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Polyvector fields and polydifferential operators
associated with Lie pairs

Ruggero Bandiera, Mathieu Stiénon* and Ping Xu**

Abstract. We prove that the spaces tot (T(A®4Y) ® g 7.5, ) and tot ([(A*AY) @& Dpy)

associated with a Lie pair (L, A) each carry an Lo algebra structure canonical up to an Lo
isomorphism with the identity map as linear part. These two spaces serve, respectively, as
replacements for the spaces of formal polyvector fields and formal polydifferential operators

on the Lie pair (L, A). Consequently, both Hgg (A, ’J‘;);ly) and Hep (A4, ﬂ);oly) admit unique

Gerstenhaber algebra structures. Our approach is based on homotopy transfer and the
construction of a Fedosov dg Lie algebroid (i.e. a dg foliation on a Fedosov dg manifold).
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Introduction

The algebraic structures of the spaces of polyvector fields and of polydifferential
operators on a manifold play a crucial role in deformation quantization: Kontsevich’s
famous formality theorem asserts that, for a smooth manifold M, the Hochschild—
Kostant—-Rosenberg map extends to an Lo, quasi-isomorphism from the dgla of
polyvector fields on M to the dgla of polydifferential operators on M [9,10,13,25,46].

In this paper, we study the algebraic structures of “polyvector fields” and
“polydifferential operators” on Lie pairs. Throughout the paper, we use the symbol k
to denote either of the fields R and C. A Lie algebroid over k is a k-vector bundle
L — M together with a bundle map o: L — Tp ®r k called anchor and a Lie
bracket [—, —] on the sections of L such that o: I'(L) — X(M) ®r k is a morphism
of Lie algebras and

[X, fY] = fIX, Y]+ ox (/)Y,

forall X,Y € I'(L)and f € C*°(M, k). By aLie pair (L, A), we mean an inclusion
A — L of Lie algebroids over a smooth manifold M .
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Lie pairs arise naturally in a number of classical areas of mathematics such as
Lie theory, complex geometry, foliation theory, and Poisson geometry. A complex
manifold X determines a Lie pair over C: viz. L = Ty Q C and A = T)?’l. A
foliation F on a smooth manifold M determines a Lie pair over R: viz. L = Ty and
A = TF is the integrable distribution on M tangent to the foliation . A manifold
equipped with an action of a Lie algebra g gives rise to a Lie pair in a natural way
(see [39, Example 5.5] and [30, 33]).

Given a Lie pair (L, A), the quotient L /A is naturally an A-module [11]. When L
is the tangent bundle to a manifold M and A is an integrable distribution on M, the
infinitesimal A-action on L /A is given by the Bott connection [7].

A Lie pair (L, A) gives rise to two natural cochain complexes

(tot (M(A°AY)®r T, ). d5™") and  (tot ([(AAY)®r Do) d i +03c) (1)
constructed as follows. Denoting the algebra of smooth functions on the manifold M
by R, we set

o0
Te Tk
Ipoly = @ I poly
k=—1
where '];gl; = Rand ‘J‘;’;ly =T (A**+1(L/A)) fork = 0. The Bott A-connection on L /A
makes every ‘J‘;()ly an A-module. We can thus consider the complex of A-modules

with trivial differential

——1 0 -0 0 1 0 2 0
0 > ‘/poly > ‘/poly e ‘Ipoly > Jpoly

Its Chevalley—Eilenberg cohomology H¢ (A4, 7,
cochain complex

o1y) 18 the cohomology of the total

(tot (T(A®AY) @ Tooyy). dg™). 2)

Similarly, denoting the universal enveloping algebra of the Lie algebroid L
by U(L), we set

o0
o k
poly — @ ‘Dpoly’
k=—1

-1 _ p. 0 _ UL . k
where D = R; ﬂ)poly = WO @) and O

holy oty With k = 1 is the tensor product

0 0
D‘Dpoly QR QR i)poly

of (k + 1)-copies of the left R-module °©[())01y' Multiplication in U (L) from the left by
elements of I'(A4) (and R) induces an A-module structure on the quotient %.
This action of A on i);?oly extends naturally to an action of A on i)plycoly for each

k = 1. In fact, i);?oly is a cocommutative coassociative coalgebra over R whose
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QrDY. isa morphism of A-modules. Therefore,

. . . . 0 0
comultiplication A: Dy, — D, boly

oly poly
the induced Hochschild complex

0 — DL LN Doy BLLIN Doy doc DL, LEN
is a complex of A-modules. Its Chevalley-Eilenberg cohomology H¢y (4, !Dgoly) is
the cohomology of the total cochain complex
(tot (T(A®AY) ®r D). di + 3¢). 3)

where we use the abbreviated symbol 94 to denote the operator id ®ds¢; see
equation (7) for more details.

For instance, for the Lie pair L = Ty ® C and 4 = T;}’l arising from any
complex manifold X, the cochain complexes (2) and (3) are precisely the Dolbeault
complexes

(% (T8,(X)).0) and (2% (Dyyy(X)). D + dae).

poly

which are known to carry differential graded Lie algebra (a.k.a. dgla) structures.
The corresponding Chevalley-Eilenberg cohomology groups Hgg(A4, Toory) and
Heg (A, D;,,) are isomorphic to the sheaf cohomology group H*(X,A°Tx) and
the Hochschild cohomology group HH®(X), respectively.

For a generic Lie pair (L, A), however, there is no obvious way to upgrade the
cochain complexes (1) to dgla’s (or L, algebras). Here is an example. The cochain

complex
(ot Q% (A*(Tan/ Tr)). dp*™)

associated with the Lie pair (s, TF ) encoding a foliation F' on a smooth manifold M
may be thought of as the space of formal polyvector fields on the leaf space of the
foliation [48, 50], or more precisely, on the differentiable stack [4] presented by the
holonomy groupoid of the foliation F. Similarly, denoting the associative algebra of
differential operators on M by © (M), the cochain complex

(totQ}(@(%)),d} +05}{>
R

may be thought of as the space of formal polydifferential operators on the leaf space of
the foliation, or more precisely, on the differentiable stack presented by the holonomy
groupoid of the foliation F'. Unless the foliation F admits a transversal foliation [12],
there are no obvious dgla (or L, algebra) structures on these cochain complexes.
On the other hand, both Hg(4, Tp;ly) and Hgg(A4, i);oly) admit obvious
associative algebra structures — the multiplications in cohomology proceed from

the wedge product in 7.3, and the tensor product of left R-modules in Og;, .
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We are thus naturally led to the following central twofold question:

Question. (1) Do the cohomology groups Hgg(A, T2.) and Heg(A, DS.,,) admit

canonical Gerstenhaber algebra structures?

’ poly poly

(2) Do the two cochain complexes
(tot (T(A®AY) @ Tpoy, ). d3*) and  (tot (T(A°AY) ®r D3y, ). d i + 3¢

associated with a Lie pair (L, A) admit Lo algebra structures compatible “in a
certain sense” with their respective associative multiplications? If so, are these
L structures canonical?

To answer this question, we introduce the notion of Fedosov dg Lie algebroid,
we establish a pair of contractions, and we apply the homotopy transfer theorem
of L algebras [5,17,22] (see also [1,6, 14-16]). Roughly speaking, given a Lie
pair (L, A), we construct a geometric object called Fedosov dg Lie algebroid, which
engenders a pair of natural dgla’s whose respective cohomologies carry natural
Gerstenhaber algebra structures. The pair of cochain complexes underlying these
engendered dgla’s are homotopy equivalent (in a style reminiscent of Dolgushev’s
Fedosov resolutions [13]) to the cochain complexes (1) associated with the Lie
pair (L, A). The latter complexes then inherit L, structures by homotopy transfer.

Hereunder, we proceed to give a more detailed outline of the construction.

Given a Lie pair (L, A) and having chosen some additional geometric data, one
can endow the graded manifold M = L[1] & L/A with a homological vector field O
encoding the formal geometry of the Lie pair. The resulting dg manifold (M, Q)
is called a Fedosov dg manifold [44]. It turns out that there exists a natural dg
integrable distribution & C Ty on (M, Q). In other words, the tangent dg Lie
algebroid T4 — M arising from the Fedosov dg manifold (M, Q) admits a natural
dg Lie subalgebroid ¥ — M. We call this dg Lie algebroid ¥ — M a Fedosov dg
Lie algebroid.

Lie algebroids being generalizations of tangent bundles, the notions of polyvector
fields and of polydifferential operators admit generalizations to the broader context
of Lie algebroids. The spaces of (generalized) polyvector fields and of (generalized)
polydifferential operators each admit a natural dgla structure and the cohomology of
this dgla is in fact a Gerstenhaber algebra [54,55]. The notions of polyvector fields
and of polydifferential operators can be extended further in an appropriate sense to the
context of dg Lie algebroids. This yields again a pair of dgla’s whose cohomologies
are Gerstenhaber algebras.

More precisely, in the context of a dg Lie algebroid £ — M, a k-vector field
is a section of the vector bundle A¥£ — M while a k-differential operator is an
element of (s U(L))®¥, the tensor product (as left C % (M)-modules) of k copies of
the suspended universal enveloping algebra s U(L).
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It is clear that the differential Q: I'(£) — I'(&£), the homological vector field
0:C*®(M) — C°°(M), and the Lie bracket on I'(£) encoding the dg Lie algebroid
structure of £ — M extend naturally to a degree (+1) differential

Q:T (A1) - T(AFH1g)
and a Schouten bracket
[, —]: T(A* 1) ® T(AYF1g) — DAV +1g);
see Section 2.1 for more details. The resulting triple
(totg T(A*TIE), @, [-, -)

is a dgla.

The universal enveloping algebra of a dg Lie algebroid £ — M, which is defined
by adapting the construction of the universal enveloping algebra of a Lie algebroid,
is a dg Hopf algebroid U (L) over the dgca R = C*°(M). For each k = 0, the dg
structure on the dg Lie algebroid £ — M determines a differential

Q: (sU@) T > (su(e)) !
of degree (+1). A Hochschild coboundary differential
doc: (sU2) % — (suU(L)) &
and a Gerstenhaber bracket
[- T (U@ ® " @ (sU@) T = (su()®

can be defined explicitly in terms of the dg Hopf algebroid structure. The resulting
triple
(totg (sU(éﬁ))®'+l, Q +dse. [-.-])

is a dgla.

The “polyvector fields” and “polydifferential operators” associated with a Fedosov
dg Lie algebroid ¥ — M may be viewed geometrically as polyvector fields and
polydifferential operators tangent to the dg foliation ¥ on the Fedosov dg manifold
(M, Q). In fact, one can identify the “polyvector fields” (totg I'(A*T1F), @) and
“polydifferential operators” (totg (s U(F))®* !, @ + dy) associated with F — M
to a pair of cochain complexes

(tot(T(A°LY)®RrTpy, ). £0) and  (tot(T(A*LY)®rD5,). [Q+m, —]), 4)

where T, denotes the formal polyvector fields and D7, the formal polydifferential
operators tangent to the fibers of the vector bundle L/4A — M.
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The next step and key ingredient of the construction consists in establishing the
following pair of contractions of Dolgushev—Fedosov type:

(1ot (T(A*4Y) @& Tp3,). d5") 7= (10t (N(ALY) @& Tp). £0) D )
and

(tot(F(A®4Y) ® & D), dY + 03¢ ) 7= (10t (T(A"LY) ® & D), [Q +m,~]) D .
©
Finally, we use the homotopy transfer theorem for L, algebras [5, 17,22] (see
also [1,6, 14-16]) to push the L, structures carried by the complexes (4) (the r.h.s.
of the contractions (5) and (6)) to the complexes (1) (the Lh.s. of the contractions
(5) and (6)). Furthermore, we prove that the resulting L, algebra structures on the
complexes (1) are unique up to L, isomorphisms having the identity map as linear
part and are therefore (essentially) independent of the choice of geometric data made
in the construction of the Fedosov dg Lie algebroid. Moreover, we prove that the two
cochain maps in the above contractions (5) and (6) are compatible with the associative
algebra structures given by the wedge and cup products respectively.
Finally, combining these facts, we are able to prove the following theorem, which
is the main result of the paper.

Theorem A. Let (L, A) be a Lie pair.

(1) The cohomology groups HZg(A,
Gerstenhaber algebra structures.

(2a) The spaces tot (['(A*AY) Qg rJ;x')ly) and tot ([ (A*AY) Qg °(D[:01y) admit Lo

algebra structures with the operators d};")“ and d} + 09¢ as their respective
unary brackets.

f]".

voty) and Heg(A, Dy ) admit canonical

(2b) These Lo algebra structures are unique up to Lo isomorphisms having the
identity map as linear part.

(2¢) The binary brackets are compatible with the associative products (viz. the wedge
product and the cup product respectively) in the sense that the graded Leibniz
rule holds up to homotopy.

The above theorem is a synthesis of Propositions 3.9, 3.24 and 3.26 from this
paper. We remark that, in Theorem A (2c), we only claim what is needed to ensure
that the resulting cohomology groups are Gerstenhaber algebras, but in fact the L
and associative algebra structures should be compatible in a much stronger and refined
sense. More precisely, the space of polyvector fields tot (I' (A*AY) Qr T ) and

ol
that of polydifferential operators tot (F(A‘AV) ®R i);oly) should both carr;yymuch
richer algebraic structures, such as the Ger, algebras investigated by Tamarkin [46]
or the Bry, algebras studied by Willwacher [53]. In fact, it should again be possible to
construct such structures explicitly via homotopy transfer along Dolgushev—Fedosov

contractions. We will return to this issue in a forthcoming work.
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When the Lie algebroid L arises as the matched sum A <t B of a matched pair
(A, B) of Lie algebroids, i.e. when the short exact sequence

0>A—-L—>L/A—>0

admits a splitting j: L /A — L whose image B := j(L/A) is a Lie subalgebroid of L,
the L algebra structures on

tot ([(A*AY) ®g T,5,) and  tot (T(A°AY) ®r Dyy,)

in Theorem A turn out to be dgla’s and admit a much simpler description than in the
case of a generic Lie pair. Indeed, in the case of a matched pair, the dg manifold
(A[1] @ B,d5™) is a dg Lie algebroid over the dg manifold (A[l],d4) whose
associated cochain complexes of polyvector fields and polydifferential operators are
isomorphic to

(tot T(A*AY@A°T'B),d5") and (tot (T(A®AY)®rU(B)®*T), d} +05),

respectively, and are therefore naturally dgla’s when endowed with the usual Schouten
bracket and the usual Gerstenhaber bracket, respectively.

Theorem B. If, in a Lie pair (L, A), the Lie algebroid L arises as the matched
sum A <= B of a matched pair (A, B) of Lie algebroids — i.e. the short exact
sequence 0 - A — L — L/A — 0 admits a splitting j:L/A — L whose
image B := j(L/A) is a Lie subalgebroid of L — then the Lo algebra structures of
Theorem A on

tot ([(A*AY) ®r Treyy) and  tot (T(A®AY) @r Dy,)

are actually dgla’s and are respectively isomorphic to
(totT(A*AY @ A*T!B),d5" [—, —])
and

(tot (T(A®AY) @ g U(B)E* ), d ¥ + vg¢, [ ).

the dgla’s of polyvector fields and of polydifferential operators arising from the dg
Lie algebroid A[11® B — A[1]. The isomorphisms are canonical. Furthermore, the
Gerstenhaber algebra structures on the corresponding cohomology groups

Heg(A, Tgy)  and  Heg(A, Dpy)

L ]
oly poly

are isomorphic to the canonical Gerstenhaber algebra structures on
Heg(A, AT B) and Hgg (4, W(B)®*T),

respectively.
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Finally, let us recall that the well-known Hochschild—Kostant—Rosenberg map
for ordinary smooth manifolds admits a natural generalization as a morphism
from tot ([(A®AY) ®r T5),) to tot (T(A*AY) ®g Dy, ), which is still a quasi-
isomorphism of cochain complexes and thus induces, on the cohomology level, an
isomorphism from Hgg (4, Toory) to Heg (A, Dy,,)- However, there is a significant
difference compared to the case of ordinary smooth manifolds: the Hochschild—
Kostant—Rosenberg map for Lie pairs does not in general respect the Gerstenhaber
algebra structures on cohomology. Nevertheless, it is always possible to remedy
this defect: the Hochschild—Kostant—Rosenberg morphism must be twisted. Doing
so involves techniques developed by Kontsevich in the proof of his formality
theorem [25]; see also [46]. Indeed, the present paper provides the foundation
for an ulterior paper [31] establishing a formality theorem for Lie pairs and an
ensuing Kontsevich-Duflo type theorem describing the precise relationship between
the Gerstenhaber algebra structures on Heg (4, 7.5, ) and Heg (A, Dy, ) revealed in
Theorem A.
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improvements in the presentation of our results. Stiénon is grateful to Université
Paris 7 for its hospitality during his sabbatical leave in 2015-2016.

1. Polydifferential operators and polyvector fields for Lie pairs

1.1. Chevalley—Eilenberg cohomology. Let A — M be a Lie algebroid. The Chevalley—
Eilenberg cohomology H’éE(A, &°®) in degree k of a complex of left U(A)-modules

0 ;8—1 d>80 d>81 d>82 d}...

is the total cohomology in degree k of the double complex

id®d/\ —id®d/\ id®d/\
df df df
IMNA°AY)®r &' —2 5 T'(A'AY) Qg & —2— T'(A?4Y)Qr & —2— ...

4 4 4

id ®d —id®d id ®d
d§ df d§
T(A°AY) @R 6° — 45 T(A'AY) @ 8% — 43 T(A24Y) ®g 80 —2 5 ...

4 4 4

id®d —id®d id®d

d§ d€ d€
F(AOAV) Q& g1 _A> F(AIA\/) Q& g1 _A> F(AZAV) Q& &1 _A>
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When we say that the above diagram is a double complex, we mean in particular
that each square of the grid commutes. Hence the total cohomology is the cohomology
of the complex

( P rnraY)er sq,dj+id®d).

ptg=e

Recall that, the degree of the operator d being +1, the usual sign convention for the
tensor product of linear maps in the presence of gradings dictates that

(i[d®d)(w®e) = (-1)’w @ d(e), Yw € [(APAY), Ve € &°. @)

1.2. Polydifferential operators. Given a Lie pair (L, A), let D, ! “denote the alge-
bra R of smooth functions on the manifold M, let JOO y denote the left U(A)-module

WO (‘%%2 o let °©p01y denote the tensor product

D0

poly ‘® R ‘SD

poly

of (k + 1) copies of the left R-module D , and set

poly?

poly @ ‘Dpoly

k=—1

Since @I?O]y is a left ‘L((A)—module and U(A), as a Hopf algebroid, is endowed with

a comultiplication, o‘Dpoly is also naturally a left U (A)-module for each k = —1 [55].

Furthermore, the comultiplication A: U(L) — U(L) ® g U(L) on the universal
enveloping algebra U (L) induces a comultiplication

A: D°

poly

°(Doly ®R°©

poly

since
A(UL)T(A)) € UL) ®r (UL)T(A)) + (UL)T(A)) ®r U(L);

see [29, Sections 2.2 and 2.3].

Lemma 1.1 ([29]). The U(A)-module i)goly is a cocommutative coassociative co-
algebra over R whose comultiplication

A: DO

holy Do

poly QR O(D

poly
is a morphism of U(A)-modules.
Following [55, equation (98)], introduce the Hochschild differential

dyg: i)poly — JOpoly



652 R. Bandiera, M. Stiénon and P. Xu

defined by

doc(u1 @ - @up) =1Qu;1 ® - Quy
k
+Y (D U1 ® - ®uit ® AW QUi 41 ®- - Qup+ (=) T @ Qui 1.

i=1

Since the comultiplication A: i)poly — pooly ®R i)poly is cocommutative and co-
associative, dg¢ is a coboundary operator, i.e. d%c = 0. Moreover, since the comulti-

plication A is a morphism of U(A)-modules, dq: @;]folyl — i)goly is a morphism of

U(A)-modules. Therefore, the Hochschild complex

s D2 dac o .

poly

o@l

poly

dsc 0
0 ‘Dpoly °(Dp01y

is a complex of U(A)-modules.
The Chevalley-Eilenberg cohomology HléE (A, Dy,y) in degree k of the Hoch-

schild complex of the pair (L, A) is the degree k total cohomology of the double
complex

id ®dq¢T —id®@dyT id®dscT

U du du
T(A°AY) ®@r Djyy == T(A'AY) @& Dy, = T(A2AY) @ D)y — -+
id®dscT u —id®dgc T u id®dgcT Ju
T(A°AY) ®r DY), 4, T(A'AY) ®r DYy 44, T(A%4Y) @R DYy, — -
id®dgct 2 —id®dgT 4 id®dgct u
T(A°AY) ®r Dyl — T(ATAY) @ Dy, = T(A2AY) @r Dyl —

The coboundary operator d 4 U:T(APAY) ®g DY
defined by

— T(APT1AY) @ DY

poly poly

d¥ 0 ®up® - Quy) = (daw) @uo @ -~ R 1y

k(4) ¢q
F Y (@A) Rup @ @up ®a; U Ry @+ ® Uy,
j=1 k=0
for all o € T'(A?AY) and ug,uy,...,uy € i) — for ¢ = —1, we simply have

d}f = dy4. Here (a;)ieq1,...,r) is any local frame of Aand (o)) jeqi,...ry is the dual

local frame of AY. In other words, HE ce(4.
complex

poly) is the cohomology of the total

(tot(T(A°AY) ®g Dy, d i + da¢).

where we use the abbreviated symbol 04¢ to denote the operator id ®dq¢. See equa-
tion (7) for the sign convention used in the definition of the map id ®d.
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However, unlike the universal enveloping algebra of a Lie algebroid, JDPO] is in
general not a Hopf algebroid over R —in fact, D° poly is not even an associative algebra.
Therefore, a priori, the Hochschild cohomology is only a vector space.

Remark 1.2. In general i)poly = % does not admit an associative product.

For a Lie pair (Tys, Tr) encoding a foliation F on a smooth manifold M, Vitagliano
proved that I'(A®AY) Qg JDpoly can be thought of as the space of normal differential
operators of the foliation F and admits an As.-algebra structure [49]. For a generic
Lie pair (L, A), the existence of an Ay,-algebra structure on I'(A*AY) Q@ r ﬂ)poly was
proved in [43].

There is a natural cup product

(F(AkAV) ®R (F(A AV) ®R ) ; F(Ak+1AV) QR :Op+q+1 (8)

poly) poly poly

ontot (F(A*AY) ®r D

oly) defined by

@Ru) — (@) = (-D'PWwAH) S uV)

forall o € T(AKAY),0 e T(A'AY),u € DI

The following proposition is easily verified.

andv € SDpO]y

Lemma 1.3. For any Lie pair (L, A), the cochain complex
(tOt(F(A.AV) ®R poly) dA + Dg—()

equipped with the cup product (8), is a dg associative algebra. Therefore, there is an

induced associative algebra structure on the Hochschild cohomology Hg (A, J)poly)

Remark 1.4. It is natural to expect that the induced associative product on
Heg(A, Dy,y) is graded commutative, as in the case of the usual Hochschild cohom-
ology H*® (i)' oy (M), ds¢) associated to a smooth manifold M. The cohomology ring
H*(Dyyy (M ), dj—f) is the cohomology of a subcomplex of the Hochschild cochain
complex C (C*®(M),C°(M)). Its cup product is graded commutative up to a
homotopy given by the Gerstenhaber pre-Lie bracket [18, Theorem 3]. This pre-Lie
bracket can be defined in terms of the comultiplication and the multiplication on

pOly(M ): see equation (21) for the formula in a similar situation. However, this
approach does not work for a Lie pair (L, A), since JOpoly = % does not
admit an associative multiplication, thus the usual proof for graded commutativity
does not extend to our situation. In what follows, we will get around this difficulty
by establishing an isomorphism of associative algebras between Heg (A, D Oly) and
the Hochschild cohomology of the Fedosov dg Lie algebroid of the Lie pair (L, A);
see Proposition 3.18 and Proposition 3.24. The graded commutativity of the latter
can be proved the usual way; see Proposition 2.8.
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1.3. Polyvector fields. Likewise, given a Lie pair (L, A), let ; denote the alg-
ebra R of smooth functlons on the manifold M and set T pol = [ (AFT1(L/A))

for k = 0. Consider T pol = Pre_, ";’gl as a complex of U(A)-modules with
trivial differential:

a—1 0 70 0 g1 0 T2 0
0 > ‘,poly > Jpoly — Jpoly > ‘Ipoly > e

Its Chevalley—Eilenberg cohomology HCE (A, T2, ) in degree k is the degree k total

cohomology of the double complex p01y
ot ot ot ”
[(A°AY) Qg T, poly —> [(A'AY) ®r T, poly —> I'(A2AY) ®r T, poly A
of ot of "
T'(A°AY) ®g T2, LN T(A'AY) ®r 70, LN T(A2AY) ®r T, —— -
ot ot ot

F(AOAV) ®R poly —> F(A AV) ®R poly —> F(A2AV) ®R POIY 4

The coboundary operator d5°":T'(A?A4Y) ® T — T(APT1AY) Q@ T,

POl)’ poly
defined by
A3 ® bo A+ Aby) = (daw) @ bo A -+ A by
k(A) ¢
+ Z Z(Olj Aw)®bg A+ ANbr_q /\Vf;’“bk Abgy1 A= Abyg,
j=1k=0

for all w € T(A?AY) and by, by, ..., by € T(L/A). Here (a;)ieq1,....r} is any local
frame of A and (o) jef1,...,r} is the dual local frame of AY.
There is a natural wedge product

(T(A*AY) @ 70)® (T(A'AY) @ poly)—>F(Ak+lAV)® f;fjly*q“ 9)

ontot (T'(A*AY) ®r poly) defined by
@Ru)AWB V) =(=D'P"V A ueV) (10)

forallo € T(AKAY), 0 e T(A'AY),u € T andv € T

poly
We have the following:

Lemma 1.5. For any Lie pair (L, A), the cochain complex
(tot(T(AAY) ®r Tooy)- d5™),

equipped with the wedge product (10), is a dg commutative algebra. Therefore, the

cohomology HE (A, Jpoly) is a graded commutative algebra.
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2. Fedosov dg Lie algebroids

2.1. Dg Lie algebroids and polyvector fields and polydifferential operators. A
Z.-graded manifold M with base manifold M is a sheaf # of Z-graded commutative
O pr-algebras over M such that there exists a Z-graded vector space V, a covering
of M by open submanifolds U C M, and a collection of isomorphisms of C*°(U, k)-
algebras

Aly = C®(U, k) @k S(VY),

where § (V) denotes the k-algebra of formal power series on V. Here O3 denotes
the sheaf of k-valued C°° functions over M. By C°° (M), we denote the Z-graded
commutative algebra I'(M, 4) of global sections of (M, 4). By a dg manifold,
we mean a Z-graded manifold M endowed with a homological vector field, i.e. a
derivation Q of degree +1 of C*°(M) satisfying [Q, O] = 0.

Example 2.1. Let A — M be a Lie algebroid over k. Then A[1] is a dg manifold
with the Chevalley—Eilenberg differential dcg as homological vector field. According
to Vaintrob [47], there is a bijection between the Lie algebroid structures on the vector
bundle A — M and the homological vector fields on the Z-graded manifold A[1].

Example 2.2. Let g = €D, .5 9; be a Z-graded finite dimensional vector space. Then
the graded manifold g[1] is a dg manifold, if and only if the graded vector space g
admits a structure of curved L, algebra.

Below we recall some basic notations regarding dg vector bundles. For details,
see [27,36,37,45]. A dg vector bundle is a vector bundle object in the category of

dg manifolds. Consider a vector bundle object & % M in the category of Z-graded
manifolds. Its space of sections I'(&) is defined to be the direct sum € jez I'(E ),
where I"(€)/ consists of the sections of degree j, i.e. the maps / € Hom(M, E[—j])
such that (w[—j]) ol = idy. Here n[—j]: E[—j] — M is the natural map induced
from 7r; see [36,37] for more details.

Remark 2.3. When & — M is a dg vector bundle, the homological vector fields
on & and M naturally induce a degree (41) operator @ on I'(&), making I'(&)
a dg module over C*°(M). Since the space T'(&Y) of linear functions on & and
the pullback of C*°(M) via 7 together generate C*°(&), the converse is also true;
see [38].

Example 2.4. Let (M, Q) be a dg manifold. The space X(M) of vector fields
on M (i.e. graded derivations of C°°(:M)), which can be regarded as the space of
sections I'(7Ty), is naturally a dg module over the dg algebra (C (M), Q) with
the Lie derivative £o: X(M) — X(M) playing the role of the operator @. As a
consequence, 7. is a dg manifold — the homological vector field on T is called
the complete lift of Q as well as tangent lift in [38] —and 7y — M is a dg vector
bundle.
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The following lemma is standard [38].
Lemma 2.5. Assume & is a dg vector bundle over the dg manifold (M, Q).
(1) Then the dual bundle &V is a dg vector bundle over (M, Q).

(2) Furthermore, for all k = 1, the exterior tensor power vector bundle A€ isa dg
vector bundle over (M, Q).

Here and throughout the paper, we use the shorthand notation A*& abusively to
actually denote (Sk (E[-1])) [k].

Proof. By assumption, I'(&) is a dg module over (C*° (M), Q) with degree (+1)
differential @: T'(8) — T'(&). Define a degree (+1) operator @:T'(§Y) — T'(€Y)
by
(@@l = Q () — (DN Ele)

for all homogeneous § € T'(€Y) and [ € T'(8). It is simple to see that this operator
makes I"(€") into a dg module over (C (M), Q).

Similarly, T'(A¥&) is a dg module over (C*®(M), Q) with the degree (+1)
differential @: T'(A¥&) — T'(A* &) defined by

k
QU A A L) =Y (DIt A QU A AL (D)
i=1

for all homogeneous /1, ...,y € ['(8).
The conclusion thus follows. L]

A dg Lie algebroid is a Lie algebroid object in the category of dg manifolds.
Equivalently, a dg Lie algebroid is a dg vector bundle £ — M endowed with a
Z.-graded Lie algebroid structure satisfying the compatibility condition

[de. @] =0, (12)
where dg is the Chevalley—Eilenberg differential
dg:T(A°LY) — T(ATIEY) (13)
of the Lie algebroid £ — M, @ is the differential (of internal degree (+1))
Q:T(A*LY) > T(A°LY) (14)

induced by the dg vector bundle structure on £ — M (see Lemma 2.5), and [—, —]
denotes the commutator. For more details, we refer the reader to [36,37], where dg
Lie algebroids are called Q-algebroids.
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Example 2.6. As in Example 2.4, let (M, Q) be a dg manifold. In addition to
being a dg vector bundle, Ty — M is also a Lie algebroid. In this case, the
Chevalley-Eilenberg differential (13) is the de Rham differential

dpr: Q° (M) — Q'Jrl(u/\’(),
while the internal differential (14) is the Lie derivative
Lo: Q2% (M) = Q*(M).

Since [dpr, £ o] = 0, it follows that 7'y is indeed a dg Lie algebroid.

For an ordinary Z-graded Lie algebroid, one can speak about “polyvector
fields” and “polydifferential operators” on the Lie algebroid. For a dg Lie
algebroid, the dg structure will induce degree (+1) differentials on “polyvector
fields” and “polydifferential operators”. For instance, the “polyvector fields”
and “polydifferential operators” for the tangent dg Lie algebroid T, of a dg
manifold (M, Q) as in Example 2.6 are, respectively, the polyvector fields and
the polydifferential operators on M, while the induced degree (+1) differentials are
Lo and [Q, —], respectively. Here [—, —] stands for the Gerstenhaber bracket on
the polydifferential operators of M.

More precisely, a k-vector field on a dg Lie algebroid £ — M is a section of
the vector bundle AKE — M. Since £ — M is a dg vector bundle, according to
Lemma 2.5, we have a degree (+1) differential @: I'(A¥T1£) — T'(A¥*12); see
equation (11). On the other hand, the Lie algebroid structure on £ yields a Schouten
bracket

[—, —]:T(AYTIE) @ T(AVTIE) — T(AY TV TLE).

For n € Z, we set

o T(AT e = P (Tare)”,
pt+q=n
P.9€Z,q=—1
where (I'(A9T1£))? denotes the subspace of I' (A4 ! £) consisting of homogeneous
elements of degree p + ¢.

Proposition 2.7. Let £ be a dg Lie algebroid over M.

(1) When endowed with the differential @, the wedge product, and the Schouten
bracket, the space of ‘polyvector fields’ totg I'(A*T1 L) is a differential Gersten-
haber algebra’, whence a dgla.

(2) When endowed with the wedge product and the Schouten bracket, the cohomology
H* (tot@ C(A*TLE), (,‘2) is a Gerstenhaber algebra.
1Here and in the sequel, by a differential Gerstenhaber algebra, we mean a Gerstenhaber algebra

equipped with a degree (4-1) differential, which is a derivation of both the associative multiplication and
the Lie bracket. Such structures were called strongly differential Gerstenhaber algebras in [26, 54].
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Similarly, a k-differential operator for a Lie algebroid &£ is an element of
sU(L)®k, the tensor product (as left C *°(M)-modules) of k copies of the suspended
universal enveloping algebra s U(£). Recall that the universal enveloping algebra
U(L) of a Z-graded Lie algebroid £ — M with anchor g: £ — T4 is the quotient
of the (reduced) tensor algebra

P (Rer@)® (15)

n=1

of the k-module R @ I'(£) by the two-sided ideal generated by the elements of the
following four types:

XY -y ex —[x,Y], f®X-fX,
X@g-(D)E¥go x —ox(g), f®g—fg (16)

for all homogeneous X,Y € I'(£) and f,g € R. As previously, the symbol R
denotes C*°(M).

The universal enveloping algebra U (L) is a coalgebra over R [55]. Its comulti-
plication

A:UL) — UL) @z UEL)

is an R-linear map of degree 0 characterized by the identities

A)=1®1;
Ab)=10b+b®1, Vbel(L);
A(u-v) = A(u) - A(v), Yu,v € U(L),

where the symbol - denotes the multiplication in U(L). We refer the reader to [55]
for the precise meaning of (the r.h.s. of) the last equation above. More explicitly, we
have

A(biby---by) =1® (bi1by---by)

n—1
+Y Y Eboybop) ® (bo(pin) -+ bawy) + (brby-+-by) ® 1, (17)

= n—p
p=1 oceS)

where + denotes the Koszul sign of the (p,n — p)-shuffie2 ¢ of the n-tuple of
homogeneous elements by, ..., b, of I'(£).

Now assume that £ — M is a dg Lie algebroid. The differential @: I'(£) —I'(£)
and the homological vector field Q: C®°(M) — C°°(M) induce a differential of

2A (p, q)-shuffleis a permutation 0 € S 44 of theset{1,2,..., p+qg}satisfyingo (1) <o (2) <
~<o(p)ando(p+1) <o(p+2) <--- <o(p+q). The subset of S, consisting of all
(p, q)-shuffles is denoted G%,.
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degree (+1) on the (reduced) tensor algebra (15) by way of the Leibniz rule. From the
compatibility condition (12), it is simple to see that the two-sided ideal generated by
the elements (16) is stable under this induced differential on the universal enveloping
algebra

Q: UL) — U(L),

which we denote by the same symbol @ by abuse of notation. This differential is
compatible with both the algebra and coalgebra structures on U(L) so that U(L)
is a dg Hopf algebroid over the dga R = C*°(M). As a consequence, we obtain a
differential

Q: sU(L)PFT! > sU(L)®BFH!

of degree (+1) for each k = —1. Here sU(£)®% =sR and sU(L)®**! (with k > 0)
denotes the tensor product sSU(L) Q-+ @r sU(L) of (k + 1)-copies of the left
R-module s U(L).

A Hochschild coboundary differential

dyc: sU(L)®F — sU(L)BFH! (18)
and Gerstenhaber bracket
[— =[:s UL @ sU(L)BIT! — sU(L)®PHeH! (19)
can be defined by the following explicit algebraic identities:
dec(u1 @ Qug) = (£)1 Qui @+ Qug
k
+Z(i)u1 R QAUN® - Qu + (R)u; @+ Qu ® 1
i=1

and
where ¢ » ¥ € sU(L)®P T4 is defined by

»
¢ *Y = Z(:t)uo ®  @up—1 @ (Aup) - ¥ ® ups1 - Qup 2
k=0

it =up®u; ©--- O up for some homogeneous ug, Uy, ...,u, € sU(L) and
V¥ € sU(L)®IT1. We refer the reader to [55] for the precise meaning of the product
(Aup) - ¥ in sU(L)®9 71 appearing in the last equation above. Here,

AisUL) — sUL) @z sUL)

is the map induced by the comultiplication A on U(L).
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Finally, the tensor algebra of sU(X£) over R carries an obvious cup product
SUL)®? @ sU(L)®! — sUL)DPH, 22)

the tensor product over R itself:

Pp—V =001V
Forn € Z, we set
totgascu(i)®o+l — @ (SU(i)®q+l)p+q,
pt+q=n,
P.9€Z,q=>—1

where (s U(£)®971)P+4 denotes the subspace of s U(£)®9+! consisting of elements
of degree p +q.

Proposition 2.8. Let £ be a dg Lie algebroid over M.

(1) When endowed with the differential @ + d¢ and the Gerstenhaber bracket (19),
totg sU(L)®* T is a dgla.

(2) When endowed with the cup product (i.e. the tensor product ® ®) and the
Gerstenhaber bracket, the Hochschild cohomology

H* (totg sU(L)®* T, Q + dy¢)
is a Gerstenhaber algebra.

Proof. This can be proved directly by adapting the ordinary Hochschild cohomology
theory of associative algebras [18]. Since U(L) is a dg Hopf algebroid over R,
all relevant formulae in [18] concerning the algebraic structures on the Hochschild
cochain complex of an associative algebras hold in our context, with the differential
being € + d¢, and the pre-Lie bracket and the cup product being given, respectively,
by equation (21) and equation (22). We leave the details to the reader. O

Remark 2.9. Contrary to Proposition 2.7, here totg s U(£)®**! is not a differential
Gerstenhaber algebra, for the Lie bracket and the associative multiplication are only
compatible up to homotopy. Likewise, the associative multiplication is graded
commutative on the cohomology level, for the cup product on cochains is graded
commutative only up to homotopy. This is reminiscent of the ordinary Hochschild
cohomology theory of associative algebras; see [18].

2.2. Fedosov dg manifolds. In this section, we recall the basic construction of
Fedosov dg manifolds of a Lie pair. For details, see [44].

Let (L, A) be a Lie pair. We use the symbols B to denote the quotient vector
bundle L /A and r to denote its rank.
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Consider the endomorphism § of the vector bundle A°LY ® SBY defined by

r

8@®x) =" (¢ (tm) Aw) ® T 7,

m=1

forallw € ALY and J € N”. Here { x}; _, denotes an arbitrary local frame for the
vector bundle BV, the symbol ¢ T denotes the vector bundle morphismg ": BY — LV
dual to the quotient morphism ¢: L — B, the symbol e,, denotes the multi-index

0,...,0,1,0,...,0) having its single nonzero entry in the m-th position, and
X'= 0000 0 00 00 OO
N ————
J1 factors J> factors J factors

if J =(J1,J2,...,Jp).
The operator § is a derivation of degree +1 of the bundle of graded commutative
algebras A°LY ® S BY and satisfies §2 = 0. The resulting cochain complex

o > ALY @ SBY A AMLY @ §BY 5 ALY @ SBY — -
admits a contraction onto the complex with trivial differential
ey APTIAY Oy Ay O Aty

Indeed, for every choice of splitting i o p 4 j o g = idy, of the short exact sequence

0 s A—s1 -2y B ) (23)
Ke_-~ Ke_-~
j
and its dual
. RV a" N A2 N
0 s B s L s A > 0,
\;:r, F;):I:

the chain maps R
0: ALY ® SBY — A*AY
and R
T:A*AY > ALY ® SBY,
respectively, defined by
iT(w) if |J|=0,

clw®y’)= 24
( ) 0 otherwise, 24

forall w € A*(LY), and
@) =p (@) ®1,
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foralla € A®(AY), satisfy

ot =1id and id—to = hé + 6h,
where the homotopy operator

h:A*LY @ SBY — A*"'LY @ SBY
is defined by

o171 k=1 ep@) ® x e ifv =1,

how® ') =
( 1) 0 ifv=0

forallw € pT(A*AY) ® ¢ (A’BY). Here {0k }}._, denotes the local frame for B
dual to {yk};_,. Notice that ht = 0, oh = 0, and h? = 0, i.e. the triple of
maps (1, 0, ) make up a contraction of A°LY ® SB" onto A®*AY. We remark that
the operator & is not a derivation of the algebra I'(A°LY ® SBY). However, the
contraction (t, 0, h) is compatible with the graded commutative algebra structures
onT(A®LY ® SBY) and I'(A®A4Y) in the following sense:

Lemma 2.10. The triple (t,0,h) is a semi-full algebra contraction (see Defini-
tionA.2) of T(A®LY ® SBY) onto T(A®AY). Furthermore, o and T are morphisms
of graded algebras.

Proof. The fact that t and o are algebra morphisms follows directly from the defini-
tions. Moreover, the last four identities in Definition A.2 follow at once from the fact
that ¢ is an algebra morphism (and the identities ch = 0 and ot = id). Denoting
by u the product on I'(A°LY ® SB V), the remaining identities to prove are (recall
that p is graded commutative)

huth®h) =0, hpuh®1t) =0, hu(rt®1)=0.
To prove these, we introduce a second operator of degree (—1)
ALY ® SBY - A*T'LY © SBY
defined by

,
N ® 1) =Y (jenw) ® x (25)

k=1
forall w € A®*(LY). Notice the similarity with the definition of /. It is easy to check

that 7 is an algebra derivation and ker(n) = ker(%). Using these two facts, we see
that

PP=0 = nh=0 = nquheh)=upnid+idenheh) =0
=  hu(h®h) =0.

The remaining identities are proved in a similar way. O
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The notions of L-connection on B extending the Bott A-connection and of torsion-
free L-connection on B were defined in [11,29]. A torsion-free L-connection on B
is necessarily an extension of the Bott A-connection [29, Lemma 5.2]. According
to [44, Lemma 4.5], an L-connection V on B is torsion-free if and only if

8dy +d;)8 =0.

Theorem 2.11 ([44, Proposition4.6]). Let (L, A) be a Lie pair with quotient B =L/ A.
We interpret the sections of the bundle LY ® SBY ® B as derivations of the algebra
I'A°LY® SB VY in the natural way. Given a splitting of the short exact sequence (23)
and a torsion-free L-connection V on B, there exists a unique derivation

XV c F(LV ® S‘\ZZBV ® B)’
satisfying (h ® idg)(XV) = 0 and such that the derivation
0:T(A°LY ® SBY) > I'(A*t'LY @ §BY)
defined by
Q=-8+d; +xV (26)

satisfies Q% = 0.

As a consequence, (M =L[]® B, Q0 =—-6+ dLV + XV) is a dg manifold,
which we call a Fedosov dg manifold associated with the Lie pair (L, A). The

Fedosov dg manifold (M, Q) of Theorem 2.11 was also obtained independently by
Batakidis—Voglaire [3] in the case of matched pairs.

Remark 2.12. The Kapranov dg manifold A[1] & L/A introduced in [29] is a dg
submanifold of the Fedosov dg manifold (L[1] & L/A, Q).

In order to study the dependence of the above construction on the involved choices,
it is useful to review a different description of the Fedosov dg manifold, which can
also be found in [44]. As shown in [28,29] (see also [44, §3.4]), the choice of a
splitting j: B — L of the short exact sequence 0 - A — L — B — 0 and of an
L-connection V on B determines a Poincaré-Birkhoff-Witt isomorphism of filtered
C°°(M)-coalgebras (PBW map in short)

U(L)
WU(L)T(A)

Since U(L)I'(A) is aleft ideal of the algebra U (L), there is a natural left I" (L )-action
on the quotient %, and an induced flat L-connection V¢ on SB:

pbw:T'(SB) — 27)

Vj () = pbw ™" (I - pbw(s)) (28)

forall/ € T'(L) and s € ['(SB). Moreover, for every [ € I'(L), the covariant
derivative Vlé is a coderivation of the C°*°(M )-coalgebra I'(SB).
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Dualizing, we obtain an L-connection on S (BY), which we continue to denote
by V¢. Furthermore, for every / € I'(L) the covariant derivative Vlé is a derivation
of the C°°(M)-algebra I'(§ (BY)). Finally, this latter fact implies that the induced
Chevalley-Eilenberg differential

dY*:T(A°LY ® S(BY)) > T(A*ILY ® §(BY)) 29)

is a derivation of the algebra ['(A°LY ® S (BY)), and can thus be regarded as a
homological vector field on the graded manifold L[1] & B. One of the main results
of [44] is the following theorem.

Theorem 2.13 ([44, Theorem 4.7]). Given a Lie pair (L, A), together with a splitting
of the short exact sequence 0 —- A — L — B — 0 and a torsion-free L-connection
on B, the dg manifold (L[1] & B, dzé) constructed above and the dg manifold
(L[1] & B, Q) constructed via the Fedosov iteration in Theorem 2.11 coincide,
ie. dLVé = Q.

The Fedosov dg manifolds obtained from different choices of a splitting and a
connection are isomorphic to one another. The isomorphism can be made explicit
via the associated PBW maps. This shall be needed in Section 3.3, where we will
establish the uniqueness claim (2b) of Theorem A from the introduction.

We consider two different choices ji, Vq and j,, V; of a splitting B — L and a
torsion-free L-connection on B as before; the two induced homological vector fields
01 and Q5 on L[1]® B; and the two induced Poincaré-Birkhoff-Witt isomorphisms
pbw, and pbw,. The composition of the latter

¥ 1= pbw; ! opbw,:T'(SB) — T'(SB)

is an automorphism of the C °°(M )-coalgebra I"(SB) intertwining the two induced
L-module structures. Likewise, the dual map ¥V:T(S(BY)) — T[(S(BY)) is
an automorphism of the C°°(M)-algebra F(§ (BY)) intertwining the two induced
L-module structures. Finally, it follows immediately that

ideyY: (T(A°LY ® S(BY)), 01) — (T(A°LY ® S(BY)), 02)
is an isomorphism of dg manifolds (L[1] & B, Q2) — (L[1] & B, 01).

2.3. Fedosov dg Lie algebroids. Let (L, A) be a Lie pair over a base manifold M.
Given a splitting j: B — L of the short exact sequence of vector bundles

0O0—-A—-L—-B—=0

and a torsion-free L-connection V on B, one constructs a Fedosov dg manifold
(M, Q), where M = L[1] & B, as in Theorem 2.11.

Let R = C*®(M). Let ¥ — M denote the pullback of the vector bundle
B — M through the surjective submersion M — M. It is a graded vector bundle
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whose total space ¥ is the graded manifold with base M associated with the graded
vector bundle L[1] & B & B — M. Its space of sections I'(¥ — M) is canonically
identified with

C®(M)®rT(B) ~T(ALY ® S(BY) ® B).

It is naturally a vector subbundle of 74 — M the inclusion I'(¥ — M) < X (M)
takes the section (A ® y7) ® 9 € C®(M) ®g I'(B) of the vector bundle ¥ — M
to the derivation 4 ® yM = A A u @ My yM+7=¢k of C®(M).

Alternatively, denote by 7,..B — B the formal vertical tangent bundle of the
vector bundle B — M, which consists of all formal vertical tangent vectors of B. Its
space of sections X,e(B) := I'(B; Ty B) is naturally isomorphic to F(§(BV) ® B).
Indeed, Ty, B is a double vector bundle [32], which is isomorphic to B @ B. Consider
the projection pr: M = L[1]@® B — B. Then ¥ is isomorphic to the pullback bundle
pr* Ty B.

Proposition 2.14. The subbundle ¥ C Ty is a dg integrable distribution (or a dg
Joliation) of the dg manifold (M, Q), i.e. ¥ is a dg Lie subalgebroid of the tangent
dg Lie algebroid Ty — M.

Proof. 1t is simple to see that ¥ — M is a Lie subalgebroid of Ty — M. Hence
it suffices to show that ¥ admits a dg manifold structure such that ¥ — M is a dg
subbundle of Ty — M — the compatibility condition (12) holds automatically since
Ty — M is a dg Lie algebroid (see Example 2.6). According to Remark 2.3, it
suffices to prove that I'(M; F) is a dg submodule of I'(M; Ty¢) over (C°(M), Q).
It is clear that

T(M; F) = T(A°LY) ®g Xver(B).

From equation (26), it follows that I'(A*LY) ®g X,e(B) is stable under the
Lie derivative £¢. Therefore, I'(:M; ¥) is a dg submodule of I'(M; T ) over
(C®(M), Q). O

Any dg Lie algebroid constructed in this manner is called a Fedosov dg Lie
algebroid associated with the Lie pair (L, A4).

Next, we will identify the space of polyvector fields on the Fedosov dg Lie
algebroid ¥ over M.

Set
7¥, = T(A**1B) (30)
and let ‘J'l’.foly denote I'(B; AK*t1T,.B), the space of formal vertical (k + 1)-vector
fields on B. It is clear that
7k, = T(S(BY)) ®r T, 31)

and

D(M: A*T1F) = T(A°LY) ® TE,, = T(A°LY ® SBY) @& T,f,.
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Since ¥ is a dg Lie subalgebroid of 74, the subspace
D(M; A F) =T (ALY @ SBY) @r T,

of the space T poly (M) Of (k + 1)-vector fields on M = L[1] @ B is stable under £,
we obtain a cochain complex

. — T(AYLY 8 §BY) ®r T, =% (ALY ® §BY) @z T, — ---

foreach k = —
Applying Proposition 2.7 to the Fedosov dg Lie algebroid ¥ — M, we obtain
the following

Proposition 2.15. The total complex
(tot (T(A°LY ® SBY) ®& Tpay,). £0)

admits a differential Gerstenhaber algebra, whence a dgla structure.

Finally, we consider the space of polydifferential operators on the Fedosov dg Lie
algebroid ¥ over M.
Let DK denote the space of formal vertical (k + 1)-differential operators on the

poly
poly @ Dpoly

vector bundle B and set
k=—1

There exists a canonical isomorphism

I'S(BY)® S(B)®---® S(B)) —> DK (32)

poly"

k41 factors

» and {0;}j=1,. ., for BY and B,

.....

In terms of local dual frames {y;}i=1
respectively, and the corresponding local frames { )(I }enr and {0} yenr for S(BY)
and S(B), respectively, the isomorphism ¢ sends

.....

1 ®3s, @ ®dy eT(S(BY)® S(B)® - ® S(B) )

k+1 factors

to the (k + 1)-differential operator
LSBT 2 0@ @y x5, ()85, (1) € T(S(BY)).
The algebra C*°(L[1] & B) is a module over its subalgebra

['(A°L) =2 T(A°LY ® S°(BY)).
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The subspace of Dpoly(L[l] @ B) comprised of all I'(A®L")-multilinear polydif-
ferential operators is easily identified to tot (F (A°LY) Qg @mly) It is simple to
see that the universal enveloping algebra U(F") of the dg Lie algebroid ¥ — M is

naturally identified with T'(A°LY) Qg ®pol , which is a dg Hopf algebroid over

R =C®(M)=T(ALY ® SBY).

Moreover, U(F") is a dg Hopf subalgebroid of Dpoly(L[l] @ B). Notice that

sUF)®K+ > T(A°LY) @ DX (33)

poly-
Since ¥ is a dg Lie subalgebroid of Ty, the subspace

totg sU(F)* ! = tot ([(A°LY) ®r Djy)

of Dy, (M) is stable under the Hochschild coboundary operator [OQ + m,—]. Here

m = 1 ® 1 is the element of s U(F )®? arising from the multiplication of C % (M).
The Lie bracket (19) and the cup product (22) on totg s U(F)*+! carry over to
a T'(A®LY)-linear Lie bracket and cup product on tot (F (A°LY) ®r Dpoly) through
the identification (33).
Applying Proposition 2.8 to the Fedosov dg Lie algebroid ¥ — M, we obtain
the following
Proposition 2.16. (1) The triple (tot (T(A*LY) ®r D5 ), [Q +m, =], [, —]) is
a dgla.
(2) The cohomology group H* (tot ([(A°LY) ®r Dpoly) [0 + m,—]) equipped
with the induced Lie bracket and cup product is a Gerstenhaber algebra.

3. L algebra structures

In this section, we endow the spaces of polyvector fields and polydifferential operators
of a Lie pair (see Section 1) with L, algebra structures, which are canonical up to
L o isomorphism.

3.1. Dolgushev—Fedosov contraction and L o, algebra structure on the space of
polyvector fields of a Lie pair. The following lemma is straightforward
Lemma 3.1. The subspace T(A*LY) Qg T poly of the space (L[1] & B) of
(k + 1)-vector fields on L[1] ® B is stable under £s.

Also, note that the following diagram commutes:

poly

T(ATLY) ®g TE B PN @g

I -

F(A’LV(X)S(BV)) Qr T poly 8®d F(AH'ILV@S(BV)) ®r T poly

poly
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Since the vector field § on L[1]é B is homological, we obtain the cochain complex
L_
- —— D(A'LY) @r Thy, —= T(ATTILY) @ TX, —— -+

which admits the descending filtration

k(L)
Fm=E AL @S5> BY)®r TF,.
i=0

We shall denote by 7y, oy and &y the maps defined by the following commutative
diagrams (where t, 0, and % are the maps introduced in Section 2.2)

F(AZLV) ®Rr T poly oy
} T(A'AY) ®r T, (34
—

o®id
(ALY ® SBY) ®r T, poly

- T(A'LY) @& T,
/)
T(ATAY) ®r T, I

=

T®id
T'(A'LY ® SBY) ®r TF,.

F(AILV) ®R poly —> F(Al 1LV) ®R poly

I; I; 35)

(ALY @ S(BY) ®r T- poly o — S T(A'LY® S(BY)) ®r T. poly
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Adapting the proof of [44, Proposition 4.3], we obtain:
Proposition 3.2. The complex (T'(A*LY) ®r poly, 26_5) contracts onto

(T(A*AY) ®r T:X,.0).
More precisely, we have the filtered contraction

£_ £
- — DALY @ Th =B T(ALY) @ Th, =2 T(A"HILY) @ TK, — -

ldu ///// lo'n ///// lﬁu
> TA"TAY) QR T, poly L4 (A" AY) QR T, poly /, 9 5T(A 1 AY) @r Ty —>

fnl 7 hy fnl 7 hn Tnl
K’ i’

- — T(A"ILY) @r TX, L2 r(A"LY) @R T Ky L2 r(Ar+H LYy ek Ty —

where ty, oy and hy are defined by the above commutative diagrams (34)—(35).

Lemma 3.3. The contraction (ty, oy, hy) in Proposition 3.2 is a semi-full algebra
contraction — on both sides, the associative multiplication is the wedge product.
Moreover, the maps ty and oy preserve the wedge products.

Proof. This follows immediately from the definitions and the corresponding
statements for (t, o, h); see Lemma 2.10. O

Consider the homological vector field Q on L[1]® B introduced in Theorem 2.11:
O=-8+p with p=d +X¥ and XY eI (LY ® S>*(BY) ® B).
Proposition 3.4. There exists a contraction
Ty
(tot (T(A*AY) ®r Tooy,). d5™) U<:u> (tot (T(A®LY) ®R Tpy) £0) D
(36)
More precisely, for every k = —1, we have the (filtered) contraction

£
C— (ALY @p TE =5 T(A"LY) @R TE, L8 PAPHILY) @g T —

\Lo-u //// J/O'n //// lo-u
1 dBO" .7 dBon -7 |
c—> DA AY) ®r T, Poly > I'(A"AY) ®r T, poly ,_/é F(An+ AY) R, POly —r

fnl T ful T ful
i< : Ko

£
- — F(An_lLv) ®R poly 4 F(AnLv) ®R poly 4 F(An+1LV) ®R poly —r

where
o o0
=Y (m&p)'hy and T =Y (hy&,) . (37)
1=0 =0

Moreover, the cochain maps Ty and oy intertwine the wedge products on their domain
and codomain.
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As an immediate consequence of Proposition 3.4, by considering the bigradings
on both sides of (36), we obtain the following:

Corollary 3.5. For every k = —1, we have a contraction

T|

tl
(T(A°AY) @r TRy d5") —— e (T(A®LY) ®R Thyy  Lo) Dia.-

The case k = —1 was established in [44, Proposition 5.4].

The proof of Proposition 3.4 requires the following technical results.

Lemma 3.6. Let pr,, denote the canonical projection S(BY)® B — S°(BY) ® B.
Foralla e T(A)and j € {1,...,r}, we have
pro ([V£.9;]) = V2°U(9;).

Recall that {3} j=1,... is a local frame for the vector subbundle B ~ S°(BY) ® B
of§(BV) ® B. Here we think of 0 as a local section of§(BV) ® B. The sections of
the vector bundle S (BY) ® B may be interpreted as ﬁbel’\wise formal vertical vector
fields on B — they act as derivations of the algebra T'(S(BY)) of fiberwise formal
functions on B in a natural fashion.

Proof. We have seen that, for all @ € I'(A), the operator V/ is a derivation of
['(S(BY)), which stabilizes the filtration I'(S>"(B")). Therefore, there exist local
sections 9,?4 of AY such that

M
Vg Xk == Z Laek
MeN]
|M|=1

Here, {xx }} _, denotes the local frame for B dual to {9 }i—1- 1t follows that \V
may be regarded as a section of §= §>1 (BY) ® B:

r
(DN IR
k=1 >MeN]
IM|=1
On the one hand, it follows from

[Vi.0;1=Viod;—dj0Vf

= Z > ta@?‘xMakoaj—i D Wb 950 (M)

k=1 |M|>1 k=1 |M|=1

:—i Ztaeliw.MjXM_ef.ak

k=1 |M|>1
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that
,
e
pro ([VE.0,1) = = 1ab’ - 0.
k=1
On the other hand, it follows from
0 = a{x|d;) = (V& x|d;) + (x| V4 ;)
N——
Sk.j

and the fact that V. stabilizes the subspace I'(S1(B)) of T'(S(B)) that
Va0;) = > (x|Vad;) o
k
== (Vi xxld;) o
k

=X X bl o)

k [M|z1

= - Ztae,if - 0.
k

Finally, for all ¢ € T'(A) and b € T'(B), we have V. (b) = VEU(b) as

pbw (Vg b— Vf‘mb) = a - pbw(b) — pbw (q [a, j(b)])
=a-j(b)—joq(la.j®b)])=jb)-a+ p(a.j®d)]) =0

N —— —

in %. The proof is complete. T O

Lemma 3.7. oy 0 £, 0 1y = d}°"

Proof. Let (Ix)kef1,...x Ly denote any local frame of L and let (Ax )keq1,... ik 1.y denote
the dual local frame of LV. Likewise, let (ay) ke(1,...tk 4y denote any local frame of A
and let (ak)keq1,...k 43 denote the dual local frame of AY. For all w € T'(A®AY),
n € N,and jy,..., j, €{l,...,r}, we have

Jn([P, ru(w ® 0, /\‘..,\3]4")])
= 0H<[pspTCU® 1 ®8]0 A.../\ajn])
= UH(dL(PTw) ® 1 ®8]0 /\.../\ajn

+Y A pTo® [V —u, 1 ®8j0/\---/\3jn])
k
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=oAL ) @ 1) @iy Ao 1D,
+ZGE(P A A D a)®[ ak,l ®8/0/\"'/\8jn]>

=dAa)®3j0/\~~-/\ajn

+ZUH(PT(akAw)® {21®3J‘oA"'A[Vﬁk»ajz]A'“Aajn})
k

t=0
=dAa)®ajO/\~--/\8jn

+ZZ“’<A“)®8JO/\ - A pro[V ak,a]’t]/\"'/\a]’n.
k t=0

It follows from Lemma 3.6 that
Prol Ve 9] = Vi, (95,) = V" (9j)-
Hence, we conclude that oy o £, o Ty = d5°". O

Proof of Proposition 3.4. We proceed by homological perturbation; see Lemma A.1
and also [44, Lemma A.1] and [21, §1]. Starting from the filtered contraction of
Proposition 3.2, it suffices to perturb the coboundary operator &£ _s by the operator &£,.
One checks that oy ,hy = 0. It follows that

o0
Gy = ) oy(Lohy) = oy

=0
and, making use of Lemma 3.7,

o
U= Zan(fphn)l:ﬁp‘[n = anfp‘bn = dﬁon.
=0
The result follows immediately since —6 + p = Q.
Finally, the claim that oy is compatible with the wedge products is contained

in Lemma 3.3, while the same statement for 7; follows from Lemmas 3.3, A.3
and A 4. O

The next proposition gives an alternative characterization of the map 7 as the
solution of an initial value problem.

Proposition 3.8. Given x € T(A®*AY) Qr T, Poly and y € T(A°LY) Qr T poly, we
have
hy(y) = 0, £y(y) =0,
o(x) =y if and only if {hyLo(y) =0, if and only if | £1y,01(») =0,
og(y) = x, oy(y) = x.

The derivation n was defined in equation (25).
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Proof. Assume 7;(x) = y. From hyty = 0 and hyhy = 0, we get

hyty = hy Z(hnfp)lru = hyty + hy(hy L) Z(knzp)lru =0.
1=0 =0

It follows that
hy(y) = hyty(x) =0 and oy(y) = oyTy(x) = x.
Furthermore, since 7 is a chain map, we have
hhi'iQ(y) = hni’iQ‘fu(x) = hufndﬁon(x) =0.
Conversely, assuming Ay(y) = 0; hyL o (y) = 0; and oy(y) = x, it follows from
‘Eqdn —id = f;niQ + cfQ};u
that
#(x) =y = oy (y) — v = hyLo(y) + Lohy(y)
o0 o0
=Y (mEp) Eo() + Lo Y (L) hy(y) =0
1=0 1=0
and we can conclude that 7;(x) = y.

Finally, it is not difficult to show that ker(sy) = ker(£,). It follows that

hy(y) = 0 £,(y) =0 L,(3) =0

) =0. i ndonty if J£710) =0 if and only if X7 = O
hy€o(y) =0 LyLo(y) =0, Ly, 01(y) =0.
O

It follows from the homotopy transfer theorem for L, algebras [1,5,6,14—17,22]
applied to the contraction in Proposition 3.4 that the dgla structure carried by

tot (T(A*LY) ®r Toyy)
induces an L, algebra structure on
tot (T(A*AY) ®r Tooyy)-
Moreover, since the retraction oy preserves the wedge products according to

Proposition 3.4, we immediately obtain the following:

Proposition 3.9. Given a Lie pair (L, A), each choice of a splitting j: B — L of the
short exact sequence of vector bundles 0 - A — L — B — 0 and of a torsion-free
L-connection V on B determines

(1) an Lo algebra structure on tot (F (A*AY) Qkr Tp(')ly) with the operator dﬁ‘fm as
unary bracket;
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(2) and a Gerstenhaber algebra structure on Heg (A, T2,), the cohomology of the

total complex

poly

(101 (P(A*AY) @ Ty ) 5.

where the Lie bracket is induced by the binary bracket of the Lo algebra structure
on tot (F (A*AY) ®r poly) and the multiplication by the wedge product (9).

Remark 3.10. One can prove that the L , algebra structure on tot (I‘ (A*AY)®Rr “J;(')ly)
is compatible with the wedge product in the sense that all L o, multibrackets are multi-
derivations with respect to the wedge product. In other words, in the terminology

of [2], tot (T (A®AY) ®r 7,5, ) is a (+1)-shifted derived Poisson algebra.>

3.2. Dolgushev-Fedosov contraction and L o, algebra structure on the space of
polydifferential operators of a Lie pair. Denote the space of polydifferential
operators on L[1] & B by D;, (L[1] & B). The Hochschild cohomology of the
Fedosov dg manifold (L[1] & B Q) is the cohomology of the cochain complex

(Dpoy (L[] ® B),[Q +m,—]).
The algebra of functions C*°(L[1] @ B) is a module over its subalgebra
[(A°LY) = T(A°LY ® S°(BY)).

The subspace of Dpoly(L[l] @ B) comprised of all T'(A®LY)-multilinear poly-
differential operators is easily identified to

tot (T(A*LY) ®r Dpoly)

the space of polydifferential operators on the Fedosov dg Lie algebroid ¥ . Since ¥
is a dg Lie subalgebroid of the tangent bundle 7,y — M of the Fedosov dg manifold
(L[1]® B, Q), it follows that the subspace tot (F (A'LV)®RDpoly) of D7, (L [1]1®B)
is stable under the Hochschild coboundary operator [Q + m, —] of the Fedosov dg
manifold (L[1] & B, Q).
We also have the following

Lemma 3.11. The subspace tot ([(A*LY) Qg D
under [§,—].

Lemma 3.12. The diagram

of D*  (L[1] & B) is stable

poly) poly

T(APLY) @g DV 7L pAPH1LY) @ DY

poly poly
(—l)p[[m,—]]T (—1)”+1[[m —]]T

TAPLY) @g D=L L7h partip vy @ DU-

poly poly

commutes.

3In the context of Zp,-grading, (+1)-shifted derived Poisson algebras are also called homotopy
Schouten algebras by Khudaverdian—Voronov [24]. Note that, 0-shifted derived Poisson algebras were
studied by Oh—Park [41] and Cattaneo—Felder [8], who called them Po, algebras.
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Proof. Tt suffices to verify that the diagrams

[5.-1]

T'(APLY)®g DY s T(APTILYY @ DY

poly poly
idQo | = dQo | =
T(APLY ® S(BY)) @ T((SB)®V+1) 288 p(AP+1LV @ S(BY)) @k T((SB)®V+1)
and
pPTV [m.—] Y
T(APLY) ®g D! > T(APLY) ® g DYy,
id®e | = Qg | =

T(APLY ® §(BY)) ®r T(SB)®) " 2L 4 (AP LV @ §(BY)) @g T((SB)®"H1)

commute. 0
Proposition 3.13. The diagram

[m ,—]]T —=[m, —]]T [m. —]]T

[-3.4] [-3.4] [-38.-]

T(ALY) @R D}y, — T(A'LY) ®r D)y — T(APLY) ®g D)y — -+
m.~1] 1] Im.~1]
r(a°rvyeg 09, S ratevy e 09, B razrvy @ po, B2
1] 1] Im.~1]
F(AOLV) ®R Dp(ﬂy [[—> F(AlLv) R DpOly [[—> F(Asz) ®R ®Poly w
is a double complex.
Its total complex
n v [=84+m—] g1 v
= tot" (T(A°LY) ®r D) tot" T (T(A®LY) ®r D) —
admits the descending filtration F9 D F; D F, D F3 D --- defined by
k(L) [e%e)
TFn = @ T L) 2R ¢ @ T (B ® SB)®--@S(B))).
k=0 q=—

gq+1 factors

Here, ¢ is as in (32).
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We shall denote by ty, oy and &y the maps defined by the following commutative
diagrams (where 7, o, and & are the maps introduced in Section 2.2 and ¢ is the
identification (32)):

I'(A*LY) ®r Dgoly \Ua
id(X)«JT&v F'(AYAY) ®r ‘D;))oly (38)

A ®pbwBVF1
P(AYLY ® S(BY)) @& T((SB)®+1) "

T(A*LY) ®g DY

TH/ poly
id ®(p]\g

T(A*AY) ®r DY, (39)
®( b —1)®v+1 ~
Fe C(AYLY @ S(BY)) @& T((SB)®V+H1)
h
T(AYLY) ® g DYy, ” > T(A*"1LY) @k DY,
dQe | = dQe | =

F(AYLY ® S(BY)) @k T((SB)®VT!) 5o (ALY @ S(BY)) ® & T((SB)®VH1)
(40)

The following proposition can be easily verified.
Proposition 3.14. The cochain complex
(tot (T(A*LY) @R D). [-6 + m.—])
contracts onto
(tot (T(A*AY) ®r Dy ). 1d ®dl3c).
More precisely, we have a filtered contraction

Y —
cer —— 5 tot”? (F(A.L\/) ®R ®;01y)[[l>]]t0tn+l (F(A.Lv) QR D;oly) —_ 5 ...

///
oy - oy

o —— tot” (F(A'AV) ®R i);oly)id%“—’f tot" +1 (F(A‘AV) ®R Dyyy

'L’nl //’/ hy ‘L’gl
e

—§ —
ceh ——— 5 tot”? (F(A.Lv) ®Rr ‘Dgoly)[I&]]totn—i_l (F(AOLV) QR @;01}/) RN

) e

where oy, Ty and hy are the maps defined by the commutative diagrams (38)—(40).

Lemma 3.15. The contraction (ty, oy, hy) in Proposition 3.14 is a semi-full algebra
contraction (where the associative product on both sides is the cup product).
Moreover, the maps t, and oy respect the cup products.
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Proof. This follows easily from the definitions and the corresponding statements for
(tr,0,h); see Lemma 2.10. O

Remark 3.16. For future reference, we point out that the same maps (ty, oy, /) also
define a filtered contraction of

(tot (T(A®LY) ®g Dyy). [-8.—]) onto (tot(C(A®AY) ®r D). 0).

poly poly

As for Proposition 3.14, we leave the verification of this claim as an easy exercise for
the reader.

Lemma 3.17. The diagram

T(APLY) Qg o+l M F(Ap+1L\/) ®g DUH!

poly poly
(—1)Pum,—ﬂ (—1>"+1nm,—ﬂ
T(APLY) ®g Dy, 2L T(APFILY) @& DY,

commutes.

Sketch of proof. We have [p, m] = 0 because, for every [ € I'(L), the operator ¢;p
is a derivation for the multiplication m on C*°(L[1] & B). O

It follows from Proposition 3.13 and Lemma 3.17 that

[[WL—HT —HWL—]]T [m ,—]]T

_8 ,— _8 ,—
r(a°rv) g 0, 2SI vy @ DL S P (A2 L) g D

im.—1] ~tm—1] im.~1]

—68 — —68 —
r(A°LY) @ 0, 25 (A1) @ D0, 'S 0 (A2LY) @k D

m.—1] ~m—1] 1]

_8 — _8 —
ALYy @g D=2 Ip A1 vy g D1 I8 m A2 vy g 0

1 [=8+n.1
boly — ...

o [=8+p.—]
poly — ..

-1 [[—84-/0,—]]‘ .

poly poly poly

is a double complex.
Indeed, the operator [p, —] is a perturbation of the filtered complex

[—6+m,—]

-o- > tot” ([(A*LY) @ Dj) tot" 1 (T(ALY) @R Dpyyy) = -

Proposition 3.18. There exists a contraction

Ty

(tot (T(A®AY) ®@r D). d X + 03¢ U<:u> (tot (C(A®LY) ®& Dy,)- [Q + m.—]) Dﬁu
(41)
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recall that 09¢ := id @dq¢. More precisely, we have the (filtered) contraction

0
- —— tot" ([(A®LY) ®r Dp,,) 12t e+ (T(A®LY) ® R D) —— -+

J/O'n //’/ J/O'n

- — tot" (T(A®AY) ®r D, polyf——> tot”Jrl (C(A*AY) QR D

fnl /’/h f’ul
K :

S tot" (F(A LV) ®R De [[Q—>]]t tn—l—l (F(A.LV) QR Dpoly) _ ..

poly) N

poly )

o l e l
where Ty = 3772 (hy © [p.=]) oty and hy = 37724 (hy o [p.=])" o Iy
Moreover, the cochain maps Ty and oy respect the cup products on both sides.

As an immediate consequence of Proposition 3.18, by considering the bigradings
on both sides of (41), we obtain the following

Corollary 3.19. For every k = —1, we have a contraction

(F(AOAV) ®R poly7 d‘u) <_u (F(A LV) ®R ®poly’ [[Q, —ﬂ) Df;u . (42)

The case k = —1 was established in [44, Proposition 5.4].
The proof of Proposition 3.18 requires the following technical results.

Lemma 3.20. Let pr,, denote the canonical projection
S(BY) ® S(B) — S°(BY) ® S(B).
Foralla € T'(A) and J € N{, we have
pro ([VE,07]) = V£ (@7).

Proof. We have seen that, for all @ € I'(A), the operator V/ is a derivation of
'(S(BY)), which stabilizes the filtration T'(S>"(B")). Therefore, there exist local
sections 9,?4 of LY such that

V[f)(kz Z Lae,ﬁ‘l

MeN(
IM|=1

It follows that V/ may be regarded as a section of §>1 (BY) ® B:
Vi = Z( > Wb )ak.

k=1 > MeNj
\M|>1
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On one hand, it follows from
Vi, 0'] = Vi x 0! =37 » V!
r r
= Z Z g OM - M7 rer Z Z WO - (87 % xMay),
k=1|M|>1 k=1|M|>1

that

r

J!
pro ([V£.97]) :_Z Z LM maM(XM) ogd —M-+ex
k=1|M|>1

_ _Z Z Laek ! ' aJ M+eA
k=1 |M|=1 (J M )
On the other hand, it follows from

0= oa(x"[07) = (Vax®[07) + (x*[v507)

K18k, 1
that
1
£(07) ZZF (x¥|viaT)oX
K
1
:_ZE(W xXla7) ok
K
1
= —ZF(ZmK Vi | 07 )oK
K
Z%ZKI‘ Z Laeliw (XK_ek+M|8J) 9K
K |M|= S ———
1 JV8k—ep+M.J
— M J—M+ek
;lﬂ;l('] M+e),( — My + 1) 6M0
__Z Z LaeMaJ M+ek
k |M|>1( M)'
The proof is complete. O

Lemma 3.21. oy 0 [p,—] oy = d .

Proof. Let (Ix)keq,...,
the dual local frame for LY. Likewise let (ax)xef1

1 ) denote any local frame for L and let (A )keq1,... ik 1) denote
1k 4} denote any local frame for A

.....
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and let (g )kef1,...ik 4} denote the dual local frame for A. For all w € T'(A®AY),
n € N,and Jo, ..., J, € Nj, we have

o <[[P, (0 @ pbw(30) ® -+ ® pbw(aJn))]])
= Un([[P, Plo®el®d® aJn)D
= Un(dL(pTw) Re1®d°®- - @3/
+ Z)&k ApTo® [V —1,B,p(1®0"°®---® aJ,,)]])
k
=0(dL(p ) ® 1) ® pbw(d”0) ® - - ® pbw (')
+ Zan(pTak ApTo®[Vi . e(1®d0®- - ® aJ,,)]])
k

=dso ® pbw(BJO) R R pbw(aj")

+20u( (ak/\a))®<p{21®8]°® Q[ ak,&”ﬂ@...@@-’n})
k

=0
=dio® pbw(BJ") ® -+ @ pbw(d7)

+> Zak Ao ® pbw(370) @ - ® pbw (pro[ V¢, . 7)) ® -+ ® pbw(d”).
k t=0

It follows from Lemma 3.20 that
pbw (pro [V, .871]) = pbw (V£ (37)) = ay - pbw(3”).
Hence, we conclude that oy o [p, =] o 7y = d . O

Proof of Proposition 3.18. We proceed by homological perturbation; see Lemma A. 1
and also [44, Lemma A.1]. Starting from the filtered contraction of Proposition 3.14,
it suffices to perturb the coboundary operator [—8 + m, —] by the operator [p, —].
One checks that oy o [p, —] o hy = 0. Therefore, we obtain

[e.e]
o I
Gy:=Y oyo([p.—[ohy) =oy
=0
and, making use of Lemma 3.21,
o0
1 Uu
Z (Io.Toh)" o lo.~J oy = oy 0 [p, -] o 1y = d}-

The result follows immediately since —§ + p = Q.
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As in the proof of Proposition 3.4, applying Lemmas 3.15 and A.3, we conclude
that (7y, oy, hy) is a semi-full algebra contraction. Since the differential

[0 +m,~]=[0,~]+dsx

is a derivation with respect to the cup product*, according to Lemma A.4, we conclude
that 7 is an algebra morphism. The fact that oy is an algebra morphism is already
contained in Lemma 3.15. (|

The next proposition gives an alternative characterization of the map 7y as the
solution of an initial value problem.

Proposition 3.22. Given x € T'(A*AY) Qg D, and y € T(A°LY) Qg D2

poly poly’
we have
hy(y) = 0, [n.yl =0,
ty(x) =y ifandonlyif {hy([Q.y]) =0, ifand only if 4 [[n, 0], y] =0,
oy(y) = x, oy(y) = x.

The derivation i was defined in equation (25). The proof of Proposition 3.22 is
similar to the proof of Proposition 3.8 and is therefore omitted.
Proposition 3.23. The restriction of the map ty of Corollary 3.19 to differential
(rather than polydifferential) operators is a morphism of coalgebras

f:T(A®AY) @ Dy = T(A°LY) @ DY, .
Proof. Since, according to Proposition (3.18), 7y respects the cup products, we have
the commutative diagram

. ‘Z’u@fg .
Rt aeav) (T(A®4Y) @R Do) —— Rt aerv) (TA°LY) ®r Do)

vl; ;lv

T(A*AY) ®r Dy, . » T(A®LY) ®g D,

in which, owing to the very definition of the cup products, the two vertical arrows are
isomorphisms.

Denoting by A the composition of the comultiplication and the cup product, we
are thus led to show that the following diagram commutes:

T'(A*AY) ®r DY, — % S D(A®LY) ®g DO

poly
Al l&

T(A*AY) ®r Dy A T(A®LY) ®r Dyqy-

4Although the Gerstenhaber bracket [—, —] is not a biderivation with respect to the cup product, but
only a biderivation up to homotopy, it is known that [m, —] = d ¢ is indeed a derivation with respect to
the cup product; see [18, equation (20)].
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By virtue of Proposition 3.22, it suffices to show that the three identities
[nAo#(x)] =0, [0l Ao#(x)] =0, and oy(A o#(x)) = A(x)

hold for every x € T(A®AY) ®r i)goly.

Consider the dg Hopf algebroid U (F") arising from the Fedosov dg Lie algebroid
F — M. Givenany b € T(¥) = T(A°LY ® S(BY)® B) and u € U(F) =
['(A*LY ® S(BY) ® SB), we have

[, A(u)]] =bx (Zu(l) - u(z)) — (Zu(l) - u(z)) *b

(u) (u)

=Y ((bouwy) —u@ +uqgy — (boug))
(u)

- Z ((u(l) ob) — Up) + U — (u(z) o b))
()

= A(bou) — A(uob) = A([b, u]).
This fact together with Proposition 3.22 immediately implies that

[n. A(#(0))] = A([n, H(0)]) = 0
and [In. Q1. A(%(0))] = A([ln. Q1. ()]) = 0.

Furthermore, since oy is a morphism of coalgebras and oy o Ty = id, we have
oy o Ao Ty(x) = A ooyo ty(x) = A(x).
The proof is complete. O

Finally, we have the following:

Proposition 3.24. Given a Lie pair (L, A), each choice of a splitting j: B — L
of the short exact sequence of vector bundles 0 — A — L — B — 0 and of a
torsion-free L-connection V on B determines

(1) an Lo algebra structure on tot (F(A’AV) ®R cﬁp'oly) with the operator djll +0q¢
as unary bracket;

(2) and a Gerstenhaber algebra structure on Hgg (A, D3

soly)> the cohomology of the
total complex

(1ot (T(A*AY) @& D). d i + 030).

where the Lie bracket is induced by the binary bracket of the L o algebra structure

on tot (I' (A°AY) ®r i);oly) and the multiplication by the cup product (8).
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Proof. Applying the homotopy transfer theorem for L, algebras [5,17,22] to the L o
algebra obtained in Proposition 2.16 and the contraction obtained in Proposition 3.18,
we get an induced L oo algebra structure on tot (T'(A*AY) ® g Dy, ), where the unary
bracket is the differential d}ll + 04¢. This proves (1).

For (2), we notice that at the level of cohomology 7y and oy induce isomorphisms
of graded spaces which are compatible with both the induced graded Lie
algebra structures (by construction, since these are related via homotopy transfer
along (%y, 04, hy)) and the induced graded associative algebra structures (by
Proposition 3.18). It follows at once that the induced graded Lie algebra and graded
associative algebra structures make H¢ (4, ﬁ);oly) into a Gerstenhaber algebra, since
the same is true for

H® (tot (T(A*LY) ®& D), [Q +m,—]),

poly

according to Proposition 2.16. In particular, this shows that the cup product on
Heg (A, Dy,y) is graded commutative, cf. the discussion in Remark 1.4. O
3.3. Uniqueness of the L o, structure. A priori, the Gerstenhaber algebra structures
on H2g (4, Toory) and Heg (A, Dy,,) in Propositions 3.9 and 3.24 are not canonical,
as their constructions depend on a choice of a splitting j: B — L of the short exact
sequence

0—-A4—-L—-B—0

and a torsion-free L-connection V on B. The aim of this section is to complete the
proof of Theorem A from the introduction and show that both Gerstenhaber algebras
are indeed canonical.

As observed at the end of Section 2.2, the Fedosov dg manifolds arising from
different choices of a splitting and a connection are isomorphic with each other (and
we made the isomorphism explicit in terms of the associated PBW maps). There
are induced isomorphisms between the Fedosov dg Lie algebroids, hence between
the corresponding algebras of polyvector fields and polydifferential operators from
Propositions 2.15 and 2.16. We can make these isomorphisms explicit, once again
in terms of the associated PBW maps. Throughout the present section we shall
concentrate on the (harder) case of polydifferential operators; the proof for the case
of polyvector fields is similar (see also [2]).

We consider two different choices j;, Vi and j, V, of a splitting of the short
sequence 0 - A — L — B — 0 and a torsion-free L-connection on B, together
with the induced homological vector fields @ and Q> on M = L[1] & B, as in
Theorem 2.11, and the induced PBW isomorphisms pbw, and

U(L)

pbw,: I'(SB) — m

as in the discussion preceding Theorem 2.13.
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Recall the isomorphism of R-coalgebras
¥ := pbw; ' opbw,: I'(SB) — I'(SB)

and the dual isomorphism of R-algebras ¥V:T'(S(BY)) — I'(S(BY)) introduced
at the end of Section 2.2. There is an induced isomorphism V: D;oly — D;oly
between the spaces of polydifferential operators, sending a polydifferential operator

D e Dﬁoly to the one Y« (D) € Dﬁoly defined by

w*(D)(XIO’ e Xlk) = w\/(D((w\/)—l(XIo)’ R (Vf\/)_l()(lk)))

for all yo, ... yi € I'(S(BY)). By construction, ¥ is compatible with the
Gerstenhaber bracket of polydifferential operators, and in fact

id @V (tot ([(A*LY) @ D). [Q1 +m.—]. [-.—])
N (tot (F(A'LV) ®r Do), [Q2 +m, =], [, _]]) 43)

poly

is an isomorphism of dgla’s.
We shall need the following lemma.

Lemma 3.25. Under the identification ¢ from (32), the isomorphism s satisfies
¢ oYuop(r ®3s® - ®3s) =1 @Y (Bs) @@ YT (@) + 8,
where £ € S™I|(BY) @ S(B)®k+1,

Proof. In terms of any pair of dual local frames {y/};enr and {3} yenr for S(BY)
and S(B), respectively, the isomorphisms

v~ UT(SB) > I'(SB) and (vV)":T(S(BY)) — I'(§(BY))
are given by

1 1
VO = ) vk and @GN = Y0 o vkx®

KeNr KeN”

where the ¥ ; are smooth functions on the base manifold (more precisely, on the open
subset U C M on which the local frames are defined).
Let D and D' € D’;O]y be the polydifferential operators defined by

D :=ynop(x' ®1;,®--®dy,) and D :=o(x @y (0s)® @Y (3,)).

We have to show that their difference D— D’ sends I'(S (BY))®**+ 1 into T(S>1I(BY)).
Forall I,J, K € N7, we have

v (h) = x! + terms in T(S™V1(BY))
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and
(K- x5 ifJ <K,
97 (x%) = .
0 otherwise.
The partial order < on N’ is defined as follows:

(jlaij--'sjr) < (kl,kz,...,kr)

ifand only if j, < k, foreach p € {1,2,...,r}.
It follows that, for all yfo ... y'* € T(S(BY)),

D™, 1) = Y (- 00y () T ) - D ()TN '5)
1
zwv( Z mwl[é)o‘..w}(kkxl.aJO(XKO)'..aJk(XKk))
Ky,...,KeNT
- wﬁ: e w;;:xl + terms in F(S>|1|(Bv))’

while
D'(xo . 'y = 4Ty @) (0) T O ) (1K)

1
= X mrravi vl kG bk )

- 1#58 "‘W}f){l + terms in [ (S~ I(BY)).
This concludes the proof of the lemma. -

With these preparations, we are finally ready to complete the proof of Theorem A
from the introduction. In light of Propositions 3.9 and 3.24, the only thing which
remains to be shown is the following:

Proposition 3.26. The L, algebra structures on

tot (((A®AY) ®r Tr5y) and  tot (T(A°AY) @r Dpyy)
from Propositions 3.9 and 3.24, respectively, are independent of the involved choices
up to an Lo isomorphism with linear part the identity map. In particular, the
induced Gerstenhaber algebra structures on HZg(A, T2) and HZg (A, DS,

poly poly) are
independent of the involved choices.

Proof. We shall prove the proposition in detail for the L, algebra structure on

tot ([(A®AY) ®r Dyyy)-

The claim for tot (['(A*AY) ®r Tp(')ly) can be proved by a similar reasoning, or by
comparison with the results from [2], where in fact a stronger result is proven: the Lo
algebra structure on

tot (T(A*AY) ®r Tpgly)
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is independent of the choice of V altogether, and is independent of the choice of j
up to an L, isomorphism with linear part the identity map (cf. [2, Propositions 4.9
and 4.17]).

Let j;, V1 and j,, V; be two choices of a splitting and a connection. Each choice
Ji» Vi (with i € {1,2}) determines a homological vector field Q; on L[1] & B, a
Poincaré-Birkhoff-Witt isomorphism

U(L)

pbWiZ F(SB) — m7

and a Dolgushev—Fedosov contraction

(10 (D(A"AY) ® D). 4 +290) T (101 (T(ATLY) @ D). 101+, =]) e
' (44)
as in Proposition 3.18.
Together with an L, algebra structure Y; on

(tot (T(A®AY) ®r D). di + 3¢).

homotopy transfer along the Dolgushev—Fedosov contraction (44) induces a pair of
L o quasi-isomorphisms

tot (T(A®AY) @ Dy,) > tot ([(A°LY) @g Diyy )

poly
tot ([(A°LY) ®r @;Oly) v tot ([(A®AY) ®r poly)

with linear parts 7y ; and oy ;, respectively. Recall the isomorphism of dgla’s

(tot (P(A*LY) ®& Diyyy). [Q1 +m, ], [ —])
BV (10t (T(A*LY) @ Diy). [02 + m. ~]. [~ ~])

defined in (43). The two induced L, algebra structures on tot (['(A®4Y) ® g i)p’oly)
are related by an L, morphism
F:(tot(T(A*AY) ®R Dyyy). 1) > (tot (T(A®AY) @& D). Y2)

with linear part f; = oy, o (id @) o 7y 1.

In order to conclude the proof, we only need to show that f7 is the identity map.
In fact, since an Lo, morphism F' is an isomorphism of L, algebras if and only if
its linear part f; is an isomorphism between the underlying tangent complexes, this
will show that F is an L, isomorphism. Moreover, once we have proven that f
is the identity map, the second claim will also follow. In fact, denoting by [—, —];
the Lie bracket on Hgg (A4, D7) induced by the quadratic bracket of Y;, i = 1,2,

poly
in order to conclude the proof we only need to show [—, —]; = [—, —]a, since the
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associative product (the cup product) is already independent of the choices at the
cochain level: but, F' being an Lo, morphism, its linear part f; commutes with
the quadratic brackets of Yy, Y5, up to the homotopy f>, thus the induced map on
cohomology intertwines the two brackets [—, —]; and [—, —]».

Recall the identification ¢ from (32), the map o: A°LY ® S(BY) — A®*A4Y
from (24) and the commutative diagram

. k
T(A*LY) ®r Dpoly oy.i

m—ll; F(A*A4Y) ©k Dk,

. WO+
T(A*LY ® S(BY)) ®& [((SB)&k+1) &P

defining oy ;.

According to Lemma 3.25, the maps ¢~ o, and (id ®£1ﬂ_1)®k+1) o ¢! from
D];oly toI'(S(BY) ® S(B)®**1) coincideuptotermsin ' (S>1(BY) ® S(B)®k+1).
Therefore, we obtain

oy 0 ([d@Ys) = (0 @ pbwP* 1) o (id@(p~" 0 ¥ri))
= (0 ® (pbwy oy H® ) 0 (id@¢ ™) = oy,

since T(A*LY ® S*1(BY)) C ker(o) and y = pbw ! o pbw,. It follows that

Si=op20({d®Ys) oty =0y107, =id. O

4. Matched pair case

This section is devoted to the proof of Theorem B, which was stated in the introduc-
tion. See Theorems 4.9 and 4.12 below.

Let (L, A) be a Lie pair with quotient B := L/A. Recall that, if a splitting
j: B — L of the short exact sequence

0 ASL > B—0

is given, whose image j(B) happens to be a Lie subalgebroid of L, then A and B are
said to form a matched pair of Lie algebroids; see [35,39] for more details. In such
a situation, we write L = A > B to stress that A and B — more precisely i (A4) and
j(B) — play symmetric roles as a pair of complementary Lie subalgebroids of the
Lie algebroid L. In the case of matched pairs, the algebraic structures on the space
of polyvector fields and the space of polydifferential operators described in Section 3
reduce to the natural ones described in Theorem B.
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4.1. Dg Lie algebroid arising from a matched pair. Let L = A < B be amatched
pair of Lie algebroids over a manifold M. Consider the double vector bundle

A®B — B
{ 1=

where the vector bundle A @ B — A is the pullback of the vector bundle B M
via the map 7: A — M, while the vector bundle A @ B — B is the pullback of the

vector bundle 4 = M via the mapw: B — M.

Each section b € I'(B) determines a derivation b of the algebra of smooth
functions C *°(A) through the relations

b(x*f)=n"(onf), Y[ eC®M)
and b(lg) = lvl}?ollé, VE e (AY),
where /¢ denotes the fiberwise linear function 4 3 a — (£|a) € R on A.

The vector bundle A & B — A, whose space of sections is naturally identified to
C°(A) ®coo ) I'(B), admits a natural Lie algebroid structure with anchor map

C®(A) @coony T(B) 5 g ®b > g-b € X(A), VgeC®(A), beT(B)

and Lie bracket

[21 ® b1, 82 ® by] = 8122 ® [b1,ba] + g1 - b1(g2) ® ba — g2 - ba(g1) @ by,
Vgi.82 € C*(A), by, by € T'(B).

Similarly, the vector bundle A & B — B admits a natural Lie algebroid structure.
These two Lie algebroid structures on 4 @& B are known to be compatible in the
following sense:

Lemma 4.1 (Mackenzie [34]). If A < B is a matched pair of Lie algebroids, then

A®B — B
\ 1

A—M

is a double Lie algebroid.

According to Voronov [52], any double Lie algebroid induces a pair of dg Lie
algebroids. As an immediate consequence, we have the following:

Corollary 4.2. If A >< B is a matched pair of Lie algebroids, then (A[1] & B, d5")
is a dg Lie algebroid over (A[1], d4).
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Here the dg manifold structures on (A[1] & B, d%") and (A[1], d 4) are induced,
respectively, from the Lie algebroid structureson A@ B — B and A — M according
to Vaintrob’s theorem [47]; see Example 2.1. In what follows, we write 8 to denote
the dg manifold (A[1] & B, d5™") and A[1] to denote the dg manifold (A[1], d4).

The space of sections of the dg Lie algebroid 8 — A[1] can be identified naturally
with T'(A®*AY ® B). Then, the Lie bracket on I'(A®*AY ® B) is

[£1®D1,52®bs] = 51/\é§2®[b1,bz]+§1/\(Vflonfz)®b2—(vgz(m$1)/\é§2®b1 (45)
forall £1,& € T(A®AY) and by, b, € I'(B), while the anchor map

T(A®4Y ® B) 2 Der (T(A®4Y))
is characterized by the relation

Osan(n) = £ A VR, (46)

for all £,7 € T'(A®*AY) and b € T'(B). Finally, the differential on the space of
sections of 8 — A[1] induced by the homological vector fields on B and A[1] is
simply the Chevalley—Eilenberg differential

d3"T(A*AY ® B) > T(A*T'4Y ® B)

corresponding to the Bott representation of A on B.

4.2. Fedosov dg manifolds associated with matched pairs. The identification
L = A & B induces a decomposition

F(A"LY)= @ T(A?AY ® AYBY). n=0. (47)
p+q=n
r,9=0
Denote by
dr:T(A°LY) — T(A*TILY)
the Chevalley—Filenberg differential of the Lie algebroid L for cochains with trivial
coefficients.

Since A and B play symmetric roles as a pair of complementary Lie subalgebroids
of the Lie algebroid L, we have a pair of Bott connections: the Bott A-connection
on B and the Bott B-connection on A, both denoted by VE°" by abuse of notations.
Denote by

d3*:T(A*AY ® A°BY) > T'(A**'4Y ® A°BY)
the Chevalley—Filenberg differential of the Lie algebroid A for cochains with
coeflicients in the A-module A BV — the implicit flat A-connection VB on ABY is
induced from the Bott A-connection on B. Similarly, denote by

dg:T(A*AY ® A°BY) - T(A®AY @ A°*'BY)
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the Chevalley—Eilenberg differential of the Lie algebroid B for cochains with
coefficients in the B-module A A" — the implicit flat B-connection VB on AAY is
induced from the Bott B-connection on A.

In order to describe the Fedosov dg manifold arising from the Lie pair (L, A), we
need to choose a torsion-free L-connection V on B. Such an L-connection on B is
completely determined by, and in fact equivalent to, a torsion-free B-connection V-0
on B.

The following lemma can be verified by a direct computation.

Lemma 4.3. For a matched pair L = A > B, having identified ALY with
AAY ® ABY as in (47), we have

d dBott + dBott.

Furthermore, the covariant differential dLV appearing in Theorem 2.11 decomposes
as the sum

dy =d5 +dy"’
of
dBT(AAY @ A°BY ® S(BY)) —» I'(A*14Y ® A°BY ® S(BY))
and
dy"":T(A*AY ® A°BY ® S(BY)) — I'(A®AY ® A°T'BY @ §(BY)).

Similarly, the 1-form XV € I'(LY ® §22(BY) ® B) valued in formal vertical
vector fields on B constructed in Theorem 2.11 decomposes as the sum

XV — XI,O +X0,1
of two formal vertical vector fields
X' erA4Y ®8*2(BY)® B) and X' eT(BY ® S*%(BY) ® B).

The following lemma is quite obvious; see [3, Section 5].

Lemma 4.4. Given a matched pair L = A < B, consider the Lie pair (L, A)
with the splitting identifying B to a Lie subalgebroid of L complementary to A and
choose a torsion-free B-connection V'*° on B. Then, the Fedosov homological
vector field Q constructed in Theorem 2.11 is the sum Q = Q% + Q%! of the pair
of operators

00 T(A*AY ® A°BY ® S(BY)) - I'(A*AY @ A°T'BY @ S(BY))
and
0%:T(A*AY ® A°BY ® S(BY)) —> I'(A*T'4Y @ A°BY ® S(BY))
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defined by the relations
010 = —§+dy"" + X0 and Q% =di* 4 x*!
and satisfying the relations
006010 =0, 0% 00% =0, and 0% 0 Q0+ 0006 % =0,

We now give a more detailed description of the operators Q1% and 0%, which
will be needed later on.
Consider (i) the isomorphism of left R-modules

U(L)

pbw:T'(SB) — m

arising from the Lie pair (L, A) and the L-connection V on B, (ii) the isomorphism
of left R-modules _
pbw:T'(SB) — U(B)

arising from the Lie pair (B, 0) and the B-connection V! on B (see equation (27))
and (iii) the natural isomorphism of left R-modules

U(L ~
—u(L§rZ 5 —— U(B). (48)

The following lemma can be verified easily by applying the PBW iteration formula
in [28,29]; see also [44, § 3.4].

Lemma 4.5. Given a matched pair L = A >< B, the diagram

U(L)

bw s WL

T'(SB) l;
s U(B)

commutes.

The flat L-connection V¢ on SB defined by equation (28) gives rise to a flat
A-connection on SB:

Vi(s) = Vié(a)s = pbw ! (i(a) - pbw(s)) = pbw ™! (a » pbw(s)) (49)
and a flat B-connection on SB:
Vi(s) = Vis =pbw " (j(b) - pbw(s)) = pbw ™" (b pbw(s)).  (50)

Here,a € T'(A4),b € T'(B), s € I'(SB). The symbol - appearing in the r.h.s. of equa-
tion (50) denotes the multiplication in U(B), while the symbol » appearing in the
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r.h.s. of equation (49) denotes the action of A on U(B) induced by the multiplication
in U(L) and the natural identification of % with U(B).

According to Theorem 2.13 (see also [44, Theorem 4.7]), the homological
vector field Q on the Fedosov dg manifold L[1] & B is the Chevalley-Eilenberg
differential (29) corresponding to the flat L-connection on S (BY) dual to the flat
L-connection V* on SB defined by equation (28). Therefore, as an immediate con-
sequence of Lemma 4.3, we obtain

Corollary 4.6. Under the assumptions of Lemma 4.4,

(1) the operator Q' coincides with the Chevalley—Eilenberg diﬁrerentiaAl of the Lie
algebroid B for cochains with coefficients in the B-module AAY ® S(BY) with

the B-representation
Vh@®s)=Vita®s +a® Vg,

foralla @ ¢ € T(AAY ® S(BY));

(2) and the operator Q! coincides with the Chevalley—Eilenberg diﬂerentiaL of the
Lie algebroid A for cochains with coefficients in the A-module ABY ® S(BY)

with the A-representation
VaB®S)=V"B®c+B®Vic

forall @ s € T(ABY ® S(BY)).

Here, ﬁ,f and 6; are the flat connections introduced in equations (49) and (50),
respectively.

Restricting the operator Q%' to [(A*AY ® S(BY)) determines a derivation Q%!

of '(A®*AY ® S BY) of degree +1 such that %10 0%! = 0. In other words, Q%! is
a homological vector field on the graded manifold A[1] @ B. Hence (A[1]® B, Q%)
is a dg manifold. Corollary 4.6 implies that (A[1] @ B, Q%) is indeed an instance
of the Kapranov dg manifolds investigated in [28,29].
Remark 4.7. Given a complex manifold X, let A = T}g’l and B = T}l(’o. Then
T§ = A >« B is a matched pair of Lie algebroids over C. The Bott Tg’l-connection
on T);’O encodes the holomorphic vector bundle structure of TI’O; the (local) sections
of T}i’o which are flat w.r.t. the Tg’l—connection are precisely the (local) holomorphic
sections of T;(’O. In other words, the Chevalley—Eilenberg differential associated with
the Bott T;()’l—connection on T);’O is the Dolbeault operator

3: Q0 (X, Ty — Q% (X, Ty?).

Similarly, the Chevalley—Eilenberg differential associated with the Bott T)}’O—conn-
ection on T}?’l is the complex conjugate operator

: 20X, Ty") — Q*TH0x, Tp).
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To construct a Fedosov dg manifold corresponding to the matched pair (TO’I, T}i’o),
we need a torsion-free T§ -connection V on T)}’O, which is necessarily the sum
V = 9§ + V10 of the Dolbeault operator and a torsion-free T§’0—connecti0n V1o
on T}l(’0 — more precisely, we have dV = 0+ d V' The graded manifold underlying
this Fedosov dg manifold is T)((C [1] & T);’O with the algebra of functions

Co(rgeTy’) = P QP1(X.S(Ty")Y).
p=0,q=0

Its homological vector field decomposes as the sum
Q — Q 1,0 + QO,l
of two operators

010 QP (X, 85(Ty")Y) — QPTH(X, 5(Ty")Y)

and
001 QP4(X,S(Ty®)Y) — QP4 (X, S(Tx°)Y) 1)
given by
00 =—5+d""" + X" and Q%' =7+ x*!
with

XM e @ 0(x,822(Ty")Y @ Ty®) and X%!'e Q% (X,5%2(Ty")Y ® Ty”).

Here, § is the usual Koszul operator and d V1% s the Chevalley-Eilenberg differential
associated with the T)}’O—connection 0 ®id +id ®V? on Aq(T)?’l)V ® LSA’(T;’O)V.

Restricting to p = 0 in (51), we obtain a derivation Q%! of degree +1 of the
algebra Q%°*(X, §(T)}’O)V) satisfying Q%! o Q%1 = 0. Therefore, Q%! induces a
Loo[1] algebra structure (see [23]) on Q%°(X, T)I(’O), and

1y Ty o)

is a Kapranov dg manifold; see [29, Section 5.5]. If the complex manifold X admits
a Kihler metric, there is a canonical torsion-free flat T}i’o—connection V10 on T;(’O
induced by the Levi-Civita connection on Tx. In that case, Kapranov obtained
an explicit formula for the L,[1] algebra structure on Q0% (X, T;(’O); see [23,
Theorem 2.6]. Such L[1] algebras played an important role in Kapranov’s
investigation [23] of Atiyah classes and Rozansky—Witten invariants; see also [28,
29,51].
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4.3. Polyvector fields associated with matched pairs. According to Proposition 2.7,
the dg Lie algebroid structure on 8 — A[1] induces a differential Gerstenhaber
algebra structure on

[(A*TIB) = T(A®AY ® A*TIB).
Its differential is the Chevalley—Eilenberg differential
dBUT(AFAY @ APTIB) - T(AFT14Y @ APT1B) (52)

corresponding to the Bott representation of A on A B; its associative multiplication
is the wedge product

AT (A*AY @ APTIB) @ T(A'AY @ AT B) — T(AFH 4V @ APTatD+1 ).
(53)
and its Lie bracket

[, —: T(AFAY @ APT1B) @ T(A'AY @ AT B) — T(AFT1AY @ APTIH1B)
(54
is the Schouten bracket of the dg Lie algebroid 8 — A[l] extending the Lie
bracket (45) by way of the Leibniz rule and the anchor map (46).
Applying Proposition 2.7 to the dg Lie algebroid 8 — A[l], we obtain the
following:

Proposition 4.8. Let A <t B be a matched pair of Lie algebroids.

(1) When endowed with the differential d}zon (52); the associative multiplication (53);
and the Lie bracket (54), totT'(A*AY ® A°T1B) is a differential Gerstenhaber

algebra, whence a dgla.

(2) When endowed with the wedge product (53) and the Schouten bracket (54), the
cohomology Heg (A, A*+1 B) is a Gerstenhaber algebra.

The following theorem is the first main result of the present section.

Theorem 4.9. Let L = A > B be a matched pair and let V be a torsion-free
L-connection on B. Then the Lo algebra tot (I'(A*AY) Qg 'szly) and the
Gerstenhaber algebra HEE(A,'J:,;Y) of Proposition 3.9 coincide with the dgla
tot ' (A*AY ® A°t!B) and the Gerstenhaber algebra Hg (A, A°T1 B) of Proposi-

tion 4.8, respectively.

Theorem 4.9 is a direct consequence of [2, Proposition 4.9]; see also [2, Theo-
rem 4.20]. However, for the sake of completeness, we proceed to outline a direct
proof.

Denote by X,.;(B) the space of formal vertical vector fields on the vector bundle
B — M. We have the natural identification

Xwer(B) = T(S(BY) ® B).
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Since T pol =C®M); T poly =I'(B); r‘Tr;)ly = F(S(BV)) and T poly >~ Xyer(B),
specializing the contraction of Corollary 3.5 in the cases where k = —1 and k = 0

yields a pair of contractions:

A

(C(A®AY),dg) 77— (T(A°LY ® S(BY)), 0) D (55)

and

(T(A*AY ® B).d§™) —><;_': (C(A*LY) @& Xver(B). L) D - (56)

Note that (I'(A*AY ® B),d5™") is a dg Lie-Rinehart algebra over the dg ring
(C(A®AY), dA) while (['(A°LY) ®r Xwer(B), £0) is a dg Lie-Rinehart algebra
over the dg ring (T(A*LY ® S(BY)), Q).

Proposition 4.10. The pair of maps T and ty in the contractions (55) and (56)
constitutes a morphism of dg Lie-Rinehart algebras from (I'(A*AY ® B),d%")
to (T(A*LY) ®g Xyer(B), £90).

Recall that & = ) o, (hnip)lru, where
o= dL —|—XV (dBott+dV1 0) (XO,I +X1’°),
since L = A & B is a matched pair. It is simple to see that
Loy x01 (T(A°AY ® A°BY) @R Xyer(B)) C T(A*T1AY ® A°BY) ®r Xer(B)
C ker hy 57

and
£,910 , y10 (M(A*AY ® A°BY) ®g Xyer(B)) CT(A®AY @ A'BY) ®r Xer(B).
B

Therefore, the operator /1y £, stabilizes T'(A®*AY ® A°BY) ® g Xer(B) and we can
conclude that

#{(M(A°AY ® B)) CT(A*AY @ A°BY) @R Xver(B). (58)
Since 7y is a cochain map, we have £ o 7y = Ty o dﬁ’"“, and it follows that
Loorofy=*Fod™ and £yio0f =0, (59)
where Q%! and O!-? are the vector fields defined in Lemma 4.4.

Proof of Proposition 4.10. It suffices to verify that the pair of maps 7 and 7 in the
contractions (55) and (56) satisfy the identities

[ ®D). 7y(n®c)] = l§ ® b.n ® . (60)
[7(§ @ b), T(m)] = T[§ ® b, 1, (61)
) - 4(E®b) =1(n-§®Db) (62)
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forall £,n € T'(A®AY) and b,c € T'(B). In equations (60) and (61), the brackets
on the r.h.s. are Schouten brackets of polyvector fields on the dg Lie algebroid 3,
while the brackets on the 1.h.s. are Schouten brackets of polyvector fields on the dg
Lie algebroid ¥ .

Consider,

9 =[5 ®b),7(n )]
It follows from (58) that Y € T'(A*AY ® A°BY) ®g Xyer(B) and thence hy(Y) =0.

Since Q%! = d}°" 4+ X%, according to (57) we also get hyL po.1(Y) = 0. Further-
more, from equation (59), we obtain

= [Lo10(fE ® D)), 7y(n ® )] * [7(§ ® b), Lo10(Ty(n ® ¢))] = 0.

Therefore, we conclude that
hyt oY) = hyL o1 (Y) + hyLgro(Y) = 0.

From the definitions (34) and (37) (see also [2, Lemma 4.13]) of oy and 7y, we
obtain

oy (§) = o[t ® D). (N ®@ ) = [§ ®b.n®c].

Since hy(Y) = 0; hyLo(Y) = 0; and 0y(Y) = [§ ® b,n ® c], it follows from
Proposition 3.8 that

Y=4(E®@b.n®c]).

Identity (60) is thus established. Identities (61) and (62) can be verified in a similar
fashion. ]

We are now ready to prove Theorem 4.9.

Proof of Theorem 4.9. Since L = A p< B is a matched pair, the cochain complex
on the Lh.s. of (36) in Proposition 3.4 is tot '(A*AY ® A°*T!B). It suffices to
prove that the injection 7 in (36) is a morphism of Lie algebras, where the Lie
bracket on tot I'(A®*AY ® A°T1 B) is as in Proposition 4.8. This follows immediately
from Proposition 4.10 and the fact that 7 respects wedge products by virtue of
Proposition 3.4. 0

4.4. Polydifferential operators associated with matched pairs. We now turn to
the study of polydifferential operators.

Recall that the universal enveloping algebra U(B) of the dg Lie algebroid
B — A[l] is a dg Hopf algebroid over the dgca

C®(A[1]) = T(A®AY).
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There is a natural isomorphism of left I'(A°®AY)-modules
U(B) = T(A*AY) ®r U(B). (63)
Consequently, T'(A®*AY) ® g U(B) admits a structure of dg Hopf algebroid over the
dgea (T(A®AY), d4):
(1) The multiplication is characterized by the relations
E®D-Me)=EAn®1,  VEnel(A®AY):
Ieu) - 1®v)=1Qu-wv, Yu,v € U(B);
E®D - (1®u)=£Qu, VE e T(A®AY),Yu € U(B);
(1®b)-ERD—(ER®1)-(1®b) = (V") ® 1, Vb € T'(B), V& € T(AY).

Indeed, the multiplication is defined by the relation

n
(E@biby--ba) (@) =) Y EAVhrr, Voot M @baies ) bam i,
k=0 GEGZ_k (64)
for all £,n € T(A*AY), by,ba,...,b, € T(B), and u € U(B). Note that the
multiplication is well-defined by equation (64) because the Bott B-connection on AY
is flat.

(2) The source and target maps
[(A®AY) == T(A*AY) @& U(B)
B

are one and the same map: the inclusion £ — £ ® 1.

(3) The differential is the Chevalley—Eilenberg differential
d¥T(A*AY) ®g U(B) — T'(A*T1AY) @ U(B)

of the Lie algebroid A for cochains with coefficients in U(B). The A-module structure
on U(B) follows from the canonical identification (48) — the Lie algebroid A acts on
U (L) by multiplication from the left.

(4) The comultiplication A is defined by the commutative diagram of left T' (A®AY)-
modules

(C(A*AY) ®R U(B)) ®r(acav) ([(A*AY) ®r U(B))

A
['(A®A4Y) ®r U(B) lg

['(A®AY) ®r U(B) ®r U(B).
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Indeed, it is the I'(A® AV)-linear extension of the comultiplication
A: U(B) — U(B) ®r U(B)
of the Hopf algebroid U(B); see [55].
(5) The counitmap &: T'(A*AY)®g U(B) — I'(A®AY) is the canonical projection.
From the isomorphism (63), we obtain an isomorphism
(sUB)) T 2 T(A*AY) @ UB)BF [~k — 1], (65)

which identifies (up to a grading shift) the differential @: s U(B)®* 1 — s U(B)®k+1
to the Chevalley-Eilenberg differential

d¥T(A*AY) @g UB)®FT!T - T(A*T1AY) @& UB)EFTL.  (66)

Here U(B)®**! with k > —1 denotes the tensor product U(B) ®r - -- Qg U(B) of
(k +1)-copies of the left R-module U(B), and the A-module structure on U (B)®*+1
is the natural extension of the A-module structure on U(B).

The Hochschild coboundary differential (18), the Gerstenhaber bracket (19), and
the cup product (22) on totg s U(B)®* ! arising from the dg Lie algebroid B carry
over, through the identification (65), to a Hochschild coboundary differential

T(A®AY) ®g UB)®F 25 T(A®AY) @ g U(B)®FH, (67)
a Gerstenhaber bracket
(F(AoAV) Q& U(B)®p+1) ® (F(A'AV) ®R u(3)®q+l)
Bl r(ataY) @ U(B)®PTIHL, (68)
and a cup product
(P(A%4Y) @& UB)®TT) @ (D(A*AY) @& U(B)®*™)
— T(A°AY) @ U(B)®PHITDTL (69)

onT'(A*AY) @ U(B)®°T1,
Note that both the Hochschild coboundary differential and the cup product are
I'(A®AY)-linear. That is, we have
V(@ @ u) = (—)¥w & doc(u)
and (W®u) — B Qv)= (D" wAb)®@uev)

for all w e T'(A*¥AY), 6 e T(A'AY), u € U(B)®PT! and v € U(B)®4+!. However,
the Gerstenhaber bracket (68) is not the obvious extension of the Gerstenhaber
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bracket on U(B)®**T! obtained by tensoring with the commutative associative
algebra I'(A®AY). In fact, to write down an explicit formula — which is quite
involved — one must use the Bott representation of B on AAY.

Applying Proposition 2.8 to the dg Lie algebroid 8 — A[l], we are led to the
following:

Proposition 4.11. Let A <t B be a matched pair of Lie algebroids.

(1) When endowed with the differential d} + 09¢ (see (66) and (67)) and the
Gerstenhaber bracket (68), tot (['(A*AY) ® g U(B)®°*1) is a dgla.

(2) When endowed with the cup product (69) and the Gerstenhaber bracket (68),
the Hochschild cohomology Hg (A, ‘L((B)®°+l), i.e. the cohomology of the
complex (tot(A®AY ®g U(B)®°+1), d¥ + dg¢), is a Gerstenhaber algebra.

As pointed out in Remark 2.9, on the cochain level, the Gerstenhaber bracket (68)
satisfies the graded Leibniz rule with respect to the cup product (69) only up to
homotopy. Therefore, tot (I'(A*AY) ® g U(B)®°H!) is nor a differential Gersten-
haber algebra. Likewise, the cup product is graded commutative only up to homotopy.
Again this is reminiscent of ordinary Hochschild cohomology theory of associative
algebras [19].

Theorem 4.12 below is the second main result of the present section, the remainder
of which is devoted to its proof.

Theorem 4.12. Let L = A < B be a matched pair and let V be a torsion-
free L-connection on B. Then the Lo algebra tot (I'(A*AY) ®g D2,,) and the

poly
Gerstenhaber algebra HEg (A, ‘D;i)ly) of Proposition 3.24 coincide with the dgla

tot (F(A'AV) QRr ‘U(B)°+1) and the Gerstenhaber algebra Heg(A, U(B)°tY) of
Proposition 4.11, respectively.

Denote by Dy (B) the algebra of formal vertical differential operators on the
vector bundle B — M. The canonical isomorphism (32), specialized to the case
k = 0, gives the identification

Dve(B) = T(S(BY) ® SB).

Consider the contraction (42) in Corollary 3.19. As an immediate consequence of

isomorphism (48), we have @;Ifoly >~ U(B)®k+1. We also have isomorphism (32):

93'501y =~ T(S(BY) ® (SB)®*1).

Specializing Corollary 3.19 to the case k = 0, we obtain the contraction

T

(F(A®AY) @ U(B).d ) T (T(A*LY) ®r Dwer(B), [Q.—]) D’ln-
(70)



700 R. Bandiera, M. Stiénon and P. Xu

Likewise, specializing Proposition 3.22 to the case of differential (rather than
polydifferential) operators, we obtain:

Proposition 4.13. Given x € T(A*AY) Qg U(B) and y € T(A°LY) Qg Dver(B),

we have
hy(y) =0,
ty(x) =y ifandonlyif { hy([Q.y]) =0,
03(y) = x.

Both sides of (70) are universal enveloping algebras of dg Lie algebroids. Indeed,
isomorphism (63) identifies ['(A®AY) ® g U(B) with the universal enveloping
algebra U(B) of the dg Lie algebroid B — A[1], while T(A°LY) @ g Dver(B)
is naturally identified with the universal enveloping algebra of the Fedosov dg Lie
algebroid ¥ — M (appearing in Proposition 2.14) since ¥ is isomorphic to the
pullback bundle pr* Ty B.

Following [40, Definition 2.6], we consider the associative algebra

4(B) := Homg (U(B). R)

of B-jets on M - the multiplication on $(B) arises as the map dual to the
comultiplication on U(B).
Dualizing the isomorphism of R-coalgebras

pbw: T(SB) — U(B)
appearing in Lemma 4.5, we obtain an isomorphism of associative R-algebras
pbw "z g (B) = D(S(BY)). an

The isomorphism I;B\';VT identifies the Grothendieck B-connection VS on J(B)
introduced by Nest-Tsygan [40, Proposition 2.7] and characterized by the relation

(VG plu) = 05 (plu) — (plb-u),

for all b e T'(B); p € $(B); and u € U(B), with the B-connection V¢ on
I'(S(BY)) dual to the flat B-connection on I'(SB) defined by equation (50). Indeed,
the diagram

9(B) — s g(B)
LB = TS(E)
commutes for all b € I'(B) since
(oW (Vi 0)ls) = (Vi olpbw(s))
= 0b{p|Pbw(s)) — (¢[b - pbw(s))
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= 0s(plpbw(s)) — {wlpbw(V; 5))
= 0p{pbw " (9)Is) — (pbw " ()| V) = (V; (pbw T (¢))1s)
forallp € g(B) and s € I'(SB).
Given x € U(B), we think of the multiplication u + u - x by x from the right
in U(B) as an endomorphism R, of the R-module U(B), and we consider the dual

endomorphism N
RY:9(B) — 4(B).

Forall b € T'(B) and x € U(B), we have
96 o KT = KT o %Y.
since

(VE o R (9)|u) = 0p(R} (@)lu) — (R} (@)]b - u)
= op (@lu-x) — {(@lb-u-x)
= (VEolu - x) = (V€| R (w)) = (R} o VE (o))
forall ¢ € $(B) and u € U(B).

Lemma 4.14. For every x € U(B), the endomorphism RT of $(B) is an R-linear
differential operator on the algebra §(B). Furthermore, the map x +— R is a
morphism of associative algebras from U(B) to the algebra of R-linear dlﬁ”erential
operators acting on the algebra §(B).

Proof. Adopting the Sweedler notation

Aw) =) uay @ue) = Y _u@ @uq)
(u) (u)

to denote the cocommutative comultiplication on U(B) defined by equation (17),
and using the very definition of the multiplication in U(B) (see relations (16) or
equation (64)) we easily obtain that

Re@)=u-f=> 0up(f)u@ =Y ouu(f) ua
(u) (u)

forall f € R C U(B) and u € U(B). Here the anchor map o: T'(B) — X(M)
of the Lie algebroid B — M was implicitly extended to a morphism of associative
algebras o: U(B) —> D(M).

It follows that, forall f € C*°(M) C U(B), & € $(B),and u € U(B), we have

(R} (®)lu) = (E|Ry(u)) = (s!ng)m u(1)> > {Elu) - Quey ()
) ()
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= Y {Ele)) - Qugyr (1) = Y (Elucy) - (L) - £)
() ()

=Y (Elu@)- (RFMue) = <E R umy® u(2)>
(w) W)

=(E®R;(M|AW) = (AT(E® RF(D)|u) = (£ RF(D)]u),

where the B-jet 1 is the morphism of left R-modules U(B) > u +— o,(1) € R
associated with the constant function 1 € R = C*°(M). Hence, we have

Ri(E)=&-Ri(1). YfeC®WM). V&e d(B)

which shows that R© is indeed a differential operator of order zero on the
algebra J(B). B

For every b € I'(B) C U(B), the operator Rp is a coderivation of the left
R-coalgebra U(B) and, consequently, R; is a derivation of the left R-algebra §(B).

For any two elements u, v € U(B), we have

Ry, =RjoR]

since Euv = EU o ﬁu

Since the universal enveloping algebra U(B) of the Lie algebroid B — M is
generated multiplicatively by the elements of its subspace C*°(M ) @ I'(B), it follows

immediately that EI acts on the algebra of jets 4 (B) in the manner of a differential
operator. The R-linearity of RI: F(B) — & (B) is obvious. (|

Similarly, we can consider the Lie algebroid 8 — A[l], the graded associative
algebra of B-jets on A[l]

4(B) := Homp(pe4v) (U(B), T(A®AY)),
and the Grothendieck B-connection V¢ on g (B) characterized by the relation
(V5 olu) = (¢lu) — (plb-u),
forallb € T'(B); ¢ € $(B); and u € U(B).

It follows from the natural identification of the space of sections of the Lie
algebroid B — A[1] with '(A®*AY ® B); the definition (46) of the anchor map g of
the Lie algebroid B; and the isomorphism of graded associative algebras

F(B) =T(A°AY) ®r $(B)
induced by the identification (63) that
Vi@ ®9) = (V") @9 +a e Vi), (73)
forallb e T'(B);x € T(AAY); and ¢ € 4(B).
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Given x € U(B), we think of the multiplication u +> u - x by x from the right
in U(B) as an endomorphism R, of the T'(A®AY)-module

U(B) =T(A*AY) ®r U(B),
and we consider the dual endomorphism
RT:T(A®AY) ®r §(B) — T(A°AY) ®r §(B).

The multiplication in U(B) = I'(A*AY) @ g U(B) was defined in equation (64).
Forallh e T(8B) =~ T'(AAY ® B) and x € U(B) = T'(A*AY) Qr U(B), we
have
VP oR] =R} oVfZ, (74)

since
(VE o RY (p)|u) = b (R} (9)[u) — (RT(@)|b - u) = & (¢lu - x) — (@b -u - x)
=V ¢lu-x) = (V7 ¢|Rx(w)) = (R oV (¢)|u)
forall ¢ € $(B) and u € U(B).

Lemma 4.15. For every x € U(B), the endomorphism R of §(B) is a differential
operator on the algebra $(B). Furthermore, the map x + R;r is a morphism
of associative algebras from U(B) to the algebra of T'(A®AY)-linear differential
operators acting on the algebra §(B).

The proof of Lemma 4.15 is similar to the proof of Lemma 4.14 and is therefore
omitted.

The following lemma indicates that 7y(x) coincides with the operator RI
conjugated by the algebra isomorphism

id @pbw ": T (A*AY) ®r 4(B) — ['(A*AY ® S(BY)).
Lemma 4.16. Forall x € U(B) = T'(A*AY) @ g U(B), the diagram
R}
['(A*AY) ®r §(B) —— T'(A*AY) ®r $(B)
id ®p’tKleg %lid ®pbw "
[(A*AY ® S(BY)) o T4V ® S(BY))
:
commutes.
Proof. Given any element x of ['(A*AY) ® g U(B), let

Y, = (id®pbw ') o R] o (id®@pbw ') . (75)
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According to Lemma 4.15, the operator R;C'— acts on the algebra
$(B) =T(A°AY) ®r $(B)

in the manner of a I'(A®AY)-linear differential operator and, consequently, the
operator Y, acts on the algebra

[(A*AY ® S§(BY)) = C®(M)

in the manner of a I'(A®AY)-linear differential operator. In other words, ¥ is a
formal vertical differential operator on B, i.e. an element of

I'(AAY ® S(BY) ® SB) = T(A®AY) ®r Dyer(B).

According to Corollary 4.6, for all b € T'(B) and @ ® ¢ € ['(A4Y ® S(BY)),
we have B
0@ ®¢)=V"a®c +a® V.

By commutativity of diagram (72), we have
Vic =pbw' oV o (pbw') ™ (<),
and it then follows from equation (73) that
0" = (id®@pbw ) 0 VY, o (id@pbw ). (76)
Equations (76), (75), and (74) yield
[0, Y] = (id®@pbwT) o [VE,,. RI] o (id@pbw ) =0
for all » € I"(B). Hence, we obtain
[0, %] =0.
It is not difficult to check that the subspace
T(A4Y ® S(BY) ® SB) = T(pT(A*A)) @R Dser(B)

of T(ALY) ®r Dver(B) is contained in the kernel of sy and is stable under
[d%°" + X! —]. Therefore, since

Q — QO,I + QI,O; QO,I — d[]zott + XO’I; and [[Ql,O’yx]] — 0’
we conclude that
hy(¥x) =0 and  hy([Q. Yx]) = hy([df™ + X*', ¥x]) = 0.

Let {y;}i=1,..,r and {0} j=1,..., be a pair dual local frames for the vector bundles
BY and B respectively. Then, with the usual multi-indices notations, { )(I }reNr
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and {07 }jecnr are the corresponding dual local frames for S(BY) and S(B),
respectively. Locally, every formal vertical differential operator

£eT(AAY ® S(BY)® SB)

on the dg vector bundle 8 — A[1] can be written as a linear combination

= Y E&s® ®0

I,JeN”
with coefficients &7, 7 = (§( 1’ )|BI )in T'(AAY). Furthermore, we have
oy() = > Eos @pbw(d’) with £ = (E(x))I1). (77)
JeN”
In particular, since
Yoo = (id@pbw ) o R, o (id@pbw )™’
= ((id ®pbw ) o Ragy o (id ®@pbw)) ",
it follows that
(Yaeu(x)I1) = {x”1(id ®pbw ™) © Rugu o (id @pbw)(1))

= (XJ|(id ®I;B‘-’,V_l) ° Ra®u(1))

= ()7 |pbw ™" (1)) = e+ {” [pbw ™" )
and, according to equation (77),

01 (Yasu) = ) (Yawu(x”)|1) @ pbw(@’) = Y a- (17 |pbw ™" (u)) @ pbw(d”)
JeN”" JeN”

—« @@v’v( ) (Xf@v—l(u)).af) — o @ pow (bW (1) —a ® u,
JeNT”

foralla ® u € I'(AAY) @r U(B). Hence, we have oy(¥Yy) = x.
It follows from Proposition 4.13 that ¥, = 7y(x). O

The following proposition will play a key role in the proof of Theorem 4.12.

Proposition 4.17. In the contraction (70), the cochain map
7:T(A°AY) ®r U(B) — T (A°LY) ®r Dyer(B)

respects the algebra and the coalgebra structures as well as the counit maps. Hence,
it realizes a morphism of dg Hopf algebroids from U(B) to U(F).
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Proof. It follows immediately from Lemma 4.16 that 7y is a morphism of algebras:

#y(x1x2) = (id®@pbw ') o R] o (id@pbw )"

X1X2
= (id®pbw) o R] o R o (id®@pbw )™ = #(x1) - F5(x2).

Proposition 3.23 established that 7; is a morphism of coalgebras. It is also clear
that 7y respects the counit maps. O

We are now ready to prove Theorem 4.12.

Proof of Theorem 4.12. Since L = A < B is a matched pair, as vector spaces,
tot (T(A*4Y) ®r D)
in Proposition 3.18 are isomorphic to
tot ([(A°AY) @& U(B)°T).

According to Proposition 3.18, the cochain maps 7y respects the cup products.
Therefore, it suffices to prove that 7; in (41) respects the Lie algebra structures —
the Lie bracket on tot (['(A®A4Y) ® g U(B)°*!) is the Gerstenhaber bracket of the
dg Lie algebroid 8 — A[l] as in Proposition 4.11. We know from the general
theory of dg Lie algebroids (see Section 2.1) that the Gerstenhaber bracket of a dg
Lie algebroid is completely determined by its multiplication and comultiplication as
shown by equations (20) and (21). The conclusion thus follows immediately from
Proposition 4.17. O

A. Semi-full algebra contractions

Let (V,dy) and (W, dw) be complexes: recall that a contraction of (V,dy) onto
(W, dw) is the data of dg morphisms 7: W — V, :V — W and a contracting
(degree minus one) homotopy 4: V' — V such that

ot =idy, to—idy =dyh+hdy, ht=0, och=0, h®>=0.

In the following well known homological perturbation lemma [20,21] we assume
that V' and W are equipped with complete exhaustive decreasing filtrations F*V
and F*W (we need this hypothesis to ensure convergence of the infinite sums in the
following Lemma A.1), i.e.

V=FV>F'V>..DFV>...

and the natural map
V —lim,V/F?V
<«
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is an isomorphism, similarly for W. Furthermore, we assume that the differentials
dy,dw and the contraction data (t, g, h) preserve the filtrations. Recall that a per-
turbation of the differential dy on V is a degree one map py:V — V such that
(dv + pv)* = 0.

Lemma A.1 (Homological Perturbation). Given a perturbation py:V — V of the
differential dy on'V suchthat py (FPV) C FPYYV forall p = 0, the endomorphism
pw of W defined by

pw =Y olpyi) pyt =) opv(hpy)'t
=0 =0

is a perturbation of the differential dw on W, and the triple of maps

ti=) (hov)'v. &= oyh). hi=) heyh)' =) (hov)'h
=0 =0 =0 =0
is a contraction of (V,dy + py) onto (W, dw + pw).

In the following definition, taken from [42], we shall assume given two
associative (but not necessarily graded commutative) products uy: V®? — V and
ww: W2 — W: we do not require a priori dy and dw to be algebra derivations.

Definition A.2. A contraction (z, g, k) of (V, dy) onto (W, dw ) is a semi-full algebra
contraction if the following identities are satisfied

hpuy(h®h) =0, huy(h®t) =0, hpy(t®h) =0, huy(r®71) =0,
ouy(h®h) =0, ouy(h®1) =0, opy(t®h) =0, ouy(t®1) = pw.
Lemma A.3. Given (i) a pair of cochain complexes (V,dy) and (W, dw) carrying
additional graded associative algebra structures; (i) a semi-full algebra contraction
(r,0,h) of (V,dy) onto (W,dw); and (iii) a perturbation py:V — V of the
differential dy satisfying py (FPV) C FPYYV for all p = 0, the perturbed
contraction (t,0,h) is a semi-full algebra contraction of (V,dy + py) onto
W, dw + pw).

Proof. The proof is straightforward. O

Lemma A.4. Given a semi-full algebra contraction (t, a, h) of (V, dy) onto (W, dw),
if dy is an algebra derivation, then ©: W — V is a morphism of algebras.

Proof. Since oy (t ® 7) = puw and hpy (t ® ) = 0, we have
py(t ® 1) = (to —dyh —hdy)py(r ® 1)
=topuy(t® 1) —dyhpuy(t ® 1) — hdy juy (r ® 1)

= tuw —huy (dy ®idy +idy ®dy)(r ® 1)
=tuw —hpy(t @ 1)(dw ®idy +idw ®dw) = tpuw. O
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