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Noncommutative geometry and conformal geometry. I.
Local index formula and conformal invariants
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Abstract. This paper is part of a series of articles on noncommutative geometry and conformal
geometry. In this paper, we reformulate the local index formula in conformal geometry in such
a way to take into account the action of conformal diffeomorphisms. We also construct and
compute a whole new family of geometric conformal invariants associated with conformal
diffeomorphisms. This includes conformal invariants associated with equivariant characteristic
classes. The approach of this paper involves using various tools from noncommutative geometry,
such as twisted spectral triples and cyclic theory. An important step is to establish the conformal
invariance of the Connes–Chern character of the conformal Dirac spectral triple of Connes–
Moscovici. Ultimately, however, the main results of the paper are stated in a purely differential-
geometric fashion.
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1. Introduction

This paper is part of a series of papers applying techniques of noncommutative
geometry in the settings of conformal geometry and noncommutative versions of
conformal geometry (cf. [78, 79] for other papers of this series). The present paper
has two main results.

The first main result is the reformulation of the local index formula in conformal
geometry in such a way to take into account the action of conformal diffeomorphisms
(Theorem 8.4). This is in the line of research initiated by Alain Connes and Henri
Moscovici (see [35, 38, 68]). In particular, the existence of such an index formula
was hinted at by Moscovici (see [68, Remark 3.8]).
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The secondmain result is the construction and explicit computation of awhole new
families of geometric conformal invariants attached with conformal diffeomorphisms
(Theorem 11.1). This includes conformal invariants associated with equivariant
characteristic classes (Theorem 11.4). These conformal invariants are not of the
same type of the conformal invariants considered by Alexakis [1] in his proof of the
conjecture of Deser–Schwimmer [41] on the characterization of global conformal
invariants. Our conformal invariants take into account the action of the group of
conformal diffeomorphisms, i.e. the conformal gauge group. This should of be
of interest in the context of string theory and conformal gravity. In addition, our
conformal invariants also shed new light on the conformal indices of Branson–
Ørsted [16, 17] (see end of Section 11).

To put things into context, recall that, given an action of a group G on a
manifoldM , the orbit spaceM=G has a natural manifold structure when the action
is free and proper. In general, however, M=G need not even be Hausdorff, and so
it is difficult to useM=G to extract much geometric or even topological information
for general group actions. The solution proposed by noncommutative geometry
(in the sense of Connes [32]) is to trade the space M=G for the crossed-product
algebra C1.M/ Ì G. This algebra always makes sense independently how wild
the action might be; the non-Hausdorffness of the quotient only pertains through the
noncommutativity of C1.M/ ÌG.

More generally, noncommutative geometry provides us with a general framework
that allows us to deal with a variety of geometric problems whose noncommutative
natures prevent us from using classical techniques. In this framework spaces are
traded for algebraswhich formally play the roles of the algebras of functions on (ghost)
noncommutative spaces. From this point of view, a noncommutative manifold is
usually represented by a spectral triple .A;H ;D/, where A is an algebra represented
by bounded operators on the Hilbert space H and D is a selfadjoint unbounded
operator that commutes with A up to bounded operators. This operator accounts
for the geometric properties of the spectral triple. The paradigm of a spectral triple
is provided by a Dirac spectral triple associated with a Dirac operator on a spin
manifold.

Much like with Dirac operators, the datum of a spectral triple .A;H ;D/ gives
rise to an index problem E ! indDrE in terms of the Fredholm indices of operators
obtained by twisting the operator D with connections on noncommutative vector
bundles E (i.e. finitely generated projective modules over A). These indices are
K-theory invariants. The relevant noncommutative analogue of de Rham theory is
provided by the cyclic homology and cyclic cohomology of Connes [28–30] (see also
Tsygan [83]). In particular, Connes [30] established the following index formula,

indDrE D hCh.D/;Ch.E/i 8.E;rE/; (1.1)

where Ch.E/ is the Chern character in cyclic homology and Ch.D/ is a class in cyclic
cohomology, called the Connes–Chern character. Under further assumptions, the
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Connes–Chern character is represented by the CM cocycle [34,35]. The components
of the CM cocycle are given by formulas that are local in the sense they involve a
version for spectral triples of the noncommutative residue trace of Guillemin [53]
and Wodzicki [84]. Together with (1.1) this provides us with the local index formula
in noncommutative geometry. In the case of a Dirac spectral triple this enables us to
recover the local index formula of Atiyah–Singer [4, 6] (see [35, 73]).

Given an arbitrary group of diffeomorphisms G of a manifold M , there is a
technical difficulty for constructing a spectral triple over the crossed-product algebra
C1.M/ ÌG due to the lack of geometric structures that are invariant under the full
diffeomorphism group (at the notable exception of the manifold structure itself). In
particular, there need not exist a G-invariant metric. As observed by Connes [31],
up to a Connes-Thom isomorphism, the problem can be solved by passing to
the total space of the metric bundle P ! M . Following up this idea Connes–
Moscovici [35] built a spectral triple over the algebra C1c .P /ÌG. The computation
of the CM cocycle of that spectral triple involves Hopf cyclic cohomology and
expresses the Connes–Chern character in terms of Gelf’and–Fuchs cohomology
classes (see [36, 37]).

As observed by Connes–Moscovici [38], when G is a group of conformal
diffeomorphisms, we actually can have a spectral triple over C1.M/ Ì G instead
of C1c .P / Ì G at the expense of twisting the definition of a spectral triple. More
precisely, a twisted spectral .A;H ;D/� is like an ordinary spectral triple at the
exception that the boundedness of commutators ŒD; a�, a 2 A, is replaced by that of
twisted commutators,

ŒD; a�� WD Da � �.a/D; a 2 A;

where � is a given automorphism of the algebra A. A natural example is given by
conformal deformations of ordinary spectral triples,

.A;H ;D/ �! .A;H ; kDk/� ; �.a/ D k2ak�2;

where k ranges over positive invertible elements of A (see [38]). Another example
due to Connes–Moscovici [38] is the conformal Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

associated with the Dirac operator =Dg on a compact spin Riemannian manifold
.M; g/ and a group G of diffeomorphisms preserving a given conformal structure C

(see also Section 7).
As for ordinary spectral triples, the datum of a twisted spectral triple .A;H ;D/�

gives rise to an index problem by twisting the operator D with � -connections
(see [77]). The resulting Fredholm indices are computed by a Connes–Chern
character Ch.D/� defined as a class in the (ordinary) cyclic cohomology of A
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(see [38, 77]). However, although Moscovici [68] produced an Ansatz for a version
of the CM cocycle for twisted spectral triples, this Ansatz has been verified only
in a special class of examples (see [68]). In particular, to date it is still not known
if Moscovici’s Asantz even holds for conformal deformations of ordinary spectral
triples.

For our purpose it is important to define the Connes–Chern character in the cyclic
cohomology of continuous cochains, which is smaller than the cyclic cohomology
of arbitrary cochains. We show that for a natural class of twisted spectral triples
.A;H ;D/� over locally convex algebras, which we call smooth twisted spectral
triples, the Connes–Chern character descends to a class Ch.D/� 2 HP0.A/, where
HP�.A/ is the periodic cyclic cohomology of continuous cochains (Proposition 5.9).
We also show the invariance of this class under conformal perturbations of twisted
spectral triples (Proposition 6.8).

The construction of the conformal Dirac spectral triple�
C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

associated with a conformal class C on a compact spin manifoldM alluded to above
a priori depends on a choice of the metric g 2 C . As it turns out, up to equivalences
of twisted spectral triples, changing a metric within C only amounts to make a
conformal deformation of twisted spectral triples (see [68]). Combining this with the
invariance under conformal deformations of the Connes–Chern character mentioned
above then shows that the Connes–Chern characterCh. =Dg/�g 2 HP0.C1.M/ÌG/
is an invariant of the conformal class C (Theorem 7.7).

The next step is the computation of the Connes–Chern character Ch. =Dg/�g . As
mentioned above, we do not know if Moscovici’s Ansatz holds for the conformal
Dirac spectral triple �

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g
:

Therefore, we cannot make use of the CM cocycle given by that Ansatz. However, we
can observe that the conformal invariance of Ch. =Dg/�g allows us to use any metric
in the conformal class C . In particular, we may use a G-invariant metric. This is a
convenient choice of metric, since in that case the automorphism �g is the identity,
and so the associated conformal Dirac spectral triple becomes an ordinary spectral
triple. The existence of such metrics is ensured by Ferrand–Obata theorem, provided
that the conformal structure C is non-flat, i.e. it is not equivalent to the conformal
structure of the round sphere.

Assuming the non-flatness ofC we are reduced to the computation of the Connes–
Chern character of an ordinary equivariant Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
;

where G is a group of isometries. In this case, the Connes–Chern character is
computed in [78] by making use of a CM cocycle representative and by computing
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this cocycle bymeans of heat kernel techniques. This allows us to express theConnes–
Chern characterCh. =Dg/�g in terms of explicit polynomials in curvatures and normal
curvatures of the fixed-point manifolds of diffeomorphisms inG (see Theorem 8.4 for
the precise statement). These formulas are reminiscent of the local equivariant index
theorem for Dirac operators of Atiyah–Segal–Singer [5, 6]. This provides us with
a reformulation of the local index formula in conformal-diffeomorphism invariant
geometry.

As mentioned above, pairing the Connes–Chern character Ch. =Dg/�g with any
(even) periodic cyclic cycle over the algebra AG WD C1.M/ Ì G produces an
invariant of the conformal class C . This potentially produces a large family of
conformal invariants. To understand and compute these invariants we need an explicit
construction of (periodic) cyclic cycles over AG . There is a large amount of work
on the cyclic homology of crossed-product algebras, especially in the case of group
actions on manifolds or varieties (see, e.g. [10, 18, 20–22, 31, 32, 40, 44, 47, 69, 70,
74, 75]). In his seminal work on cyclic cohomology and foliations in the early 80s,
Connes [31] constructed an explicit cochain map and quasi-isomorphism from the
equivariant cohomology into the homogeneous component of the periodic cyclic
cohomology of AG . However, since then it was not until the recent notes [74, 75]
that further explicit quasi-isomorphisms were exhibited.

We refer to Section 10 for a review of the results of [74, 75] in the case of
group actions on manifolds. This involves a large amount of homological algebra.
Combining these results with the explicit computation of the Connes–Chern character
enables us to define and compute explicitly a whole family of geometric conformal
invariants (Theorem 11.1). These conformal invariants are associated with conformal
diffeomorphisms and mixed equivariant cycles. The mixed equivariant homology
was introduced in [75]. It mixes group homology and de Rham homology. It is
also the natural receptacle for the cap product of group homology with equivariant
cohomology. As a result, we obtain conformal invariants associated with equivariant
characteristic classes (Theorem 11.4). We also relate these conformal invariants to
the conformal indices of Branson–Ørsted [16, 17] (see end of Section 11).

The paper is organized as follows. In Section 2, we review themain definitions and
examples regarding twisted spectral triples and the construction of their index maps.
In Section 3, we review the main facts about cyclic cohomology, cyclic homology
and the Chern character in cyclic homology. In Section 4, we review the construction
of the Connes–Chern character of a twisted spectral triple. In Section 5, we show
that for smooth twisted spectral triples the Connes–Chern character descends to the
cyclic cohomology of continuous cochains. In Section 6, we establish the invariance
of the Connes–Chern character under conformal deformations. In Section 7, after
reviewing the construction of the conformal Dirac spectral triple, we prove that its
Connes–Chern Character is a conformal invariant. In Section 8, we compute this
Connes–Chern character by using the results of [78]. This provides us with a local
index formula in conformal-diffeomorphism invariant geometry. In Section 10, we
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review the results of [74, 75] on the construction of explicit quasi-isomorphisms
computing the cyclic homology of crossed-product algebras in the case of group
actions on manifolds. Finally, in Section 11 we combine the results of the previous
sections to construct and compute our conformal invariants.

Throughout this paper we focus exclusively on the even-dimensional case. The
main results of this paper have analogues in odd dimension. However, a complete
treatment would require a comprehensive account on the index theory for odd twisted
spectral triples. This will be dealt with in forthcoming papers. In addition, the
conformal invariants that we construct in this paper are associated with conformal
diffeomorphisms of finite order (i.e. periodic diffeomorphisms). It is also possible
to define and compute conformal invariants associated with non-periodic conformal
diffeomorphisms. We also postpone this to a forthcoming paper. Finally, the non-
flatness leaves out the important case of the action of the projective Poincaré group
PO.n; 1/ on the round sphere Sn. The main issue is the computation of the Connes–
Chern character in this case. As pointed out in [68] this requires a refinement of the
analytical considerations of [78] in order to take into account the contribution of the
non-elliptic components of PO.n; 1/.

Acknowledgements. The authors would like to thank Alain Connes, Sasha
Gorokhovsky, Xiaonan Ma, Henri Moscovici, Bent Ørsted, Hessel Posthuma, Xiang
Tang and Bai-Ling Wang for helpful discussions related to the subject matter of
this paper. They also would like to thank the following institutions for their
hospitality during the preparation of this manuscript: Seoul National University
(HW); University of Adelaide, University of California at Berkeley, Kyoto University
(Research Institute of Mathematical Sciences and Department of Mathematics),
University Paris-Diderot (Paris 7), and Mathematical Science Center of Tsinghua
University (RP); Australian National University, Chern Institute of Mathematics of
Nankai University, and Fudan University (RP+HW).

2. Index theory for twisted spectral triples

In this section, we recall how the datum of a twisted spectral triple naturally gives
rise to an index problem ([38, 77]). The exposition closely follows that of [77] (see
also [67] for the case of ordinary spectral triples).

In the setting of noncommutative geometry, the role of manifolds is played by
spectral triples.
Definition 2.1. A spectral triple .A;H ;D/ is given by
(1) A Z2-graded Hilbert space H D HC ˚H�.
(2) A unital �-algebra A represented by bounded operators on H preserving its

Z2-grading.
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(3) A selfadjoint unbounded operatorD on H such that

(a) D maps dom.D/ \H˙ to H�.
(b) The resolvent .D C i/�1 is a compact operator.
(c) a dom.D/ � dom.D/ and ŒD; a� is bounded for all a 2 A.

Remark 2.2. The condition (3)(a) implies that with respect to the splitting H D

HC ˚H� the operatorD takes the form,

D D

�
0 D�

DC 0

�
; D˙W dom.D/ \H˙ ! H�:

Example 2.3. The paradigm of a spectral triple is given by a Dirac spectral triple,�
C1.M/;L2g.M; =S/; =Dg

�
;

where .M n; g/ is a compact spin Riemannian manifold of even dimension n and =Dg

is its Dirac operator acting on the spinor bundle =S D =S
C
˚ =S

�.
The definition of a twisted spectral triple is similar to that of an ordinary spectral

triple, except for some “twist” given by the conditions (3) and (4)(b) below.
Definition 2.4 ([38]). A twisted spectral triple .A;H ;D/� is given by
(1) A Z2-graded Hilbert space H D HC ˚H�.
(2) A unital �-algebra A represented by even bounded operators on H .
(3) An automorphism � WA! A such that �.a/� D ��1.a�/ for all a 2 A.
(4) An odd selfadjoint unbounded operatorD on H such that

(a) The resolvent .D C i/�1 is compact.
(b) a.domD/ � domD and ŒD; a�� is bounded for all a 2 A, where the twisted

commutator ŒD; a�� is defined by

ŒD; a�� WD Da � �.a/D 8a 2 A: (2.1)

The relevance of the notion of twisted spectral triples in the setting of conformal
geometry stems from the following observation. Let .C1.M/;L2g.M; =S/; =Dg/ be a
Dirac spectral triple as in Example 2.3, and consider a conformal change of metrics,

yg D k�2g; k 2 C1.M/; k > 0:

We then can form a Dirac spectral triple .C1.M/;L2
yg
.M; =S/; =D yg/ associated with

the new metric yg. As it turns out (see [77]) this spectral triple is equivalent to the
following spectral triple,�

C1.M/;L2g.M; =S/;
p
k =Dg

p
k
�
:
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We note that the above spectral triple continues to make sense if we only assume k
to be a positive Lipschitz function onM .

More generally, let .A;H ;D/ be an ordinary spectral triple and k a positive
element of A. If we replace D by its conformal deformation kDk then, when A

is noncommutative, the triple .A;H ; kDk/ needs not be an ordinary spectral triple.
However, as the following result shows, it always gives rise to a twisted spectral triple.
Proposition 2.5 ([38]). Let � WA! A be the automorphism defined by

�.a/ WD k2ak�2 8a 2 A: (2.2)

Then .A;H ; kDk/� is a twisted spectral triple.
Remark 2.6. A more elaborate version of the above example, and the main focus of
this paper, is the conformal Dirac spectral triple of Connes–Moscovici [38]. This is a
twisted spectral triple taking into account the action of the group of diffeomorphisms
preserving a given conformal structure. We refer to Section 7.1 for a review of this
example.
Remark 2.7. We refer to [38,39,51,57,68,79] for the constructions of various other
examples of twisted spectral triples.

In what folllows, we let .A;H ;D/� be a twisted spectral triple. In addition,
we let E be a finitely generated projective right module over A, i.e. E is a direct
summand of a free module E0 ' AN .
Definition 2.8 ([77]). A � -translation of E is given by a pair .E; �E/, equipped with
the following data:
(i) E� is a finitely generated projective right module over A.
(ii) �E is a C-linear isormophism from E onto E� such that

�E.�a/ D �E.�/�.a/ for all � 2 E and a 2 A: (2.3)

Remark 2.9. When � D id the condition (2.3) simply means that �E is a right-
module isomorphism, and so in this case we can take .E; id/ as a � -translation
of E .
Remark 2.10. Suppose that E D eAN with e D e2 2 MN .A/, N � 1. Note that
the automorphism � lifts to a C-linear isomorphism � WAN ! AN given by

�.�/ D .�.�j // for all � D .�j / 2 AN :

This induces a C-linear isomorphism �eW eA
N ! �.e/AN satisfying (2.3). There-

fore, in this case we may take .�.e/AN ; �e/ as a � -translation of E D eAN .
Throughout the rest of the section we let .E� ; �E/ be a � -translation of E . In

addition, we consider the space of twisted 1-forms,

�1D;� .A/ D f†a
i ŒD; bi �� W a

i ; bi 2 Ag;
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where ŒD; b�� , b 2 A, is the twisted commutator (2.1). We note that �1D;� .A/ is a
subspace of L.H /. The twisted differential d� WA! �1D;� .A/ is given by

d�a WD ŒD; a�� 8a 2 A: (2.4)

This is a � -derivation, in the sense that

d� .ab/ D .d�a/b C �.a/d�b 8a; b 2 A: (2.5)

In particular, this implies that �1D;� .A/ is a sub-.A;A/-bimodule of L.H /.

Definition 2.11. A � -connection on E is a C-linear map rE WE ! E� ˝A�
1
D;� .A/

such that

r
E.�a/ D .rE�/aC �E.�/˝ d�a 8� 2 E 8a 2 A: (2.6)

Example 2.12. Suppose that E D eAN with e D e2 2 MN .A/. Then a natural
� -connection on E is the Grassmannian � -connection rE

0 defined by

r
E
0 � D �.e/.d��j / for all � D .�j / in E: (2.7)

Definition 2.13. A Hermitian metric on E is a map .�; �/ WE � E ! A such that
(1) .�; �/ is A-sesquilinear, i.e. it is A-antilinear with respect to the first variable and

A-linear with respect to the second variable.
(2) .�; �/ is positive, i.e. .�; �/ � 0 for all � 2 E .
(3) .�; �/ is nondegenerate, i.e. � ! .�; �/ is an A-antilinear isomorphism from E

onto its A-dual HomA.E;A/.
Example 2.14. The canonical Hermitian structure on the free module AN is given
by

.�; �/0 D �
�
1 �1 C � � � C �

�
q �q for all � D .�j / and � D .�j / in AN : (2.8)

It induces a Hermitian metric on any direct summand E D eAN , e D e2 2MN .A/,
(see, e.g. [77]).

From now on we assume that E and its � -translation E� carry Hermitian metrics.
We denote by H .E/ the pre-Hilbert space consisting of E ˝A H equipped with the
Hermitian inner product,

h�1 ˝ �1; �2 ˝ �2i WD h�1; .�1; �2/�2i ; �j 2 E; �j 2 H ; (2.9)

where .�; �/ is the Hermitian metric of E . It can be shown that H .E/ is actually a
Hilbert space and its topology is independent of the choice of the Hermitian inner
product of E (see, e.g. [77]). We also note there is a natural Z2-grading on H .E/

given by

H .E/ D HC.E/˚H�.E/; H˙.E/ WD E ˝A H˙: (2.10)
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We denote by H .E� / the similar Z2-graded Hilbert space associated with E� and
its Hermitian metric.

Let rE be a � -connection on E . Regarding �1D;� .A/ as a subalgebra of L.H /

we have a natural left-action cW�1D;� .A/˝A H ! H given by

c.! ˝ �/ D !.�/ for all ! 2 �1D;� .A/ and � 2 H :

We then denote by c.rE/ the composition .1E�˝c/ı.r
E˝1H /WE˝H ! E�˝H .

Thus, for � 2 E and � 2 H , and upon writing rE� D
P
�˛ ˝ !˛ with �˛ 2 E� and

!˛ 2 �
1
D;� .A/, we have

c.rE/.� ˝ �/ D
X

�˛ ˝ !˛.�/: (2.11)

In what follows we regard the domain ofD as a left A-module, which is possible
since the action of A on H preserves the domain domD.

Definition 2.15. The operatorDrE WE ˝A dom.D/! H .E� / is defined by

DrE .� ˝ �/ WD �E.�/˝D� C c.rE/.� ˝ �/ for all � 2 E and � 2 domD:
(2.12)

Remark 2.16. Although the operators �E , D, and rE are not module maps, the
operator is well defined as a linear map with domain E ˝A dom.D/ (see [77]).

Remark 2.17. With respect to the Z2-gradings (2.10) for H .E/ and H .E� / the
operatorDrE takes the form,

DrE D

�
0 D�

rE

DC
rE 0

�
; D˙

rE WE ˝A domD˙ �! H�.E� /: (2.13)

That is,DrE is an odd operator.

Example 2.18 (See [77]). Suppose that E D eAN with e D e2 2 MN .A/ and
let rE

0 be the Grassmanian � -connection of E . Then up to the canonical unitary
identifications H .E/ ' eHN and H .E� / ' �.e/HN the operators D

rE
0
agrees

with
�.e/.D ˝ 1N /W e.domD/N �! �.e/HN :

Example 2.19. In the case of a Dirac spectral triple .C1.M/;L2g.M; =S/; =Dg/, we
may take E to be the module C1.M;E/ of smooth sections of a vector bundle E
overM . Any Hermitian metric and connection on E give rise to a Hermitian metric
and a connection rE on E . Furthermore, if we set H D L2g.M;E/, then, under the
natural identification H .E/ ' L2.M; =S ˝E/, the operator . =Dg/rE agrees with the
usual twisted Dirac operator =DrE as defined, e.g. in [11].
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Proposition 2.20 ([77]). The operatorDrE is closed and Fredholm.

Note that the above result implies that the operatorsD˙
rE in (2.13) are Fredholm.

This leads us to the following definition.

Definition 2.21. The index of the operatorDrE is

indDrE D
1

2

�
indDC

rE � indD�
rE

�
;

where indD˙
rE is the usual Fredholm index ofD˙

rE i.e.

indD˙
rE D dim kerD˙

rE � dim cokerD˙
rE :

Remark 2.22. In general the indices ˙ indD˙
rE do not agree, so that it is natural

take their mean to define the index of DrE . However, as shown in [77], the index
indDrE is an integer when the automorphism � is ribbon, in the sense there is
another automorphism � WA ! A such that � D � ı � and �.a/� D ��1.a�/ for
all a 2 A. The ribbon condition is satisfied in all main examples of twisted spectral
triples (see [77]). When this condition holds, it is shown in [79] that we always can
endow E with a “� -Hermitian structure” (see [79] for the precise definition). In that
case, for any connection rE compatible with the � -Hermitian structure,

indDrE D dim kerDC
rE � dim kerD�

rE 2 Z:

The above formula is the generalization of the usual formula for the index of a Dirac
operator twisted by a Hermitian connection on a Hermitian vector bundle.

As it turns out the index indDrE only depends on the K-theory class of E

(see [77]). More precisely, we have the following result.

Proposition 2.23 ([38, 77]). There is a unique additive map indD;� WK0.A/ ! 1
2
Z

such that, for any finitely generated projective moduleE overA and any � -connection
rE on E , we have

indD;� ŒE� D indDrE :

3. Cyclic homology and cyclic cohomology

Cyclic homology and cyclic cohomology were introduced by Connes [28–30] as the
relevant noncommutative analogue of de Rham theory (see also Tsygan [83]). In this
section, we review the main background on cyclic homology and cyclic cohomology
that is needed for this paper. We refer to the monographs [30, 32, 64] for more
comprehensive accounts on these topics.
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3.1. Preamble: mixed complexes, cyclic modules, and S -maps. In what follows
we let k be an arbitrary unital ring. According to Burghelea [24] and Kassel [60] a
mixed complex of k-modules is given by a datum .C�; b; B/, where Cm, m � 0, are
(left) k-modules and bWC� ! C��1 and BWC� ! C�C1 are k-module maps such
that

b2 D B2 D bB C Bb D 0:

The cyclic complex of a mixed complex C D .C�; b; B/ is the chain complex

C \ D .C \� ; b C SB/;

where C \m D Cm ˚ Cm�2 ˚ � � � , m � 0, and S WC \� ! C
\
��2 is the canonical

projection obtained by factorizing out Cm. The homology of this chain complex is
called the cyclic homology of the mixed complex C and is denoted by HC�.C /.

The operator S WC \� ! C
\
��2 is called the periodicity operator. The periodic

cyclic complex is the Z2-graded chain complex

C ] D .C ]� ; b C B/;

where C ]i D
Q
q�0 C2qCi , i D 0; 1. Equivalently, we have

C ]� D lim
 �
S

C2qC�;

where lim
 �S

is the projective limit of the projective system defined by the operators

S WC2qC� ! C2qC��2; q � 1:

The homology of the chain complex C ] is called the periodic cyclic homology of the
mixed complex C . It is denoted by HP�.C /.

Following Connes [29], a cyclic k-module is given by a datum .C�; d; s; t/, where
Cm, m � 0, are k-modules and the k-module maps

d WC� ! C��1; sWC� ! C�C1; and t WC� ! C�

define a simplicial module structure with faces dj D tjdt�.jC1/ and degeneracies
sj D t

jC1dt�.jC1/. In addition, the operator t is required to be cyclic, in the sense
that tmC1 D 1 on Cm. Any cyclic k-module C D .C�; d; s; t/ gives rise to a mixed
complex

C D .C�; b; B/;

where b D
Pm
jD0.�1/

jdj and B D .1 � �/sN on Cm with � D .�1/mt and
N D 1C � C � � � C �m. We then define the cyclic and periodic cyclic homologies
of C as the the cyclic and periodic cyclic homologies of that mixed complex.
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Given mixed complexes C D .C�; b; B/ and xC D .C�; b; B/, an S -map in
the sense of Kassel [60] is a chain map f WC \� ! xC

\
� which is compatible with

the S -operator. Any such map uniquely decomposes as f D
P
f .j /Sj , where

f .j /WC� ! xC�C2j is a k-module map of degree 2j such that�
b; f .0/

�
D 0 and

�
B; f .j /

�
C
�
b; f .jC1/

�
D 0

for j � 0. In particular, it uniquely extends to a chain map f ]WC ]� ! xC
]
� between

the periodic cyclic complexes of C and xC .

3.2. Cyclic homology of algebras. From now on we let A be a unital algebra
over C. Connes [29] associated with any such algebra a cyclic space (i.e. a cyclic
C-module). This is C.A/ D .C�.A/; d; s; t/, where Cm.A/ D A˝.mC1/, m � 0,
and the structural operators

d WC�.A/! C��1.A/; sWC�.A/! C�C1.A/; and t WC�.A/! C�.A/

are given by

d.a0 ˝ � � � ˝ am/ D .ama0/˝ a1 � � � ˝ am�1; (3.1)
s.a0 ˝ � � � ˝ am/ D 1˝ a0 � � � ˝ am; (3.2)
t .a0 ˝ � � � ˝ am/ D am ˝ a0 � � � ˝ am�1; aj 2 A: (3.3)

We get a mixed complex .C�.A/; b; B/, where the differential bWC�.A/! C��1
is the Hochschild boundary,

b.a0 ˝ � � � ˝ am/ D

m�1X
jD0

.�1/ja0 ˝ � � � ˝ ajajC1 ˝ � � � ˝ am

C .�1/mama0 ˝ � � � ˝ am�1; aj 2 A:

This gives rise to the cyclic complex

C \.A/ D .C \� .A/; b C SB/

and the periodic cyclic complex

C ].A/ D .C ]� .A/; b C B/:

Their respective homologies are called the cyclic homology and periodic cyclic
homology of the algebra A. They are denoted by HC�.A/ and HP�.A/, respectively.

The mixed complex .C�.A/; b; B/ is normalized as follows. The degeneracies of
the cyclic space C.A/ are

sj D t
jC1st�.jC1/; j D 0; : : : ; m:
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The space of degenerate m-chains is

Dm.A/ D s0.Cm�1.A//˚ � � � ˚ sm�1.Cm�1.A//:

Here

sj .a
0
˝ � � � ˝ am�1/ D a0 ˝ � � � ˝ aj ˝ 1˝ ajC1 ˝ � � � ˝ am�1; al 2 A:

Therefore, we see thatDm.A/ is spanned by elementary tensor productsa0 ˝ � � � ˝ am
where aj D 1 for some j 2 f1; : : : ; mg. The differentials b and B preserve D�.A/,
and so the mixed complex .C�.A/; b; B/ descends to a normalized mixed complex

xC.A/ D . xC�.A/; b; B/;

with
xC�.A/ D C�.A/=D�.A/:

We let

xC \.A/ D . xC \� .A/; b C SB/ and xC ].A/ D . xC ]� .A/; b C B/

be the corresponding cyclic and periodic cyclic complexes. The canonical projection
� WC�.A/ ! xC�.A/ is a map of mixed complexes. At the level of Hochschild
homology we obtain a quasi-isomorphism. General homological algebra arguments
then imply that we also obtain quasi-isomorphisms at the level of cyclic homology
and periodic cyclic homology. This enables us to describe HC�.A/ and HP�.A/ in
terms of normalized cycles.

WhenA is a locally convex algebra, the space of chainsCm.A/ is often completed
into Cm.A/ WD A

y̋ .mC1/, where y̋ is the projective topological tensor product [52,
82]. In particular, given any locally convex space X , a linear map ˆWCm.A/! X

is continuous iff the .mC 1/-linear map

AmC1
3 .a0; : : : ; am/! ˆ.a0 ˝ � � � ˝ am/

is jointly continuous. The structural operators .d; s; t/ in (3.1)–(3.3) uniquely
extend to continuous operators on C�.A/, so that we obtain a cyclic space
C.A/ WD .C�.A/; d; s; t/. In the same way as above, this cyclic space gives
rise to cyclic and periodic cyclic complexes C\.A/ WD .C\�.A/; b C SB/ and
C].A/ WD .C]�.A/; b C B/. Their respective homologies are denoted by HC�.A/
and HP�.A/.

Example 3.1. Let A D C1.M/, whereM is a closed manifold. We endow A with
its standard Fréchet algebra topology. In addition, we let �.M/ D .��.M/; d/ be
the de Rham complex of (smooth) differential forms onM . We shall regard �.M/
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as a mixed complex �.M/ D .��.M/; 0; d/. The Hochschild–Kostant–Rosenberg
map ˛W��.M/! C�.A/ is given by

˛.f 0 ˝ � � � ˝ f m/ D
1

mŠ
f 0df 1 ^ � � � ^ df m; f j 2 A: (3.4)

This is a map of mixed complexes. Moreover, Connes [30] proved that this is a quasi-
isomorphism, and so we can describe HC�.A/ and HP�.A/ in terms of de Rham
cohomologyH �.M;C/. Namely,

HCm.A/ '
�
�m.M/=d.�m�1.M//

�
˚Hm�2.M;C/˚ � � � ; m � 0;

HP�.A/ '
M
q�0

H ev=odd.M;C/; whereH ev=odd.M;C/ WD
M

m even/odd

Hm.M;C/:

3.3. Cyclic cohomology of algebras. Cyclic cohomology is the dual version of
cyclic homology. There is a natural duality between Cm.A/ D A˝.mC1/ and the
space Cm.A/ that consists of .m C 1/-linear maps 'WAmC1 ! C. We then get a
“cyclic co-space” .C �.A/; d; s; t/, where the operators

d WC �.A/! C �C1.A/; sWC �.A/! C ��1.A/; and t WC �.A/! C �.A/

are given by

.d'/.a0; : : : ; amC1/ D '..amC1a0/; a1; : : : ; am/; (3.5)

.s'/.a0; : : : ; am�1/ D '.1; a0; : : : ; am�1/; (3.6)

.t'/.a0; : : : ; am/ D '.am; a0; : : : ; am�1/; ' 2 Cm.A/; aj 2 A: (3.7)

We obtain the Hochschild cochain complex .C �.A/; b/, where bWC �.A/ !

C �C1.A/ is given by

b'.a0; : : : ; amC1/ D

mX
jD0

.�1/j'.a0; : : : ; ajajC1; : : : ; amC1/

C .�1/mC1'.amC1a0; : : : ; am/; aj 2 A:

The dual B-operator
BWC �.A/! C ��1.A/

is B D Ns.1 � T /, where T D .�1/mt and N D 1C T C � � � C Tm on Cm.A/.
We then have a duality between the cyclic complex C \.A/ and the cochain complex

C\.A/ WD .C
�
\ .A/; b C SB/;

where Cm
\
.A/ D Cm.A/ ˚ Cm�2.A/ ˚ � � � and S WCm

\
.A/ ! CmC2

\
.A/ is the

inclusion of Cm
\
.A/ into CmC2

\
.A/. We also have a natural duality between the

periodic cyclic complex C ].A/ and the periodic cyclic cochain complex

C].A/ D .C
�
] .A/; b C B/;
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where C i
]
.A/ D

L
q�0 C

2qCi .A/, i D 0; 1. The cohomology of C].A/ is the
periodic cyclic cohomology of A and is denoted by HP�.A/.

The cyclic cohomology of A can be defined in terms of the cochain complex
C\.A/. For our purpose it is more convenient to use the original definition of
Connes [30] in terms of cyclic cochains. A cochain ' 2 Cm.A/ is called cyclic
when t' D .�1/m'. We denote by Cm

�
.A/ the space of cyclic m-cochains. As

the operator b preserves C�.A/, we obtain a subcomplex C�.A/ WD .C �
�
.A/; b/

of the Hochschild cochain complex of A. The cyclic cohomology is defined as the
cohomology of C�.A/ and is denoted byH�.A/.

As the operator B is annihilated by cyclic cochains, the natural inclusion of
C �
�
.A/ � C �

\
.A/ is a cochain map. This is actually a quasi-isomorphism (this is

even a chain homotopy equivalence; see [61]). Under this quasi-isomorphism the
operator S is chain homotopic to Connes’ periodicity operator

S�WC
�
�.A/! C �C2

�
.A/;

which is defined as follows. On Cm.A/, m � 0, it is given by

S� D .mC 2/
�1.mC 1/�1

mC1X
jD1

.�1/jSj ;

where

Sj'.a
0; : : : ; amC2/ D

X
0�l�j�2

.�1/l'.a0; : : : ; alalC1; : : : ; ajajC1; : : : ; amC2/

C .�1/jC1'.a0; : : : ; aj�1ajajC1; : : : ; amC2/: (3.8)

If m D 2q C i with q � 0 and i 2 f0; 1g, then the inclusion of Cm
�
.A/ into Cm

\
.A/

gives an inclusion into C i
]
.A/. This gives a cochain map from C �

�
.A/ into C �

]
.A/

which is compatible with the periodicity operator S� in the sense that, for any cocycle
' 2 Cm

�
.A/, the cocycles ' and S�' define the same class in HP�.A/.

A cochain ' 2 Cm.A/ is called normalized when '.a0; : : : ; am/ D 0 whenever
aj D 1 for some j � 1. We denote by xCm.A/ the space of normalizedm-cochains.
The duality between Cm.A/ and Cm.A/ descends to a duality between normalized
chains and normalized cochains. The operators b and B preserve the space of
normalized cochains. Therefore, we get normalized cochain complexes

xC�.A/ WD . xC
�
�.A/; b/ and xC].A/ WD . xC

�
] .A/; b C B/;

where

xCm� .A/ D C
m
� .A/ \

xCm.A/ and xC i] .A/ D
M
q�0

xC 2qCi .A/:
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Furthermore, the inclusion of xC �.A/ into C �.A/ gives rise to a quasi-isomorphism
of cochain complexes from xC �

�
.A/ (resp., xC �

]
.A/) into C �

�
.A/ (resp., C �

]
.A/). This

enables us to represent classes inH �
�
.A/ and HP�.A/ by normalized cochains.

When A is a locally convex algebra we denote by Cm.A/ the space of (jointly)
continuous m-cochains 'WAmC1 ! C. The duality between Cm.A/ and Cm.A/
induces a duality between Cm.A/ and Cm.A/. The structural operators .d; s; t/
in (3.5)–(3.7) preserve the space of continuous cochains C�.A/. Therefore, we
obtain subcomplexes

C�.A/ WD .C��.A/; b/ and C].A/ WD .C�].A/; b C B/;

where

Cm� .A/ D C
m
� .A/ \ Cm.A/ and Ci].A/ D

M
q�0

C2qCi .A/:

The cohomologies of these cochain complexes are denoted by H�
�
.A/ and HP�.A/,

respectively. We also obtain a cochain complex

C\.A/ WD .C�\ .A/; b C SB/;

where Cm
\
.A/ D Cm.A/˚Cm�2.A/˚ � � � . The inclusion of C�

�
.A/ into C�

\
.A/ is

a quasi-isomorphism of cochain complexes.
Example 3.2. As in Example 3.1, let A D C1.M/, whereM is a closed manifold.
In addition, let .��.M/; d/ be the de Rham complex of currents on M , so that
�m.M/ is the topological dual of�m.M/. By duality the HKR map (3.4) gives rise
to a cochain map ˛W .��; 0/! .C�.A/; b/ given by

˛.C /.f 0; : : : ; f m/ D
1

mŠ

˝
C; f 0df 1 ^ � � � ^ dm

˛
; C 2 �m.M/; f j 2 A:

This maps intertwines the de Rham boundary d and the operator B , and so it gives
rise to cochain maps

˛W�\�.M/! C�\ .A/ and ˛W��ev=odd.M/! C�].A/;

where

�\m.M/ D �m.M/˚�m�2.M/˚ � � � and ��ev=odd.M/ D
M

m even/odd

�m.M/:

As shown by Connes [30] these cochain maps are quasi-isomorphisms, and so this
allows us to express the cyclic and periodic cyclic homologies of A D C1.M/ in
terms of the deRhamhomologyH�.M;C/. More precisely, we obtain isomorphisms,

Hm� .A/ ' Hm.M;C/˚Hm�2.M;C/˚ � � � ; m � 0;

HP�.A/ ' Hev=odd.M;C/; whereHev=odd.M;C/ WD
M

m even/odd

Hm.M;C/:
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3.4. The Chern character in cyclic homology. Given N 2 N, let MN .A/ D

A˝MN .C/ be the algebra ofN �N -matrices with coefficients in A. The standard
trace trWMN .A/ ! A gives rise to a linear map trWC�.MN .A// ! C�.A/ defined
by

tr
�
.a0 ˝ �0/˝ � � � ˝ .am ˝ �m/

�
D tr

�
�0 � � ��m

�
a0 ˝ � � � ˝ am;

aj 2 A; �j 2MN .C/:

This map is compatible with the structural operators .d; s; t/ in (3.1)–(3.3), and so it
gives rise to a map of cyclic spaces trWC�.MN .A//! C�.A/.

The Chern character in cyclic homology [30, 48] is defined as follows. Let E

be a finitely generated projective module over A, so that E ' eAN for some
idempotent e 2 MN .A/. The Chern character of e is the (normalized) even chain
Ch.e/ D .Ch2q.e//q�0 2 xC ]0 .A/ defined by

Ch0.e/ D trŒe�; Ch2q.e/ D .�1/q
.2q/Š

qŠ
tr
��
e � 1

2

�
˝

2q times¹
e ˝ � � � ˝ e

�
; q � 1:

This chain is a cycle in the normalized periodic complex xC ].A/, and so this defines
a class in HP0.A/. This class only depends on the K-theory class of e. Therefore,
we get an additive map ChWK0.A/! HP0.A/, which is called the Chern character
in cyclic homology.

Composing the above Chern character with the duality pairing between HP0.A/
and HP0.A/ provides us with a bilinear pairing h�; �i WHP0.A/ � K0.A/ ! C.
Given any cyclic 2q-cocycle ' and any idempotent e 2 MN .A/, it can be shown
(see, e.g. [77, Remark 6.4]) that

hŒ'�; ŒCh.e/�i D .�1/q
.2q/Š

qŠ

˝
'; tr

�
e˝.2qC1/

�˛
: (3.9)

Therefore, we recover the original pairing of Connes [30, 32].
When A is a locally convex algebra, by using the inclusion of chain complexes of

C
]
� .A/ into C]�.A/ we obtain a Chern character ChWK0.A/ ! HP0.A/. We then

obtain a bilinear pairing h�; �i WHP0.A/ � K0.A/ ! C. If we let A D C1.M/,
where M is a closed manifold, then, under the CHKR isomorphism HP0.A/ '
H ev.M;C/ and the Serre–Swan isomorphism K0.A/ ' K0.M/, we recover the
usual Chern character ChWK0.M/! H ev.M;C/.

4. The Connes–Chern character of a twisted spectral triple

In this section, we shall recall the construction the Connes–Chern character of a
twisted spectral triple and how this enables us to compute the associated index
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map [38,77]. This extends to twisted spectral triples the construction of the Connes–
Chern character of an ordinary spectral triple by Connes [30]. The exposition follows
closely that of [77].

Let .A;H ;D/� be a twisted spectral triple. We assume that .A;H ;D/� is
p-summable for some p � 1, that is,

Tr jDj�p <1: (4.1)

In what follows, letting L1.H / be the ideal of trace-class operators on H , we
denote by Str its supertrace, i.e. StrŒT � D TrŒ
T �, where 
 WD idHC � idH� is the
Z2-grading of H .
Definition 4.1. Assume D is invertible and let q be an integer � 1

2
.p � 1/. Then

�
D;�
2q is the 2q-cochain on A defined by

�
D;�
2q .a0; : : : ; a2q/ D cq Str

�
D�1ŒD; a0�� � � �D

�1ŒD; a2q��
�

8aj 2 A; (4.2)

where we have set cq D 1
2
.�1/q qŠ

.2q/Š
.

Remark 4.2. The right-hand side of (4.2) is well defined since the p-summability
condition (4.1) and the fact that q � 1

2
.p � 1/ imply that

D�1ŒD; a0�� � � �D
�1ŒD; aq�� 2 L1.H / 8aj 2 A:

Proposition 4.3 ([38,77]). AssumeD is invertible and let q be an integer� 1
2
.p�1/.

Then

(1) The cochain �D;�2q is a normalized cyclic cocycle whose class in HP0.A/ is
independent of the value of q.

(2) For any finitely generated projective module E over A and � -connection rE

on E ,
indDrE D

˝
�
D;�
2q ;Ch.E/

˛
; (4.3)

where Ch.E/ is the Chern character of E in cyclic homology.

When D is not invertible, we can reduce to the invertible case by passing to the
unital invertible double of .A;H ;D/� as follows.

Consider the Hilbert space zH D H ˚H , which we equip with the Z2-grading
given by

z
 D

�

 0

0 �


�
;

where 
 is the grading operator of H . On zH consider the selfadjoint operator,

zD D

�
D 1

1 �D

�
; dom. zD/ WD dom.D/˚ dom.D/:
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Noting that

zD2
D

�
D2 C 1 0

0 D2 C 1

�
;

we see that zD is invertible and j zDj�p is a trace-class operator. Let zA D A˚ C be
the unitalization of A whose product and involution are given by

.a; �/.b; �/ D .abC�bC�a; ��/; .a; �/� D .a�; x�/; a; b 2 A; �; � 2 C:

The unit of zA is 1 zA D .0; 1/. Thus, identifying any element a 2 A with .a; 0/,
any element za D .a; �/ 2 zA can be uniquely written as .a; �/ D a C �1 zA. We
represent zA in H using the representation � W zA! L.H / given by

�.1 zA/ D 1; �.a/ D

�
a 0

0 0

�
8a 2 A:

In addition, we extend the automorphism � into the automorphism z� W zA! zA given
by

z�.aC �1 zA/ D �.a/C �1 zA 8.a; �/ 2 A �C:

It can be verified that any twisted commutator Œ zD;�.za/�z� , za 2 zA, is bounded. We
then deduce that . zA; zH ; zD/z� is a p-summable twisted spectral triple. Moreover,
as zD is invertible we may define the normalized cyclic cocycles � zD;z�2q , q � 1

2
.p� 1/.

Definition 4.4. Let q � 1
2
.p � 1/. Then x�D;�2q is the 2q-cochain on A defined by

x�
zD;�
2q .a0; : : : ; a2q/ D �

zD;�
2q .a0; : : : ; a2q/

D cq Str
�
zD�1Œ zD;�.a0/�� � � � zD

�1Œ zD;�.a2q/��
�

8aj 2 A:

Remark 4.5. The cochain x� zD2q is the restriction to A2qC1 of the cochain � zD;z�2q . Note
that, as the restriction toA of the representation� is not unital, unlike in the invertible
case, we don’t have a normalized cochain.

Proposition 4.6 ([77]). Let q be an integer � 1
2
.p � 1/.

(1) The cochain x�D;�2q is a cyclic cocycle whose class in HP0.A/ is independent of q.

(2) IfD is invertible, then the cocycles �D;�2q and x�D;�2q are cohomologous inHP0.A/.

(3) For any finitely generated projective module E over A and � -connection rE

on E ,
indDrE D

˝
�
D;�
2q ;Ch.E/

˛
: (4.4)
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All this leads us to the following definition.
Definition 4.7. The Connes–Chern character of .A;H ;D/� , denoted by Ch.D/� ,
is defined as follows:
� If D is invertible, then Ch.D/� is the common class in HP0.A/ of the cyclic
cocycles �D;�2q and x�D;�2q , with q � 1

2
.p � 1/.

� If D is not invertible, then Ch.D/� is the common class in HP0.A/ of the cyclic
cocycles x�D;�2q , q � 1

2
.p � 1/.

Remark 4.8. When � D id the Connes–Chern character is simply denoted Ch.D/;
this is the usual Connes–Chern Character of an ordinary spectral triple constructed
by Connes [30].

With this definition in hand, the index formulas (4.3) and (4.4) can be merged
onto the following result.
Proposition 4.9 ([38,77]). For any Hermitian finitely generated projective module E

over A and any � -connection rE on E ,

indDrE D hCh.D/� ;Ch.E/i ; (4.5)

where Ch.E/ is the Chern character of E in cyclic homology.
Example 4.10 ([12, 30, 73]). Let .M n; g/ be a compact Riemannian manifold. The
Connes–Chern character Ch. =Dg/ of the Dirac spectral triple�

C1.M/;L2.M; =S/; =Dg

�
is cohomologous to the even periodic cocycle ' D .'2q/q�0 given by

'2q.f
0; : : : ; f 2q/ D

.2i�/�
n
2

.2q/Š

Z
M

yA.RM /^f 0df 1^� � �^df 2q; f j 2 C1.M/:

(4.6)
This allows us to recover the index theoremofAtiyah–Singer [4,6] forDirac operators.
Remark 4.11. The definitions of the cocycles �D;�2q and x�D;�2q involve the usual
(super)trace on trace-class operators, but this is not a local functional since it does
not vanish on finite rank operators. As a result this cocycle is difficult to compute in
practice (see, e.g. [12]). Therefore, it stands for reason to seek for a representatative of
the Connes–Chern character which is easier to compute. For ordinary spectral triples,
and under further assumptions, such a representative is provided by the CMcocycle of
Connes–Moscovici [35]. This cocycle is an even periodic cycle whose components
are given by formulas which are local in the sense of noncommuative geometry.
More precisely, they involve a version for spectral triples of the noncommutative
residue trace of Guillemin [53] and Wodzicki [84]. This provides us with the
local index formula in noncommutative geometry. In Example 4.10 the cocycle
' D .'2q/ given by (4.6) is precisely the CM cocycle of the Dirac spectral triple
.C1.M/;L2.M; =S/; =Dg/ (see [35, Remark II.1] and [73]).
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Remark 4.12. In the case of twisted spectral triples, Moscovici [68] attempted to
extend the local index formula to the setting of twisted spectral triples. He devised an
Ansatz for such a local index formula and verified it in the special case of a ordinary
spectral triples twisted by scaling automorphisms (see [68] for the precise definition).
Whether Moscovici’s Ansatz holds for a larger class of twisted spectral triples still
remains an open question to date. For instance, it is not known if Moscovici Ansatz
holds for conformal deformations of ordinary spectral triples satisfying the local
index formula in noncommutative geometry.

5. Twisted spectral triples over locally convex algebras

In this section, we shall explain how to refine the construction of the Connes–Chern
character for twisted spectral triples over locally convex algebras.

Inwhat follows by locally convex�-algebrawe shallmean a�-algebraA equipped
with a locally convex space topology with respect to which its product is a jointly
continuous bilinear map from A2 ! A and its involution is a continuous anti-linear
map.
Definition 5.1. Atwisted spectral triple .A;H ;D/� over a locally convex�-algebraA

is called smooth when the following conditions hold:
(1) The representation of A in L.H / is continuous.
(2) The map a! ŒD; a�� is continuous from A to L.H /.
(3) The automorphism � WA! A is a homeomorphism.
Example 5.2. Let .M n; g/ be a closed spin Riemannian manifold of even dimension.
Then the associated Dirac spectral triple .C1.M/;L2g.M; =S/; =Dg/ is smooth.
Example 5.3. Any conformal deformation of a smooth ordinary spectral triple yields
a smooth twisted spectral triple.
Remark 5.4. As we shall see in Section 7 the conformal Dirac spectral triple of [38]
is smooth.

Throughout the rest of this section we let .A;H ;D/� be a smooth twisted spectral
triple which is p-summable for some p � 1. We shall now show that the Connes–
Chern character of .A;H ;D/� , which is originally defined as a class in HP0.A/,
actually descends to a class in HP0.A/.
Lemma 5.5. Let q be any integer � 1

2
.p � 1/.

(1) If D is invertible, then the cyclic cocycle �D;�2q is continuous and its class in
HP0.A/ is independent of q.

(2) The cyclic cocycle x�D;�2q is continuous and its class in HP0.A/ is independent
of q.
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Proof. Assume thatD is invertible and let q be an integer� 1
2
.p�1/. By assumption

the map a! ŒD; a�� is continuous from A to L.H /. Combining this with Hölder’s
inequality for Schatten ideals we deduce that the map

.a0; : : : ; a2q/! 
D�1ŒD; a0� � � �D�1ŒD; a2q�

is continuous from A2qC1 to L1.H /. As �D;�2q is (up to a multiple constant) the com-
position of this map with the operator trace, we deduce that �D;�2q is a continuous
cochain.

Moreover, by Lemma 7.4 and Lemma 7.5 of [77] we have

�
D;�
2qC2 � �

D;�
2q D .b C B/.'2qC1 �  2qC1/; (5.1)

where, up to normalization constants, the cochains '2qC1 and  2qC1 are given by

'2qC1.a
0; : : : ; a2qC1/ D Str

�
a0D�1ŒD; a1�� � � �D

�1ŒD; a2qC1��
�
;

 2qC1.a
0; : : : ; a2qC1/ D Str

�
�.a0/ŒD; a1��D

�1
� � � ŒD; a2qC1��D

�1
�
; aj 2 A:

Note that '2qC1 and  2qC1 are normalized cochains. Moreover, in the same way as
with the cocycle �D;�2q we can show that these cochains are continuous. Therefore (5.1)
shows that the images inC2qC2

\
.A/ of �D;�2qC2 and �

D;�
2q are cohomologous, and, hence,

they define the same class inHP0.A/. It then follows that the class of �D;�2q inHP0.A/
is independent of q. This also implies that

S��
D;�
2q D �

D;�
2qC2 in H2qC2

�
.A/: (5.2)

WhenD is not invertible, we observe that the unitalization zA D A˚C is a locally
convex �-algebra with respect to the direct sum topology. It then can be checked that
the invertible double . zA; zH ; zD/z� considered in Section 4 is a smooth twisted spectral
triple. Therefore, the first part of the proof shows that the cocycle � zD;�2q is continuous.

As the inclusion of A into zA is continuous and x�D;�2q is the restriction to A of � zD;�2q ,
we then see that x�D;�2q is a continuous cocycle on A. Moreover, using (3.8) it can

be checked that S�x�D;�2q is the restriction to A of S��
zD;�
2q . Therefore using (5.2)

we deduce that the cocycles S�x�D;�2q and x�D;�2qC2 are cohomologous in H2qC2
�

.A/. It
then follows that x�D;�2q and x�D;�2qC2 define the same class in HP0.A/, and so the class
of x�D;�2q in HP0.A/ is independent of q. The proof is complete.

In addition, we will also need the following version for smooth twisted spectral
triples of [77, Propositon C.1] on the homotopy invariance of the Connes–Chern
character of a twisted spectral triple.
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Lemma 5.6. AssumeD is invertible and consider an operator homotopy of the form,

Dt D D C Vt ; 0 � t � 1;

where .Vt /0�t�1 is a C 1-family of selfadjoint operators in L.H / anticommuting
with the grading 
 such that Dt is invertible for all t 2 Œ0; 1� and .D�1t /0�t�1 is a
bounded family in Lp.H /. Then
(1) .A;H ;Dt /� is a smooth p-summable twisted spectral triple for all t 2 Œ0; 1�.
(2) For any q � 1

2
.p C 1/, the cocycles �D0;�2q and �D1;�2q are cohomologous

in H2q
�
.A/.

Proof. We know from [77, Propositon C.1] that .A;H ;Dt /� is a p-summable
twisted spectral triple for all t 2 Œ0; 1� and, for any q � 1

2
.pC 1/, the cocycles �D0;�2q

and �D1;�2q are cohomologous in H 2q

�
.A/. Therefore, we only need to show that the

twisted spectral triples .A;H ;Dt /� , t 2 Œ0; 1�, are smooth and the cocycles �D0;�2q

and �D1;�2q differ by the coboundary of a continuous cyclic cochain.
By assumption .A;H ;D/� is a smooth twisted spectral triple. In particular,

the representation of A in L.H / is continuous and the automorphism � is a
homeomorphism. Moreover, for all t 2 Œ0; 1� and a 2 A,

ŒDt ; a�� D ŒD; a�� C Vta � �.a/Vt :

We then see that the map .t; a/! ŒDt ; a�� is continuous from Œ0; 1� �A to L.H /.
It then follows that .A;H ;Dt /� is a smooth twisted spectral triple for all t 2 Œ0; 1�.

Let q be an integer� 1
2
.p�1/. In [77] the explicit homotopy between �D0;�2q and

�
D1;�
2q is realized as follows. For t 2 Œ0; 1� and a 2 A set

ıt .a/ D D
�1
t Œ PVtD

�1
t ; �.a/�Dt :

In addition, for j D 0; : : : ; 2q C 1 we set

˛tj .a/ D a if j is even and ˛tj .a/ D D
�1
t �.a/Dt if j is odd:

We note that

ıt .a/ D D
�1
t . PVt˛

t
1.a/ � �.a/

PVt / and ˛t1.a/ D a �D
�1
t ŒDt ; a�� :

In particular we see that the maps .t; a/ ! ˛tj .a/ are continuous from Œ0; 1� � A

to L.H /. Moreover, it is shown in [77, Appendix C] that .D�1t /0�t�t is a C 1-family
in Lp.H /. Therefore, we also see that the map .t; a/ ! ıt .a/ is continuous from
Œ0; 1� �A to Lp.H /.

Bearing this mind it is shown in [77] that

�
D1;�
2q � �

D0;�
2q D B�; (5.3)
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where � is the Hochschild .2q C 1/-cocycle given by

�.a0; : : : ; a2qC1/

D cq

2qC1X
jD0

Z 1

0

Str
�
˛j .a

0/D�1t ŒDt ; a
1�� � � � ıt .a

j / � � �D�1t ŒDt ; a
2qC1��

�
dt;

where cq is some normalization constant. It follows from all the previous observations
and the fact that q � 1

2
.p � 1/ that all the maps

.t; a0; : : : ; a2qC1/! ˛j .a
0/D�1t ŒDt ; a

1�� � � � ıt .a
j / � � �D�1t ŒDt ; a

2qC1��

are continuous from Œ0; 1��A2qC2 to L1.H /. This ensures us that � is a continuous
cochain. Therefore, using (5.2) and the fact that � is a Hochschild cocycle we see
that

�
D1;�
2q � �

D0;�
2q D .b C B/� in C2qC2

\
.A/:

This implies that S.�D1;�2q � �
D0;�
2q / is a coboundary in H2qC2

�
.A/. Combining this

with (5.2) we then deduce that �D0;�2qC2 and �D0;�2qC2 are cohomologous in H2qC2
�

.A/.
This proves the 2nd part of the lemma and completes the proof.

The homotopy lemma is the main ingredient in the proof of the following result.
Lemma 5.7. Assume D is invertible and let q be an integer � 1

2
.p C 1/. Then the

cyclic cocycles �D;�2q and x�D;�2q are cohomologous in H2q
�
.A/, and hence define the

the same class in HP0.A/.

Proof. We know from [77, §7] that, for q � 1
2
.p C 1/, the cocycles �D;�2q and x�D;�2q

define the same class inH 2q

�
.A/. The argument relies on the homotopy of unbounded

operators on zH given by

zDt D zD0 C tJ; 0 � t � 1;

where we have set

zD0 D

�
D 0

0 �D

�
and J D

�
0 1

1 0

�
:

Note that zD1 D zD. It is shown in [77, §7] that this homotopy satisfies the assumptions
of Lemma 5.6. Therefore, . zA; zH; zDt /z� is a smooth spectral triple for all t 2 Œ0; 1�
and, for q � 1

2
.pC 1/, the cocycles � zD0;z�2q and � zD1;z�2q are cohomologous in H2q

�
. zA/.

Incidentally, the restrictions to A of � zD0;z�2q and � zD1;z�2q are cohomologous cocycles

in H2q
�
.A/. As zD1 D zD the restriction of � zD1;z�2q is x�D;�2q . Moreover, it is shown
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in [77, §7] that �D;�2q is the restriction of � zD0;z�2q . Therefore, we see that �D;�2q and x�D;�2q

are cohomologous in H2q
�
.A/, and hence define the the same class in HP0.A/. The

proof is complete.

Granted Lemma 5.5 and Lemma 5.7 the Connes–Chern character descends to a
class in HP0.A/ as follows.
Definition 5.8. TheConnes–Chern characterCh.D/� 2 HP0.A/ defined as follows:
� When D is invertible this the common class in HP0.A/ of any of the cyclic
cocycles �D;�2q or x�D;�2q , q � 1

2
.p � 1/.

� When D is not invertible this the common class in HP0.A/ of the cyclic
cocycles x�D;�2q , q � 1

2
.p � 1/.

Proposition 5.9. Let .A;H ;D/� be a p-summable smooth twisted spectral triple.
Then

(1) The class Ch.D/� agrees with the Connes–Chern character Ch.D/� under the
morphism HP0.A/! HP0.A/ induced by the inclusion of C�

]
.A/ into C �

]
.A/.

(2) For any Hermitian finitely generated projective module E over A and
� -connection rE on E , we have

indDrE D hCh.D/� ;Ch.E/i ;

where Ch.E/ is the Chern character of E seen as a class in HP0.A/.

Proof. The first part is immediate since by their very definitions, Ch.D/� and
Ch.D/� are represented by the same cyclic cocycles. As for the 2nd part, consider
an idempotent e in some MN .A/, N � 1 such that E ' eAN . Then, for any
q � 1

2
.p � 1/,

hCh.D/� ;Ch.E/i D
˝
x�
D;�
2q ;Ch.e/

˛
D hCh.D/� ;Ch.E/i :

Combining this with Proposition 4.9 gives the result.

Remark 5.10. In what follows by the Connes–Chern character of a smooth
(p-summable) twisted spectral triple .A;H ;D/� we shall mean the cohomology
class Ch.D/� 2 HP0.A/.

6. Invariance of the Connes–Chern character

In preparation for the next section, we prove in this section the invariance of the
Connes–Chern character under equivalences and conformal deformations of twisted
spectral triples.
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6.1. Equivalence of twisted spectral triples. The equivalence of two twisted spec-
tral triples over the same algebra is defined as follows.
Definition 6.1. Let .A;H1;D1/�1 and .A;H2;D2/�2 be twisted spectral triples
over the same algebra. For i D 1; 2 let us denote by �i the representation of A

into Hi . Then we say that .A;H1;D1/�1 and .A;H2;D2/�2 are equivalent when
there is a unitary operator U WH1 ! H2 such that

D1 D U
�D2U; (6.1)

�1.a/ D U
��2.a/U and �1.�1.a// D U

��2.�2.a//U for all a 2 A: (6.2)

Remark 6.2. We may also define the equivalence of a pair of spectral triples
.A1;H1;D1/�1 and .A2;H2;D2/�2 with A1 ¤ A2 by requiring the existence
of a �-algebra isomorphism  WA1 ! A2 and replacing the condition (6.2) by

�1.a/ D U
��2 . .a// U and �1.�1.a// D U

��2 .�2 . .a/// U for all a 2 A1:

Proposition 6.3. Let .A;H1;D1/�1 and .A;H2;D2/�2 be equivalent twisted
spectral triples that are p-summable for some p � 1. In addition, let q be an
integer � 1

2
.p � 1/. Then

(1) The cyclic cocycles x�D1;�12q and x�D2;�22q agree.

(2) The same result holds for the cocycles �D1;�12q and �D2;�22q when D1 and D2 are
invertible.

(3) The twisted spectral triples .A;H1;D1/�1 and .A;H2;D2/�2 have the same
Connes–Chern character.

Proof. The last part is an immediate consequence of the first two parts, so we only
need to prove these two parts. In addition, we note that the invertible doubles
of .A;H1;D1/�1 and .A;H2;D2/�2 are equivalent, where the equivalence is
implemented by the unitary operator U ˚ U acting on zH D H ˚H . Therefore, it
is enough to assume thatD1 andD2 are invertible and prove the 2nd part.

Under the aforementioned assumption and using (6.1)–(6.2) we see that, for
all a 2 A,

D�11 ŒD1; a��1 D U
�D�12 ŒD2; a��2U:

Therefore, for all aj 2 A, we have

�
D1;�1
2q .a0; : : : ; a2q/

D
1

2
.�1/q

qŠ

.2q/Š
Str
˚
U �D�12 ŒD2; a

0��2U � � �U
�D�12 ŒD2; a

2q��2U
	

D �
D2;�2
2q .a0; : : : ; a2q/:

This proves the result.
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6.2. Conformal deformations of twisted spectral triples. For future purpose it
will be useful to extend to the setting of twisted spectral triples the conformal
deformations of ordinary spectral triples. Let .A;H ;D/� be a twisted spectral
triple and k a positive element of A. We let y� WA ! A be the automorphism of A

given by
y�.a/ D k�.kak�1/k�1 8a 2 A:

Proposition 6.4. .A;H ; kDk/y� is a twisted spectral triple.

Proof. We only need to check the boundedness of the twisted commutators

ŒkDk; a�y� ; a 2 A:

To see this we note that

ŒkDk; a�y� D kDka � y�.a/kDk

D k
�
D.kak�1/ � .k�1y�.a/k/D

�
k D kŒD; a��k:

(6.3)

As the twisted commutator ŒD; a�� is bounded, it follows that ŒkDk; a�y� is bounded
as well. The proof is complete.

The following shows that the Connes–Chern character is invariant under con-
formal deformations.
Proposition 6.5. Assume that .A;H ;D/� is p-summable for some p � 1. Then,
for any positive element k 2 A, we have

Ch.kDk/y� D Ch.D/� 2 HP0.A/:

Remark 6.6. The above result is proved in [38] in the special case � D id and D is
invertible.

Proof of Proposition 6.5. SetDk D kDk. We shall first prove the result whenD is
invertible, as the proof is simpler in that case. Given an integer q > 1

2
.p � 1/ let

aj 2 A, j D 0; : : : ; 2q. Using (4.2) and (6.3) we get

�
Dk ;y�
2q .a0; : : : ; a2q/

D cq Str
˚
D�1k ŒDk; a

0�y� � � �D
�1
k ŒDk; a

2q�y�
	

(6.4)
D cq Str

˚
.k�1D�1ŒD; ka0k�1��k/ � � � .k

�1D�1ŒD; ka2qk�1��k/
	

(6.5)
D cq Str

˚
D�1ŒD; ka0k�1�� � � �D

�1ŒD; ka2qk�1��
	

(6.6)

D �
D;�
2q

�
ka0k�1; : : : ; ka2qk�1

�
: (6.7)

As cyclic cohomology is invariant under the action of inner automorphisms (see [32,
Prop. III.1.8] and [64, Prop. 4.1.3]), we deduce that the cyclic cocycles �D;�2q and �Dk ;y�2q
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are cohomologous in H 2q

�
.A/. Therefore, they define the same class in HP0.A/,

and so the twisted spectral triples .A;H ;D/� and .A;H ;Dk/y� have the same
Connes–Chern character.

Let us now prove the result when D is not invertible. To this end consider the
respective unital invertible doubles . zA; zH ; zD/� and . zA; zH ; zDk/y� of .A;H ;D/�
and its conformal deformation .A;H ;Dk/y� , where by a slight abuse of notation we
have denoted by � and y� the extensions to zA of the automorphisms � and y� . As it
turns out, . zA; zH ; zDk/y� is not a conformal deformation of . zA; zH ; zD/� so that the
proof in the invertible case does not extend to the invertible doubles. Nevertheless, as
we shall see, . zA; zH ; zDk/y� is a pseudo-inner twisting in the sense of [79] of a twisted
spectral triple which is homotopy equivalent to . zA; zH ; zD/� .

To wit consider the selfadjoint unbounded operator on zH D H ˚H given by

zD1 D

�
D k�2

k�2 �D

�
; dom. zD1/ D dom.D/˚ dom.D/:

As zD1 agrees with zD up to a bounded operator, we see that . zA; zH ; zD1/� is a
p-summable twisted spectral triple. Note also that

zDk D

�
kDk 1

1 �kDk

�
D ! zD1!; where ! WD

�
k 0

0 k

�
: (6.8)

In particular, we see that zD1 is invertible. An explicit homotopy between . zA; zH ; zD/�
and . zA; zH ; zD1/� is given by the family of twisted spectral triples . zA; zH ; zDt /� ,
t 2 Œ0; 1�, with

zDt D

�
D k�2t

k�2t �D

�
D zD C Vt ; where Vt D

�
0 k�2t � 1

k�2t � 1 0

�
: (6.9)

We observe that .Vt /t2Œ0;1� is a C 1-family in L. zH / and, in the same way as for zD1,
it can be shown that the operator zDt is invertible for all t 2 Œ0; 1�. Therefore,
we may use the homotopy invariance of the Connes–Chern character in the form
of [77, Appendix C] to deduce that, for all q � 1

2
.p C 1/, the cyclic cocycles � zD;�2q

and � zD1;�2q are cohomologous inH 2q

�
. zA/. Incidentally, if denote by x� zD;�2q and x� zD1;�2q

their respective restrictions to A, then we see that x� zD;�2q and x� zD1;�2q are cohomologous
cyclic cocycles inH 2q

�
.A/.

Bearing this inmind, leta2A. Using (6.8) and noting that! z�.a/!�1D z�.kak�1/,
we see that

zDk z�.a/ D ! zD1.! z�.a/!
�1/! D ! zD1z�.kak

�1/!:

Likewise,

z�.y�.a// zDk D !.!
�1
z�.y�.a//!/ zD1!

D ! z�.k�1y�.a/k/ zD1! D ! z�.�.kak
�1// zD1!:
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Thus,
zD�1k Œ zDk; z�.a/�y� D

�
!�1 zD�11 !�1

��
!Œ zD1; z�.kak

�1/��!
�

D !�1 zD�11 Œ zD1; z�.kak
�1/��!:

(6.10)

Given an integer q > 1
2
.p � 1/, let aj 2 A, j D 0; : : : ; 2q. Using (4.2) and (6.10)

and arguing as in (6.7) we obtain

x�
zDk ;y�
2q .a0; : : : ; a2q/

D cq Str
˚
zDkŒ zDk; z�.a

0/�y� � � � zDkŒ zDk; z�.a
2q/�y�

	
(6.11)

D cq Str
˚
.!�1 zD1Œ zD1; z�.ka

0k�1/��!/ � � � .!
�1 zD1Œ zD1; z�.ka

2qk�1/��!/
	
(6.12)

D cq Str
˚
zD1Œ zD1; z�.ka

0k�1/�� � � � zD1Œ zD1; z�.ka
2qk�1/��

	
(6.13)

D x�
zD1;�
2q .ka0k�1; : : : ; ka2qk�1/: (6.14)

Therefore, in the sameway as in the invertible case, we deduce that the cocycles x�
zDk ;y�
2q

and x� zD1;�2q are cohomologous in H 2q

�
.A/. It then follows that, for q � 1

2
.p C 1/,

the cocycles x� zD;�2q and x�
zDk ;y�
2q are cohomologous in H 2q

�
.A/, and hence define the

same class in HP0.A/. This shows that the twisted spectral triples .A;H ;D/� and
.A;H ;Dk/y� have same Connes–Chern character. The proof is complete.

6.3. Smooth twisted spectral triples. Weshall nowexplain how to extend to smooth
twisted spectral triples the previous results of this section. First, we have the following
result.

Proposition 6.7. Let .A;H1;D1/�1 and .A;H2;D2/�2 be equivalent smooth twisted
spectral triples that are p-summable for some p � 1. Then Ch.D1/�1 D Ch.D2/�2
in HP0.A/.

Proof. This is an immediate consequence of the first two parts of Proposition 6.3,
since they imply thatCh.D1/�1 andCh.D2/�2 are represented by the same cocycles.

Proposition 6.8. Assume that .A;H ;D/� is p-summable for some p � 1. Then,
for any positive element k 2 A, we have

Ch.kDk/y� D Ch.D/� 2 HP0.A/:

Proof. We shall continue using the notation of the proof of Proposition 6.5. This
proof shows that, for any q � 1

2
.p C 1/, the cocycles x�D;� and x�Dk ;y� define

the same class in H 2q

�
.A/ by establishing that they are both cohomologous to the
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cocycle x� zD1;� . In order to prove the result we only need to show that x�D;� and x�Dk ;y�

are both cohomologous to x� zD1;� in H2q
�
.A/.

The equality between the classes of x�D;� and x� zD1;� inH 2q

�
.A/ is a consequence

of the homotopy invariance of the Connes–Chern character and the fact that the
operators zD and zD1 can be connected by a operator homotopy of the form (6.9).
Using Lemma 5.6 we then see that the cocycles � zD;z� and � zD1;� are cohomologous
inH2q

�
. zA/. Therefore, their restrictions toA, i.e. the cocycles x�D;� and x� zD1;� , define

the same class in H2q
�
.A/.

In addition, Eq. (6.14) shows that the cocycle x�Dk ;y� is obtained from x� zD1;� by
composing with the inner automorphism defined by k. The proof of the invariance
of cyclic cohomology by the action of inner automorphisms in [64] holds verbatim
for the cyclic cohomology of continuous cochains. It then follows that the cocycles
x�Dk ;y� and x� zD1;� define the same class in H2q

�
.A/, and so x�D;� and x�Dk ;y� are

cohomologous in H2q
�
.A/. The proof is complete.

7. The conformal Connes–Chern character

In this section, after recalling the construction of the conformal Dirac spectral triple
of [38] associated with any given conformal structure, we show that its Connes–
Chern character (defined in continuous cyclic cohomology) is actually a conformal
invariant.

7.1. The conformal Dirac spectral triple. Throughout this section and the rest of
the paper we letM be a compact (closed) spin orientedmanifold of even dimension n.
We also let C be a conformal structure onM , i.e. a conformal class of Riemannian
metrics onM . We then denote byG the identity component of the group of (smooth)
orientation-preserving diffeomorphisms ofM preserving the conformal structure C

and the spin structure ofM . Let g be a representative metric in the conformal classC ,
and consider the associated Dirac operator =Dg WC

1.M; =S/ ! C1.M; =S/ on the
sections of the spinor bundle =S D =S

C
˚ =S

�. In addition, we denote by L2g.M; =S/
the corresponding Hilbert space of L2-spinors.

In the setup of noncommutative geometry, the role of the quotient space M=G
is played by the (discrete) crossed-product algebra C1.M/ Ì G. The underlying
vector space of C1.M/ Ì G is CG ˝ C1.M/, where CG is the group algebra
of G over C. Given � 2 G and f 2 C1.M/, it is convenient to denote the tensor
products 1˝� and f ˝1 by u� and f , respectively. Using this notation, any element
of C1.M/ÌG has a unique representation as a finite sum

P
f�u� , f� 2 C1.M/,
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so that we have the direct-sum decomposition,

C1.M/ ÌG D
M
�2G

C1.M/u� : (7.1)

The action of G onM gives to an action on C1.M/ given by

� � f D f ı ��1; � 2 G; f 2 C1.M/: (7.2)

The product and involution of C1.M/ ÌG are given by

.f 0u�0/.f
1u�1/ D f

0.�0 � f
1/u�0�1 ; �j 2 G; f

j
2 C1.M/; (7.3)�

f u�
��
D u�1�

xf D .��1 � xf /u��1 ; � 2 G; f 2 C1.M/: (7.4)

In particular, we have the relations,

u�f D .� � f /u� and u�� D u
�1
� D u��1 :

Let � 2 G. As � is a diffeomorphism preserving the conformal class C , there is
a unique function k� 2 C1.M/, k� > 0, such that

��g D k
2
�g: (7.5)

Moreover, � uniquely lifts to a unitary vector bundle isomorphism � =S W =S ! ��=S ,
i.e. a unitary section of Hom.=S; ��=S/ (see [14]). We then let V� WL2g.M; =S/ !
L2g.M; =S/ be the bounded operator given by

V�u.x/ D �
=S
�
u ı ��1.x/

�
; 8u 2 L2g.M; =S/; 8x 2M: (7.6)

The map � ! V� is a representation of G in L2g.M; =S/, but this is not a unitary
representation. In order to get a unitary representation we need to take into account
the Jacobian j�0.x/j D k�.x/

n of � 2 G. This is achieved by using the unitary
operator U� WL2g.M; =S/! L2g.M; =S/ given by

U� D k
n
2

� V� ; � 2 G: (7.7)

Then � ! U� is a unitary representation ofG inL2g.M; =S/. Combining this with the
action ofC1.M/ by multiplication operators provides with a �-representation of the
crossed-product algebra C1.M/ Ì G. In addition, we let �g be the automorphism
of C1.M/ ÌG given by

�g.f u�/ WD k�f u� ; 8f 2 C1.M/; 8� 2 G: (7.8)

Proposition 7.1 ([38]). The triple .C1.M/ Ì G;L2g.M; =S/; =Dg/�g is a twisted
spectral triple.
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Remark 7.2. The bulk of the proof is to show the boundedness of the twisted
commutators Œ =Dg ; U� ��g , � 2 G. We remark that

U� =DgU
�
� D k

n
2

� .V� =DgV
�1
� /k

�n2
� D k

n
2

�
=D��gk

�n2
� D k

n
2

�
=Dk2�g

k
�n2
� :

Combining this with the conformal invariance of the Dirac operator (see, e.g. [55])
we obtain

U� =DgU
�
� D k

n
2

�

�
k
�

�
nC1
2

�
�

=Dgk
n�1
2

�

�
k
�n2
� D k

� 12
�

=Dgk
� 12
� :

Using this we see that the twisted commutator Œ =Dg ; U� ��g D =DgU� � k�U� =Dg is
equal to�

=Dgk
1
2

� � k�.U� =DgU
�
� /k

1
2

�

�
k
� 12
� U� D

�
=Dgk

1
2

� � k
1
2

�
=Dg

�
k
� 12
� U�

D Œ =Dg ; k
1
2

� �k
� 12
� U� :

This shows that Œ =Dg ; U� ��g is bounded.
Remark 7.3. We shall refer to .C1.M/ Ì G;L2g.M; =S/; =Dg/�g as the conformal
Dirac spectral triple associated with the representative metric g.
Remark 7.4. The automorphism �g is ribbon in the sensementioned in Remark 2.22.
This is seen by using the automorphism �g of C1.M/ ÌG defined by

�g.f u�/ D

q
k�f u� ; 8f 2 C1.M/; 8� 2 G;

where k� is the conformal factor in the sense (7.5).
The crossed-productC1.M/ÌG is endowedwith a locally convex space topology

as follows. The direct-sum decomposition (7.1) means that, as a vector space,
C1.M/ ÌG is the direct union of the subspaces,

C1.M/ Ì F D
M
�2F

C1.M/u� ; F � G finite:

Given a finite subset F � G, we have a canonical vector space identification
C1.M/ Ì F ' C1.M/F . Note that C1.M/F is a Fréchet space with respect
to the product topology. Pulling back this topology to C1.M/ Ì F we obtain a
canonical Fréchet space topology on this space. We then endow C1.M/ Ì G with
the coarsest locally convex topology that makes continuous the inclusions of the
subspaces C1.M/ Ì F into C1.M/ Ì G as F ranges over finite subsets of G.
Thus a basis of neighborhoods of the origin in C1.M/ Ì G consists of convex
balanced subsets U such that, for all every finite subset F � G, the intersection
U \ .C1.M/ Ì F / is a neighborhood of 0 in C1.M/ Ì F . In particular, given a



1606 R. Ponge and H. Wang

topological vector space X , a linear map T WC1.M/ ÌG ! X is continuous if and
only if, for all � 2 G, the linear map f ! T .f u�/ is continuous from C1.M/

to X .
We also observe that, given �0 and �1 in G, the multiplication (7.3) induces a

jointly continuous bilinear map�
C1.M/u�0

�
�
�
C1.M/u�1

�
! C1.M/u� :

In addition, given any � 2 G, the involution (7.4) induces a continuous anti-linear
map

C1.M/u� �! C1.M/u��1 :

It then follows that the multiplication of the crossed-product algebra C1.M/ Ì G
is a jointly continuous bilinear and its involution is continuous. Therefore, we see
that C1.M/ Ì G is a locally convex �-algebra with respect the topology described
above.
Lemma 7.5. For any metric g 2 C , the twisted spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

is smooth in the sense of Definition 5.1.

Proof. Let� 2 G. Themapf ! f U� is continuous fromC1.M/ toL.L2g.M; =S//.
As �g.f u�/ D k�f u� and ��1g .f u�/ D k�1� f u� , the maps � ! �˙1g .f u�/

are continuous from C1.M/ to C1.M/ Ì G. In addition, note that, for any
f 2 C1.M/,

Œ =Dg ; f U� ��g D Œ =Dg ; f �U� C f Œ =Dg ; U� ��g D ic.df /U� C f Œ =Dg ; U� ��g ;

where c.df / is the Clifford representation of the differential df . Thus, the map
f ! Œ =Dg ; f U� ��g is continuous from C1.M/ to L.L2g.M; =S//. It follows from
all this that the conditions (1)–(3) of Definition 5.1 are satisfied, and so�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

is a smooth twisted spectral triple. The lemma is thus proved.

7.2. Conformal invariance of the Connes–Chern character. The construction of
the conformal Dirac spectral triple .C1.M/ Ì G;L2g.M; =S/; =Dg/�g , depends on
the choice of a representative metric g in the conformal class C . The following
proposition describes the dependence on this choice.
Proposition 7.6. Let yg be another metric in the conformal class C , i.e. yg D k2g for
some function k 2 C1.M/, k > 0. Let y� be the automorphism of C1.M/ Ì G
defined by

y�.a/ D k�
1
2 �g.k

� 12ak
1
2 /k

1
2 D k�1�g.a/k; a 2 C1.M/ ÌG: (7.9)
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Then the conformal Dirac spectral�
C1.M/ ÌG;L2

yg.M; =S/; =D yg
�
�yg

associated with yg is equivalent to the conformal deformation�
C1.M/ ÌG;L2g.M; =S/; k

� 12 =Dgk
� 12
�
y�
:

Proof. Let U WL2
yg
.M; =S/ ! L2g.M; =S/ be the operator given by the multiplication

by k n2 . Let u 2 L2
yg
.M; =S/. As jdxjyg D k.x/njdxjg , we have

kUuk2
L2g.M;=S/

D

Z
M

�
k.x/

n
2 u.x/; k.x/

n
2 u.x/

�
jdxjg

D

Z
M

�
u.x/; u.x/

�
jdxjyg D kuk

2

L2
yg
.M;=S/

:

This shows that U is a unitary operator. Moreover, using the conformal invariance
of the Dirac operator [56] we see that

=D yg D k
� 12 .nC1/ =Dgk

1
2 .n�1/ D U �k�

1
2 =Dgk

� 12U: (7.10)

Let � 2 G. We have two representations of �. One is the unitary operator V�
of L2g.M; =S/ given by (7.6) using the representative metric g. We have another
representation of � as a unitary operator yV� of L2

yg
.M; =S/ given by the same formula

using the metric yg. That is,

yV�u D e
nyh���u; u 2 L2

yg.M; =S/;

where yh� 2 C1.M;R/ and satisfies that ��yg D e2h� yg. Set h D log k. Then

��yg D ��.k
2g/ D .k ı ��1/2��g D e

2he2h�g D e2.hı�
�1Ch��h/yg;

which shows that yh� D h ı ��1 C h� � h. Let u 2 L2yg.M; =S/. Then

yV�u D e
�nhenh�e�nhı���u D k

�n2 enh���.k
n
2 u/ D U �V�Uu:

Likewise,

�yg. yV�/u D e
�.nC1/yh���u

D k�.nC1/e.nC1/h���.k
nC1u/

D Uk�1�g.V�/kUu D U
�1
y�.V�/Uu:

We then deduce that, for all f 2 C1.M/ and � 2 G,

f yV� D U
�.f V�/U and �yg.f yV�/ D U

�
y�.f V�/U:
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Combining this with (7.10) shows that the twisted spectral triples�
C1.M/ ÌG;L2

yg.M; =S/; =D yg
�
�yg

and �
C1.M/ ÌG;L2g.M; =S/; k

� 12 =Dgk
� 12
�
y�

are equivalent. The proof is complete.

Given any metric g 2 C , the j th eingenvalue of j =Dg j grows like j
1
n as j !1.

Therefore, the associated twisted spectral triple�
C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

is p-summable for all p > n. Combining this with Proposition 6.3 shows that the
Connes–Chern character of�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

is well defined as a class in HP0.C1.M/ ÌG/ for every metric g in the conformal
class C .

We are now in a position to state the main result of this section.
Theorem 7.7. The Connes–Chern character Ch. =Dg/�g 2 HP0 .C1.M/ ÌG/ is
independent of the choice of the metric g 2 C , i.e, it is an invariant of the conformal
structure C .

Proof. Let yg be another metric in the conformal class C , so that yg D k2g

with k 2 C1.M/, k > 0. Combining Proposition 7.6 with Proposition 6.3 and
Proposition 6.8 we get

Ch. =D yg/�yg D Ch
�
k�

1
2 =Dgk

� 12
�
y�
D Ch. =Dg/�g in HP0 .C1.M/ ÌG/;

where y� is defined as in (7.9). This proves the result.

This leads us to the following definition.
Definition 7.8. The Connes–Chern character of the conformal class C , denoted by
Ch.C/, is the common class inHP0 .C1.M/ ÌG/ of the Connes–Chern characters
of the conformal Dirac spectral triples�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

as the metric g ranges over the conformal class C .
Combining this with Proposition 5.9 we obtain the following index formula.

Proposition 7.9. Let E be a finitely generated projective module over C1.M/ÌG.
Then, for any metric g 2 C and any �g -connection on E , we have

indDrE D hCh.C/;Ch.E/i :
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8. Local index formula in conformal geometry

In this section, we shall compute the conformal Connes–Chern character Ch.C/
when the conformal structure C is not flat. Together with Proposition 7.9 this
will provide us with the local index formula in conformal-diffeomorphism invariant
geometry. We recall that the conformal structure C is flat when it is equivalent to the
conformal structure of the round sphere Sn. In caseM is simply connected and has
dimension � 4 this is equivalent to the vanishing of the Weyl curvature tensor ofM
(see [63]).

As pointed out in Remark 4.12, the Ansatz of Moscovici [68] is not known
to hold for conformal deformations of ordinary spectral triples sastisfying the local
index formula in noncommutative geometry of [35]. As a result, unless the conformal
structure C is flat andG is a maximal parabolic subgroup of PO.nC1; 1/, we cannot
claim that for a general metric in C the corresponding conformal Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

satisfies Moscovici’s Ansatz.
Having said this, the conformal invariance of the Connes–Chern character

Ch. =Dg/�g provided by Theorem 7.7 allows us to choose anymetric in the conformal
class C to computeCh.C/. In particular, as we shall see below (and as also observed
by Moscovici [68]), the computation is greatly simplified by choosing a G-invariant
metric in the conformal class C . When the conformal structure C is non-flat, the
existence of such a metric is ensured by the following result.
Proposition 8.1 (Ferrand–Obata [9,45,81]). If the conformal structure C is not flat,
then the group of smooth diffeomorphisms ofM preserving C is a compact Lie group
and there is a metric in C that is invariant by this group.

The relevance of using a G-invariant metric g 2 C stems from the observation
that in this case ��g D g for all � 2 G, and so, for every � 2 G, the conformal
factor k� is always the constant function 1. This implies that, for any � 2 G, the
unitary operator U� agrees with the pushforward by �. This also implies that the
automorphism �g given by (7.8) is trivial, so that the conformal Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
�g

is actually an ordinary spectral triple. Therefore, we arrive at the following statement.
Proposition 8.2. The conformal Connes–Chern character Ch.C/ agrees with the
ordinary Connes–Chern character of the equivariant Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
associated with any G-invariant metric g in the conformal class C .



1610 R. Ponge and H. Wang

The computation of the Connes–Chern character of an equivariant Dirac spectral
triple �

C1.M/ ÌG;L2g.M; =S/; =Dg

�
associated with any G-invariant metric g 2 C is carried out in [78]. In order to
present the results of [78] we need to introduce some notation.

In what follows we let g be a G-invariant metric in the conformal class C . Given
� 2 G we denote byM � its fixed-point set. As � preserves the orientation and the
metric g, we have the following disjoint-union decomposition,

M �
D

G
n�a22N0

M �
a ; whereM �

a D
˚
x 2M �

I rk.�0.x/ � id/ D a
	
;

and each componentM �
a is a submanifold ofM of dimension a. For a D 0; 2; : : : ; n

we let N
�
a D .TM

�/? be the normal bundle ofM �
a ; this is a smooth vector bundle

over M �
a . We denote by �N the isometric vector bundle isomorphism induced

on N
�
a by �0. We note that the eigenvalues of �N are either �1 (which has even

multiplicity) or complex conjugates e˙i� , � 2 .0; �/, with same multiplicity. In
addition, we shall orient M �

a like in [11, Prop. 6.14], so that the vector bundle
isomorphism � =S W =S ! ��=S gives rise to a section of ƒn�a.N �

a /
� which is positive

with respect to the orientation of N � defined by the orientations ofM andM �
a .

For a D 0; 2; : : : ; n, we let�.M �
a / D .�

�.M
�
a /;^; d / be the differential graded

algebra (DGA) of differential forms on M �
a . We then define �.M �/ as the DGA

obtained as the direct sum of the DGAs �.M �
a /, a D 0; 2; : : : ; n. We shall refer to

elements of ��.M �/ as differential forms on M � . Given ! 2 ��.M �/ we shall
denote by !j

M
�
a
its component in ��.M �

a /. Note that

.!1 ^ !2/
ˇ̌
M
�
a
D
�
!1
ˇ̌
M
�
a

�
^
�
!2
ˇ̌
M
�
a

�
; !j 2 �.M �/; a D 0; 2; : : : ; n:

For a D 0; 2; : : : ; n, we let ��
M
�
a

W�.M/ ! �.M
�
a / be the DGA map given by

pulling-pack by the smooth inclusion �
M
�
a
WM

�
a ,! M . Taking direct sums of these

DGA maps then provides us with a DGA map ��
M� W�.M/ ! �.M �/. We also

define the integration
R
M� W�.M

�/! C byZ
M�

! WD
X

n�a22N0

Z
M
�
a

�
!j
M
�
a

�.a/
; ! 2 �.M �/; (8.1)

where .!j
M
�
a
/.a/ 2 �a.M

�
a / is the top degree component of !j

M
�
a
.

In addition, as the Levi-Civita connection rTM is preserved by �, for a D
0; 2; : : : ; n, it preserves the orthogonal splitting TM j

M
�
a
D TM

�
a ˚N

�
a , and so it

induces a connection rN
�
a on N

�
a in such a way that

r
TM

ˇ̌
jTM

�
a
D r

TM
�
a ˚r

N
�
a ;
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where rTM
�
a is the Levi-Civita connection of TM �

a . Let RTM
�
a and RN

�
a be the

respective curvatures of rTM
�
a and rN

�
a . We associate with these curvatures the

following characteristic forms,

yA
�
RTM

�
a
�
WD det

1
2

�
RTM

�
a =2

sinh.RTM�
a =2/

�
and V�

�
RN

�
a
�
WD det�

1
2

�
1 � �N e�R

N
�
a
�
;

(8.2)

where det�
1
2 .1 � �N e�R

N
�
a / is defined in the same way as in [11, Section 6.3].

In particular, yA.RTM
�
a / is the yA-form of the curvature RTM

�
a and the zeroth

degree component of the characteristic form N�.R
N
�
a / is the Lefschetz number

det�
1
2 .1 � �N /. We then let ‡�.R/ 2 �.M �/ be the differential form on M �

defined by

‡�.R/
ˇ̌
M
�
a
D .�i/

n
2 .2�/�

a
2 yA
�
RTM

�
a
�
^ V�

�
RN

�
a
�
; a D 0; 2; : : : ; n: (8.3)

Note that ‡�.R/ is a closed differential form onM � .
Theorem 8.3 ([78, Theorem 7.8]). Let g be aG-invariant metric. Then the Connes–
Chern character Ch.D/ of the equivariant Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
is represented in HP0.C1.M/ ÌG/ by the cocycle 'CM D .'2q/q�0 defined by

'2q.f
0u�0 ; : : : ; f

2qu�2q /

D
1

.2q/Š

Z
M�

‡�.R/ ^ ��
M�

�
f 0d yf 1 ^ � � � ^ d yf 2q

�
; (8.4)

where we have set � WD �0ı� � �ı�2q and yf j WD f j ı��1j�1ı� � �ı�
�1
0 , j D 1; : : : ; 2q.

Combining this with Proposition 8.2 we obtain the following index formula in
conformal-diffeomorphism invariant geometry.
Theorem 8.4. Assume that the conformal structure C is non-flat.
(1) For any G-invariant metric g 2 C , the conformal Connes–Chern character

Ch.C/ is represented in HP0.C1.M/ ÌG/ by the cocycle ' associated with g
by (8.4).

(2) Let E be a finitely generated projective module over C1.M/ÌG. Then, for any
metric g 2 C and any �g -connection rE on E , we have

indDrE D h';Ch.E/i ;

where Ch.E/ is the Chern character of E and ' is the cocycle (8.4) associated
with any G-invariant metric in C .
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Remark 8.5 (See also [68]). For q D 1
2
n the right-hand side of (8.4) reduces to an

integral over M �
n . This submanifold is a disjoint union of connected components

ofM and on each of those components � is the identity. Therefore, ifM is connected,
thenM � is empty unless � D id. In this case we then have

'n.f
0u�0 ; : : : ; f

nu�n/

D

(
.2i�/

�n
2

nŠ

R
M
f 0d yf 1 ^ � � � ^ d yf n; if �0 ı � � � ı �n D id;

0; otherwise:
(8.5)

That is, 'n agrees with the transverse fundamental class cocycle of Connes [31].
Remark 8.6. The computation in [78] of the Connes–Chern character in
HP.C1.M/ ÌG/ of an equivariant Dirac spectral triple�

C1.M/ ÌG;L2g.M; =S/; =Dg

�
is divided into two main steps. The first step consists in showing that the
Connes–Chern character is represented in HP0.C1.M/ Ì G/ (and not just in
HP0.C1.M/ ÌG/) by the CM cocycle. This requires extending the local index
formula of [34, 35] to the setting of smooth spectral triples. The second step is the
explicit computation of that CM cocycle as an immediate byproduct of a new proof
of the equivariant local index theorem of Patodi [72], Donnelly–Patodi [42], and
Gilkey [49] (see also [8, 27]).

9. Equivariant cohomology and mixed equivariant homology

In this section, we recall the main background on group homology and equivariant
cohomology that is needed in this paper. We also review the mixed equivariant
homology of [75]. For a more comprehensive accounts on group homology and
equivariant cohomology we refer to the monographs [19, 54].

Throughout this section we let � be a group. By a �-space we shall mean a vector
space equipped with a left action of � , i.e. a left C�-module.

9.1. Group homology and group cohomology. The standard cyclic �-space (or
C�-module) of � is C.�/ D .C�.�/; d; s; t/, where Cm.�/ WD C�mC1, m � 0,
and the structural operators

d WC�.�/! C��1.�/; sWC�.�/! C�C1.�/; t WC�.�/! C�.�/

are given by

d. 0; : : : ;  m/ D . 0; : : : ;  m�1/; s. 0; : : : ;  m/ D . m;  0; : : : ;  m/; (9.1)
t . 0; : : : ;  m/ D . m;  0; : : : ;  m�1/;  j 2 �: (9.2)
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Each space Cm.�/ is equipped with the �-action such that

 � . 0; : : : ;  m/ D .  0; : : : ;   m/

for all  ; 0; : : : ;  m in � . The operators .d; s; t/ are �-equivariant with respect
to this action so that we get a cyclic �-space. At the simplicial level we obtain
the standard simplicial �-space of � whose geometric realization is the universal
�-bundle E� (a.k.a. Milnor construction). This gives rise to a chain complex
.C�.�/; @/, where the differential @WC�.�/! C��1.�/ is given by

@. 0; : : : ;  m/ D
X

0�j�m

.�1/j . 0; : : : ; y j ; : : : ;  m/;  j 2 �: (9.3)

In what follows, given �-spaces E1 and E2 we equip the tensor product E1 ˝ E2
(over C) with the diagonal action of � . We then denote by E1 ˝� E2 their tensor
product over � , i.e. the quotient of E1 ˝ E2 by the action of � . This ensures us
that . �1/˝� . �2/ D �1 ˝� �2 for all �j 2 � and  2 � . Bearing this in mind,
for any �-space E , we form the chain complex C.�;E/ WD .C�.�;E/; @/, where
Cm.�;E/ D Cm.�/˝� E . The homology of this complex is the homology of � with
coefficients in E and is denoted byH�.�;E/. In the case of the trivial�-space E D C
we recover the homology of the classifying space B� D E�=� (with coefficients
in C).

There is a natural duality betweenCm.�;E/ and the spaceCm.�;E/ that consists
of all �-equivariant maps uW�mC1 ! E . We thus obtain a cochain complex
.C �.�;E/; @/, where @WC �.�;E/! C �C1.�;E/ is given by

.@u/. 0; : : : ;  mC1/ D
X

0�j�mC1

.�1/ju. 0; : : : ; y j ; : : : ;  mC1/;  j 2 �:

The cohomology of this cochain complex is the cohomology of � with coefficients
in E and is denoted byH �.�;E/. When E D C we recover the cohomology of B� .

We have a natural cup product

`W Cp.�;E1/ � C q.�;E2/! CpCq.�;E1 ˝ E2/

given by

.u ` v/. 0; : : : ;  pCq/ D u. q; : : : ;  pCq/˝ v. 0; : : : ;  q/;  j 2 �:

This cup product is associative and compatible with the group coboundary @.
Therefore, it induces a (graded associative) cup product on group cohomology. In
particular, this turnsH �.�;C/ into a graded ring. By duality we get a cap product

aW Cp.�;E1/ � CpCq.�;E2/! Cq.�;E1 ˝ E2/
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given by

u a
�
. 0; : : : ;  pCq/˝� �

�
D . p; : : : ;  pCq/˝�

�
u. 0; : : : ;  p/˝ �

�
;

 j 2 �; � 2 E2: (9.4)

This cap product is compatible with the group boundary and coboundary, as well
as with the cup product. Therefore, it descends to a cap product between group
cohomology and group homology which is compatible with the cup product. In
particular, when E1 D C we obtain a graded (left) action of the cohomology ring
H �.�;C/ on the group homologyH�.�;E2/.

9.2. Equivariant cohomology. From now on we assume that � acts on a mani-
fold M by (smooth) diffeomorphisms. The equivariant cohomology of M is the
cohomology of the homotopy quotientE���M (a.k.a. Borel construction). This co-
homology can be defined by using the bicomplex of Bott [13] as follows. This
bicomplex is C�.M/ WD .C

�;�
� .M/; @; d/, where Cp;q� .M/ D Cp.�;�q.M// and

we regard the de Rham differential as an operator d WC �;�� .M/ ! C
�;�C1
� .M/. It

gives rise to the total complex

Tot.C�.M// D
�
Tot�.C�.M//; d �

�
;

where
Totm.C�.M// D

M
pCqDm

Cp.�;�q.M//

and d � D @ C .�1/pd on Cp.�;�q.M//. The equivariant cohomology of the
�-manifoldM is the cohomology of the cochain complex Tot.C�.M//. It is denoted
byH ��.M/.

We also define the even/odd equivariant cohomology H
ev=odd
� .M/ as the

cohomology of the cochain complex .C ev=odd
� .M/; d �/, where

C
ev=odd
� .M/ D

Y
pC q even/odd

Cp.�;�q.M//:

This is a natural receptacle for the construction of equivariant characteristic classes.
In particular, given any equivariant vector bundle E over M , we have a uniquely
defined equivariant Chern character Ch�.E/ 2 H ev

� .M/. Following Getzler [46],
given any connection rE on E, we can represent this equivariant Chern character
by an explicit equivariant cochain Ch�.rE / 2 C ev

� .M/ as follows.
As E is a �-equivariant bundle, any  2 � lifts to a vector bundle

isomorphism  E on E. In particular, this enables us to pushforward rE0 to the
connection

 �r
E
WD . � ˝  

E
� / ı r

E
ı . E� /

�1;
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where � and E� are the respective actions of onC1.M; T �M/ andC1.M;E/.
The equivariant Chern form is Ch�.rE / D .Chp�.r

E //p�0, where the components
Chp�.r

E / 2 Cp.�;��.M// are given by

Ch0�.r
E /. 0/ D Ch

�
. 0/�r

E
�
; (9.5)

Chp�.r
E /. 0; : : : ;  p/ D .�1/

pCS
�
. 0/�r

E ; : : : ; . p/�r
E
�
;  j 2 �: (9.6)

Here Ch.. 0/�rE / is the Chern form of the connection . 0/�rE and

CS
�
. 0/�r

E ; : : : ; . p/�r
E
�

is the Chern–Simons form of the connections . 0/�rE ; : : : ; . p/�rE as defined
in [46]. Note thatChp�.r

E / is an element ofCp.�;�ev.M// (resp.,Cp.�;�odd.M//)
when p is even (resp., odd).

When � is a compact connected Lie group, the equivariant cohomologyH ��.M/

can be described equivalently in terms of the Cartan model of equivariant differentiel
forms and the Weil model (see [25, 54, 66]).

9.3. Mixed equivariant homology. We also can define the equivariant homology
of the �-manifoldM by using a chain version of Bott’s bicomplex. For our purpose
it is more convenient to use the mixed equivariant homology of [75]. Following [75]
the equivariant mixed bicomplex of M is obtained as the tensor product over � of
the mixed complexes .C�.�/; @; 0/ and .��.M/; 0; d/. Thus, this is

C.�;M/ WD
�
C�;�.�;M/; @; 0; 0; d

�
;

where Cp;q.�;M/ D Cp.�;�
q.M//, p; q � 0. This gives rise to the “total” mixed

complex
Tot.C.�;M// D

�
Tot�.C.�;M//; @; .�1/pd

�
;

where
Totm.C.�;M// D

M
pCqDm

Cp.�;�
q.M//:

The cyclic homology of this mixed complex is called themixed equivariant homology
of the �-manifold M and is denoted by H�

� .M/]. A mixed equivariant chain in
Totm.C.�;M//\ is of the form ! D .!p;q/m�.pCq/22N0 where

!p;q 2 C�pC1 ˝� �
q.M/:

This gives a cycle iff @!p;q D 0whenpCq D m and @!pC1;qC.�1/pd!p;q�1 D 0
when m � .p C q/ 2 2N.

The periodic cyclic homology of the equivariant mixed complex Tot.C.�;M// is
called the even/oddmixed equivariant homology ofM and is denoted byH�

ev=odd.M/].
Note that the periodic cyclic complex is

.Cev=odd.�;M/; @C .�1/pd/;
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where
Cev=odd.�;M/ D

Y
pC q even/odd

Cp.�;�
q.M//:

The mixed equivariant homology is the natural receptacle for the cap product
between equivariant cohomology and group homology. More precisely, the cap
product (9.4) gives a cap product

aW Cp.�;�q.M// � Cm.�;C/! Cm�p.�;�
q.M//:

This is a differential bilinear map which is compatible with the group differentials
and the de Rham differential. Therefore, it gives rise to a (graded) cap product,

aW H ev=odd
� .M/ �H�.�;C/ �! H�

ev=odd.M/]: (9.7)

In particular, the cap products of equivariant cohomology classes with group
homology classes naturally give rise to classes inH�

ev=odd.M/].

10. Cyclic homology and group actions on manifolds

There is a large amount of work on the cyclic homology of crossed-product algebras,
especially in the case of group actions on manifolds or varieties (see, e.g. [10,18,20–
22, 31, 32, 40, 44, 47, 69, 70, 74, 75]). In his seminal work on cyclic cohomology and
foliations Connes [31] constructed an explicit cochain map and quasi-isomorphism
from equivariant cohomology into the homogeneous component of the periodic cyclic
cohomology. However, since then it was not until the recent notes [74,75] that further
explicit quasi-isomorphisms were exhibited. In this section, we briefly describe the
results of [74, 75] in the case of group actions on manifolds.

Throughout this section we let � be a group acting by smooth diffeomorphisms
on a closed manifold M n. We let A be the Fréchet algebra C1.M/. The action
of � gives rise to an action on A given by (7.2). We also denote by A� the crossed-
product algebra C1.M/ Ì � , which we endow with the locally convex algebra
topology described in Section 7.

10.1. Preamble 1: Paracyclic and cylindrical modules. In the following two pre-
ambles we let k be an arbitrary unital ring. In the context of group actions on
algebras, we are naturally lead to go beyond the scope of the mixed complexes
and cyclic modules described in Section 3. According to Getzler–Jones [47], a
parachain complex is given by the datum of .C�; b; B/, where Cm, m � 0, are
k-modules and bWC� ! C��1 and BWC� ! C�C1 are k-module maps such that
b2 D B2 D 0 and bB C Bb D 1 � T , where T WC� ! C� is some invertible
k-module map. Given a parachain complex C D .C�; b; B/ we also can form a
cyclic complexC \ D .C \� ; bCSB/ as in the case of mixed complexes. This need not
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be a chain complex (unless C is a mixed complex), but we obtain a para-S -module
(cf. Preamble 2).

Following [47], a paracyclick-module is given by the datumof .C�; d; s; t/, where
Cm, m � 0, are k-modules and the k-module maps d WC� ! C��1, sWC� ! C�C1
and t WC� ! C� define a simplicial module structure in the same way as cyclic
modules, but the cyclicity of the operator t is replaced by the relation t D ds and the
requirement that t is invertible. Any paracyclic k-module gives rise to a parachain
complex .C�; b; B/, where b is defined in the same way as with cyclic k-modules and
B D .1 � �/s0N with s0 D sb0s and b0 D

Pm�1
jD0 .�1/

jdj D b � d on Cm. In that
case T D 1 � .bB C Bb/ D tmC1 on Cm. (When C is a cyclic module we obtain a
mixed complex which is isomorphic to its usual mixed complex.)

A parachain bicomplex is given by the datum of .C�;�; xb; xB; b; B/, where Cp;q ,
p; q � 0, are k-modules, .C�;q; xb; xB/ and .Cp;�; b; B/ are parachain complexes for
all p; q � 0, and the horizontal differentials .xb; xB/ both commute with each of
the vertical differentials .b; B/. We have a cylindrical complex when the operators
xT D 1 � .xb xB C xBxb/ and T D 1 � .bB C Bb/ are inverses of each other (cf. [47]).
As observed in [47], any cylindrical complex gives rise to a total mixed complex

Tot.C / D
�
Tot�.C /; b�; B�

�
;

where
Totm.C / D

M
pCqDm

Cp;q

and b� D xb C .�1/pb and B� D xB C .�1/p xTB on Cp;q .
A bi-paracyclic k-module is given by the datum of .C�;�; xd;xs;xt ; d; s; t/, where

Cp;q , p; q � 0, are k-modules, .C�;q; xd;xs;xt / and .Cp;�; d; s; t/ are paracyclic
k-modules for all p; q � 0, and all the horizontal operators . xd;xs;xt / commute
with each of the vertical operators .d; s; t/. We have a cylindrical k-module when
xtpC1tqC1 D 1 on Cp;q . Any cyclindrical k-module

C D
�
C�;�; xd;xs;xt ; d; s; t

�
gives rise to a cyclindrical complex .C�;�; xb; xB; b; B/, where .xb; xB/ (resp., .b; B/)
are defined as above by using . xd;xs;xt / (resp., .d; s; t/). This gives rise to a total
mixed complex Tot.C /. We also obtain a diagonal cyclic k-module

Diag.C / D .Diag�.C /; xdd;xss;xt t /;

with Diagm.C / D Cm;m, m � 0.

10.2. Preamble 2:TriangularS -modules. TheS -modules of Jones–Kassel [59, 61]
encapsulate various approaches to cyclic homology. More generally, according
to [74] a para-S -module is given by the datum of .C�; b; S/, where Cm, m � 0, are



1618 R. Ponge and H. Wang

k-modules and d WC� ! C��1 and S WC� ! C��2 are k-module maps commuting
with each other such that d2 D .1�T /S where T WC� ! C� is some k-module map
commuting with both d and S . When d2 D 0 we obtain an S -module. For instance,
if C D .C�; b; B/ is a parachain complex, then we can define its cyclic complex of
the para-S -module C \ D .C \� ; b C SB; S/.

According to [74], a (left) triangular para-S -module is given by the datum
of .C�;�; d; b; B; S/, where Cp;q , p; q � 0, are k-modules, .C�;q; d; S/ is a
para-S -module and .Cp;�; b; B/ is a parachain complex for allp; q � 0, the horizontal
operators .d; S/ both commute with each of the vertical differentials .b; B/. We
say that we have a (left) triangular S -module when d2 C S.bB C Bb/ D 0.
Any cylindrical complex gives rise to a triangular S -module (cf. [74]). Triangular
(para-)S -modules provide us with a natural framework for defining the tensor product
of (para-)S -modules with mixed and parachain complexes (see Subsection 10.7
below).

Any triangular para-S -module C D .C�;�; xd; b; B; S/ gives rise to a total para-
S -module

Tot.C / D
�
Tot�.C /; d �; S

�
;

where
Totm.C / D

M
pCqDm

Cp;q

and d � D d C .�1/p.b C SB/ on Cp;q . When C is a triangular S -module the
condition d2 C S.bB C Bb/ D 0 precisely ensures us that .d �/2 D 0, and so we
actually obtain an S -module. Furthermore, the filtration by columns of Tot�.C / is a
filtration of chain complexes, and so it gives rise to a spectral sequence converging
toH�.Tot.C //. The spectral sequence of Getzler–Jones [47] is an instance of such a
spectral sequence (cf. [74]).

10.3. The cylindrical space C�.�;A/. As we shall see, a central role in the com-
putation of the cyclic homology ofA� is played by some cylindrical spacesC�.�;A/
that are defined as follows.

Suppose that � is a central element of� . We can use � to twist the cyclic structure
of the cyclic �-space C.�/. We obtain the paracyclic �-space

C �.�/ D .C�.�/; d; s� ; t�/;

where d is as in (9.1) and the operators

s� WC�.�/! C�C1.�/ and t� WC�.�/! C�.�/

are given by

s�. 0; : : : ;  m/ D .�
�1 m;  0; : : : ;  m/;

t�. 0; : : : ;  m/ D .�
�1 m;  0; : : : ;  m�1/;  j 2 �:
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The simplicial space structures of C �.�/ and C.�/ agree, and so the b-differential
of C �.�/ is the group differential @ given by (9.3). We also observe that

tmC1� . 0; : : : ;  m/ D .�
�1 0; : : : ; �

�1 m/;

i.e. tmC1� agrees with the action of ��1 on Cm.�/.
We also can twist the cyclic structure of the cyclic �-space C.A/. We get the

paracyclic �-space
C�.A/ D .C�.A/; d� ; s; t�/;

where s is given by (3.2) and the operators

d� WC�.A/! C��1.A/ and t� WC�.A/! C�.A/

are given by

d�.f
0
˝ � � � ˝ f m/ D Œ.��1 � f m/f 0�˝ f 1 ˝ � � � ˝ f m�1;

t�.f
0
˝ � � � ˝ f m/ D .��1 � f m/˝ f 0 ˝ � � � ˝ f m�1; f j 2 A:

Note also that tmC1� agrees with the action of ��1 on Cm.A�/.
The cylindrical space C�.�;A/ is the tensor product over � of the paracyclic

�-spaces C �.�/ and C�.A/. Namely,

C�.�;A/ D
�
C�;�.�;A/; xd;xs� ;xt� ; d� ; s; t�

�
;

where
Cp;q.�;A/ D Cp.�/˝� Cq.A/;

and the horizontal (resp., vertical) structural operators . xd;xs� ;xt�/ (resp., .d� ; s; t�/)
are given by the structural operators of C �.�/ (resp., C�.A/). We obtain a
cyclindrical space because in degree m the operator xt mC1� tmC1� arises from the
diagonal action of ��1 on Cm.�/ ˝ Cm.A/, and hence it agrees with the identity
map onCm.�/˝�Cm.A/. This gives rise to a diagonal cyclic space Diag.C�.�;A//
and a total mixed complex Tot.C�.�;A//. By the Eilenberg–Zilber theorem for bi-
paracyclic spaces [62,76,85], at the level of their cyclic complexes we have an explicit
chain homotopy equivalence

Tot�
�
C�.�� ;A/

�\ �
\

��*)��
AW\

Diag�
�
C�.�� ;A/

�\
;

where�\ and AW\ are S -maps whose zeroth degree components are the usual shuffle
and Alexander–Whitney maps. At the periodic level we also have a chain homotopy
equivalence

Tot�
�
C�.�� ;A/

�] �
]

���*)���
AW]

Diag�
�
C�.�� ;A/

�]
;

where�] and AW] are the respective extensions of�\ and AW\ to periodic chains.
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10.4. Splitting along conjugacy classes. Given any � 2 � , we denote by Œ�� its
conjugacy class. In addition, we let Œ�� be the set of conjugacy classes of � . Given
any � 2 � and m � 0, we let Cm.A�/Œ�� be the closure in C.A�/ of the subspace
spanned by elementary tensor products f 0u�0 ˝ � � � ˝ f mu�m , with f 0; : : : ; f m
in A and �0; : : : ; �m in � such that �0 � � ��m 2 Œ��. The subspace C�.A�/Œ�� is
preserved by the structural operators .d; s; t/ in (3.1)–(3.3). We thus obtain a cyclic
subspace

C.A�/Œ�� D
�
C�.A�/Œ��; d; s; t

�
:

We then have a direct-sum decomposition of cyclic spaces,

C�.A�/ D
M
Œ��2Œ��

C�.A�/Œ��; (10.1)

where the summation goes over all conjugacy classes.
In what follows, given � 2 � , we denote by C\.A�/Œ�� and C].A�/Œ�� the

respective cyclic and periodic complexes of the cyclic space C�.A�/Œ��. We also
denote by HC�.A�/Œ�� and HP�.A�/Œ�� their respective homologies. At the cyclic
level the decomposition (10.1) gives rise to direct-sum decompositions,

C\�.A�/ D
M
Œ��2Œ��

C\�.A�/Œ�� and HC�.A�/ D
M
Œ��2Œ��

HC�.A�/Œ��:

At the periodic level C].A�/Œ�� and HP�.A�/Œ�� are direct summands of C].A�/

and HP�.A�/, respectively. Therefore, we have direct-summand inclusions,M
Œ��2Œ��

C]�.A�/Œ�� � C]�.A�/ and
M
Œ��2Œ��

HP�.A�/Œ�� � HP�.A�/:

These inclusions are onto when there is a finite number of conjugacy classes.
Given � 2 � , let us denote by �� its centralizer in � . As � is a central element

of �� , we may form the cylindrical complex C�.�� ;A/ as above. We have a natural
embedding of cyclic spaces

�� WDiag�
�
C�.�� ;A/

�
! C�.A�/Œ��

given by

��
�
. 0; : : : ;  m/˝�� .f

0
˝ � � � ˝ f m/

�
D Œ. �1m �/ � f 0�u� �1m  0

˝ . �10 � f
1/u �1

0
 1
˝ � � � ˝ . �1m�1 � f

m/u �1
m�1

 m
:

This cyclic space embedding gives rise to quasi-isomorphisms at the level the cyclic
and periodic complexes. We thus obtain explicit quasi-isomorphisms,

Tot�
�
C�.�� ;A/

�\ �
\

��*)��
AW\

Diag�
�
C�.�� ;A/

�\ ��
��! C�.A�/

\

Œ��
: (10.2)
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There are analogous quasi-isomorphisms between the corresponding periodic cyclic
complexes.

All this shows that the computation of the cyclic homology and periodic cyclic
homology of A� reduces to that of the mixed complexes Tot�.C�.�� ;A//, � 2 � .

10.5. A twisted Connes–Hochschild–Kostant–Rosenberg theorem. Let � 2 �
and denote byM � its fixed-point set inM . We shall say that the action of � onM
is clean when, for every x0 2M � , the following two conditions are satisfied:

(i) The fixed-point setM � is a submanifold ofM near x0.

(ii) We have Tx0M � D ker.�0.x0/ � 1/ and Tx0M D Tx0M � ˚ ran.�0.x0/ � 1/.

We have a clean action whenever � preserves an affine connection or even a
Riemannian metric. In particular, we always have a clean action when � has finite
order.

From now on we assume that the action of � on M is clean. For a D
0; 1; : : : ; dimM , set

M �
a WD

˚
x 2M �

I dim ker.�0.x/ � 1/ D a
	
:

Each subset M �
a is a submanifold of M , and so we have a disjoint union

stratification M � D
F
aM

�
a . This enables us to define the de Rham complex

�.M �/ D .��.M �/; d/ as the direct sum of the de Rham complexes �.M �
a /.

Note also that each componentM �
a is preserved by the action of the centralizer �� .

Let .C�.A/; b� ; B�/ be the parachain complex of the paracyclic �-space. Regard-
ing �.M �/ as a mixed complex .��.M �/; 0; d/ we then have a map of parachain
complexes ˛� WC�� .A/! ��.M �/ given by

˛�.f 0 ˝ � � � ˝ f m/ D
1

m

X
a

.f 0df 1 ^ � � � ^ df m/
jM

�
a
; f j 2 A: (10.3)

Proposition 10.1 (Brylinski [20], Brylinski–Nistor [22]). Let � 2 � acts cleanly
onM . Then the chain map

˛� W .C�� .A/; b�/! .��.M �/; 0/

is a quasi-isomorphism.

10.6. The cyclic space C.A� /Œ�� when � has finite order. Let � 2 � have finite
order r . LetC [.��/ be the mixed complex .C�.��/; @; 0/. We have a ��-equivariant
map of parachain complexes ."��/WC �� .��/! C [� .��/, where

�� WC
�
� .��/! C�.��/ and "WC�.��/! C [� .��/
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are projections given by

��. 0; : : : ;  m/ D
1

rmC1

X
0�j�m

X
0�`j�r�1

.�`0 0; : : : ; �
`m m/; (10.4)

". 0; : : : ;  m/ D
1

.mC 1/Š

X
�2Sm

. ��1.0/; : : : ;  ��1.m//;  j 2 �� ; (10.5)

where Sm is the group of permutations of f0; : : : ; mg. This gives rise to explicit
chain homotopy equivalences between the cyclic complexes of C �.��/ and C [.��/,
as well as between their periodic cyclic complexes ([23, 65, 74]).

As � has finite order, its action on M is clean. We define the equivariant
bicomplex C�� .M �/ and the equivariant mixed bicomplex C.�� ;M �/ as the direct
sums of the bicomplexes C�� .M

�
a / and C.�� ;M �

a /, respectively. This enables us
to define the equivariant cohomology H ��� .M

�/ and mixed equivariant homology

H
��
� .M �/\ ofM � . We observe that the mixed bicomplex C.�� ;M �/ is the tensor

product over �� of the mixed complexes C [.��/ and .�.M �/; 0; d/. Therefore, we
obtain a mixed complex map

."��/˝ ˛
�
WTot�.C�.�� ;A//! Tot�.C.�� ;M �//;

which is shown to be a quasi-isomorphism [75]. Combining this with the quasi-
isomorphisms (10.2) we then obtain the following result.

Theorem 10.2 ([75]). Let � 2 � have finite order.

(1) The following chain maps are quasi-isomorphisms,

Tot�
�
C.�� ;M

�/
�\ ."��/˝˛

�

 ������ Tot�
�
C�.�� ;A/

�\ ��ı�
\

�����! C�.A�/
\

Œ��
: (10.6)

(2) There are similar quasi-isomorphisms between the respective periodic cyclic
complexes.

(3) This gives rise to isomorphisms,

HC�.A�/Œ�� ' H
��
� .M �/\; HP�.A�/Œ�� ' H

��
ev=odd.M

�/]:

Remark 10.3. Brylinski–Nistor [22] expressed HC�.A�/Œ�� and HP�.A�/Œ�� in
terms of the equivariant homology of M � . We obtain explicit quasi-isomorphisms
with the equivariant homology complex by combining the quasi-isomorphisms (10.6)
with the Poincaré duality for the de Rham complex�.M �/. In particular, this enables
us to recover the results of [22].
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Remark 10.4. When � D 1 the cyclic space embedding �1 actually is an
isomorphism and has an explicit inverse ��11 WC�.A�/Œ1� ! Diag�.C�.�� ;A//.
Therefore, in this case we obtain an explicit quasi-isomorphism,

��11 ı AW
\
ı."˝ ˛/WC�.A�/Œ1� �! Tot� .C.�;M//\ :

There is a similar quasi-isomorphism at the periodic cyclic level. By duality this gives
rise to a map from the �-equivariant cohomology ofM into the cyclic cohomology
of A� . This provides us with an alternative to the cochain map of Connes [31, 32].
Remark 10.5. When �� is finite, we have an explicit quasi-isomorphism of mixed
complexes from Tot.C.�� ;M �// to the ��-invariant de Rham mixed complex
.��.M �/�� ; 0; d/. This allows us to express the cyclic homology and periodic
cyclic homology of C.A�/Œ�� in terms of the invariant de Rham cohomology
H �.M �/�� . When� is finite, by using the splitting (10.1)we obtain an explicit quasi-
isomorphisms of mixed complexes between C.A�/ and the orbifold de Rham mixed
complex .��.M=�/; 0; d/, where ��.M=�/ WD

L
a�
�.M �/�� . This allows us

to recover the identification by Baum–Connes [10] of HP�.A�/ with the orbifold
cohomologyH ev=odd.M=�/.

Let �� WH��
ev=odd.M

�/] ! HP�.A�/Œ�� be the isomorphism given by Theo-
rem 10.2. Composing it with the cap product (9.7) arrives at the following statement.
Corollary 10.6 ([75]). Let � 2 � have finite order. Then we have a graded bilinear
graded map,

��.� a �/WH ev=odd
��

.M �/ �Hev=odd.�� ;C/ �! HP�.A�/Œ��:

In particular, equivariant characteristic classes naturally give rise to classes in
HP�.A�/Œ��.

The definition of the isomorphism �� involve a cylindrical version of the shuffle
map. Although explicit, this map involves numerous terms. As it turns out, we
actually obtain a very simple and concise formula when we pair �� with cochains
arising from equivariant currents as follows.

Let ��.M/ D .��� .M/; d/ be the cochain complex of equivariant currents,
where ��m.M/, m � 0, consists of maps C W� ! �m.M/ that are �-equivariant in
the sense that

C. �1�0 / D  �ŒC.�0/� for all �0;  2 �:

Any equivariant current C 2 ��m.M/ defines a cochain 'C 2 Cm.A�/ given by

'C .f
0u 0 ; : : : ; f

mu m/ D
1

mŠ

˝
C. /; f 0d yf 1 ^ � � � ^ d yf m

˛
;

f j 2 A;  j 2 �; (10.7)
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where we have set D  0 � � � m and yf j D f j ı . 0 � � � j�1/�1. This provides us
with a map of mixed complexes from .��� .M/; d; 0/ to .C �.A�/; B; b/. Therefore,
we obtain cochain maps between their respective cyclic and periodic cochain
complexes. Note that the periodic cyclic complex of��.M/ is just .��ev=odd.M/; d/,
with

��ev=odd.M/ D
M

m even/odd

��m.M/:

In what follows, given any equivariant chain ! 2 C ev=odd.�� ;M
�/, we denote

by !0 its component in C0;�.�� ;M �/ ' ��.M �/. In addition, when ! is a cycle
we shall denote by Œ!� its class inH ev=odd

��
.M �/].

Proposition 10.7 ([75]). Let� 2 � have finite order. Then, for any closed equivariant
current C 2 ��ev=odd.M/ and any mixed equivariant cycle ! 2 Cev=odd.�� ;M

�/, we
have

h'C ; �
�.Œ!�/i D hC.�/; z!0i ;

where z!0 2 �ev.M/ is such that ��
M� z!0 D !0.

10.7. The cyclic space C.A� /Œ�� when � has infinite order. Let � 2 � have
infinite order. Set x�� D ��=h�i, where h�i is the subgroup generated by �. The
canonical projection x� W�� ! x�� gives rise to a .�� ; x��/-equivariant paracyclic
��-space map

x� WC �� .��/! C�.x��/:

Composing this map with the projection �\WC�.x��/
\ ! C�.x��/ and the

antisymmetrization map "WC�.x��/ ! C�.x��/ given by (10.5), we then obtain a
.�� ; x��/-equivariant chain map

x" \WC �� .��/
\
! C�.x��/:

In addition, let u� 2 C 2.x�� ;Z/ be a 2-cocycle representing the Euler class
e� 2 H

2.x�� ;Z/ of the Abelian extension (cf. [19, 80])

1! h�i ! x�� ! �� ! 1:

The cap product with u� then gives rise to a chain map

u� a �WC�.x��/! C��2.x��/:

Then there is an explicit chain homotopy

h� WC
�
� .��/

\
! C��1.x��/

such that
x" \S � .u� a �/x" \ D @h� C h�.@C B�S/;

where B� is the B-differential of C �.��/ (see [58, 74]).
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Assume further that � acts cleanly on M . As � acts trivially on the fixed-point
set M � , the action of �� on ��.M �/ descends to an action of x�� . Moreover, as
u� a � is a chain map of degree �2, we get an S -module

C � .x��/ D .C�.x��/; @; u� a �/:

The triangular S -module C � .x�� ; �.M �// is obtained as the tensor product over x��
of C � .x��/ with the de Rham mixed complex .��.M �/; 0; d/. Namely,

C � .x�� ; �.M
�// D

�
C ��;�.

x�� ; �.M
�//; @; 0; d; u� a �

�
;

where
C �p;q.

x�� ; �.M
�// D Cp.x��/˝x�� �

q.M �/:

Its total S -module is �
Tot�.C � .x�� ; �.M �///; d �; u� a �

�
;

where
Totm

�
C � .x�� ; �.M

�//
�
D

M
pCqDm

Cp.x��/˝x�� �
q.M �/

and d � D @C .�1/pd.u� a �/ on Cp.x��/˝x�� �
q.M �/.

We observe that

Totm
�
C�.�� ;A/

�\
D Totm

�
C�.�� ;A/

�
˚ Totm�2

�
C�.�� ;A/

�\
� � �

D

M
m�.pCq/22N0

Cp.��/˝�� Cq.A/

D

M
pCqDm

�
Cp.��/˚ Cp�2.��/˚ � � �

�
˝�� Cq.A/

D

M
pCqDm

C �p .��/
\
˝�� Cq.A/:

Using this we get a chain map

�.1˝ ˛�/WTot�
�
C�.�� ;A/

�\
! Tot�

�
C � .x�� ; �.M

�//
�
;

where ˛� is given by (10.3) and

� WC �� .��/˝�
�.M �/! C�.x��/˝x�� �

�.M �/

is given by

� D x" \ ˝ 1C .�1/p�1.h� ˝ d/ on C �p .��/˝x�� �
q.M �/:
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We then have the following result.
Theorem 10.8 ([75]). Let � 2 � have infinite order and act cleanly onM .
(1) The following chain maps are quasi-isomorphisms,

Tot�
�
C � .x�� ; �.M

�//
� �.1˝˛/
 ����� Tot�

�
C�.�� ;A/

�\ ��ı�
\

�����! C�.A�/
\

Œ��
:

(10.8)
(2) This gives rise to an isomorphism,

HC�.A�/Œ�� ' H�
�
Tot

�
C � .x�� ; �.M

�//
��
: (10.9)

(3) Under this isomorphism, the periodicity operator of HC�.A�/Œ�� is given by the
cap product,

e� a � W H�
�
Tot.C � .x�� ; �.M �///

�
�! H��2

�
Tot

�
C � .x�� ; �.M

�//
��
;

where e� 2 H 2.x�� ;Z/ is the Euler class of the extension

1! h�i ! x�� ! �� ! 1:

In particular, HP�.A�/Œ�� D 0 whenever e� is nilpotent inH �.x�� ;C/.
Remark 10.9. The quasi-isomorphisms (10.8) and the filtration by columns of
Tot�.C � .x�� ; �.M �/// give rise to a spectral sequence,

E2p;q D Hp
�
x�� ; �

q.M �/
�
H) HCpCq.A�/Œ��;

where the d2-differential is

.�1/pd.u� a �/WHp
�
x�� ; �

q.M �/
�
! Hp�2

�
x�� ; �

qC1.M �/
�
:

Crainic [40] obtained such a spectral sequence. He inferred from this that

HCm.A�/Œ�� ' ˚pCqDmHp
�
x�� ; �

q.M �/
�

(see [40, Corollary 4.15]). What we really have is the isomorphism (10.9).
Remark 10.10. When � 2 � has infinite order and does not act cleanly on M , we
still have a spectral sequence

E2p;q D Hp
�
x�� ;H

�
q .A/

�
H) HCpCq.A�/Œ��;

where H�
� .A/ is the homology of the twisted Hochschild complex .C�� .A/; b�/

(see [40, 75]). In addition, it can be shown that HC�.A�/Œ�� is a module over the
cohomology ring H �.x�� ;C/ and its periodicity operator is given by the action of
the Euler class e� (see [40, 70, 75]). In particular, HP�.A�/Œ�� D 0 whenever e� is
nilpotent inH �.x�� ;C/. In [75] this action arises from the construction in [74] of an
explicit coproduct at the level of chains.
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Remark 10.11. The nilpotence of the Euler class e� inH �.�;Q/ is closely related to
the Bass and idempotent conjectures (see, e.g. [43,58]). In particular, e� is rationally
nilpotent for every infinite order element � 2 � whenever � belongs to one of the
following classes of groups: free products of Abelian groups, hyperbolic groups, and
arithmetic groups.

11. Conformal invariants

In this section, we shall use the results of the previous section to compute the
conformal invariants produced by Theorem 7.7. This will provide us with a new
family of geometric conformal invariants associated with equivariant classes and
conformal diffeomorphisms.

Throughout this section we letM n be an even dimensional spin oriented compact
manifold equipped with a non-flat conformal structure C . In addition, we letG be the
(identity component) of the group of orientation-preserving diffeomorphisms ofM
preserving the conformal structure C and the spin structure ofM .

11.1. Conformal invariants frommixed equivariant cycles. Let� 2 G have finite
order. We denote by G� its centralizer in G. As in Section 10, given any mixed
equivariant chain ! 2 Cev=odd.G� ;M

�/ we denote by !0 its component in

C0.G� ;C/˝G� �
ev=odd.M �/ ' �ev=odd.M �/:

By Theorem 10.2 we have an isomorphism

�� WH
G�
ev=odd.M

�/] ! HP�.AG/Œ��:

As HP�.AG/Œ�� is a direct summand of HP�.AG/ we obtain a linear embedding

�� WH
G�
ev=odd.M

�/] ,! HP�.AG/:

Given any metric g 2 C and any even mixed equivariant cycle ! 2 CG�ev .G� ;M
�/,

we set
I �g .!/ WD

˝
Ch. =Dg/�g ; �

� Œ!�
˛
;

where Œ!� is the class of ! in HG�
ev=odd.M

�/], and Ch. =Dg/�g 2 HP0.AG/ is the
Connes–Chern character of the conformal twisted spectral triple�

C1.M/;L2g.M; =S/; =Dg

�
�g

associated with g.
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Theorem 11.1. Let � 2 G have finite order. In addition, let ! 2 CG�ev .G� ;M
�/ be

a mixed equivariant cycle.
(1) The scalar I �g .!/ is an invariant of the conformal class C . Moreover, it depends

only on the class of ! in the even mixed equivariant homologyHG�
ev .M �/].

(2) For any G-invariant metric g 2 C , we have

I �g .!/ D

Z
M�

‡�.R/ ^ !0; (11.1)

where ‡�.R/ is defined by (8.3) and the integral has the same meaning as
in (8.1).

Proof. By Theorem 7.7 the Connes–Chern character Ch. =Dg/�g 2 HP0.AG/ is an
invariant of the conformal class C . Therefore, I �g .!/ D

˝
Ch. =Dg/�g ; �

� Œ!�
˛
depends

only on the conformal class C and the class of ! inHG�
ev .M �/]. This proves the first

part.
As for the second part, let g be a G-invariant metric in C . By Theorem 8.4 the

Connes–Chern character Ch. =Dg/�g 2 HP0.AG/ is represented by the CM cocycle
'CM 2 C0.AG/

] associated with g by (8.4). Thus,

I �g .!/ D
˝
Œ'CM�; �� Œ!�

˛
: (11.2)

Recall that, given any �0 2 G, the differential form ‡�0.R/ 2 �ev.M �0/ is
defined by

‡�0.R/
ˇ̌
M
�0
a
D .�i/

n
2 .2�/�

a
2 yA
�
RTM

�0
a
�
^ V�0

�
RN

�0
a
�
; a D 0; 2; : : : ; n;

where the differential forms yA.RTM
�0
a / andV�0.R

N
�0
a / are given by (8.2). Note that

yA.RTM
�0
a / andV�0.R

N
�0
a / are characteristic differential forms for the vector bundles

TM
�0
a and N

�0
a , respectively. In particular, these differential forms are closed, and

hence, ‡�0.R/ is closed differential form onM �0 .
Let  2 G and set �1 D  �1�0 . For a D 0; 2; : : : ; n, the diffeomorphism  

induces an isometric diffeomorphism fromM
�0
a ontoM �1

a , and, hence,

 � yA
�
RTM

�0
a
�
D yA

�
RTM

�1
a
�
:

As the action of  on TM is isometric, it also induces a vector bundle isomorphism
 �WN

�0
a ! N

�1
a such that  �rN

�0
a D rN

�1
a and . �/�1�N

0  � D �N
1 on N

�1
a .

Thus,

 �V�0.R
N
�0
a / D  �det�

1
2

�
1 � �N

0 e
�RN

�0
a
�

D det�
1
2

�
1 � �N

1 e
�RN

�1
a
�
D V�1.R

N
�1
a /:
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It then follows that

 �‡
�0.R/ D ‡ 

�1�0 .R/; 8 2 G: (11.3)

Let �G.M/ D .�G� .M/; d/ be the G-equivariant de Rham complex of M as
defined in Section 10. Let C WG ! �ev.M/ be the map defined by

hC.�0/; �i D

Z
M�0

‡�0.R/ ^ ��
M�0

�; � 2 �ev.M/; �0 2 G:

For each �0 2 G, this defines a current C.�0/ 2 �ev.M/ which is the image of the
Poincaré dual of ‡�0.R/ under the canonical embedding

.�M�0 /�W��.M
�0/! ��.M/:

In particular, we see that C.�0/ is a closed de Rham current. In addition, let  2 G
and �1 D  �1 0 . Then the G-equivariance (11.3) of C implies that

hC.�0/;  ��i D

Z
M�0

 �
�
‡�0.R/ ^ ��

M�0
�
�

D

Z
M�1

‡�1.R/ ^ ��
M�1

� D hC.�1/; �i :

This shows that C WG ! �ev.M/ is a closed equivariant current in �Gev.M/.
We observe that it follows from (10.7) and (8.4) that 'CM D 'C . Combining this

with Proposition 10.7 and (11.2) we then get

I �g .!/ D h'C ; �
� Œ!�i D hC.�/; z!0i ;

where z!0 2 �ev.M/ is such that ��
M� z!0 D !0. In view of the definition of C.�/ we

obtain
I �g .!/ D

Z
M�

‡�.R/ ^ ��
M� z!0 D

Z
M�

‡�.R/ ^ !0:

This proves (11.1) and completes the proof.

Combining Theorem 11.1 with Corollary 10.6 we immediately get the following
corollary.
Corollary 11.2. Let� 2 G have finite order. In addition, let! be a closed equivariant
cocycle in C ev

G�
.M �/ (resp., C odd

G�
.M �/) and 
 a group cycle in Cp.G� ;C/ with p

even (resp., odd).
(1) The scalar I �g .! a 
/ is an invariant of the conformal class C which depends

only on the class of ! in the equivariant cohomology H ev=odd
G�

.M �/ and on the
class of 
 in the group homologyHp.G� ;C/.

(2) For any G-invariant metric g 2 C , we have

I �g .! a 
/ D

Z
M�

‡�.R/ ^ .! a 
/0; (11.4)
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11.2. Conformal invariants and equivariant characteristic classes. Given a 2
f0; 2; : : : ; ng, let E be a G�-equivariant vector bundle over M �

a equipped with
a connection rE . Let ChG� .rE / 2 C ev

G�
.M

�
a / be the equivariant Chern form

associated with rE (cf. Section 9). As mentioned in Section 9, it represents the
equivariant Chern character of E inH ev

G�
.M

�
a /. By construction

ChG� .r
E / D .ChpG� .r

E //p�0;

where ChpG� .r
E / 2 Cp.G� ; �

�.M �// is given by (9.5) for p D 0 and by (9.6) for
p � 1. Thus, �

ChG� .r
E / a 1

�
0
D ChG� .r

E /.1/ D Ch.rE /:

Combining this with (11.4) we then arrive at the following statement.
Proposition 11.3. Let� 2 G have finite order. In addition, letE be aG�-equivariant
vector bundle overM �

a for somea 2 f0; 2; : : : ; ng. Then, for everyG-invariantmetric
g 2 C and every connection rE on E, we have

I �g
�
ChG� .r

E / a 1
�
D

Z
M
�
a

‡�.R/ ^ Ch.rE /: (11.5)

The right-hand side of (11.5) has a natural interpretation as a generalizedLefschtez
number as follows. Let E be a G-equivariant vector bundle overM equipped with a
connection rE . For a D 0; 2; : : : ; n, we denote by E�a the restriction of E toM �

a .
This is a G�-equivariant vector bundle over M �

a . The connection rE induces a
G�-invariant connectionrE

�
a on each vector bundleE�a . We also setE� D

F
a E

�
a .

This is a G�-equivariant (topological) vector bundle over M � . We equip E� with
the connection rE D

L
a r

E
�
a . Recall that

C ev
G�
.M �/ D

M
a

C ev
G�
.M �

a / and H ev
G�
.M �/ D

M
a

H ev
G�
.M �

a /:

We then define the G�-equivariant Chern character of E� by

ChG� .E
�/ WD

X
a

ChG� .E
�/ 2 H ev

G�
.M �/:

It is represented by the equivariant Chern form,

ChG� .r
E� / WD

X
a

ChG� .r
E
�
a / 2 C ev

G�
.M �/:

We have
Ig
�
ChG� .r

E� / a 1
�
D

X
a

Ig
�
ChG� .r

E
�
a / a 1

�
:
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Therefore, by using (11.5) we get

Ig
�
ChG� .r

E� / a 1
�
D

X
a

Z
M
�
a

‡�.R/ ^ Ch.rE
�
a /

D

Z
M�

‡�.R/ ^ ��
M� Ch.rE /: (11.6)

Let us further assume that E is equipped with a G-invariant Hermitian
metric and rE is a G-invariant Hermitian connection on E. In particular, any
diffeomorphism � 2 G lifts to a unitary vector bundle isomorphism �E WE ! ��E.
Given any G-invariant metric g 2 C , we then get a unitary representation � ! UE�
of G into L2g.M; =S ˝E/ given by

.UE� �/.x/ D .�
=S
˝ �E /Œ�.��1.x//� for all � 2 L2g.M; =S ˝E/:

Note also that U� preserves the Z2-grading,

L2g.M; =S ˝E/ D L
2
g.M; =S

C
˝E/˚ L2g.M; =S

�
˝E/: (11.7)

Let =DrE WC1.M; =S ˝ E/! C1.M; =S ˝ E/ be the Dirac operator associated
with the Hermitian connection rE . Namely,

=DrE D =Dg ˝ 1E C .c ˝ 1E / ı r
E ;

where =Dg WC
1.M; =S/!C1.M; =S/ is theDirac operator ofM and cWT �M� =S! =S

is the Clifford action of T �M on =S . With respect to the splitting (11.7) the operator
=DrE takes the form,

=DrE D

�
0 =D

�

rE

=D
C

rE
0

�
:

As =DrE is G-invariant, the nullspaces ker =D˙rE are preserved by the action of G
associatedwith the representation� ! UE� . The equivariant index ind =DrE WG!R
(a.k.a. generalized Lefschetz number) is then defined by

ind =DrE .�/ D Tr
�
UE
�j ker =DC

rE

�
� Tr

�
UE
�j ker =D�

rE

�
8� 2 G:

When� D idM we recover the Fredholm index of =DrE . When all the fixed-points
of � are isolated this agrees with the Lefschetz number of � with respect to the Dirac
complex with coefficients in E in the sense of Atiyah–Bott [2, 3]. The equivariant
index theorem of Atiyah–Segal–Singer [5, 6] produces a geometric formula for the
equivariant index. Namely,

ind =DrE .�/ D
Z
M�

‡�.R/ ^ ��
M� Ch.rE /:

Combining this formula with (11.6) we then arrive at the following result.
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Theorem 11.4. Let � 2 G have finite order. In addition, let E be a G-equivariant
Hermitian vector bundle over M . Then, for every G-invariant metric g 2 C and
every G-invariant Hermitian connection rE on E, we have

Ig
�
ChG� .r

E� / a 1
�
D

Z
M�

‡�.R/ ^ ��
M� Ch.rE / D ind =DrE .�/:

In particular, when the fixed-points of � are isolated, the conformal invariant
Ig.ChG� .rE

�
/ a 1/ is given by the Lefschetz number of � with respect to the

Dirac complex with coefficients in E.

11.3. Conformal indices. The conformal invariants I �g .!/ arising from Theo-
rem 11.1 shed a new light on the conformal indices of Branson–Ørsted [16, 17]. To
put things into context, let Pg WC1.M;E/ ! C1.M;E/ be a natural differential
operator of (even) order m � nC 2 with positive-definite leading symbol which is
the power of some conformally covariant operator. Examples include the Yamabe
and Paneitz operators, and more generally the conformal powers of the Laplacian
of Graham–Jenne–Mason–Sparling [50]. Non-scalar examples include the square of
the Dirac operator and the conformal powers of the Hodge Laplacian of Branson–
Gover [15]. Such operators then admit a short-time heat-semigroup expansion,

Tr
�
e�tPg

�
�

X
j�0

tj� ym
Z
M

bj .Pg/.x/jdxj as t ! 0C:

Here ym D nC 2 � m, jdxj is the Riemmanian density, and bj .Pg/.x/ is given by
a universal expression in terms of the metric g and its derivatives. Consider the
constant term in the asymptotic expansion above, i.e.

J.Pg/ WD

Z
M

b ym.Pg/.x/jdxj:

Branson–Ørsted [16] (see also Parker–Rosenberg [71]) showed that J.Pg/ is an
invariant of the conformal class of g. Branson–Ørsted called it the conformal index
of Pg .

More generally, let �WM ! M be a smooth isometry which lifts to a unitary
vector bundle isomorphism �E WE ! E. Then, in the same way as in Section 7,
this gives rise to a unitary operator U� WL2.M;E/ ! L2.M;E/. In addition, the
fixed-point set of � is a disjoint union M � D

F
M
�
a , where M �

a is a submanifold
ofM of dimension a. It can be shown (see, e.g., [49, 78]) that we have a short-time
asymptotic,

Tr
�
e�tPgU�

�
�

X
j�0

X
0�a�n

tj� ym.a/
Z
M
�
a

b
.a/
j .Pg/.x/jdxj as t ! 0C:
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Here ym.a/ D a C 2 � m and b.a/j .Pg/.x/ is given by a universal expression in
terms of the metric g and the diffeomorphism � and their partial derivatives. For
a D 0; : : : ; n, define

J a� .Pg/ WD

Z
M
�
a

b
.a/

ym.a/
.Pg/.x/jdxj:

Let us denote by C the conformal class of g and by C� the sub-class consisting of
�-invariant metrics in C . Thus, yg 2 C� if and only if yg D k�2g with k 2 C1.M/,
k > 0 such that k ı � D k.
Proposition 11.5 (Branson–Ørsted [17]). For a D 0; : : : ; n, the scalar J a� .Pg/ is an
invariant of the sub-class C� .

This result provides us with invariants of the sub-class C� only. As we shall now
see, in the case of the square of the Dirac operator, we actually obtain invariants of
the whole conformal class C as follows.

We shall work in the original setup of this section, where M is a compact
spin oriented Riemannian manifold of even dimension n and G is a group of
diffeomorphisms preserving the spin structure and a given (non-flat) conformal
structure C . Let ! D !0 C !2 C � � � C !n be an even differential form on M ,
where !2q 2 �2q.M/. For t > 0 set

ct .!/ WD c.!0/C tc.!2/C � � � C t
nc.!n/;

where cW��.M/ ! C1.M;End.=S// is the Clifford representation. The results
of [78] then imply that, for any G-invariant metric g 2 C , we have

J �g .!/ WD lim
t!0C

Str
�
ct .!/e

� =DgU�
�
D

Z
M�

‡�.R/ ^ ��
M�!:

Note that if we take ! D 1 onM �
a and ! D 0 onM �

b
with b ¤ a, then we obtain a

“super-symmetric” version of the conformal index J a� . =D
2
g/. In fact, an extension of

the arguments of [17] shows that J �g .!/ also is an invariant of the subclass C� .
Bearing this in mind, Theorem 11.1 asserts that, given any mixed equivariant

cycle ! 2 CG�ev .G� ;M
�/, for every G-invariant metric g 2 C , we have

I �g .!/ D

Z
M�

‡�.R/ ^ !0 D J
�
g .z!0/;

where z!0 is any differential form in�ev.M/ such that ��
M� z!0 is the component of !

in
C0.G�/˝G� �

ev.M �/ ' �ev.M �/:

Therefore, we see that the (generalized) conformal indices J �g .!/ actually lead us to
invariants of the full conformal class C .
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In addition, let E be a finitely generated product module over A� and rE a
connection on E . Assume further that ! is such that ��.!/ D Ch.E/. Then by the
very definition of I �g .!/ we have

J �g .z!0/ D I
�
g .!/ D

˝
Ch. =Dg/�g ; �

�.!/
˛
D
˝
Ch. =Dg/�g ;Ch.E/

˛
D ind =DrE :

This shows that the generalized conformal index J �g .z!0/ is a true Fredholm index.
This confirms the intuition of Branson–Ørsted that their conformal indices could be
interpreted as some sort of Fredholm indices.

11.4. Deser–Schwimmer conjecture. The conformal invariants arising fromTheo-
rem 11.1 are not the same kind of conformal invariants as those considered by
Alexakis [1] in his long solution of the conjecture of Deser–Schwimmer [41]. This
conjectures gives a description of all the global conformal invariants. Here by a
global conformal invariant it is meant an invariant of the form,

Ig D

Z
M

P.g/.x/jdxj; (11.8)

where P.g/.x/ is a universal polynomial in the metric g and its derivatives in such a
way that the above integral is an invariant of the conformal class of the metric g. The
difference with the invariants from Theorem 11.1 lies in the fact that the latter takes
into account the action of the conformal diffeomorphisms, i.e. the conformal gauge
group. As mentioned in the introduction, this of some importance in the context of
string theory and conformal gravity.

We obtain from Theorem 11.1 conformal invariants of the form (11.8) when
� D 1. In this case, given any mixed equivariant cycle ! 2 Cev.G;M/, for every
G-invariant metric g 2 C , we have

I 1g .!/ D

Z
M

yA.RM / ^ !0:

Note that the conformal invariance of the above integral is also an immediate
consequence of the well-known conformal invariance of the yA-form yA.RM / (see
Avez [7] and Chern–Simons [26]).
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