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Homotopy Poisson algebras, Maurer–Cartan elements
and Dirac structures of CLWX 2-algebroids

Jiefeng Liu and Yunhe Sheng�

Abstract. In this paper, we construct a homotopy Poisson algebra of degree 3 associated to a
split Lie 2-algebroid, by which we give a new approach to characterize a split Lie 2-bialgebroid.
We develop the differential calculus associated to a split Lie 2-algebroid and establish the Manin
triple theory for split Lie 2-algebroids. More precisely, we give the notion of a strict Dirac
structure and define a Manin triple for split Lie 2-algebroids to be a CLWX 2-algebroid with two
transversal strict Dirac structures. We show that there is a one-to-one correspondence between
Manin triples for split Lie 2-algebroids and split Lie 2-bialgebroids. We further introduce
the notion of a weak Dirac structure of a CLWX 2-algebroid and show that the graph of a
Maurer–Cartan element of the homotopy Poisson algebra of degree 3 associated to a split Lie
2-bialgebroid is a weak Dirac structure. Various examples including the string Lie 2-algebra,
split Lie 2-algebroids constructed from integrable distributions and left-symmetric algebroids
are given.
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1. Introduction

The notion of a Lie algebroid was introduced by Pradines in 1967, which is
a generalization of Lie algebras and tangent bundles. Just as Lie algebras are the
infinitesimal objects of Lie groups, Lie algebroids are the infinitesimal objects of Lie
groupoids. See [40] for the general theory about Lie algebroids. The notion of a
Lie bialgebroid was introduced by Mackenzie and Xu in [41] as the infinitesimal of
a Poisson groupoid. To study the double of a Lie bialgebroid, Liu, Weinstein and
Xu introduced the notion of a Courant algebroid in [38] and established the Manin
triple theory for Lie algebroids. There are many applications of Courant algebroids.
See [11,19,20,28,33,48,50–52] for more details. In particular, the relation between
Dirac structures and Maurer–Cartan elements were studied in detail in [35, 38]. The
�Research supported by NSFC (11922110,11901501).
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notion of a Dirac structure was originally introduced by Courant in [17] to unify
symplectic structures and Poisson structures. Then it was widely studied and has
many applications, e.g. in generalized complex geometry [19, 20], in the theory of
D-branes for the Wess–Zumino–Witten model [13], in moment map theories [12],
in Poisson geometry [34, 44, 45], in Dixmier–Douady bundles [3], in reduction
theory [22], in L1-algebras [60] and in integrable systems [14]. See [10] for more
details.

Recently, people have paid more attention to higher categorical structures by
reasons in both mathematics and physics. A Lie 2-algebra is the categorification of a
Lie algebra [4]. The 2-category of Lie 2-algebras is equivalent to the 2-category of
2-term L1-algebras. Due to this reason, an n-term L1-algebra will be called a Lie
n-algebra. See [30,31,57] for more details ofL1-algebras. Usually an NQ-manifold
of degree n is considered as a Lie n-algebroid [59]. In [56], a split Lie n-algebroid is
defined using the language of graded vector bundles. The equivalence between the
category of split Lie n-algebroids and the category of NQ-manifolds of degree n was
given in [7].

The notion of a CLWX 2-algebroid was introduced in [37] as the categorification
of a Courant algebroid. There is a one-to-one correspondence between CLWX
2-algebroids and symplectic NQ-manifolds of degree 3, and the later can be used to
construct 4D topological field theory [1,21]. There is also a close connection between
CLWX 2-algebroids and the first Pontryagin classes of quadratic Lie 2-algebroids
introduced in [53], which are represented by closed 5-forms. The notion of a split
Lie 2-bialgebroid was also introduced in [37] and it is shown that the double of a split
Lie 2-bialgebroid is a CLWX 2-algebroid. The split Lie 2-bialgebroid used here is a
direct geometric generalization of the Lie 2-bialgebra introduced in [5,16]. See [29]
and [6] for the more general notions of an L1-bialgebra and an L1-bialgebroid.

The first purpose of this paper is to establish the Manin triple theory for split
Lie 2-algebroids, i.e. to show that two transversal Dirac structures of a CLWX 2-
algebroid constitute a split Lie 2-bialgebroid. The second purpose of this paper is
to study the homotopy Poisson algebra associated to a split Lie 2-algebroid, and
establish the relation between its Maurer–Cartan elements and Dirac structures of the
CLWX 2-algebroid. Upon careful study, we found that we need to take two kinds
of Dirac structures into account, one is called a strict Dirac structure, served for the
first purpose, and the other is called a weak Dirac structure, served for the second
purpose. It is the weak Dirac structures that reflect properties of higher structures
and make the paper containing more meaningful contents. Due to aforementioned
important applications of Dirac geometry, it is natural to explore similar applications
of Dirac structures introduced in this paper, which will be studied in the future.

To study the Manin triple theory for split Lie 2-algebroids, we develop the
differential calculus for split Lie 2-algebroids in Section 3. In particular, we define
the coboundary operator, Lie derivatives, the contraction operator and give their
properties.
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In Section 4, first we define bracket operations Œ��S ; Œ�; ��S ; Œ�; �; ��S onSym.AŒ�3�/
associated to a split Lie 2-algebroidA using the derived bracket [18,25,26], and show
that �

Sym
�
AŒ�3�

�
; Œ��S ; Œ�; ��S ; Œ�; �; ��S

�
is a homotopy Poisson algebra of degree 3. The notion of a homotopy Poisson
manifold of degree n was given in [32] in the study of the dual structure of a Lie
2-algebra. See also [8, 9, 15, 25, 42, 58] for more applications of similar structures.
Then we use the usual differential geometry language to give a new characterization
of a split Lie 2-bialgebroid.

In Section 5, we introduce the notion of a strict Dirac structure of a CLWX
2-algebroid and establish the Manin triple theory for split Lie 2-algebroids. More
precisely, we show that there is a one-to-one correspondence between Manin triples
of split Lie 2-algebroids and split Lie 2-bialgebroids. Note that a strict Dirac structure
of a CLWX 2-algebroid is defined to be a maximal isotropic graded subbundle whose
section space is closed under the multiplication.

In Section 6, first we introduce the notion of a weak Dirac structure of a CLWX
2-algebroid, which is a Lie 2-algebroid such that there is a Leibniz 2-algebra
morphism from the underlying Lie 2-algebra to the underlying Leibniz 2-algebra
of the original CLWX 2-algebroid satisfying some compatibility conditions. Note
that the image is not closed under the multiplication in the CLWX 2-algebroid
anymore, and this is the main difference between strict Dirac structures and weak
Dirac structures. Such ideas had already been used in [55] to integrate semidirect
product Lie 2-algebras. Then we show that a Maurer–Cartan elementH CK, where
H 2 A�1 ˇ A�2 and K 2 ^3A�2, of the homotopy Poisson algebra�

Sym
�
AŒ�3�

�
; Œ��S ; Œ�; ��S ; Œ�; �; ��S

�
associated to a split Lie 2-algebroid

A D .A�2; A�1; l1; l2; l3; a/

gives rise to a split Lie 2-algebroid structure on A�Œ3� such that .H ];�H \;�K[/

is a morphism from the split Lie 2-algebroid A�Œ3� to the split Lie 2-algebroid A.
Consequently, the graph of .H ];�H \/ is a weak Dirac structure of the CLWX
2-algebroid A˚A�Œ3�. Finally, we generalize the above result to the case of split Lie
2-bialgebroids. We also give various examples including the string Lie 2-algebra,
integrable distributions and the split Lie 2-algebroids constructed from left-symmetric
algebroids.

Acknowledgements. We give our warmest thanks to the referee for valuable comm-
ents and suggestions that improved the paper a lot.
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2. Leibniz 2-algebras

The notion of a strongly homotopy Leibniz algebra, or a Lod1-algebra was given
in [39] by Livernet, which was further studied by Ammar and Poncin in [2]. In [54],
the authors introduced the notion of a Leibniz 2-algebra, which is the categorification
of a Leibniz algebra, and proved that the category of Leibniz 2-algebras and the
category of 2-term Lod1-algebras are equivalent. Here we use a shift 1 version of
Leibniz 2-algebras.
Definition 2.1. A Leibniz 2-algebra V consists of the following data:

� a complex of vector spaces V WV�2
d
�! V�1,

� bilinear maps l2WVi � Vj �! ViCjC1, where �3 � i C j � �2,
� a trilinear map l3WV�1 � V�1 � V�1 �! V�2,
such that for all w; x; y; z 2 V�1 and m; n 2 V�2, the following equalities are
satisfied:
.a/ dl2.x;m/ D l2.x; dm/;
.b/ dl2.m; x/ D �l2.dm; x/;
.c/ l2.dm; n/ D �l2.m; dn/;
.d/ dl3.x; y; z/ D l2.x; l2.y; z// � l2.l2.x; y/; z/ � l2.y; l2.x; z//;
.e1/ l3.x; y; dm/ D l2.x; l2.y;m// � l2.l2.x; y/;m/ � l2.y; l2.x;m//;
.e2/ �l3.x; dm; y/ D l2.x; l2.m; y// � l2.l2.x;m/; y/ � l2.m; l2.x; y//;
.e3/ �l3.dm; x; y/ D l2.m; l2.x; y//C l2.l2.m; x/; y/ � l2.x; l2.m; y//;
.f / the Jacobiator identity:

l2.x; l3.y; z; w// � l2.y; l3.x; z; w//C l2.z; l3.x; y;w// � l2.l3.x; y; z/; w/

� l3.l2.x; y/; z; w/ � l3.y; l2.x; z/; w/ � l3.y; z; l2.x; w//

C l3.x; l2.y; z/; w/C l3.x; z; l2.y; w// � l3.x; y; l2.z; w// D 0:

We usually denote a Leibniz 2-algebra by .V�2; V�1; d; l2; l3/, or simply by V . In
particular, if l2 is graded symmetric and l3 is totally skew-symmetric, we call it a Lie
2-algebra. A Lie 2-algebra used in this paper is equivalent to a 2-termL1Œ1�-algebra.
Definition 2.2. Let V and V 0 be Leibniz 2-algebras. A morphism F from V to V 0

consists of:
� linear maps F1WV�1 �! V 0�1 and F2WV�2 �! V 0�2 commuting with the differen-
tial, i.e.

F1 ı d D d0 ı F2I (1)

� a bilinear map F3WV�1 � V�1 �! V 0�2,
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such that for all x; y; z 2 V�1; m 2 V�2, we have
�
F1l2.x; y/ � l

0
2.F1.x/; F1.y// D d0F3.x; y/;

F2l2.x;m/ � l
0
2.F1.x/; F2.m// D F3.x; dm/;

F2l2.m; x/ � l
0
2.F2.m/; F1.x// D �F3.dm; x/;

(2)

and

� F2.l3.x; y; z//C l
0
2.F1.x/; F3.y; z// � l

0
2.F1.y/; F3.x; z//

C l 02.F3.x; y/; F1.z// � F3.l2.x; y/; z/C F3.x; l2.y; z//

� F3.y; l2.x; z//C l
0
3.F1.x/; F1.y/; F1.z// D 0: (3)

In particular, if V and V 0 are Lie 2-algebras and F3 is skew-symmetric, we obtain
the definition of a morphism between Lie 2-algebras.

3. Differential calculus on split Lie 2-algebroids

3.1. Characterization of split Lie 2-algebroids via the big bracket. The notion of
a split Lie n-algebroid was introduced in [56] using graded vector bundles. The
equivalence between the category of split Lie n-algebroids and the category of NQ-
manifolds of degree n was given in [7].

Definition 3.1. A split Lie 2-algebroid is a graded vector bundle A D A�1 ˚ A�2
over a manifold M equipped with a bundle map aWA�1 �! TM , and brackets
li W�.^

iA/ �! �.A/ of degree 1 for i D 1; 2; 3, such that:

(1) .�.A�2/; �.A�1/; l1; l2; l3/ is a Lie 2-algebra;

(2) l2 satisfies the Leibniz rule with respect to a:

l2.X
1; f Y / D f l2.X

1; Y /C a.X1/.f /Y;

for all X1 2 �.A�1/, f 2 C1.M/, Y 2 �.A/;

(3) for i ¤ 2, li are C1.M/-linear.

Denote a split Lie 2-algebroid by .A�2; A�1; l1; l2; l3; a/; or simply by A.

Split Lie 2-algebroids become active research objects recently. See [23, 24, 43,
54, 56] for more examples and applications of split Lie 2-algebroids.

Lemma 3.2. Let .A�2; A�1; l1; l2; l3; a/ be a split Lie 2-algebroid. Then we have:

a ı l1 D 0; (4)
a.l2.X

1; Y 1// D Œa.X1/; a.Y 1/�; 8 X1; Y 1 2 �.A�1/: (5)
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Definition 3.3. Let A D .A�2; A�1; l1; l2; l3; a/ and A0 D .A0�2; A
0
�1; l

0
1; l
0
2; l
0
3; a
0/

be split Lie 2-algebroids over the same base manifold M . A morphism F from A

to A0 consists of bundle maps

F 1WA�1 �! A0�1; F 2WA�2 �! A02; and F 3W ^2A�1 �! A0�2

such that a0 ı F 1 D a and .F 1; F 2; F 3/ is a morphism between the underlying Lie
2-algebras.

In the sequel, we describe a split Lie 2-algebroid structure onA D A�1˚A�2 us-
ing the gradedPoisson bracket f�; �gon the symplecticmanifoldMWDT �Œ3�.A�1̊ A�2/.
Denote by .xi ; �j ; �k; pi ; �j ; �k/ a canonical Darboux coordinate on M, where xi is
a coordinate on M , .�j ; �k/ is the fiber coordinate on A�1 ˚ A�2, .pi ; �j ; �k/
is the momentum coordinate on M for .xi ; �j ; �k/. The degrees of variables
.xi ; �j ; �k; pi ; �j ; �k/ are respectively .0; 1; 2; 3; 2; 1/.

We introduce the tridegree of the coordinates .xi ; �j ; �k; pi ; �j ; �k/ as follows1:

..0; 0; 0/; .0; 1; 0/; .1; 1; 0/; .1; 1; 1/; .1; 0; 1/; .0; 0; 1//:

It is straightforward to check that the tridegree is globally well-defined. Denote by
C n.M/ the space of functions on M of degree n. Then the space C n.M/ is uniquely
decomposed into the homogeneous subspaces with respect to the tridegree,

C n.M/ D
X

iCjCkDn

C .i;j;k/.M/:

The degree and tridegree of the symplectic structure

! D dxidpi C d�
jd�j C d�kd�

k

is 3 and .1; 1; 1/ respectively and the degree and tridegree of the corresponding
graded Poisson structure f� ; �g is �3 and .�1;�1;�1/ respectively.

Now we consider the following fiberwise linear function � of degree 4 on M:

� D �1
i
j .x/pi�

j
C �2

i
j .x/�i�

j

C
1
2
�3

k
ij .x/�k�

i�j C �4
k
ij �k�

i�j C 1
6
�5

l
ijk.x/�l�

i�j �k; (6)

where �1ij ; �2
i
j ; �3

k
ij ; �4

k
ij ; �5

l
ijk

are functions on M . The function � can be
uniquely decomposed into

� D �.2;1;1/ C �.1;2;1/ C �.0;3;1/;

1We thank the referee for pointing that the third entry is the fiberwise polynomial degree, the second
entry is the fiberwise polynomial degree after applying the Legendre transformation and the first entry is
chosen so that the sum is the total degree.
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where

�.2;1;1/ D �2
i
j .x/�i�

j ; �.1;2;1/ D �1
i
j .x/pi�

j
C

1
2
�3

k
ij .x/�k�

i�j C �4
k
ij �k�

i�j ;

�.0;3;1/ D 1
6
�5

l
ijk.x/�l�

i�j �k :

Define

l1WA�2 �! A�1;

l2W�.Ai / � �.Aj / �! �.AiCjC1/; � 3 � i C j � �2;

l3W ^
3A�1 �! A�2

and a bundle map aWA�1 �! TM by
�

l1.X
2/ D �f�.2;1;1/; X2g;

l2.X
1; Y 1/ D �ff�.1;2;1/; X1g; Y 1g;

l2.X
1; Y 2/ D �ff�.1;2;1/; X1g; Y 2g;

l3.X
1; Y 1; Z1/ D �fff�.0;3;1/; X1g; Y 1g; Z1g;

a.X1/.f / D �ff�.1;2;1/; X1g; f g;

(7)

for all X1; Y 1; Z1 2 �.A�1/, X2; Y 2 2 �.A�2/, and f 2 C1.M/.
Theorem 3.4. Let A D A�2 ˚ A�1 be a graded vector bundle and � a degree
4 function given by (6). If f�;�g D 0, then .A�2; A�1; l1; l2; l3; a/ is a split Lie
2-algebroid, where l1, l2, l3 and a are given by (7).

Conversely, if .A�2; A�1; l1; l2; l3; a/ is a split Lie 2-algebroid, then we have
f�;�g D 0, where � is given by (6), in which �1ij , �2

i
j , �3

k
ij , �4

k
ij , �5

l
ijk

are given
by:

a.�j / D �1
i
j

@

@xi
; l1.�j / D �2

i
j �i ; l2.�i ; �j / D �3

k
ij �k;

l2.�i ; �j / D �4
k
ij �k; l3.�i ; �j ; �k/ D �5

l
ijk�l :

3.2. Differential calculus on Lie 2-algebroids. Let A D .A�2; A�1; l1; l2; l3; a/

be a split Lie 2-algebroid with the structure function�. Then we have the generalized
Chevalley–Eilenberg cochain complex .Sym.A�/ D

L
k Symk.A�/; ı/, where the

set of k-cochains Symk.A�/ is given by

Symk.A�/ D
X

pC2qDk

Symp;q.A�/

with
Symp;q.A�/ D �.^pA��1/ˇ �.Symq.A��2//
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and the differential ıWSymk.A�/ �! SymkC1.A�/ is defined by2

ı.�/ D f�; �g: (8)

If there is a Lie 2-algebroid structure on A�Œ3�, we use ı� to denote the
corresponding differential. The differential ı can be written as

ı D xı C dC yı;

where

xıWSymp;q.A�/ �! Symp�1;qC1.A�/;

dWSymp;q.A�/ �! SympC1;q.A�/;

and yıWSymp;q.A�/ �! SympC3;q�1.A�/

are given by

xı.�/ D f�.2;1;1/; �g; d.�/ D f�.1;2;1/; �g; yı.�/ D f�.0;3;1/; �g:

In particular, for ˛1 2 �.A��1/, we have

xı˛1.X2/ D �h˛1; l1.X
2/i; 8 X2 2 �.A�2/:

For allf 2C1.M/,˛12�.A��1/,˛22�.A��2/,X1; Y 12�.A�1/,Y 22�.A�2/,
we have

�
d.f /.X1/ D a.X1/.f /;

d.˛1/.X1; Y 1/ D a.X1/h˛1; Y 1i � a.Y 1/h˛1; X1i � h˛1; l2.X1; Y 1/i;
d.˛2/.X1; Y 2/ D a.X1/h˛2; Y 2i � h˛2; l2.X1; Y 2/i:

For all ˛2 2 �.A��2/, we have

yı˛2.X1; Y 1; Z1/ D �hl3.X
1; Y 1; Z1/; ˛2i; 8 X1; Y 1; Z1 2 �.A�1/:

By the properties of graded Poisson bracket, for all �1 2 Symk.A�/ and �2 2
Syml.A�/, we have

ı.�1 ˇ �2/ D ı.�1/ˇ �2 C .�1/
k�1 ˇ ı.�2/: (9)

Define the Lie derivative L0WSymp;q.A�/ �! Symp�1;qC1.A�/ by

L0.�/ D �f�.2;1;1/; �g; 8� 2 Symp;q.A�/: (10)
2 Sym.A�/ can be embedded into the Poisson algebraC1.M/ through the pullback of the canonical

map T �Œ3�.A�1 ˚ A�2/ ! A�1 ˚ A�2. On the other hand, by the Legendre transformation,
T �Œ3�.A�1 ˚A�2/ is isomorphic to T �Œ3�.A��1 ˚A

�
�2/Œ3� as graded symplectic manifolds. Thus,

Sym.A/ can also be embedded into the Poisson algebra C1.M/. See [48] for more details on the
Legendre transformation.
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In particular, for all ˛1 2 �.A��1/, we have

hL0.˛1/; X2i D h˛1; l1.X
2/i; 8 X2 2 �.A�2/:

It is obvious that L0.˛1/ D l�1 .˛1/.
For all X12�.A�1/, define the Lie derivative

L1
X1
WSymp;q.A�/ �! Symp;q.A�/

by
L1
X1
� D �ff�.1;2;1/; X1g; �g; 8 � 2 Symp;q.A�/: (11)

In particular, for all ˛i 2 �.A�
�i /; i D 1; 2, we have

hL1
X1
˛i ; Y i i D a.X1/hY i ; ˛i i � h˛i ; l2.X

1; Y i /i; 8 Y i 2 �.A�i /:

It is straightforward to deduce that

L1
X1
.�ˇ / D L1

X1
�ˇ C�ˇL1

X1
 ; 8� 2 Symk.A�/;  2 Syml.A�/: (12)

For all X2 2 �.A�2/, define the Lie derivative

L2
X2
WSymp;q.A�/ �! SympC1;q�1.A�/

by
L2
X2
� D �ff�.1;2;1/; X2g; �g; 8 � 2 Symp;q.A�/: (13)

In particular, for all ˛2 2 �.A��2/, we have

hL2
X2
˛2; Y 1i D �h˛2; l2.X

2; Y 1/i; 8 Y 1 2 �.A�1/:

It is easy to see that

L2
X2
.�ˇ / D L2

X2
�ˇ C.�1/k�ˇL2

X2
 ; 8� 2 Symk.A�/;  2 Syml.A�/:

(14)
For all X1; Y 1 2 �.A�1/, define the Lie derivative

L3
X1;Y 1

WSymp;q.A�/ �! SympC1;q�1.A�/
by

L3
X1;Y 1

� D �fff�.0;3;1/; X1g; Y 1g; �g; 8 � 2 Symp;q.A�/: (15)

In particular, for all ˛2 2 �.A��2/, we have

hL3
X1;Y 1

˛2; Z1i D �h˛2; l3.X
1; Y 1; Z1/i; 8 Z1 2 �.A�1/:



156 J. Liu and Y. Sheng

It is easy to see that

L3
X1;Y 1

.� ˇ  / D L3
X1;Y 1

� ˇ  C .�1/k� ˇ L3
X1;Y 1

 ; (16)

for all � 2 Symk.A�/,  2 Syml.A�/.
For all X 2 �.A/, ˛1i 2 �.A

�
�1/, ˛2j 2 �.A

�
�2/, define the contraction operator

�X WSymp;q.A�/ ! Symp�1;q.A�/˚ Symp;q�1.A�/ by

�X .˛
1
1 ˇ � � � ˇ ˛

1
p ˇ ˛

2
1 ˇ � � � ˇ ˛

2
q/

D

pX
iD1

.�1/iC1hX; ˛1i i˛
1
1 ˇ � � � ˇ

y˛1i ˇ � � � ˇ ˛
1
p ˇ ˛

2
1 ˇ � � � ˇ ˛

2
q

C

qX
jD1

hX; ˛2j i˛
1
1 ˇ � � � ˇ ˛

1
p ˇ ˛

2
1 ˇ � � � ˇ

y˛2j ˇ � � � ˇ ˛
2
q :

For any � 2 Symk.A�/, let us denote by

�.X1; X2; : : : ; Xk/ D �Xk �Xk�1 � � � �X1�; 8 Xi 2 �.A/:

Thus, for all X1 2 �.A�1/, � 2 Symk.A�/, and Yi 2 �.A/, we have

.L1
X1
�/.Y1; : : : ; Yk/ D a.X

1/�.Y1; : : : ; Yk/ �

pCqX
iD1

�.Y1; : : : ; l2.X
1; Yi /; : : : ; Yk/:

The following lemmas list some properties of the above operators.
Lemma 3.5. For all X12�.A�1/, X22�.A�2/, f 2C1.M/, and �2Symk.A�/,
we have

L1
X1
f � D f .L1

X1
�/C a.X1/.f /�; L1

fX1
� D f .L1

X1
�/C df ˇ �X1�;

L2
X2
f � D f .L2

X2
�/; L2

fX2
� D f .L2

X2
�/ � df ˇ �X2�;

L1
X1
� D �X1d� C d�X1�; L2

X2
� D �X2d� � d�X2�:

Lemma 3.6. For all X1; Y 1 2 �.A�1/, X2 2 �.A�2/, � 2 Symk.A�/, we have

L1
l2.X1;Y 1/

� � L1
X1
L1
Y 1
� C L1

Y 1
L1
X1
� D �L3

X1;Y 1
L0.�/ � L0.L3

X1;Y 1
�/; (17)

L2
l2.X1;Y 2/

� � L1
X1
L2
Y 2
� C L2

Y 2
L1
X1
� D �L3

l1.Y 2/;X1
�: (18)

Lemma3.7. For allX1; Y 1 2 �.A�1/,X2 2 �.A�2/, ˛1 2 �.A��1/, ˛2 2 �.A��2/,
we have

�l2.X1;Y 1/d˛
1
� L1

X1
�Y 1d˛1 C �Y 1L1X1d˛

1
D �L3

X1;Y 1
l�1 ˛

1; (19)

�l2.X1;Y 1/d˛
2
� L1

X1
�Y 1d˛2 C �Y 1L1X1d˛

2
D �l�1L

3
X1;Y 1

˛2; (20)

�l2.X1;Y 2/d˛
2
� L1

X1
�Y 2d˛2 C �Y 2L2X1d˛

2
D �L3

l1.Y 2/;X1
˛2: (21)
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If A�Œ3� is a split Lie 2-algebroid, we use L0, L1, L2, and L3 to denote the
corresponding Lie derivatives.

4. Homotopy Poisson algebras of degree 3 associated to split Lie 2-algebroids
and split Lie 2-bialgebroids

4.1. Homotopy Poisson algebras of degree 3 associated to split Lie 2-algebroids.
Associated to a Lie algebroidA, we have the Gerstenhaber algebra .�.^�A/;^; Œ�; ��/,
which is also a Poisson algebra of degree �1, where ^�A D

P
k ^

kA and Œ�; �� is the
Schouten bracket on �.^�A/. This algebra plays very important role in the theory
of Lie algebroids. Note that �.^�A/ can be understood as the symmetric algebra
of AŒ�1� and elements in �.^kA/ are of degree k. This algebra can be obtained
by the derived bracket as follows. Consider the shifted cotangent bundle T �Œ2�AŒ1�,
which is a symplectic manifold of degree 2. The corresponding Poisson structure is
of degree �2. The Lie algebroid structure is equivalent to a degree 3 function � on
T �Œ2�AŒ1� which is fiberwise linear. Then the Schouten bracket on �.^�A/ can be
obtained by

ŒP;Q� D �ff�; P g;Qg; 8 P 2 �.^kA/; Q 2 �.^lA/:

By the fact that the degree of � is 3 and the degree of the Poisson bracket is �2, we
deduce that the degree of the Schouten bracket is 3 � 2 � 2 D �1.

Now for a split Lie 2-algebroid, using the above idea, we define higher bracket
operations on its symmetric algebra using the canonical Poisson bracket on the shifted
cotangent bundle.

Given a split Lie 2-algebroid A D .A�2; A�1; l1; l2; l3; a/ with the structure
function � given by (6), denote by .Sym.AŒ�3�/ D

L
k Symk.AŒ�3�/;ˇ/ the

symmetric algebra of AŒ�3�, in which Symk.AŒ�3�/ is given by3

Symk
�
AŒ�3�

�
D

X
pC2qDk

Symp;q
�
AŒ�3�

�
;

where

Symp;q
�
AŒ�3�

�
D �.^pA�2/ˇ �

�
Symq.A�1/

�
:

We will use j � j to denote the degree of a homogeneous element in Sym.AŒ�3�/.
For all P 2 Symk.AŒ�3�/,Q 2 Syml.AŒ�3�/, R 2 Symm.AŒ�3�/, define

Œ��S WSymk
�
AŒ�3�

�
�! SymkC1

�
AŒ�3�

�
3For the shifted vector bundle AŒ�3�, elements in �.A�2/ are of degree 1 and elements in �.A�1/

are of degree 2.
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by
ŒP �S D �f�

.2;1;1/; P g: (22)

Define

Œ�; ��S WSymk
�
AŒ�3�

�
� Syml

�
AŒ�3�

�
�! SymkCl�2

�
AŒ�3�

�
by

ŒP;Q�S D �ff�
.1;2;1/; P g;Qg: (23)

Define

Œ�; �; ��S WSymk
�
AŒ�3�

�
� Syml

�
AŒ�3�

�
� Symm

�
AŒ�3�

�
�! SymkClCm�5

�
AŒ�3�

�
by

ŒP;Q;R�S D �fff�
.0;3;1/; P g;Qg; Rg: (24)

Comparing with (7), it is straightforward to obtain that

Lemma 4.1. With the above notations, for allX1; Y 1; Z1 2 �.A�1/,X2 2 �.A�2/,
we have

ŒX2�S D l1.X
2/; ŒX1; f �S D a.X

1/.f /; ŒX1; Y 1�S D l2.X
1; Y 1/;

ŒX1; X2�S D l2.X
1; X2/; ŒX1; Y 1; Z1�S D l3.X

1; Y 1; Z1/:

For ˛ 2 �.A�/, define

�˛WSymp;q
�
AŒ�3�

�
�! Symp�1;q

�
AŒ�3�

�
˚ Symp;q�1

�
AŒ�3�

�
by
�˛
�
X11 ˇ � � � ˇX

1
p ˇX

2
1 ˇ � � � ˇX

2
q

�
D

pX
iD1

h˛;X1i iX
1
1 ˇ � � � ˇ

yX1i ˇ � � � ˇX
1
p ˇX

2
1 ˇ � � � ˇX

2
q

C

qX
jD1

.�1/jC1h˛;X2j iX
1
1 ˇ � � � ˇX

1
p ˇX

2
1 ˇ � � � ˇ

yX2j ˇ � � � ˇX
2
q ;

where X1i 2 �.A�1Œ�3�/, X
2
j 2 �.A�2Œ�3�/.

For all P 2 Symp.AŒ�3�/, let us denote by

P.˛1; : : : ; ˛p/ D �˛p � � � �˛1P; 8 ˛i 2 �.A
�/:

Using the properties of the graded Poisson bracket f� ; �g, we get the following
formulas.
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Proposition 4.2. For allP2SymjP j.AŒ�3�/,Q2SymjQj.AŒ�3�/,R2SymjRj.AŒ�3�/,
and W2SymjW j.AŒ�3�/, we have

ŒP; fQ�S D f ŒP;Q�S C .�1/
jP j�ı.f /P ˇQ;

ŒP ˇQ�S D ŒP �S ˇQC .�1/
jP jP ˇ ŒQ�S ;

ŒP;Q�S D .�1/
.jP j�1/.jQj�1/ŒQ; P �S ;

ŒP;QˇR�S D ŒP;Q�S ˇRC .�1/
jP jjQjQˇ ŒP;R�S ;

ŒP;Q;R�S D .�1/
.jP j�3/.jQj�3/ŒQ; P;R�S D .�1/

.jRj�3/.jQj�3/ŒP;R;Q�S ;

ŒP;Q;RˇW �S D ŒP;Q;R�S ˇW C .�1/
.jP jCjQj�5/jRjRˇ ŒP;Q;W �S :

It is easy to see that for all X 2 �.A/, we have

ŒX; Y1 ˇ � � � ˇ Yn�S D

nX
iD1

Y1 ˇ � � � ˇ l2.X; Yi /ˇ � � � ˇ Yn; 8 Yi 2 �.A/:

For all X1 2 �.A�1/; D 2 Symp;q.AŒ�3�/ and ˛i 2 �.A�/, we have�
ŒX1;D�S

�
.˛1; : : : ; ˛pCq/ D a.X

1/D.˛1; : : : ; ˛pCq/

�

pCqX
iD1

D.˛1; : : : ; L
1
X1
˛i ; : : : ; ˛pCq/:

Proposition 4.3. For allP2SymjP j.AŒ�3�/,Q2SymjQj.AŒ�3�/,R2SymjRj.AŒ�3�/,
and W2SymjW j.AŒ�3�/, we have

ŒŒP;Q�S �S D �ŒŒP �S ;Q�S C .�1/
jP jŒP; ŒQ�S �S ;

ŒP; ŒQ;R�S �S � .�1/
jP jŒŒP;Q�S ; R�S � .�1/

jP jjQjŒQ; ŒP;R�S �S

D .�1/jP jŒŒP;Q;R�S �S C .�1/
jQjŒP;Q; ŒR�S �S � ŒP; ŒQ�S ; R�S

C .�1/jP jŒŒP �S ;Q;R�S ;

and

� .�1/jP jŒP; ŒQ;R;W �S �S C .�1/
jP j.jQj�1/ŒQ; ŒP;R;W �S �S

C .�1/.jP jCjQj�1/.jRj�1/ŒR; ŒP;Q;W �S �S C ŒŒP;Q;R�S ; W �S

� .�1/.jRj�1/.jW j�1/ŒŒP;Q�S ; R;W �S C .�1/
jP j.jQj�1/ŒQ; ŒP;R�S ; W �S

� .�1/jP j.jRjCjQj/ŒQ;R; ŒP;W �S �S � .�1/
jP jŒP; ŒQ;R�S ; W �S

� .�1/jP jCjQjŒP;Q; ŒR;W �S �S C .�1/
jRjjQj�jP j�jQjŒP;R; ŒQ;W �S �S D 0:

Proof. It follows from the graded Jacobi identity for the Poisson bracket f� ; �g. We
omit details.



160 J. Liu and Y. Sheng

To understand the meaning of the above brackets, we need the notion of a
homotopy Poisson algebra ([32, 42]).

Definition 4.4. (i) A homotopy Poisson algebra of degree n is a graded commutative
algebra a over a field of characteristic zero with an L1Œ1�-algebra structure flmgm�1
on aŒn�, such that the map

x �! lm.x1; : : : ; xm�1; x/; x1; : : : ; xm�1; x 2 a

is a derivation of a of degree � WD
Pm�1
iD1 jxi j C 1 � n.m � 1/, i.e. for all x; y 2 a,

we have

lm.x1; : : : ; xm�1; xy/ D lm.x1; : : : ; xm�1; x/y C .�1/
�jxjxlm.x1; : : : ; xm�1; y/:

Here, jxi j denotes the degree of a homogeneous element xi 2 a.

(ii) A homotopy Poisson algebra of degree n is of finite type if there exists a q such
that lm D 0 for all m > q.

(iii) A homotopy Poissonmanifold of degree n is a gradedmanifoldM whose algebra
of functionsC1.M/ is equipped with a degree n homotopy Poisson algebra structure
of finite type.

(iv) A Maurer–Cartan element of a homotopy Poisson algebra of degree n is a
degree n element m satisfying

l1.m/C
1
2
l2.m;m/C

1
6
l3.m;m;m/C � � � D 0:

The only difference between the above definition and the one provided in [32] is
that we use L1Œ1�-algebra here, while in [32] the authors used L1-algebra. Since
L1Œ1�-algebras and L1-algebras are equivalent, there is no intrinsic difference.

The following theorem can be proved quickly using the derived bracket
construction by Voronov in [58]. Here we give another proof using the properties
of Œ��S , Œ�; ��S , and Œ�; �; ��S .

Theorem4.5. LetAbe a split Lie2-algebroid. Then .Sym.AŒ�3�/; Œ��S ; Œ�; ��S ; Œ�; �; ��S /
is a homotopy Poisson algebra of degree 3.

Proof. By Proposition 4.3, it is obvious that Œ��S ; Œ�; ��S ; Œ�; �; ��S define an L1Œ1�-
algebra structure on Sym.AŒ�3�/Œ3�. By Proposition 4.2, the graded derivation con-
ditions for Œ��S ; Œ�; ��S ; Œ�; �; ��S are satisfied. Thus, .Sym.AŒ�3�/; Œ��S ; Œ�; ��S ; Œ�; �; ��S /
is a homotopy Poisson algebra of degree 3.

Corollary 4.6. Let A D .A�2; A�1; l1; l2; l3; a/ be a split Lie 2-algebroid. Then
A�Œ3� D A��2Œ3�˚ A

�
�1Œ3� is a homotopy Poisson manifold of degree 3.
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The method of defining higher bracket operations using the Poisson bracket of
the shifted cotangent bundle can be easily generalized to a split Lie n-algebroid.
Consequently, one can obtain a homotopy Poisson algebra of degree n C 1 on the
symmetric algebra Sym.AŒ�n � 1�/ of a split Lie n-algebroid A and A�ŒnC 1� is
a homotopy Poisson manifold of degree n C 1. In [32, Example 3.6], it is stated
(but not proved) that the dual of a Lie n-algebroid is a homotopy Poisson manifold
of degree n. The difference is generated by the difference between an L1Œ1�-algebra
and an L1-algebra, which is not intrinsic.

4.2. A new approach to split Lie 2-bialgebroids. In this subsection, we extend
some results given in [41, 48] to Lie 2-bialgebroids. The notion of a split Lie 2-bi-
algebroid was introduced in [37] using the canonical Poisson bracket of the shifted
cotangent bundle.

Now assume that there is a split Lie 2-algebroid structure on the dual bundle
A�Œ3� D A��1Œ3� ˚ A

�
�2Œ3�. The two cotangent bundles M D T �Œ3�.A�1 ˚ A�2/

and T �Œ3�.A��1 ˚ A��2/Œ3� are naturally isomorphic as graded symplectic manifold
by the Legendre transformation. By Theorem 3.4, the split Lie 2-algebroid
.A�Œ3�; l1; l2; l3; a/ gives rise to a degree 4 function  on M satisfying f; g D 0: It
is given in local coordinates .xi ; �j ; �k; pi ; �j ; �k/ by

 D 1
ij .x/pj �i C 2

j
i .x/�j �

i
C

1
2
3
ij

k
.x/�k�i�j

C 4
ij

k
�i�j �

k
C

1
6
5
ijk

l
.x/�l�i�j �k : (25)

According to the tridegree,  can be decomposed into

 D  .2;1;1/ C  .1;1;2/ C  .0;1;3/:

Definition 4.7. ([37]) Let A and A�Œ3� be split Lie 2-algebroids with the structure
functions� and  respectively. The pair .A;A�Œ3�/ is called a split Lie 2-bialgebroid
if �.2;1;1/ D  .2;1;1/ and

f�C  � �.2;1;1/; �C  � �.2;1;1/g D 0; (26)

where f�; �g is the graded Poisson bracket on the shifted cotangent bundle

T �Œ3�.A�1 ˚ A�2/:

Denote a split Lie 2-bialgebroid by .A;A�Œ3�/.
Remark 4.8. (1) The condition �.2;1;1/ D  .2;1;1/ is due to the invariant condi-
tion (iii) in the definition of a CLWX 2-algebroid (see Definition 5.1).

(2) Note that the function �C  contains two copies of the term �.2;1;1/, which is
of the tridegree .2; 1; 1/. Thus, we use the degree 4 function �C  � �.2;1;1/ in the
definition of a split Lie 2-bialgebroid.
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Now using the homotopy Poisson algebra associated to a split Lie 2-algebroid,
we can describe a split Lie 2-bialgebroid using the usual language of differential
geometry similar as the case of a Lie bialgebroid ([41]).
Theorem 4.9. Let A and A�Œ3� be split Lie 2-algebroids with the structure functions
� and  respectively, such that �.2;1;1/ D  .2;1;1/. Then .A;A�Œ3�/ is a split Lie
2-bialgebroid if and only if the following two conditions hold:

ı�ŒX; Y �S D �Œı�.X/; Y �S C .�1/
jX jŒX; ı�.Y /�S ; 8 X; Y 2 �

�
AŒ�3�

�
; (27)

ıŒ˛; ˇ�S D �Œı.˛/; ˇ�S C .�1/
j˛jŒ˛; ı.ˇ/�S ; 8 ˛; ˇ 2 �.A�/; (28)

where ı� and ı are coboundary operators associated to split Lie 2-algebroids A�Œ3�

and A, respectively.

Proof. Let A and A�Œ3� be split Lie 2-algebroids. Then by the tridegree reason, the
following equalities are automatically satisfied:

f�.1;2;1/; �.2;1;1/g D 0; f�.1;2;1/; �.1;2;1/g C 2f�.2;1;1/; �.0;3;1/g D 0;

f�.1;2;1/; �.0;3;1/g D 0I (29)

f .1;1;2/;  .2;1;1/g D 0; f .1;1;2/;  .1;1;2/g C 2f .2;1;1/;  .0;1;3/g D 0;

f .1;1;2/;  .0;1;3/g D 0: (30)

If .A;A�Œ3�/ is a split Lie 2-bialgebroid, by the tridegree reason,

f�C  � �.2;1;1/; �C  � �.2;1;1/g D 0

is equivalent to

f�.1;2;1/;  .1;1;2/g D 0; f�.1;2;1/;  .0;1;3/g D 0;

f .1;1;2/; �.0;3;1/g D 0: (31)

By (29) and (30), (31) is equivalent to

f; �.1;2;1/g D 0; f�;  .1;1;2/g D 0:

For all X; Y 2 �.A/; by the graded Jacobi identity and (23), we have

fff�.1;2;1/; g; Xg; Y g

D ff�.1;2;1/; f;Xgg; Y g C .�1/.jX j�3/fff�.1;2;1/; Xg; g; Y g

D f�.1;2;1/; ff;Xg; Y gg C .�1/.jY j�3/.jX j/ff�.1;2;1/; Y g; f;Xgg

C .�1/.jX j�3/ff�.1;2;1/; Xg; f; Y gg C .�1/.jX jCjY j/fff�.1;2;1/; Xg; Y g; g

D ff�.1;2;1/; f;Xgg; Y g C .�1/.jX j�3/ff�.1;2;1/; Xg; f; Y gg

C f; ff�.1;2;1/; Xg; Y gg

D �ı�ŒX; Y �S � Œı�.X/; Y �S C .�1/
jX jŒX; ı�.Y /�S :
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Thus, f; �.1;2;1/g D 0 if and only if (27) holds. Similarly, we can show that
f�;  .1;1;2/g D 0 if and only if (28) holds. We finish the proof.

At the end of this section, we give some useful formulas that will be used in the
next section.
Proposition 4.10. Let .A;A�Œ3�/ be a split Lie 2-bialgebroid. Then we have

L2
dfX

1
D �ŒX1; d�f �S ; L2d�f ˛

2
D �Œ˛2; df �S ;

for all X1 2 �.A�1/, ˛2 2 �.A��2/, f 2 C1.M/.

Proof. For all X; Y 2 �.AŒ�3�/ and f 2 C1.M/, by (27), we have

d�ŒX; f Y �S D d�.f ŒX; Y �S /C d�.a.X/.f /Y /
D f d�ŒX; Y �S C d�.f /ˇ ŒX; Y �S

C
�
d�.a.X/.f //ˇ Y C a.X/.f /d�.Y /

�
:

On the other hand, we have

d�ŒX; f Y �S D �Œd�.X/; f Y �S C .�1/jX jŒX; d�.f Y /�S
D � f Œd�.X/; Y �S � .�1/jX jC1�df d�X ˇ Y

C .�1/jX jŒX; d�f �S ˇ Y C d�.f /ˇ ŒX; Y �S
C .�1/jX jf ŒX; d�Y �S C a.X/.f /d�.Y /:

Therefore, we have

d�.a.X/.f //ˇ Y D .�1/jX j�df d�X ˇ Y C .�1/jX jŒX; d�f �S ˇ Y:

For X D X1, we have

d�.a.X1/.f // � �df d�X1 D �ŒX1; d�f �S ;

which implies that L2
dfX

1 D �ŒX1; d�f �S .
The other one can be proved similarly. We omit details.

5. Manin triples of split Lie 2-algebroids

The notion of a CLWX 2-algebroid (named after Courant–Liu–Weinstein–Xu) was
introduced in [37] as the categorification of a Courant algebroid [38, 48].
Definition 5.1. A CLWX 2-algebroid is a graded vector bundle E D E�2 ˚ E�1
over M equipped with a non-degenerate graded symmetric bilinear form S on E , a
bilinear operation

˘W�.Ei / � �.Ej / �! �.EiCjC1/; �3 � i C j � �2;
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which is skewsymmetric on �.E�1/ � �.E�1/, an E�2-valued 3-form � on E�1,
two bundle maps @WE�2 �! E�1 and �WE�1 �! TM , such that E�2 and E�1 are
isotropic and the following axioms are satisfied:
(i) .�.E�2/; �.E�1/; @;˘; �/ is a Leibniz 2-algebra;
(ii) for all e1 2 �.E�1/, e2 2 �.E�2/, we have

e1 ˘ e2 � e2 ˘ e1 D DS.e1; e2/;

where D WC1.M/ �! �.E�2/ is defined by

S.Df; e1/ D �.e1/.f /; 8 e1 2 �.E�1/I

(iii) for all e21 ; e22 2 �.E�2/, we have

S.@.e21/; e
2
2/ D S.e

2
1 ; @.e

2
2//I

(iv) for all e1; e2; e3 2 �.E/, we have

�.e1/S.e2; e3/ D S.e1 ˘ e2; e3/C S.e2; e1 ˘ e3/I

(v) for all e11 ; e12 ; e13 ; e14 2 �.E�1/, we have

S.�.e11 ; e
1
2 ; e

1
3/; e

1
4/ D �S.e

1
3 ; �.e

1
1 ; e

1
2 ; e

1
4//:

Denote a CLWX 2-algebroid by .E�2; E�1; @; �; S;˘; �/, or simply by E . The
following lemma lists some properties of a CLWX 2-algebroid.
Lemma 5.2. Let .E�2; E�1; @; �; S;˘; �/ be a CLWX 2-algebroid. Then for all
e1; e2 2 �.E/, e1; e11 ; e

1
2 2 �.E�1/, and f 2 C1.M/, we have

e1 ˘ fe2 D f .e1 ˘ e2/C �.e1/.f /e2; .fe1/ ˘ e2 D f .e1 ˘ e2/C �.e2/.f /e1

C S.e1; e2/Df;

� ˘ @ D 0; @ ˘D D 0;

e1 ˘Df D DS.e1;Df /; Df ˘ e1 D 0:

Definition 5.3. Let E D .E�2; E�1; @; �; S;˘; �/ be a CLWX 2-algebroid.
(a) A graded subbundle L D L�2 ˚ L�1 of E is called isotropic if S.X; Y / D 0;

for all X; Y 2 �.L/.
(b) A graded subbundle L D L�2 ˚ L�1 of E is called integral if

(i) @
�
�.L�2/

�
� �.L�1/;

(ii) �.L/ is closed under the operation ˘;
(iii) �

�
�.L�1/; �.L�1/; �.L�1/

�
� �.L�2/.
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(c) Amaximal isotropic and integral graded subbundleL of E is called a strict Dirac
structure of a CLWX 2-algebroid.
The following proposition follows immediately from the definition.

Proposition 5.4. Let L be a strict Dirac structure of a CLWX 2-algebroid
E D .E�2; E�1; @; �; S;˘; �/. Then .L�2; L�1; @jL;˘jL; �jL; �jL/ is a split Lie
2-algebroid.
Definition 5.5. A Manin triple of split Lie 2-algebroids .EIA;B/ consists of a
CLWX 2-algebroid E D .E�2; E�1; @; �; S;˘; �/ and two transversal strict Dirac
structures A and B.
Theorem 5.6. There is a one-to-one correspondence between Manin triples of split
Lie 2-algebroids and split Lie 2-bialgebroids.

Proof. It follows from the following Proposition 5.7 and Proposition 5.8.

Assume that A D .A�2; A�1; l1; l2; l3; a/ is a split Lie 2-algebroid with structure
function � and A�Œ3� D .A��1Œ3�; A

�
�2Œ3�; l1; l2; l3; a/ a split Lie 2-algebroid with

the structure function  . Let E�1 D A�1 ˚ A
�
�2 and E�2 D A�2 ˚ A

�
�1, and

E D E�2 ˚E�1.
Let @WE�2 �! E�1 and �WE�1 �! TM be bundle maps defined by

@.X2 C ˛1/ D l1.X
2/C l1.˛

1/; (32)
�.X1 C ˛2/.f / D a.X1/.f /C a.˛2/.f /: (33)

On �.E/, there is a natural symmetric bilinear form .� ; �/C given by

.X1 C ˛2 CX2 C ˛1; Y 1 C ˇ2 C Y 2 C ˇ1/C

D hX1; ˇ1i C hY 1; ˛1i C hX2; ˇ2i C hY 2; ˛2i: (34)

On �.E/, we introduce operations

˘WEi �Ej �! EiCjC1; �3 � i C j � �2;

by
‚
.X1 C ˛2/ ˘ .Y 1 C ˇ2/ D l2.X

1; Y 1/C L1
X1
ˇ2 � L1

Y 1
˛2 C l2.˛

2; ˇ2/

CL1
˛2
Y 1 �L1

ˇ2
X1;

.X1 C ˛2/ ˘ .X2 C ˛1/ D l2.X
1; X2/C L1

X1
˛1 C �X2d.˛2/C l2.˛

2; ˛1/

CL1
˛2
X2 C �˛1d�.X1/;

.X2 C ˛1/ ˘ .X1 C ˛2/ D l2.X
2; X1/C L2

X2
˛2 C �X1d.˛1/C l2.˛

1; ˛2/

CL2
˛1
X1 C �˛2d�.X2/:

(35)
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An E�2-valued 3-form � on E�1 is defined by

�.X1 C ˛2; Y 1 C ˇ2; Z1 C 2/ D l3.X
1; Y 1; Z1/C L3

X1;Y 1
2 C L3

Y 1;Z1
˛2

C L3
Z1;X1

ˇ2 C l3.˛
2; ˇ2; 2/CL3

˛2;ˇ2
Z1 CL3

ˇ2;2
X1 CL3

2;˛2
Y 1; (36)

for allX1; Y 1; Z12�.A�1/,X2; Y 22�.A�2/,˛1; ˇ12�.A��1/,˛2; ˇ2; 22�.A��2/.

It is proved in [37] that:

Proposition 5.7. Let .A;A�Œ3�/ be a split Lie 2-bialgebroid. Then

.E�2; E�1; @; �; .�; �/C;˘; �/

is a CLWX 2-algebroid, where E�1 D A�1 ˚ A
�
�2, E�2 D A�2 ˚ A

�
�1, @ is given

by (32), � is given by (33), .�; �/C is given by (34), ˘ is given by (35), and � is given
by (36).

Conversely, we have:

Proposition 5.8. Let A and B be two transversal strict Dirac structures of a CLWX
2-algebroidE D .E�2; E�1; @; �; S;˘; �/, i.e.E D A˚B as graded vector bundles.
Then .A;B/ is a split Lie 2-bialgebroid, where B is considered as the shifted dual
bundle of A under the bilinear form S .

The proof is a long and tedious calculation and we include it in the appendix.

6. Weak Dirac structures and Maurer–Cartan elements

Recall that given a Lie algebroid .A; Œ�; ��; �/, there is naturally a Courant algebroid
A ˚ A�. Given an element � 2 �.^2A/ such that Œ�; �� D 0, one can define a
Lie bracket Œ�; ��� on �.A�/ such that .A�; Œ�; ��� ; � ı �]/ is a Lie algebroid, which
we denote by A�� . Moreover, �] is a Lie algebroid morphism from A�� to A and
.A;A��/ is a triangular Lie bialgebroid ([41]). The graph of �], which we denote by
G� � A˚ A

� is a Dirac structure of the Courant algebroid A˚ A�. In this section,
we generalize the above story to Lie 2-algebroids. First we introduce the notion
of a weak Dirac structure of a CLWX 2-algebroid. Then we study Maurer–Cartan
elements of the homotopy Poisson algebra associated to a Lie 2-algebroid A given in
Section 4. We show that aMaurer–Cartan element gives rise to a split Lie 2-algebroid
structure on the shifted dual bundle A�Œ3� as well as a morphism from A�Œ3� to A.
We also study Maurer–Cartan elements associated to a Lie 2-bialgebroid and show
that the graph of such a Maurer–Cartan element is a weak Dirac structure of the
corresponding CLWX 2-algebroid. Finally we give various examples including the
string Lie 2-algebra, integrable distributions and left-symmetric algebroids.
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Definition 6.1. A split Lie 2-algebroid .L�2; L�1; l1; l2; l3; a/ is called aweak Dirac
structure of a CLWX 2-algebroid .E�2; E�1; @; �; S;˘; �/ if there exist bundle maps

F1WL�1 �! E�1; F2WL�2 �! E�2; and F3W ^
2L�1 �! E�2;

such that:

(i) F1 and F2 are injective such that the image im.F2/ ˚ im.F1/ is a maximal
isotropic graded subbundle of E�2 ˚E�1;

(ii) .F1; F2; F3/ is a morphism from the Lie 2-algebra .�.L�2/; �.L�1/; l1; l2; l3/
to the Leibniz 2-algebra .�.E�2/; �.E�1/; @;˘; �/;

(iii) � ı F1 D a.

It is obvious that a strict Dirac structure L given in Definition 5.3 is a weak Dirac
structure, in which F1 and F2 are inclusion maps and F3 D 0.

6.1. Maurer–Cartan elements associated to a split Lie 2-algebroid.
Definition 6.2. Let A be a split Lie 2-algebroid. A Maurer–Cartan element of
the associated homotopy Poisson algebra .Sym.AŒ�3�/; Œ��S ; Œ�; ��S ; Œ�; �; ��S / given in
Theorem 4.5 is an element

m 2 Sym3
�
AŒ�3�

�
D A�1Œ�3�ˇ A�2Œ�3�˚^

3A�2Œ�3�

such that
Œm�S C

1
2
Œm;m�S C

1
6
Œm;m;m�S D 0: (37)

An elementm2Sym3.AŒ�3�/ consists of anH2�.A�1 ˇ A�2/ and aK2�.^3A�2/.
ForH2�.A�1 ˇ A�2/, define

H \
W�.A��1/! �.A�2/ and H ]

W�.A��2/! �.A�1/

by
hH \.˛1/; ˛2i D H.˛1; ˛2/; hH ].˛2/; ˛1i D H.˛2; ˛1/;

for all˛12�.A��1/, ˛22�.A��2/. We have f˛1;H gDH \.˛1/, f˛2;H gD�H ].˛2/.
For K 2 �.^3A�2/, define

K[W ^2A��2 �! A�2

by
hK[.˛2; ˇ2/; 2i D K.˛2; ˇ2; 2/; 8 ˛2; ˇ2; 2 2 �.A��2/: (38)

It is not hard to see that

ffK; ˛2g; ˇ2g D �K[.˛2; ˇ2/; fffK; ˛2g; ˇ2g; 2g D �K.˛2; ˇ2; 2/:
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Let � be the degree 4 function on T �Œ3�.A�1 ˚ A�2/ corresponding to the split
Lie 2-algebroid A. ForH 2 �.A�1 ˇ A�2/ and K 2 �.^3A�2/, define

‚
lH1 .˛

1/ D �f�.2;1;1/; ˛1g;

lH2 .˛
2; ˇ2/ D �fff�.1;2;1/;H g; ˛2g; ˇ2g;

lH2 .˛
2; ˇ1/ D �fff�.1;2;1/;H g; ˛2g; ˇ1g;

lH;K3 .˛2; ˇ2; 2/ D � ffff�.1;2;1/; Kg; ˛2g; ˇ2g; 2g

�
1
2
fffff�.0;3;1/;H g;H g; ˛2g; ˇ2g; 2g;

aH .˛
2/.f / D �fff�.1;2;1/;H g; ˛2g; f g;

(39)

for all ˛2; ˇ2; 2 2 �.A��2/, ˛1; ˇ1 2 �.A��1/, f 2 C1.M/. We use the Lie der-
ivatives introduced in Section 3 to give a precise description of the above operations.

Lemma 6.3. For all ˛2; ˇ2; 2 2 �.A��2/, ˇ1 2 �.A��1/, we have

lH1 D l
�
1 ; (40)

lH2 .˛
2; ˇ2/ D L1

H].˛2/
ˇ2 � L1

H].ˇ2/
˛2; (41)

lH2 .˛
2; ˇ1/ D L1

H].˛2/
ˇ1 � L2

H \.ˇ1/
˛2 � dH.˛2; ˇ1/; (42)

lH;K3 .˛2; ˇ2; 2/ D �L2
K[.˛2;ˇ2/

2 � L2
K[.2;˛2/

ˇ2 � L2
K[.ˇ2;2/

˛2

� 2dK.˛2; ˇ2; 2/C L3
H].˛2/;H].ˇ2/

2

C L3
H].ˇ2/;H].2/

˛2 C L3
H].2/;H].˛2/

ˇ2; (43)

aH D a ıH
]: (44)

We need the following preparation before we give the main result in this
subsection.

Lemma 6.4. Let A D .A�2; A�1; l1; l2; l3; a/ be a split Lie 2-algebroid with the
structure function � and H 2 �.A�1 ˇ A�2/; K 2 �.^

3A�2/. Then for all
˛2; ˇ2; 2 2 �.A��2/; ˛

1; ˇ1 2 �.A��1/, we have

ŒH �S .˛
1/ D l1.H

\.˛1//CH ].lH1 .˛
1//; (45)

ŒK�S .˛
2; ˇ2/ D l1K

[.˛2; ˇ2/; (46)

ŒK�S .˛
2; ˇ1/ D �K[.˛2; lH1 .ˇ

1//; (47)
1
2
ŒH;H�S .˛

2; ˇ2; �/ D H ].lH2 .˛
2; ˇ2// � l2.H

].˛2/;H ].ˇ2//; (48)
1
2
ŒH;H�S .˛

2; ˇ1; �/ D H \.lH2 .˛
2; ˇ1// � l2.H

].˛2/;H \.ˇ1//; (49)
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ŒH;K�S .˛
2; ˇ2; 2/ D K[.lH2 .˛

2; ˇ2/; 2/CK[.lH2 .
2; ˛2/; ˇ2/

CK[.lH2 .ˇ
2; 2/; ˛2/ � l2.H

].˛2/;K[.ˇ2; 2//

� l2.H
].2/;K[.˛2; ˇ2// � l2.H

].ˇ2/;K[.2; ˛2//

�H \.L2
K[.˛2;ˇ2/

2 C L2
K[.2;˛2/

ˇ2 C L2
K[.ˇ2;2/

˛2

C 2dK.˛2; ˇ2; 2//; (50)
1
6
ŒH;H;H�S .˛

2; ˇ2; 2/ D H \.L3
H].˛2/;H].ˇ2/

2 C L3
H].ˇ2/;H].2/

˛2

CL3
H].2/;H].˛2/

ˇ2/C l3.H
].˛2/;H ].ˇ2/;H ].2//: (51)

Proof. By the graded Jacobi identity for the canonical Poisson bracket on T �Œ3�
.A�1 ˚ A�2/, we have

ŒH �S .˛
1/ D ff�.2;1;1/;H g; ˛1g

D �f�.2;1;1/;H \.˛1/g C ff�.2;1;1/; ˛1g;H g

D l1.H
].˛1//CH ].lH1 .˛1//;

ŒK�S .˛
2; ˇ2/ D fff�.2;1;1/; Kg; ˛2g; ˇ2g D ff�.2;1;1/; fK; ˛2gg; ˇ2g

D f�.2;1;1/; ffK; ˛2g; ˇ2gg D �f�.2;1;1/; K[.˛2; ˇ2/g

D l1K
[.˛2; ˇ2/;

ŒK�S .˛
2; ˇ1/ D �fff�.2;1;1/; Kg; ˛2g; ˇ1g D �ff�.2;1;1/; fK; ˛2gg; ˇ1g

D �ff�.2;1;1/; ˇ1g; fK; ˛2gg D flH1 .ˇ
1/; fK; ˛2gg

D �K[.˛2; lH1 .ˇ
1//;

ŒH;H�S .˛
2; ˇ2; �/ D ffff�.1;2;1/;H g;H g; ˛2g; ˇ2g

D fff�.1;2;1/;H g; fH;˛2g; ˇ2g

C ffff�.1;2;1/;H g;H g; ˛2gg; ˇ2g

D � fff�.1;2;1/;H g; ˇ2g; fH;˛2gg

C fff�.1;2;1/;H g; fH;˛2gg; ˇ2g

C ffff�.1;2;1/;H g; ˛2g;H g; ˇ2g

D � ff�.1;2;1/; fH;ˇ2gg; fH;˛2gg

� fff�.1;2;1/; ˇ2g;H g; fH;˛2gg

C ff�.1;2;1/; fH;˛2gg; fH;ˇ2gg

C fff�.1;2;1/; ˛2g;H g; fH;ˇ2gg

C ffff�.1;2;1/;H g; ˛2g; ˇ2g;H g
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D 2ff�.1;2;1/; fH;˛2gg; fH;ˇ2gg

C fff�.1;2;1/; fH;˛2gg; ˇ2g;H g

� fff�.1;2;1/; fH;ˇ2gg; ˛2g;H g

C ffff�.1;2;1/;H g; ˛2g; ˇ2g;H g

D 2H ]lH2 .˛
2; ˇ2/ � 2l2.H

].˛2/;H ].ˇ2//;

which imply that (45)–(48) hold.
By direct calculation, we have

hH \.lH2 .˛
2; ˇ1// � l2.H

].˛2/;H \.ˇ1//; ˇ2i

D hH ].lH2 .˛
2; ˇ2// � l2.H

].˛2/;H ].ˇ2//; ˇ1i:

By (48), (49) follows immediately.
(50) and (51) can be proved similarly. We omit the details.

Nowwe are ready to give themain result in this subsection. Consider the following
function4 H;K of degree 4 on M D T �Œ3�.A�1 ˚ A�2/:

H;K D �
.2;1;1/

C f�.1;2;1/;H g C f�.1;2;1/; Kg C 1
2
ff�.0;3;1/;H g;H g: (52)

Theorem 6.5. Let A D .A�2; A�1; l1; l2; l3; a/ be a split Lie 2-algebroid and
H C K is a Maurer–Cartan element of the associated homotopy Poisson algebra
.Sym.AŒ�3�/; Œ��S ; Œ�; ��S ; Œ�; �; ��S /, i.e.

ŒH CK�S C
1
2
ŒH CK;H CK�S C

1
6
ŒH CK;H CK;H CK�S D 0: (53)

Then we have:

(i) A�Œ3� D .A��1Œ3�; A
�
�2Œ3�; l

H
1 ; l

H
2 ; l

H;K
3 ; aH / is a split Lie 2-algebroid, where

lH1 , lH2 , lH;K3 , and aH are given by (40)–(44) respectively;

(ii) .H ];�H \;�K[/ is a morphism from the split Lie 2-algebroid

A�Œ3� D .A��1Œ3�; A
�
�2Œ3�; l

H
1 ; l

H
2 ; l

H;K
3 ; aH /

to the split Lie 2-algebroid A D .A�2; A�1; l1; l2; l3; a/;

4The function H;K is obtained in the following intrinsic way. The map

fH CK; �gWC1.M/ ! C1.M/

is an inner derivation of C1.M/. It follows that efHCK;�g is an automorphism of C1.M/. Thus,
�0 WD efHCK;�g� is also a degree 4 function satisfying f�0; �0g D 0. H;K is exactly the projection
of �0 to the subspace

C .2;1;1/.M/˚C .1;1;2/.M/˚C .0;1;3/.M/

of C1.M/. See [49] for a similar discussion in Lie algebroids.
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(iii) .A;A�Œ3�/ is a split Lie 2-bialgebroid if and only if

f�.2;1;1/; f�.0;3;1/;H gg D 0; f�.1;2;1/; f�.0;3;1/;H gg D 0;

f�.0;3;1/; f�.2;1;1/; Kgg D 0:

Proof. It is straightforward to deduce that (53) is equivalent to the following equations

ŒH �S D 0; (54)
ŒK�S C

1
2
ŒH;H�S D 0; (55)

ŒH;K�S C
1
6
ŒH;H;H�S D 0: (56)

(i) To show that

A�Œ3� D .A��1Œ3�; A
�
�2Œ3�; l

H
1 ; l

H
2 ; l

H;K
3 ; aH /

is a split Lie 2-algebroid, we only need to prove

fH;K ; H;Kg D 0;

which is equivalent to the following equations:

ff�.1;2;1/;H g; �.2;1;1/g D 0; (57)

ff�.1;2;1/;H g; f�.1;2;1/;H gg C 2f�.2;1;1/; f�.1;2;1/; Kgg

C f�.2;1;1/; ff�.0;3;1/;H g;H gg D 0; (58)

ff�.1;2;1/;H g; f�.1;2;1/; Kgg C 1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg D 0: (59)

By (54) and the fact that f�.1;2;1/; �.2;1;1/g D 0, we have

ff�.1;2;1/;H g; �.2;1;1/g D f�.1;2;1/; fH;�.2;1;1/gg C ff�.1;2;1/; �.2;1;1/g;H g D 0;

which implies that (57) holds.
By (54), (55) and the fact that 1

2
f�.1;2;1/; �.1;2;1/g C f�.2;1;1/; �.0;3;1/g D 0, we

have

ff�.1;2;1/;H g; f�.1;2;1/;H gg C 2f�.2;1;1/; f�.1;2;1/; Kgg

C f�.2;1;1/; ff�.0;3;1/;H g;H gg

D ff�.1;2;1/;H g; f�.1;2;1/;H gg C f�.1;2;1/; ff�.1;2;1/;H g;H gg

C fff�.2;1;1/; �.0;3;1/g;H g;H g

D ff
1
2
f�.1;2;1/; �.1;2;1/g C f�.2;1;1/; �.0;3;1/g;H g;H g D 0;

which implies that (58) holds.
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By (55) and (56), we have

ff�.1;2;1/;H g; f�.1;2;1/; Kgg

D fff�.1;2;1/;H g; �.1;2;1/g; Kg � f�.1;2;1/; ff�.1;2;1/;H g; Kgg

D ff
1
2
f�.1;2;1/; �.1;2;1/g;H g; Kg � f�.1;2;1/; ff�.1;2;1/;H g; Kgg

D �fff�.2;1;1/; �.0;3;1/g;H g; Kg � f�.1;2;1/; ff�.1;2;1/;H g; Kgg

D �ff�.2;1;1/; Kg; f�.0;3;1/;H gg � f�.1;2;1/; ff�.1;2;1/;H g; Kgg

D
1
2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg C 1

6
f�.1;2;1/; fff�.0;3;1/;H g;H g;H gg:

On the other hand, by the fact that f�.1;2;1/; �.0;3;1/g D 0, we have

1
6
f�.1;2;1/; fff�.0;3;1/;H g;H g;H gg D �1

2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg

�
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg:

Therefore we have

ff�.1;2;1/;H g; f�.1;2;1/; Kgg C 1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg D 0;

which implies that (59) holds. Thus, .A��1Œ3�; A��2Œ3�; lH1 ; lH2 ; l
H;K
3 ; aH D a ıH ]/

is a split Lie 2-algebroid.

(ii) By (54) and Lemma 6.4, we obtain

� l1 ıH
\
D H ]

ı lH1 : (60)

By (55) and Lemma 6.4, we have

H ]lH2 .˛
2; ˇ2/ � l2.H

].˛2/;H ].ˇ2// D �l1K
[.˛2; ˇ2/; (61)

.�H \/lH2 .˛
2; ˇ1/ � l2.H

].˛2/;�H \.ˇ1// D �K[.˛2; lH1 .ˇ
1//: (62)

By (56) and Lemma 6.4, we have

K[.lH2 .˛
2; ˇ2/; 2/CK[.lH2 .

2; ˛2/; ˇ2/CK[.lH2 .ˇ
2; 2/; ˛2/

� l2.H
].˛2/;K[.ˇ2; 2// � l2.H

].2/;K[.˛2; ˇ2// � l2.H
].ˇ2/;K[.2; ˛2//

CH \
�
� L2

K[.˛2;ˇ2/
2 � L2

K[.2;˛2/
ˇ2 � L2

K[.ˇ2;2/
˛2 � 2dK.˛2; ˇ2; 2/

C L3
H].˛2/;H].ˇ2/

2 C L3
H].ˇ2/;H].2/

˛2 C L3
H].2/;H].˛2/

ˇ2
�

C l3.H
].˛2/;H ].ˇ2/;H ].2// D 0;
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which implies that

�K[.lH2 .˛
2; ˇ2/; 2/ �K[.lH2 .

2; ˛2/; ˇ2/ �K[.lH2 .ˇ
2; 2/; ˛2/

�H \.lH;K3 .˛2; ˇ2; 2/

D l3.H
].˛2/;H ].ˇ2/;H ].2//C l2.H

].˛2/;�K[.ˇ2; 2//

C l2.H
].2/;�K[.˛2; ˇ2//C l2.H

].ˇ2/;�K[.2; ˛2//: (63)

Thus, .H ];�H \;�K[/ is a morphism from the split Lie 2-algebroid

.A��1Œ3�; A
�
�2Œ3�; l

H
1 ; l

H
2 ; l

H;K
3 ; aH /

to the split Lie 2-algebroid .A�2; A�1; l1; l2; l3; a/.

(iii) Note that .A;A�Œ3�/ is a split Lie 2-bialgebroid if and only if

f�C H;K � �
.2;1;1/; �C H;K � �

.2;1;1/
g D 0:

Since .A; �/ and .A�Œ3�; H;K/ are split Lie 2-algebroids, the above equality is
equivalent to

f�.1;2;1/; f�.1;2;1/;H gg D 0;

f�.1;2;1/; f�.1;2;1/; Kgg C 1
2
f�.1;2;1/; ff�.0;3;1/;H g;H gg D 0;

ff�.1;2;1/;H g; �.0;3;1/g D 0:

By the fact that 1
2
f�.1;2;1/; �.1;2;1/gCf�.2;1;1/; �.0;3;1/g D 0 and fH;�.2;1;1/g D 0,

we have
f�.1;2;1/; f�.1;2;1/;H gg D �f�.2;1;1/; f�.0;3;1/;H gg:

By the fact that f�.1;2;1/; �.0;3;1/g D 0, we have

ff�.1;2;1/;H g; �.0;3;1/g D �f�.1;2;1/; f�.0;3;1/;H gg:

By the fact that f�.1;2;1/; �.0;3;1/g D 0 and (55), we have

f�.1;2;1/; f�.1;2;1/; Kgg C 1
2
f�.1;2;1/; ff�.0;3;1/;H g;H gg

D ff�.1;2;1/; f�.0;3;1/;H gg;H g � 2f�.0;3;1/; f�.2;1;1/; Kgg:

Thus, .A;A�Œ3�/ is a split Lie 2-bialgebroid if and only if

f�.2;1;1/; f�.0;3;1/;H gg D 0; f�.1;2;1/; f�.0;3;1/;H gg D 0;

f�.0;3;1/; f�.2;1;1/; Kgg D 0:

We finish the proof.
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Remark 6.6. According to Proposition 5.7, given a Lie 2-algebroid

.A�2; A�1; l1; l2; l3; a/;

then
.A�2 ˚ A

�
�1; A�1 ˚ A

�
�2; @; �; .�; �/C;˘; �/

is a CLWX 2-algebroid. It is natural to expect that the graph of .H ];�H \/ is a “Dirac
structure”. However, it is straightforward to see that the graph of .H ];�H \/ is not
closed under the operation ˘ anymore. Thus, it is not a strict Dirac structure defined
in Definition 5.3. But by Theorem 6.5, we can deduce that the graph of .H ];�H \/

is a weak Dirac structure defined in Definition 6.1. We will prove this result for the
more general case of split Lie 2-bialgebroids in the next subsection.

6.2. Weak Dirac structures and Maurer–Cartan elements associated to a split
Lie 2-bialgebroid. Let A D .A�2; A�1; l1; l2; l3; a/ be a split Lie 2-algebroid
with the structure function � and A�Œ3� D .A��1Œ3�; A

�
�2Œ3�; l1; l2; l3; a/ a split Lie

2-algebroid with the structure function  such that .A;A�Œ3�/ is a split Lie 2-bialg-
ebroid. Let H 2 �.A�1 ˇ A�2/ and K 2 �.^3A�2/. Define ƒ to be the degree 4
function on T �Œ3�.A�1 ˚ A�2/ by5

ƒ D  C H;K � �
.2;1;1/;

where H;K is given by (52). Write ƒ D ƒ.2;1;1/ Cƒ.1;1;2/ Cƒ.0;1;3/, where

ƒ.2;1;1/ D  .2;1;1/ D �.2;1;1/;

ƒ.1;1;2/ D  .1;1;2/ C f�.1;2;1/;H g;

ƒ.0;1;3/ D  .0;1;3/ C f�.1;2;1/; Kg C 1
2
ff�.0;3;1/;H g;H g:

For all ˛2; ˇ2; 2 2 �.A��2/, ˛1; ˇ1 2 �.A��1/, and f 2 C1.M/, define†
zlH1 .˛

1/ D �f�.2;1;1/; ˛1g D l�1 .˛
1/;

zaH .˛
2/.f / D �ff .1;1;2/ C f�.1;2;1/;H g; ˛2g; f g D .aC aH /.˛

2/.f /;

zlH2 .˛
2; ˇ2/ D �ff .1;1;2/ C f�.1;2;1/;H g; ˛2g; ˇ2g D .l2 C lH2 /.˛

2; ˇ2/;

zlH2 .˛
2; ˇ1/ D �ff .1;1;2/ C f�.1;2;1/;H g; ˛2g; ˇ1g D .l2 C lH2 /.˛

2; ˇ1/;

zlH;K3 .˛2; ˇ2; 2/ D � fff .0;1;3/ C f�.1;2;1/; Kg; ˛2g; ˇ2g; 2g

�
1
2
fffff�.0;3;1/;H g;H g; ˛2g; ˇ2g; 2g

D .l3 C lH;K3 /.˛2; ˇ2; 2/;

(64)
where aH ; lH2 and lH;K3 are given in Lemma 6.3.

5The functionƒ is obtained by taking the projection of efHCK;�g.�C��.2;1;1// to the subspace
C .2;1;1/.M/˚C .1;1;2/.M/˚C .0;1;3/.M/

of C1.M/. See the footnote 4 for more explanation of H;K .



Dirac structures of CLWX 2-algebroids 175

The following result is a higher analogue of [38, Section 6].
Proposition 6.7. With the above notations, ifH CK satisfies the following Maurer–
Cartan type equation:

� ı�.H CK/C
1
2
ŒH CK;H CK�S C

1
6
ŒH CK;H CK;H CK�S D 0; (65)

where ı� is the differential corresponding to the split Lie 2-algebroid A�Œ3�, then we
have fƒ;ƒg D 0. Consequently,

A�Œ3� D .A��1Œ3�; A
�
�2Œ3�;

zlH1 ;
zlH2 ;
zlH;K3 ; zaH /

is a split Lie 2-algebroid.

Proof. First, note that (65) is equivalent to the following equations
xı�H D 0; (66)

�xı�K � d�H C 1
2
ŒH;H�S D 0; (67)

�yı�H � d�K C ŒH;K�S C 1
6
ŒH;H;H�S D 0: (68)

On the other hand, fƒ;ƒg D 0 is equivalent to

fƒ.1;1;2/; ƒ.2;1;1/g D 0; fƒ.1;1;2/; ƒ.1;1;2/g C 2fƒ.2;1;1/; ƒ.0;1;3/g D 0;

fƒ.1;1;2/; ƒ.0;1;3/g D 0:

By f .1;1;2/;  .2;1;1/g D 0, f�.1;2;1/;  .2;1;1/g D 0 and (66), we have

fƒ.1;1;2/; ƒ.2;1;1/g D f .1;1;2/ C f�.1;2;1/;H g;  .2;1;1/g D ff�.1;2;1/;H g;  .2;1;1/g

D f�.1;2;1/; fH;  .2;1;1/gg D �f�.1;2;1/; xı�H g D 0:

By f .1;1;2/;  .1;1;2/gC2f .2;1;1/;  .0;1;3/g D 0, f�.1;2;1/; �.1;2;1/gC2f�.2;1;1/;
�.0;3;1/g D 0, f .1;1;2/; �.1;2;1/g D 0, (66) and (67), we have

fƒ.1;1;2/; ƒ.1;1;2/g C 2fƒ.2;1;1/; ƒ.0;1;3/g

D f .1;1;2/;  .1;1;2/g C 2f .2;1;1/;  .0;1;3/g C 1
2
f .1;1;2/; f�.1;2;1/;H gg

C ff�.1;2;1/;H g; f�.1;2;1/;H gg C 2f .2;1;1/; f�.1;2;1/; Kgg

C f .2;1;1/; ff�.0;3;1/;H g;H gg

D � 2f�.1;2;1/; d�H g C 1
2
fff�.1;2;1/; �.1;2;1/g;H g;H g

� f�.1;2;1/; ff�.1;2;1/;H g;H gg � 2f�.1;2;1/; xı�Kg

C fff2; �
.0;3;1/

g;H g;H g

D 2f�.1;2;1/; xı�Kg C f�
.1;2;1/; ff�.1;2;1/;H g;H gg

C ff
1
2
f�.1;2;1/; �.1;2;1/g C f�.2;1;1/; �.0;3;1/g;H g;H g

� f�.1;2;1/; ff�.1;2;1/;H g;H gg � 2f�.1;2;1/; xı�Kg

D 0:
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By f�.1;2;1/; �.1;2;1/g C 2f�.2;1;1/; �.0;3;1/g D 0, f .1;1;2/; �.0;3;1/g D 0

and (67), we have

ff�.1;2;1/; f�.1;2;1/; Kgg;H g D ff1
2
f�.1;2;1/; �.1;2;1/g; Kg;H g

D �fff�.2;1;1/; �.0;3;1/g; Kg;H g D �ff�.2;1;1/; Kg; f�.0;3;1/;H gg

D
1
2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg C ff .1;1;2/;H g; f�.0;3;1/;H gg

D
1
2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg � 1

2
f .1;1;2/; ff�.0;3;1/;H g;H gg:

By the fact that f�.1;2;1/; �.0;3;1/g D 0, we have

1
6
f�.1;2;1/; fff�.0;3;1/;H g;H g;H gg D �1

2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg

�
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg:

By f .1;1;2/;  .0;1;3/g D 0, f .1;1;2/; �.1;2;1/g D 0, f�.1;2;1/;  .0;1;3/g D 0 and (68),
we have

fƒ.1;1;2/; ƒ.0;1;3/g

D f .1;1;2/; f�.1;2;1/; Kgg C 1
2
f .1;1;2/; ff�.0;3;1/;H g;H gg

C ff�.1;2;1/;H g;  .0;1;3/g C ff�.1;2;1/;H g; f�.1;2;1/; Kgg

C
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg

D � f�.1;2;1/; d�Kg � f�.1;2;1/; yı�H g
C ff�.1;2;1/;H g; f�.1;2;1/; Kgg C 1

2
f .1;1;2/; ff�.0;3;1/;H g;H gg

C
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg

D f�.1;2;1/; ff�.1;2;1/;H g; Kgg

C
1
6
f�.1;2;1/; fff�.0;3;1/;H g;H g;H gg � f�.1;2;1/; ff�.1;2;1/;H g; Kgg

C ff�.1;2;1/; f�.1;2;1/; Kgg;H g C 1
2
f .1;1;2/; ff�.0;3;1/;H g;H gg

C
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg

D �
1
2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg

�
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg C 1

2
fff�.1;2;1/;H g;H g; f�.0;3;1/;H gg

�
1
2
f .1;1;2/; ff�.0;3;1/;H g;H gg C 1

2
f .1;1;2/; ff�.0;3;1/;H g;H gg

C
1
2
ff�.1;2;1/;H g; ff�.0;3;1/;H g;H gg D 0:

Thus, we have fƒ;ƒg D 0. By Theorem 3.4,

A�Œ3� D .A��1Œ3�; A
�
�2Œ3�;

zlH1 ;
zlH2 ;
zlH3 ; zaH /

is a split Lie 2-algebroid.
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Define vector bundles G�1 and G�2 by

G�1 D f˛
2
CH ].˛2/ j ˛2 2 �.A��2/g; G�2 D f˛

1
�H \.˛1/ j ˛1 2 �.A��1/g;

which are subbundles of A�1 ˚ A��2 and A�2 ˚ A��1 respectively. Denote by
G D G�1 ˚G�2. Define

lG1 WG�2 �! G�1; lG2 W�.Gi / � �.Gj / �! �.GiCjC1/;

lG3 W ^
3G�1 �! G�2; and aG

WG�1 �! TM

bẙ

lG1 .˛
1
�H \.˛1// D l�1 .˛

1/CH ].l�1 .˛
1//;

lG2 .˛
2
CH ].˛2/; ˇ2 CH ].ˇ2//

D .l2 C lH2 /.˛
2; ˇ2/CH ]

�
.l2 C lH2 /.˛

2; ˇ2/
�
;

lG2 .˛
2
CH ].˛2/; ˇ1 �H \.ˇ1//

D .l2 C lH2 /.˛
2; ˇ1/ �H \

�
.l2 C lH2 /.˛

2; ˇ1/
�
;

lG3 .˛
2
CH ].˛2/; ˇ2 CH ].ˇ2/; 2 CH ].2//

D .l3 C lH;K3 /.˛2; ˇ2; 2/ �H \
�
.l3 C lH;K3 /.˛2; ˇ2; 2/

�
;

aG .˛2 CH ].˛2// D .aC aH /.˛
2/;

(69)

for all ˛2; ˇ2; 2 2 �.A��2/, ˛1; ˇ1 2 �.A��1/.
By Proposition 6.7, we have

Corollary 6.8. Let .A;A�Œ3�/ be a split Lie 2-bialgebroid,H 2 �.A�1ˇA�2/ and
K 2 �.^3A�2/. If H C K satisfies the Maurer–Cartan type equation (65), then
GH D .G�2; G�1; l

G
1 ; l

G
2 ; l

G
3 ; a

G / is a split Lie 2-algebroid.

It is not hard to see that

ı�H 2 �.ˇ
2A�1/˚ �.^

2A�2 ˇ A�1/˚ �.^
4A�2/;

ı�K 2 �.^
2A�2 ˇ A�1/˚ �.^

4A�2/:

We need the following preparation before we give the main result in this subsection.

Lemma 6.9. For all ˛2; ˇ2; 2; �2 2 �.A��2/ and ˛1; ˇ1; 1 2 �.A��1/, we have

xı�H.˛
1; ˇ1/ D h�ŒH �S .˛

1/; ˇ1iI (70)
xı�K.˛

2; ˇ2; 1/ D h�ŒK�S .˛
2; ˇ2/; 1i D h�ŒK�S .˛

2; 1/; ˇ2iI (71)

d�H.˛2; ˇ2; 1/ D hL1
˛2
H ].ˇ2/ �L1

ˇ2
H ].˛2/ �H ].l2.˛

2; ˇ2//; 1i (72)

D hL1
˛2
H \.1/ � �1ı�H

].˛2/ �H \.l2.˛
2; 1//; ˇ2iI (73)
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yı�H.˛
2; ˇ2; 2; �2/ D h�L3

˛2;ˇ2
H ].2/ �L3

ˇ2;2
H ].˛2/

�L3
2;˛2

H ].ˇ2/ �H \.l3.˛
2; ˇ2; 2//; �2iI (74)

d�K.˛2; ˇ2; 2; �2/ D hL1
˛2
K[.ˇ2; 2/C �2ı�.K

[.˛2; ˇ2// �L1
ˇ2
K[.˛2; 2/

�K[.lH2 .˛
2; ˇ2/; 2/ �K[.ˇ2; lH2 .˛

2; 2//

CK[.˛2; lH2 .ˇ
2; 2//; �2i: (75)

Proof. The proof is similar to that of Lemma 6.4. We omit the details.

Now we are ready to give the main result in this paper, which says that the graph
of a Maurer–Cartan element is a weak Dirac structure defined in Definition 6.1.
Theorem 6.10. Let .A;A�Œ3�/ be a split Lie 2-bialgebroid, H 2 �.A�1 ˇ A�2/
andK 2 �.^3A�2/. IfH CK satisfies the Maurer–Cartan type equation (65), then
.i1; i2;� zK[/ is a morphism from the Lie 2-algebra

.�.G�2/; �.G�1/; l
G
1 ; l

G
2 ; l

G
3 /

to the Leibniz 2-algebra

.�.E�2/; �.E�1/; @;˘; �/

underlying the CLWX 2-algebroid given in Proposition 5.7, where i1 and i2 are
inclusion maps from G�1 and G�2 to E�1 and E�2 respectively and

zK[W ^2G�1 �! E�2

is defined by

zK[.˛2 CH ].˛2/; ˇ2 CH ].ˇ2// D K[.˛2; ˇ2/:

Consequently, the split Lie 2-algebroid GH D .G�2; G�1; l
G
1 ; l

G
2 ; l

G
3 ; a

G / is a weak
Dirac structure of the CLWX 2-algebroid given in Proposition 5.7.

Proof. First by the fact that H is symmetric, i.e. H.˛2; ˛1/ D H.˛1; ˛2/, it is
obvious that the graded subbundle GH is maximal isotropic.

Then by (66), we have �l1 ıH \ D H ] ı l�1 ; which implies that

i1 ı l
G
1 D @ ı i2: (76)

By (48) and (72), we have

.�xı�K � d�H C 1
2
ŒH;H�S /.˛

2; ˇ2;�/

D �d�H.˛2; ˇ2;�/C
�
ŒK�S C

1
2
ŒH;H�S .˛

2; ˇ2;�/
�

D H ].l2.˛
2; ˇ2// �L1

˛2
H ].ˇ2/CL1

ˇ2
H ].˛2/CH ]lH2 .˛

2; ˇ2/

� l2.H
].˛2/;H ].ˇ2//C l1K

[.˛2; ˇ2/:



Dirac structures of CLWX 2-algebroids 179

Thus, by (67), we deduce that

lG2 .˛
2
CH ].˛2/; ˇ2 CH ].ˇ2// � .˛2 CH ].˛2// ˘ .ˇ2 CH ].ˇ2//

D H ].l2.˛
2; ˇ2/C lH2 .˛

2; ˇ2// �L1
˛2
H ].ˇ2/

CL1
ˇ2
H ].˛2/ � l2.H

].˛2/;H ].ˇ2//

D �l1K
[.˛2; ˇ2/ D �l1

zK[.˛2 CH ].˛2/; ˇ2 CH ].ˇ2//: (77)

Similarly, by (49) and (73), we have

.�xı�K � d�H C 1
2
ŒH;H�S /.˛

2; ˇ1;�/

D �d�H.˛2; ˇ1;�/C .ŒK�S C 1
2
ŒH;H�S .˛

2; ˇ1;�//

D �L1
˛2
H \.ˇ1/C �ˇ1d�H ].˛2/CH \.l2.˛

2; ˇ1//

CH \.lH2 .˛
2; ˇ1// � l2.H

].˛2/;H \.ˇ1// �K[.˛2; l�1 .ˇ
1//:

Thus, by (67), we deduce that

lG2 .˛
2
CH ].˛2/; ˇ1 �H \.ˇ1// � .˛2 CH ].˛2// ˘ .ˇ1 �H \.ˇ1//

D � zK[.˛2 CH ].˛2/; lG1 .ˇ
1
�H \.ˇ1///: (78)

By (50), (51), (74) and (75), we have

.�yı�H � d�K C ŒH;K�S C 1
6
ŒH;H;H�S /.˛

2; ˇ2; 2;�/

D L3
˛2;ˇ2

H ].2/CL3
ˇ2;2

H ].˛2/CL3
2;˛2

H ].ˇ2/CH \.l3.˛
2; ˇ2; 2//

�L1
˛2
K[.ˇ2; 2/ � �2d�.K[.˛2; ˇ2//CL1

ˇ2
K[.˛2; 2/

CK[.l2.˛
2; ˇ2/; 2/CK[.ˇ2; l2.˛

2; 2// �K[.˛2; l2.ˇ
2; 2//

CK[.lH2 .˛
2; ˇ2/; 2/CK[.lH2 .

2; ˛2/; ˇ2/CK[.lH2 .ˇ
2; 2/; ˛2/

� l2.H
].˛2/;K[.ˇ2; 2// � l2.H

].2/;K[.˛2; ˇ2//

� l2.H
].ˇ2/;K[.2; ˛2//CH \.lH;K3 .˛2; ˇ2; 2//

C l3.H
].˛2/;H ].ˇ2/;H ].2//:

Thus, by (68), we deduce that

�lG3 .˛
2
CH ].˛2/; ˇ2 CH ].ˇ2/; 2 CH ].2//

� .˛2 CH ].˛2// ˘ zK[.ˇ2 CH ].ˇ2/; 2 CH ].2//

C .ˇ2 CH ].ˇ2// ˘ zK[.˛2 CH ].˛2/; 2 CH ].2//

� zK[.˛2 CH ].˛2/; ˇ2 CH ].ˇ2// ˘ .2 CH ].2//
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C zK[.lG2 .˛
2; ˇ2/CH ]lG2 .˛

2; ˇ2/; 2 CH ].2//

� zK[.˛2 CH ].˛2/; lG2 .ˇ
2; 2/CH ]lG2 .ˇ

2; 2//

C zK[.ˇ2 CH ].ˇ2/; lG2 .˛
2; 2/CH ]lG2 .˛

2; 2//

C�.˛2 CH ].˛2/; ˇ2 CH ].ˇ2/; 2 CH ].2// D 0: (79)

By (76)–(79), we deduce that .i1; i2;� zK[/ is a morphism from the Lie 2-algebra

.�.G�2/; �.G�1/; l
G
1 ; l

G
2 ; l

G
3 /

to the Leibniz 2-algebra .�.E�2/; �.E�1/; @;˘; �/.
Finally, it is obvious that

�.˛2 CH ].˛2// D a.H ].˛2//C a.˛2/ D aG .˛2 CH ].˛2//:

Therefore, the split Lie 2-algebroid

.G�2; G�1; l
G
1 ; l

G
2 ; l

G
3 ; a

G /

is a weak Dirac structure of the CLWX 2-algebroid .E�2; E�1; @; �; .�; �/C;˘; �/
given in Proposition 5.7.

6.3. Examples. In this subsection, we give some examples of Theorem6.5 including
the string Lie 2-algebra and split Lie 2-algebroids constructed from integrable
distributions and left-symmetric algebroids.
Example 6.11. Let .g; Œ�; ��g/ be a semisimple Lie algebra and B.�; �/ its killing form.
Recall that the string Lie 2-algebra .RŒ2�; gŒ1�; l1; l2; l3/ is given by

l1 D 0; l2.x; y/ D Œx; y�g; l2.x; v/ D 0; l3.x; y; z/ D B
�
x; Œy; z�g

�
;

for all x; y; z 2 g, v 2 R. We have gˇR D g and ^3R D 0. It is straightforward to
see that any h 2 g is a Maurer–Cartan element of the associated homotopy Poisson
algebra. Furthermore,

h]WR� Š R �! g and h\W g� �! R

are given by
h].s/ D sh; h\.˛/ D hh; ˛i; 8s 2 R; ˛ 2 g�:

The Lie 2-algebra .g�Œ2�;RŒ1�; lh1; lh2; lh3/ given in Theorem 6.5 (i) is given by

lh1 D 0; lh2.s; t/ D 0; lh2.s; ˇ/ D ad�shˇ; lh3.s; t; w/ D 0;

for all ˇ 2 g�, s; t; w 2 R.
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Moreover, the Lie 2-algebras .g�;R; lh1; lh2; lh3/ and .R; g; l1; l2; l3/ define a Lie
2-bialgebra, whose double is the Lie 2-algebra .R˚ g�Œ2�; g˚ RŒ1�; @;˘; �/ given
by ˚

@ D 0;

.x; s/ ˘ .y; t/ D
�
Œx; y�g; 0

�
;

.x; s/ ˘ .u; ˛/ D .u; ˛/ ˘ .x; s/ D .0; ad�x˛ C ad�sh˛/;

�..x; s/; .y; t/; .z; r// D
�
B
�
x; Œy; z�g

�
;�rB]

�
Œx; y�g

�
� sB]

�
Œy; z�g

�
� tB]

�
Œz; x�g

��
;

for all .x; s/; .y; t/; .z; r/ 2 g˚ R and .u; ˛/ 2 R˚ g� and B]W g �! g� is given
by hB].x/; yi D B.x; y/.

Let .A; Œ�; ��A; aA/ be a Lie algebroid and rW�.A/ � �.E/ �! �.E/ a repre-
sentation of Lie A on a vector bundle E. Then it is straightforward to see that

A D .EŒ2�; AŒ1�; l1; l2; l3; a/

is a split Lie 2-algebroid, where l1 D 0, l3 D 0, a D aA, and

l2.X; Y / D ŒX; Y �A; l2.X; e/ D rXe; 8 X; Y 2 �.A/; e 2 �.E/:

Proposition 6.12. With above notations, letH 2 �.AˇE/ and K 2 �.^3E/.
(i) If ŒH;H�S D 0, then .E�; lH2 ; aH / is a Lie algebroid, where aH D aA ı H

]

and lH2 is given by

lH2 .e
�
1 ; e
�
2 / D r

�

H].e�
1
/
e�2 � r

�

H].e�
2
/
e�1 ; 8e

�
1 ; e
�
2 2 �.E

�/; (80)

Here r� is the dual representation of r on E�.
(ii) If ŒH;H�S D 0, then ŒH;K�S D 0 if and only if K is a 3-cocycle on the Lie

algebroid .E�; lH2 ; aH /.

Proof. (i) By (41), it is straightforward to deduce that lH2 is given by (80). Since
l1 D 0; we obtain

lH1 D l
�
1 D 0:

Thus, lH2 satisfies the Jacobi identity and .E�; lH2 ; aH / is a Lie algebroid.

(ii) For all e�1 ; e�2 ; e�3 ; e�4 2 �.E�/, we have

hŒH;K�S .e
�
1 ; e
�
2 ; e
�
3 /; e

�
4 i

D hK[.lH2 .e
�
1 ; e
�
2 /; e

�
3 /CK

[.lH2 .e
�
3 ; e
�
1 /; e

�
2 /CK

[.lH2 .e
�
2 ; e
�
3 /; e

�
1 /

� l2.H
].e�1 /;K

[.e�2 ; e
�
3 // � l2.H

].e�3 /;K
[.e�1 ; e

�
2 // � l2.H

].e�2 /;K
[.e�3 ; e

�
1 //

�H \.L2
K[.e�

1
;e�
2
/
e�3 C L

2
K[.e�

3
;e�
1
/
e�2 C L

2
K[.e�

2
;e�
3
/
e�1 C 2dK.e

�
1 ; e
�
2 ; e
�
3 //; e

�
4 i
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D K.lH2 .e
�
1 ; e
�
2 /; e

�
3 ; e
�
4 /CK.l

H
2 .e

�
3 ; e
�
1 /; e

�
2 ; e
�
4 /CK.l

H
2 .e

�
2 ; e
�
3 /; e

�
1 ; e
�
4 /

� hr
�

H].e�
1
/
K[.e�2 ; e

�
3 /; e

�
4 i � hr

�

H].e�
3
/
K[.e�1 ; e

�
2 /; e

�
4 i � hr

�

H].e�
2
/
K[.e�3 ; e

�
1 /; e

�
4 i

C hr
�

H].e�
4
/
K[.e�1 ; e

�
2 /; e

�
3 i C hr

�

H].e�
4
/
K[.e�3 ; e

�
1 /; e

�
2 i C hr

�

H].e�
4
/
K[.e�2 ; e

�
3 /; e

�
1 i

� 2aH .e
�
4 /K.e

�
1 ; e
�
2 ; e
�
3 /

D K.lH2 .e
�
1 ; e
�
2 /; e

�
3 ; e
�
4 /CK.l

H
2 .e

�
3 ; e
�
1 /; e

�
2 ; e
�
4 /CK.l

H
2 .e

�
2 ; e
�
3 /; e

�
1 ; e
�
4 /

� aH .e
�
1 /K.e

�
2 ; e
�
3 ; e
�
4 /CK.e

�
2 ; e
�
3 ;r

�

H].e�
1
/
e�4 / � aH .e

�
3 /K.e

�
1 ; e
�
2 ; e
�
4 /

CK.e�1 ; e
�
2 ;r

�

H].e�
3
/
e�4 / � aH .e

�
2 /K.e

�
3 ; e
�
1 ; e
�
4 /CK.e

�
3 ; e
�
1 ;r

�

H].e�
2
/
e�4 /

C aH .e
�
4 /K.e

�
1 ; e
�
2 ; e
�
3 / �K.e

�
1 ; e
�
2 ;r

�

H].e�
4
/
e�3 /C aH .e

�
4 /K.e

�
2 ; e
�
3 ; e
�
1 /

�K.e�3 ; e
�
1 ;r

�

H].e�
4
/
e�2 /C aH .e

�
4 /K.e

�
2 ; e
�
3 ; e
�
1 / �K.e

�
2 ; e
�
3 ;r

�

H].e�
4
/
e�1 /

� 2aH .e
�
4 /K.e

�
1 ; e
�
2 ; e
�
3 /

D K.lH2 .e
�
1 ; e
�
2 /; e

�
3 ; e
�
4 /CK.l

H
2 .e

�
3 ; e
�
1 /; e

�
2 ; e
�
4 /CK.l

H
2 .e

�
2 ; e
�
3 /; e

�
1 ; e
�
4 /

CK.e�2 ; e
�
3 ; l

H
2 .e

�
1 ; e
�
4 //CK.e

�
1 ; e
�
2 ; l

H
2 .e

�
3 ; e
�
4 //CK.e

�
3 ; e
�
1 ; l

H
2 .e

�
2 ; e
�
4 //

� aH .e
�
1 /K.e

�
2 ; e
�
3 ; e
�
4 / � aH .e

�
3 /K.e

�
1 ; e
�
2 ; e
�
4 / � aH .e

�
2 /K.e

�
3 ; e
�
1 ; e
�
4 /

C aH .e
�
4 /K.e

�
1 ; e
�
2 ; e
�
3 /

D �.dHK/.e�1 ; e
�
2 ; e
�
3 ; e
�
4 /;

where dH is the coboundary operator on the Lie algebroid .E�; lH2 ; aH / with the
coefficient in the trivial representation. Thus, ŒH;K�S D 0 if and only if K is a
3-cocycle.

Corollary 6.13. Let H 2 �.A ˇ E/ and K 2 �.^3E/ such that ŒH;H�S D 0,
ŒH;K�S D 0. Then

A�Œ3� D .A�; E�; lH1 ; l
H
2 ; l

H;K
3 ; aH /

is a split Lie 2-algebroid, where lH1 D 0; and

lH2 .e
�
1 ; e
�
2 / D r

�

H].e�
1
/
e�2 � r

�

H].e�
2
/
e�1 ;

lH2 .e
�
1 ; ˇ/ D LH].e�

1
/ˇ C hr�H

\.ˇ/; e�1 i � dAH.e�1 ; ˇ/;

lH;K3 .e�1 ; e
�
2 ; e
�
3 / D hr�K

[.e�1 ; e
�
2 /; e

�
3 i C hr�K

[.e�3 ; e
�
1 /; e

�
2 i

C hr�K
[.e�2 ; e

�
3 /; e

�
1 i � 2d

AK.e�1 ; e
�
2 ; e
�
3 /;

for all e�1 ; e
�
2 ; e
�
3 2 �.E

�/; ˇ 2 �.A�/. Here LX W�.A�/ �! �.A�/ and dA are the
Lie derivative and the differential for the Lie algebroidA, respectively. Furthermore,
.H ];�H \;�K[/ is a morphism form the split Lie 2-algebroid A�Œ3� to the split Lie
2-algebroid A and .A;A�Œ3�/ is a split Lie 2-bialgebroid.
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According to Proposition 6.12 and Corollary 6.13, we can give the following
example in which the Lie algebroid is given by an integral distribution and the
representation is given by the Lie derivative on its normal bundle.
Example 6.14. Let F � TM be an integral distribution on a manifold M and
F ? � T �M its conormal bundle. Then

.F ?Œ2�;F Œ1�; l1; l2; l3; a/

is a Lie 2-algebroid, where l1 D 0; l3 D 0; aWF �! TM is the inclusion map
and l2 is given by

l2.X1; X2/ D ŒX1; X2�; l2.X; �/ D LX�; 8X1; X2; X 2 �.F /; � 2 �.F
?/;

whereL is the usual Lie derivative onM . ThenH 2 F ˇF ? satisfies ŒH;H�S D 0
if and only if

H ].L1
H].˛1/

˛2 � L
1
H].˛2/

˛1/ D ŒH
].˛1/;H

].˛2/�; 8 ˛1; ˛2 2 �..F
?/�/;

whereL1WF �.F ?/� �! .F ?/� is the Lie derivative on the Lie 2-algebroid defined
by (11). In fact, there is a natural isomorphism between TM=F and .F ?/�. For
any Y 2 �.TM/, we denote by xY its image in �.TM=F / of the natural projection
prWTM �! TM=F . Then we have

L1X
xY D ŒX; Y �; 8X 2 �.F /; Y 2 �.TM/:

Such anH 2 F ˇ F ? induces a Lie algebroid ..F ?/�; Œ�; ��H ; aH /, where

Œ˛1; ˛2�H D L
1
H].˛1/

˛2 � L
1
H].˛2/

˛1; aH D H
]; 8 ˛1; ˛2 2 �..F

?/�/:

Let K 2 �.^3F ?/ be a 3-cocycle on the Lie algebroid ..F ?/�; Œ�; ��H ; aH /.
Then there is an induced Lie 2-algebroid

.F �Œ2�; .F ?/�Œ1�; lH1 D 0; Œ�; ��H ; Œ�; �; ��H;K ; aH D H
]/;

where

Œ˛1; ˛2�H D L
1
H].˛1/

˛2 � L
1
H].˛2/

˛1;

Œ˛; ��H D LF
H].˛/

� � L2
H \.�/

˛ � dFH.˛; �/;

Œ˛1; ˛2; ˛3�H;K D � 2d
F .K.˛1; ˛2; ˛3// � L

2
K[.˛1;˛2/

˛3

� L2
K[.˛3;˛1/

˛2 � L
2
K[.˛2;˛3/

˛1;

for all ˛; ˛1; ˛2; ˛3 2 �..F ?/�/, � 2 �.F �/. Here LF WF � F � �! F � and
dF W ^kF � �! ^kC1F � are the Lie derivative and the differential for the Lie
algebroid F respectively. Furthermore, it is straightforward to deduce that the
relation between L2 and the Lie derivative L is given by

hL2�˛;Xi D �hLX�; ˛i; 8X 2 �.F /; � 2 �.F
?/; ˛ 2 �..F ?/�/:
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The notion of a left-symmetric algebroid, also called Koszul–Vinberg algebroid,
was introduced in [36, 46, 47] as a geometric generalization of a left-symmetric
algebra (pre-Lie algebra). Let .A; �A; aA/ be a left-symmetric algebroid. Define a
skew-symmetric bilinear bracket operation Œ� ; ��A on �.A/ by

Œx; y�A D x �A y � y �A x; 8 x; y 2 �.A/:

Then, .A; Œ� ; ��A; aA/ is a Lie algebroid, and denoted by Ac , called the sub-adjacent
Lie algebroid of .A; �A; aA/. Furthermore,LWA�!D.A/ defined byLXY DX �A Y
gives a representation of the Lie algebroid Ac on A, where D.A/ denotes the first
order covariant differential operator bundle of the vector bundle A.
Example 6.15. Let .A; �A; aA/ be a left-symmetric algebroid. Then

A D .A�Œ2�; AŒ1�; l1; l2; l3; aA/

is a split Lie 2-algebroid, where l1 D 0, l3 D 0, and l2 is given by

l2.X; Y / D ŒX; Y �A; l2.X; �/ D L
�
X�; 8 X; Y 2 �.A/; � 2 �.A

�/:

Here L� is the dual representation of L. LetH 2 Aˇ A� be given by

H.X; �/ D hX; �i; 8X 2 �.A/; � 2 �.A�/:

That is, H ] D idA and H \ D idA� . Then we have ŒH;H�S D 0. In fact, it follows
from

1
2
ŒH;H�S .X; Y; �/ D H

].X �A Y � Y �A X/ � l2.H
].X/;H ].Y //

D ŒX; Y �A � ŒX; Y �A D 0:

Furthermore, the induced Lie algebroid structure on A D .A�/� is exactly the sub-
adjacent Lie algebroid Ac . For a K 2 �.^3A�/, by Proposition 6.12, ŒH;K�S D 0
if and only if K is a 3-cocycle on the sub-adjacent Lie algebroid Ac . Under these
conditions,

A�Œ3� D .A�Œ2�; AŒ1�; lH1 ; l
H
2 ; l

H;K
3 ; aH /

is a split Lie 2-algebroid, where lH1 D 0, and

lH2 .X; Y / D ŒX; Y �A; lH2 .X; �/ D L
�
X�;

lH;K3 .X; Y;Z/ D R�ZK
b.X; Y /CR�YK

b.Z;X/

CR�XK
b.Y;Z/C dA.K.X; Y;Z//:

for all X; Y;Z 2 �.A/ and � 2 �.A�/. Here R�X WA
� �! A� is the dual map of the

right multiplication RX , i.e. hR�X�; Y i D �h�; Y �A Xi.
Since left-symmetric algebras are left-symmetric algebroids naturally, the

following example is a special case of the above example.
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Example 6.16. Let .g; �/ be a 3-dimensional left-symmetric algebra generated by the
following relations

e1 � e1 D 2e1; e1 � e2 D e2; e1 � e3 D e3; e2 � e3 D e3 � e2 D e1;

where fe1; e2; e3g is a basis of g. The corresponding sub-adjacent Lie algebra struc-
ture is given by

Œe1; e2�g D e2; Œe1; e3�g D e3:

The dual representation L� of the sub-adjacent Lie algebra gc on g� is given by

L�e1e
�
1 D �2e

�
1 ; L�e1e

�
2 D �e

�
2 ; L�e1e

�
3 D �e

�
3 ;

L�e2e
�
1 D �e

�
3 ; L�e3e

�
1 D �e

�
2 ;

where fe�1 ; e�2 ; e�3 g is the dual basis.
The dual map of the right multiplication R is given by

R�e1e
�
1 D �2e

�
1 ; R�e2e

�
1 D �e

�
3 ; R�e2e

�
2 D �e

�
1 ;

R�e3e
�
1 D �e

�
2 ; R�e3e

�
3 D �e

�
1 :

LetH 2 gˇ g� be given by

H.x; �/ D hx; �i; 8x 2 g; � 2 g�:

That is,HD
P3
iD1 ei ˇ e

�
i : For any constant number k0, set KDk0e�1^e�2^e�3 and

then K is a 3-cocycle on the sub-adjacent Lie algebra gc . Thus,

.g�Œ2�; gŒ1�; lH1 ; l
H
2 ; l

H;K
3 /

is a Lie 2-algebra, where lH1 D 0, and for all x; y 2 g; � 2 g�,

lH2 .x; y/ D Œx; y�g; lH2 .x; �/ D L
�
x�; lH;K3 .e1; e2; e3/ D �4k0e

�
1 :

A. The proof of Proposition 5.8

Proof. Let A D A�1 ˚ A�2 and B D B�1 ˚ B�2. Since the pairing S is
nondegenerate, B�1 is isomorphic to A��2, the dual bundle of A�2, via h˛2; X2i D
S.˛2; X2/ for all X2 2 �.A�2/, ˛2 2 �.B�1/, and B�2 is isomorphic to A��1, the
dual bundle ofA�1, via h˛1; X1i D S.˛1; X1/ for allX1 2 �.A�1/; ˛1 2 �.B�2/.
Under this isomorphism, the graded symmetric bilinear form S is given by (34).
By Proposition 5.4, both A and B are split Lie 2-algebroids, and denoted by
.AI l1; l2; l3; a/ and .BI l1; l2; l3; a/. We use ı and ı� to denote their differentials,
respectively.
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By (iii) in Definition 5:1, we deduce that l1 D l�1 :By (ii) and (iv) in Definition 5.1,
we deduce that the brackets between �.A/ and �.B/ are given by (35). By (v) in
Definition 5:1, we deduce that the .A�2 ˚ B�2/-valued 3-form � is given by (36).

Next, we will use the following two steps to show that (27) in Theorem 4.9 holds.

Step 1. We will show that

ı�ŒX
1; Y 1�S D �Œı�.X

1/; Y 1�S C ŒX
1; ı�.Y

1/�S ; 8X
1; Y 1 2 �.A�1/: (81)

In fact, since for all X1 2 �.A�1/, xı�.X1/ D 0, we have

xı�ŒX
1; Y 1�S D �Œ

xı�.X
1/; Y 1�S C ŒX

1; xı�.Y
1/�S : (82)

For all X1; Y 1 2 �.A�1/ and ˛1 2 �.B�2/, by .e1/ in Definition 2.1, we have

X1 ˘ .Y 1 ˘ ˛1/ � .X1 ˘ Y 1/ ˘ ˛1 � Y 1 ˘ .X1 ˘ ˛1/ D �.X1; Y 1; l�1 .˛
1//:

By (17), this condition is equivalent to

�L1
Y1
˛1d�X

1
C l2.X

1; �˛1d�Y 1/ � �˛1d�l2.X1; Y 1/

� �L1
Y1
˛1d�X

1
� l2.X

1; �˛1d�Y 1/ D 0:

By direct calculation, we have

h�L1
Y1
˛1d�X

1; ˛2i D a.˛2/a.Y 1/hX1; ˛1i � a.˛2/h˛1; l2.X
1; Y 1/i

� hX1; l2.L
1
Y 1
˛1; ˛2/iI

hl2.X
1; �˛1d�Y 1/; ˛2i D a.X1/a.˛2/hY 1; ˛1i � a.X1/hl2.˛1; ˛2/; Y 1i

� a.L1
X1
˛2/hY 1; ˛1i C hY 1; l2.L

1
X1
˛2; ˛1/iI

h�˛1 Œd�X1; Y 1�S ; ˛2i D a.Y 1/d�X1.˛1; ˛2/ � d�X1.L1Y 1˛
1; ˛2/

� d�X1.˛1; L1Y 1˛
2/

D a.Y 1/a.˛2/hX1; ˛1i � a.Y 1/hl2.˛
1; ˛2/; X1i

� a.˛2/a.Y 1/hX1; ˛1i C a.˛2/h˛1; l2.Y
1; X1/i

C hX1; l2.L
1
Y 1
˛1; ˛2/i � a.L1

Y 1
˛2/hX1; ˛1i

C hX1; l2.L
1
Y 1
˛2; ˛1/i:

Then by the above formulas, we have

0 D �L1
Y1
˛1d�X

1
C l2.X

1; �˛1d�Y 1/ � �˛1d�l2.X1; Y 1/

� �L1
Y1
˛1d�X

1
� l2.X

1; �˛1d�Y 1/

D �˛1
�
� Œd�.X1/; Y 1�S C ŒX1; d�.Y 1/�S � d�ŒX1; Y 1�S

�
;
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which implies that

d�ŒX1; Y 1�S D �Œd�.X1/; Y 1�S C ŒX1; d�.Y 1/�S : (83)

For all X1 2 �.A�1/ and ˛2; ˇ2; 2 2 �.B�1/, by .f/ in Definition 2.1, we have

˛2˘�.ˇ2; 2; X1/�ˇ2˘�.˛2; 2; X1/C2˘�.˛2; ˇ2; X1/�l3.˛
2; ˇ2; 2/˘X1

��.l2.˛
2; ˇ2/; 2; X1/ ��.ˇ2; l2.˛

2; 2/; X1/ ��.ˇ2; 2; ˛2 ˘X1/

C�.˛2; l2.ˇ
2; 2/; X1/C�.˛2; 2; ˇ2 ˘X1/ ��.˛2; ˇ2; 2 ˘X1/ D 0;

which is equivalent to

�L3
ˇ2;2

X1d˛
2
� �L3

˛2;2
X1dˇ

2
C �L3

˛2;ˇ2
X1d

2
� �X1dl3.˛2; ˇ2; 2/

C l3.˛
2; ˇ2; L1

X1
2/C l3.

2; ˛2; L1
X1
ˇ2/C l3.ˇ

2; 2; L1
X1
˛2/ D 0: (84)

By direct calculation, we have

h�L3
ˇ2;2

X1d˛
2
� �L3

˛2;2
X1dˇ

2
C �L3

ˇ2;ˇ2
X1d

2
� �X1dl3.˛2; ˇ2; 2/; Y 1i

D h�l3.
2; ˛2; L1

Y 1
ˇ2/ � l3.˛

2; ˇ2; L1
Y 1
2/ � l3.ˇ

2; 2; L1
Y 1
˛2/; X1i

� a.X1/hl3.˛
2; ˇ2; 2/; Y 1i C a.Y 1/hl3.˛

2; ˇ2; 2/; X1i

C hl3.˛
2; ˇ2; 2/; l2.X

1; Y 1/i: (85)

On the other hand, we have

Œyı�X
1; Y 1�S .˛

2; ˇ2; 2/

D � a.Y 1/hl3.˛
2; ˇ2; 2/; X1i C hl3.

2; ˛2; L1
Y 1
ˇ2/C l3.˛

2; ˇ2; L1
Y 1
2/

C l3.ˇ
2; 2; L1

Y 1
˛2/; X1i; yı�ŒX

1; Y 1�S .˛
2; ˇ2; 2/

D �hl3.˛
2; ˇ2; 2/; l2.X

1; Y 1/i:

Then by (84) and (85), we have�
� Œyı�.X

1/; Y 1�S C ŒX
1; yı�.Y

1/�S �
yı�ŒX

1; Y 1�S
�
.˛2; ˇ2; 2/

D a.Y 1/hl3.˛
2; ˇ2; 2/; X1i � hl3.

2; ˛2; L1
Y 1
ˇ2/C l3.˛

2; ˇ2; L1
Y 1
2/

C l3.ˇ
2; 2; L1

Y 1
˛2/; X1i � a.X1/hl3.˛

2; ˇ2; 2/; Y 1i

C hl3.
2; ˛2; L1

X1
ˇ2/C l3.˛

2; ˇ2; L1
X1
2/

C l3.ˇ
2; 2; L1

X1
˛2/; Y 1i C hl3.˛

2; ˇ2; 2/; l2.X
1; Y 1/i D 0;

which implies that

yı�ŒX
1; Y 1�S D �Œ

yı�.X
1/; Y 1�S C ŒX

1; yı�.Y
1/�S : (86)

Thus, by (82), (83), and (86), (81) follows immediately.
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Step 2. We will show that

ı�ŒX
1; Y 2�S D �Œı�.X

1/; Y 2�SCŒX
1; ı�.Y

2/�S ; 8X
1
2 �.A�1/; Y

2
2 �.A�2/:

(87)
For X1 2 �.A�1/; Y 2 2 �.A�2/, by .a/ in Definition 2.1, we have

hxı�ŒX
1; Y 2�S C Œ

xı�.X
1/; Y 2�S � ŒX

1; xı�.Y
2/�S ; ˛

1
i

D h�l1.l2.X
1; Y 2/C l2.X

1; l1.Y
2//; ˛1i D 0;

which implies that

xı�ŒX
1; Y 2�S D �Œ

xı�.X
1/; Y 2�S C ŒX

1; xı�.Y
2/�S : (88)

For allX1 2 �.A�1/; Y 2 2 �.A�2/ and ˛2 2 �.B�1/, by .e1/ in Definition 2.1,
we have

X1 ˘ .˛2 ˘ Y 2/ � .X1 ˘ ˛2/ ˘ Y 2 � ˛2 ˘ .X1 ˘ Y 2/ D �.X1; ˛2; l1.Y
2//:

By (21), this condition is equivalent to

l2.X
1;L1

˛2
Y 2/C ��

Y2
d˛2d�X1 �L1

L1
X1
˛2
Y 2

C l2.L
1
˛2
X1; Y 2/ �L1

˛2
l2.X

1; Y 2/ D 0:

By direct calculation, on the one hand, we have

hl2.X
1;L1

˛2
Y 2/; ˇ2i D a.X1/a.˛2/hY 2; ˇ2i � a.X1/hY 2; l2.˛

2; ˇ2/i

� a.˛2/a.X1/hY 2; ˇ2i C a.˛2/hˇ2; l2.X
1; Y 2/i

C hY 2; l2.˛
2; L1

X1
ˇ2/iI

h��
Y2

d˛2d�X1; ˇ2i D a.L1
ˇ2
X1/hY 2; ˛2i � a.ˇ2/h˛2; l2.X

1; Y 2/i

� hX1; l2.ˇ
2; L2

Y 2
˛2/iI

hL1

L1
X1
˛2
Y 2; ˇ2i D a.L1

X1
˛2/hY 2; ˇ2i � hY 2; l2.L

1
X1
˛2; ˇ2/iI

hl2.L
1
˛2
X1; Y 2/; ˇ2i D a.˛2/hˇ2; l2.X

1; Y 2/i C hX1; l2.˛
2; L2

Y 2
ˇ2/iI

hL1
˛2
l2.X

1; Y 2/; ˇ2i D a.˛2/hˇ2; l2.X
1; Y 2/i � hl2.X

1; Y 2/; l2.˛
2; ˇ2/i:

On the other hand, we have

h�˛2d�ŒX1; Y 2�S ; ˇ2i D a.˛2/hˇ2; l2.X
1; Y 2/i � a.ˇ2/h˛2; l2.X

1; Y 2/i

� hl2.X
1; Y 2/; l2.˛

2; ˇ2/iI

h�˛2 Œd�.X1/; Y 2�S ; ˇ2i D �d�X1.L2Y 2˛
2; ˇ2/C d�X1.L2Y 2ˇ

2; ˛2/

D a.ˇ2/h˛2; l2.X
1; Y 2/i C hX1; l2.ˇ

2; L2
Y 2
˛2/i

� a.˛2/hˇ2; l2.X
1; Y 2/i � hX1; l2.˛

2; L2
Y 2
ˇ2/iI
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h�˛2 ŒX
1; d�.Y 2/�S ; ˇ2i D a.X1/a.˛2/hY 2; ˇ2i � a.X1/a.ˇ2/hY 2; ˛2i

� a.X1/hY 2; l2.˛
2; ˇ2/i � a.L1

X1
˛2/hY 2; ˇ2i

C a.ˇ2/a.X1/hY 2; ˛2i � a.ˇ2/h˛2; l2.X
1; Y 2/i

C hY 2; l2.L
1
X1
˛2; ˇ2/i � a.˛2/a.X1/hY 2; ˇ2i

C a.˛2/hˇ2; l2.X
1; Y 2/i C a.L1

X1
ˇ2/hY 2; ˛2i

C hY 2; l2.˛
2; L1

X1
ˇ2/i:

Then by the above formulas and �.X1 ˘ ˛2/ D Œ�.X1/; �.˛2/�, we have

0 D l2.X
1;L1

˛2
Y 2/C ��

Y2
d˛2d�X1 �L1

L1
X1
˛2
Y 2

C l2.L
1
˛2
X1; Y 2/ �L1

˛2
l2.X

1; Y 2/

D �˛2
�
� Œd�.X1/; Y 2�S C ŒX1; d�.Y 2/�S � d�ŒX1; Y 2�S

�
;

which implies that

d�ŒX1; Y 2�S D �Œd�.X1/; Y 2�S C ŒX1; d�.Y 2/�S : (89)

By a direct calculation, we have

Œyı�.X
1/; Y 2�S .˛

2; ˇ2; 2/ D ŒX1; yı�.Y
2/�S .˛

2; ˇ2; 2/

D yı�ŒX
1; Y 2�S .˛

2; ˇ2; 2/ D 0;

which implies that

yı�ŒX
1; Y 2�S D �Œ

yı�.X
1/; Y 2�S C ŒX

1; yı�.Y
2/�S : (90)

Thus, by (88), (89) and (90), (87) follows immediately.
By (81) and (87), for all X; Y 2 �.AŒ�3�/, we have

ı�ŒX; Y �S D �Œı�.X/; Y �S C .�1/
jX jŒX; ı�.Y /�S ;

which implies that (27) in Theorem 4.9 holds.
Similarly, we can show that (28) also holds. Therefore, .A;B/ is a split Lie

2-bialgebroid.
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