xx¥)
Jorall x in A and ¢ (xy) = ¢p(yx) forall x and y in Aﬁ.

Next we want to discuss how to extend traces.

Definition 2.6. We define an equivalence relation in A4 by setting x & y if there
is a finite set {z,} in A such that x = ) z}z, and y = ) z,z,. And we use the
notation y < x tomean y ~ x1, X1 < X.

Theorem 2.7 (see [33,5.2.7)). Let B be a hereditary C*-subalgebra of a C*-algebra A,
and let ¢ be a lower semi-continuous weight on B. For each x in A4 define
¢(x) = sup {¢(») | y € B4,y < x}.
Then $ is a lower semi-continuous trace on A and (}5 |B, is the smallest trace
dominating ¢.
The following two definitions are some usual notations.

Definition 2.8. Let A be a C*-algebra. Let $(A) be the set of all projections in A.
Let Ko(A) be the Ko-group of A and Ko(A)™ € K¢(A) be the semigroup of K¢(A)
generated by [p] € Ko(A), where p € Poo(A). Define

A4 = {[p] € Ko(A)" : pisaprojection in A}.

Then (Ko (A4),Ko(A4)", £ A) is a scaled ordered group.
Definition 2.9. Let X be any convex set.
(1) Let Aff(X)™ be the collection of all affine maps from X to [0, oo].
(2) Let Affp(X) be the collection of all affine maps from X to R.

(3) Let Aff,(X)T be the subset of Aff,(X) consisting of all nonnegative affine
functions.

Any affine map &: X — Y induces a linear map £*: Aff(Y) — Aff(X) by

§5(NH) = fE@),

forall f € Aff(Y)andt € X.
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3. Two invariants and their relevant categories

In this section, we construct two categories & and § in which the extended Elliott
invariant and Stevens invariant sit, respectively. We show that there is a canonical
non-trivial map from the object set of & to the object set of &, which induces a
map from the extended Elliott invariant of a stably finite C*-algebra to its Stevens
invariant. We also construct a canonical map from the object set of & to the object set
of &, which induces a map from the Stevens invariant to the extended Elliott invariant
for a stably finite C*-algebra with the ideal property.
Let & denote the category whose objects are four-tuples

((Go,G), =G, Gy, X),

where (Go, Gg' ) is a partially ordered abelian group; G, is a countable abelian

group; X G is a subset of G(‘f ; X is a cone closed under addition and positive scalar

multiplication such that there exists a positive linear map s¢ from GJ’ to Aff(X)T.

And X is also a complete lattice cone when endowed with the order structure induced

by its addition operation (i.e., 7y < 75 if there exists 73 € X such that 7; + 13 = 12).
A morphism

©:((Go, G ), £G,G1, X) — ((Ho, Hy ), =H, H1,Y)

in € is a three-tuple

0= (90’ 91’ §)7

where 6y: (Go, G{)F ,2G) — (Hy, HJ’ , 2 H) is an order-preserving homomorphism
satisfying 0o(XG) C X H; 0;: G; — Hj is any homomorphism and {: Y — X isa
continuous affine map that makes the diagram below commutative:

0,
Gy —2—H

b
é-*

Aff(X) —— Aff(Y).
Definition 3.1. For a C*-algebra A, the extended Elliott invariant of A4 is
((Ko(4),Ko(4)T), T4, K1 (4), T(4)),
with the natural pairing between Ko(A4)* and T(A), i.e., let
s4:Ko(A)t — Aff(T(A))

be defined by evaluating a given trace at a Kg-class.
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Obviously, if 4 is a stably finite C*-algebra, then the extended Elliott invariant
of A is an object in the category & (see [14] for more details). Given a class of stably
finite C*-algebras, say 4, let € 4 denote the subcategory of & whose objects can be
realised as the extended Elliott invariant of a member of .

Definition 3.2. A preordered cone (F, <) is said to have the Riesz property if for
f.g.h € F with f < g + h there are always g,h € F with § < g, h < h such that
f=g+h

Proposition 3.3 (see [15, Theorem 2.6.8]). Let (F, <) be a lattice cone. Then its
positive dual cone F has the Riesz property and it is a complete lattice cone.

Let & denote the category whose objects are four-tuples

((Go, G{), G, Gy, {Ag}peGJ),

where (G, G; ) is a partially ordered abelian group; G is a countable abelian group;
3G is a subset of G('f ; for each p € G, there is a positive cone Ag with a base of
a simplex, and a positive linear map

s$: G — Aff,(AS),
where Gé’ is the subgroup of G¢ generated by the set
{e € Gy:0=<e <npforsomen € Z}.

For any p’ € GO+ with p’ < p, there is an affine map Agp,: Ag — Ag, satisfying
the following conditions:

(1) If p” < p’ < p, then )Lg,p,, = /\ch,,p,, o )&g’p,.
@ 5§(e)(@) = 5G()(App(v) forallr € AG, e € G

(3) Themap (AG )*: Affy(ASG) — Affp(AS) inducedby AG |, is hereditary, i.c., if
f e Aﬁ”b(Ag,) and g € Aff, (Ag) satisfying (Ag,P,)*(f) > g, then there exists
h € Aff(AG) such that
g =S ) .

(4) Foreach f € Affy(Ap1q), there exist fi1 € Affp(Ap), f> € Affp(Ay) such that
f = /\;—}—q,p(fl) + /\;-{-q,q (fZ)a

where p,q € GJ.

Remark 3.4. By the definition of AIG, in the Stevens invariant, we know that AIG, is
a lattice cone for each p.
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A morphism
0:((Go. Gg). 2G. G1. {AT} +) = ((Ho. He ). SH.Hy {A}, )

in & is a three-tuple

0= (90’ o1, {Ep}peG(')")’

where 6y: (Go, G , £G) — (Ho, Hy , £ H) is an order-preserving homomorphism
satisfying 0o(X2G) € X H; 6,: G; — H, is any homomorphism; for each p € G,
there is a continuous affine map £7: Agf) »n Ag that makes the diagram below

commutative:

H_ & G
Aq AP

LAZ(I, LAIGLP’
/

a_t" G
Ay —= A,
where ¢ = 60(p), ¢’ = 6o(p'), p. p' € G satistying p’ < p.
Definition 3.5. For a C*-algebra A, the Stevens invariant is

((KO(A)’ KO(A)+)’ YA, K1 (A)’ {TF(W)}pEKo(A)"')’

with a natural pairing s;‘ between Ko(A4)? and Te( pAp ) given by evaluating a given
trace at a Ko-class and Aﬁ’q: Te( pAp) — Tr(gAq ) defined by restriction. That is,

A
A2.a(D) = Tlgag:

It is easy to see that the Stevens invariant of A is an object in the category §
when A is stably finite. Given a class # of stably finite C*-algebras, let 8.4 denote

the subcategory of § whose objects can be realised as the Stevens invariant of a
member of .

Lemma 3.6 (see [35, Lemma 10.4]). If P is a lattice and P is a hereditary subcone
of P, then P is a lattice.

Lemma 3.7. Let ((Gy, G(;F), 3G, Gy, X) be an objectin &. Forany p € G(')'“, let
A, ={reX:0< s%(p)(x) < oo},
G __
A, = A;,/ ~,

where 11 ~ T if and only if f(t1) = f(w2) for all f € Aff(X) satisfying f is
bounded on A;,. Then Ag is a positive cone with a base of a simplex.

Proof. Fort € A’ let [t] represent the equivalent class of T in Ag. It’s easy to see
thatforallo € Ry andt € A/,

alt] = [at] € Ag.
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If [t1], [t2] € Ag and ¢t € [0, 1], then
tln] + (1 —0)[r] = [tr1 + (1 - 1)wa] € AS.

Therefore, Ag is a positive cone. Similarly, A;, is a positive subcone of X.
Claim. A’, is a hereditary subcone of X. If ¢1 € A', ¢ € X satisfying ¢ < ¢1,

then by the definition of the order on X there exists ¢p3 € X such that
$1 = ¢2 + ¢3.
Thus,

) (501) = 59 (302 + 393)

= %SG(p)(d)z) + %SG(P)(%)-

Since s%(p)(¢1) < 0o, we have s%(p)(¢2) < co. Thus, ¢, € A’ and the claim
is true. By Lemma 3.6, A; is a lattice.

Define ||z|| = s%(p)(z) for all 7 € A’,. Tt is easy to see that || - || is a norm
on A;,. Therefore, A;, can be embedded into a norm space. Let

T,={teA): sC(p)(x) = 1}.

Then T, is a convex base of the cone A’, with A’, a lattice. Therefore, T, is a
simplex (see the second paragraph of page 52 in [35]).
Let TPG = T,/ ~, which is a simplex base of Ag. O

Theorem 3.8. There is a natural nontrivial transformation § that maps the objects
in & to the objects in §.

Proof. Let ((Gy, GJ’), G, Gy, X) be any object in &. For any p € G, define A;]

and AIG) as in the Lemma 3.7. Then Ag is a positive cone with a base of a simplex.
Let
GPt =Gl nGS

and sG: GF* — Aff,(AS)™ be defined by
sp@([r]) =% (@)

for g € Gé’+ and T € A’,. Since sfj(q)(r) <ooforallg € GéH_, T € A7), we can
extend sg to be a map (still denote it by sg) from G} to Aff, (AIG,) by

sff(ql - 612)([T]) = 55(611)@) - 55(42)(T)

forq1,q2 € G§ Tandr e A;,. It is easy to see that sg is a well-defined linear map.
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Forg € G(;r withg < p,let /\}G,, 7 AIG, — Ag be the map induced by the inclusion
map from A’ to Aj. It is easy to see that )LIG,’ 4 1s well-defined and moreover,

G _1G G
() If p” < p’ < p, then )kp’p,, = /\p/’p,/ ox\p,p,.
@ 5§ (@)([2]) = s5(€)(Ap,p([t]) forall T € Al e € Gf .

3) If f € Affp(AY) and g € Affy(AS) satisfying (4§ )*(f) = g.let T, be a
simplex base of A and let E, be the set of extreme points of 7. Define h: Ej — R
by the following

g(r), ifreA,NE,

h(e) = f(t), otherwise.

Then / can be extended to an affine map from A}, to R (still denoted by 4). Since any
element in A;, can not be written as a linear combination of elements in A’q \A" ,h

induces a map from Ag to R satisfying
g=A,,(h) and h<f
Thus, the map (Ag’p,)*: Aff(Ag) — Aff(AIG,) is hereditary.

(4) Let p,q be any two elements in G('f . Since A;, +4 is a lattice cone, by Prop-

osition 3.3, Affp (A’ ) has the Riesz property. For each f € Affp(Ap4q), there

exists a constant M such that
S =M% (p) +5%(@9).
By the Riesz property, there exist f1 € Affp(A ), f> € Affp(Ay) such that
= 2ap (1) + A0 (f2).
Therefore, ((Go, GO’L), G, Gy, {Ag}peGJ) is an object in §. Finally let
9. {Objects in 8} — {Objects in 8}
be the map defined by sending
((Go,G{), 2G,G1, X) = ((Go, G ), =G, Gy, {AIG,}pGGJ),
which completes the proof. 0
Corollary 3.9. Let A be the class of stably finite C*-algebras. Then
5(E(4) = 8(4)
forall A € A.
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Proof. Let A € A. We know that
€(4) = ((Ko(4), Ko(A)T), T4, K1 (4), T(4)).

Let 9(6(A)) = (Ko(A). Ko(A)"), 4. Ky (A). {AG} e, (4)+). By the definition
of g, for each p € Ko(A4)T,

A, ={r € T(A):0 < 1(p) < oo},
A _
A=A/~

where 71 ~ 15 if and only if f(71) = f(1p) for all f € Aff(T(A)) satisfying f is
bounded on A;). It is enough to show that

A% = Te(pAp)

for each p € Ko(A)™.

Forany 7 € A’ , 7] is a finite trace on pAp. Define

pAp
y: A4 — Te(pAp)

by
y([t) = 4,
Thus y is a positive affine map and it is easy to see that y is well-defined.

Notice that any element in AffT( pAp ) can be realized by self-adjoint element in
pAp. Thus, if [11] # [12] in Ag, then there exists an element f € AffT( pAp ) and

a self-adjoint element a € pAp such that

t1(a) = f(r1) # f(r2) = ©2(a).

Therefore, y([t1]) # y([t2]). ¥ is injective.

What's left is to show that y is a surjection. Let ¢ be any finite trace on pAp. By
Theorem 2.7, there is a lower semi-continuous trace ¢ on A such that ¢| 7 = ¢.
Thus,

y(@) = ¢.

Therefore, y is a one-to-one and onto affine map. Thus, we have
9(E(A) = 8(A). O

Theorem 3.10. There is a natural nontrivial transformation ¥ that maps the objects
in 8 to the objects in &.
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Proof. Let ((Go, GJ), 3G, Gy, {Ag}peGJ) be any object in §. We say that A is

an ideal of Gg' if it is a hereditary sub-semigroup of Gg' . Let X be the collection of
all sets of the form {7} e satisfying

(1) A is an ideal of G ;
(2) 7, € Apforeach p € Aand A 4(7,) = 74 Whenever g < p.

The multiplication in X is the usual multiplication and the addition operation in X
is defined as follows:

{Tp}pGAl + {¢p}p€A2 = {Tp +¢p}pEAlﬂA2'
We define an order relation < on X by the following:
{Tp}pGAl =< {¢p}p€A2 ifand only if Ay © Az and ), < ¢, for p € As.

Then X naturally has a lattice structure induced by the lattice structures of A ,’s.
That is,
{Tp}peAl v {¢p}peA2 ={tpV ¢P}peAlﬂA2’

{Tp}peAl A {¢P}peA2 = {Wp}pex{Al,Az}’

where §{A1, A,} is the ideal of GJ generated by A and A,, and ¥, will be defined
later.
Let A = A; N A,. Now let’s define a map

. + +
@ (A (Ap) T} esa ) — R

by the following:
— If f € Affp(A,)™ for some p € Ay, let

a(f) =inf{fi(tp) + fa(tpy Adpy) i f =A%, (f1) + A5 5, (f2),
fi € AfE(Ap) T, p2 € A}.

— If f € Affp(A,)™ for some p € A,, let

a(f) =inf{ fil¢p,) + fo(tpy Abpy) i f = A 5 (J1) 4 A 4, (f2),
fi € Aff(A,)T, pa € A}

— If f € Aff(A )T for some p € S(A1, A»), let

a(f) =inf{a(f) +a(f): f =215, (1) + 215, ()
fi € AfE(Ap)T, pi € Ai, i =1,2}.
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Claim. a(A}, ,(g)) = d(g),forallg < p € S(A1,Az) and g € Affp(Ay).
It is enough to prove the above equation for p € A;. We know that:

a(g) = inf { fi(rg)) + f2(te Adpe) : g = A% o/ (f1) + A (f2).
f2 € Aﬂ:(Ae)_l—, e €A, fl S Aff(Aq/)+, q, < q}

and

a(Ay,(2) = inf {g1(tp) + g2(ter A per) = A3 4(8) = A3 ,(81) + A% (82).
e €A, g1 € Afi(Ap) T, g2 € Aff(A)T, p' < p}.

For any g = )t;,q/(fl) + 45 .(f2), we have A7, ,(g) = )L;q,(fl) + A% (f2). Thus,

ay, () <a(g).

On the other hand, if A} /(g) = A7, ,/(g1) + A7, ,/(g2), then

A5a(@) =A% (g1) and A7 (g) > A7 (g1).

By the hereditary property, there exist /11, h, € Aff,(Ag) such that

A;,p’(gl) = A’;,q(hl) and A’;,e’(gZ) = A’;,q(hZ)'

That is,

A5.q(@) =A% (1) + A5, ,(h2).
Therefore, g —h1 —hy € ker(47, ,). Since any element in ker(17, /) can be written as
a difference of two elements in ker(17, ;) N Aff(Ay)T, there are jy, jo € ker(43, )N
Aff(A4)™ such that

g+t j2=hi+ha+ )1

By redefining /1 as iy + ji, we have g < hy + hy. Therefore, &(17, ,(g)) > &(g)
and the claim is true.

Then & is well-defined. It is well-known that there is a one-to-one correspondence
between the elements in A , and the affine maps from Aff, (A )t to R ™. If the image
of & is finite when restricted on Affy (A p)+ for some p, then there exists an element
in A, (we denote it by a,) such that @(f) = f () forall f € Aff(A,)7T.

It is routine to check

a(f) =rta(g) + (1 —na(gz),

forallz € [0,1], f,gi € Affp(Ap)T and p € G(]L satisfying f =tg1 + (1 —1)g2.
Finally, for p € S(A1,Az), let ¥, = ap. If ¢ < p, then

gWq) = glag) = k;,q(g)(“p) = /\;,q &) Wp) =8Apqa(¥p))
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for all g € Aff(A4)*. Thatis, ¥, and A, 4(¥,) correspond to the same map from
Aff(Ag) to RT. Therefore, ¥4 = Apq(¥p). Thus, {¥p}pes(a;,A,) is an element
in X.

Define s9: G4 — Aff(X)™T as follows:

G ,
G _ )3 @), ifg €A,
ST@D(Tp} pep) = Oqo otherwise.

forall g € G;r.
It is easy to see that ((Go, G;r), ¥G, Gy, X) is an objectin &. Let

¥ : {Objects in 8§} — {Objects in &}
be the map defined by sending

((Go.G{). 2G.Gy. {AG)} — ((Go.Gg ). £G.Gy. X),

pEG(;r)
which completes the proof. 0
Lemma 3.11. Leta,b € A4 be such that ||a — b|| < &. Then (a — &)+ <X b.

Proof. By Lemma 2.2 of [24], there is d € A with ||d| < 1 and (¢ — &)+ = dbd*.
Hence, (a — &)y ~ b'/2d*db'/? < b. ]

Lemma 3.12. Let A be a C*-algebra and t be a lower semicontinuous trace on A.
Let AT be the ideal of A defined in Proposition 2.4. If p € AT (the closure of AY) is
a projection, then t(p) < oo.

Proof. If p € A%, then 7(p) < oo by definition. If p € AT \ A7, then there exists a
sequence {x; {2, € A% with lim x; = p. For any & > 0, there exists k € N such
1—>00
that:
lxe — pll <e.

By Lemma 3.11 (p — &)+ < x¢. Since (p — &)+ = (1 — &) p,

t((I-¢g)p) =((p —&)+) = t(xx) < 00.
Therefore, t(p) < oo. O

Lemma 3.13. Let ¢ and ¢’ be two lower semi-continuous traces on a C*-algebra A
and e be a projection in A. Suppose that both ¢ and ¢’ are finite when restricted on
(ede )+ and

$(x) = ¢'(x) forall x € (eAe ).
Then

d(x) = ¢'(x) forall x € (AeA) 4,
where AeA stands for the closed two-sided ideal generated by e.
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Proof. Forx € A4, let
Y(x) =sup{p(y):y < x.y € (ede)y}.

By Theorem 2.7,  is a lower semi-continuous trace on A and ¢(x) = ¥ (x) for
all x € (ede). E)nly need to_show that ¢(x) = Y (x) forall x € (AeAd ).
Forany x € (AeA)4,y € (edAe )+ satisfying y < x, we have
V() =9(0) = o).
Taking supremum on both sides for all such y we get
V(x) < ¢(x)forall x € (Aed),. (3.1)
Let
Q= {>i_akeby :ag, by € A, n € Z}
be a subset of AeA.
Claim. ¢(x) = (x) forall x € Q.
In fact, for x = aeb € A4 witha,b € A, we have
¢((ae)*(ae)) = ¢p(ea*ae) < 0o
and ¢ ((eb)*(eb)) = ¢((eb)(eb)*) = ¢p(ebb*e) < .
Similarly,
¥ ((ae)*(ae)) = Y(ea*ae) < oo,
¥ ((eb)*(eb)) = Y ((eb)(eb)*) = Y (ebb™e) < oo.
Therefore, by Proposition 2.5,

¢ (x) = ¢(aeeb) = ¢(ebae) = Y (ebae) = Y (aeb) = Y (x).

Thus, the claim is true.
Let x be a positive element in AeA and {y,} be an increasing sequence in
with li)m ¥n = x. Then by the above claim
n—>oo

¢ (x) < lim(y,) = limy(yn) < ¥(x),

where the first inequality is due to ¢ being lower semi-continuous.
Therefore, combined with the inequality (3.1), we get ¢(x) = ¥ (x) for all
x € (AeA)4+. Thatis,

¢(x) =sup{p(y):y < x,y € (ede)} forall x € (Aed).
Similarly,

¢'(x) =sup{p'(y): y < x,y € (ede)4} forall x € (Aed).

Therefore,
¢'(x) = ¢(x) forall x € (Aed)+. O
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Lemma 3.14. Let A be a C*-algebra with the ideal property. Suppose that for any
projection e € A, there is a lower semi-continuous trace ¢, on Ae A satisfying

Ge, (¥) = dey (x) for all x € (AerA)+ N (AezA) .

where ey, e; are two projections in A. Then there is a lower semi-continuous trace ¢
on A such that

$(x) = Pe(x)

forany x € (AeA )+ and any projection e € A.

Proof. 1If A is generated by a single projection, say e, then let ¢ = ¢.. In this case,
if ¢’ is any projection in A, then

d(x) = ¢e(x) = ¢eor(x) forall x € Ae’A.

If A is not generated by a single projection, let J be an ideal of A and ¢; be a
lower semi-coutinuous trace on J satisfying desired properties, i.e.

¢ (x) = ¢e(x) forall x € (AeAd),

where e is any projection in J. Let p be a projection outside J and J’ be the closed
ideal generated by J and p. Let ¢p;- be an extension of ¢y on J' defined as follows.

Since (J')y=J4+(ApA), forany x € (J'), thereexist x; € J4 andx, € (ApA )+
such that x = x1 + x,. Define

¢y (x) = Py (x1) + ¢p(x2).
If there exist y; € J4 and y, € (ApA ) such that x; + x, = x = y; + y,, then
X1—y1=y2—X2 € Jy N(ApA)y.
For any projection e € J N (ApA ), we have
$s(2) = ¢e(2) = Pp(2)

for all z € AeA. Since A has the ideal property, J N (ApA) is generated by
projections. Therefore, ¢y (x1 — y1) = ¢p(y2 — x2). Thatis

¢y (x1) + @p(x2) = ¢y (y1) + ép(y2).

Thus, ¢ is well-defined. It is obvious that ¢ ;- is lower semi-continuous trace on J’
satisfying desired properties.
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To complete the proof, we apply Zorn’s lemma. Let X be the set of all pairs

(J,9s),

where J is a sub-ideal of I and ¢ is a lower semi-continuous trace satisfying the
desired properties. Define the relation < on X by

(J1,¢5,) < (J2,9y,) ifand only it J; C Jr and ¢y, |7, = ¢y, .

This is a partial ordering with the property that any totally ordered subset has a
maximal element. Zorn’s lemma says that X has a maximal element, say (f D7)
If Jisa proper subspace of A, i.e., J = A, then the argument given before produces
an extension of ¢ to a larger ideal, contradicting the maximality of (f P73 O

Corollary 3.15. Let d be the class of all stably finite C*-algebras satisfying the ideal
property. Then
&(A) = F(5(4))
forall A € d.
Proof. Let A be any stably finite C*-algebra satisfying the ideal property. We have

$(4) = ((Ko(A). Ko(A) "), B4 K1 (A). {Te(2AP)} ) ey (ay)-

Let
F(8(4)) = ((Ko(4), Ko(A)T), T4, K1 (4), X),
where X is the collection of all sets of the form {r,},ea defined as in the proof of
Theorem 3.10. We will show that TA is isomorphic to X .
For any = € T(A), let

AT ={x e A:1(x) < o0}
and AT be the linear span of A% , which is an ideal of A by Lemma 2.4. Let
P = {p € Z cpisa projection},

By Lemma 3.12, P C A% Since A is a C*-algebra with the ideal property, E is
generated by ;. Thus, &; is not empty. For any f € £, we have

A
t|W =17

is a finite trace on fAf. Let A, be the sub-semigroup of Ko(4)T generated by ;.
For each p € Ko(4)", we can define 7, by extending of t4’s for f € ¢ to matrix
algebra. Therefore, {Tr} rek,(4)+ is an element in X.

Define B: T(A) — X by sending 7 t0 {ts} rek,(4)+- It is obvious to see that
is injective since A has the ideal property.

Let {r,}pea be any element in X. By the definition of X, t, is a finite trace
on pAp for each p. By Theorem 2.7, for each p, we can extend 7, to be a lower
semi-continuous trace on the ideal ApA, still denoted by 7.
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Claim. tp,(x) = 1p,(x) forall x € (Ap1A) N (Ap2A), where py, p, are in A.

In fact, since A has the ideal property, it is enough to show

Tp, (X) = 1p,(x) forall x € AgA,

where ¢ is any projection in (Ap; A) N (ApaA). By Lemma 4.4, there are integers
m, n such that ¢ < np; and g < mp,. Thus,
Tpy (X) = Tnp, (X) = ‘L'q(X) = Tmpz(x) = sz(x)-

Therefore, the claim is true.
Applying Lemma 3.14, we know that there is a lower semi-continuous trace T on
the ideal of A generated by A N A. Let

T(x), if x isin the ideal generated by A,
T(x) =

00, otherwise.

Then 7 is a lower semi-continuous trace on A satisfying

B(D) ={Tp} per-
Therefore, § is also surjective. Thus, TA is isomorphic to X . O

Remark 3.16. Theorem 1.1 follows from Corollaries 3.9 and 3.15 immediately.

4. Main theorem

In this section, we extend the maps defined in Section 3 to be functors between two
sub-categories of § and & and prove Theorem 1.2. Finally, we show that there are
C*-algebras without the ideal property whose Elliott invariant cannot be derived from
the Stevens invariant.

Definition 4.1. Let A, B be two C*-algebras. Let o from Ko(4) to Ko(B) be a
homomorphism, and £&: TB — TA be an affine map. We say that o and & are
compatible if

t(a(x)) = (§(0)(x)
for all x € Ko(A)+ and T € TB.
Proposition 4.2. Let A, B be two C*-algebras. If there is a morphism

O = (00.01. {E7} oy ): 8(4) > S(B).

then 0y and £¢ are compatible for all e € Ko(A)™.

Proof. See 1.11 in [21]. O
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Lemma 4.3. Let A be a C*-algebra with the ideal property and B be a C*-algebra
satisfying:

(1) There exists a scaled ordered isomorphism o: KgA — Ko B;

(2) There is an isomorphism &£: TB — TA which is compatible with «.

Let T € TB and I be the closed ideal of A generated by the set

{e e P(A): t(ale)) < oo}

Then
E(t)(x) = +ooforall x € Ax\I14.

Proof. Let ¢ = &(t). For any projection p € A9, by Lemma 3.12, ¢(p) < +o0.
Since £ is compatible with «,

t(a(p)) = (1) (p) = ¢ (p) < +oo.

Thatis a(p) € B} and p € I. Therefore e7’(141_‘75) C P(I). Since A is a C*-algebra
with the ideal property, A? C I. So

A\NT C A\ A9.
Hence ¢(x) = +ooforall x € A4 \ I+. O

The following lemma is well known (see [26, Lemma 3.3.6]).

Lemma 4.4. If p is a projection in A, b € Ay and p is in the ideal generated by b,
then there are x1, x>, ..., Xy € A such that p = Zle x;bx}.

The following theorem is the main theorem of this section.

Theorem 4.5. Let &4 and 84 be two sub-categories of & and 8, respectively, where J
is the class of C*-algebras with the ideal property. Then &y and 8y are isomorphic.
That is, there are canonical functors

37:/34 —>8J, g:@,g—)&p

such that
Go¥F =1dg,, Fo§ =1Idg,.

Proof. We divide the proof into three steps.

Step 1. Construction of the functor ¥ : 89 — &4.
Let ¥ map the objects in 84 to the objects in &y be defined by

F(8()) = &(e).
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By Corollary 3.15, this map is well-defined. Let A, B € d such that there is an arrow

® = (60, 01, {6} ey ) )

from §(A) to §(B). We need to construct an affine map ¢ from TB to TA which is
compatible with 6.
For v € TB, let
Biz{xeB:r(x)<oo}

and BT be the linear span of B® , which is an ideal of B by Lemma 2.4. Let
Pr = {p € B_fL :pisa projection},
A = {f € P, : f is in the image 0f00}.
Then A C &r C BY, where the last inclusion is by Lemma 3.12.
For any f € A, we have t(f) < oo and
A

is a finite trace on fBf. Let e € A be a pre-image of f under 6y. Define

¢e = £°(tr). Since £¢ and 0|,z are compatible, ¢, is a finite trace on ede. We
can extend ¢, to a lower semi-continuous trace (still denoted by ¢.) on AeA by

Pe(X) := sup {d)e(y) 1y<x,ye€ (m)Jr}, forall x € (Aed).

Claim. If x € Jy := (Ae1A) N (Aey A) is a positive element, where ey, e, are two
projections in A satisfying 6y(e;) = f; for some f; € A;,i = 1,2, then

Pey (X) = e, (X).

In fact, since A is a C*-algebra with the ideal property, Jo is generated by
projections inside it. Let I be a closed ideal of B generated by the set

{q : ¢ = Bo(p) for some p in JO}.

Then we have

Iy = (Ble)ﬂ(szB) and Tf1|10 = Tf2|10.

Let p be any projection in Jy and let ¢ = 6y(p). By Lemma 4.4, there exist natural
numbers n1,n, such that p < nje; for i = 1,2. Therefore, by the compatible
condition, the following diagrams are commutative:

Te( LB ) — e To(F145))

Lo,

- 5 -
Te(gBq) ——Tr(pAp),
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=7 £%2 ==
Te( f2B f2) — Tr(e24e3)
| I
- i:/) -
Tr(gBq) ——Tr(pAp),
where f: =n; f and e; = nje; fori = 1,2. Since

Te( fiBfi) = Te(My, (fiBfi)) = Te(fiBf; ),
Tr(e;Ae; ) = Te(My, (e; Ae;)) = Tr(e; Ae; ),

we can get the following commutative diagrams:

Te( f1Bf1) g—el>TF(€1A€1)

T

R ;’: -
Te(gBq) —— Tr( pAp),

Te( f2Bf2) L Tr(exAez )

) ]

Te(gBq) — > Te(pAp).
Therefore,
i0fN ) =EPoi(zy), i0&%2(rp) =Elci(zy).
That is
e\ loap = E7 (11 13B7)  Pexlpap = §7 (t1l5mg)-
Since

“laBg = TlaBg Pelpap = $elpap
By Theorem 3.13, we have

Pey |ApA = ¢ez|ApA-

Therefore, ¢e, |7, = ¢e, |, since Jo is generated by projections inside it. Thus, we
have proved the claim.

Let / be the ideal generated by 6y !(A.) (the preimage of A;). Applying
Lemma 3.14, there is a lower semi-continuous trace ¢’ on [ satisfying certain
properties. Extend ¢’ to a lower semi-continuous trace on A (denoted by ¢) as
follows:
¢'(x), ifxel,

00, otherwise.

P(x) =
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Let ¢(t) = ¢. Then it remains to check that ¢ is an affine map compatible with 6,.
Forany v € TB, e € Ko(A)4, let f = 6p(e) and {(7) = ¢. If t(f) < o0, then

§(1)(e) = p(e) = de(e) =" (zr)(e) = T (Bo(e)) = T(fo(e)).

If ©(f) = oo, then e is not in the preimage of A; under 6. Thus,

E(x)(e) = ¢le) = oo = T(f).

Therefore, {(7)(e) = t(0g(e)) for all T € TB and e € Ko(A)4. That is, ¢ is com-
patible with 6.

Letp’,p” € TBand p = tp'+(1—1t)p" fort € (0,1). Let u = £(p), u' = ¢(p'),
w' = ¢(p"). If x is a positive element in the ideal generated by the preimage of A,
under 6, (without loss of generality, we can assume x € AeA and fy(e) = f), then
by the above construction, we have

§(p)(x) = p(x) = plgea(x) := pe(x) = §°(ps)(x).
Since &€ is an affine map, we have
E(p)(x) = Eipy + (1 — ) (x)
— £ (0 (%) + (1= DE () ()

= 1p,(x) + (1 = D)py(x)
= [12(p") + (1 — )¢ (p")](x).

If x € A4 is not in the ideal generated by the preimage of A,, by Lemma 4.3,
£(p)(x) = p(x) = oo.

Since A, = Ay N Ay, x is not in the ideal generated by 651 (A ) N 651 (A ),
where 6, ! () means the preimage set under 6. Thus,

(P (x) =00 or £(p")(x) = co.

Therefore,
$(p)(x) = 1&(p)(x) + (1 = 1) (p")(x)

forall x € Ay and all ¢ € (0, 1). As a consequence, ¥ = (6, 61, {) is a morphism
from &(A) to §(B) in &. Define

F (@) = .

(1) Itis obvious that ¥ maps objects to objects and morphisms to morphisms.
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(2) Let A be a C*-algebra with the ideal property. For any u € TA, let J be the
ideal generated by projections in A ,. Let ' be a lower semi-continuous trace on A
defined by

, u(x), iftxeld,
w(x) = .
00, otherwise.

By Lemma 4.3, i/ (x) = u(x) for all x in A. Therefore,
F (ids(ay) ) = ide(a) = idg (s(a)) -
(3) Let Ay, Ay, A3 be C*-algebras with the ideal property. Suppose
Ui 8(41) = 8(42), W21 8(A42) — $(43)
are two morphisms. By the functoriality of K¢ and T, we can get
F(Wy0W;) = F (V) 0 F (V).

Therefore, ¥ is a functor from the 84 to &y.

Step II. Construction of the map §: 86y — 8.
Let § map the objects in &4 to the objects in 84 be defined by

G(E(2)) = 8(¢).

By Corollary 3.9, this map is well-defined. Let A, B € J such that there is an arrow
W = (6g,0:1,¢) from E(A) to E(B). We need to construct an arrow from §(A)
to 8(B). Let e be any projection in A. First we want to construct an affine map &°¢
from Tr( 0o (e) BAo(e) ) to Tr(eAe).

Let f = Op(e). For ty € Te( fBf ), define a trace r} on the closed ideal Bf B
by

Tp(x) =sup{rs(y) 1y <x,y € (fBf )+}, forall x € BfB.

Then by Theorem 2.7, ‘L'} is lower semi-continuous. Let  be a trace on B defined by

’.(x), ifx € BfB,
() =47
00, otherwise.
Then 7 is a lower semi-continuous trace on B. Let ¢ = (7). By Lemma 4.3,
¢(x) =ooforany x € A\ (AeA).
Let ¢, = ¢|g,z and ¢ = ¢|, 5. Then

pe(e) = p(e) = {(v)(e) = t(Oo(e)) = (f) < 0.
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Thus ¢, is a finite trace on ede. Define £¢(z ) = ¢e. Then it is routine to check
that £¢ is an affine map.

Lete’ € P(A) and f’ € P(B) be suchthate’ < e, f/ < f and Gp(e’) = f’.
Let 7y € Tr( fBf ) be any finite trace. We need to show the following diagram
commutes:

Tp(FBSf ) — = Tp(ede )
Te(FBf7) ——= Te(eAe)).
That is, we need to show
ioE(ry) = £ 0i(zy).

Leti(ts) = vy and let 7, 7" € TB be extensions of 7 and 74 respectively defined
as above. Let ¢ = {(7) and ¢’ = {(¢’). By the definition of 74/, we know that
Tf = Tf gz By Theorem 3.13, v/ = 7 on Bf’B. Thus,

tt(x) + (1 —1)7'(x) = 7' (x), forall x € Bf/Band 0 <t < 1.
If x ¢ Bf'B, then v/(x) = co. Thus,
tt(x) + (1 —1)7'(x) = 7' (x), forall x ¢ Bf’Band0 <t < 1.
Therefore, we have the following equality
tt+ (1 -0t =1, forany0 <1 < 1.

Taking ¢t = 1/2 and since ¢ is an affine map, we get

S0 + 38 = £,

So
1 1, ,
§¢|e’Ae’ + §¢ |e’Ae’ = ¢ |e’Ae"

Since both ¢ |7 and ¢’ |47 are finite,

i 0E(ty) = Pl = ¢ lorger = £ 0i(zy).

Thus £¢ and £¢” are compatible. Therefore, ® = (6, 6;, {£°}eex(4)) is a morphism
from §(A) to 8(B) in §4. Define

(V) = @,
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The following properties of § are obvious:

(1) ¥ maps objects to objects and morphisms to morphisms by the above con-
struction.

(2) For every C*-algebra A with the ideal property
4 (idgay ) = idsa) -
(3) Let Ay, A,, Az be C*-algebras. Suppose that
Q1:E(A1) > E(42), D2:6(A2) — E(A3)
are two morphisms. Then
G(Dy0 D) = §(Dy) 0 G(Dy).
Therefore, § is a functor from the &4 to §y.

Step II1. Check the identity of the theorem.

(1) Let A, B be C*-algebras with the ideal property. Suppose we have the following
maps
$(4) —Z~ 6(4) —2~ 8(4)
L<1>=(90,01 £) L\IJ=(60,01 £) L%:(eo,el )
8(B) —~&(B) —2~ 3(B),

where § = {£7} ,ex4), ’é\ = {g"}peg(A), F(P) =Vand (V) = ®. We need to
show ® = @.

Let 74 € TF(W) be any finite trace, where f is a projection in B with
Oo(e) = f. By the construction of Steps II and I, we have

E(tr) = LD gze = §° ().
Therefore, £ = £ and ® = ®. Thatis § o F = ids(g).

(2) To prove ¥ 0§ = idg(y), assume we have the following maps

8(4) —2 - 8(4) —L -~ 8(4)
l‘l’=(90,01,§) l¢=(90,91,§) l@:(eo,el,f)

&(B) —2 - 8(B)—F~¢g(B),

where § = {£7} ,ex4), §(V) = @ and F(P) = U, We need to show that U = W,
Lett € TB, {(t) = ¢ and (7)) = ®. Then

By = LD oge = £(ty) = L) |ogs = Plonz
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for all pairs e € P (A), f € P(B) with 6y(e) = f and f € B*. Therefore, E(x) ={(x)
for all x in the ideal / which is generated by projections in the set of 651 (BT). By
Lemma 4.3, ¢(x) = +ooforall x € A\ 1. By our construction of ®, we know
<I>(x) = +ooforall x € A\ I. Therefore, P = ¢, which completes the proof. [

Remark 4.6. Theorem 1.2 follows from the above theorem.

Example 4.7 (Counter-Example). In [36], Shaloub Razak classified a class of
C*-algebras which are inductive limits of certain specified building blocks by
using their Elliott invariants. Those C*-algebras Razak classified are simple, stably
projectionless and with trivial K-theory. Their Elliott invariants cannot be derived
from their Stevens invariants since their Stevens invariants are all trivial.
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