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The dual modular Gromov–Hausdorff propinquity
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Abstract. We introduce in this paper the dual modular propinquity, a complete metric, up to
full modular quantum isometry, on the class of metrized quantum vector bundles, i.e. of Hilbert
modules endowed with a type of densely defined norm, called a D-norm, which generalize the
operator norm given by a connection on a Riemannian manifold. The dual modular propinquity
is weaker than the modular propinquity yet it is complete, which is the main purpose of its
introduction. Moreover, we show that the modular propinquity can be extended to a larger class
of objects which involve quantum compact metric spaces acting on metrized quantum vector
bundles.
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1. Introduction

The dual modular Gromov–Hausdorff propinquity is a noncommutative analogue of
the Gromov–Hausdorff distance for the class of metrical quantum vector bundles,
which are modules over quantum compact metric spaces, i.e. noncommutative
analogues of compact metric spaces. The purpose for the introduction of this
metric is at least twofold. First, our project in noncommutative geometry aims at
providing an analytical framework for the study of theories in mathematical physics
as objects in a larger space, endowed with at least a topology induced by metrics
of the kind introduced here and along our work in [16, 18–20, 24, 25]. Indeed,
some of the literature [4–6, 30, 31, 42–44] in quantum field theory strongly suggest
the importance of metrics in the construction of finite-dimensional approximations.
Second, and more practically, the metric in this manuscript is a complete metric up
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to full modular quantum isometry, dominated by the modular propinquity of [24]
which we do not believe to be complete, and the dual modular propinquity is the
foundation for our work on a Gromov–Hausdorff distance on spectral triples and
other noncommutative differential structures, as discussed in [21].

The construction of a Gromov–Hausdorff-like metric in noncommutative
geometry presents several delicate issues. The general pattern [8,9,14,18,29,37,45]
consists in finding an appropriate notion of isometric embeddings for certain
structures endowed with some metric, and then take the infimum over all such
embeddings of a number meant to measure how apart the structures are. Finding
the right notions to make the above scheme function is however not obvious
in noncommutative geometry, where quantum spaces are described only via
noncommutative algebras seen as analogues of algebras of functions with appropriate
geometric or analytical properties. In particular, even if an abstract notion of isometric
embedding seems suitable, it also is essential that some prescription on how to build
such embeddings be a foundational component of our work. A pattern which has
served us well is to first introduce rather specific means to tell how far two structures
may be — we often call these means “bridges” — and use them to define a metric
for which most of our examples are established. Bridges are not per say given by
isometric embedding, one the surface at least. Then, once this first set of tools is
proven to at least be usable, we proceed to define a more abstract metric which enjoys
more pleasant properties, such as completeness, where explicit isometric embeddings
are defined, usually under the terminology of “tunnels”. The new, tunnel-basedmetric
is more theoretically pleasing while always dominated by the bridge-based metric
— because we prove that bridges do in fact provide explicit tunnels, and in fact it is
how we usually prove convergence for either metrics. Both are essential to our work
so far.

The resulting family of metrics, which we named the Gromov–Hausdorff
propinquities, has been showed to enjoy various nice properties and applications.
We know of several convergence and finite dimensional approximations results, such
as the continuity of quantum tori and approximations of quantum tori by fuzzy
tori [11,14] (later on approached using our propinquity and different techniques in [7],
with potential connection to quantum information theory), continuity for families of
AF algebras [19], full matrix approximations of coadjoint orbits for semi-simple Lie
groups [39], continuity for conformal and other types of deformations [28]. We have
a noncommutative analogue of Gromov’s compactness theorem [15] and conditions
for preservation of symmetries [22]. Our constructions have proven to be flexible
enough to incorporate additional structures besides metric. Notably, we extended our
propinquity to a covariant version [23, 25] defined on classes of quantum dynamical
systems (i.e. proper metric semigroups and groups actions on quantum compact
metric spaces), and, central to this work, to modules [24, 26, 27, 40].

We followed our pattern when working with quantum compact metric spaces, and
then again with modules over quantum compact metric spaces. Defining convergence
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for modules over quantum metric spaces, or even classical metric spaces, is not a
well explored issue, and thus progress in this direction is of evident interest in sight
of the important role that modules play in noncommutative geometry — and vector
bundles play in classical geometry. Lacking a commutative model led us to first use
our bridges between quantum compact metric spaces from [18] to define a sort of
modular bridges between new structures called metrized quantum vector bundles,
which are Hilbert modules over quantum compact metric spaces endowed with a
particular norm [24]. We then were able to prove that such modular bridges allow
to define a metric, the modular propinquity, for which we then were able to prove
the continuity of the family of Heisenberg modules over quantum tori, which is a
rather involved process. The modular propinquity, just as the quantum propinquity,
is not known to be complete, and has a technical description involving finite paths
made of bridges between modules, but it provides an explicit, core toolkit to prove
convergence of modules.

Yet, as a likely not completemetric based on paths of arbitrary lengths, themodular
propinquity is less suited as a general analytical tool. Instead, as we have done before,
we introduce aweakermetric onmetrized quantumvector bundles, which is complete,
and still a metric up to the same appropriate notion of isomorphism as the modular
propinquity. Being complete, this new metric is a good analytical tool, where for
instance, the study of compactness of classes of metrized quantum vector bundles
becomes much more amenable, and we may hope to use of our metric to eventually
prove the existence of certain spaces with desirable properties as limits of, say, finite
dimensional physical models. Thus it is an important step for our program. This
constitutes the initial theoretical value of the dual modular propinquity.

Several important objectives for our program also rely on the construction in this
paper. First, the structure of a metrical quantum vector bundle is needed to define
the notion of convergence for metric spectral triples. A spectral triple .A;H ;D/

is given by a unital C*-algebra A acting on a Hilbert space H and an unbounded
self-adjoint operator D subject to some conditions, chief among them that ŒD; a� is
an operator with bounded closure for all a in a dense *-subalgebra of A. A spectral
triple is metric when the seminorm LW a 2 A 7! jjjŒD; a�jjjH (allowing for1) is an
L-seminorm. Now, a metric spectral triple defines a metrical vector bundle, with H

seen as a module over A — but not a Hilbert modules over A, but rather a Hilbert
module over C. This flexibility is crucial to obtain a nontrivial metric between
spectral triples. Moreover, the construction in this work does not involve the notion
of “modular treks”, which actually creates some difficulties when working with group
actions, which we also need for our work with spectral triples. Thus the more direct
approach taken here is very helpful moving forward.

We hope to be able to use completeness of some classes of metric spectral triples
to construct new spectral triples from Cauchy sequences of spectral triples. To this
end, as the spectral propinquity is built on top of the metric on metrical quantum
vector bundles in this paper, we certainly hope that the metrics in this paper are
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complete. This issue is important, for instance, to try and obtain spectral triples
on objects for which natural approximations exist, on which constructing a spectral
triple is relatively easier than on the limit. A first step in this direction can be found
in our work on the convergence of sums of spectral triples on curve to the spectral
triples on certain fractals such as the Sierpinsky triangle and the Kigami triangle [10].
Completeness may help extend these ideas to more complicated fractals, by starting
with spectral triples on simpler approximating spaces.

In a different direction, another source of metrized quantum vector bundles
is given by Dirichlet forms and their noncommutative analogues. A Dirichlet
form is a particular quadratic form densely defined on some Hilbert space. Many
examples of Dirichlet forms can be used to defined metrized quantum vector bundles.
Completeness of the modular propinquity can thus be seen as a tool to construct
new Dirichlet forms by a Cauchy sequence argument. An example of potential
application of this idea is to fractals, where Dirichlet forms are the starting point for
the construction of differential calculi. More generally, noncommutative analogues
of Dirichlet forms can be used to define differential calculi and provide another
road to noncommutative geometry [41]. Once more, this opens a new way to
construct Dirichlet forms on fractals, for instance, and to elucidate some of the known
constructions. In summary, the completeness of our metric makes it possible to use
our work to explore the construction of new differential structures in noncommutative
geometry.

On a more immediate, practical level, we were motivated to define the modular
propinquity to avoid the use of modular treks in [24], because they would raise some
technical difficulties in our definition of the Gromov–Hausdorff distance for spectral
triples in [21]. We furthermore are not aware that a Gromov–Hausdorff distance on
vector bundles of the kind presented here and in [24], has been introduced even in
the commutative setting, and thus we intend to pursue applications of the present
work to the metric approach to Riemannian geometry in a future work. Last, we
would note that the fact we are able to use patterns which have emerged through our
research to build the dual modular propinquity which then enjoys the basic properties
we wish for is a good sign. Together with analogue results concerning the covariant
propinquity, this paper reflects that our general approach to noncommutative metric
geometry seems to bear fruits.

We begin this paper with the necessary framework of noncommutative metric
geometry, starting with the notion of a quantum compact metric space, and moving
quickly to metrized quantum vector bundles. In working on this paper, we noticed
that we could actually relax one condition from our original definition of metrized
quantum vector bundles in [24]. This turns out to be a valuable observation, as
elements of the proof in [24] which relied on this now extra, redundant condition
when working with metrized quantum vector bundles can be recycled to extend the
dual-modular propinquity to a much larger class of objects which we call metrical
quantum vector bundles, which play the key role in our work on the convergence
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of spectral triples in [21]. Informally, metrical quantum vector bundles consist of
a quantum compact metric space acting on a left module which is also a metrized
quantum vector bundle over a different quantum compact metric space.

We then define the dualmodular propinquity formetrized quantumvector bundles.
As we discussed previously, we introduce a notion of modular tunnels, and prove that
modular bridges in the sense of [24] provide such modular tunnels. Interestingly,
the metrized quantum vector bundles constructed from modular bridges do not meet
our old definition in [24] though they do meet our relaxed notion in this paper. We
also prove that modular tunnels can be almost composed, in the spirit of [20], which
allows us to show that the dual-modular propinquity is at least a pseudo-metric on
the class of metrized quantum vector bundles. We then proceed to prove that our new
metric is indeed a metric up to full modular quantum isometry, as desired. The proof
follows a scheme similar to [24], to which we refer whenever appropriate. However,
we take care to include enough information to show how we can circumvent the now
missing condition from our updated definition of metrized quantum vector bundles.

We then extend our work to metrical quantum vector bundles — since these
structures extend metrized quantum vector bundles. As will be the pattern in this
paper, we prefer to provide detailed proofs for metrized quantum vector bundles and
then only indicate what needs to be added in order to work with metrical quantum
vector bundles, so that notations remain simple. In general, this extension process is
actually the easier part of this work, which is actually a rather reassuring observation
that our definition is sensible.

The last section of this paper discusses completeness for the dual-modular
propinquity. We start from the conclusion of [16] and proceed to show that the
dual-modular propinquity is a complete metric, and remains so when extended to
metrical quantum vector bundles. This is the property which largely justifies the
introduction of the dual-modular propinquity in general.

2. Metrized and metrical quantum vector bundles

Noncommutative metric geometry is the study of noncommutative analogues of the
algebras of Lipschitz functions over metric spaces. We call these analogues quantum
compact metric spaces. This term appeared in [3], and our current definition is the
result of an evolution [18,19,34,35,38], led by the needs of our work to both include
as many valuable examples as possible while being a solid foundation for the rest of
our work. Quantum compact metric spaces are pairs of a unital C*-algebra A and
a noncommutative Lipschitz seminorm, which means a seminorm which induces by
duality ametric for the weak* topology of the state spaceS.A/, while satisfying some
form of a Leibniz inequality, parametrized by so-called permissible functions. The
fundamental examples are given by the pairs .C.X/; L/ of the C*-algebra C-valued
continuous over a compact metric space .X; d/, with the usual Lipschitz seminorm L
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(allowing for1) induced by d on C.X/. While the Lipschitz seminorms satisfy the
usual form of the Leibniz inequality, other examples, such as the quantum compact
metric spaces .A; L/ where A are unital AF C*-algebras with a faithful tracial state,
constructed in [19] and including such examples as UHF algebras and Effros–Shen
algebras, satisfy a weakened form of the Leibniz inequality. Our work is designed
to accommodate such examples, by fixing in advance a particular form of a Leibniz
inequality by means of what we call permissible functions. Some form of Leibniz
inequality is absolutely necessary as it is the tool we use to prove that distance zero
for the propinquity implies the existence of a full quantum isometry.

Notation 2.1. We denote the norm of any vector space E by k�kE unless otherwise
specified.

If A is a unital C*-algebra, then we denote its state space as S.A/, its space
fa 2 A W a� D ag of self-adjoint elements by sa .A/, and its unit by 1A.

Moreover, if a 2 A, we denote its real part 1
2
.a C a�/ as <a and its imaginary

part 1
2i
.a � a�/ as =a. A quick computation shows that for all a 2 A:

maxfk<akA; k=akAg � kakA �
p
2maxfk<akA; k=akAg.

Definition 2.2. A function F W Œ0;1/4 ! Œ0;1/ is permissible when it is weakly
increasing from Œ0;1/4 endowed with the product order, and such that:

8x; y; lx; ly � 0 F.x; y; lx; ly/ � xly C ylx .

Definition 2.3 ([18,19,34]). AF -quasi-Leibniz quantumcompactmetric space .A; L/,
whereF is a permissible function, is a unital C*-algebraA, a seminorm L defined on a
dense Jordan–Lie subalgebra dom .L/ of sa .A/ and a function F W Œ0;1/4 ! Œ0;1/

such that:

(1) fa 2 dom .L/ W L.a/ D 0g D R1A,

(2) theMonge–KantorovichmetricmkL defined between any two states '; 2 S.A/
by:

mkL.';  / D supfj'.a/ �  .a/j W L.a/ � 1g

metrizes the weak* topology on S.A/,

(3) L is lower semi-continuous with respect to k�kA,

(4) for all a; b 2 dom .L/, we have

maxfL .<.ab// ; L .=.ab//g � F
�
kakA; kbkA; L.a/; L.b/

�
.

If .A; L/ is a F -quasi-Leibniz quantum compact metric space, then L is called a
F -quasi-Leibniz L-seminorm.
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We will adopt the following convention whenever working with norms on dense
subspaces, for convenience.

Convention 2.4. If L is a seminorm defined on a dense subspace dom .L/ of a vector
space E, then we set L.a/ D1 whenever a 2 E n dom .L/, so that

dom .L/ D fa 2 E W L.a/ <1g

with our convention.

There are many examples of quantum compact metric spaces: besides all
compact metric spaces, noncommutative examples include quantum tori [34, 36],
curved quantum tori [28], hyperbolic group C*-algebras [32], nilpotent group C*-
algebras [2], AF algebras [19], noncommutative solenoids [17], Podlès spheres [1],
and more. Some of these examples, such as AF algebras [15], are quasi-Leibniz
but not Leibniz. A locally compact theory has emerged [12, 13], though this paper
focuses on the compact theory.

In this paper, we are concerned with the study of appropriate classes of modules
over quantum compact metric spaces. Appropriate here will mean that they are
endowedwith somemetric structure, in amanner inspired by the definition of quantum
compact metric spaces. As discussed in [24], our model is given by hermitian
C-vector bundles over Riemannian manifolds, endowed with a choice of a metric
connection. The module of continuous sections of a hermitian vector bundle over a
compact manifold is naturally a Hilbert module over the C*-algebra of continuous
functions over its base, where Hilbert modules are defined as follows.

Definition 2.5 ([33]). A Hilbert module
�
M; h� ; �iM

�
over a C*-algebra A is a left

A-module, and a C-bilinear map:

h� ; �iMWM �M! A

such that:

(1) 8!; � 2M; a 2 A ha!; �iM D ah!; �iM,

(2) 8!; � 2M h!; �iM D h�; !iM
�,

(3) 8! 2 A h!;!iM � 0,

(4) 8! 2 A h!;!iM D 0 ” ! D 0,

(5) M is a Banach space when endowed with the norm

! 2M 7! k!kM D
p
kh!;!iMkA:

Convention 2.6. When
�
M; h� ; �iM

�
is aHilbertmodule, itsHilbert norm

p
kh� ; �iMkA

is always denoted by k�kM.
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We will use the following natural notion of a morphism of module, allowing for
base algebra changes.

Definition 2.7. Let A and B be two unital C*-algebra. A module morphism .�;‚/
from a left A-module M to a left B-module N is a unital *-morphism � WA ! B
and a linear map ‚WM! N such that:

8a 2 A; ! 2M ‚.a!/ D �.a/‚.!/.

A Hilbert module morphism .�;‚/ from a Hilbert A-module
�
M; h� ; �iM

�
to a

Hilbert B-module
�
N ; h� ; �iN

�
is a modular morphism .�;‚/ from M to N such

that:
8!; � 2M �

�
h!; �iM

�
D h‚.!/;‚.�/iN .

A Hilbert module isomorphism .�;‚/ is a Hilbert module morphism where �
and ‚ are both bijections.

We note that by a standard argument, if .�;‚/ is a Hilbert module isomorphism,
then .��1; ‚�1/ is also a Hilbert module isomorphism.

A metrized quantum vector bundle is a Hilbert module over a quantum compact
metric space which is, in addition, equipped with a kind of normwhich captures some
of the metric information encoded, for instance, in a connection over a Hermitian
bundle, as explained in [24, Example 3.10].

Definition 2.8. A pair .F;H/ of functions is permissible when F is permissible and
H W Œ0;1/2 ! Œ0;1/ which is weakly increasing from Œ0;1/2 endowed with the
product order, and such that:

8x; y � 0 H.x; y/ � 2xy.

Definition 2.9. A .F;H/-metrized quantum vector bundle
�
M; h� ; �iM;D;A; LA

�
,

where .F;H/ is a permissible pair of functions, is given by:

(1) a F -quasi-Leibniz quantum compact metric space .A; LA/ called the base
quantum space,

(2) a Hilbert A-module
�
M; h� ; �iM

�
,

(3) a norm D on a dense, C-linear space dom .D/ of M such that:

(a) 8! 2 dom .D/ k!kM � D.!/,
(b) f! 2 dom .D/ W D.!/ � 1g is compact for k�kM,
(c) 8!; � 2 M max

˚
LA .<h!; �iM/ ; LA .=h!; �iM/

	
� H.D.!/;D.�//.

This inequality is referred to as the inner quasi-Leibniz inequality.

If
�
M; h� ; �iM;D;A; LA

�
is a metrized quantum vector bundle, then D is called an

H -quasi-LeibnizD-norm.
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Definition 2.9 is a relaxed version of [24, Definition 3.8], where we removed the
so-called modular quasi-Leibniz requirement on D-norms. There are two reasons
to do so. First, we will see that we do not require it for our construction — or for
the constructions in [24] for that matter. Second, modular tunnels obtained from
modular bridges will not satisfy this extra condition. Nonetheless, we will return to
this matter when working with metrical quantum vector bundles below.

For our purpose, the proper notion of morphisms, and isomorphisms, for metrized
quantum vector bundles is given as follows:
Definition 2.10. Let AD

�
M; h� ; �iM;DM;A; LA

�
and BD

�
N ; h� ; �iN ;DN ;B; LB

�
be two metrized quantum vector bundles. A modular quantum isometry .�;‚/ from
A to B is given by a Hilbert module morphism

.�;‚/W
�
M; h� ; �iM

�
!
�
N ; h� ; �iN

�
such that:
(1) � W .A; LA/ � .B; LB/ is a quantum isometry,
(2) ‚WM � N is a surjective map,
(3) for all ! 2 dom .N /, we have:

DN .!/ D inffDM.�/ W � 2M; ‚.�/ D !g.

A full modular quantum isometry .�;‚/ from A to B is a Hilbert module
isomorphism from

�
M; h� ; �iM

�
to
�
N ; h� ; �iN

�
such that � is a full quantum isometry,

and
8! 2M DN ı‚.!/ D DM.!/.

Remark 2.11. Let A D
�
M; h� ; �iA;DM;A; LA

�
and B D

�
N ; h� ; �iB;DN ;B; LB

�
be two metrized quantum vector bundles and .�;‚/ a modular quantum isometry
from A to B. Let ! 2 dom .DN /. By Definition 2.10, for all n 2 N, there exists
�n 2 dom .DM/ such that

‚.�n/ D ! and DN .!/ � DM.�n/ � DN .!/C
1

nC 1
:

As f� 2MWDM.�/ � DN .!/C 1g is compact, we then conclude that there exists a
subsequence of .�n/n2N converging to some �; by lower semi-continuity of DM, we
have DM.�/ � DN .!/, while by continuity of ‚, we have ‚.�/ D ! — the latter
implying that DN .!/ � DN .�/ by Definition 2.10.

Hence we have shown that for all ! 2 dom .DN /, there exists � 2M such that

‚.�/ D ! and DM.�/ D DN .!/:

The same reasoning applies to prove that for all b 2 dom .LB/, there exists
a 2 dom .LA/ with LB.b/ D LA.a/ and �.a/ D b.
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Motivated by the study of convergence for spectral triples and other noncom-
mutative differential structures, we wish to be able to work with a somewhat more
general structure than metrized quantum vector bundles where a quantum compact
metric space acts on a module which is not a Hilbert module for this action — yet
is a Hilbert module over another quantum compact metric space [21]. Indeed, a
spectral triple .A;H ;D/ is given by a unital C*-algebra represented on a Hilbert
space H , together with a self-adjoint unbounded operator D on H subject to
properties generalizing some properties of Dirac operators on connected compact
Riemannian spin manifolds. Now, H is a module for A, but not a Hilbert module
for A in general since the inner product is not A-linear — for instance, if .M; g/
is a connected compact spin manifold with spinor bundle S and Dirac operator D
acting on the Hilbert space of square integrable sections L2.S/ of S , then L2.S/
is not a Hilbert module over C.X/. This could be remedied in this special case, by
replacing the inner product onL2.S/ with a C.M/-valued inner product, and indeed
this is the path we take to define metrized quantum vector bundles. But this is a
departure from the structure of a spectral triple. For instance, for the usual spectral
triple .A� ; L2.T2/;D/ over the quantum two torusA� for � 2 RnQ, then there is no
obvious way to replace the inner product on L2.T2/ into a Hilbert module over A� .

Of course, any Hilbert space is a Hilbert module over the C*-algebra C, which is
trivially a quantum compact metric space in a unique way (for the L-seminorm 0).
So we need to work with an extension of metrized quantum vector bundles where the
module we work with is, at once, a module over a C*-algebra, and a Hilbert module
over C — that is, a Hilbert space. Now, as we shall see later on in the proof of
the triangle inequality for the metrics we introduce in this work (see Theorem 3.11),
we then will need to work for Hilbert modules over not only C, but also C ˚ C,
C ˚C ˚C, and so on.

We are led to the following definition (where incidentally, the condition which we
removed from the definition ofmetrized quantum vector bundle in [24, Definition 3.8]
now re-appears).
Definition 2.12. A triple .F;G;H/ of functions is permissible if .F;H/ is a
permissible pair of function, and GW Œ0;1/3 ! Œ0;1/ is weakly increasing
from Œ0;1/3 endowed with the product order, and such that:

8x; y; z � 0 G.x; y; z/ � .x C y/z.

Definition 2.13. Let .F;G;H/ be a permissible triple of functions. A .F;G;H/-
metrical quantum vector bundle

�
M; h� ; �iM;D;A; LA;B; LB

�
is given by:

(1) a .F;H/-metrized quantum vector bundle
�
M; h� ; �iM;D;A; LA

�
,

(2) a F -quasi-Leibniz quantum compact metric space .B; LB/,
(3) a unital *-morphism from B to the C*-algebra of adjoinable operators on M

— we will regard M as a left B-module with no explicit notation for this
*-homomorphism,

(4) 8b 2 dom .LB/; ! 2 dom .D/ D.b!/ � G
�
kbkB; LB.b/;D.!/

�
.



The dual modular Gromov–Hausdorff propinquity and completeness 357

Remark 2.14. If
�
M; h� ; �iM;D;A; LA;B; LB

�
is a metrical quantum vector bundle

then note that for all ! 2 M and b 2 B, we have kb!kM � kbkBk!kM by
Definition 2.13.

For clarity, we find it helpful to follow a pattern in this paper whereby we first
establish definitions and results for metrized quantum vector bundles and then extend
them to metrical quantum vector bundles.

Our focus is to turn the class of quantumcompactmetric spaces, metrized quantum
vector bundles and even metrical quantum vector bundles into metric spaces, so that
we can study these objects using such techniques as topological approximations. We
begin by recalling from [16,18–20] how to do so for quantum compact metric spaces,
leading to the introduction of the dual Gromov–Hausdorff propinquity.

TheGromov–Hausdorff distance between two compactmetric spaces .X; dX / and
.Y; dY / is the infimum, over all compactmetric space .Z; dZ/ containing an isometric
copy of .X; dX / and .Y; dY /, of the Hausdorff distance between the isometric copies
ofX and Y in .Z; dZ/. As a first step of our construction, we introduce the notion of
a tunnel as the dual notion of an isometric embedding of two compact metric spaces
into a third one, extended to our noncommutative setting.
Definition 2.15. Let .A1; L1/ and .A2; L2/ be twoF -quasi-Leibniz quantum compact
metric spaces. An F -tunnel .D; LD; �1; �2/ from .A1; L1/ to .A2; L2/ is given by:
(1) .D; LD/ is a F -quasi-Leibniz quantum compact metric space,
(2) for j 2 f1; 2g, the map �j W .D; LD/ � .Aj ; Lj / is a quantum isometry.
The domain dom .�/ of � is .A; LA/ and the codomain codom .�/ of � is .B; LB/.

We associate to tunnels a number meant to measure how far apart its domain
and codomain are — taking the Hausdorff distance between certain state spaces of
quantum compact metric spaces, seen as metric spaces when endowed with their
Monge–Kantorovich metric.
Definition 2.16. The extent �.�/ of a tunnel � D .D; LD; �1; �2/ from .A1; L1/
to .A2; L2/ is:

�.�/ D max
j2f1;2g

HausmkLD

�
S.D/; f' ı �j W ' 2 S.Aj /g

�
.

We have actually some choice regarding what collection of tunnels we use to
define the dual propinquity, though some compatibility is needed. We will use the
following notion introduced in [20]. This flexibility allows one to obtain a form of
our metric where all quantum compact metric spaces involved satisfy, for instance,
the strong Leibniz property [38], or other desirable properties.
Theorem-Definition 2.17 ([19, 20]). Let F be a permissible function. The class of
all F -tunnels is appropriate for the class of all F -quasi-Leibniz quantum compact
metric spaces, where a class T of F -tunnels is appropriate with a nonempty class C
of F -quasi-Leibniz quantum compact metric spaces when:
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(1) if � 2 T then dom .�/; codom .�/ 2 C,
(2) if A;B 2 C then there exists a modular tunnel � in T from A to B,
(3) if A and B are in C and if there exists a full quantum isometry ‚WA! B, then

the tunnel .A; id; ‚/ is in T — where id is the identity *-automorphism on A,
(4) if � D .D; L; �; �/ 2 T then ��1 D .D; L; �; �/ 2 T ,
(5) if �1; �2 2 T with codom .�1/ D dom .�2/ and if " > 0, then there exists � 2 T

from dom .�1/ to codom .�2/ such that �.�/ � �.�1/C �.�2/C ".
Notation 2.18. If T is a class of tunnels appropriate with a nonempty class C of
F -quasi-Leibniz quantum compact metric spaces for some permissible function F ,
then the set of all tunnels from A 2 C to B 2 C in T is:

Tunnels
h
A

T
�! B

i
.

In this paper, we will define and work with various pseudo-metric, defined on
classes of objects in certain categories, where distance zero between any two objects
for these pseudo-metrics is equivalent to the existence of an isomorphism between
these objects. We introduce a convention which is a small abuse of the term “metric”
but will make our exposition clearer.
Convention 2.19. Let� be an equivalence relation on a class C. A pseudo-metric ı
on a class C is called a metric up to � when ı.x; y/ D 0 if and only if x � y for
all x; y 2 C. In practice, � will often be the equivalence relation defined by some
choice of isomorphisms, typically some notion of full quantum isometry.

The dual propinquity is our main tool for our research.
Theorem-Definition 2.20 ([16,19,20]). Let F be a continuous permissible function
and C be a nonempty class of F -quasi-Leibniz quantum compact metric spaces.
Let T be an appropriate class of tunnels for C. If, for any two .A1; L1/ and .A2; L2/
in C, we define:

Č�T
�
.A1; L1/; .A2; L2/

�
D inf

˚
�.�/ W � 2 Tunnels

�
.A1; L1/

T
�! .A2; L2/

�	
,

thenČ�T is a complete metric on the class ofF -quasi-Leibniz quantum compact metric
spaces up to full quantum isometry, called the dual Gromov–Hausdorff propinquity.

Werecord that ifwe drop the assumption that the permissible function inTheorem-
Definition 2.20 be continuous, the resulting propinquity is still a metric up to full
quantum isometry — it may not be complete, however.

If F is some permissible function, and if T is the class of all possible tunnels on
the class F of all F -quantum compact metric spaces, the dual propinquity Č�T on F
is simply denoted as Č�F .

The question naturally arises: how to construct tunnels? The technique which
has proven helpful in our program consists in introducing the following notion of a
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bridge. The source of our idea of a bridge between two quantum compact metric
spaces .A; LA/ and .B; LB/ started in Rieffel’s groundbreaking paper [37], where a
more general notion of bridge meant a seminorm designed in a manner to help with
the construction of a Lip-norm on A˚B. Now, our work, unlike Rieffel’s, focuses
on C*-algebras endowed with L-seminorms (possessing some Leibniz inequality
property), and as our understanding of the technical needs for progressing with our
work increases in time, we are led to a rather special notion of bridge, as follows. The
“bridge seminorm” in the definition below is a form of bridge in the original sense
of Rieffel.
Definition 2.21 ([18, Definition 3.6]). Let A and B be two unital C*-algebras. A
bridge 
 D .D; x; �1; �2/ from A toB is given by:
(1) a unital C*-algebra D,
(2) x 2 D such that:

S1.Djx/ D
˚
' 2 S.D/ W 8a 2 D '.ax/ D '.xa/ D '.a/

	
is not empty,

(3) two unital *-monomorphisms �1WA ,! D and �2WB ,! D.
A bridge does give rise to a tunnel as follows:

Theorem 2.22 ([18, Theorem 6.3], [16, Lemma 5.4]). If A1, A2 are two unital C*-
algebras, if 
 D .D; x; �1; �2/ is a bridge from A1 to A2, and if L1, L2 are L-semi-
norms on A1 and A2 respectively, and if we define:

(1) the height & .
 jL1; L2/ of 
 as:

max
j2f1;2g

HausmkLj

�
S.Aj /;

˚
' ı �j W ' 2 S1.Djx/

	�
(2) the reach % .
 jL1; L2/ of 
 as:

max
fj;kgDf1;2g

sup
aj2dom.Lj /

Lj .aj /�1

inf
ak2dom.Lk/

Lk.ak/�1

bn
 .a1; a2/,

where bn
 .a; b/ D k�1.a/x � x�2.b/kD for all a 2 A1, b 2 A2,

(3) the length � .
 jL1; L2/ of 
 as maxf& .
 jL1; L2/; % .
 jL1; L2/g,
then for all � > 0 with � � � .
 jL1; L2/, setting for all a 2 sa .A1/ and b 2 sa .A2/:

L.a; b/ D max
n
L1.a/; L2.b/;

1

�
bn
 .a; b/

o
the quadruple .A1 ˚ A2; L; �1; �2/ is a tunnel from .A1; L1/ to .A2; L2/ of extent at
most 2�, with �j W .a1; a2/ 2 A1˚A2 7! aj is the canonical surjection for j 2 f1; 2g.
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We started to study the problem of convergence of metrized quantum vector
bundles in [15]. As it was not necessarily obvious how to start such an endeavor,
we begun our work by extending the notion of a bridge to modular bridges between
metrized quantum vector bundles, taking advantage of the Hilbert module structure
to provide a sort of replacement for states, as seen below. In order to construct an
analogue for modules of the bridge seminorm, we also found it helpful to introduce
the notion of anchors and co-anchors. Intuitively, anchors and co-anchors are paired
with each other, and thus provide a sort of almost correspondence between the two
modules under consideration.

Definition 2.23. LetA1D
�
M1; h� ; �i1;D1;A1; L1

�
andA2D

�
M2; h� ; �i2;D2;A2; L2

�
be two metrized quantum vector bundles.

A modular bridge 
 D
�
D; x; �1; �2; .!j /j2J ; .�j /j2J

�
from A1 to A2 is given

as a bridge 
[ D .D; x; �1; �2/ from A1 to A2 with kxkD D 1, and for all j 2 J :

!j 2M1 with D1.!j / � 1 and �j 2M2 with D2.�j / � 1.

The family .!j /j2J is the family of anchors of 
 , while .�j /j2J is the family of
co-anchors of 
 .

As with bridges between unital C*-algebras [18], there is a mean to associate a
number to a modular bridge and use this quantification to define a modular version of
the propinquity [24]. To begin with, the data contained in a modular bridge between
two metrized quantum vector bundles includes a bridge between the base quantum
compact metric spaces, and the length of this bridge is a first number associated with
a modular bridge.

To also numerically capture module-related data from a bridge, it is helpful to
introduce a distance on the underlying module of a metrized quantum vector bundle,
in a manner reminiscent of the Monge–Kantorovich metric on the state spaces of
quantum compact metric spaces.

Definition 2.24 ([24, Definition 3.23]). Let
�
M; h� ; �iM;D;A; L

�
be a metrized quan-

tum vector bundle. The modular Monge–Kantorovich metric kD is defined for
all !; � 2M by:

kD.!; �/ D sup
˚
kh! � �; �iMkA W � 2M;D.�/ � 1

	
.

We record that, just as the Monge–Kantorovich metric induces the weak*
topology, the modular Monge–Kantorovich metric also induces a natural topology,
thanks to our assumptions on D-norms.

Proposition 2.25 ([24, Proposition 3.24]). If
�
M; h� ; �iM;D;A; L

�
is a metrized

quantum vector bundle, then kD is a metric whose topology on M is the A-weak
topology, i.e. the initial topology for fkh�; !iMkA W ! 2 Mg. Moreover, when
restricted to the unit ball of D, both k�kM and kD induce the same topology.
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Using the modular Monge–Kantorovich metric, we can then define two additional
quantities naturally associated with modular bridges. The first quantity, which we
call the imprint, measures the density of the sets of anchors and co-anchors in
the closed unit balls for the appropriate D-norms. It thus quantifies the error we
make by replacing the closed unit balls of D-norms simply by the sets of anchors
and co-anchors. Then, as we noted, anchors and co-anchors are paired with each
other, so we measure how far each pair of anchor and co-anchor is in the sense of
the bridge seminorm for the underlying bridge between the base quantum compact
metric spaces, using the inner products to plunge elements of the module back in
their respective base spaces. The length of a modular bridge is then a combination
of all these quantities in a manner appropriate for the proof of the triangle inequality
and desired coincidence property.
Definition 2.26. Let 
 D

�

[; .!j /j2J ; .�j /j2J

�
be a modular bridge from A D�

M; h� ; �iA;DM;A; LA
�
toB D

�
N ; h� ; �iB;DN ;B; LB

�
, where
[ D .D; x; �A; �B/

a bridge from A toB. We define:
(1) the imprint $ .
/ of 
 is:

max
˚
HauskDM

�
f!j W j 2 J g; f! 2M W DM.!/ � 1g

�
;

HauskDN

�
f�j W j 2 J g; f� 2 N W DN .�/ � 1g

�	
;

(2) the modular reach %] .
/ of 
 is:

max
j2J

dn

�
!j ; �j

�
where:

dn
 .!; �/ D sup
˚
bn
[

�
h!;!j iA; h�; �j iB

�
; bn
[

�
h!j ; !iA; h�j ; �iB

�
W j 2 J

	
.

(3) the length �] .
/ of 
 is:

max
˚
� .
[jLA; LB/;$ .
/C %] .
/

	
.

The modular propinquity [24] is the largest pseudo-metric on metrized quantum
vector bundles such that ifA andB are .F;H/-metrized quantum vector bundles, and
if 
 is a modular bridge form A to B, then Č�mod

F;H .A;B/ � �
] .
/. While the actual

definition is involved, its motivation is of course given by the original construction
of Edwards and Gromov.

We proved in [24] that the modular propinquity is a metric up to full modular
quantum isometry on a large class of metrized quantum vector bundles, and we
showed in particular in [22, 27] that Heisenberg modules over quantum 2-tori form
continuous families for this metric. However, just as with the quantum propinquity
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for quantum compact metric spaces, of which the modular propinquity is the modular
analogue, we do not know whether the modular propinquity is complete, thus
complicating the study of its geometric and topological properties. Moreover, its
definition involves paths of modular bridges, which is sometimes difficult to work
with.

We nowpresent how to define a dual-modular propinquity, which, wewill prove, is
a complete metric, still up to full modular quantum isometry, and whose construction
can be extended to differential structures, such as spectral triples [21]. The dual
modular propinquity dominates the modular propinquity while having a more flexible
construction.

3. The dual modular propinquity for metrized quantum vector bundles

The basic ingredient for the construction of the dual-modular propinquity is the
notion of a modular tunnel — the construct analogue to an isometric embedding in
the construction of the Gromov–Hausdorff distance.

Definition 3.1. Let .F;H/ be a permissible pair of functions. Let A and B be
two .F;H/-metrized quantum vector bundles. A .F;H/-modular tunnel � D
.D; �A; �B/ from A to B is given by:

(1) a .F;H/-metrized quantum vector bundle D,

(2) two isometries �AWD � A and �BWD � B.

Modular tunnels allow us to quantify how far apart two metrized quantum vector
bundles may be, using a number called the extent, and it is natural to define our
prospective metric as the infimum of the extents of all possible tunnels between two
given metrized quantum vector bundles. In fact, it is very notable, and comforting,
that we simply use the same notion as for a regular tunnel.

Notation 3.2. Let .F;H/ be a pair of permissible functions, and let A, B and D be
three .F;H/-metrized quantum vector bundles, with respective base quantum spaces
.A; LA/, .B; LB/ and .D; LB/. If � D

�
D; .�A; ‚A/; .�B; ‚B/

�
is a modular tunnel

with D D
�
P ; h� ; �iD;DD;D; LD

�
, then �[ D .D; LD; �A; �B/ is an F -tunnel from

.A; LA/ to .B; LB/ (see Definition 2.15).

Definition 3.3. The extent of a modular tunnel � is the extent of its basic tunnel �[
(see Definition 2.16).

The first problem to address is to find a good source of modular tunnels. We now
prove that tunnels can be constructed from the type of modular bridges at the basis
of [24], whose definition we recalled as Definition 2.23. To this end, we make two
remarks. First, our construction below does not, as far as we can tell, satisfy all the
needed conditions to obtain a metrized quantum vector bundle in the sense of [24],
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.P ;DP /

‚A

����

‚B

�� ��

.D; LD/

�A

����

�B

�� ��

OO

.M;DM/ .N ;DN /

.A; LA/

OO

.B; LB/

OO

Figure 1. A modular tunnel.

though of course it meets the more relaxed Definition 2.9 we now use. This is not a
small part of our decision to relax our definition.

Second of all, we note that given any modular bridge 
 , there always exists a
modular bridge between the same domains and codomains as 
 , which has at most
the same length as 
 , yet involve convex, balanced sets of anchors and co-anchors.

We refer to [24] for the definition of deck norms.
Lemma 3.4. Let A D

�
M; h� ; �iM;DM;A; LA

�
and B D

�
N ; h� ; �iN ;DN ;B; LB

�
be two metrized quantum vector bundles.

Let 
 D
�
D; x; �A; �B; .!j /j2J ; .�j /j2J

�
be a modular bridge from A to B of

length �. We define:

I.J / D
n
.tj /j2J 2 Œ�1; 1�

.J /
W

X
j2J

jtj j � 1
o
,

where Œ0; 1�.J / is the set of J -indexed families valued in Œ0; 1� with only finitely many
nonzero value. For all ˛ D .tj /j2J 2 I.J /, we set:

!˛ D
X
j2J

tj!j and �˛ D
X
j2J

tj�j .

Then co .
/ D fD; x; �A; �B; .!˛/˛2I.J /; .�˛/˛2I.J /g is a modular bridge from
A to B whose length is at most �, and with the same basic bridge and decknorm as 
 .
Moreover, f!˛ W ˛ 2 I.J /g and f�˛ W ˛ 2 I.J /g are two convex, balanced sets.

Proof. Let ˛ D .tj /j2J 2 I.J /. We then check:

DM.!˛/ �
X
j2J

jtj jDM.!j / �
X
j2J

jtj j � 1.

Similarly, DN .�˛/ � 1. So co .
/ is indeed a modular bridge.
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Since f!j W j 2 J g � f!˛ W ˛ 2 I.J /g and f�j W j 2 J g � f�˛ W ˛ 2 I.J /g,
we conclude:

$ .co .
// � $ .
/.

Moreover, for the same reason, we have dn
 .� ; �/ � dnco.
/ .� ; �/. On the other
hand, if ! 2M and � 2 N :

kh!;!˛iAx � xh�; �˛iBkD D



X
j2J

tj
�
h!;!j iAx � xh�; �j iB

�



D

�

X
j2J

jtj jkh!;!j iAx � xh�; �j iBkD

�

X
j2J

jtj jdn
 .!; �/ D dn
 .!; �/.

Hence, dnco.
/ .!; �/ � dn
 .!; �/. Therefore, dnco.
/ .� ; �/ D dn
 .� ; �/.
Moreover, a similar computation shows that %] .co .
// D %] .
/: if ˇ D

.tj /j2J 2 I.J / then:

dnco.
/
�
!ˇ ; �ˇ

�
�

X
j2J

jtj jdn

�
!j ; �j

�
� %] .
/

so %] .co .
// � %] .
/; on the other hand:

%] .co .
// D sup
ˇ2I.J /

dnco.
/
�
!ˇ ; �ˇ

�
D sup
ˇ2I.J /

dn

�
!ˇ ; �ˇ

�
� sup
j2J

dn

�
!j ; �j

�
D %] .
/.

By construction, the basic bridge of co .
/ is the basic bridge 
[ of 
 . So,

� .co .
/[jLA; LB/ D � .
[jLA; LB/:

Therefore, �] .co .
// � �] .
/ as desired.
It is immediate to check that f!˛ W ˛ 2 I.J /g and f�˛ W ˛ 2 I.J /g are two

convex, balanced sets.

Remark 3.5. The bridges constructed in Lemma 3.4 have the additional property that
not only their sets of anchors and co-anchors are convex and balanced, but also that
there is a natural pairing between convex combinations of anchors and co-anchors.
Using the notations of Lemma 3.4, if ˛1 D .tj /j2J ; ˛2 D .sj /j2J 2 I.J /, and if
r 2 Œ0; 1�, then of course r˛1C .1� r/˛2 D .rtj C .1� r/sj /j2J is also an element
of I.J /. The notable fact is that r!˛1

C .1� r/!˛2
D !r˛1C.1�r/˛2

and at the same
time, r�˛1

C .1 � r/�˛2
D �r˛1C.1�r/˛2

. Thus, if we take two anchors and their
associated co-anchors, then their convex combinations are also associated anchors
and co-anchors.
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We now prove that modular tunnels can be built from modular bridges. The
assumptions of Theorem 3.7 below are designed to fit the conclusion of Lemma 3.4
and Remark 3.5.
Notation 3.6. The closure of a subset A of a topological space is denoted by cl.A/.
Theorem 3.7. Let A D

�
M; h� ; �iM;DM;A; LA

�
and B D

�
N ; h� ; �iN ;DN ;B; LB

�
be two .F;H/-metrized quantum vector bundles. Let:


 D
�
D; x; �A; �B; .!j /j2J ; .�j /j2J

�
be a modular bridge from A to B and such that f!j W j 2 J g and f�j W j 2 J g are
convex balanced sets, with the additional property that:

8j; k 2 J 8t 2 Œ0; 1� 9q 2 J t!jC.1�t /!k D !q and t�jC.1�t /�k D �q .

Let � > 0 such that � � �] .
/.
Let P DM ˚N , seen as an E D A˚B Hilbert module using the left action:

8a 2 A; b 2 B 8! 2M; � 2 N .a; b/ � .!; �/ D .a!; b�/

and with inner product:

8.!1; �1/; .!2; �2/ 2 P h.!1; �1/; .!2; �2/iP D
�
h!1; !2iM; h�1; �2iN

�
.

For all a 2 dom .LA/, b 2 dom .LB/, we set:

L.a; b/ D max
n
LA.a/; LB.b/;

1

�
bn
 .a; b/

o
.

Let:

D D cl
� [
j2J

˚
.!; �/ 2 P W kDM

.!; !j / � $ .
/; kDN
.�; �j / � $ .
/

	�
where the closure is for the norm k�kP , and let p be the Minkowsky gauge functional
of the closed, balanced convex D.

We then set for all ! 2M, � 2 N :

D.!; �/ D max
n
DM.!/;DN .�/;

1

�
dn
 .!; �/; p.!; �/

o
.

Then D D
�
P ; h� ; �iP ;D;E; L

�
is a metrized quantum vector bundle.

Let �AW .a; b/ 2 E 7! a 2 A and �BW .a; b/ 2 E 7! b 2 B and ‚AW .!; �/ 2

P 7! ! 2M and ‚BW .!; �/ 2 P 7! � 2 N . Then:�
D; .�A; ‚A/; .�B; ‚B/

�
is an .F;H/-modular tunnel of extent at most 2�.
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Proof. We begin with proving that D is indeed a .F;H/-metrized quantum vector
bundle. By Theorem 2.22, the pair .E; L/ is an F -quasi-Leibniz quantum compact
metric space.

It is immediate that
�
P ; h� ; �iP

�
is a Hilbert D-module, with k.!; �/kP D

maxfk!kM; k�kN g for all .!; �/ 2 P . It is thus enough to check that D is indeed a
D-norm.

To begin with, D is closed and convex. If

.!; �/; .!0; �0/ 2
[
j2J

˚
.!; �/ 2 P W kDM

.!; !j / � $ .
/; kDN
.�; �j / � $ .
/

	
then there exists j; k 2 J such that:

kDM
.!; !j / � $ .
/ and kDM

.�; �j / � $ .
/;

and

kDN
.!0; !k/ � $ .
/ and kDM

.�0; �k/ � $ .
/:

Let now t 2 Œ0; 1�. By assumption, there exists q 2 J such that!q D t!jC.1�t /!k
and �q D t�j C .1 � t /�k . Thus:

kDM
.t! C .1 � t /!0; !q/ � tkDM

.!; !j /C .1 � t /tkDM
.!0; !k/ � $ .
/

and similarly, kDN
.t�C .1 � t /�0; �q/ � $ .
/. Thus by construction:

t .!; �/C .1 � t /.!0; �0/

2

[
j2J

˚
.!; �/ 2 P W kDM

.!; !j / � $ .
/; kDN
.�; �j / � $ .
/

	
.

As the closure of a convex set, we indeed proved that D is a closed convex subset
of P .

The closed convex set D is also balanced since 0 2 D. Consequently, p is a lower
semi-continuous seminorm defined on the span of D, which contains dom .DM/ �

dom .DN / by Definition 2.26 of $ .
/ (simply noting that, for instance, picking
any i 2 J , we have maxfkDM

.!; !i /; kDN
.�; �i /g < 1 and then scaling). It then

follows that D is a norm defined (in particular, taking finite values) on dom .DM/ �

dom .DN / which is dense in P (note that DM and DN are indeed norms on their
respective domains).

As the supremum of lower semi-continuous functions and continuous functions,
D is lower semi-continuous.

Now, by construction:

f.!; �/ 2 P W D.!; �/ � 1g � f! 2M W DM.!/ � 1g � f� 2 N W DN .�/ � 1g
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and the set on the right-hand side is the product of two norm-compact sets, so it is
itself norm-compact. Hence as a closed subset of a compact set, the unit ball of D is
compact as well.

Furthermore, for all .!; �/ 2 P , we have:

k.!; �/kP D maxfk!kM; k�kN g � maxfDM.!/;DN .�/g � D.!; �/.

We now check that D has satisfies an appropriate form of the inner quasi-Leibniz
inequality.

Let .!; �/; .�; �/2P such that D.!; �/�1 and D.�; �/�1. Now, if D.�; �/�1
then p.�; �/ � 1. Let " > 0. Since kDM

and kDN
are dominated, respectively,

by k�kM and k�kN , and since DM.!/ � 1, DM.�/ � 1, there exists j 2 J such that:

kh!; � � !j iMkA � kDM
.�; !j / � "C$ .
/

and kh�; � � �j iN kB � kDN
.�; �j / � $ .
/C ":

We then compute (using kxkD D 1):

bn

�
h.!; �/; .�; �/iP

�
D


�A

�
h!; �iA

�
x � x�B

�
h�; �iB

�


D

D


�A

�
h!; � � !j iM

�
x � x�B

�
h�; � � �j iN

�


D

C


�A

�
h!;!j iM

�
x � x�B

�
h�; �j iN

�


D

� kh!; � � !j iMkA C kh�; � � �j iN kN C dn
 .!; �/

� 2$ .
/C 2"C �] .
/ using [24, Proposition 4.17]

� 2�] .
/C 2".

Since " > 0 is arbitrary, we conclude:

bn

�
h.!; �/; .�; �/iP

�
� 2�] .
/.

Therefore, if .!; �/; .�; �/ 2 dom .D/ n f.0; 0/g, then by homogeneity:

bn

�
h.!; �/; .�; �/iP

�
� 2�] .
/D.!; �/D.�; �/

� 2D.!; �/D.�; �/�] .
/
� H

�
D.!; �/;D.�; �/

�
�.

We record bn

�
<h!; �iA;<h�; �iB

�
� bn


�
h!; �iA; h�; �iB

�
, since< is a linear

contraction on any C*-algebra.
From this, and since A and B both satisfy the H -inner quasi-Leibniz inequality,

we conclude that for all .!; �/; .�; �/ 2 dom .D/

L
�
<h.!; �/; .�; �/iP

�
D max

�
LA
�
<h!; �iA

�
LB
�
<h�; �iB

�
1
�

bn

�
h!; �iA; h�; �iB

�
�

� H
�
D.!; �/;D.�; �/

�
.
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A similar computation shows that L
�
=h.!; �/; .�; �/iP

�
� H

�
D.!; �/;D.�; �/

�
.

Thus the inner quasi-Leibniz inequality holds for D and L. Note that it is important
that we used the modular length of 
 (rather than the length of its basic bridge) in the
definition of L at this exact point.

Hence D is indeed a D-norm. Therefore
�
P ; h� ; �iP ;D;E; L

�
is indeed a metrized

quantum vector bundle.
To now prove that � is a modular tunnel, we first note that the basic tunnel

.D; LD; �A; �B/ of � is a tunnel of extent no more than 2� by [20]. It is therefore
sufficient to prove that ‚A and ‚B are modular quantum isometries — the proof is
identical for both maps, so we work with ‚A.

Let! 2M withDM.!/ � 1. There exists j 2 J such that kDM
.!; !j / � $ .
/.

Since kDN
.�j ; �j / D 0, we conclude that p.!; �j / � 1. Moreover:

dn

�
!; �j

�
D sup
k2J



�A

�
h!;!kiM

�
x � x�B

�
h�j ; �kiN

�


D

� sup
k2J

�

h! � !j ; !kiM

AC

�A

�
h!j ; !kiM

�
x�x�B

�
h�j ; �kiN

�


D

�
� kDM

.!; !j /C %
] .
/

� $ .
/C %] .
/

� �] .
/ � �.

Since DN .�j / � 1, we conclude that D.!; �j / � 1. Thus .�A; ‚A/ is a modular
isometry (by homogeneity). The same reasoning applies to show that .�B; ‚B/ is a
modular isometry as well.

Thus � is indeed a modular tunnel of extent no more than �. This concludes our
proof.

A corollary of Theorem 3.7, thanks to the construction of Lemma 3.4, is that all
modular bridges give rise to modular tunnels.
Corollary 3.8. If A and B are two .F;H/-metrized quantum vector bundles, if 
 is
a modular bridge, and if � > 0 and � � �] .
/, then there exists an .F;H/-modular
tunnel � from A to B of extent at most 2�.

Proof. We apply Theorem 3.7 to the modular bridge co .
/ constructed from 
 by
Lemma 3.4, noting that Remark 3.5 applies.

A first, important corollary of Theorem 3.7, is that modular tunnels actually exist.
Notation 3.9. If .E; d/ is a metric space, then we write diam.E; d/ for its diameter.
If .A; L/ is a quantum compact metric space then the diameter diam.S.A/;mkL/

of S.A/ for the Monge–Kantorovich metric mkL is simply denoted by diam.A; L/.
Corollary 3.10. If A and B are two .F;H/-metrized quantum vector bundles then
there exists a .F;H/-modular tunnel � from A to B of extent at most:

2max
˚
2; diam.A; LA/; diam.B; LB/

	
.
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Proof. Write A D
�
M; h� ; �iM;DM;A; LA

�
and B D

�
N ; h� ; �iN ;DN ;B; LB

�
.

By [18, Proposition 4.6], there exists a bridge .D; x; �A; �B/ with kxkD D 1, of
length at most maxfdiam.A; LA/; diam.B; LB/g. Pick any ! 2M with DM.!/ � 1

and � 2 N with DN .�/ � 1. It is then immediate that if:

ı D
�
D; x; �A; �B; .!/; .�/

�
then ı is a modular bridge with length at most:

maxf2; diam.A; LA/; diam.B; LB/g.

By Theorem 3.7, we thus conclude that there exists a .F;H/-modular tunnel of
extent at most maxf2; diam.A; LA/; diam.B; LB/g constructed from 
 .

We now describe another mean to construct modular tunnels, by almost
composition of other modular tunnels. This construction will in fact ensures that
our modular propinquity will satisfy the triangle inequality. The proof extends [20].
Theorem 3.11. Let A, B and E be three .F;H/-metrized quantum vector bundles.
Write B D

�
M; h� ; �iM;DM;B; LB

�
.

Let �1 D
�
D1; .�A; ‚A/; .�B; ‚B/

�
be a modular tunnel from A to B with

D1 D
�
P ; h� ; �iP ;D1;D1; L1

�
. Let �2 D

�
D2; .�B;…B/; .�E;…E/

�
be a modular

tunnel from B to E, with D2 D
�
R; h� ; �iR;D2;D2; L2

�
.

Let " > 0.
Let D D D1 ˚D2 and, for all .d1; d2/ 2 sa .D/, set:

L.d1; d2/ D max
n
L1.d1/; L2.d2/;

1

"
k�B.d1/ � �B.d2/kB

o
.

Let B D P ˚R, see as a Hilbert D-module with the action:

8d1 2 D1; d2 2 D2; !1 2 P ; !2 2 R .d1; d2/ � .!1; !2/ D .d1!1; d2!2/

and inner product:

8!1; �1 2 P ; !2; �2 2 R h.!1; !2/; .�1; �2/iB D
�
h!1; �1iP ; h!2; �2iR

�
.

We define, for all .!; �/ 2 B:

D.!; �/ D max
n
D1.!/;D2.�/;

1

"
k‚B.!/ �…B.�/kM

o
.

Let

�AW .d1; d2/ 2 D 7! �A.d1/ and „AW .!; �/ 2 B 7! ‚A.!/,
and

�EW .d1; d2/ 2 D 7! �E.d2/ and ‡EW .!; �/ 2 B 7! …E.�/.

If D D
�
B; h� ; �iB ;D;D; LD

�
and if � D

�
D; .�A; „A/; .�E; ‡E/

�
, then D is a

.F;H/-metrized quantum vector bundle, and � is a modular tunnel from A to E of
extent at most �.�1/C �.�2/C ".
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Proof. First, we note that for all .!; �/ 2 B:

k.!; �/kB D maxfk!kP ; k�kRg � maxfD1.!/;D2.�/g � D.!; �/.

Moreover, dom .D/ is obviously dense in B.
We now check the inner quasi-Leibniz condition. Let now .!1; !2/; .�1; �2/ 2 B.

To begin with:

�B�h!1; �1iP � � �B

�
h!2; �2iR

�


B

D kh‚B.!1/;‚B.�1/iM � h…B.!2/;…B.�2/iMkB

� kh‚B.!1/;‚B.�1/iM � h‚B.!1/;…B.�2/iMkB

C kh‚B.!1/;…B.�2/iM � h…B.!2/;…B.�2/iMkB

D kh‚B.!1/;‚B.�1/ �…B.�2/iMkB

C kh‚B.!1/ �…B.�1/;…B.�2/iMkB

� k!1kRk‚B.�1/ �…B.�2/kM

C k‚B.!1/ �…B.!2/kMk�2kR

� "
�
k!1kRD..�1; �2//C D..!1; !2//k�2kP

�
� 2"D.!1; !2/D.�1; �2/.

Therefore, by definition (and using the linearity and contractive property of <
and = on any C*-algebra):

L
�
<h.!1; !2/; .�1; �2/iB

�
� max

�
L1
�
<h!1; �1iD1

�
L2
�
<h!2; �2iD2

�
2D..�1; �2//D..!1; !2//

�

� max
˚
H
�
D1.!1/;D1.�1/

�
;H

�
D2.!2/;D2.�2/

�
;

H
�
D.�1; �2/;D.!1; !2/

�	
� H

�
D.!1; !2/;D.�1; �2/

�
,

and similarly, L
�
=h.!1; !2/; .�1; �2/iB

�
� H

�
D.!1; !2/;D.�1; �2/

�
.

By construction, D is lower semi-continuous since D1 and D2 are. Moreover,
the unit ball of D is a (closed, by lower semi-continuity) subset of the product
f! 2 P W D1.!/ � 1g� f! 2 R W D2.!/ � 1g of compact sets, and so it is compact.

Thus D is indeed a .F;H/-metrized quantum vector bundle.
Last, we prove that

�
D; .�A; ‚A/; .�E;…E/

�
is a modular tunnel.

Write A D
�
A; h� ; �iA;DA;A; LA

�
. Let ! 2 dom .DA/. Since �1 is a modular

tunnel, there exists � 2 P such that ‚A.�/ D ! and DP .�/ D DA.!/. Since ‚B is
also a quantum isometry, we conclude that

DB.‚B.�// � DP .�/ D DA.!/.
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Since �2 is also a tunnel, there exists � 2 R such that …B.�/ D ‚B.�/ and
DB.�/ D DM.‚B.!//. Thus D.�; �/ D DA.!/. Thus by construction:

8! 2 dom .DA/ DA.!/ D inffD.�/ W � 2 B; „A.�/ D !g.

This result is symmetric in R and P .
Therefore, by [20, Theorem 3.1], we conclude that indeed � is a modular tunnel,

whose extent is at most �.�1/C �.�2/C ".

As is customary with our work on the propinquity, we allow for more restrictive
choices of the class of modular tunnels involved in the definition of our metric, as
long as such restriction meets the following condition.
Definition 3.12. Let Q be a nonempty class of .F;H/-metrized quantum vector
bundles. A class T of modular tunnels is appropriate for Q when:
(1) if � 2 T then dom .�/; codom .�/ 2 Q,
(2) if A;B 2 Q then there exists a modular tunnel � in T from A to B,
(3) if A D

�
M; h� ; �iM;D;A; L

�
and B are in Q and if there exists a full modular

quantum isometry ‚WA ! B, then the modular tunnel .A; id; ‚/ is in T ,
where id D .idA; idM/ with idAWA ! A is the identity automorphism and
idMWM!M is the identity map on M,

(4) if � D .D; ‚;…/ 2 T then ��1 D .D;…;‚/ 2 T ,
(5) if �1; �2 2 T with codom .�1/ D dom .�2/ and if " > 0, then there exists � 2 T

from dom .�1/ to codom .�2/ such that �.�/ � �.�1/C �.�2/C ".
We record that themost natural choices of classes of tunnels are in fact appropriate

for the natural classes of metrized quantum vector bundles:
Proposition 3.13. The class of all .F;H/-modular tunnels is appropriate for the
class of all .F;H/-metrized quantum vector bundles.

Proof. All properties of Definition 3.12 are obvious except for Assertion (5), which
is established by Theorem 3.11.

It is convenient to introduce a simple notation when working with classes of
modular tunnels.
Notation 3.14. Let C be a nonempty class of .F;H/-metrized quantum vector
bundles and T be a class of modular tunnels appropriate for C.

Let A and B be two .F;H/-metrized quantum vector bundles in C. The set of all
.F;H/-modular tunnels from A to B in T is denoted by:

Tunnels
�
A

T
�! B

�
.

In particular, the class of all .F;H/-tunnels from A to B, with no restriction that
they belong to T , is denoted by:

Tunnels
�
A
F;H
�! B

�
.
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We now define the titular object of this paper: the dual modular propinquity
between metrized quantum vector bundles.
Definition 3.15. Let C be a nonempty class of .F;H/-metrized quantum vector
bundles, for some permissible pair .F;H/ of functions, and T be a class of modular
tunnels appropriate for C.

The T -dual modular Gromov–Hausdorff propinquity Č�mod
T .A;B/ between

A;B 2 C is the nonnegative number:

Č�mod
T .A;B/ D inf

˚
�.�/ W � 2 Tunnels

�
A

T
�! B

�	
.

Notation 3.16. For any permissible pair .F;H/, the dual-modular propinquityČ�mod
T ,

where T is the class of all .F;H/-modular tunnels, is simply denoted by Č�mod
F;H .

Our work so far ensures that the dual-modular propinquity is a pseudo-metric.
Proposition 3.17. Let C be a nonempty class of .F;H/-metrized quantum vector
bundles and T be a class of modular tunnels appropriate for C.

For all A;B;D 2 C, we have:
(1) Č�mod

T .B;A/ D Č�mod
T .A;B/ <1,

(2) Č�mod
T .A;D/ � Č�mod

T .A;B/C Č�mod
T .B;D/,

(3) if there exists a full modular quantum isometry…WA! B thenČ�mod
T .A;B/ D 0;

in particular Č�mod
T .A;A/ D 0.

(4) if .A; LA/ is the base space of A and .B; LB/ is the base space of B, then:

Č�T 0
�
.A; LA/; .B; LB/

�
� Č�mod

T .A;B/,

where T 0 D f�[ W � 2 T g.
Moreover, we also record that for any permissible pair .F;H/ and for all .F;H/-

metrized quantum vector bundles A, B:
(5) Č�mod

F;H .A;B/ � 2maxf2; diam.A; LA/; diam.B; LB/g,

(6) Č�mod
F;H .A;B/ � 2Čmod

F;H .A;B/.

Proof. The first four properties listed in this proposition reflect the properties defining
an appropriate class from Definition 3.12.

Let " > 0. There exists a modular tunnel �1 from A to B and a tunnel �2 from B
to E such that:

�.�1/ � Č�mod
T .A;B/C

"

3
and �.�2/ � Č�mod

T .B;D/C
"

3
.

Then, since �.��11 / D �.�1/, we have:

Č�mod
T .B;A/ � �.��11 / D �.�1/ � Č�mod

T .A;B/C
"

3
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and thus Č�mod
T .B;A/ � Č�mod

T .A;B/ as " > 0 is arbitrary. Thus (1) follows by
symmetry.

Similarly, by Definition 3.12, there exists � 2 T from A to D with extent at most
�.�1/C �.�2/C

"
3
. Hence:

Č�mod
T .A;D/ � �.�/

� �.�1/C �.�2/C
"

3

� Č�mod
T .A;B/C

"

3
C Č�mod

T .B;D/C
"

3
C
"

3

� Č�mod
T .A;B/C Č�mod

T .B;D/C ".

Again, as " > 0 is arbitrary, it follows that (2) holds.
Now, assume that .�;…/ is a fullmodular quantum isometry formA toB andwrite

A D
�
M; h� ; �iM;D;A; L

�
. Then we note that � D

�
A; .�;…/; .idA; idM/

�
2 T by

Definition 3.12, where idE is the identity map of any set E. Now, �[ is of the form
.A; L; �; idA/, which has extent 0 (since � is a full quantum isometry). Thus, (3)
holds.

Further, it is a straightforward check that T 0 as defined is indeed a class of tunnels
appropriate for the class of all base spaces of metrized quantum vector bundles in C,
and since the extent of a modular tunnel is the extent of its base tunnel, (4) holds as
well.

Assertion (5) follows from Corollary 3.10, and thus we obtain the desired bound.
Assertion (6) follows from Corollary 3.8 of Theorem 3.7 since Č�mod

T satisfies the
triangle inequality.

If Č�mod
T .A;B/ D 0 then the base spaces of A and B are fully quantum isometric

by [16] and Assertion (4) of Proposition 3.17. We want to prove that in fact, under
this condition, more is true: A and B are fully modular-quantum isometric. To
this end, as in [16, 18, 24, 27], we study the morphism-like properties of modular
tunnels. These properties are expressed using target sets, as defined below, which are
compact-set valued maps induced by tunnels, somewhat akin to correspondences in
metric geometry.
Definition 3.18. LetA D

�
M; h� ; �iM;DM;A; LA

�
andB D

�
N ; h� ; �iN ;DN ;B; LB

�
be two metrized quantum vector bundles. Let

� D
�
P ; h� ; �iP ;D;D; LD; .�A; ‚A/; .�B; ‚B/

�
be a modular tunnel from A to B.

For any a 2 dom .LA/ and l � LA.a/, the l-target set t� .ajl/ is t�[.ajl/, i.e.:

t� .ajl/ D
˚
�B.d/ W d 2 �

�1
A

�
fdg

�
; LD.d/ � l

	
.

For any ! 2 dom .DM/ and l � DM.!/, the l-target set of ! is the subset of N

defined by:
t� .!jl/ D

˚
‚B.�/ W � 2 ‚

�1
A

�
f!g

�
;D.�/ � l

	
.
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We recall from [16,20]:
Proposition 3.19. If � is a tunnel from .A; LA/ to .B; LB/, and if a 2 dom .LA/ with
l � LA.a/, then for all b 2 t� .ajl/ then:

kbkB � kakA C l�.�/ and diam
�
t� .ajl/; k�kB

�
� 2l�.�/.

Proof. We apply [20, Proposition 2.12] to [16, Proposition 4.4].

We now can establish the morphism-like properties of the target sets as set-valued
functions defined on modules.
Proposition 3.20. LetAD

�
M; h� ; �iM;DM;A; LA

�
andBD

�
N ; h� ; �iN ;DN ;B; LB

�
be two metrized quantum vector bundles. Let � be a modular tunnel from A to B.

Let !;!0 2 M, l � maxfDM.!/;DM.!
0/g. If � 2 t� .!jl/ and �0 2 t� .!

0jl/,
then:

kDN
.�; �0/ �

p
2
�
kDM

.!; !0/CH.2l; 1/� .�/
�

In particular:
diam

�
t� .!jl/; kDN

�
�
p
2
�
H.2l; 1/� .�/

�
.

We also have for all t 2 C:

�C t�0 2 t�
�
! C t!0

ˇ̌
l
�
1C jt j

��
.

Last, if b 2 t�
�
h!;!iM

ˇ̌
H.l; l/

�
and if � 2 t� .!jl/ then:

kb � h�; �iBkB � 2H.l; l/�.�/.

Proof. Write � D
�
D; .�A; ‚A/; .�B; ‚B/

�
with D D

�
P ; h� ; �iP ;D;D; LD

�
.

Let � 2 t� .!jl/ and �0 2 t� .!
0jl/. Let � 2 ‚�1A .f!g/ with D.�/ � l such that

‚B.�/ D �, and similarly, let � 0 2 ‚�1A .f!0g/with D.� 0/ � l such that‚B.�
0/ D �0.

Let � D � � � 0, and note D.�/ � 2l . We have

‚A.�/ D ! � !
0 and ‚B.�/ D � � �

0:

Let � 2 N with DN .�/ � 1. Let � 2 P with D.�/ � 1 and � D ‚B.�/. Write
� D ‚A.�/. We have:

LD
�
<h�; �iP

�
� H.D.�/;D.�// D H.2l; 1/.

Moreover, by linearity, and since .�A; ‚A/ is a module morphism:

�A
�
<h�; �iP

�
D <h! � !0; �iM

so (noting that LA.<h! � !0; �iA/ � H.2l; 1/):

<h� � �0; �iN D �B
�
<h�; �iP

�
2 t�

�
<h! � !0; �iM

ˇ̌
H.2l; 1/

�
.
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We then conclude by Proposition 3.19:

k<h� � �0; �iN kB � k<h! � !
0; �iMkA CH.2l; 1/� .�/

� kh! � !0; �iMkA CH.2l; 1/� .�/

� kDM
.!; !0/CH.2l; 1/� .�/.

Now, the same as above applies to conclude that:

k=h� � �0; �iN kB � kDM
.!; !0/CH.2l; 1/� .�/.

Hence we conclude:

kDN
.�; �0/ �

p
2
�
kDM

.!; !0/CH.2l; 1/� .�/
�
.

In particular, if ! D !0, we then have:

diam.t� .!jl/; kDN
/ D supfkDN

.�; �0/ W �; �0 2 t� .!jl/g

�
p
2H.2l; 1/� .�/.

We now check the algebraic properties of the target sets. Let t 2 C. We note that
D.� C t� 0/ � .1C jt j/l , while

‚A.� C t�
0/ D ! C t!0 and ‚B.� C t�

0/ D �C t�0

by linearity. Hence by definition, �C t�0 2 t� .! C t!
0jl.1C jt j// as desired.

Last, we observe that h!;!iM 2 sa .A/ with

LA
�
h!;!iM

�
� H.l; l/;

and h�; �iN 2 sa .B/, h�; �iP 2 sa .D/, with

�A
�
h�; �iP

�
D h!;!iM; �B

�
h�; �iP

�
D h�; �iB ;

and
LD
�
h�; �iP

�
� H.l; l/;

so:
h�; �iN 2 t�

�
h!;!iM

ˇ̌
H.l; l/

�
.

Therefore if b 2 t� .h!;!iAjH.l; l// then by Proposition 3.19:

kb � h�; �iN kB � 2H.l; l/� .�/.

This concludes our proof.

We also record that target sets are topologically small, i.e. formally, compact,
while also not empty.
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Proposition 3.21. LetAD
�
M; h� ; �iM;DM;A; LA

�
andBD

�
N ; h� ; �iN ;DN ;B; LB

�
be two metrized quantum vector bundles and � be a modular tunnel from A to B.
If ! 2M and l � DM.!/, then t� .!jl/ is a nonempty compact subset of N .

Proof. Write � D
�
D; .�A; ‚A/; .�B; ‚B/

�
with D D

�
P ; h� ; �iP ;D;D; LD

�
. By

definition:
t� .!jl/ D ‚B

�
‚�1A

�
f!g

�
\ f� 2 P W D.�/ � lg

�
.

By Remark 2.11, ‚�1A .f!g/ \ f� 2 P W D.�/ � lg is compact in P and not
empty. As‚B is continuous, we conclude that indeed t� .!jl/ is nonempty, compact
in N .

We are now able to prove our main theorem for this section.
Theorem 3.22. Let .F;H/ be a pair of permissible functions. Let C be a nonempty
class of .F;H/-metrized quantum vector bundles and let T be a class of tunnels
appropriate for C.

The dual modular T -propinquity Č�mod
T is a metric, up to full quantum isometry

on C.

Proof. Proposition 3.17 gives us that the dualmodular propinquity is a pseudo-metric.
We are left to prove that distance zero implies full modular quantum isometry.

Let A D
�
M; h� ; �iM;DM;A; LA/ and B D

�
N ; h� ; �iN ;DN ;B; LB

�
be two

.F;H/-metrized quantum vector bundles such that Č�mod
T .A;B/ D 0.

By Definition 3.15, for all n 2 N, there exists a modular tunnel �n from A to B
such that �.�n/ � 1

nC1
.

Our proof follows most of the claims of [24, Theorem 6.11], replacing [24, Propo-
sition 6.7] with Proposition 3.20 and [24, Proposition 6.8] with Proposition 3.21.
We however need a small change since we are now missing Assertion (4) of [24,
Proposition 6.7]. We thus provide below the modified proof of [24, Theorem 6.11],
though we refer to [24] for supplementary details.

The first step is to appeal to our proof of [16, Theorem 4.16], itself based on [18,
Theorem 5.13], which established the desired coincidence property for the dual
propinquity, upon which the dual-modular propinquity is built — with the immediate
modification that we use here the extent instead of the length of tunnels (which are
equivalent by [20, Proposition 2.12,Theorem 3.8]), and thus we replace target sets for
journeys by the usual target sets for tunnels as per Definition 3.18. Thus, we recall
from [16] that there exists a strictly increasing function f WN ! N and a full quantum
isometry � W .A; LA/! .B; LB/ such that, for all a 2 dom .LA/ and l � LA.a/, and
for all b 2 dom .LB/ and l 0 � LB.b/:

lim
n!1

Hausk�kB
�
t�f .n/

.ajl/; f�.a/g
�
D 0

and lim
n!1

Hausk�kA
�
t��1

f .n/
.bjl 0/; f��1.b/g

�
D 0.
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Wenow turn toworkingwith themodules. First, let!2dom .DM/ and l�DM.!/.
Let gWN ! N be any strictly increasing function. By Proposition 3.21, the sequence
.t�f .g.n//

.!jl//n2N is a sequence of nonempty compact subsets of the kDN
-compact

set
Bl D D�1N Œ0; l�:

Hence, there exists a subsequence .t�f .g.h.n///
.!jl//n2N converging to some

nonempty set L for the Hausdorff distance HauskDN
— since the space of closed

subsets of a compact metric space is compact for the induced Hausdorff distance. By
Proposition 3.20, the diameter of L is the limit of

�
diam.t�f .g.h.n///

.!jl/; kDN
/
�
n2N

,
which is dominated by

lim
n!1

p
2H.2l; 1/� .�n/ D 0;

so L is a singleton.
We then observe that since kDN

and k�kN induce the same topology on the
unit ball of DN , and therefore on all bounded subsets of dom .DN / for DN by
Proposition 2.25, so do HauskDN

and Hausk�kN induce the same topology on the
space of closed subset of any closed ball for DN (see for instance [24, Lemma 6.9]).
Since .t�f .g.h.n///

.!jl//n2N lies insideBl D f� 2 N W DN .�/ � lg, we can conclude
that .t�f .g.h.n///

.!jl//n2N converges to the singleton L for Hausk�kN as well.
As f! 2 M W D.!/ � 1g is compact for the norm k�kM, we conclude that it is

separable. Therefore, so is

dom .DM/ D
[
N2N

N � f! 2 dom .DM/ W DM.!/ � 1g:

Let f!n W n 2 Ng � dom .DM/ be a k�kM-dense subset of dom .DM/. We can then
use a diagonal argument (similar to, for instance, [24, Claim 6.14]) to conclude that
there exists a strictly increasing function gWN ! N such that for all k 2 N, the
sequence .t�f .g.n//

.!kjDM.!
k///n2N converges, for HauskDN

, to a singleton which
we denote f‚.!k/g. By [24, Claim 6.13], we then conclude that for all k 2 N
and l � DM.!

k/, the sequence .t�f .g.n//
.!kjl//n2N still converges to f‚.!k/g

for HauskDN
and therefore, as discussed before, for Hausk�kN .

We can now prove that, in fact, for all ! 2 dom .DM/ and for all l > DM.!/,
the sequence .t�f .g.n//

.!jl//n2N converges to a singleton for Hausk�kN . Indeed,
let " > 0. There exists, by density, k 2 N such that:

kDM
.!; !k/ � k! � !kkM <

"

6
p
2
.

There also exists N 2 N such that for all n � N , we have

�
�
�f .g.n//

�
�

"

6H.2l; 1/
p
2
:
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By Proposition 3.20, we then note that for all n 2 N:

HauskDN

�
t�f .g.p//

.!kjl/; t�f .g.p//
.!jl/

�
�
p
2
�
kM.!; !

k/CH.2l; 1/�
�
�f .g.n//

��
�
p
2
� "

6
p
2
C

"

6
p
2

�
�
"

3
.

Therefore, for all p; q � N , we conclude:

HauskDN

�
t�f .g.p//

.!jl/; t�f .g.q//
.!jl/

�
�
2"

3
C HauskDN

�
t�f .g.p//

.!kjl/; t�f .g.q//
.!kjl/

�
.

Now, the sequence
�
t�f .g.n//

.!kjl/
�
n2N

is convergent, hence Cauchy, for kDN
.

Hence, there exists N2 2 N such that if p; q � N2 then:

HauskDN

�
t�f .g.p//

.!kjl/; t�f .g.q//
.!kjl/

�
<
"

3
.

Thus, for all p; q � maxfN;N2g, we conclude:

HauskDN

�
t�f .g.p//

.!jl/; t�f .g.q//
.!jl/

�
� ".

Now, f� 2 N W DN .�/ � lg is compact, therefore complete, for kDN
by

Proposition 2.25. Therefore, HauskDN
is complete on the collection of nonempty

closed subsets of f� 2 N W DN .�/ � lg. As a Cauchy sequence in that space,
.t�f .g.n//

.!jl//n2N therefore converges for HauskDN
since the Hausdorff distance

induced by a complete metric is itself complete. By Proposition 3.20, we conclude
again that its limit is a singleton which we denote by f‚.!/g. By [24, Claim 6.13], we
conclude that .t�f .g.n//

.!jl 0//n2N converges to the same singleton for all l 0 � DM.!/.
By topological equivalence again, we conclude that .t�f .g.n//

.!jl 0//n2N converges
for Hausk�kN to f‚.!/g for all l 0 � DN .!/.

For any ! 2 dom .DM/ and l � DM.!/, the element ‚.!/ is the limit of
any sequence of the form .�n/n2N with �n 2 t�f .n/

.!jl/ for all n 2 N by [24,
Lemma 6.10]. This has several consequences. First, as DN is lower semi-continuous,
we conclude that DN .‚.!// � DM.!/.

Second, let !;!0 2 dom .DM/, t 2 C and l � maxfDN .!/;DN .!
0/g. Then for

all n 2 N, let �n 2 t�f .g.n//
.!jl/ and �0n 2 t�f .g.n//

.!0jl/. While .�n/n2N converges
to ‚.!/ and .�0n/n2N converges to ‚.!0/, Proposition 3.20 shows that

�n C t�
0
n 2 t�f .g.n//

�
! C t!0

ˇ̌�
1C jt j

�
l
�
;

so .�nC t�0n/n2N converges to‚.!C t!0/. By uniqueness of the limit, we conclude
that

‚.!/C t‚.!0/ D ‚.! C t!0/:

Thus ‚ is C-linear on dom .DM/.
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Third, for eachn 2 N, let�n 2 t�f .g.n//
.!jl/ and bn 2 t�f .g.n//

�
h!;!iM

ˇ̌
H.l; l/

�
for all n 2 N. While .bn/n2N converges to �

�
h!;!iM

�
and .�n/n2N converges

to ‚.!/, so that by continuity
�
h�n; �niN

�
n2N

converges to h‚.!/;‚.!/iN , by
Proposition 3.20, we have

lim
n!1

kbn � h�n; �niN kB D 0:

Therefore �
�
h!;!iM

�
D h‚.!/;‚.!/iN . Using the standard polarization identity,

we thus obtain:

8!; � 2 dom .DM/ �
�
h!; �iM

�
D h‚.!/;‚.�/iN .

Moreover, we conclude from the identity �
�
h!;!iM

�
D h‚.!/;‚.!/iN that

k‚.!/kN D k!kM since � , as a *-automorphism, is an isometry from k�kA to k�kB.
Therefore,‚, as it is linear, is an isometry, and in particular, is uniformly continuous
on dom .DM/ from k�kM to k�kN . It therefore admits a unique linear, continuous
extension to M, which we continue to denote by ‚. By continuity of ‚, � and the
inner products, we then easily verify that:

8!; � 2M �
�
h!; �iM

�
D h‚.!/;‚.�/iN .

We observe that unlike [24, Claim 6.19], we have not yet proven that .�;‚/ is a
modulemorphism. Wewill see later on that this holds true, but in quite a different way
from our previous work, as it does not rely on Assertion (4) of [24, Proposition 6.7]
which we do not have any longer. For now, let us observe the following — note that
his is the only point in this proof where we use the fact that we work with an A-inner
product h� ; �iA.

Let ! 2 M and a 2 A. Using what we have proven so far, in particular, that ‚
preserves the inner product up to � , and that � is a *-automorphism, we see that for
all � 2M:

h‚.a!/ � �.a/‚.!/;‚.�/iN D h‚.a!/;‚.�/iN � �.a/h‚.!/;‚.�/iN

D �
�
ha!; �iM

�
� �.a/�

�
h!; �iM

�
D �

�
ha!; �iM

�
� �

�
ah!; �iM

�
D �

�
ha!; �iM � ha!; �iM

�
D 0. (3.1)

Thus, it would be sufficient to show that ‚ is onto to conclude that .�;‚/ is a
module morphism.

We now in fact prove that ‚ is invertible. The entire work we have done so far
can be done as well with the sequence of modular tunnels .��1

f .g.n//
/n2N . Thus, we

would prove that there exists a C-linear map…WN !M such that for all !; � 2 N :

��1
�
h!; �iN

�
D h….!/;….�/iN
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noting in particular that… is an isometry, and such that there exists a strictly increasing
function hWN ! N such that for all ! 2 dom .DN / and l � DN .!/:

lim
n!1

HauskDM

�
f….!/g; t��1

f .g.h.n///
.!jl/

�
D 0,

while DM ı… � DN .
Our goal is to check that … is the inverse of ‚. Let ! 2 dom .DM/ with ! 6D 0

and l D DM.!/.
Let " > 0. There exists N 2 N such that for all n � N :

HauskDN

�
f‚.!/g; t�f .g.h.n///

.!jl/
�
�

"

3
p
2

and HauskDM

�
f….‚.!//g; t��1

f .g.h.n///
.‚.!/jl/

�
�
"

3

while �.�f .g.h.n//// � "

3
p
2H.2l;1/

.
Let �2 t��1

f .g.h.n///
.‚.!/jl/. Let �2 t�f .g.h.n///

.!jl/. Note that by Definition 3.18,
we also have ! 2 t��1

f .g.h.n///
.�jl/. This is the key reason behind the desired result.

Using Proposition 3.20, we then estimate:

kDM

�
….‚.!//; !

�
� kDM

�
….‚.!//; �

�
C kDM

.�; !/

�
"

3
C
p
2
�
kN .‚.!/; �/CH.2l; 1/�

�
��1f .g.h.n///

��
�
"

3
C
p
2
� "

3
p
2
C

"

3
p
2

�
� ".

As " > 0 is arbitrary, we conclude that k….‚.!// � !kM D 0, i.e. ….‚.!// D !

for all ! 2 dom .DM/ (since….‚.0// D 0 by linearity). By continuity, we conclude
that… ı‚ is the identity on M. We would prove similarly that‚ ı… is the identity
on N .

In particular, since‚ is onto, we then conclude from Equality (3.1) that‚.a!/ D
�.a/‚.!/ for all a 2 A and ! 2M.

Moreover, for all ! 2 dom .DM/:

DN .‚.!// � DM.!/ D DM

�
….‚.!//

�
� DN .‚.!//,

so DN .‚.!// D DM.!/.
Thus .�;‚/ is indeed a full modular quantum isometry. This concludes our proof.

We conclude this section with some applications of our work so far.
Example 3.23. By Assertion (6) of Proposition 3.17, together with the conclusion
of Theorem 3.22, we note that the modular propinquity Čmod

F;H is a metric up to full
modular quantum isometry, thus slightly improving on [24, Theorem 6.11].
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Example 3.24. Proposition 3.17 allows us to conclude that the conclusion of [22,27]
hold for the dual modular propinquity: therefore, Heisenberg modules form
continuous families of metrized quantum vector bundles for the dual-modular
propinquity.

There is, by [24, Example 3.15], for any p 2 N n f0g, a natural function qvb .�/
from F -quasi-Leibniz quantum compact metric spaces to .F;H/-metrized quantum
vector bundle, whereH W x; y 7! 8dF.x; y; x; y/.

Proposition 3.17 and [24, Theorem 7.2] then implies the function qvb .�/ is
continuous from the class of F -quasi-Leibniz quantum compact metric spaces
endowed with the quantum propinquity, to the class of .F;H/-metrized quantum
vector bundles endowed with the dual modular propinquity. We may then naturally
ask about convergence of free modules under the weaker condition of convergence
of their base quantum space for the dual propinquity.
Example 3.25. Let .A; LA/ be a quantum compact metric space for a permissible
function F . To keep our notations reasonable, we assume that

F.tx; sy; t lx; sly/ � tsF.x; y; lx; ly/

for all x; y; lx; ly � 0— a condition satisfied for any .C;D/-quasi-Leibniz quantum
compact metric spaces.

For all Ea D .a1; : : : ; ap/ 2 Ap , we set:

DpA.Ea/ D max
˚
kEakAp ; LA.<aj /; LA.=aj / W j 2 f1; : : : ; pg

	
.

The set fEa 2 Ap W DpA.Ea/ � 1g is easily checked to be compact, as LA is an
L-seminorm.

Moreover, if Ea D .a1; : : : ; ap/ 2 sa .A/p then:

LA
� pX
jD1

a2j

�
�

pX
jD1

F
�
kaj kA; kaj kA; LA.aj /; LA.aj /

�
� pF

�
kEakAp ; kEakAp ;DA.Ea/;DA.Eb/

�
.

Using polarization identities, and writing

h.a1; : : : ; ap/; .b1; : : : ; bp/ip D

pX
jD1

aj b
�
j ,

we conclude that for all Ea; Eb 2 Ap:

LA
�
<hEa; Ebip

�
� 8pF

�
kEakAp ; kEbkAp ;DpA.Ea/;D

p
A.
Eb/
�
,

and LA
�
=hEa; Ebip

�
� 8pF

�
kEakAp ; kEbkAp ;DpA.Ea/;D

p
A.
Eb/
�
.



382 F. Latrémolière

So
�
Ap; h� ; �ip;D

p
A;A; LA

�
is a .F; 8pF /-metrized quantum vector bundle. Set

H.x; y/ D 8pF.x; y; x; y/ for all x; y � 0.
Let now suppose .D; LD; �; �/ be a tunnel from .A; LA/ to a F -quantum compact

metric space .B; LB/. We want to construct a tunnel from
�
Ap; h� ; �ip;D

p
A;A; LA

�
to
�
Bp; h� ; �ip;D

p
B;B; LB

�
. To this end, we set


 D
p
H.1; 1/�.�/C 1 > 1;

and for all Ea 2 Ap , Ed 2 Dp , Eb 2 Bp:

D.Ea; Ed; Eb/ D max
n
DpA.Ea/;D

p
D.
Ed/;DpB.Eb/;




 � 1
kEa � �p. Ed/kAp ;





 � 1
kEb � �p. Ed/kBp

o
,

where �d .d1; : : : ; dp/ D .�.d1/; : : : ; �.dp// for all .d1; : : : ; dp/ 2 Dp , and �p is
defined similarly. It is easy to check that D is densely defined onMDAp˚Dp˚Bp,
seen as an A ˚ D ˚B-left Hilbert module in the obvious manner. Moreover, the
unit ball of D is compact in the norm for this module.

We write

„AW .a; d; b/ 2M 7! a and „BW .a; d; b/ 2M 7! b:

We also write

�AW .a; d; b/ 2 A˚D˚B 7! a and �BW .a; d; b/ 2 A˚D˚B 7! b:

The maps .�A; „A/ and .�B; „B/ are module maps onto Ap andBp .
Let Ea D .a1; : : : ; ap/ 2 Ap . For each j 2 f1; : : : ; pg, let dj 2 D such that

�.dj / D aj and LD.<dj / D LA.<aj / while LD.=dj / D LA.=aj /.
Write Ed D .d1; : : : ; dp/.
Let l D DpA.Ea/. Let ' 2 S.D/; by definition of the extent �.�/ of � , there exists

 2 S.A/ such that mkLD.';  ı �/ � �.�/. We then compute:ˇ̌
'
�
h Ed; Ed iDp

�ˇ̌
� LD

�
h Ed; Ed iDp

�
�.�/C

ˇ̌
 ı �

�
h Ed; Ed iDp

�ˇ̌
� H.l; l/�.�/C  

�
hEa; EaiAp

�
� H.l; l/�.�/C kEak2Ap ,

so

k Edk2Dp � H.l; l/�.�/C kEak
2
Ap

� l2H.1; 1/�.�/C l2

D DpA.Ea/
2
�
H.1; 1/�.�/C 1

�
.
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Thus:
k EdkDp � 
DpA

�
Ea
�
.

By construction, we therefore get:

D
�
Ea;
1



Ed;
1



�p. Ed/

�
D DpA.Ea/.

So .�A; „A/ is a modular isometry. We prove similarly that .�B; „B/ is also a
modular isometry.

Now, for all .a; d; b/ 2 sa .A˚D˚B/, we set:

L.a; d; b/ D max
n
LA.a/; LD.d/; LB.b/;





 � 1
ka � �.d/kA;





 � 1
kb � �.d/kB

o
.

It is standard to prove that .A ˚ D ˚B; L/ is a F -quantum compact metric space
and that

M D
�
Ap ˚Dp

˚Bp; h� ; �ip;D;A˚D˚B; L
�

is a .F;H/-metrized quantum vector bundle. In summary:�
M; .�A; „A/; .�B; „B/

�
is a modular tunnel from

�
Ap; h� ; �ip;D

p
A;A; LA

�
to
�
Bp; h� ; �ip;D

p
B;B; L

p
B

�
. The

extent is then easily computed to be no more than


 � 1



D

p
H.1; 1/�.�/C 1 � 1p
H.1; 1/�.�/C 1

.

Therefore:

Č�mod
F;H

�
.Ap; h� ; �ip;D

p
A;A; LA/; .B

p; h� ; �ip;D
p
B;B; LB/

�
�

p
H.1; 1/�.�/C 1 � 1p
H.1; 1/�.�/C 1

.

So, if .An; Ln/n2N is a sequence ofF -quantum compact metric spaces converging
to .B; LB/ for Č�F , then the sequence

�
Apn ; h� ; �ip;D

p
An
;An; Ln

�
n2N

converges to�
Bp; h� ; �ip;DB;B; LB

�
for Č�mod and for all p 2 N n f0g.

4. The dual modular propinquity for metrical quantum vector bundles

We now explain how to extend the propinquity to metrical quantum vector bundles.
Our strategy follows the pattern we detailed above about metrized quantum vector
bundles, and thus begin with a notion of a metrical tunnel. A metrical tunnel consists
of a modular tunnel and a tunnel between quantum compact metric spaces, paired
together in a natural manner.
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.D0; L0D/

��

�A

����

�B

�� ��

.P ;DP /

‚A

����

‚B

�� ��

.D; LD/

�A

����

�B

�� ��

OO

.A0; L0A/ // .M;DM/ .N ;DN / .B0; L0B/oo

.A; LA/

OO

.B; LB/

OO

Figure 2. A metrical modular tunnel.

Notation 4.1. If M D
�
M; h� ; �iM;D;A; LA;B; LB

�
is a .FGH/-metrical quantum

vector bundle, then M[ D
�
M; h� ; �iM;D;A; LA

�
is a .F;H/-metrized quantum

vector bundle. We set alt.M/ D .B; LB/.

Definition 4.2. Let Aj D
�
Mj ; h� ; �iMj

;DMj
;Aj ; Lj ;Bj ; Lj

�
for j 2 f1; 2g.

A metrical tunnel .�; � 0/ from A1 to A2 is given by:

(1) an .F;H/-modular tunnel � D
�
D; .�1; ‚1/; .�2; ‚2/

�
from A1

[
to A2

[
, where

we write D D
�
P ; h� ; �iP ;D;D; LD

�
,

(2) an F -tunnel � 0 D .D0; L0D; �1; �2/ from alt.A1/ to alt.A2/,

(3) P is also a D0-left module,

(4) 8d 2 sa .D0/ 8� 2 P D.d�/ � G
�
kdkD0 ; L0D.d/;D.�/

�
,

(5) for all j 2 f1; 2g, the pair .�j ; ‚j / is a left module morphism from the left
D0-module P to the left Aj -module Mj .

In particular, in Definition 4.2, the tuple .P ;D;D; LD;D0; L0D/ is a .F;G;H/-
metrical quantum vector bundle.

Definition 4.3. The extent of a metrical tunnel .�; � 0/ is maxf�.�/; �.� 0/g.

We can extend the proof of Theorem 3.11 to metrical tunnels.

Proposition 4.4. LetA,B andE be three .F;G;H/-metrical quantum vector bundles
and let .�1; �1/ and .�2; �2/ be two .F;G;H/-metrical tunnels, respectively from A
to B and B to E. If " > 0 then there exists a .F;G;H/-metrical tunnel from A to E
whose extent is no more than �.�1/C �.�2/C ".
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Proof. We apply Theorem 3.11 to the modular tunnels �1 and �2 to obtain a modular
tunnel � from A[ to E[ of extent at most �.�1/C �.�2/C ".

We then apply [20, Theorem 3.1] to the tunnels �1 and �2 to obtain a tunnel �
from alt.A/ to alt.B/ with �.�/ � �.�1/C �.�2/C ".

Writing �1 D .D01;Q1; ˛; �/, �2 D .D02;Q2; �; ˇ/ and � D .D;Q; : ; :/, we then
observe that the modular quasi-Leibniz relation holds: if d12D01,d22D02,.!; �/2B

then:

D.d1!; d2�/ D max
n
D1.d1!1/;D2.d2�/;

1

"
k‚B.d1!/ �…B.d2�/kM

o
� max

‚
G
�
kd1kD0

1
;Q1.d1/;D1.!/

�
;

G
�
kd2kD0

2
;Q2.d2/;D2.�/

�
;

kd1kD1
k‚B.!/ �…B.�/k C k�.d1/ � �.d2/kk�k

"

ƒ

� G
�
k.d 01; d

0
2/kD0 ;Q.d1; d2/;D.!; �/

�
.

It is then straightforward to check that .�; �/ is the desired metrical tunnel.

We now define the metric analogue of the dual modular propinquity.
Definition 4.5. Let C be a nonempty class of .F;G;H/-metrical quantum vector
bundles. A class T of .F;G;H/-tunnels is appropriate if:
(1) f� W 9� .�; �/ 2 T g is appropriate for fE[ W E 2 Cg,
(2) f� W 9� .�; �/ 2 T g is appropriate for falt.E/ W E 2 Cg.

We immediately check that the class of all .F;G;H/-metrical tunnels is indeed
appropriate for the class of all .F;G;H/-metrical quantum vector bundles. If A
and B is a pair of .F;G;H/-metrical quantum vector bundles and T is a collection
of .F;G;H/-metrical tunnels, we once again denote the class of all tunnels from A

to B in T byTunnels
�
A

T
�! B

�
.

Definition 4.6. Let C be a nonempty class of .F;G;H/-metrical quantum vector
bundles and T a class of tunnels appropriate for C. The dual-metrical T -propin-
quity Č�met

T is defined for any A;B 2 C by:

Č�met
T .A;B/ D inf

˚
�.�/ W � 2 Tunnels

�
A

T
�! B

�	
.

The dual metrical propinquity is a metric up to full metrical quantum isometry.
To prove this, we make one observation.
Proposition 4.7. Let .�; � 0/ be a metrical tunnel between two .F;G;H/-metrical
quantum vector bundles A1 and A2, where we will use the notations of Definition 4.2.
Let ! 2M1 and a2 sa .B1/. If �2 t� .!jl/ and b 2 t� 0.ajl 0/, for some l �DM1

.!/

and l 0 � L1.a/, then:

b� 2 t�
�
a!
ˇ̌
G
�
kakA C 2l�.�

0/; l 0; l
��
.
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Proof. Letd 2 sa .D0/ and � 2 P such that�1.d/ D a,�2.d/ D b, and L0D.d/ � l ,
while ‚1.�/ D !, ‚2.�/ D � and DP .�/ � l . We have:

‚1.d�/ D �
1.d/‚1.�/ D a! while ‚2.d�/ D b�.

Moreover, by Definition 2.13:

DP .d�/ � G
�
kdkD0 ; l; l

�
� G

�
kakA C 2l�.�

0/; l; l
�
.

This concludes our proof by Definition 3.18.

Definition 4.8. Let A and B be two metrical quantum vector bundles. A full metrical
quantum isometry .�;‚; �/ is given by:
(1) a full modular quantum isometry .�;‚/ from A[ to B[,
(2) a full quantum isometry � from alt.A/ to alt.B/ such that .�;‚/ is a module

morphism.
Theorem 4.9. The dual metrical propinquity is a metric up to full metrical quantum
isometry.

Proof. The dual metrical propinquity Č�met
T is a pseudo-metric on the class C by a

similar argument as in Proposition 3.17. We thus focus on proving that distance zero
implies the existence of a full metrical quantum isometry.

LetAD
�
M; h� ; �iM;DM;A; LA;A0; L0A

�
andBD

�
N ; h� ; �iN ;DN ;B; LB;B0; L0B

�
be two .F;G;H/-metrical quantum vector bundles.

If Č�met.A;B/ D 0 then there exists a sequence of metrical tunnels .�n; �n/n2N

with limn!1 �.�n; �n/ D 0—we may as well assume �.�n; �n/ � 1 for all n 2 N.
Using both [16] and the proof of Theorem 3.22, there exists a strictly increasing
function f WN ! N, a full modular quantum isometry .�;‚/ and a full quantum
isometry � such that:
(1) for all a 2 dom

�
L0A
�
and l � L0A.a/, the sequence

�
t�f .n/

.ajl/
�
n2N

converges
to f�.a/g for Hausk�kA0 ,

(2) for all ! 2 dom .DM/ and l � DM.!/, the sequence
�
t�f .n/

.!jl/
�
n2N

converges
to ‚.!/ for Hausk�kN .
let a 2 sa .A0/ and ! 2 M. If for all n 2 N, we choose an 2 t�f .n/

.a0jL0A.a
0//

and !n 2 t�f .n/
.!jDM.!//, then Proposition 4.7 applies to give us:

an!n 2 t�f .n/

�
a!
ˇ̌
G
�
kakA C 2L0A.a/�.�f .n//

�
; L0A.a/;DM.!/

�
� t�f .n/

�
a!
ˇ̌
G
�
kakA C 2L0A.a/

�
; L0A.a/;DM.!/

�
.

Since .an/n2N converges to �.a/, .!n/n2N converges to ‚.!/ and an!n
converges to ‚.a!/, we conclude that �.a/‚.!/ D ‚.a!/.

By linearity and continuity, it then follows that�.a/‚.!/ D ‚.a!/ for all a 2 A0

and ! 2M, as desired. Thus .�;‚; �/ is a full metrical quantum isometry from A
to B.
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5. Completeness

We prove that the dual-modular propinquity is complete, which is one of the main
justification for its introduction. We begin by checking that taking a quotient of a
D-norm gives a D-norm.

Lemma 5.1. Let
�
M; h� ; �iM;D;A; L

�
be a .F;H/-metrized quantum vector bundle

withH continuous. If .B; LB/ is a F -quasi-Leibniz quantum compact metric space,
N is a Hilbert B-module, and .�;…/ is a surjective Hilbert module morphism
from M to N such that � is a quantum isometry from .A; L/ to .B; LB/, and if D0 is
defined as:

8! 2 N D0.!/ D inffD.�/ W ….�/ D !g

allowing D0 to take the value1, then
�
N ; h� ; �iN ;D0;B; LB

�
is a .F;H/-metrized

quantum vector bundle.

Proof. Note that

N D ….M/ D …
�
cl.dom .D//

�
� cl

�
….dom .D//

�
;

and if ! 2 ….dom .D// then D0.!/ <1, so….dom .D// � dom .D0/ (in fact, these
two sets are obviously equal). So D0 has dense domain. It is a standard argument to
show that D0 is a norm on its domain since D is and… is a C-linear map.

Let ! 2 N such that D0.�/ � 1. For all n 2 N, there exists �n 2 M such that
….�n/ D ! and D.�n/ � 1C 1

nC1
. As f� 2M W D.�/ � 2g is compact, there exists a

subsequence .�f .n//n2N converging to some � 2M; by lower semi-continuity of D,
we have D.�/ � 1, and by continuity of …, we have ….�/ D !. Therefore, the unit
ball of D0 is the image of the unit ball of D, and since the unit ball of D is compact
and… is continuous, the unit ball of D0 is compact as well.

Moreover, if ! 2 N , then for any � 2 …�1.f!g/, we have:

k!kN D k….�/kN � k�kM � D.�/.

Hence k!kN � D0.!/ by construction.
Let !; � 2 N with D0.!/ < 1 and D0.�/ < 1. Let " > 0. Since H is

continuous at .D0.!/;D0.�//, there exists ı > 0, such that if jD0.!/ � t j � ı and
jD0.�/ � sj � ı then

jH.t; s/ �H.D0.!/;D0.�//j < ":



388 F. Latrémolière

There exists �; � 2 M with D.�/ � D0.!/C ı and D.�/ � D0.�/C ı. We then
compute:

LB
�
h!; �i1

�
� LB

�
h….�/;….�/iN

�
D LB

�
�
�
h�; �iM

��
� L

�
h�; �iM

�
� H.D.�/;D.�//
� H.D0.!/C ı;D0.�/C ı/
� H.D0.!/;D0.�//C ".

As " > 0 is arbitrary, we conclude that:

LB
�
h!; �iN

�
� H.D0.!/;D0.�//.

Thus,
�
N ; h� ; �iN ;D0;B; LB

�
is a .F;H/-metrized quantum vector bundle.

Notation 5.2. Let .Aj /j2J be a family of unital C*-algebras indexed by J . We
denote by

Q
j2J Aj the C*-algebra:˚
.aj /j2J W 8j 2 J aj 2 Aj and sup

j2J

kaj kAj
<1

	
for the norm k.aj /j2J kQj2J Aj

D supj2J kaj kAj
.

Theorem 5.3. The metric Č�mod
F;H is complete on the class of all .F;H/-metrized

quantum vector bundles if F andH are continuous.

Proof. Let us be given a sequence An D
�
Mn; h� ; �in;Dn;An; Ln

�
n2N

of .F;H/-
metrized quantum vector bundles such that:X

n2N

Č�mod
F;H .An;AnC1/ <1.

For each n 2 N, let:

�n D
�
Dn; .�n; ‚n/; .�n; †n/

�
be a modular tunnel from An to AnC1 with � .�n/ � Č�mod

F;H .An;AnC1/C
1
2n , where:

Dn D
�
Pn; h� ; �i

n;Dn;Dn; Ln
�
.

Fix N 2 N, and denote by NN the subset fk 2 N W k � N g of N.
We begin by recalling some constructions from [16]. Set:

SN D

�
.dn/n2NN

2

Y
n2NN

Dn

ˇ̌̌̌
8n 2 NN �n.dn/ D �nC1.dnC1/,
supfLn.<dn/; Ln.=dn/ W n 2 Ng <1

�
.
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For d D .dn/n2NN
2 SN , we set SN .d/ D supn2NN

Ln.dn/. Let En be the closure
ofSN in the C*-algebra

Q
n2NN

Dn. By [16, Proposition 6.17], the pair .EN ;SN / is
aF -quasi-Leibniz quantum compact metric space (the proof of [16, Proposition 6.17]
applies to F -quasi-Leibniz when F is continuous as discussed in [19]). We define
the map

�N W .dn/n2NN
2 EN 7! �N .dN / 2 AN :

By [16, Corollary 6.9], the map �N is a quantum isometry from .EN ;SN / onto
.AN ; LN /.

Now, we define

IN D f.dn/n2NN
W lim
n!1

kdnkDn
D 0g:

Note that IN is a closed, two sided ideal in EN . Let FN D EN
ı
IN and let QN be

the quotient seminorm of SN on FN . Using [16, Lemma 6.20, Lemma 6.21], we in
fact know that .FN ;QN / is a F -quasi-Leibniz quantum compact metric space which
is fully quantum isometric to .FNC1;QNC1/. It will be helpful to explicit the full
quantum isometry for our purpose, so we present a construction here.

Let:
mN W .dk/k2NN

2 EN 7�! .dk/k2NNC1
2 ENC1.

We note that mN is a *-epimorphism and that the quotient seminorm of SN via mN
is SNC1, for the following reason: if d D .dn/n2NNC1

then, since �N is a tunnel,
there exists dN 2 sa .DN / such that

LN .dN / � LNC1.dNC1/ � SNC1.d/ and �N .dN / D �NC1.dNC1/;

and thus .dn/n2NN
2EN , withmN ..dn/n2NN

/Dd and SN ..dn/n2NN
/DSNC1.d/.

Of course if d 2 ENC1 is not self-adjoint, the previous construction can be applied
to <d and =d to prove that mN is a surjection.

Moreover, it is immediate that m�1N .INC1/ D IN . Therefore, there exists a
*-automorphism

yN WF
N
! FNC1

uniquely determined by the following commutative diagram:

EN

pN ����

mN // // ENC1

pNC1����
FN

yN // FNC1

where pN WEN � FN and pNC1WENC1 � FNC1 are the canonical surjections.
Moreover, if a 2 FN and we write a0 D yN .a/, and if " > 0, then there exists

d 0 D .d 0n/n2NNC1
2 ENC1
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with SNC1.d 0/ � QNC1.a0/C " and pNC1.q0/ D a0. As we have seen, there exists
d 2 EN such that SN .d/ D SNC1.d 0/ and mN .d/ D d 0. Using our commuting
diagram, we then have pN .d/ D a. Thus,

QN .a/ � SN .d 0/ D SNC1.d/ � QNC1.yN .a//C ":

As " > 0 is arbitrary, the *-automorphism yN is 1-Lipschitz. On the other hand, for
any d 2 EN with pN .d/ D a, we estimate:

SN .d/ � SNC1.mN .d// � QNC1.pNC1 ımN .d// D QNC1.yN .a//,

so QN .a/ � QNC1.yN .a// so yN is a full quantum isometry. Whenever convenient,
we identify .FN ; LN1/ with .FNC1; LNC11 / as F -quasi-Leibniz quantum compact
metric space and drop the superscript N .

By [16, Corollary 6.25], for all " > 0, there exists N 2 N such that if n � N
then .En;Sn; �n; pn/ is a tunnel from .An; Ln/ to .F;Q/ of extent at most ". This is
how we proved that .An; Ln/n2N converges to .F;Q/.

We now extend this construction to modular tunnels.
Fix N 2 N again. We define:

QN D

�
.!n/n2NN

2

Y
n2NN

Pn

ˇ̌̌̌
8n 2 NN †n.!n/ D ‚nC1.!nC1/

supn2NN
Dn.!n/ <1

�
.

For all ! 2 QN , we set:

D�N .!/ D sup
n2NN

Dn.!n/.

We also set for all ! D .!n/n2NN
; � D .�n/n2NN

2 NN :

h!; �iN D
�
h!n; �niDn

�
n2NN

.

Note that h!; �iN 2 SN by construction since for all n 2 NN :

�nC1
�
h!nC1; �nC1iDnC1

�
D h‚nC1.!nC1/;‚nC1.�nC1/iDnC1

D h†n.!n/; †n.�n/iDn

D �n
�
h!n; �niDn

�
.

Let QN be the closure of QN in
Q
n2NN

Pn. It is immediate to check that the
SN -inner product of RN extends to an EN -inner product on QN .

We now want to prove that
�
QN ; h� ; �iN ;D�N ;EN ;SN

�
is a .F;H/-metrized

quantum vector bundle. We already know that .EN ;SN / is a F -quasi-Leibniz
quantum compact metric space and that

�
QN ; h� ; �iN

�
is a Hilbert EN -module. We

are left proving that D�N is a D-norm.
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First, if .!n/n2NN
then we check:

k.!n/n2NkQN
D sup
n2NN

k!nkPn
� sup
n2NN

Dn.!n/ D D�N ..!n/n2N/.

Second, we note that if ! D .!n/n2NN
; � D .�n/n2NN

2 QN then:

SN
�
h!; �iN

�
D sup
n2NN

Ln
�
h!n; �niDn

�
� sup
n2NN

H
�
Dn.!n/;Dn.�n/

�
� H

�
D�N .!/;D�N .�/

�
sinceH is increasing in both its variables.

Last, note that:

f! 2 QN W D�N .!/ � 1g �
Y
n2NN

f! 2 PN W Dn.!/ � 1g

and the right-hand side is compact by Tychonoff theorem. On the other hand, as the
supremum of lower semi-continuous functions, D�N is lower semi-continuous, and
thus its unit ball is closed. As a closed set of a compact set, the unit ball of D�N is
compact. Hence,

�
QN ; h� ; �iN ;D�N ;EN ;SN

�
is indeed a .F;H/-metrized quantum

vector bundle.
Let JN D f.!n/n2NN

2 QN W limn!1 k!nkNn
D 0g. Note that JN is a closed

submodule of QN .
We define RN as QN

ı
JN . Now if d D .dn/n2NN

and d 0 D .d 0n/n2NN
in EN

with d�d 0 2 IN and if! D .!n/n2NN
and!0 D .!0n/NN

inQN with!�!0 2 JN ,
then:

kdn!n � d
0
n!
0
nkPn

� kdn!n � dn!
0
nkPn

C k.d 0n � dn/!
0
nkPn

n!1
����! 0,

so d! � d 0!0 2 JN . From this, it is easy to see that RN is a left FN -module.
It is also easily checked that if d D .dn/n2NN

, d 0 D .d 0n/n2NN
, e D .en/n2NN

,
e0 D .e0n/n2NN

2 EN and ! D .!n/n2NN
, !0 D .!0n/n2NN

, � D .�n/n2NN
,

�0 D .�0n/n2NN
2 QN , with d � d 0; e � e0 2 IN and ! � !0; � � �0 2 JN , and for

all n � N :

khdn!n; en�niPn
� hd 0n!

0
n; e
0
n�
0
niPn
kDn

� khdn!n � d
0
n!
0
n; en�niPn

kDn
C khd 0n!

0
n; en�n � e

0
n�
0
niPn
kDn

� kdn!n � d
0
n!
0
nkPn
ken�nkPn

C kd 0n!
0
nkPn
ken�n � e

0
n�
0
nkPn

n!1
����! 0,

so RN is in fact a Hilbert FN -module, in a natural way. We denote the canonical
surjection QN � RN by qN . The above computation show that .pN ; qN / is a
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Hilbert module morphism from QN (over EN ) to RN (over FN ). We denote the
inner product on RN as h� ; �iRN .

Let:
8! 2 QN WN .!/ D inffD�N .�/ W qN .�/ D !g,

allowing for the possibility that WN takes the value1.
We already know that pN is a quantum isometry from .Dn; Ln/ to .An; Ln/.

Hence by Lemma 5.1, we conclude that
�
RN ; h� ; �iRN ;WN ;FN ;QN

�
is indeed a

.F;H/-metrized quantum vector bundle.
Just as was the case for the quasi-Leibniz quantum compact metric spaces, we

check that the metrized quantum vector bundles
�
RN ; h� ; �iRN ;WN ;FN ;QN

�
are

all fully quantum isometric.
The method is identical. We define:

tN W .!n/n2NN
2 QN 7�! .!n/n2NNC1

2 QNC1

and easily check that .mN ; tN / is a Hilbert module morphism from the Hilbert EN -
module QN to the Hilbert ENC1-module QNC1. We know that the map mN is a
quantum isometry. Now, if ! D .!n/n2NNC1

2 QNC1, then since �N is a modular
tunnel, there exists !N 2 QN such that

†N .!N / D ‚NC1.!NC1/ and DN .!N / � DNC1.!NC1/ � D�NC1.!/:

Of course tN ..!/NN
/ D ! and D�N ..!n/n2NN

/ D D�NC1.!/.
It is also immediate that t�1N .JNC1/ D JN . We thus have a unique surjective

linear map znWRN ! RNC1 such that the following diagram commutes:

QN

qN ����

tN // // QNC1

qNC1����
RN zN // RNC1

and .yN ; zN / is a Hilbert module isomorphism from RN to RNC1. Following the
same argument as before, we then show that .yN ; zN / is a full modular quantum
isometry: if � 2 dom

�
WN

�
and if � D zN .�/, and if " > 0, then there exists

! 2 QNC1 such that

qNC1.!/ D � and D�NC1.!/ � WN .�/C "I

then there exists!0 2 dom .D�N / such that tN .!0/ D ! and D�N .!0/ D D�NC1.!/
(note that we used the compactness of the balls for D-norms). As our diagram
commutes, qN .!/ D �. Therefore,

WN .�/ � D�N .!0/ � WW .�/C ":
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Thus WNC1 ı zN �WN . On the other hand, if !2RN and �2QN with qN .�/D!,
then

D�N .�/ � D�NC1.tN .�// � WNC1.qNC1 ı tN .�//;

so WN � WNC1 ı zN .
Let us write

�
R; h� ; �iR;W;F;Q

�
for any representative of this isometry class.

We want to use the .F;H/-metrized quantum vector bundle�
QN ; h� ; �iN ;D�N ;EN ;SN

�
to construct a modular tunnel from�

MN ; h� ; �iMN
;DN ;AN ; LN

�
to �

RN ; h� ; �iRN ;WN ;FN ;QN
�
.

Let us define a modular quantum isometry from
�
QN ; h� ; �iN ;D�N ;EN ;SN

�
onto

�
MN ; h� ; �iMN

;DN ;AN ; LN
�
.

If ! D .!n/n2NN
2 QN , then we set …N .!/ D ‚N .!N / 2 MN . We easily

check that if a D .an/ 2 SN then:

…N .a!/ D ‚N .aN!N / D �N .aN /‚N .!N / D �N .a/…N .!/

and

h…N .!/;…N .�/iMN
D h‚N .!N /;‚N .�N /iMN

D �N
�
h!N ; �N iPN

�
D �N

�
h!; �iQN

�
.

So .�N ;…N / is a Hilbert modular morphism from QN onto MN . We also know
that �N is a quantum isometry, so it is sufficient to prove the following in order to
conclude .�N ;…N / is a modular isometry.

Let � 2 MN and DN .�/ < 1. Write l D DN .�/. As �N is a modular tunnel,
there exists !N 2 PN with ‚N .!N / D � and DN .!N / D l . Now, assume that for
some n � N , there exists !n 2 Pn with D.!n/ � l . As �n is a modular tunnel,
there exists !nC1 2 PnC1 with DnC1.!nC1/ � l and ‚nC1.!nC1/ D †n.!n/

(since Dn.†n.!n// � l). By induction, we conclude that there exists .!n/n2NN
with

‚N .!N / D �N and D�N ..!n/n2NN
/ D l D DN .�/. This proves that .�N ;…N / is

a modular isometry.
Therefore, writing EN D

�
QN ; h� ; �iN ;D�N ;EN ;SN

�
, then

��N D
�
EN ; .�N ;…N /; .pN ; qN /

�
is a modular tunnel from AN to

�
RN ; h� ; �iRN ;WN ;FN ;QN

�
. By definition, the

extent of this tunnel is given by the extent of its underlying basic tunnel.
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As stated above, by [16, Corollary 6.25], for all " > 0, there exists N 2 N such
that if n � N , then the extent of �n is no more than ".

Therefore:
lim
n!1

Č�mod�An; �R; h� ; �i;W;F;Q�� D 0.
We now conclude our theorem. If .An/n2N is a Cauchy sequence of .F;H/-

metrized quantum vector bundles forČ�mod
F;H , then it admits a subsequence .Af .n//n2N

satisfying X
n2N

Č�mod
F;H

�
Af .n/;Af .nC1/

�
<1:

We then can apply our work here to show that .Af .n//n2N has a limit for Č�mod
F;H , and

as a Cauchy sequence with a convergent subsequence, .An/n2N converges for Č�mod
F;H ,

as desired.

Theorem 5.4. The metric Č�met
F;G;H is complete on the class of all .F;G;H/-metrical

quantum vector bundles if F , G andH are continuous.

Proof. Let us be given a sequence .Mn/n2N D
�
Mn; h� ; �in;Dn;An; Ln;Bn;Mn

�
n2N

of .F;G;H/-metrical quantum vector bundles such that:X
n2N

Č�met
F;G;H .Mn;MnC1/ <1.

For each n 2 N, let .�n; �n/ be a metrical .F;G;H/-tunnel from Mn to MnC1

of extent at most Č�met
F;G;H .An;AnC1/C

1
2n and write An D .Mn/[.

We use the same notation as in the proof of Theorem 5.3, and in fact start from
its conclusion. We write � D .Yn; Jn; �n;$n/ for all n 2 N.

Fix N 2 N. We write

TN
�
.dn/n2NN

�
D sup
n2NN

Jn.dn/

for all .dn/n2NN
2
Q
n2NN

Yn.
By [16] and by Definition 4.6, if we set:

WN D cl
��
.dn/n2NN

2

Y
n2NN

Yn W
8NN

n $n.dn/ D �nC1.dnC1/

maxfTN ..dn/n2N/; TN ..dn/n2N/g <1

��
where the closure is taken in

Q
n2NN

Yn.
By [16], if IN D f.dn/n2NN

2 WN W limn!1 kdnkYn
D 0g and if UN is

the quotient norm of TN on UN D WN
ı
IN then .UN ;UN / is a F -quasi-Leibniz

quantum compact metric space. Let rN be the canonical surjectionWN � UN and
kN W .dn/n2NN

2WN 7! 'N .dN /.
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Again by [16], the quadruple ��N D .WN ; TN ; kN ; rN / is a tunnel and

lim
N!1

�.��N / D 0.

Moreover, for all N;M 2 N, as in the proof of Theorem 3.22, the F -quasi-Leibniz
quantum compact metric spaces .UN ;UN / and .UM ;UM / are all fully quantum
isometric in a canonical manner. Write .U;U/ for .U0;U0/.

We now prove thatU acts onR and satisfies the appropriate quasi-Leibniz identity.
It is immediate to check that setting:

8d D .dn/n2N 2W; ! D .!n/n2N 2 QN d! D .dn!n/n2N

turns Q0 into a left W0-module. Following the same method as in the proof of
Theorem 5.3, we then conclude that R is indeed a left U-module.

Now, let a 2 U0. Let d D .dn/n2N 2W0 with r.d/ D a. Let ! 2 R0, and let
� D .�n/n2NN

2 Q0 with q0.�/ D !. Since G is increasing in each of its variables:

W.a!/ � sup
n2N

Dn.dn�n/

� sup
n2N

G
�
kdnkYn

; Jn.dn/;Dn.�n/
�

� G
�
kdkW0

; T0.d/;D�0.�/
�
.

As G is continuous, we conclude that:

W.a!/ � inf
˚
G
�
kdkW0

; T0.d/;D�0.�/
�
W d 2 r�10 .a/; � 2 q�10 .!/

	
� G

�
kakU;U.a/;W.!/

�
.

Therefore,
�
R; h� ; �iR;W;F;Q;U;U

�
is a .F;G;H/-metrical quantum vector

bundle. Now, by definition, .��N ; ��N / is a metrical tunnel and

lim
n!1

�.��N ; ��N / D 0

as desired. This completes our proof.
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