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Structure and K -theory of `p uniform Roe algebras

Yeong Chyuan Chung and Kang Li�

Abstract. In this paper, we characterize when the `p uniform Roe algebra of a metric space
with bounded geometry is (stably) finite and when it is properly infinite in standard form for
p 2 Œ1;1/. Moreover, we show that the `p uniform Roe algebra is a (non-sequential) spatial
Lp AF algebra in the sense of Phillips and Viola if and only if the underlying metric space has
asymptotic dimension zero.
We also consider the orderedK0 groups of `p uniform Roe algebras for metric spaces with

low asymptotic dimension, showing that (1) the ordered K0 group is trivial when the metric
space is non-amenable and has asymptotic dimension at most one, and (2) when the metric
space is a countable locally finite group, the (ordered) K0 group is a complete invariant for the
(bijective) coarse equivalence class of the underlying locally finite group. It happens that in both
cases the ordered K0 group does not depend on p 2 Œ1;1/.
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1. Introduction

`2 uniform Roe algebras are C �-algebras associated with discrete bounded geometry
metric spaces, and which reflect coarse geometric properties of the underlying metric
spaces. These algebras have been well-studied and provide a link between coarse
geometry of metric spaces and the structure theory of C �-algebras (e.g., [1, 19, 22,
24, 28, 30, 33, 40, 41, 43, 48, 49]).
In recent years, there has been an uptick in interest in the `p version of uniform

Roe algebras for p 2 Œ1;1/ from both the operator theory community and the coarse
geometry community (e.g., [11,20,29,31,42,45,46,50]). Moreover, `p uniform Roe
algebras belong to the class of Lp operator algebras in the sense of N. Christopher
Phillips, and the structure and K-theory of certain Lp operator algebras have been
studied (e.g., [6, 9, 10, 18, 34–37]). Thus it is natural to study the structure and
K-theory for `p uniform Roe algebras of metric spaces with bounded geometry.

�Both authors are supported by the European Research Council (ERC-677120).
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Definition 1.1. Ametric space .X; d/ has bounded geometry if for any R > 0, there
exists NR > 0 such that jBR.x/j � NR for all x 2 X , where BR.x/ denotes the
closed ball of radius R centered at x.
Let .X; d/ be a metric space with bounded geometry so that .X; d/ is necessarily

countable and discrete. For a bounded operator T D .Txy/x;y2X 2 B.`
p.X//,

where Txy D .T ıy/.x/, we define the propagation of T to be

prop.T / WD supfd.x; y/ W x; y 2 X; Txy ¤ 0g 2 Œ0;1�:

Definition 1.2. Let .X; d/ be a metric space with bounded geometry. For 1�p<1,
the associated `p uniform Roe algebra, denoted by Bpu .X/, is defined to be the
operator norm closure of the algebra of all bounded operators on `p.X/ with finite
propagation.
In Section 2, we investigate when the `p uniform Roe algebra Bpu .X/ of a metric

space X with bounded geometry is (stably) finite and when it is properly infinite
in standard form as a unital Banach algebra (as defined in [25, Definition 1.1] and
[17, Definition 1.1]).
The (stable) finiteness of Bpu .X/ can be characterized in terms of quasidiagonal

set of operators on `p.X/ in the sense of Halmos (see [21]) and coarse connected
components of the metric space X . Recall that two elements x and y in a metric
space .X; d/ are said to be R-connected for some R > 0 if there is a finite sequence
x0; : : : ; xn in X with x0 D x, xn D y, and d.xi ; xiC1/ � R for i D 0; : : : ; n � 1.
This is an equivalence relation on X , and the equivalence classes are called the
R-connected components of X . We are able to show the following theorem, which
extends [48, Theorem 2.3] from the p D 2 case to any p 2 Œ1;1/.
Theorem A (see Theorem 2.7). Let .X; d/ be a metric space with bounded geometry,
and let p 2 Œ1;1/. The following are equivalent:
(i) Bpu .X/ is a quasidiagonal set in B.`p.X//.
(ii) Bpu .X/ is stably finite.
(iii) Bpu .X/ is finite.
(iv) For each R > 0, every R-connected component of X is finite.
For the proper infiniteness in standard form of Bpu .X/, we give many different

characterizations involvingLp Cuntz algebrasOp
2 introduced by Phillips in [34] (see

Definition 2.20), the algebraic K0 group of Bpu .X/, normalized traces on Bpu .X/,
and paradoxical decompositions of X . The following theorem is an analog of [1,
Theorem 4.9], which only deals with the p D 2 case:
Theorem B (seeTheorem2.21). Let .X; d/ be a metric space with bounded geometry,
and let p 2 Œ1;1/. The following are equivalent:
(i) Bpu .X/ is properly infinite in standard form: there exists an idempotent e in

B
p
u .X/ such that e � 1 � 1 � e, where � denotes algebraic equivalence.
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(ii) X admits a paradoxical decomposition: there is a partitionX D XCtX� such
that there exist two bijections t˙WX!X˙ satisfying supx2X d.x; t˙.x//<1.

(iii) There is a unital isometric embedding of Op
2 into Bpu .X/.

(iv) Œ1�0 D Œ0�0 in the algebraic K0 group K0.Bpu .X//.
(v) Bpu .X/ has no normalized trace.
(vi) There is no unital linear functional  of norm one on B.`p.X// such that

 .aT / D  .Ta/ for all T 2 B.`p.X// and all a 2 Bpu .X/.
In Section 3, we study the group homomorphism K0.`1.X// ! K0.B

p
u .X//

induced by the canonical diagonal inclusion `1.X/ ,! B
p
u .X/ for every metric

space X with low asymptotic dimension.
Definition 1.3. A collectionU of subsets of a metric space is r-separated if for all
distinct A;B 2 U, we have d.A;B/ > r . A metric space with bounded geometry
has asymptotic dimension at most d if for any r > 0, there is a decomposition
X D U0 t � � � t Ud , where each Ui in turn decomposes into a uniformly bounded
collection of r-separated subsets.
The main result of Section 3 is the following theorem:

Theorem C (see Theorem 3.5). Let .X; d/ be a metric space with bounded geometry.
If the asymptotic dimension of X is at most one, then the group homomorphism
K0.`

1.X//! K0.B
p
u .X// induced by the canonical diagonal inclusion is always

surjective for all p 2 Œ1;1/.
As a consequence, we deduce the following result:

Corollary D (see Corollary 3.6). IfX is a non-amenable metric space with bounded
geometry and it has asymptotic dimension at most one, then K0.Bpu .X// D 0 for
all p 2 Œ1;1/.
In order to prove Theorem C, we have to use a quantitative version of K-theory

for Lp operator algebras from [10]. The idea of the proof is almost identical to the
one in [30, Section 5] except that the quantitative version of Bott periodicity was
not proved in this setting and we consider suspensions of `p uniform Roe algebras
instead.
In Section 4, we study structure andK-theory of `p uniformRoe algebras ofmetric

spaces with zero asymptotic dimension. We beginwith the following characterization
of spaces with zero asymptotic dimension in terms of their `p uniform Roe algebras:
Theorem E (see Theorem 4.4). Let X be a metric space with bounded geometry,
and let p 2 Œ1;1/. The following are equivalent:
(i) X has asymptotic dimension zero.
(ii) Bpu .X/ is an inductive limit of

LN
kD1M

p

dk
, where N; d1; : : : ; dk 2 N and Mp

d

denotes B.`p.f1; : : : ; dg//.
(iii) Bpu .X/ has cancellation (see Definition 4.2).
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In the remainder of Section 4, we restrict our attention to the case where the metric
space is a countable, locally finite group equipped with a proper left-invariant metric.
Such a metric group is actually a bounded geometry metric space with asymptotic
dimension zero. We compute the ordered K0 group�

K0.B
p
u .�//;K0.B

p
u .�//

C; Œ1�0
�

for any countable, locally finite group � , showing that it is independent of p (see
Theorem 4.10). As a consequence, the (ordered) K0 group of the associated `p
uniform Roe algebra is a complete invariant for the (bijective) coarse equivalence
class of the underlying countable locally finite group.
Definition 1.4. Let X and Y be metric spaces.
� A (not necessarily continuous) map f WX ! Y is said to be uniformly expansive
if for all R > 0 there exists S > 0 such that if x1; x2 2 X satisfy d.x1; x2/ � R,
then d.f .x1/; f .x2// � S .

� Two maps f; gWX ! Y are said to be close if there exists C > 0 such that
d.f .x/; g.x// � C for all x 2 X .

� Two metric spaces X and Y are said to be coarsely equivalent if there exist
uniformly expansive maps f WX ! Y and gWY ! X such that f ı g and g ı f
are close to the identity maps, respectively. In this case, we say both f and g are
coarse equivalences between X and Y .

� We say a map f WX ! Y is a bijective coarse equivalence if f is both a coarse
equivalence and a bijection. In this case, we say X and Y are bijectively coarsely
equivalent.

Corollary F (seeCorollary 4.11). Let� andƒ be countable, locally finite groups with
proper left-invariant metrics d� and dƒ respectively. Then the following conditions
are equivalent:
(i) .�; d�/ and .ƒ; dƒ/ are coarsely equivalent.
(ii) K0.Bpu .�// Š K0.Bpu .ƒ// for all p 2 Œ1;1/.
(iii) K0.Bpu .�// Š K0.Bpu .ƒ// for some p 2 Œ1;1/.
Theorem G (see Theorem 4.13). Let� andƒ be countable, locally finite groups with
proper left-invariant metrics d� and dƒ respectively. Then the following conditions
are equivalent:
(i) .�; d�/ and .ƒ; dƒ/ are bijectively coarsely equivalent.
(ii) For every p 2 Œ1;1/, there is an isometric isomorphism �WB

p
u .�/! B

p
u .ƒ/

such that �.`1.�// D `1.ƒ/.
(iii) Bpu .�/ and Bpu .ƒ/ are isometrically isomorphic for some p 2 Œ1;1/.
(iv) .K0.Bpu .�//;K0.Bpu .�//C; Œ1�0/ Š .K0.Bpu .ƒ//;K0.Bpu .ƒ//C; Œ1�0/

for every p 2 Œ1;1/.
(v) .K0.Bpu .�//; Œ1�0/ Š .K0.Bpu .ƒ//; Œ1�0/ for some p 2 Œ1;1/.
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We end the introduction by asking the following question:

Question 1.5. Let X be a metric space with bounded geometry. Does the (ordered)
K0 group ofBpu .X/ depend on p 2 Œ1;1/whenX has finite asymptotic dimension?

We have partial answers from Corollary 3.6 for non-amenable spaces with
asymptotic dimension at most one and from Theorem 4.10 for countable locally
finite groups.

2. Finiteness and proper infiniteness of `p uniform Roe algebras

In this section, we investigate when the `p uniform Roe algebra of a metric space
with bounded geometry is (stably) finite and when it is properly infinite in standard
form.
The following definition of a (stably) finite (resp. properly infinite) algebra is

based on [25, Definition 1.1] and [17, Definition 1.1].

Definition 2.1. We say that two idempotents e and f in an algebraA are algebraically
equivalent, and write e � f , if there exist x; y 2 A such that e D xy and f D yx.
We say that e and f are orthogonal (and write e ? f ) if ef D 0 D fe. We

write e � f if ef D fe D e.
An idempotent e in A is said to be properly infinite if there are orthogonal

idempotents e1 and e2 in eAe such that e1 � e � e2.
A (nonzero) unital algebra A is said to be properly infinite if the unit 1A is a

properly infinite idempotent.
A unital, properly infinite algebraA is said to be properly infinite in standard form

if there exists an idempotent e in A such that e � 1A � 1A � e.
An idempotent e in A is said to be finite if whenever f is an idempotent in A

such that e � f and f � e, then f D e.
A unital algebraA is said to be finite if the unit 1A is a finite idempotent. IfMn.A/

is finite for all n 2 N, then we say that A is stably finite.

Remark 2.2. There are Banach algebras that are properly infinite but not properly
infinite in standard form. For example, the Cuntz algebras On (2 � n � 1)
introduced in [13] are C �-algebras that are properly infinite, but only O2 is properly
infinite in standard form (see [14] or [15]).

2.1. Finiteness. We will show that finiteness of the `p uniform Roe algebra Bpu .X/
of a bounded geometry metric space X is equivalent to Bpu .X/ being stably finite
and is also equivalent to it being a quasidiagonal set of operators on `p.X/. It can
also be characterized in terms of coarse connected components of X .
We begin with a lemma providing useful criteria for determining finiteness of a

unital Banach algebra.
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Lemma 2.3. Let A be a unital Banach algebra. The following are equivalent:

(i) A is finite.

(ii) Every left-invertible element in A is invertible.

(iii) Every right-invertible element in A is invertible.

(iv) All idempotents in A are finite.

Proof. (i)) (ii): Suppose that ab D 1A. Then 1A D ab � ba � 1A so ba D 1A.
(ii), (iii): It is straightforward.
(ii)) (iv): Suppose that e; f are idempotents in A such that e � f and f � e.

There exist x; y 2 A such that xy D e and yx D f . Moreover, we may assume
that x D xf and y D fy. Let s D y C 1A � e and t D x C 1A � e. Then
x.1A � e/ D 0 D .1A � e/y so ts D 1A and st D f C 1A � e. Since s is
left-invertible, and hence invertible, we get e D f .
(iv)) (i): It is clear.

The next definition is adapted from the case of operators on Hilbert space (cf. [8,
Definition 7.2.1]).

Definition 2.4. LetE be a Banach space, and letA � B.E/ be an arbitrary collection
of operators. We say that A is a quasidiagonal set of operators on E if for each finite
set M � A, each finite set F � E, and each " > 0, there exists a finite rank
idempotent operator P on E of norm one such that kŒS; P �k < " and kP� � �k < "
for all S 2M and � 2 F .
If A D fSg, then we say that the operator S is quasidiagonal.

Proposition 2.5. A left-invertible quasidiagonal operator on a Banach space E is
invertible.

Proof. Let 0 < " < 1
2
, let S be a left-invertible quasidiagonal operator on E, let

T 2 B.E/ be such that TS D I , and let � 2 E be a unit vector. Let P be a
finite rank idempotent operator onE of norm one such that kŒP; S�k < "kT k�1, and
kP� � �k < ". Then

kPSP � SP k D kŒP; S�P k < "kT k�1:

Let W D P � TPSP . Then WP D W , kW k D kT .SP � PSP /k < " and� 1X
nD0

W nT

�
PSP D

1X
nD0

W n.P �W / D lim
n!1

.P �W nC1/ D P:

It follows that PSP is an injective operator on the finite-dimensional space PE, so it
is surjective as an operator onPE. Thus, there exists � 2 PE such thatP� D PSP�,
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and � D
P1
nD0W

nTP � . Then

k� � S�k D k� � P� C PSP� � SP�k

< "C kPSP� � SP�k

< "C "kT k�1k�k

� "C "kT k�1
1X
nD0

kW knkT k

< 3":

The arguments above show that every unit vector � 2 E is in the closure of the
range of S . Since S is bounded below, it follows that S has closed range. Hence, S
is invertible.

One more ingredient for our result is the notion of a coarse connected component
in a metric space. In a metric space .X; d/, two elements x and y are said to be R-
connected for some R > 0 if there is a finite sequence x0; : : : ; xn in X with x0 D x,
xn D y, and d.xi ; xiC1/ � R for i D 0; : : : ; n � 1. This is an equivalence relation
on X , and the equivalence classes are called the R-connected components of X . For
convenience, we also consider R D 0, in which case the 0-connected components
are just the points of X . We say that X is coarsely connected if there exists R > 0

such that every pair of points in X is R-connected.
Note that finitely generated groups are 1-connected with respect to any word

metric. Moreover, a countable discrete group � is finitely generated if and only
if � is coarsely connected with respect to any/some proper left-invariant metric
[3, Lemma 7.2].
Lemma 2.6. [48, Lemma 2.4] Let .X; d/ be an infinite metric space with bounded
geometry. The following are equivalent:
(i) For any R > 0, there is no R-connected infinite sequence fxng1nD1 in X .
(ii) The space X has no coarsely connected subspace containing infinitely many

points.
(iii) There exists a sequence of disjoint (non-empty) finite subsets fXng1nD1 ofX such

that X D
F1
nD1Xn and limn!1 d

�
Xn;

Fn�1
iD1 Xi

�
D1.

The following theorem is a generalization of [48, Theorem 2.3], which deals with
the p D 2 case.
Theorem 2.7. Let .X; d/ be a metric space with bounded geometry, and let p 2
Œ1;1/. The following are equivalent:
(i) Bpu .X/ is a quasidiagonal set in B.`p.X//.
(ii) Bpu .X/ is stably finite.
(iii) Bpu .X/ is finite.
(iv) For each R > 0, every R-connected component of X is finite.
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Proof. (i) ) (ii): If Bpu .X/ is a quasidiagonal set in B.`p.X//, then note that
Mn.B

p
u .X// is a quasidiagonal set in B.`p.X/˚n/ for each n 2 N. It then follows

from Lemma 2.3 and Proposition 2.5 thatMn.B
p
u .X// is finite for each n 2 N.

(ii)) (iii) is trivial.
(iii)) (iv): The proof of this is essentially the same as that of [48, Lemma 2.5].

Suppose there is an R-connected infinite sequence fxng1nD1 in X for some R > 0.
Define an operator S on `p.X/ satisfying

Sıx D ıx; x 2 X n fxn W n D 1; 2; : : :g;

Sıxn D ıxnC1 ; n D 1; 2; : : : :

Then S is a non-invertible isometry on `p.X/. Moreover, S has finite propagation
since fxng1nD1 is R-connected. Thus S is a non-invertible but left-invertible element
in Bpu .X/, so Bpu .X/ is not finite by Lemma 2.3.
(iv)) (i): If X is finite with jX j D n, then

Bpu .X/ DMn.C/ D B.`
p.X//

and (i) is obvious. If X is infinite, then by Lemma 2.6, there exists a sequence of
disjoint finite subsets fXng1nD1 of X such that

X D

1G
nD1

Xn and lim
n!1

d

�
Xn;

n�1G
iD1

Xi

�
D1:

The remainder of the proof is the same as that of the implication [(f) ) (a)]
in [48, Theorem 2.3] upon replacing `2.X/ by `p.X/, and we reproduce it here for
the reader’s convenience.
Since the set of finite propagation operators in Bpu .X/ is dense in Bpu .X/, it

suffices to show that for every finite setM � Bpu .X/ consisting of finite propagation
operators, every finite set of vectors F � `p.X/, and every " > 0, there exists a finite
rank idempotent operator P 2 B.`p.X// of norm one such that kTP � PT k < "

and kP� � �k < " for all T 2M and � 2 F .
Since `p.X/ D

L
n `

p.Xn/, let Pn be the idempotent operator

`p.X/!

nM
iD1

`p.Xi /:

ThenPn is a finite rank idempotent operator of norm one, and the increasing sequence
.Pn/ converges strongly to the identity. Thus there exists n0 such that kPn� � �k < "
for all � 2 F and n � n0. SinceM is a finite set of finite propagation operators and
limn!1 d.Xn;

Fn�1
iD1 Xi / D1, there exists n00 such that

.I � Pn/TPn D PnT .I � Pn/ D 0

for all T 2 M and n � n00. Thus, kTPn � PnT k < " and kPn� � �k < " for all
T 2M , � 2 F , and n � max.n0; n00/.
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2.2. Proper infiniteness. We will show that proper infiniteness in standard form
of the `p uniform Roe algebra Bpu .X/ of a bounded geometry metric space X is
equivalent toX being non-amenable. We also prove other characterizations involving
Lp Cuntz algebras, the K0 group of Bpu .X/, and normalized traces on Bpu .X/.

Definition 2.8. Let .X; d/ be a metric space with bounded geometry. For A � X
and R > 0, let @R.A/ D fx 2 X W d.x;A/ � R and d.x;X n A/ � Rg.

(i) Let R > 0 and " > 0. A nonempty finite set F � X is called an .R; "/-Følner
set if j@RF j

jF j
� ".

(ii) .X; d/ is said to be amenable if there exists an .R; "/-Følner set for every R > 0
and " > 0.

Note that amenability is a coarse invariant for (pseudo-)metric spaces with bound-
ed geometry [12, Proposition 3.D.33].

Definition 2.9. Let .X; d/ be a metric space. A partial translation on X is a triple
.A;B; t/, where A;B � X and t WA ! B is a bijection such that the graph of t is
controlled, i.e., supx2A d.x; t.x// <1.
We call A the domain of t , denoted by dom.t/, and we call B the range of t ,

denoted by ran.t/.
Given two partial translations t and t 0, we may form their composition t ı t 0

by restricting the domain to .t 0/�1.dom.t/ \ ran.t 0// and restricting the range to
t .dom.t/ \ ran.t 0//.

Note that any partial translation t onX gives rise to an operator Vt on `p.X/with
finite propagation given by

.Vt /xy D

(
1 if x D t .y/;
0 otherwise:

In fact, the linear span of such operators is dense in Bpu .X/ (cf. [1, Section 4]).

Definition 2.10. Amean�WP .X/! Œ0; 1� on a metric space .X; d/ is a normalized,
finitely additivemap on the set of all subsets ofX . Amean is said to be invariant under
partial translations if �.A/ D �.B/ for all partial translations .A;B; t/ on .X; d/.

By the Riesz representation theorem, any mean � on .X; d/ induces a linear
functional ��W `1.X/ ! C of norm one such that �.Y / D ��.1Y / for any subset
Y � X , where 1Y denotes the characteristic function of Y . Moreover, � is invariant
under partial translations if and only if ��.f / D ��.f ıt / for any partial translation t
and any f 2 `1.X/ supported on ran.t/.

Definition 2.11. Let .X; d/ be a metric space. A paradoxical decomposition of X is
a partition X D XC tX� such that there exist two partial translations t˙WX ! X˙.
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Theorem 2.12 ([2, Theorem 2.17]). Let .X; d/ be a metric space with bounded
geometry. Then the following are equivalent:

(i) .X; d/ is amenable.

(ii) X admits no paradoxical decomposition.

(iii) There exists a mean � on X that is invariant under partial translations.

Definition 2.13. Let A be a unital Banach algebra. Then a normalized trace on A is
a linear functional � on A satisfying the following conditions:
(i) �.1A/ D 1,

(ii) k�k D 1,

(iii) �.ba/ D �.ab/ for all a; b 2 A.
When A is a unital C �-algebra, normalized traces are exactly the tracial states.

Lemma 2.14 ([17, Lemma 1.6]). Let A be a unital, properly infinite algebra in
standard form. Then 1A is the sum of two commutators.

Proof. Take an idempotent element e 2 A such that e � 1A � 1A � e. Take
a1; b1; a2; b2 2 A such that a1b1 D e, a2b2 D 1A � e, and b1a1 D 1A D b2a2.
Then Œb1; a1�C Œb2; a2� D 1A � e C 1A � .1A � e/ D 1A.

Corollary 2.15. Let A be a unital algebra such that Mn.A/ is properly infinite in
standard form for some n 2 N. Then there is no linear functional � on A satisfying
�.1A/ D 1 and �.ab/ D �.ba/ for all a; b 2 A.

In particular, if A is a unital Banach algebra such thatMn.A/ is properly infinite
in standard form for some n 2 N, then there are no normalized traces on A.

Proof. Suppose � is a linear functional onA satisfying �.1A/ D 1 and �.ab/ D �.ba/
for all a; b 2 A. Then for each n 2 N, � extends to a linear functional �n onMn.A/

satisfying �n.In/ D n�.1A/ D n, and �n.xy/ D �n.yx/ for all x; y 2 Mn.A/. On
the other hand, ifMn.A/ is properly infinite in standard form, then the identity In is
the sum of two commutators by Lemma 2.14, so �n.In/ D 0.

Remark 2.16. The situation is different if we consider bounded (not necessarily
normalized) traces, i.e., bounded linear functionals � satisfying �.ab/ D �.ba/.
There are no nonzero (not necessarily normalized) traces on a unital, properly infinite
C �-algebra because every element in such an algebra is a sum of two commutators
[38, Remark 3]. However, there can be nonzero bounded traces on a unital, properly
infinite Banach algebra in general. In [17], there are examples of unital Banach
�-algebras that are properly infinite in standard form and have nonzero, bounded
traces. Moreover, they can be hermitian or �-semisimple (see [17, Definition 1.10]).
Note that all unital C �-algebras are hermitian [16, Proposition 3.2.3(v)] and �-
semisimple [16, Corollary 3.2.13].
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The final ingredient of our theorem is the Lp analog of Cuntz algebras that were
defined by Phillips in [34]. These are norm closures of certain representations of
Leavitt algebras on Lp spaces.
For d 2 f2; 3; 4; : : :g, define the Leavitt algebra Ld to be the universal complex

associative algebra on generators s1; : : : ; sd ; t1; : : : ; td satisfying the relations
(i) tj sj D 1 for j 2 f1; : : : ; dg,
(ii) tj sk D 0 if j ¤ k,
(iii)

Pd
jD1 sj tj D 1.

This is a special case of the algebras introduced by Leavitt [26, 27] who considered
these algebras over arbitrary fields.
Definition 2.17. Let A be a unital complex algebra, and let E be a nonzero complex
Banach space. We say that � is a representation of A on E if � is a unital algebra
homomorphism from A to B.E/.
For p 2 Œ1;1�, we say that a Banach algebra A is an Lp operator algebra if

there is a measure space .X; �/ and an isometric representation of A on Lp.X; �/.
Clearly, Bpu .X/ is an Lp operator algebra on lp.X/. We now recall the definition of
Lp Cuntz algebras, which are also Lp operator algebras.
Definition 2.18. [34, Definitions 6.3 and 6.4] Let .X;B; �/ and .Y;C; �/ be � -finite
measure spaces, and let p 2 Œ1;1�. A linear map s 2 B.Lp.X; �/; Lp.Y; �// is
called a spatial partial isometry if there exists a quadruple .E; F; S; g/ in which
E 2 B, F 2 C, S is a bijective measurable set transformation from .E;BjE ; �jE /
to .F;CjF ; �jF / such that �jF is � -finite, g is a C-measurable function on F such
that jg.y/j D 1 for almost all y 2 F , and

.s�/.y/ D

8<:g.y/
�h

dS�.�jE/
d.�jF /

i
.y/
�1=p

S�.�jE /.y/ if y 2 F;

0 if y … F:

Given a spatial partial isometry s 2 B.Lp.X; �/; Lp.Y; �// as defined above,
there exists a unique spatial partial isometry t 2 B.Lp.Y; �/; Lp.X; �// with
quadruple .F;E; S�1; .S�1/�.g/�1/. Moreover, the operator ts is multiplication
by the characteristic function of E, while the operator st is multiplication by the
characteristic function of F (see [34, Lemma 6.12]). The spatial partial isometry t
is called the reverse of s.
Definition 2.19. [34, Definition 7.4] Let p 2 Œ1;1�, let .X; �/ be a � -finite measure
space, and let �WLd ! B.Lp.X; �// be a representation. We say that � is spatial
if for each j , the operators �.sj / and �.tj / are spatial partial isometries, with �.tj /
being the reverse of �.sj /.
In [34, Theorem 8.7], it is shown that any two spatial representations of Ld on

Lp.X; �/with .X; �/ �-finite give isometrically isomorphic Banach algebras, so the
following definition makes sense.
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Definition 2.20. [34, Definition 8.8] Let d 2 f2; 3; 4; : : :g and let p 2 Œ1;1/.
Define Op

d
to be the completion of Ld in the norm a 7! k�.a/k for any spatial

representation � of Ld on a space of the form Lp.X; �/, where .X; �/ is � -finite.
The algebras Op

d
are called the Lp Cuntz algebras.

When p D 2, we get the original Cuntz algebra Od introduced in [13].
The following theorem is an analog of [1, Theorem 4.9], which deals with the

p D 2 case.
Theorem 2.21. Let .X; d/be a metric space with bounded geometry, and letp2 Œ1;1/.
The following are equivalent:

(i) Bpu .X/ is properly infinite in standard form.

(ii) Mn.B
p
u .X// is properly infinite in standard form for some n 2 N.

(iii) Mn.B
p
u .X// is properly infinite in standard form for all n 2 N.

(iv) X is non-amenable.

(v) There is a unital isometric embedding of Op
2 into Bpu .X/.

(vi) Œ1�0 D Œ0�0 in the algebraic K0 group K0.Bpu .X//.

(vii) Bpu .X/ has no normalized trace.

(viii) There is no unital linear functional  of norm one on B.`p.X// such that
 .aT / D  .Ta/ for all T 2 B.`p.X// and all a 2 Bpu .X/.

Remark 2.22. When p D 2, by [1, Theorem 4.9], we can replace “properly infinite
in standard form” by “properly infinite” in statements (i), (ii), and (iii).

Proof. The equivalence between (i) and (iii) is straightforward. We will show (iv)
) (v)) (vi)) (vii)) (viii)) (iv), and (v)) (i)) (ii)) (vii).
(iv)) (v): The case p D 2 follows from [1, Theorem 4.9] so we will consider

p 2 Œ1;1/ n f2g. If X is non-amenable, then it has a paradoxical decomposition
X D X1 t X2 with partial translations Pi WX ! Xi . These partial translations give
rise to elements Si 2 Bpu .X/. Similarly, P�1i WXi ! X are partial translations, and
they give rise to elements Ti 2 Bpu .X/. The elements Ti and Si satisfy the following
relations:
(I) TiSi D 1 for i D 1; 2,

(II) TiSj D 0 if i ¤ j ,

(III) S1T1 C S2T2 D 1.
Thus, there is a unital homomorphism � from the Leavitt algebra L2 to Bpu .X/
sending the generators si and ti to Si and Ti respectively. Using [34, Lemma 6.16]
(or directly from the definition), one can check that each Si is a spatial partial
isometry. Then, by [34, Theorem 7.7], � is a spatial representation. Hence, it extends
to a unital isometric homomorphism from Op

2 to B
p
u .X/.
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(v) ) (vi): Let �WLd ! Lp.X; �/ be any spatial representation with .X; �/
� -finite. Then we have �.t1s1/ D �.t2s2/ D 1 and �.s1t1 C s2t2/ D 1 in Op

2 , and
thus in Bpu .X/. Moreover, �.s1t1/ and �.s2t2/ are orthogonal idempotents in Op

2 ,
and thus in Bpu .X/. Now,

Œ1�0 D Œ�.s1t1/C �.s2t2/�0

D Œ�.s1t1/�0 C Œ�.s2t2/�0

D Œ�.t1s1/�0 C Œ�.t2s2/�0

D Œ1�0 C Œ1�0:

Hence, Œ1�0 D Œ0�0 in K0.Bpu .X//.
(vi)) (vii): If � WBpu .X/ ! C is a normalized trace, then it induces a group

homomorphism ��WK0.Bpu .X// ! R with ��.Œ1�0/ D �.1/ D 1 while ��.Œ0�0/ D
�.0/ D 0.
(vii)) (viii): If  satisfies the conditions in (viii), then its restriction to Bpu .X/

is a normalized trace.
(viii)) (iv): Note that Bpu .X/ contains `1.X/ as the subalgebra of diagonal

matrices, where elements of `1.X/ act as multiplication operators on `p.X/, and
there is a conditional expectation

E0WB.`
p.X//! `1.X/;

i.e., E0 is a linear map satisfying
� kE0k D 1,

� E0.a/ D a for all a 2 `1.X/,

� E0.aT c/ D aE0.T /c for all T 2 B.`p.X// and a; c 2 `1.X/.

In fact,E0 is given by the formulaE0.T /.x/D.T ıx/.x/ forT 2B.`p.X// andx2X .
Suppose X is amenable, and let ��W `1.X/ ! C be the linear functional of

norm one associated to a mean� on .X; d/ that is invariant under partial translations.
Consider,

 D �� ıE0WB.`
p.X//! C:

Then  .1/ D 1 and k k D 1. To show that  .aT / D  .Ta/ for all a 2 Bpu .X/
and T 2 B.`p.X//, it suffices to consider the case where a is of the form

.Vt /xy D

(
1 if x D t .y/;
0 otherwise;

where t is a partial translation onX . This is because the linear span of such operators
is dense in Bpu .X/ (cf. [1, Section 4]).
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A straightforward computation shows that for Vt as above and T D .Txy/x;y2X 2
B.`p.X//,

E0.T Vt /.x/ D

(
Tt�1.x/;x if x 2 ran.t/;
0 otherwise;

E0.VtT /.x/ D

(
Tx;t.x/ if x 2 dom.t/;
0 otherwise:

Since E0.VtT / D E0.T Vt / ı t , we have

 .T Vt / D ��.E0.T Vt // D ��.E0.VtT // D  .VtT /:

(v)) (i): This follows from Op
2 being properly infinite in standard form.

(i)) (ii) is trivial.
(ii)) (vii): Apply Corollary 2.15.

Remark 2.23. In [1], the authors also considered Følner-type conditions in the
context of Hilbert space operators, and showed that the statements in the theorem
above are all equivalent to the uniform Roe algebra being a Følner C �-algebra when
p D 2. However, the definitions involve the Hilbert-Schmidt norm (or equivalently,
any of the Schatten p-norms) and it is not clear to us what the analogous definition
should be in the context of operators on Lp space when p ¤ 2.
We end this section by establishing a bijective correspondence between means

on X that are invariant under partial translations and normalized traces on Bpu .X/.
The proof of the following lemma is exactly the same as that of the p D 2 case

so we omit it and refer the reader to [1, Lemma 4.16].
Lemma 2.24. Let .X; d/be a metric space with bounded geometry, and letp2 Œ1;1/.
Any normalized trace � onBpu .X/ is given by � D � j`1.X/ ıE, whereEWBpu .X/!
`1.X/ is given by E.T /.x/ D .T ıx/.x/ for T 2 Bpu .X/ and x 2 X .
Proposition 2.25. Let .X; d/ be a metric space with bounded geometry, and let
p 2 Œ1;1/.
(i) Any normalized trace � on Bpu .X/ extends to some unital linear functional  of

norm one on B.`p.X// such that  .aT / D  .Ta/ for all T 2 B.`p.X// and
all a 2 Bpu .X/.

(ii) There is a bijective correspondence between means onX that are invariant under
partial translations and normalized traces on Bpu .X/.

Proof. For (i), we have � D � j`1.X/ıE by the lemma. LetE0WB.`p.X//! `1.X/

be the conditional expectation, and define  D � j`1.X/ ı E0. Following the proof
of (viii)) (iv) in Theorem 2.21 with � j`1.X/ in place of ��, one sees that  has
the desired properties.
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For (ii), given a mean � on X that is invariant under partial translations, let
��W `

1.X/ ! C be the linear functional of norm one associated to �. Then
�� WD ��ıE is a normalized trace onBpu .X/. On the other hand, given a normalized
trace � on Bpu .X/, the formula �� .Y / D � j`1.X/.1Y / for Y � X defines a mean
onX , and it is invariant under partial translations by the trace property. For allY � X ,

���.Y / D .��/j`1.X/.1Y / D ��.1Y / D �.Y /;

and by the lemma above,

��� D ��� ıE D � j`1.X/ ıE D �:

Hence, the maps � 7! �� and � 7! �� are inverses of each other.

Corollary 2.26. Let .X; d/ be a metric space with bounded geometry, and let p 2
Œ1;1/. Then the following statements are equivalent:

(i) X has a strictly positive mean (i.e., every non-empty open subset has strictly
positive measure) which is invariant under partial translations.

(ii) jX j <1.

(iii) Bpu .X/ admits a unique normalized trace.

Proof. (i)) (ii): Let � be an invariant mean on X and assume that jX j D 1. For
every non-empty finite subset F ofX , we fix x0 in F . It is clear that there is a partial
translation from fxg to fx0g for each x 2 F . Hence,

1 � �.F / D
X
x2F

�.fxg/ D
X
x2F

�.fx0g/ D jF j�.fx0g/:

Since F can be arbitrary large, it forces �.fx0g/ D 0. Hence, � is not strictly
positive.
(ii)) (i): If jX j D n, we just consider �.A/ D 1

n
jAj for A � X .

(ii)) (iii): If jX j D n, then Bpu .X/ D Mn.C/. Let � be any normalized trace
on Mn.C/ and eij be the matrix unit for i; j 2 f1; : : : ; ng. It is easy to see that
�.ei i / D �.e11/ D

1
n
and �.eij / D 0 for i ¤ j . Hence, � is the standard normalized

trace onMn.C/.
(iii)) (ii): FromTheorem 2.21 and Proposition 2.25we know thatX is amenable

and admits a unique mean that is invariant under partial translations. Suppose that
jX j D 1. Then we can inductively choose a Følner sequence .Fn/n2N in X
consisting of disjoint subsets. Indeed, if F1; : : : ; Fn have been chosen, we consider
the space Y D Xn

�Sn
iD1 Fi

�
. Since

Sn
iD1 Fi is finite, Y is an infinite amenable

subspace which is coarsely equivalent toX . Hence, there is FnC1 � Y with the right
property.
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Now we take any free ultrafilter ! on N and the formula

�!.f / D lim
!

1

jFnj

X
x2Fn

f .x/

defines an invariant mean on `1.X/ by the Følner property. Let !1 and !2 be two
different ultrafilters on N. Then there is a subset A of N such that A 2 !1 and
A … !2. It follows that �!1.f / D 1 and �!2.f / D 0 for f D

P
n2A 1Fn in `1.X/.

This is a contradiction to the uniqueness.

3. K -theory of properly infinite `p uniform Roe algebras

In this section, we study the homomorphism K0.`1.X// ! K0.B
p
u .X// induced

by the canonical diagonal inclusion `1.X/ ,! B
p
u .X/. When the underlying metric

space X has asymptotic dimension at most one, we show that this homomorphism
is always surjective. As a consequence, if X is a non-amenable metric space with
asymptotic dimension at most one then K0.Bpu .X// D 0 for all p 2 Œ1;1/.

Lemma 3.1 ([7, Lemma 17]). Let .X; d/ be a metric space with bounded geometry.
Then, for any R > 0, the space X can be written as a finite disjoint union of R-
separated subsets, i.e., X D

`n
iD1Xi and for each i we have d.x; y/ � R whenever

x; y are distinct points in Xi .

Using the lemma above, given R > 0, we can find a finite set T of partial
translations such that for any pair of points x; y 2 X with d.x; y/ � R, there exists
t 2 T such that t .y/ D x. These partial translations can be described in the following
way:
FixR > 0, andwriteX as a disjoint unionX D

`n
iD1Xi ofS -separated sets with

S > 2R. Let tij be the map that sends y 2 Xj to x 2 Xi if d.x; y/ � R. For each
x 2 Xi , there is at most one y 2 Xj with d.x; y/ � R since Xj is S -separated with
S > 2R. Conversely, for each y 2 Xj there is at most one x 2 Xi with d.x; y/ � R.
Hence, tij is a partial translation. Moreover, observe that if Tij 2 Bpu .X/ is the
partial isometry associated to tij , then Tj i is the transpose of Tij .
We will use these partial translations in the proof of the following lemma, which

generalizes Lemma 2.5 and Lemma 2.6 in [32] dealing with the case where X is a
discrete group and p D 2.

Lemma 3.2. Let .X; d/ be a metric space with bounded geometry, let A and B
be nonempty subspaces of X , and let p 2 Œ1;1/. Then 1A is in the closed two-
sided ideal in Bpu .X/ generated by 1B if and only if there exists R < 1 such that
d.x; B/ � R for all x 2 A.
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Proof. ()): Suppose that 1A belongs to the closed two-sided ideal generated by 1B .
Then there exist finite propagation operators T1; : : : ; Tn; S1; : : : ; Sn 2 Bpu .X/ such
that k1A �

Pn
jD1 Tj 1BSj k < 1. In particular,1A � nX

jD1

E.Tj 1BSj /
 < 1;

where EWBpu .X/! `1.X/ is the conditional expectation.
Now note that if T; S 2 Bpu .X/ have finite propagation, then

E.T1BS/.x/ D
X
z2B

Tx;zSz;x D 0

if d.x; B/ > prop.T /. Thus for all x 2 A, we have

d.x; B/ � max
1�j�n

fprop.Tj /g:

((): Suppose that there exists R < 1 such that d.x; B/ � R for all x 2 A.
Using this R and writing X as a disjoint union X D

`n
iD1Xi of S -separated sets

with S > 2R, we get a finite set of partial translations tij as described above. Let us
consider the associated spatial partial isometries Tij in Bpu .X/. We claim that

1A D f 1A

nX
i;jD1

Tj i1BTij

for some f 2 `1.X/ � Bpu .X/. It then follows that 1A is in the closed two-sided
ideal in Bpu .X/ generated by 1B .
To prove the claim, first observe that for x; y 2 X , we have

.Tj i1BTij /xy D
X
z2B

.Tj i /xz.Tij /zy D

(P
z2B.Tij /zy if x D y;

0 if x ¤ y;

where we have used the fact that Tj i is the transpose of Tij , and that all entries
in Tij are either 0 or 1 with at most one nonzero entry in each row. In particular,
Tj i1BTij 2 `

1.X/ � B
p
u .X/ and

.1ATj i1BTij /yy D

(P
z2B.Tij /zy if y 2 A \Xj ;

0 if y … A \Xj :

Note that
P
z2B.Tij /zy is either 0 or 1 for each y 2 A. Also, for each y 2 A \ Xj

and " > 0, there exists z 2 B such that d.y; z/ < RC ", and z 2 Xi for some i , so
we have � nX

i;jD1

1ATj i1BTij

�
yy

2 f1; 2; : : : ; ng
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for each y 2 A. Hence,

1A D f 1A

nX
i;jD1

Tj i1BTij

for some f 2 `1.X/ � Bpu .X/.

Recall that an idempotent in a Banach algebra A is full if it is not contained in
any proper, closed, two-sided ideal in A.

Lemma 3.3 (see [30, Lemma 5.3] for p D 2 case). Let p 2 Œ1;1/. If .X; d/ is a
non-amenable metric space with bounded geometry, then Œe�0 D Œ0�0 inK0.Bpu .X//
for every idempotent e 2 `1.X/ that is full in Bpu .X/.

Proof. Let e D 1A be an idempotent in `1.X/ that is full in Bpu .X/. Then e and 1X
generate the same closed two-sided ideal in Bpu .X/, so there exists R > 0 such that
d.x;A/ � R for all x 2 X by the previous lemma. In particular, the inclusion
A ,! X is a quasi-isometry. Thus, A is non-amenable, so we have Œe�0 D Œ0�0
in K0.Bpu .A// by Theorem 2.21. The inclusion map Bpu .A/ ,! B

p
u .X/ maps e to

the diagonal idempotent 1A in Bpu .X/ so Œe�0 D Œ0�0 in K0.Bpu .X//.

Lemma 3.4 (see [30, Lemma 5.4] for p D 2 case). If .X; d/ is a non-amenable
metric space with bounded geometry, then Œe�0 D Œ0�0 in K0.Bpu .X// for every
idempotent e 2 `1.X/ and every p 2 Œ1;1/.

Hence, the homomorphismK0.`1.X//! K0.B
p
u .X// induced by the diagonal

inclusion `1.X/ ,! B
p
u .X/ is the zero map for all p 2 Œ1;1/.

Proof. By assumption, X admits a paradoxical decomposition X D X1 t X2 with
partial translations ti WX ! Xi for i D 1; 2. These partial translations give rise to
Si 2 B

p
u .X/, and their inverses give rise to Ti 2 Bpu .X/ such that TiSi D 1X and

SiTi D 1Xi for i D 1; 2. Since 1X D Ti1XiSi , we see that 1X1 and 1X2 are full
idempotents in Bpu .X/.
Let e D 1A be an idempotent in `1.X/, where A is a subspace of X . Then,

e D 1A\X1 C 1A\X2 . Since

.1X � 1A\X2/1X1 D 1X1 D 1X1.1X � 1A\X2/

and .1X � 1A\X1/1X2 D 1X2 D 1X2.1X � 1A\X1/;

we conclude that 1X � 1A\X1 and 1X � 1A\X2 are full idempotents in B
p
u .X/. By

Lemma 3.3,
Œ1X � 1A\X1 �0 D Œ1X � 1A\X2 �0 D Œ0�0

inK0.Bpu .X//. SinceX is non-amenable, we also have Œ1X �0 D Œ0�0 inK0.Bpu .X//
by Theorem 2.21. Hence, Œe�0 D Œ1A\X1 �0 C Œ1A\X2 �0 D Œ0�0 in K0.B

p
u .X//.
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To show that the homomorphism K0.`
1.X// ! K0.B

p
u .X// induced by the

diagonal inclusion is zero, note that there is a group isomorphism

dimWK0.C.ˇX//! C.ˇX;Z/

satisfying dim.Œe�0/.x/ D Tr.e.x// for every x 2 ˇX , e an idempotent in
Mn.C.ˇX// for some n 2 N, and Tr denoting the standard non-normalized trace
onMn.C/. In particular, every idempotent inMn.`

1.X// is equivalent to a direct
sum of idempotents in `1.X/. Since every idempotent in `1.X/ has the trivial K0
class in K0.Bpu .X//, so does every idempotent inMn.`

1.X//.

The main result of this section is the following theorem:
Theorem 3.5 (see [30, Theorem 5.2] for p D 2 case). Let .X; d/ be a metric space
with bounded geometry. If the asymptotic dimension of X is at most one, then
the homomorphism K0.`

1.X//! K0.B
p
u .X// induced by the canonical diagonal

inclusion is always surjective for all p 2 Œ1;1/.
Before proving the theorem, we note the following result, which is an immediate

consequence of Lemma 3.4 and Theorem 3.5.
Corollary 3.6 (see [30, Corollary 5.5] for p D 2 case). If .X; d/ is a non-amenable
metric space with bounded geometry and it has asymptotic dimension (at most) one,
then K0.Bpu .X// D 0 for all p 2 Œ1;1/.
The proof of Theorem 3.5 uses a controlled or quantitative version of K-theory

for Lp operator algebras from [10]. We state some of the necessary results that we
shall use, and refer the reader to [10] for more details.
Definition 3.7. An Lp operator algebra A is filtered if it has a family .Ar/r�0 of
linear subspaces indexed by non-negative real numbers r 2 Œ0;1/ such that
� Ar � Ar 0 if r 0 � r ;
� ArAr 0 � ArCr 0 for all r; r 0 � 0;
�
S
r�0Ar is dense in A.

If A is unital with unit 1A, we require 1A 2 Ar for all r � 0. The family .Ar/r�0 is
called a filtration of A.
Given a filteredLp operator algebraAwith a filtration .Ar/r�0, one may consider

."; r; N /-idempotents and ."; r; N /-invertibles, where 0 < " < 1
20
, r � 0, and

N � 1. Then one defines appropriate homotopy relations and goes through the
standard procedure in the definition of K-theory of Banach algebras to arrive at the
controlled K-theory groups K";r;N0 .A/ and K";r;N1 .A/. For each triple ."; r; N /,
we have homomorphisms cWK";r;N� .A/ ! K�.A/. In the case of K0, this map
is given by applying holomorphic functional calculus to an ."; r; N /-idempotent to
obtain an idempotent; in the case of K1, this map arises from the fact that every
."; r; N /-invertible is invertible.
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The next two lemmas describe properties of these homomorphisms that we will
need in the proof of Theorem 3.5.
Lemma 3.8 ([10, Proposition 3.20]). Let A be a unital filtered Lp operator algebra.
Let u be an invertible element in Mn.A/, and let 0 < " < 1

20
. Then there exist

r > 0, N � 1 (depending only on kuk and ku�1k), and Œv� 2 K";r;N1 .A/ with v an
."; r; N /-invertible in Mn.A/ such that Œv� D Œu� in K1.A/.
Lemma 3.9 ([10, Proposition 3.21]). There exists a (quadratic) polynomial � with
positive coefficients such that for any filtered Lp operator algebra A, if 0 < " <

1
20�.N/

, and Œe�";r;N ; Œf �";r;N 2 K
";r;N
0 .A/ satisfy c.Œe�/ D c.Œf �/ in K0.A/,

then there exist r 0 � r and N 0 � N such that Œe��.N/";r 0;N 0 D Œf ��.N/";r 0;N 0

in K�.N/";r
0;N 0

0 .A/.
Definition 3.10. Let A be a filtered Lp operator algebra with filtration .Ar/r�0. A
pair .I; J / of closed ideals ofA is a controlledMayer–Vietoris pair forA if it satisfies
the following conditions:
� For any r � 0, any positive integer n, and any x 2 Mn.Ar/, there exist
x1 2 Mn.I \ Ar/ and x2 2 Mn.J \ Ar/ such that x D x1 C x2 and
max.kx1k; kx2k/ � kxk;

� I and J have filtrations .I \ Ar/r�0 and .J \ Ar/r�0 respectively;
� There exists c > 0 such that for any r � 0, any " > 0, any positive integer n,
any x 2 Mn.I \ Ar/ and y 2 Mn.J \ Ar/ with kx � yk < ", there exists
z 2Mn.I \ J \ Acr/ such that max.kz � xk; kz � yk/ < c".

Remark 3.11. In [10], there is a more general definition of a controlled Mayer–
Vietoris pair that involves subalgebras instead of ideals, but we use this slightly
simpler version here as it is sufficient for our purposes. We also note that this
is slightly different from the definition of a uniformly excisive pair of ideals used
in [30].
Theorem 3.12 ([10, Theorem 5.14]). Given a triple ."0; r0; N0/ 2 .0; 120 /� Œ0;1/�
Œ1;1/, there exist ."1; r1; N1/ and ."2; r2; N2/ with "i � "0, ri � r0, and Ni � N0
such that for any filtered Lp operator algebra A and any controlled Mayer–Vietoris
pair .I; J / forA, if x 2 K"0;r0;N01 .A/, then there exists @cx 2 K"1;r1;N10 .I \J / with
the property that if @cx D 0, then there exist y 2 K"2;r2;N21 .I / and z 2 K"2;r2;N21 .J /

such that x D y C z in K"2;r2;N21 .A/.
Now let us return to the setting of Theorem 3.5. Let X be a metric space

with bounded geometry. For any subset U of X and r � 0, let U .r/ denote the
r-neighborhood of U , i.e.,

U .r/ D fx 2 X W d.x; U / � rg:

For an element in Mn.B
p
u .X//, we define its support to be the union of the

supports of all its matrix entries, and its propagation to be the maximum of the
propagation of its matrix entries.
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Assume thatX has asymptotic dimension at most one. Then for anyR > 0, there
is a decomposition X D U t V such that each of U D

F
i2I Ui and V D

F
j2J Vj

are disjoint unions of uniformly boundedR-separated sets. For such a decomposition,
and for r � 0, consider the following subspaces of Bpu .X/:

N.U /r D
n
a 2 Bpu .X/ W supp.a/ �

[
i2I

U
.r/
i � U

.r/
i ; prop.a/ � r

o
;

N.V /r D
n
a 2 Bpu .X/ W supp.a/ �

[
j2J

V
.r/
j � V

.r/
j ; prop.a/ � r

o
;

N.U \ V /r D
n
a 2 Bpu .X/ W supp.a/ �

[
i2I;j2J

�
U
.r/
i \ V

.r/
j

�
�
�
U
.r/
i \ V

.r/
j

�o
:

Now for r � 0, define

Ar D N.U /r CN.V /r CN.U \ V /r ;

Ir D N.U /r CN.U \ V /r ;

Jr D N.V /r CN.U \ V /r ;

and let AD
S
r�0Ar , ID

S
r�0 Ir , and J D

S
r�0 Jr . We observe that ADB

p
u .X/.

Lemma 3.13. The subspaces Ar . Ir , and Jr provide filtrations for A, I , and J ,
respectively. Moreover, I and J are ideals in A.

Proof. Given r; s � 0, it is fairly straightforward to check that:

(i) N.U /r �N.U /s � N.U /rCs ,

(ii) N.V /r �N.V /s � N.V /rCs ,

(iii) N.U \ V /r �N.U \ V /s � N.U \ V /rCs ,

(iv) N.U /r �N.V /s � N.U \ V /rCs ,

(v) N.U /r �N.U \ V /s � N.U \ V /rCs ,

(vi) N.V /r �N.U \ V /s � N.U \ V /rCs .

Lemma 3.14. The pair .I; J / is a controlled Mayer–Vietoris pair for A.

Proof. For a subset Y of X , we will let 1Y denote the characteristic function of Y
regarded as a diagonal element in Bpu .X/. We will also write 1Y for 1Y ˝ In 2
Mn.B

p
u .X//.

Let n 2 N and r � 0. Given a 2Mn.Ar/, we have

a D
X
i2I

1UiaC
X
j2J

1Vj a
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with
P
i2I 1Uia 2Mn.Ir/,

P
j2J 1Vj a 2Mn.Jr/, and

max
�X

i2I

1Uia
; X

j2J

1Vj a
� � kak:

Suppose that a 2 Mn.Ir/ and b 2 Mn.Jr/ are such that ka � bk < ". Let �
be the characteristic function of

S
i2I U

.r/
i , and let �

0 be the characteristic function
of
S
j2J V

.r/
j . Then, a�

0; b� 2Mn.I2r \ J2r/,

ka � b�k D ka� � b�k < " and kb � a�0k D kb�0 � a�0k < ":

Hence, letting cD a�0Cb�
2
2Mn.I2r \J2r/, we have ka� ck< 5

2
" and kb � ck< 5

2
".

Now we are ready for the proof of Theorem 3.5. In the proof, we will actually
use the fact that the pair of suspensions .SI; SJ / is a controlled Mayer–Vietoris pair
for SA rather than working directly with I and J (cf. [10, Remark 5.6]). This is
because a controlled version of Bott periodicity was not proved in [10].

Proof of Theorem 3.5. The p D 2 case was proved in [30, Theorem 5.2] so we will
assume that p 2 Œ1;1/ n f2g.
Suppose that

x 2 K0.B
p
u .X// Š K1.SB

p
u .X//;

and x is represented by an invertible u 2 Mn.
CSBpu .X//, where CSBpu .X/ denotes

the unital algebra obtained by adjoining a unit to SBpu .X/. Consider the controlled
Mayer–Vietoris pair .SI; SJ / for SA D SB

p
u .X/. By Lemma 3.8, given 0 <

"0 <
1
20
, there exists r0 � 0, N0 � 1 (depending only on kuk and ku�1k), and a

quasi-invertible v 2Mn.CSBpu .X// with propagation at most r0 such that

Œv� 2 K
"0;r0;N0
1 .SBpu .X// and Œv� D x

in K1.SBpu .X//. Let ."1; r1; N1/ and ."2; r2; N2/ be associated to ."0; r0; N0/ as in
Theorem 3.12.
By the assumption on asymptotic dimension, there exists a decomposition X D

U t V such that each of U D
F
i2I Ui and V D

F
j2J Vj are disjoint unions of

uniformly bounded r-separated sets with r > 3max.r1; r2/. Note that since 2r1 < r ,
N.U \ V /r1 is a direct product of matrix algebras of uniformly bounded sizes, and
thus a Banach algebra direct limit of a directed system of finite direct sums of such
matrix algebras (see [49, Lemma 8.4] or the proof of Theorem 4.4 (i)) (ii) in the
next section). By continuity of the K1 functor, we have

K0
�
SN.U \ V /r1

�
D K1

�
N.U \ V /r1

�
D 0:
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Consider,

@cŒv� 2 K
"1;r1;N1
0 .SI \ SJ / D K

"1;r1;N1
0

�
SN.U \ V /r1

�
:

By Lemma 3.9, @cŒv� D 0 in K
1
20 ;r
0;N 0

0 .SI \ SJ / for some r 0 � r1 and N 0 � N1.
Then, by Theorem 3.12, there exist y 2 K"2;r2;N21 .SI / and z 2 K"2;r2;N21 .SJ / with
Œv� D y C z in K"2;r2;N21 .SB

p
u .X//, and thus

x D c.y/C c.z/

in K1.SBpu .X// D K0.Bpu .X//, where c denotes the respective compositions

K
"2;r2;N2
1 .SI /! K

"2;r2;N2
1 .SBpu .X//! K1.SB

p
u .X//;

K
"2;r2;N2
1 .SJ /! K

"2;r2;N2
1 .SBpu .X//! K1.SB

p
u .X//:

Recall that these compositions take a quantitative K-theory class represented by a
quasi-invertible element (which is actually invertible) and send it to aK-theory class
represented by the same element.
On the other hand, since 3r2 < r , there is a factorization

K
"2;r2;N2
1 .SI / K

"2;r2;N2
1

�
SB

p
u .X/

�
K1
�
SB

p
u .X/

�

K1
�
S
�Q

i2I B
�
`p
�
U
.r2/
i

����

............................................................. ............ ................................................................ ............

...................................................................................................................................................................................................................................................................................................... ........
.... .........

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
................
............

and similarly for J and Vj . Since
Q
i2I B

�
`p
�
U
.r2/
i

��
is a direct product of matrix

algebras of uniformly bounded sizes, any element in its K0 group is equivalent to
something in the image of the map on K-theory induced by the diagonal inclusion

`1.U .r2//!
Y
i2I

B
�
`p
�
U
.r2/
i

��
;

and similarly for V . Hence x is in the image of the homomorphism induced by the
canonical diagonal inclusion.

4. `p uniform Roe algebras of spaces with zero asymptotic dimension

In this section, we study the structure and K-theory of `p uniform Roe algebras of
metric spaces with zero asymptotic dimension. We start by recalling the following
equivalent definition for asymptotic dimension zero (see Definition 2.1 in [30]):
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Definition 4.1. Let .X; d/ be a metric space with bounded geometry. For r � 0,
let �r be the equivalence relation generated by the relation xRy , d.x; y/ � r .
Then X has asymptotic dimension zero if and only if for each r � 0, the relation �r
has uniformly finite equivalence classes.
We will show that a metric space X has asymptotic dimension zero if and only

if Bpu .X/ is a spatial Lp AF algebra (see [18, Definition 9.1]) if and only if Bpu .X/
has cancellation in the following sense:
Definition 4.2 ([5, Section 6.4]). Let A be a Banach algebra. We say that A has
cancellation of idempotents if whenever e; f; g; h are idempotents in A with e ? g,
f ? h, e � f , and e C g � f C h, then g � h.
We say that A has cancellation if Mn.A/ has cancellation of idempotents for

all n 2 N.
We will need the following useful characterizations.

Proposition 4.3 ([5, Proposition 6.4.1]). LetA be a unital Banach algebra. Then the
following are equivalent:
(i) A has cancellation of idempotents.
(ii) If e; f are idempotents in A and e � f , then 1 � e � 1 � f .
(iii) If e; f are idempotents inA and e � f , then there exists an invertible element u

in A such that ueu�1 D f .
The following theorem is an analog of [30, Theorem 2.2].

Theorem 4.4. Let X be a metric space with bounded geometry, and let p 2 Œ1;1/.
The following are equivalent:
(i) X has asymptotic dimension zero.
(ii) Bpu .X/ is an inductive limit of subalgebras isometrically isomorphic to

LN
kD1M

p

dk
with norm

k.a1; : : : ; aN /k D max
�
ka1k; : : : ; kaN k

�
;

where N; d1; : : : ; dk 2 N, and Mp

d
denotes B

�
`p.f1; : : : ; dg

��
.1

(iii) Bpu .X/ has cancellation.

Proof. (i)) (ii): Assume thatX has asymptotic dimension zero. Then for each r >0,
the equivalence classes for the relation �r in Definition 4.1 are uniformly finite. We
will write Ir for the collection of all equivalence classes for�r . Fix a total order onX .
For each finite subset A � X , let fAWA ! f1; : : : ; jAjg be the order isomorphism
determined by the total order.
Consider the collection I of ordered pairs .r;P /, where r > 0 and P D

fP1; : : : ; PN g is a partition of Ir into finitely many nonempty sets, which we think
of as colours, such that equivalence classes with the same colour have the same

1This is a non-sequential analogue of a spatial Lp AF algebra in the sense of [18, Definition 9.1].
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cardinality. Fix .r;P /. Let n1; : : : ; nN be the cardinalities of the sets in each of the
colours P1; : : : ; PN of P , and let B D

LN
iD1M

p
ni . For each A 2 Ir with colour Pi ,

let uA;i W `p.f1; : : : ; jAjg/ ! `p.A/ be the invertible isometry determined by fA.
Define

�WB !
Y
A2Ir

B.`p.A// � B.`p.X//

by

.ai /
N
iD1 7!

NY
iD1

Y
A2Pi

uA;iaiu
�1
A;i :

The image of � is contained in Bpu .X/ since the sets A 2 Ir are uniformly bounded,
and we denote this image by Ar;P .
Define a partial order on I by .r;P / � .s;Q/ if r � s andAr;P � As;Q. We leave

the reader to verify that this is indeed a partial order (or see the proof of (1)) (2)
in [30, Theorem 2.2]).
It remains to be shown that the union

S
.r;P /2IAr;P is dense in B

p
u .X/. For this,

it suffices to show that any finite propagation operator inBpu .X/ can be approximated
by an element of the union. Let " > 0 and let a 2 Bpu .X/ have propagation at most r .
Then a is contained in

Q
A2Ir

B.`p.A//, which we identify with
Q
A2Ir

M
p

jAj
using

the bijections fA. Write aA for the component of a in the relevant copy of Mp

jAj
.

Set
N D maxfjAj W A 2 Irg;

and for n 2 f1; : : : ; N g, choose an ."=2/-dense subset fbn;1; : : : ; bn;mng of the ball
of radius kak inMp

n . For each A, there exists m.A/ 2 f1; : : : ; mng such that

kaA � bjAj;m.A/k < "=2:

Set
Pn;m D fA 2 Ir W jAj D n;m.A/ D mg;

and define

P D fPn;m W n 2 f1; : : : ; N g; m 2 f1; : : : ;Mng; Pn;m ¤ ;g:

Then the element b D .bjAj;m.A//A2Ir is in Ar;P and

ka � bk D sup
A2Ir

kaA � bjAj;m.A/k < ";

which completes the proof.
(ii)) (iii): This follows from the fact that Mp

n has cancellation for all n 2 N,
and that cancellation is preserved under taking finite direct sums and taking inductive
limits.
(iii) ) (i): Assume that the asymptotic dimension of X is not zero. By [30,

Lemma 2.4], there exist r > 0 and Sn D fx.n/1 ; : : : ; x
.n/
mng � X for each n � 1 with

the following properties:
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� mn !1 as n!1,
� for each n and each i 2 f1; : : : ; mn � 1g, d.x.n/i ; x

.n/
iC1/ � 2r and d.x

.n/
1 ; x

.n/
iC1/ 2

Œir; .i C 1/r�,
� the sequence .infm¤n d.Sn; Sm//1nD1 is strictly positive and tends to infinity as n
tends to infinity.

Define

A D

1[
nD1

fx
.n/
1 ; : : : ; x

.n/
mn�1

g;

B D

1[
nD1

fx
.n/
2 ; : : : ; x.n/mng;

C D

1[
nD1

fx
.n/
1 ; : : : ; x.n/mng:

Let p be the characteristic function of A [ .X n C/ and let q be the characteristic
function of B [ .X n C/. Then p and q are equivalent idempotents. Indeed, let
v 2 B.`p.X// be defined by

ıx 7!

8̂̂<̂
:̂
ıx x 2 X n C;

ı
x
.n/

iC1

x D x
.n/
i for some n and i 2 f1; : : : ; mn � 1g;

0 x D x
.n/
mn for some n;

and let w 2 B.`p.X// be defined by

ıx 7!

8̂<̂
:
ıx x 2 X n C;

ı
x
.n/

i�1

x D x
.n/
i for some n and i 2 f2; : : : ; mng;

0 x D x
.n/
1 for some n:

Then, v;w 2 Bpu .X/,wv D p, and vw D q. Now supposeBpu .X/ has cancellation.
Then, by Proposition 4.3, 1�p and 1�q are equivalent idempotents, say yz D 1�p
and zy D 1 � q for some y; z 2 Bpu .X/. We may also assume that y D .1 � p/y
(see [5, Proposition 4.2.2]). Note that 1 � p and 1 � q are, respectively, the
characteristic functions of

fx.n/mn W n 2 Ng and fx.n/1 W n 2 Ng:

There exists a 2 Bpu .X/ with finite propagation s > 0 such that ky � ak < 1=kzk.
There also exists n such that d.x.n/1 ; E/ > s. Let e 2 Bpu .X/ be the characteristic
function of x.n/1 . Then .1 � p/ae D 0. But then,

kyek D k.1 � p/yek D k.1 � p/.y � a/ek � ky � ak < 1=kzk

so kek D k.1 � q/ek D kzyek < 1, which is a contradiction. Hence, Bpu .X/ does
not have cancellation.
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In the rest of this section, we will restrict our attention to the case where the metric
space is a countable, locally finite group equipped with a proper left-invariant metric.
Such a metric group is actually a bounded geometry metric space with asymptotic
dimension zero. The main result is that the ordered K0 group (with order unit)
of the associated `p uniform Roe algebra is a complete invariant for the bijective
coarse equivalence class of the underlying countable locally finite group. Along
the way, we also compute .K0.Bpu .�//;K0.Bpu .�//C; Œ1�0/ for a countable, locally
finite group � , showing that it is independent of p.
Definition 4.5. Adiscrete group� is locally finite if every finitely generated subgroup
of � is finite.
Every countable discrete group can be equipped with a proper left-invariant

metric d that is unique up to bijective coarse equivalence [47, Lemma 2.1]. In fact,
local finiteness of a countable group� can be characterized in terms of the asymptotic
dimension of the metric space .�; d/ as follows.
Theorem 4.6 ([44, Theorem 2]). Let � be a countable group equipped with any
proper left-invariant metric d . Then the following are equivalent:
(i) � is locally finite.
(ii) .�; d/ has asymptotic dimension zero.
We may then apply Theorem 4.4, Theorem 2.7, and a couple of straightforward

observations to obtain the following result, which is an analog of [28, Corollary 5.4]
(see also [41]).
Corollary 4.7. Let � be a countable group equipped with any proper left-invariant
metric, and let p 2 Œ1;1/. Then the following are equivalent:
(i) � is locally finite.
(ii) Bpu .�/ is an inductive limit of subalgebras isometrically isomorphic toLN

kD1M
p

dk
with norm k.a1; : : : ; aN /k D max.ka1k; : : : ; kaN k/, where

N; d1; : : : ; dk 2 N, and Mp

d
denotes B.`p.f1; : : : ; dg//.

(iii) Bpu .�/ has cancellation.
(iv) Bpu .�/ is stably finite.
(v) Bpu .�/ is finite.
(vi) Bpu .�/ is a quasidiagonal set in B.`p.�//.

Proof. The equivalence of (i), (ii), and (iii) follows from Theorem 4.4, while the
equivalence of (iv), (v), and (vi) follows from Theorem 2.7. The fact that any
unital Banach algebra with cancellation will be stably finite can be seen easily using
Lemma 2.3(ii) and Proposition 4.3(iii), so we have (iii) ) (iv). Finally, to get
(v)) (i), note that if � is not locally finite, then Z quasi-isometrically embeds
into � so that Bpu .Z/ � Bpu .�/. However, Bpu .Z/ is not finite so Bpu .�/ is not finite
as well.
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In the following we will compute the ordered K0 group of Bpu .�/ when � is a
countable locally finite group. Recall that a countable group � is locally finite if and
only if there exists an increasing sequence

feg D �0 � �1 � �2 � � � �

of finite subgroups of� such that� D
S1
nD0 �n. Such a sequence of finite subgroups

gives rise to a proper left-invariant metric d on � given by

d.g; h/ D minfn 2 N W g�1h 2 �ng

for g; h 2 � .
The following proposition can be proved in the same way as in the C �-algebra

case and we omit the proof, referring the reader to [28, Proposition 4.5] for details.
Proposition 4.8. Let � be a countable, locally finite group. Consider the triple
.�; f�ng

1
nD0; d / as above. For each n 2 f0; 1; 2; : : :g, define kn D j�nj and rn D

knC1=kn. Then for every p 2 Œ1;1/,

Bpu .�/ Š lim�!

� 1Y
iD1

M
p

kn
.C/; �n

�
;

where �n.T1; T2; : : :/ D .diag.T1; : : : ; Tn/; diag.TrnC1; : : : ; T2rn/; : : :/.
FromProposition 4.8 and [28, Proposition 4.1], one sees that the orderedK0 group

of Bpu .�/ is a sequential inductive limit of `1.N;Z/ when � is a countable, locally
finite group. Moreover, it is not hard to see that the connecting homomorphism �n
(n D 0; 1; 2; : : :) induces the following map on K0 groups:

˛nW `
1.N;Z/! `1.N;Z/;

˛n..m1; m2; : : :// D .m1 C � � � Cmrn ; mrnC1 C � � � Cm2rn ; : : :/:

Continuity of the K0 functor then gives

.K0.B
p
u .�//;K0.B

p
u .�//

C/ Š lim
�!
.`1.N;Z/; `1.N;Z/C; ˛n/:

We now proceed to describe the inductive limit more explicitly. Define

H
.n/
� D

�
.m1; m2; : : :/ 2 `

1.N;Z/ W
.jC1/knX
iDjknC1

mi D 0 for all j D 0; 1; 2; : : :
�
;

H� D

1[
nD0

H
.n/
� :

Note that fH .n/
� g
1
nD0 is an increasing sequence of subgroups of `1.N;Z/ since kn

divides knC1 for each n.
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Proposition 4.9 ([28, Proposition 4.6]). Let ˛n and H� be as above. Then

lim
�!
.`1.N;Z/; `1.N;Z/C; ˛n/ Š .`

1.N;Z/=H� ; `
1.N;Z/C=H�/;

where `1.N;Z/C=H� is the collection of all elements in `1.N;Z/=H� that can be
represented by positive sequences.
Nowwe can explicitly describe the orderedK0 group ofBpu .�/ for any countable

locally finite group � (see [28, Theorem 4.7] for p D 2 case):
Theorem 4.10. Let � be a countable, locally finite group, and let feg D �0 � �1 �
�2 � � � � be an increasing sequence of finite subgroups of � with � D

S1
nD0 �n.

Define kn D j�nj,

H
.n/
� D

8<:.m1; m2; : : :/ 2 `1.N;Z/ W .jC1/knX
iDjknC1

mi D 0 for all j D 0; 1; 2; : : :

9=; ;
H� D

1[
nD0

H
.n/
� :

Then for every p 2 Œ1;1/,�
K0.B

p
u .�//;K0.B

p
u .�//

C; Œ1�0
�
Š
�
`1.N;Z/=H� ; `

1.N;Z/C=H� ; Œ1�
�
;

where 1 denotes the constant sequence with value 1.
In particular, the ordered K0 group of Bpu .�/ for a countable, locally finite

group � does not depend on p.

Proof. From the preceding result and remarks prior to that, we now only need to
keep track of the order unit Œ1�0. The K0 class of the unit of

Q1
iD1 C in `1.N;Z/

is given by the constant 1 sequence. The result then follows since the structure
map `1.N;Z/! `1.N;Z/=H� for the inductive limit is simply the quotient map
(cf. the proof of [28, Proposition 4.6]).

The following corollary generalizes [28, Corollary 4.9]:
Corollary 4.11. Let � and ƒ be countable, locally finite groups with proper left-
invariant metrics d� and dƒ respectively. The following are equivalent:
(1) .�; d�/ and .ƒ; dƒ/ are coarsely equivalent.
(2) K0.Bpu .�// Š K0.Bpu .ƒ// for all p 2 Œ1;1/.
(3) K0.Bpu .�// Š K0.Bpu .ƒ// for some p 2 Œ1;1/.

Proof. The implication (1)) (2) is a consequence of [11, Theorem 3.4], while the
implication (2)) (3) is obvious, so it remains to show (3)) (1).
Suppose � and ƒ are not coarsely equivalent. Then by [4, Corollary 8] it must

be the case that one of them is finite while the other is infinite since all countably
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infinite, locally finite groups are coarsely equivalent to each other. Assume without
loss of generality that ƒ is finite. Then for every p 2 Œ1;1/, we have

K0.B
p
u .�// Š `

1.N;Z/=H�

by the previous theorem, and

K0.B
p
u .ƒ// Š Z:

These two groups are not isomorphic, for instance because `1.N;Z/=H� is not
singly generated.

Now we recall the notion of supernatural numbers and how it enables us to
determine whether two countable, locally finite groups are bijectively coarsely
equivalent. We will use this in the proof of Theorem 4.13, which is the main
result of this section.
Let � be a countable, locally finite group, and let fp1; p2; : : :g be the set of all

prime numbers listed in increasing order. For each j 2 N, define

nj D supfm 2 N W pmj divides jF j for some finite subgroup F of �g:

The sequence fnj g1jD1 is called the supernatural number associated to � , which we
denote by s.�/. We usually think of a supernatural number fnj g1jD1 as a formal
product

Q1
jD1 p

nj
j , so we say that p

m
j divides s.�/ if m � nj . We say that two

supernatural numbers are equal if they are equal as sequences.
Theorem 4.12 ([39, Theorem 5] and [28, Theorem 3.10]). Let� andƒ be countable,
locally finite groups with proper left-invariant metrics d� and dƒ, respectively. Then
the following are equivalent:
(i) .�; d�/ and .ƒ; dƒ/ are bijectively coarsely equivalent.
(ii) � and ƒ have the same supernatural number, i.e., s.�/ D s.ƒ/.
Finally, we come to the main result of this section, which generalizes [28,

Theorem 4.10].
Theorem 4.13. Let � and ƒ be countable, locally finite groups with proper left-
invariant metrics d� and dƒ respectively. Then the following conditions are
equivalent:
(1) .�; d�/ and .ƒ; dƒ/ are bijectively coarsely equivalent.
(2) For every p 2 Œ1;1/, there is an isometric isomorphism �WB

p
u .�/ ! B

p
u .ƒ/

such that �.`1.�// D `1.ƒ/.
(3) Bpu .�/ and Bpu .ƒ/ are isometrically isomorphic for every p 2 Œ1;1/.
(4) Bpu .�/ and Bpu .ƒ/ are isometrically isomorphic for some p 2 Œ1;1/.
(5) For some p 2 Œ1;1/, there is an isometric isomorphism �WB

p
u .�/ ! B

p
u .ƒ/

such that �.`1.�// D `1.ƒ/.
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(6) .K0.Bpu .�//;K0.Bpu .�//C; Œ1�0/ Š .K0.Bpu .ƒ//;K0.Bpu .ƒ//C; Œ1�0/
for every p 2 Œ1;1/.

(7) .K0.Bpu .�//;K0.Bpu .�//C; Œ1�0/ Š .K0.Bpu .ƒ//;K0.Bpu .ƒ//C; Œ1�0/
for some p 2 Œ1;1/.

(8) .K0.Bpu .�//; Œ1�0/ Š .K0.Bpu .ƒ//; Œ1�0/ for every p 2 Œ1;1/.

(9) .K0.Bpu .�//; Œ1�0/ Š .K0.Bpu .ƒ//; Œ1�0/ for some p 2 Œ1;1/.

Proof. The equivalences of statements (1) through (5) follow from [11, Theorem 2.6],
[28, Theorem 4.10] and [23, Lemma 8]. It is obvious that (3)) (6)) (8)) (9),
and that (6)) (7)) (9). Thus, it remains to show that (9)) (1).
The proof of (9)) (1) is identical to the proof of [28, Theorem 4.10], but we

include the details here for the convenience of the reader. For simplicity, we write A
for Bpu .�/ and B for Bpu .ƒ/. Let

�W
�
K0.A/; Œ1A�0

�
!
�
K0.B/; Œ1B �0

�
be an isomorphism. Suppose, for the purpose of contradiction, that .�; d�/
and .ƒ; dƒ/ are not bijectively coarsely equivalent. Then the associated supernatural
numbers s.�/ and s.ƒ/ are different by Theorem 4.12. Without loss of generality,
we may assume that there is a prime number p and a positive integer r such that pr
divides s.�/ but not s.ƒ/. Let f�ng1nD0 and fƒng1nD0 be increasing sequences of
finite subgroups of � and ƒ, respectively, with � D

S1
nD0 �n and ƒ D

S1
nD0ƒn.

Define kn D j�nj, H .n/
� , and H� as in Theorem 4.10. Similarly, define k

0
n D jƒnj,

H
.n/
ƒ andHƒ.
Since pr divides s.�/, it divides kn for some n. Let q be any idempotent inQ1
iD1Mkn.C/ with pointwise rank kn=pr . Then,

pr
�
Œq�0

�
D Œ1A�0

in K0.A/. Let Œq0�0 D �.Œq�0/ 2 K0.B/. Then,

pr
�
Œq0�0

�
D Œ1B �0:

Write Œq0�0 D Œ.m1; m2; : : :/� 2 `1.N;Z/=Hƒ. Then,

.prm1 � 1; p
rm2 � 1; : : :/ 2 H

.n/
ƒ

for some positive integer n. In particular, pr.m1Cm2C� � �Cmk0n/�k
0
n D 0, which

is impossible because pr does not divide k0n for it would divide s.ƒ/ otherwise, so
we have reached a contradiction.
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