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A regulator for smooth manifolds and an index theorem

Ulrich Bunke

Abstract. For a smooth manifold X and an integer d > dim(X) we construct and investigate a
natural map
0a: Kg(C®(X)) - kuC/Z~971(X).

Here K;(C°°(X)) is the algebraic K-theory group of the algebra of complex valued smooth
functions on X, and ku C/Z* is the generalized cohomology theory called connective complex
K -theory with coefficients in C /Z.

If the manifold X is closed of odd dimension d — 1 and equipped with a Dirac operator ,
then we state and partially prove the conjecture stating that the following two maps

Ki(C* (X)) > C/Z

coincide:
1. Pair the result of o; with the K-homology class of 3.

2. Compose the Connes—Karoubi multiplicative character with the classifying map of the
d-summable Fredholm module of .
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1. Introduction

The torsion subgroup of the algebraic K-theory of the field C of complex numbers
has been calculated by Suslin [36]. An important tool for this calculation was a
collection of homomorphisms

ran+1: Kon41(C) - C/Z (D

for n € N which turned out to induce isomorphisms of torsion subgroups

K2n+1(C)ior — Q/Z.
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One may interpret C as the algebra of complex-valued smooth functions C *°(X)
on the one-point manifold X = *. The first goal of the present paper is to
generalize the construction of the homomorphism (1) to higher-dimensional smooth
manifolds X. In order to state the result we need the following notation:

1. We write ku := K"(C) for the connective topological complex K-theory
spectrum. Its homotopy groups are given by

0, n<0,
mu(ku) = {Z, n > 0even, (2)
0, n>0odd.

2. In general, we write E*(X) for the cohomology groups of the manifold X with
coeflicients in the spectrum E.

3. If A is an abelian group, then we let M A denote the Moore spectrum of A and
write
EA:=EAMA. 3)

For example, we can form the spectrum ku C /Z. In view of (2) and [5, Eq. (2.1)]
its homotopy groups are given by

0, n <0,
n(kuC/Z) =~ {C/Z, n > 0even, 4)
0, n > 0 odd.

Theorem 1.1. Let X be a smooth manifold and d € N. If d > dim(X), then we
have a construction of a homomorphism

04: Kg(C®(X)) —> kuC/Z~% 1 (X)

which is natural in X and induces the map (1) in homotopy groups for X = %

Remark 1.2. The main point of the theorem is the assertion that there is some
interesting generalization of the homomorphism (1) to higher-dimensional manifolds.
In this paper we just give a construction of such a natural homomorphism. We do
not address the problem of characterizing it by a collection of natural properties.
Example 1.4 below shows that the map o, contains certain “higher information”. As
opposed to the case X = *, in the higher-dimensional case we do not understand its
kernel or cokernel.

Remark 1.3. The classical construction of the homomorphism (1) relies on the
observation by Quillen that the natural map K,(C) — K,”(C) from the algebraic
to the topological K-theory of C vanishes rationally in positive degrees. In order to
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employ this fact for the construction of r, 41 we work in the stable co-category Sp
of spectra. We consider the diagram

K(C)[1..00] > S~ kuC/Z

A

K(C) A ku (&)

\ j
AN
AN
N
kuC.

Here K(C)[1l..00] — K(C) denotes the connected covering of the connective
algebraic K-theory spectrum K(C). The right column is a segment of a Bockstein
fibre sequence for the topological K-theory spectrum ku. Finally, the middle
horizontal map is the canonical map from algebraic to topological K-theory. Now, by
Quillen’s observation, the dashed arrow induces the trivial map in homotopy groups.
Since its target is rational the dashed arrow actually vanishes as a map of spectra.
A choice of a zero homotopy of this arrow induces the dotted arrow which in turn
induces the map r,, 11 after applying 72, + 1 (—) and identifying 775, + 1 (X~ ku C /Z)
with C/Z using (4). Note that the restriction of 5,41 to the torsion subgroup does
not depend on the choice of the zero homotopy. A reference for this construction
is [26, 7.19ff] where instead of X! kuC/Z* the periodic version ¥~! KUC/Z
(called multiplicative K-theory) is used. Another reference for the construction
of (1) formulated in a slightly different language is [39]. In the present paper we will
generalize the alternative construction [12, Ex. 6.9]. ]

Example 1.4. For a unital algebra A let

A — Ki(A) (6)
be the natural homomorphism from the group A of units of A to the first algebraic
K-theory group of A.

A complex-valued smooth function f € C*(S!) gives rise to an invertible
function exp(f) € C®(S!). If u € C*®(S"') is a second invertible function, then
we have two algebraic K-theory classes t(exp(f)), t(u) € K;(C*®(S!)). Using
the multiplicative structure of the algebraic K-theory for commutative algebras we
define the class

t(exp(f)) U t(u) € Kr(C=(Sh) .
We use the identification

kuC/Z3(SY) 2 kuC/Z*(x) = C/Z

given by suspension and (4). With this identification we have

e v =g [ )

2mi)? u

The formula (7) is a special case of (57). ]
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In [12, Example 6.9] we explained how one can construct the map (1) using
techniques of differential cohomology. The differential cohomology approach in
particular provides a canonical choice for the dotted arrow in (5). The main idea for
the construction of o4 is to apply the framework of differential cohomology to the
algebraic K-theory of the Fréchet algebra C°°(X). The details will be worked out
in Section 2. The final construction of o4 will be given in Definition 2.36.

We now come to the second theme of this paper. Let us assume that X is a
closed manifold of odd dimension d which carries a generalized Dirac operator .
This Dirac operator gives rise to a K-homology class [/§] € KUy (X)anda d + 1-
summable Fredholm module which we will describe in Subsection 3.2 in greater
detail. This Fredholm module is classified by a homomorphism

bp:C®(X) - My .

which is unique up to unitary equivalence, and where M, denotes the classifying
algebra for d 4+ 1-summable Fredholm modules introduced in [19], see Remark 3.10
for an explicit description. In [19] Connes and Karoubi further introduced the
multiplicative character

8:Kgp1(My) > C/Z .

Since KU C/Z is a KU-module spectrum we can define a map

rpkuC /27472 (x) - KUC/z-4>(x) B ku /22420 = /2

induced by the pairing with the K-homology class [/}]. An explicit construction of
this map using elements of local index theory will be given in (80). We now make
the following conjecture:

Conjecture 1.5. Assume that X is a closed odd-dimensional manifold of dimension d
with a Dirac operator Ip. Then the following diagram commutes:

kuC/Z~472(X)

Kaq+1(C*(X)) C/zZ
/

K
Kay1(Mg).

This conjecture is supported by our second main result which asserts that it holds
true if one replaces K (C°° (X)) by its subgroup of classes which are topologically
trivial. Note that we do not know any example of a topologically non-trivial class
in K,(C*®(X)) for n > dim(X), see Remark 1.10. In order to explain what
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topologically trivial means we consider the homotopification fibre sequence in spectra
(see (34) for details)

K™(C™(X)) > K(C®(X)) - K (C®(X)) — ZK™(C™(X))

relating the algebraic K-theory spectrum of C °° (X)) with its topological and relative
K-theory spectra. A class in Kz41(C*°(X)) is called topologically trivial if its
image in K‘Z’il (C°°(X)) vanishes, or equivalently, if this class belongs to the image
of 0: Kf_il(C‘X’(X)) — Kj4+1(C*°(X)). We have the following theorem:

Theorem 1.6. Assume that X is a closed odd-dimensional manifold of dimension d

with a Dirac operator ID. Then the following diagram commutes:

kuC/Z~472(X)

K (C®(X)) C/Z
/

+
%

Kgi1(Mg).

In the remainder of this introduction we describe how our constructions are related
with other results in the literature relating index and spectral theory of operators with
algebraic K-theory of smooth functions.

Since C*°(X) is a commutative algebra, the algebraic K-theory K, (C (X)) is
a graded commutative ring. As in Example 1.4 we can use the map

C®x)* 9 K (X))

and the U-product in algebraic K-theory in order to construct higher algebraic K-
theory classes.
Example 1.7. Assume that X is a closed odd-dimensional manifold with a Dirac
operator . If f € C*(X), then we can form the unit el € C®(X)*, and we
can consider the class t(e/) € K{(C*(X)). Note that this element is topologically
trivial. Indeed, we can consider t(e’/) € K1(C®(I x X )), where ¢ is the coordinate
of the interval. This class restricts to zero at f = 0 and to t(e”) at# = 1.

Given a collection fi,..., f; of such smooth functions we can form the
topologically trivial algebraic K-theory class

fef, ... efat e (e U---Ui(eld) € Kj(C®(X)).
The main result of [22] is an explicit formula [22, (1.2)] for the number

Bobp)(lelt,....eld})eC/T.
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It involves the traces of algebraic expressions build from the f; and the positive
spectral projection of /). Kaad’s formula can be considered as the analytical side of
an index formula. One can interpret our Conjecture 1.5 as providing the topological
counterpart. Indeed, since {e/1, ..., e/@} is topologically trivial, by Theorem 1.6
we have the equality

6 oblp)({ef‘ ye .,efd}) = (pp ood)({ef‘ ) .,efd}),
where d — 1 = dim(X).
Example 1.8. We consider the case X = S! with the Dirac operator I} := i09;
acting as an unbounded essentially selfadjoint operator with domain C*°(S!) on the

Hilbert space L2(S!'). Let uj,u; € C%(S!)* be two invertible complex-valued
functions. Then we form the algebraic K-theory class

{ur,uz} € Ko(C®(Sh) .

Let P € B(L?(S')) be the projection onto the subspace of positive Fourier modes,
i.e. the positive spectral projection of 3. For f € C®(S') we consider the Toeplitz
operator
Ty := PfP e B(L*(S")),

where f acts as multiplication operator. For two functions fi, f» € C*®(S') the
difference T, Tyr, — Ty, 1, is a trace class operator.

We let A C B(L?(S)) be the algebra generated by all Toeplitz operators 7'y for
f € C*(S!) and the algebra of trace class operators £! := £1(L?(S!)). We then
get the Toeplitz extension

0> £ > A —>C®SH—0. 8)

Associated to an extension of the trace class operators one has the determinant
invariant (see e.g. [6])

d = detod: K»(C*®(S!)) - C*,

where 9: K5 (C®(S1!)) — K (s, £!)is the boundary operator in algebraic K -theory
associated to the sequence (8) and det: K (4, £!) — C* is induced by the Fredholm
determinant. The diagram [23, (3)] states that

d({ur,uz}) = exp (27i §(bp ({u1.u2}))) . )

The determinant invariant was identified by Carey—Pincus [16] with the joint torsion
(A, B) € C* whichis defined for the pair A, B of Fredolm operators which commute
up to trace class operators. In the special case of the pair 7},,, T;,, on im(P) we thus
have

d({ulv UZ}) =t(Tyy, Tuy) -

We refer to [33] and [24] for a gentle introduction to joint torsion.
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The joint torsion 7(7y, , Ty,) in turn has been calculated explicitly. In the special
case where u; = e”/1 we have

1
T(Tu,, Tu,) = exp (E / N dloguz) .

In order to state the result of the calculation in the general case in a comprehensive
way we will use the cup product in Deligne cohomology. Using the isomorphism (11)
(to be explained below) the invertible functions u; can be interpreted as classes in
Deligne cohomology H},(S', Z). Their cup product is the class

uy Uuy € HY (S, 7).

We have an isomorphism
(- [S']): H2 (8", 2) 5 C/z

given by evaluation. In [16, (1.2), (1.3)] Carey—Pincus calculate the determinant
invariant and joint torsion:

d({ul, uz}) = t(Ty,, Tu,) = exp (2ni(u1 U usp, [Sl])) .
Combining this equality with (9) we get the equality

8(bp({ur,u2})) = (u1 Uua, [S1]) . (10)

Using the multiplicative features of the differential regulator map régy (see
Remark 2.30) one can also calculate rj (02 ({u1, u2})) explicitly. The result is again
the right-hand side of (10) as expected by Conjecture 1.5. We will not give the
details of the multiplicative theory since it requires a set-up which is similar to [15]
but differs from the one used in the present paper.

Note that the class 2{uy,u,} € K»(C*(S1!)) is topologically trivial. In order to
see this let n; € Z denote the mapping degree of ﬁ:ﬁ S!— S! fori=1,2. Then u;
can be deformed through invertible smooth functions to the invertible function
z"i: §1 — C*. So the difference ¢ (u;) — (") is topologically trivial. We now have

t(z") = n 1(z) and hence
("YU (™) = nina t(z) Ui(z) .

Since the cup product on K, (C*®(S!)) is graded commutative the square of a class
in degree one is two-torsion. This implies the assertion. Moreover, if one of the
degrees n; is even, then {uy,u,} itself is topologically trivial. Thus Theorem 1.6
gives a proof of the equality

28(bp ({ur,uz})) = 2rp (02 ({ur, uz})) .

independently of the calculations of Kaad and Carey—Pincus and a multiplicative
version of the theory. If the degree of one of the maps u; is even then we can even
remove the factor 2 on both sides.
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Remark 1.9. In this remark we recall the basic features of Deligne cohomology used
above. For p € N the Deligne cohomology group H gel(X , Z) is defined as the pth
hypercohomology of the complex of sheaves

0-Z->QQ>Q' ... QP 1 5 0.

We refer to [17] for a first definition and to [ 7], [8, Sec. 3], or [12, 4.3]) for introductions
to Deligne cohomology. In the original paper [17] Deligne cohomology classes are
called differential characters and a different grading convention was used. We have
a cup product

U:HE (X, Z)® HE (X,Z) - HEFU(X, Z),

which turns Deligne cohomology into a graded commutative ring. Moreover, we
have a natural isomorphism of groups

H},(X,7) = C®(X)*. (11)

Note that we get invertible complex-valued functions since Q* is the de Rham
complex of complex-valued forms. Finally, for a closed connected and oriented
manifold M of dimension n — 1 we have an evaluation isomorphism

(- [M]): HE.(M.Z) > C /7. O

Remark 1.10. We refer to [26, Appendix 4] for some information about the algebraic
K-theory of the algebra of smooth functions on a manifold.
Let X be a compact manifold and n € N be odd. By [26, Thm. A.4.6] the rank of

im (K, (C®(X)) = K,?(C®(X)))

is at least dim H"(X;R). By [26, Thm. A.4.6] this is true also if X is oriented and
n = dim(X) (not necessarily odd).
We have a decomposition

KL (C®(X)) = Kx(C) @ Ko (C™(X))

where the first summand is induced by the inclusion C — C°°(X) as constant
functions, and the second summand is the kernel of the restriction to some point
in X. There are non-trivial classes in K;(C (X)) for arbitrary large odd d € N.
Note that classes coming from the summand K, (C) are topologically trivial.

Theorem [26, Thm. A.4.3] shows that the group K, (C*°(X))itselfishuge for 1 <
n < dim(X).

We do not know whether there exists topologically non-trivial classes in degrees
strictly larger than dim(X). O
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2. The construction of o4

2.1. Elements of sheaf theory on manifolds. Our main idea is to analyse the
algebraic K-theory spectrum K(C*°(X)) of the algebra of complex-valued smooth
functions on a manifold X using the techniques of differential cohomology theory as
developed in [12]. In the following we recall some of the basic notions.
Let Mf denote the site of smooth manifolds with corners with the open covering
topology.
Remark 2.1. An n-dimensional manifold with corners is locally modeled by open
subsets of the subspace [0, 00)" C R”. The category of manifolds with corners
contains the unit interval [0, 1], manifolds with boundary, simplices A”. Furthermore,
the category of manifolds with corners is closed under taking products. O
For a presentable co-category € (see [30, Ch. 5]) we will consider the co-category
of presheaves PShe (Mf) and its full subcategory of sheaves She (Mf) with values
in € on the site Mf.
Definition 2.2. A presheaf G € PShe (Mf) is a sheaf if for every manifold M and
every open covering U — M the natural map

G(M) — limG(U*) (12)

is an equivalence.

In this definition the simplicial manifold U* € Mf2” is the Cech nerve of the
open covering and the map (12) is induced from the natural map U®* — M, were M is
considered as a constant simplicial manifold. By an application of the general theory
[30, 6.2.2.7] we get that PShe (Mf) and She (Mf) are again presentable co-categories
and that there is an adjunction

L:PShe (Mf) < She (MF): incl

between the inclusion of sheaves into presheaves and the sheafification functor L.
We use the unit interval / := [0, 1] in order to define the notion of homotopy
invariance.
Definition 2.3. A sheaf or presheaf G on Mf is called homotopy invariant, if the
map
GM)—~> G xM)

induced by the projection I x M — M is an equivalence for every smooth
manifold M.
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As in [12, Sec.2] one argues that the full subcategories of homotopy invariant
sheaves Sh@ (Mf) or homotopy invariant presheaves PSh’é (Mf) are presentable.
Their inclusions into all sheaves or presheaves fit into adjunctions

JP": PShe (Mf) < PShL (Mf):incl,  #:She(Mf) < Shl (Mf):incl . (13)

The left adjoints are called homotopification functors. The homotopification functors
for sheaves and presheaves are related by the equivalence

H >~ Lo #P*oincl, (14)

see [12, Prop. 2.6].

Let X be a smooth manifold. By ix: Mf — Mf we denote the map of sites given
by M — X x M. It induces a pull-back

i - PShe (Mf) — PShe (MF) | (15)

The functor i} has the following properties:
Lemma 2.4. 1. The functor iy preserves sheaves.
2. The map iy preserves homotopy invariant presheaves and sheaves.

3. Forpresheaves iy commuteswith homotopification, i.e. the natural transformation
V4 X 4
HP oiy — iy o HP' is an equivalence.

4. If X is compact, then the analogous statement holds true for sheaves, i.e. the
natural map H oiy — iy o K is an equivalence.

Proof. If U — M is an open covering covering of M, thenix(U) — ix (M) is an
open covering of X x M. If G is a presheaf, then the descent map of i y G with respect
to U — M is the same as the descent map of G with respect to iy (U) — ix(M).
This implies the first assertion.

A sheaf or presheaf G is homotopy invariant by definition if the natural
transformation G — i;G (induced by the map / — x) is an equivalence. We
have equivalences of functors i;iy ~ iy, , ~ iyi;. This implies that iy preserves
homotopy invariant sheaves or presheaves.

In order to see that iy commutes with homotopification of presheaves we use
the explicit formula for the homotopification given in [12, Section 7]. We define the
functor

s:PShe (Mf) — PShe(Mf) ,  s(G) := colimam ixeG , (16)

where A*® is the cosimplicial manifold of standard simplices. Then the homotopifi-
cation on presheaves JP™* is given by

HP ~ s, a7
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Since the colimit for presheaves is taken object wise and i .iy =~ i%ixe We see that
the homotopification for presheaves commutes with i %.

We now assume that X is compact and G is a sheaf. For n € N we let S” € Mf
denote the n-dimensional sphere. For every n € N, using [12, Prop.7.6] at the
marked places, we get the following chain of equivalences:

(5 HG)(S") = (HG)(X x S")
L (H7%G)(X x S™)
~ ((5IG)(S™) = (HPTILG)(ST) = (HiLG)(S™) .

Assertion 4. now follows from [12, Lemma 7.3] which states that an equivalence
between objects of She (Mf) can be detected on the collection of spheres S”, n € N.
O

Remark 2.5. Since i} preserves sheaves we have a natural transformation
Loiy —iyolL. (18)

In general it is not an equivalence. For example, let € := Ab and Z”" be the constant
presheaf with value Z and X consist of two points. Then we have

ix (LZP) (%) = Z D L,

but L(iyZ")(*) = Z and the map (18) is the diagonal inclusion.
In the present paper we will use the language of diffeological algebras.

Definition 2.6. A diffeological structure on an algebra A over C is a subsheaf of
algebras A® of the sheaf of algebras M +> Homge (M, A) such that A (x) = A. A
diffeological algebra is an algebra equipped with a diffeological structure.

Remark 2.7. A sheaf F of sets on Mf which is a subsheaf of the sheaf of set-valued
functions to F(*) is also called a concrete sheaf. We refer to [35] for a discussion of
various variants of the definition of a diffeology. Our version is most similar to the
notion of a Chen space, but not equal. A Chen space is a concrete sheaf of sets on
the site of convex subsets with non-empty interior of euclidean spaces. In contrast,
our sheaves are defined on all manifolds with corners. O

Example 2.8. In the following we list some examples of diffeological algebras.

1. The constant sheaf A generated by A is the minimal diffeological structure, while
the sheaf M +— Homge (M, A) is the maximal diffeological structure on A.

2. If A is a diffeological algebra and X is a smooth manifold, then we define the
algebra C*°(X, A) := A®°(X). It has again a diffeological structure given by the
sheaf iy A%°.
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3. The algebra C has a diffeological structure such that C* is the sheaf M +—
C (M) of smooth C-valued functions on Mf.

4. For a manifold X we equip C*°(X) with the diffeological structure defined in 2.

5. If A is a locally convex algebra, then we have a natural notion of a smooth
function X — A. The diffeological structure is given by A%®°(X) := C*°(X, A),
where C*°(X, A) denotes the algebra of smooth functions on X with values in A.
See Remark 2.9 for more details. O

Remark 2.9. In this remark we fix our conventions about smooth functions on
manifolds with values in a locally convex algebra. A locally convex vector space is
a complex vector space whose topology is defined by a collection of seminorms. A
locally convex algebra is a locally convex vector space such that the product induces
a continuous bilinear map A x A — A.

A locally convex vector space has a natural uniform structure. Therefore the
notions of completeness and completion are defined.

We now consider smooth functions with values in a locally convex vector space A
(see e.g. [37, Sec.40]). Let U < R” open and consider a continuous function
f:U — A

Definition 2.10. The function f continuously differentiable if there exists a
continuous function f’:U — Hom(R”", A) such that for every seminorm p on A
and every compact subset K C U we have

EELEE f’(X)(D)) o

lim sup p D]

D—0 ek

We call 9; f := f'(—)(e’) the partial derivative of f in the ith direction. We call f
smooth if it has all iterated continuous partial derivatives.

We denote the iterated partial derivatives by flfk) i We equip the complex vector
space C*°(U, A) with the locally convex structure determined by the seminorms

k
f— 5211)( p(fif,.)..,ik (x) -
X

The set of seminorms which generates the topology of C°°(U, A) is thus indexed
by compact subsets K C U, tuples (i1,...,i;) of elements of {1,...,n}, and
seminorms p of A. If A is complete, then so is C*°(U, A).

This definition of smooth A-valued functions extends to manifolds in a
straightforward manner.

Let X be a smooth manifold. Then the algebra C*°(X, A) has two diffeological
structures:

1. The first comes from the construction 2. in Example 2.8 above.

2. The second is induced from its locally convex structure.
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These two structures coincide in view of the exponential law:
C®X,C®(Y,A) =2C®(X xY,A).

Since C*°(M, A) is a subset of the set of all functions from M to A it is clear
that these spaces of smooth functions for varying M define a concrete sheaf, i.e. a
diffeological structure on A.

In the non-commutative geometry literature instead of C°°(X, A) one often uses
the projective tensor product C*°(X) ®, A. If A is complete, then this gives an
equivalent structure as we will explain below. We have a natural map

C®(X)® A — C®(X, A),

which is continuous with respect to projective topology on the algebraic tensor
product.

In general, for locally convex vector spaces V, W we let V ®, W denote the
completion of the algebraic tensor product V' ® W with respect to the projective
topology. If A is a complete locally convex vector space, then we get an isomorphism

C®(X) @, A > C®(X, A) .

Here is a reference for this classical fact:
1. It follows from [37, Thm. 44.1] that for a complete A we have an isomorphism

C®(X)®c A > C®(X, A),

where ®. denotes the completion of the algebraic tensor product in the e-topology.

2. It follows from [37, Thm. 50.1] that the locally convex vector space C*°(X) is
nuclear.

3. If one of the tensor factors is nuclear, then the natural map from the - to the
e-tensor product is an isomorphism by [37, Thm. 50.1]. O

Remark 2.11. In this remark we explain the relationship between the notions of
homotopy invariance according to Definition 2.3 and diffeotopy invariance of functors
defined on locally convex algebras as considered e.g. in [21, Sec. 4.1].

Consider the category £Locslg, of unital complete locally convex algebras. We
have a functor

LocAlg, — Shy,cnig, (M), A AT = (M = C®(M) @, A) .

Let € be a presentable co-category.

Lemma 2.12. A functor F: £ocAlg, — € is a diffeotopy invariant functor in the
sense of [21, Sec.4.1] if and only if the presheaf F(A%°) € PShe (Mf) is homotopy
invariant in the sense of Definition 2.3.

Proof. This is immediate from the definitions if one uses the associativity of ®, and

C®( x X) = C®(I) ® C®(X). 0
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2.2. Algebraic K -theory and cyclic homology of smooth functions.

2.2.1. Chain complexes and spectra. The purpose of this paragraph is to fix our
conventions concerning chain complexes and spectra. We fix some notation and
introduce some basic constructions.

Let Ch be the category of (in general unbounded) chain complexes of abelian
groups and chain morphisms. If R is a ring, then we use Chg in order to denote the
category of chain complexes of R-modules.

We identify chain complexes with cochain complexes such that the chain complex

o> Chp1 > Cp > Cpg — -+
corresponds to the cochain complex
s Cctl e s e L

For an integer p € N and a chain complex (C, d) € Ch we define its shift by p
by C[p]" := C"*P. The differential of the shifted complex is given by (—1)?d.

For n € N we let H": Ch — Ab denote the nth cohomology functor. A chain
map is a quasi-isomorphism if it induces an isomorphism in cohomology. If we
invert the quasi-isomorphisms in Ch, then we get a stable oo-category Ch[W ~!].
There are various ways to construct a model of this co-category e.g. using model
categories or dg-enhancements. Since the constructions in the present paper are
model independent we will not discuss the details.

We have a natural functor «: Ch — Ch[W~1]. Our usual notation convention is
that the italic letter C denotes an object of Ch, and the corresponding roman letter C
denotes the object ((C) € Ch[W™!]. By the universal property of Ch[W ~!] the
cohomology functors descent to functors H": Ch[W 1] — Ab.

For an integer p € Z and a chain complex C € Ch

o> CPl P s Pt
we define its naive truncations 0=?C and 0 <?C at p by
> 0> CP Pl 5. P2 5P 5050 (19)

We have natural inclusion and projection morphisms

0*PC -C, C—o~PC. (20)
Remark 2.13. Note that ((6=?C) is well-defined, but 0=7((C) does not make
sense. 0

By © € Sh¢p (Mf) we denote the sheaf of de Rham complexes on Mf of complex-
valued differential forms. By [12, Lemma 7.12], for every p € Z its truncation
t(0=7Q) is a sheaf, i.e.

1(0=P Q) € Sheppy—17(MF) . (1)
Note that H? (1(0=7Q)) = Qfl € Shyp (M) is the sheaf of closed p-forms.
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Let Sp denote the stable co-category of spectra. Again we will not discuss explicit
models. For every n € Z we have a functor ,,: Sp — Ab which maps a spectrum
to its nth homotopy group. The collection of these functors for all n € Z detects
equivalences in Sp.

We will frequently use the Eilenberg—MacLane correspondence H:Ch[W ~1] —Sp
(see [31, 8.1.2.13]) which maps a chain complex to its associated Eilenberg—MacLane
spectrum. For C € Ch[W ~!] we have the relations

m(H(C)) = H™"(C), H(C[p]) ~ Z”H(C)

between the homotopy groups of H(C) and the cohomology groups of C on the one
hand, and the shifts by p € Z in spectra and chain complexes, on the other.
The Eilenberg—MacLane equivalence preserves limits. Hence it induces a map

H: ShCh[W—l](Mf) e ShSp(Mf)
by objectwise application. For example, by (21) we have the sheaf
H(:(077Q)) € Shgp(Mf) . (22)

We have 7, (H(1(027Q))) = QF,.

2.2.2. Algebraic K -theory. In this paragraph we call some basic facts from alge-
braic K-theory. We let Alg denote the category of associative unital algebras. We
have a functor

K: Alg — Sp

which maps an associative unital algebra to its connective algebraic K-theory
spectrum K(A4).

Remark 2.14. One way to construct this functor is as the following composition:
K(A) := sp(GrCompl(N(Iso(Proj(A))))) .

Here Proj(A) is the symmetric monoidal category of finitely generated projective
A-modules with respect to the direct sum and Iso takes the underlying groupoid. The
functor N maps a symmetric monoidal category to its nerve which is a commutative
monoid in spaces. The group completion functor GrCompl turns this monoid into
a commutative group (i.e. an Eo-space) or equivalently into an infinite loop space.
Finally, the functor sp maps the infinite loop space to the corresponding spectrum.
We refer to [12, Sec. 6] and [11, Sec. 6] for more details. In the present paper will
not need any explicit construction of the algebraic K-theory functor. O

Let Algc denote the category of unital algebras over C. We have a functor

CC™:Alge — Ch,
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which maps an associative unital algebra A over C to its negative cyclic homology
complex CC~(A). We define the negative cyclic homology of A by

HCI(A) := H,(CC™(A)). (23)

Remark 2.15. For concreteness we will choose for CC ™ (A) the standard negative
cyclic homology complex denoted by Tol' BC ™ in [28, 5.1.7]. Some constructions
in the present paper will use this model explicitly. O

We define the functor CC™: Alge — Sp as the composition

cc— H
Alge — Ch-> Ch[W™']5 Sp.
‘We have a natural transformation of functors
ch®/:K — CC~, (24)

given by the Goodwillie-Jones Chern character. For the construction of the Goodwillie
—Jones Chern character we refer to [32] and [29, Sec. 5].

2.2.3. Algebraic K-theory sheaves. The goal of this paragraph is to introduce
some basic notation which we will use throughout the rest of the paper. We consider
a diffeological algebra A (see Definition 2.6) and form the presheaf of spectra

K4 € PShg,(Mf), M > K(A®(M)) . (25)
Its sheafification is a sheaf of spectra and will be denoted by
K4 := L(Ky) € Shg,(Mf) . (26)

We apply these constructions to the diffeological algebra C. We then have the
equivalences 5 5 5
Kcoo(X) ~ l';K(C s KC‘X’(X) ~ Li;}K(C . (27)
The first follows from the definition of the diffeological structure on C*°(X), and the
second is then a reformulation of the definition above.

Applying the negative cyclic homology complex to the sheaf C*> we obtain the
presheaf of chain complexes

CC™(C*®) e PShcyMf), M+ CC (C®(M)).
Remark 2.16. Note that we do not complete or sheafify the tensor products involved

in the definition of the negative cyclic homology complex, but see Remark 2.18. [

In the following we define a differential geometric analog DD~ of CC~(C*)
and a comparison map
7 :CC (C*®)— DD~ .
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Definition 2.17. We define the sheaf of chain complexes DD~ € Shcp(Mf)

DD™ =[] DD (p). DD (p):=(c="Q)[2p].
DPEZ

We further define a map of presheaves of chain complexes
77 :CC (C*®)— DD~ (28)
by

CC—((COO(X))q,p > fO & fp—q = (p _lq)!fodfl /\---/\dfp_q

e FP4QP~4(X) C DD (p)(X) P74

Here the index (... )4, refers to the component of the bicomplex 8C ™ in [28,
5.1.7]. Using the formulas [28, Sec.2.3.2] we conclude that 7~ is compatible with
the differentials.

Remark 2.18. For a manifold X let CC "~ (C*°(X)) be the analog of
CC~(C*°(X)) defined using completed (but not sheafified) tensor products. Then
we have a factorization of 77:

cont,—

CC™(C®(X)) —» CC" (C®°(X))"— DD (X). (29)

The second map is quasi-isomorphism by the well-known calculation of the
continuous negative cyclic homology of the algebra of smooth functions on a smooth
manifold. We will use the continuous version of cyclic homology and 7 “">~ in
Subsection 3.5 below. 0

We further define the presheaves
CCo:=HotoCC™(C®), DD :=¢DD7), DD :=HoDD . (30)

The Ch[W ~!]-valued presheaf DD~ is a sheaf by (22). As remarked above, the
Eilenberg—MacLane functor H preserves sheaves. Therefore DD~ is a Sp-valued
sheaf.

By its naturality the Goodwillie-Jones Chern character (24) provides a map
ch®/: K¢ — CCg .

between presheaves of spectra.

Definition 2.19. We define the regulator morphism rég of presheaves of spectra as
the composition

. gJj -
rég:Ke o CCg %> oD~ . 31)
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Furthermore, for a smooth manifold X, we define the morphism of sheaves of
spectra
27 . LiLrég
regy:Kceo(x) >~ LixKc X LixDD™ ~iyDD™ . (32)
The last equivalence in (32) follows from the fact that DD™ and therefore iy DD~
are sheaves. OJ

Remark 2.20. In this paper we usually call transformations from K-theory to cyclic
homology Chern characters, and transformations from K-theory to differential forms
regulators. There is one exception, namely the usual Chern character from topological
K-theory to cohomology with complex coefficients calculated by the de Rham
cohomology.

2.3. Homotopification and regulator maps. For a sheaf G with values in a stable
oo-category (e.g. Ch[W~!] or Sp) we have a functorial homotopification fibre
sequence of sheaves

AG) = G — H(G) — TA(G), (33)

see [12, Def. 3.1]. The map G — J(G) is the unit of the homotopification functor
introduced in (13), and # by definition takes the fibre of this unit. The sheaf G is
homotopy invariant if and only if A(G) ~ 0.

Let A be a diffeological algebra (Definition 2.6) and K4 be as in (26).

Definition 2.21. We define the sheaves of spectra
Ky = H#(Ka), K :=AKy).

We call the evaluations K?(A) := Kffp (%) and K"(A4) := K/(*) the topological
and relative K-theory spectra of A.

Note that the topological and relative K -theory spectra depend on the diffeological
structure on 4. They fit into the fibre sequence of spectra

K™ (A) - K(4) - K?(4) - SK"(A) (34)

derived from (33) by evaluation at .

Remark 2.22. A Fréchet algebra has a natural diffeological structure such that A>° (M)
is the algebra of smooth maps M — A. In this case our definition of K™ (A)
coincides with that given in [19, Sec.3.1]. Indeed, in this reference the
authors apply Quillen’s 4-construction to the classifying space of the simplicial
group GL(C*°(A®, A)). Using (16) we can identify the resulting space with
Q*(s(K4)(x)). We now use the equivalence s(K4)(*) ~ Kffp (*) which follows
from the combination of (17) and (14). As a consequence, the relative K-theory of
a Fréchet algebra defined in [19, Sec. 3.1] is isomorphic to our version.
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More generally, if A is a complete locally convex algebra, then in [21, Def. 4.1.3]
the notion of the diffeotopy K-theory spectrum was defined. This definition is just
s(K4)(*) written down in different symbols. Therefore our topological or relative
K-theory of a complete locally convex algebra also coincides with the diffeotopy or
relative K-theory of [21]. O

The homotopification of the sheaf DD~ € Shpp—17(Mf) defined in (30) can be
calculated explicitly again in terms of differential forms. To this end we introduce
the two-periodic de Rham complex.

DD’ := [] QI2p] € Shcn(MF) . (35)
PEZ
Its cohomology
HP*(X):= H*(DD" (X)) (36)

is called the periodic cohomology of the manifold X. The periodicity is implemented
by the shift isomorphism, which for k € Z is given by

ok HP*(X) > HP*(X) i ([0(p)]) ez = ([0(p = 0)]) yepp -~ BT
We further define
DD? := ((DD"") € Shgh[W_I](Mf) . (38)

A priori we have DD”*" € PShcyyy—17(Mf). In order to see that DD?* is a sheaf
we use [12, Lemma 7.12]. Moreover, since 2 resolves the constant sheaf C, the
sheaf ((€2) is homotopy invariant. Consequently, the sheaf DD”*" is homotopy
invariant, too.

In view of Definition 2.17 of DD~ and (20) we have a natural inclusion of sheaves
of chain complexes DD~ — DD?¢".

Lemma 2.23. The induced map DD~ — DD?*" is equivalent to the homopification
morphisms of DD™. In particular we have an equivalence ¢ (DD™) ~ DD?*",

Proof. By [12, Lemma 7.15] we know that the inclusion ((6ZPQ) — () is
equivalent to the homotopification map. This implies that the natural inclusion
DD~ — DD** is equivalent to the homotopification map DD~ — # (DD™). O

We now provide chain complex model for 4(DD™). We define the sheaf of chain
complexes

DD = 1_[ DD(p) € Shep(Mf), DD(p) := (6=PQ)[2p] . (39)
DPEZ
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It fits into exact sequence of sheaves of chain complexes
0—- DD™ — DD? — DD[2] - 0. (40)

The second map in this sequence is induced by the family of maps of chain complexes

DD (p) = Q2p) D (6<7Q)[2p]

Il

((@=P=t)2(p—1)])[2] = DD(p—1)[2].

(41)
By [12, Lemma 7.12] the object DD := ((DD) is a sheaf with values in Ch[W ~1].
From (40) we get a fibre sequence

... — DD[1] - DD~ — DD? — DD[2] — -+ . (42)

Lemma 2.23 implies that this sequence is equivalent to the homotopification sequence
(33) applied to DD
Corollary 2.24. We have an equivalence A(DD™) ~ DD[1].
We define the sheaves of spectra
DD?*" := H(DD?*), DD:= H(DD).
If we apply H to the sequence (40), then we get the fibre sequence of spectra
> DD — DD~ — DD — X2DD . (43)

Corollary 2.25. The fibre sequence of spectra (43) is equivalent to the homotopifi-
cation sequence (33) applied to DD™.

Let now X be a manifold. If we apply the homotopification sequence (33) to the
morphism regy: Kcoe — iy DD™, then we get the first two lines of the following
diagram:

d Iz
Kooy — Keeoon — Kooy ZK oo x “
l reg’! jregx j regy’ l regy’
A(i3 DD™) —— i3 DD~ —— J¢(i}; DD~) — SA(i}; DD7)
| | d I :
| H I'1 K I
Yo Yo vo£

i¥XDD —— i3 DD” —— i} DD’ —— 5 52 DD.

Since iy DD”*" is homotopy invariant we obtain the dashed morphism denoted by 1
and the lower middle square from the universal property of the homotopification.
The lower part of the diagram is now defined by extension of the lower middle square
to a morphism of fibre sequences. We use the diagram in order to define the relative

and and topological regulator maps reg )’fl and reg;?p as indicated.
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Remark 2.26. If X is a compact manifold, then by Lemma 2.4.4. we have
equivalences
iyoA~Aoiy, iyoH ~Hoiy. (45)

If we apply iy to (43), then the resulting sequence
i%%DD — i% DD — i% DDP" — % X?DD (46)

is equivalent to the homotopification sequence of i 3 DD™. In particular, for a compact
manifold X the lower two lines in (44) are equivalent, and we have the equivalences
reg! >~ #A(regy) and regy” ~ J(regy). O

By its definition (32) we have the following factorization of the regulator regy:

“ 18 v
Keoor) & LitKe S i LKe & itKe — i3 DD . (47)
Using the universal property of the homotopification morphism Kceo(x) — K gﬁo (X)

we get the factorization of reg;’p :

egy
top 1" kg toptX TO9 T per
K&y > i3 K X i5 DD (48)
j_A;/
*
ixku

The identification of K('C”p ~ ku follows from [12, Lemma 6.3], where ku is the
constant sheaf of spectra generated by the connective topological K-theory spectrum
ku =~ K7 () of C. We define ch®/: ku — DD”" so that the diagram commutes.

If we evaluate iy reg™” at a point, identify (7 ;‘(Kgp )(x) >~ ku(X), and take
homotopy groups, then we get a homomorphism (natural in X)

. (36
ch®/ : ku* (X) — 7_.(DDP" (X)) '~ HP*(X).

The origin of this map is the Goodwillie-Jones Chern character ch®/, see (24). In
this situation we also have the usual Chern character defined by Chern—Weil theory

ch”:ku*(X) - HP*(X) .

We refer to [12, Sec.6.1] for a construction of the Chern character ch’ using
differential cohomology methods. The following lemma is probably well known.
For completeness we sketch an argument.
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Lemma 2.27. We have the equality of Chern character maps
ch®/ = chY:ku*(X) — HP*(X).

Proof. Since both Chern characters arise from maps between homotopy invariant
sheaves of spectra they are characterized by their evaluation at the point. Since the
target is rational they are determined by their actions on homotopy groups. Hence it
suffices to check that

ch®/ = ch®¥:ku'(x) > HP (%)

for all £ € Z. One can now use the fact that both Chern characters are multiplicative
(see [32] for the multiplicitivity of ¢ch®/) in order to reduce to the case £ = 2. For
£ = 2 we argue as follows. We know by an explicit calculation that

ch®/: K (C®(S)) — Hi(CC(C®(SM)) = ' (sh)

maps the class ( (1) € K;(C®(S1)) of a unit u € C*(S!)* to the form

1
——dlogu € Q1(SY).
2mi

We now consider specifically the embedding u: S' — C*. The class ¢(u) is then
mapped to the generator x € ku™'(S') 2 Z under the composition

K (C®(51) — K751 225 7 (K2 (s1)) = ku™'(51) .

Therefore ch®/ (x) € HP~!(S)is given by the class (c(p)) pez € H~(DD?*(S1))
with

[volgi] € H=H(DDP(p)(S1)). p =1,
c(p) =
0, else.
where volgi = ﬁd logu is the normalized volume form of S!. Tt follows by

suspension that ch®/: ku~2(x) — HP ~2(%) maps the generator of ku2(x) = Z to
the class (b(p)) pez. € H*(DDP*"(x)) given by

[1] € H-2(DD? (p)(x)), p =1,
b(p) :=
0, else.
The same holds true for ch“™. O

2.4. The differential regulator map. In this subsection we introduce a version Ku
of the Hopkins—Singer differential cohomology associated to ku and a differential
regulator map

régy: K(C®(X)) — ku(X) .
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Definition 2.28. We define the Hopkins—Singer differential connective complex K-
theory ku € Shg, (Mf) by

ku—=2 - pp- (49)

i

lﬁc_h>DDPer_
We further define the differential connective complex K-theory groups of a
manifold X by

Ku " (X) = me(Ku(X)) .

For a general discussion of Hopkins—Singer differential cohomology theories we
refer to [12, Sec.4.4]. The map [ takes the underlying ku-class, and the map R is
called the curvature morphism.

We fix a manifold X and recall the definition (32) of regy and the (Chern-Weil
version) of the Chern character ch®” which is equivalent to ch®/ by Lemma 2.27.

The middle square of the diagram (44) together with (47) and Lemma 2.27 gives
a commutative square

Koo (x) —=> i% DD~ (50)
l i% chew l
itku —X "5 j% pprer

Definition 2.29. For a smooth manifold X we define the differential regulator map
régy:Kceoo(x) = i;}kAu

as the map between sheaves of spectra naturally induced by the square (50) and the
universal property of the pull-back square (49). The evaluation of régy at a point
gives a map of spectra

régy: K(C®(X)) — ku(X) .

Remark 2.30. For commutative algebras it is possible to refine the Goodwillie—
Jones Chern character ch®/ to a morphism between commutative ring spectra. The
spectra occuring on the right corners of the diagrams (49) and (50) are obtained
by an application of H o ¢ to sheaves of commutative differential graded algebras
and therefore are commutative ring spectra, as well. Since the morphisms regy
and ch“” and the diagram (50) have refinements to morphisms between sheaves of
commutative ring spectra, the differential regulator naturally becomes a morphism
between commutative ring spectra, too.
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The multiplicative structure is helpful if one wants to calculate o4 of products
like
tur) U---Ui(ug) € Kg(CT(X))
for a collection of invertible functions (u;);=1,... g4 in C*°(X). Since our main results
do not use the multiplicative structure, in the present paper we will not discuss its
details further. O

Remark 2.31. In general, for an algebraic K-theory class x € K;z(C®(X)) the
differential K-theory class régy (x) € kAu_d (X) contains strictly more information
than just the underlying topological class
x"P = [(régy(x)) € ku ¢ (X)
and the regulator
regy(x) = R(régy(x)) € H~/(DD™(X)).

It is essentially this additional secondary information which we detect by the map oy
in Theorem 1.1.

2.5. The construction of 6;. We consider an integer d € N and a smooth mani-
fold X such that its dimension satisfies dim(X) < d — 1. The goal of the present
subsection is to construct the homomorphism

04: Kg(C®(X)) —> kuC/Z~% 1 (X)
asserted in Theorem 1.1. The idea is to obtain this map by specializing the differential

regulator map régy.

For the moment let X be an arbitrary smooth manifold. We fix an integer d € Z.
In the following definition the symbol R denotes the curvature map the differential
cohomology theory ku, see (49).

Definition 2.32. We define the subgroup of flat classes
~ —d ~ —d
kg, (X) = ker (R: ku (X)— nd(DD_(X))) .

The flat subgroup of a Hopkins—Singer differential cohomology theory can be
calculated explicitly.

Lemma 2.33. [fdim(X) < d, then we have a natural isomorphism

K (X) = kuC/Z~971(x) . 51)

Proof. The complex of sheaves of abelian groups €2 is a resolution of the constant
sheaf C. Consequently, DD ?¢" resolves the constant sheaf [ | pelZ C[2p]. We thus

obtain an equivalence

DD*" =~ H (1([] ez CI27])) - (52)
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We have a fibre sequence of pull-back squares

v ¥lppo=—3"!'DD > F—>0 — kai—=DD" —>---
00— s lﬂ—>—DDper k_u_>DDper

We calculate the fibre F of
ch®”:ku — H (([],ez C[2p])) - (53)
Using the decomposition
[e.e]
[[ci2pl =[] Cl2plo® [] Cl-2p]
PEZ peN p=1

and the fact that ku is connective we get the decomposition of F into the sum of the
fibres of the morphisms of spectra

ku — H(L(HpeN C[2p])), 0— H(t(]_[?,o=1 Cl-2p])) .

The fibre of the first morphism is equivalent to ¥~!kuC/Z, and the fibre of the
second is 7' H(«(T,~; C[-2p])). Consequently

F~3"'kuC/Z & 7" H(([5=; C[-2p])) -
We have a long exact sequence
~ —d
i g (O (X)) = F4(X) = ku " (X) 5 gD~ (X)) = --- .
Note that

H™DD™ (X)) = [[ H*(eZPQX)2p]) = [ H* *(0Z7Q(X)) .
DEZL PEZ

If this group is non-zero, then for some p € Z we have the relations
2p—k <dim(X), 2p—k=>p.
This implies dim(X) > k. Hence for dim(X) < d we have
74+1(0D™ (X)) = H™4~1(DD™(X)) = 0.
Therefore kAu];; (X) = F~(X). Since also
= (T8, Cl=2p1)) 4 (X) = [I, H2~471(X;C) = 0

we have the isomorphism

F4(X)~kaC/Z™% ' (X). O
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We decompose the curvature morphism R in (49) into a product of components
R(p), p € Z, according to the product decomposition of DD, see (2.17). Similary
we decompose regy into a product of components regy (p) for p € Z. Note that
74 (DD (d) (X)) = Q%/(X).

Lemma 2.34. [f dim(X) < d and x € Kz(C*° (X)), then we have

. 0, p#Fd

R regy(x)) =
(p)(régx(x)) regy(d)(x) € Q4 (X), p=d

Proof. Let x € K;(C*°(X))). For p € Z the component R(p)(x) of the curvature

of x is represented by the class regy(p)(x) € H~4(DD~(p)(X)). By the

calculations in the proof of Lemma 2.33 it can only be non-trivial if p = d = dim(X).

Note that H~4(DD~(d)(X)) = Q% (X). O

Corollary 2.35. Ifdim(X) < d — 1, then régy maps to the subgroup of flat classes.
In view of Lemma 2.33 we can make the following definition.
Definition 2.36. If dim(X) < d — 1, then we define o; as the composition

ré ~ —d
04: Ka(C®(X)) = Kugy (X) = kuC/Z7971(X) . (54)
This finishes the proof of Theorem 1.1. O

Remark 2.37. At the moment we have no example which shows that the map o, can
be non-trivial if dim(X) < d — 1. We refer to Example 2.41, 7. and 8. for some
vanishing results in this direction.

2.6. Restriction to relative K -theory and explicit calculations. In this subsection
we derive an explicit formula for the restriction of o4 defined in 2.36 to topologically
trivial classes. The result will be formulated as Corollary 2.39. It will be used in the
proof of Theorem 1.6. The idea for the calculation of o4 (x) for a topologically trivial
class x € Kz(X°°(X)) is to use a deformation X of x to zero. Using the homotopy
formula for Ku the class 04(x) can be expressed in terms of a transgression of the
curvature of régy (X).

Let X be a manifold. From the definition of ku and the differential regulator
régy we get the diagram

rel

reg'y

Kl i3 DD ix X DD
e k]

Keseon =2 igku —% - i DD- >
b

Kggo(X) i;}lﬂ chw i;‘( DDPer .
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The upper right square follows from the fibre sequence (43) and the fact that the lower
right square is a pull-back, namely the definition (49) of ku. The columns are fibre
sequences.

Remark 2.38. If X is a compact manifold, then the columns in (55) are instances of
the homotopification sequence (33). Indeed, the whole diagram can then be obtained
by applying the homotopification sequence to the middle raw. See Example 2.26. [J

Corollary 2.39. We have the equality

~—d
aoregf = régy od: Ky(C®(X)) — ku (X).

We assume that X is a manifold of dimension dim(X) = d — 1. We use the
homotopy formula for Ku in order to provide a formula for o; (x) for certain topolog-
ically trivial classes x € Kz(C°(X)). We consider a class X € K;(C*°(I x X))
which has the property that X|(o;xx = 0. We define

x = Xjyxx € Ka(C™(X)) .
By construction the class x is topologically trivial, i.e. it belongs to the kernel of
K4(C®(X)) = K 7 (C™(X)).

Since the degree of X and the dimension of / x X match, by Lemma 2.34 the
only non-trivial component of the regulator of X is

regs.x(d)(X) € Q%I x X) .
Furthermore we have a map
ig: QITNX) - H 7 (079Q(X)) — H™ 47 (079 Q(X))[2d]) — 74 (EDD(X)).

Proposition 2.40. We have

régy (x) = a(id /I reglxxu)(?c)) .

Proof. By the homotopy formula [12, (27)] we have

régy(x) = ( / R(réglxxa))) |

By Lemma 2.34 we have

R(d)(rég;«x (X)) = reg;xx(d)(%) .

and all other factors of the curvature vanish. So our final formula is

régy (x) = a(id /1 reglxx(d)(sc')) . 0
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Example 2.41. We now perform some explicit calculations:
1. We consider X = S!. Let u: S — C be the inclusion. We consider u as a unit
in C®(S1) and ((u) € K;(C*®(S')). Note that

m (DD (S1)) = m (DD (1)(S1)) = Q'(S") .

Under this identification have
1 du
1 = —— .
reggi (1)(c(u)) YT

2. Next we consider the inclusion #: R4y — C as a unit in C*°(R4). We obtain

1 dt
re D@) = ——.
92, (D(1) = 5 -~
3. We now consider the inclusion z: C* — C. We write z = u(z)t(z) with

u:=z/|z|”" and ¢ := |z|. Then we get by naturality and additivity of the regulator

1 d(z/|z|”Y) d|z] 1 dz
reac- ) = 5 (“EEL + E) = -

4. We consider the unit exp(z) = exp* z € C*°(C). We get

1
rege(1)(1(exp(2)) = exp™(rege+(D((2)) = 5—dz.

5. Let now X be a smooth manifold and f € C°°(X). Then we have

regy (1)(t(exp(f)) = f™(regc(D)(t(exp(2))) = ﬁdf : (56)

6. The regulator regy: K«(C*°(X)) — m+(DD™ (X)) is given by the composition
of the Goodwillie-Jones Chern character and the map (28). Since C*°(X) is
commutative both maps are in fact multiplicative, where the ring structure on DD~ is
induced by the obvious bigraded differential algebra structure on [ | peZ (c=2Q)[2p].

Now assume that dim(X) = d — 1. We consider a collection u,, ..., uy of units
in C*°(X). Let ¢t € I be the coordinate. On I x X we consider the collection of d
units

exp(tf),uz,..., ug
and define
X:=u(exp(tf)) Ut(uz) U---Ui(ug) € Kg(C*®( x X)) .
By multiplicativity of the regulator and (56) we have

1 d d
reg . x (d)(L(exp(tf)Ut(uz)U- - -Ut(ig)) = W(fderzdf)Aui;A.-.AuLj
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(and this is the only non-trivial component). From Proposition 2.40 we conclude that

régx(l(CXp(f))UL(uZ)U...U[(ud))=a(id( 1 f%/\/\dﬂ))

Qri)d” uy Ug

7. If we consider in 6. more than d factors, then we get a trivial result. Assume
that dim(X) = d — 1 and u,, ..., ugz4+ are invertible smooth functions, and f is a
smooth function. Then we have

régy (L(exp(f)) Ut(uz) U---Ut(ug41)) = 0.

To this end, using multiplicativity of régy, we write the left-hand side as a product
in ku-theory

régy (t(exp(f)) Ut(uz) U---Ut(ug)) Urégy (t(ugs1)) -

Using (57) and the rule a(w) U x = a(w A R(x)) for the product in Ku we rewrite
this as

a(id( : f@A---A%))Urégx(z(um))

Q2ri)e”" uy
. 1 duy dugq )
= — A A )
a(ld+l((27fi)d+1f Uz Ud+1

The argument of @ on the right-hand side is a d-form on a manifold of dimension
d — 1 and therefore vanishes.

8. Let again dim(X) <d — 1, x € Kz(C*®(X)) and y € Kz/(C°°(X)) for some
d’ € N. Then

régy (x Uy) = régy(x) Urégx(y) = oq(x) Uy,

where y P := I(régy(y)) € ku_d/(X ), using the ku-module structure of ku C/Z
on the right-hand side.

Note that ku(X') has a multiplicative Atiyah—Hirzebruch filtration (F? ku(X)) pez,
where F? ku(X) consists classes whose pull-backs to p — 1-dimensional C W -
complexes vanish. For an invertible function u we have ((u)"” € F! ko '(X). If
y=1t(uy)U---Ut(uy), then y™ = 0. We conclude that

régX(xUL(ul)U--~Ut(ud))=0. O

3. An index theorem

3.1. The index pairing. In this subsection we introduce the pairing between Dirac
operators and the Hopkins—Singer version of differential periodic complex K-theory.
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This pairing refines the pairing between periodic complex K-theory and the
K-homology. If the Dirac operator comes from a Spin®-structure, then our pairing is
a special case of the integration in differential cohomology. In any case, the pairing
has a simple description in terms of standard constructions of local index theory.

First we introduce the Hopkins—Singer version KU *(—) of differential periodic
complex K-theory KU. By
ch?e: KU — H («([1 ez C[2P1))
we denote the usual Chern character. We will use the same symbol also in order to
denote the composition of morphisms of sheaves of spectra
hC'LU

per

che”: KU -5 H (([1,ez Cl2p])) 2 pprer

per: ——

Remark 3.1. The Chern character ch®” discussed in Lemma 2.27 is equivalent to
the composition

ku— KU = H(i([T,ez C2])) .
where the first map

ku — KU (58)

is the connective covering map of KU. O

We set
Z0DD?" := H (1(0=°DD"*")) .

The inclusion of sheaves of chain complexes 0=°DD?¢" — DD?¢" induces a
morphism of sheaves of spectra =% DDP¢" — DDP¢',

Definition 3.2. We define the Hopkins—Singer differential cohomology theory
associated to KU as the sheaf of spectra KU € Shg,(Mf) given by the following
pull-back

~

KU —& =0 pprer

1
ch¢W

per

KU —% DpPer |

We further define the differential periodic complex K-theory groups of a manifold X
by

KU™(X) := 7_.(KU(X))

(compare with Definition 2.28).
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The differential periodic complex K-theory in degree zero fits into the exact
sequence

-1 er er(yy=1 3 KU 5,0 ! 0
KU (X) - DD’ (X) " /im(d) - KU (X) > KU (X) > 0. (59)
This exact sequence is one of the basic features of differential periodic complex
K-theory, see e.g. [13, Prop. 2.20].

By [14] for a compact manifold X the group KU 0(X ) is canonically isomorphic
to the differential K-theory groups defined using geometric models [13,34]. In these
models geometric vector bundles are cycles for differential K-theory classes. Recall
that a geometric Z/27Z-graded vector bundle V := (V, h, V) is a triple consisting of
a Z/2Z7Z-graded complex vector bundle V' — X, a hermitean metric 4 on V' such that
the even and odd summands are orthogonal, and a connection V which preserves &

~ 0
and the grading. In the geometric models for KU (X) a geometric Z /27.-graded
vector bundle V := (V, h, V) tautologically represents a class

V] e KU’ (X) .

We refer to [12, Sec. 6.1] for an alternative construction of this class in terms of a
cycle map.

We now assume that X is a closed Riemannian manifold of odd dimension d. We
further assume that we are given a generalized Dirac operator /) on X . By definition,
D is the Dirac operator associated to a Dirac bundle, see e.g. [9, Sec. 3.1].

Remark 3.3. A generalized Dirac operator provides a K-homology class which can
be paired with K-theory classes on X. The basic idea of the following Lemma is that
the Dirac operator as a geometric object provides a sort of differential refinement of
its K-homology class which can be paired with differential K-theory classes. The
map pp defined in Proposition 3.4 below only captures the secondary information
contained in this pairing. Its value on a differential K-theory class can be considered
as the reduced 7n-invariant of the Dirac operator twisted with this class. A very
similar construction has been used in order to define the intrinsic universal 7 invariant
in [10]. O

Proposition 3.4. We have a canonical evaluation map
~ 0
pp: KU (X) - C/Z.

~ 0
Proof. Let x € KU (X). In view of the sequence (59) we can choose a geometric
7./27.-graded vector bundle V := (V,h,V) and a form y € DD?"(X)~!/im(d)

such that the following identity holds true in KU O(X ):

x =[V]+ aKAu(V) .
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We need the following standard constructions from local index theory:

1. We form the twist /) ® V of the Dirac operator by V (see [9, Sec. 3.1] for details
if necessary).

2. Welet£(I) ® V) € R/Z denote the reduced n-invariant of /) ® V given by

n(P ® V) + dim(ker(}) ® V))}
5 ,

EP V)= [ (60)

where (1) ® V) is the Atiyah—Patodi-Singer n-invariant introduced in [1].

3. We let K(ID) € ]—IPGZ(Q(X, N)[2p] gl denote the local index form associated
to I, where A denotes the orientation twist of X .

Remark 3.5. The local index form has the following explicit description. Locally
on X we can write [ = Dxpin ® E for the spin Dirac operator Ds,,,-n and a geometric
7./27-graded twisting bundle E = (E, h®, VE). If we can write JJ in this way, then

A(B) = (A(VES) A eh(VELp) oy € [ (Q(X. MI2pD); .
PEZ

vLC

where is the Levi-Civita connection of X, [w],, denotes the degree-2p-

component of the inhomogeneous even form w, and K(V) and ch(V) are the usual
characteristic forms defined in terms of the curvature of the connections (including
the 2mi-factors), see [9, Sec. 4.3] for explicit formulas.

The following observation will make it unnecessary to use the explicit formula for
the index density. This fact will be particularly helpful in the proof of Lemma 3.19
below. We define the integral

|:MTexnen—>c. [ @oe=3 [ (000 ©

DPEZ PEZ

It induces an evaluation of cohomology classes which we will denote by the same
symbol. By the Atiyah-Singer index theorem we can calculate for every class
u € KU ' (X) the index pairing by

([, [B]) = /X [AU)] Ut b2 u) € 2. (62)

where (441 is the shift isomorphism defined in (37). O

Using the integral (61) we now define

pp(0) = EB V) + UXK(ID) A Ldﬂy] €C/Z. (63)

We must show that pj is a well-defined homomorphism.
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1. First observe that the right-hand side of (63) does not depend on the choice of y.
Indeed, by (59) two choices differ by a closed form representing an element in the
image of ch,: KUY (X) - DD?"(X)"!/im(d), and the integral of the product
of those elements with K(ID) is an integer by the Atiyah—Singer index theorem, see
Remark 3.5.

2. We observe that the right-hand side of (63) is invariant under stabilization by
bundles which admit an odd Z/2Z symmetry.
3. Next we observe, using the variation formula for the classes [V] (the homotopy

formula for KU 0) and £(I) ® V), that the right-hand side of (63) does not depend
on the choice of the geometry of V.

4. If we choose a different bundle V’ and form j’, then after stabilization we can
assume that V' =~ V' as graded bundles. Therefore the right-hand side of (63) does
not depend on the choice of V.

5. Finally we observe that pj is a homomorphism. O

Remark 3.6. For any integer k € Z we can define a version KU o of differential
K-theory by replacing the cut-off Z° in Definition 3.2 with =¥, Assume that X
is a Riemannian spin manifold of odd dimension d. Then the map p: X — = is
differentially K-oriented and we have an integration

~ o, ~ —d—d
KU ) > KU "y = C/z .

We refer to [13, Sec. 3] and [8, Sec.4.10 and 4.11] for details on the integration in
differential cohomology.

Let us now assume that ) = I, ® E for some twist E = (E,hE, VE). From
[13, Cor. 5.5] we conclude that pj can be expressed in terms of the integration p in
differential K-theory as follows

pp(x) = A(E]UX) . xe KU (X).

The spin structure on X provides the underlying topological K-orientation of X
given by the fundamental class [ﬂspm] € KUy (X). The restriction of pp to the flat
subgroup corresponds under the identification

~ 0 _
KU 4, (X) = KUC/Z7'(X) (64)
(this is the analog of Lemma 2.33) to the evaluation pairing

(— U[EL [Pyl KUC/Z7'(X) "5 KUC/Z7(X)

> Ds in
Byl KUC/Z % '(x) ~C/Z,

where the first map uses the KU-module structure of KUC/Z. 0
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Remark 3.7. In this remark we explain the relation between the evaluation map pp
and the index theorem for flat vector bundles by Atiyah—Patodi—Singer [2, Thm. 5.3].
Let Vbe aZ /27-graded flat geometric bundle of virtual dimension zero. It represents

aclass [V] € KAU;M(X) ~ KUC/Z7'(X). In this case

pp([V)) =D ®V)

is exactly the analytic index of the flat bundle introduced by Atiyah—Patodi—Singer.
Their index theorem for flat bundles states that this analytic index is equal to the
pairing of the class [V] with the K-homology class of I§. This also follows from the
last assertion in Remark 3.6. O

Example 3.8. We consider S as a spin manifold with the standard metric of length 1
and with the non-bounding spin structure. The spinor bundle is one-dimensional and
can be trivialized such that lDSpin = id;. Assume now that L is a geometric line
bundle with holonomy v € U(1). Then we can trivialize L such that its connection
is given by VI = d —log(v)dt. We get

Dspin ® L= l(at - 10g(U)) .

Its spectrum is {27n —logv | n € Z} with multiplicity 1. For v # 1 we get by an
explicit calculation
log(v)

n(mspin ® L) =1- X s
Tl

where the branch of the logarithm is chosen such that % € (0,2). Using (60)

and (63) we get
1 1
stl}[ﬂ ([L]) = |:§ - Og(v)i|
C/Z

2mi

because in this case we can take y = 0. This formula holds true also for v = 1.

If Lis trivial, then [L] = 1 and we have pp__ (1) = [%]. We have an isomorphism

spin
~ 00
KU, (S") = C/Z,

which maps [L] — 1 to lgi;.’. With this identification the restriction of the evaluation

map to the flat subgroup is given by the homomorphism

OBy C/Z —CJZ, [z] — [—z]. O

3.2. Fredholm modules. We consider a closed Riemannian manifold X of odd
dimension d with a generalized Dirac operator /) associated to a Dirac bundle E.
The Dirac operator Ip gives rise to a d + 1-summable Fredholm module (H, P) over
C°(X) as follows (see [18]):
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1. The Hilbert space of the Fredholm module is H := L?(X, E). The algebra
C®°(X) acts on H in the usual way by multiplication operators.

2. The operator P € B(H) is the orthogonal projection P onto the positive
eigenspace of Ip.

3. The condition that (H, P) is d + 1-summable means that
[P, f1e £ (1),

forall f € C%°(X), where £4*1(H) denotes the d + 1th Schatten class.

Remark 3.9. In some references odd Fredholm modules are denoted by (H, F),
where F € B(H) is a selfadjoint involution such that [F, f] € £9*1(H). The
relation with our notation is given by the equation F = P — (1 — P).

We let M? be the universal algebra for d + 1-summable Fredholm modules
introduced by Connes—Karoubi [19]. Then we get a homomorphism

bp:C®(X) — M? (65)
classifying the Fredholm module (H, P). Note that b is uniquely determined up to

unitary equivalence.

Remark 3.10. In this remark we give an explicit description of . The algebra M d
for odd d € N is a subalgebra of the algebra of 2 x 2-matrices of bounded operators
on the standard separable Hilbert space £ consisting of the matrices

(all 6112) , di1z2,d21 € id+l(€2) ,  ai1,dz2 € B(Zz) : (66)
az1 dz2

Let PT, P~ be the positive and non-positive spectral projections of J. Then
we choose identifications ¢?> =~ im(P%) =~ im(P~). The homomorphism
bp:C*(X) — M¢ is then given by

+rp+ ptrp-
N reral

O

3.3. The multiplicative character. In [19, 4.10] Connes and Karoubi constructed
the “multiplicative” character

§: Kgi1(MY) > C/Z . (68)

In this subsection we explain how the construction of the multiplicative character §
fits into the framework of differential cohomology. The details of the construction
will be needed later in Subsection 3.6.
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We consider a unital locally convex algebra A. It has a natural diffeological
structure A%°, see Example 2.8, 5. From the sheaf of algebras A>° we derive the
sheaves of spectra

CC;:= LIHW(CC™(4®)), KuZ LEKUA®)).

The Goodwillie-Jones Chern character (24) gives a morphism
ch$/: K4 — CCj . (69)

Remark 3.11. In principle we want to apply the homotopification sequence (33)
to ch®/. This leads to the problem of understanding the homotopification
of CC4. The known facts are contained e.g. in [21, Cor.4.1.2]. In particular
the homotopification of CC is equivalent to the homotopification of its periodic
version CC%”, and the homotopification of the cyclic homology CC 4 vanishes. The
problem is that CC%” is not known to be homotopy invariant. We will get a better
theory if we use the continuous versions of cyclic homology. The main advantage is
that the continuous periodic cyclic homology for complete locally convex algebras is
known to be diffeotopy invariant, see Theorem 3.12. O

If we define the cyclic bicomplex BC ““(A) of a locally convex algebra A
similarly as in [28, 5.1.7] but using projective tensor products, then we get the
continuous versions of cyclic, negative cyclic and and periodic cyclic homology
complexes

cC cont(A) , cC com‘,—(A) , cC Cont,per(A) . (7())

In the natural extension of the notation of [28, 5.1.7] to the continuous case these com-
plexes would have been denoted by Tot BC ™, ToT BC “*~, and ToT BC P,
We have an exact sequence of chain complexes

0 — CC ™ (4) — CCrr(4) 5 CC"(A)[2] = 0. (71)

Note that A* is a presheaf of locally convex algebras by Remark 2.9. In (71) we can
thus replace A by A% in order to get an exact sequence of presheaves with values
in Ch. Then we apply L o H o in order to get the fibre sequence of sheaves of
spectra
TCCY" — CCY™™ — CCy™r — m2 ey, (72)
which is very similar to (43).
We now use the well-known fact that the continuous periodic cyclic homology is

diffeotopy invariant [27, Theoreme 2.7] (for Fréchet algebras) and [38] (for complete
locally convex algebras):

Theorem 3.12. Assume that A is a complete locally convex algebra. Then the
projection I x M — M induces a quasi-isomorphism

CC com,per(COO(M’ A)) N CC cont,per(COO(I X M, A)) .
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As a consequence, the sheaf CC{{"""*" is homotopy invariant in the sense of

Definition 2.3.

From now on we assume that A is complete. We apply the homotopification
sequence (33) to the morphism (69). Using the Definition 2.21 we obtain the upper
two columns of the following diagram:

K K4 Ky’ K
lA(chgj ) Lchgj lﬂ(chg/ ) l

A(CCY) CcCy H(CCy) — A(CCY) (73)
I : I
lii t i lii
% » \% Y
X CCY" —— CCZ’””_ —_— CC/"{’""” ‘= 3¥2CC Vil

The lower sequence is (72). The map ¢: CC; — CC """ is induced by the canonical
map from algebraic to projectively completed tensor products. The composition p ot
maps to a homotopy invariant target. The dotted arrow marked by i and the filler of the
lower middle square are obtained from the universal property of the homotopification
as a left adjoint in (13). The dashed arrows marked by ii and the corresponding
fillers are now induced naturally.

We now drop out the middle row and evaluate the diagram at %. We then get the
map of fibre sequences of spectra

K'(A) K(A) K?(4) — = SK™(4) (74)

~ont . cont
l cheor l cheont l chyey l

Z CC conl(A) CCconl,— (A) p CC L’()nt,per(A) q 22 CC C(mt(A)’

which defines various versions of the continuous Chern character.

Remark 3.13. By [21, Lemma 4.2.2] the lower sequence in (74) can be identified with
the homotopification sequence of CC“”">~(A). The whole diagram is thus the result
of applying the homotopification sequence to the map t och8/: K(A4) — CC "~ (A).
The construction of the various versions of the continuous Chern characters above is
thus completely parallel to what is done in [21, Sec. 4.2]. The diagram (74) is exactly
the last diagram in [21, Sec. 4.2]. O
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We finally define the Chern character chf(j’;” by the following diagram which

involves the factorization of ¢ over the S-operator:

K™ (A) SK(A) (75)

cheont
cheont top cheont
per rel

CCc‘ont,per(A) Cccont(A) S 22 Cccont(A).

For ff € {0, — per} we let HCL™ (4) = H,(CC*(4)) denote the
respective versions of continuous cyclic homology groups of A4.

We can now explain the construction of Connes—Karoubi character [19], see also
[21, Sec.7.3]. The algebra M 4 has a natural Fréchet structure so that the notions of
topological and relative K-theory used in [19] or [21] coincide with our versions, see
Remark 2.22. We start with the diagram derived from the right part of (75) and the
upper sequence in (73) (see [19, 4.10])

Kt (MY) K (M)~ Ky (MT) =2 K7 (M)
lchﬁﬁ’;” jch cont
con S con
| HCBMY) —== HCj™ (M) L (76)
| jdm
g ;
Z C C/Z.

It is a theorem of Karoubi [25] that the right upper map (marked by 0) vanishes. The
map ¢ is given by the pairing with an explicit continuous cocycle ¢ € HC fom Md)
which we will describe in (77) below. It has been verified in [19] that elements
coming fromZ = K Zl{:’; 5 (.Md) are mapped to integers under the obvious composition
indicated by the left dotted arrow. The right dotted arrow is the multiplicative

character. It is defined by the obvious diagram chase.

Remark 3.14. In this remark we describe the cocycle ¢4 explicitly. The formula
will be used in the Remarks 3.15 and 3.20 below. Our description of ¢4 employs
the chain complex Cl e (4) given in [28, 2.1.4] in order to calculate HC " (A)

for a unital locally convex algebra over C. In particular C;+*“"(A) is the space of

coinvariants for the action of the cyclic permutation group on A®7"+1 We use the
notation [¢° ® - -- ® a"] in order to denote elements in C;* <" (A).

Furthermore, for a locally convex algebra A we calculate the cyclic cohomology
HC Z)M(A) using the complex C;  (A), where C?  (A) is the C-vector space

A, cont A, cont
of continuous multilinear and cyclically invariant maps A*"*! — C. We have a
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natural pairing
C} om(A) x CH"(4) - C
given by
(9. [a® Q- ®a"]) —> d@®,....a".
Using these conventions the map ¢4: HC ;" (M%) — C in (76) is given for odd d
by the pairing with the cocycle (using the notation introduced in Remark 3.10)

0y it ! F(s ) (S
. — (%G T s

¢ala a®) (-1 (znl)%(%)y TF a(z)l 0 agl 0
(77)

1 O
Z.—(O _1). O

Remark 3.15. In this remark we approach an explicit formula for the composition
§o K(bp)od: Ky, (C®(X)) —C/Z.

Here for a homomorphism b between algebras we denote by K(b) or HC(b) the
induced maps in K-theory or cyclic homology. In view of (76) and the naturality

of ch " we have the equality

§o0K(bp)od = [~]c/zopaochy oK(bp) = [~lc/z o ¢a 0 HC(bp) ochyg" .

rel rel

where

It is clearly complicated to write down an explicit formula for the relative Chern

character ch <. But we can give an explicit formula for the composition

¢a o HC(bp) : HC4(C®(X)) — HCg(M9) — C .
We continue with the notation introduced in Remark 3.10. For f € C°°(X) we have

+ -
[t =Py =2t re et =2(_, 0, ).

Combining (77) with (67) we see that ¢4 o HC(bp) is represented by the cochain
(fos---» fa)

—2d+1d!

R —— P+_P_ P+_P_, P+—P_,
” @ri) T (451! £ (( [ ) fo] -+ [( ). fa])

(78)

This formula is a first step in the direction of the main result of [22]. On the other
hand it is still a complicated non-local formula. By standard methods of local index
theory using e.g. the heat kernel and Getzler rescaling one can produce local cocyles
representing the same cohomology class, see e.g. [4,20]. In Lemma 3.19 we avoid
complicated analysis and the struggle with normalizations by using the Atiyah—Singer
index theorem. The explicit local formula will be stated in Remark 3.20. 0
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3.4. The conjecture. The connective covering morphism of spectra (58) induces a
morphism of spectra
knC/Z —- KUC/Z . (79)

Let X be a closed Riemannian manifold of odd dimension d equipped with
a generalized Dirac operator /). Then we define the map rp as the following
composition:

rpkuC/Z=42(x) B KUC/Z742(X)

2 KUC/Z7 (X) = KU, (X) 5 C/Z. (80)

where (5 KUC/Z? (X) S KuC /Z.P*2%(X) is again a periodicity operator. We
now consider the diagram:

kuC/Z~472(X)

C/z
/

Ka1(C*(X)) 8D

.

Kgt1(M?),

where bp is defined in (65) and classifies the Fredholm module of D, § is the
multiplicative character of Connes—Karoubi (68), and o,4; is defined in Defin-
ition 2.36.

Conjecture 3.16. Let X be a closed Riemannian manifold of odd dimension d
equipped with a generalized Dirac operator Ip. Then the diagram (81) commutes.

In the present paper we show this conjecture for topologically trivial classes in
K;41(C®°(X)). The precise formulation of this result is Theorem 1.6.

3.5. Comparison of certain cocycles. In this subsection we prepare the proof of
Theorem 1.6 by providing a differential geometric formula for the composition
8 o HC(bp). The main result of this subsection is Lemma 3.19.

In the following we define the cyclic homology H C«(A) of an associative unital
algebra A over C as the homology of the standard cyclic complex C C(A). For details
we refer to [28, 2.1.9] where this complex is denoted by Tot B(A4). Explicitly, we
define

n/2  1@2k+1
CCp(A) = k=0 % ’
! (=12 482k -y oqd,

n even,
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As in Subsection 3.3, for a unital locally convex algebra we define the continuous
cyclic homology complex CC ““"(A) and its homology H C"(A) similarly but
using projective tensor products ®, instead of algebraic ones, see Remark (2.9).

Remark 3.17. As shown in [28, 2.1.4] there is a natural quasi-isomorphism
CC(A) — CH(A), (82)

which we use in order to compare the present definition of cyclic homology with the
one used in Remark 3.14. The quasi-isomorphism (82) is induced by a chain-complex
level projection map, which in degree n is the homomorphism CC,(A4) — C,f (A4)
given by (we write the formula for odd n)

Y e e R T P C )
There is a similar quasi-isomorphism in the continuous case. O

We define a morphism of graded groups (see (39) for the definition of DD (X))
7:CC"(C*®(X)) - DD(X) (84)

by the following prescription:

1. If n is odd, then we define CC,/*"(C*°(X)) = [ ,ez (0=PQ)[2p]"(X) by

(n—1)/2 (n—1)/2 b”zi“‘
k k k 1k k
,@ fo ® - ® fopp1 ™ 1; mfo dff N Ndfypyq - (85)

2. If n is even, then we define CC,/”"(C*®(X)) — [],ez(0=7Q2)[2p] " (X) by

n/2 n/2 b%_l_k
@fok R ® fr Z mfokdﬂk A Adf
k=0 k=0 ’

In these formulas we use the variable b of degree —2 and the identification

[T eRpx) =ap.s™"x).
DPEZ

Under this identification the series ) pez bPo(p) € Q[b, b~1)(X) corresponds to
the family (w(p)) pez € [],ez Q2p](X). By [28, 2.3.6] the map 7 is a morphism
of chain complexes. By the calculation of the continuous cyclic homology of C *°(X)
by Connes r is actually a quasi-isomorphism.
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We have a projection
Yv:DDP(X) - DD(X) (86)
induced by the projections in the components
DD"(p) — DD(p), R[2p] — (6= Q)[2p]

forall p € Z.

Remark 3.18. This projection (86) must not be confused with the projection (41).
The latter is given by

ppr(x) S ppx) S pDX),

where S((w(p)) pez) = (0(p + 1)) pez. O
We now use that d € N is odd and that dim(X) = d. Under these assumptions

the map v in (86) induces an isomorphism

Ve HP~4(X) ¥ H~4 (DD (X)) Y H4(DD(X)). (87)

We consider the isomorphism m; defined as the following composition of
isomorphisms
-1

. cont (100 i —d Va —d td—1 -1
g HCSM(C®(X)) T H-4(DD(X)) 5 HP=4(X) ' HP~'(X). (88)

Let 1) be a generalized Dirac operator on X . Using the local index density K(IZ))
(see Remark 3.5) we define the map

P HPT (0 > Bp(lr)i= [ A Ay, 89)
Lemma 3.19. Let X be a closed manifold of odd dimension d and Ip be a generalized
Dirac operator on X. Then the square

) HC(bp) .
Hcdwm(COO(X)) » Hcdwnt(Md)

PR

HP~'(x)—22 . ¢

commutes.

Proof. Our task is to compare the composition of the quasi-isomorphism (82) with
the map (78) on the one hand, and the map pj defined in (89) on the other. It
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seems to be difficult to do this by an explicit calculation. Therefore we give an
indirect argument based on the Atiyah—Singer index theorem. Our argument will
not use explicit formulas. The convention for fixing normalizations described in
Remark 3.5 automatically takes care of the correct normalizations of A\(ﬂ) and ¢g4
in Remark 3.14.

We consider the composition of the map marked by !!! in (48) with the Chern
character given by the third column in (73) in the case A = C:

cont

m
top top TP L x cont, per
Kcoox) — iyKs" = iy CCq .

By evaluation at * and taking the (d + 2)th homotopy group we obtain the left triangle
in the following diagram:

c®
;oiz(COO(X)) HC cont(coO(X)) Qg Hcdcont(Md) .

7a+2(Ke" (X))

Ld+1°ChW

ey
HC wnt per(Coo(X)) HP_I(X)

d+2
(90)
The map marked by ¢ is induced by the map marked by this symbol in (71). By

construction the three solid triangles on the left of (90) commute.

Let K€”(—) denote the usual K-theory for C*-algebras [3]. Since —d —2 < 0
the connective covering (58) induces an isomorphism marked by * in the following
chain of isomorphisms:

0, —d— * i *
Ta+2 (K (X)) = ku™972(X) = KU 2(X) = KS,,(C(X)). (9D
Under this identification the map
KU “72(X) > HP™1(X)

induced by the dotted arrow in (90) is the composition ¢y o ch®? er of the usual
Chern character and the shift, use Lemma 2.27. In particular, its image is a lattice
of full rank in HP~1(X). Since 7, is an isomorphism, in order to show that the
right square in (90) commutes is suffices to verify that the right hexagon (omit the

left upper corner) commutes.
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We consider the map

KST,(C(X) 2 442K (X)) > HC™MC®(X)) 92)

in the upper line of (90). The cocycle ¢, is normalized exactly such that the
composition of (92) with ¢4 o HC(bp) is the integer-valued function obtained by
the pairing of K d+2(C(X)) with the Fredholm module of D.

The down-right-composition in the right hexagon of (90) maps the K -theory class

x € K§,(C(X)) to

[ AD] Ve, )

which is apriori a complex number. The Atiyah—Singer index theorem encoded in
equation (62) shows that (93) is an integer and equal to the index pairing. So the
down-right-composition coincides with the right-down-composition. 0

Remark 3.20. This is a continuation of Remark 3.15. The following two cocycles
(a) and (b) on CC;”"(C*°(X)) represent the same map HC ;*"(C*°(X)) — C.
We describe result of the application of the two cocyles to the chain

d-1)/2
P fF@® fhi € CCHMECP(X)):

d
(a) % l‘((PJr _P_)[(P+ —P_),fo(d_l)/z]...
Tl
L [(P* = P7), £47D))
a-1/2
OEEDY (2k + 1)'/[A(lﬁ)d skt A SEAfE A ndfE L

k=0

The formula (a) is one for ¢4 o CC(b ) obtained by combining (83) and (78). The
formula (b) gives pj o my and is derived from a combination of (89) and (85). The
equality of the cohomology classes of (a) and (b) is the assertion of Lemma 3.19. [

3.6. Proof of the conjecture for topologically trivial classes. In this subsection
we prove Theorem 1.6. We must show the equality of homomorphisms

rpoogr100=2580K(bp)od:Kjl (CP(X) —C/Z.
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This goal is achieved by the following chain of equalities:

rpoogy100=rpoaoregy

rel

— rpoaoygoyy  oregy
=rpoaoygol_gy10lg_10 w;l o reg)r(el

= pp odg Old—10° w;l oreg)rfl

~lc/z o Ppota—r oy oregy

~Jejzoppotaoy lomon

1

1 rel

'.](C/Z oﬁﬂ oTg o oregX

lcjz o ¢pa o HC(bp) om ! Oreg}r(el
”]C/Z o g o HC(le) o ! omoch®
-lc/z 0 pa 0 HC(bp) o ch"

rel

rel

-lcyz © ¢a o chy oK™ (by)

=680 K(bp)oad.

In the following we explain the steps in detail:

1.
2.
3.

e

10.

o reg?l
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94)
95)
(96)
O7)
(98)
(99)
(100)
(101)
(102)
(103)
(104)
(105)

For (94) we use Corollary 2.39 and the Definition 2.36 of 0741 in terms of régy.

At (95) we insert id = ¢,

Lo 4, where 4 is defined in (87).

At (96) we insert (_g4q 0 tg—; = 1id, where (; is the periodicity operator
introduced in (37) for every k € 27Z. Note that d — 1 is even.

At (97) we use the commutative diagram

HP™1(X) —2 > KU, (X)

l—d+1

HP=4(X) —Y4 741 (SDD(X))

P p

~ —d—1
kug, (X)

a

kuC/Z472(X)

KUC/Z1(X) Tj:KUC/Z‘d‘Z(X). ez

](79) /

At (98) we use the definition (89) of py and the observation based on formula
(63) that its composition with [ - - - ]c,z coincides with the composition pj 0 ayg;-

At (99) we insert 7 o 77! = id, where the isomorphism 7 is defined in (84).
At (100) we insert the definition (88) of 4.
At (101) we use Lemma 3.19.

At (102) we use the equality regy’ = woc¢

rel cont
rel *

At (103) we delete 71 o 7.
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11. At (104) we use the naturality of ch<" expressed by the commutative diagram:

rel

cont

K, (€200) 2L e gm(ce(x))

+
LK’el(bm) jHC(bD)
KL (MT) —> HC o (MD).

12. Finally, at (105) we use the definition of § in terms of the commutative
diagram (76). ]

References

(1]

(2]

(3]

(4]

[51

[6]

[7]

(8]

(9]

[10]

M.F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and Riemannian geometry.
I, Math. Proc. Cambridge Philos. Soc., 77 (1975), 43—-69. Zbl 0297.58008 MR 397797

M.F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral asymmetry and Riemannian geometry.
Ill, Math. Proc. Cambridge Philos. Soc., 719 (1976), no. 1, 71-99. Zbl 0325.58015
MR 397799

B. Blackadar, K-theory for operator algebras, second edition, Mathematical Sciences
Research Institute Publications, 5, Cambridge University Press, Cambridge, 1998.
Zbl 0913.46054 MR 1656031

J. Block and J. Fox, Asymptotic pseudodifferential operators and index theory, in
Geometric and topological invariants of elliptic operators (Brunswick, ME, 1988), 1—
32, Contemp. Math., 105, Amer. Math. Soc., Providence, RI, 1990. Zbl 0704.58048
MR 1047274

A. K. Bousfield, The localization of spectra with respect to homology, Topology, 18 (1979),
no. 4, 257-281. Zbl 0417.55007 MR 551009

L. G. Brown, The determinant invariant for operators with trace class self commutators,
in Proceedings of a Conference on Operator Theory (Dalhousie Univ., Halifax, N.S.,
1973), 210-228, Lecture Notes in Math., 345, Springer, Berlin, 1973. Zbl 0284.47016
MR 390830

J.-L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Progress
in Mathematics, 107, Birkhduser Boston, Inc., Boston, MA, 1993. Zbl 0823.55002
MR 1197353

U. Bunke, Differential cohomology, Course notes, Universitit Regensburg, 2012.
arXiv:1208.3961

U. Bunke, Index theory, eta forms, and Deligne cohomology, Mem. Amer. Math. Soc., 198
(2009), no. 928, vi+120pp. Zbl 1181.58017 MR 2191484

U. Bunke, On the topological contents of n-invariants, Geom. Topol., 21 (2017), no. 3,
1285-1385. Zbl 1370.58012 MR 3650076


https://zbmath.org/?q=an:0297.58008
http://www.ams.org/mathscinet-getitem?mr=397797
https://zbmath.org/?q=an:0325.58015
http://www.ams.org/mathscinet-getitem?mr=397799
https://zbmath.org/?q=an:0913.46054
http://www.ams.org/mathscinet-getitem?mr=1656031
https://zbmath.org/?q=an:0704.58048
http://www.ams.org/mathscinet-getitem?mr=1047274
https://zbmath.org/?q=an:0417.55007
http://www.ams.org/mathscinet-getitem?mr=551009
https://zbmath.org/?q=an:0284.47016
http://www.ams.org/mathscinet-getitem?mr=390830
https://zbmath.org/?q=an:0823.55002
http://www.ams.org/mathscinet-getitem?mr=1197353
http://arxiv.org/abs/1208.3961
https://zbmath.org/?q=an:1181.58017
http://www.ams.org/mathscinet-getitem?mr=2191484
https://zbmath.org/?q=an:1370.58012
http://www.ams.org/mathscinet-getitem?mr=3650076

[11]

(12]

[13]

(14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

A regulator for smooth manifolds and an index theorem 1339

U. Bunke and D. Gepner, Differential function spectra, the differential Becker-
Gottlieb transfer, and applications to differential algebraic K-theory, preprint, 2013.
arXiv:1306.0247

U. Bunke, T. Nikolaus, and M. V&lkl, Differential cohomology theories as sheaves of
spectra, J. Homotopy Relat. Struct., 11 (2016), no. 1, 1-66. Zbl 1341.57020 MR 3462099

U. Bunke and T. Schick, Smooth K-theory, Astérisque, (2009), no. 328, 45-135 (2010).
Zbl 1202.19007 MR 2664467

U. Bunke and T. Schick, Uniqueness of smooth extensions of generalized cohomology
theories, J. Topol., 3 (2010), no. 1, 110-156. Zbl 1252.55002 MR 2608479

U. Bunke and G. Tamme, Multiplicative differential algebraic K-theory and applications,
Ann. K-Theory, 1 (2016), no. 3, 227-258. Zbl 1375.19009 MR 3529091

R. Carey and J. Pincus, Joint torsion of Toeplitz operators with H°° symbols, Integral
Equations Operator Theory, 33 (1999), no. 3, 273-304. Zbl 0951.47030 MR 1671481

J. Cheeger and J. Simons, Differential characters and geometric invariants, in Geometry
andtopology (College Park, Md., 1983/84), 50-80, Lecture Notes in Math., 1167, Springer,
Berlin. Zbl 0621.57010 MR 827262

A. Connes, Noncommutative differential geometry, Inst. Hautes Etudes Sci. Publ. Math.,
(1985), no. 62, 257-360. Zbl 0592.46056 MR 823176

A. Connes and M. Karoubi, Caractere multiplicatif d’'un module de Fredholm, K-Theory,
2 (1988), no. 3, 431-463. Zbl 0671.46034 MR 972606

A. Connes and H. Moscovici, The local index formula in noncommutative geometry,
Geom. Funct. Anal., 5 (1995), no. 2, 174-243. Zbl 0960.46048 MR 1334867

G. Cortifias and A. Thom, Comparison between algebraic and topological K-theory
of locally convex algebras, Adv. Math., 218 (2008), no. 1, 266-307. Zbl 1142.19002
MR 2409415

J. Kaad, A calculation of the multiplicative character, J. Noncommut. Geom., 5 (2011),
no. 3, 351-385. Zbl 1232.19003 MR 2817643

J. Kaad, Comparison of secondary invariants of algebraic K -theory, J. K-Theory, 8 (2011),
no. 1, 169-182. Zbl 1241.19001 MR 2826283

J. Kaad, Joint torsion of several commuting operators, Adv. Math., 229 (2012), no. 1,
442-486. Zbl 1248.47006 MR 2854180

M. Karoubi, Homologie de groupes discrets associ€s a des algebres d’opérateurs. With
an appendix in English by Wilberd van der Kallen, J. Operator Theory, 15 (1986), no. 1,
109-161. Zbl 0593.46059 MR 816236

M. Karoubi, Homologie cyclique et K-théorie, Astérisque, (1987), no. 149, 147pp.
Zbl 0648.18008 MR 913964

M. Karoubi, Sur la K-théorie multiplicative, in Cyclic cohomology and noncommutative
geometry (Waterloo, ON, 1995), 59-77, Fields Inst. Commun., 17, Amer. Math. Soc.,
Providence, RI, 1997. Zbl 0889.19001 MR 1478702

J.-L. Loday, Cyclic homology, Second edition. Appendix E by Maria O. Ronco. Chapter 13
by the author in collaboration with Teimuraz Pirashvili, Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 301, Springer-Verlag,
Berlin, 1998. Zbl 0885.18007 MR 1600246


https://arxiv.org/abs/1306.0247
https://zbmath.org/?q=an:1341.57020
http://www.ams.org/mathscinet-getitem?mr=3462099
https://zbmath.org/?q=an:1202.19007
http://www.ams.org/mathscinet-getitem?mr=2664467
https://zbmath.org/?q=an:1252.55002
http://www.ams.org/mathscinet-getitem?mr=2608479
https://zbmath.org/?q=an:1375.19009
http://www.ams.org/mathscinet-getitem?mr=3529091
https://zbmath.org/?q=an:0951.47030
http://www.ams.org/mathscinet-getitem?mr=1671481
https://zbmath.org/?q=an:0621.57010
http://www.ams.org/mathscinet-getitem?mr=827262
https://zbmath.org/?q=an:0592.46056
http://www.ams.org/mathscinet-getitem?mr=823176
https://zbmath.org/?q=an:0671.46034
http://www.ams.org/mathscinet-getitem?mr=972606
https://zbmath.org/?q=an:0960.46048
http://www.ams.org/mathscinet-getitem?mr=1334867
https://zbmath.org/?q=an:1142.19002
http://www.ams.org/mathscinet-getitem?mr=2409415
https://zbmath.org/?q=an:1232.19003
http://www.ams.org/mathscinet-getitem?mr=2817643
https://zbmath.org/?q=an:1241.19001
http://www.ams.org/mathscinet-getitem?mr=2826283
https://zbmath.org/?q=an:1248.47006
http://www.ams.org/mathscinet-getitem?mr=2854180
https://zbmath.org/?q=an:0593.46059
http://www.ams.org/mathscinet-getitem?mr=816236
https://zbmath.org/?q=an:0648.18008
http://www.ams.org/mathscinet-getitem?mr=913964
https://zbmath.org/?q=an:0889.19001
http://www.ams.org/mathscinet-getitem?mr=1478702
https://zbmath.org/?q=an:0885.18007
http://www.ams.org/mathscinet-getitem?mr=1600246

1340 U. Bunke

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(37]

(38]

[39]

W. Liick and H. Reich, Detecting K -theory by cyclic homology, Proc. London Math. Soc.
(3), 93 (2006), no. 3, 593-634. Zbl 1116.19002 MR 2266961

J. Lurie, Higher topos theory, Annals of Mathematics Studies, 170, Princeton University
Press, Princeton, NJ, 2009. Zbl 1175.18001 MR 2522659

J. Lurie, Higher algebra, Prepublication book draft, 2011. Available from: http://www.
math.harvard.edu/~lurie/

R. McCarthy, The cyclic homology of an exact category, J. Pure Appl. Algebra, 93 (1994),
no. 3, 251-296. Zbl 0807.19002 MR 1275967

J. Migler, Joint torsion equals the determinant invariant, 2014. arXiv:1403.4882

J. Simons and D. Sullivan, Structured vector bundles define differential K-theory, in
Quanta of maths, 579-599, Clay Math. Proc., 11, Amer. Math. Soc., Providence, RI,
2010. Zbl 1216.19009 MR 2732065

A. Stacey, Comparative smootheology, Theory Appl. Categ., 25 (2011), no. 4, 64-117.
Zbl 1220.18013 MR 2805746

A. Suslin, On the K-theory of local fields. Proceedings of the Luminy conference on
algebraic K-theory (Luminy, 1983), J. Pure Appl. Algebra, 34 (1984), no. 2-3, 301-318.
Zbl 0548.12009 MR 772065

F. Treves, Topological vector spaces, distributions and kernels, Academic Press, New
York-London, 1967. Zbl 0171.10402 MR 225131

C. Valqui, Weak equivalences of pro-complexes and excision in topological Cuntz—Quillen
theory, Technical report, 2000.

C. Weibel, Algebraic K -theory and the Adams e-invariant, in Algebraic K -theory, number
theory, geometry and analysis (Bielefeld, 1982), 442—450, Lecture Notes in Math., 1046,
Springer, Berlin, 1984. Zbl 0531.18008 MR 750694

Received 30 August, 2016

U. Bunke, Mathematische Fakultit, Universitidt Regensburg,
93040 Regensburg, Germany

E-mail: ulrich.bunke @mathematik.uni-regensburg.de


https://zbmath.org/?q=an:1116.19002
http://www.ams.org/mathscinet-getitem?mr=2266961
https://zbmath.org/?q=an:1175.18001
http://www.ams.org/mathscinet-getitem?mr=2522659
http://www.math.harvard.edu/~lurie/
http://www.math.harvard.edu/~lurie/
https://zbmath.org/?q=an:0807.19002
http://www.ams.org/mathscinet-getitem?mr=1275967
https://arxiv.org/abs/1403.4882
https://zbmath.org/?q=an:1216.19009
http://www.ams.org/mathscinet-getitem?mr=2732065
https://zbmath.org/?q=an:1220.18013
http://www.ams.org/mathscinet-getitem?mr=2805746
https://zbmath.org/?q=an:0548.12009
http://www.ams.org/mathscinet-getitem?mr=772065
https://zbmath.org/?q=an:0171.10402
http://www.ams.org/mathscinet-getitem?mr=225131
https://zbmath.org/?q=an:0531.18008
http://www.ams.org/mathscinet-getitem?mr=750694
mailto:ulrich.bunke@mathematik.uni-regensburg.de

	Introduction
	The construction of d
	Elements of sheaf theory on manifolds
	Algebraic K-theory and cyclic homology of smooth functions
	Homotopification and regulator maps
	The differential regulator map
	The construction of d
	Restriction to relative K-theory and explicit calculations

	An index theorem
	The index pairing
	Fredholm modules
	The multiplicative character
	The conjecture
	Comparison of certain cocycles
	Proof of the conjecture for topologically trivial classes


