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0Odd characteristic classes in entire cyclic homology
and equivariant loop space homology
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Abstract. Given a compact manifold M and a smooth map g: M — U(I x[; C) from M to the
Lie group of unitary / x [ matrices with entries in C, we construct a Chern character Ch™ (g)
which lives in the odd part of the equivariant (entire) cyclic Chen-normalized cyclic complex
Ne(QT (M x T)) of M, and which is mapped to the odd Bismut—Chern character under the
equivariant Chen integral map. It is also shown that the assignment g — Ch™ (g) induces a
well-defined group homomorphism from the K ! theory of M to the odd homology group of
Ne(Q (M xT)).
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Introduction
Let M be a closed Riemannian spin manifold with its Clifford multiplication
c:Q(M) — End(S)

and its Dirac operator D acting in L?(M, S), and given g € C®(M, U(l x I;C))
let D, denote the twisted Dirac operator

Dg =g 'Dg =D +c(g""dg).
considered to be acting on L2(M, S ® C!). Then with
Dgs:=(1—5)D +sDg,, s€l0,1],

the odd dimensional variant of Atiyah—Singer’s ‘index’ theorem states that if M is
odd dimensional, then [9]

1
o [ TBesewn (- D2)]ds = [ Ay ner (o). ()
2w 0 ’ M
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where ch™(g) € Q7 (M) denotes the odd Chern character. The Lh.s. of (1) is
precisely the spectral flow sf(D, Dg) [9]. Furthermore, on the r.h.s. of this formula,
the odd Chern character can be obtained integration along the fiberof M x I — M
of the even Chern character of an appropriately chosen connection on M x I [9]. In
fact, this formula can be proved by noting the l.h.s. admits an infinite dimensional
version of such an even/odd periodicity [4, 5] in terms of the eta form.

Being motivated by the considerations of Atiyah and Bismut [1, 2] for the even-
dimensional case, one finds that another very elegant and geometric, however purely
formal, way to prove (1) is to assume the existence of a Duistermaat—Heckmann
localization formula for the smooth loop space LM : indeed, the spin structure on M
induces an orientation on L M [1] and the path integral formalism entails the elegant,
however mathematically ill-defined, formula (the even-dimensional variant of this
formula is well known [2] and the odd-dimensional case can be proved similarly [13])

|
—/ Tr[Dg s €Xp ( — D2 S)] ds = / exp(—B8) A Bch™ (g), )
21 Jo ’ & LM
where B € QT (L M) denotes the even differential form on LM givenby f = E + o
with E the energy functional on LM considered as a O-form on LM and with
w € Q2(LM) the (presymplectic) 2-form given on smooth vector fields X, Y on LM

by
1

o(X.Y) :=/0 (VX,/Vt.Y,)dt,

and where Bch™ (g) € Q7 (M) denotes the odd Bismut—Chern character [3,16]. Now
both differential forms exp(—f) and Bch™ (g) are equivariantly closed (cf. Section 4
for the definition of the degree —1 differential P),

(d+ P)exp(—B) =0=(d + P)Bch™ (g)

and so is their product. As the fixed point set of the T-action on LM given by
rotating every loop is precisely M C LM , a hypothetical Duistermaat—-Heckmann
localization formula immediately gives

f exp(—f) A Bech™(g) = / A(M) A exp(—B)|ar A Beh™(2)]ar.
LM M

as A (M) is the inverse of the (appropriately renormalized) Euler class of the normal
bundle of M C LM . This proves (1), as clearly exp(—f)|ar = 1 and by construction
Bch™(g)|[m = ch™(g).

A direct implementation of the above arguments is not possible, as the right
hand side of formula (2) is not well-defined for various reasons. For example, there
exists no volume measure on LM, while smooth loops have Wiener measure zero,
and, on the other hand, it is notoriously difficult to produce a variant of the super
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complex ((LM),d + P) if one replaces LM with the smooth Banach manifold
of continuous loops. Nevertheless and strikingly, the above formal manipulations
lead to the powerful machinery of hypoelliptic Dirac and Laplace operators, as is
explained in [3] and the references therein.

However, a possible way out of these problems has been proposed by Getzler,
Jones and Petrack (GJP) [8, 10]. In this approach, the idea is to take as model for
Q(LM) the space of equivariant Chen integrals: these are given by the image of a
morphism of super complexes (cf. Section 4 below for the relevant definitions)

p: (Ne(Q1 (M x T)),b + B) — (Q(LM),d + P).

Above, Ne(QT (M x T)) denotes the Chen-normalized entire cyclic (or Connes)
complex of the locally convex unital DGA Qr(M x T), and Q(LM ) denotes
a completed space of smooth differential forms on LM . Now the GJP-program
for infinite dimensional localization is as follows: here it is conjectured that the
composition

[ exp=p) A pCr N (0 x T) — €
LM

is a mathematically well-defined continuous functional, and that

* [1aexp(—B) A p(-) is odd (as LM is formally odd-dimensional if M is so [3])
and co-closed, meaning that it vanishes on the exact elements of N (Q (M x T)),

e if w € Ne(Qr(M x T)) is closed, then one has the ‘Duistermaat—Heckmann
localization formula’

/ exp(—p) A p(w) = / ATM) A p(w)lur- 3)
LM M

If in addition one could canonically construct an element
Ch™(g) € Ne (1 (M x T))

such that
(i) Ch™(g) is closed;
(i) p(Ch™(g)) = Bch™(g);
(iii) p(Ch™(g))|m = ch™(g),
then from the above observations we would immediately obtain a proof of (1)
within the GJP-program for infinite dimensional localization. Note that in the even

dimensional case such a Chern character has been constructed as an even cycle in
Ne(QT (M x T)) in [10].

The aim of this paper is precisely to construct a canonically given element

Ch™(g) € N2 (Qr(M x T))
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satisfying the above properties (i)—(iii). In fact, our main results Theorem 5.1 and
Theorem 5.4 below construct Ch™ (g) for M a compact manifold (possibly with
boundary), which satisfies (i) and (iii) and in addition (ii) if M is closed (so that L M
is a well-defined smooth Fréchet manifold). We also show in Theorem 5.1 that the
assignment g — Ch™ (g) induces a well-defined group homomorphism

K '(M) — N(QT(M x T)).

Finally, taking for granted that the even variant of Ch™(g) and BCh™ (g) have
been previously defined [2, 10], we establish an even/odd periodicity, relating these
constructions to ours, showing another analogy to (1).

Note added in proof. Recently, a mathematically rigorous version of the Duister-
maat-Heckmann localization formula (3) on the loop space of an even dimensional
dimensional spin manifold has been established in [12].

Acknowledgements. The authors would like to thank Jean-Michel Bismut, Markus
Pflaum and Shu Shen for their discussions. We are very grateful to Matthias Ludewig
for sharing his construction of the equivariant Chen integral map with us.

1. Cyclic bar complex of a differential graded algebra (DGA)

In the sequel, we understand all our linear spaces to be over C. Assume we are given
a unital DGA €2, that is,

e  is aunital algebra;

« Q=@ @/ is graded into subspaces Q7 C £ such that Q'Q/ C Q'*/ for
alli, j € Z, there is a degree +1 differential d: Q — Q which satisfies the graded
Leibniz rule.

Note that the space @2 := Q/(C - 1) is a graded linear space (but not canonically
an algebra), and the space of cyclic chains C(£2) is defined as

oo
eQ) =Pasa®.
n=0
We give Q@ ® Q®" the grading
eee®* = H oeeie--0l
J=0 jo+++jn=j—n
which induces a linear map

[:Q(Q) — €(RQ), T(wo,wi,...):= ((—=1)%e@yqy, (~1)%e®@y), ).
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Since we have I'> = 1, we can define a superstructure C(Q2) = CT(Q) @ €~ (Q) by

setting
CEQ) :={w e C(Q): Tw = xw}.

The following notation will be useful in the sequel:
Notation 1.1. Givena € Q ® Q®" we define

@) :=(...a,...) € Q)

to be the cochain which has a in its n-th slot and 0 anywhere else.

We have the Hochschild map of the DGA-category
b:C(Q) — C(Q)
definedon Q70 Q Q' @ --- @ Q7 by
bl{wo® - Q@wy) =(dwy ®--- Q@ @+ Q wy)

n
_ Z(_1)10+...+ji_1—i+1 (0)0 Q- ® dw,- R R® a)n)
i=1
n—1 ) o
o Z(_l)lo-l—...-i-jf—l (CUO R RWiwi+1 R+ Q a)n)
i=0
+ (_1)(jn—1)(jo+...+jn_1—n+1) ((wnwo) W1 @ +++ @ wy—1) ,

and Connes’ operator
B:C(Q) — C(2),

which is defined on /0 @ Q/! ® --- ® Q/" by
B (0w ® - ® wp)

n
— Z(_l)(ri_1+1)(rn—ri—1) 1w ® - Rw, @wy @+ Q@ wj_1),
i=0

with r; = jo +--- 4+ j; — [. Itis a well known fact that one has
b>=0, B*=0, bB+Bb=0, I'b=-bI' I'B=-BT.

We get the super complex

et 25 o) 2 et ). (4)

The subspace D(2) C C(2) is defined to be the linear span of all w € C(£2) that
satisfy one of the following relations:
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e Foralln € N thereexist 1 <r <n, f € Q% wy € Q, ws € L, s # r, with

(Wn) = (@@ QW1 ® [ ®Wr11® -+ @ wy). 5)

e foralln € N thereexist 1 <r <n, f € Q% wy € Q, wy € Q, s # r, with

(W ® - Qur_1f @Wr41 ® -+ QW)
+ (W ® Qw1 ®df Qi1 ® Q@ wy)
_(a)0®...®a)r_1®fa)r+1®...®wn)_ (6)

The maps T, b, B map D(Q2) to itself, so that with
DEQ) :={w e D(Q) : Tw = tw},

there is a super complex

D) 22 p-(@) 22 pt ().

With N(Q) := €+ (Q)/D*(Q), the induced quotient complex
Nt (@) 2 N @) 2 N @),

Whenever there is no danger of confusion, the equivalence class of w € C(R2)
in N(2) is denoted by the same symbol again.

2. Entire cyclic homology of a locally convex unital DGA

We recall that a topological vector space is called locally convex, if the topology is
induced by a family of seminorms, noting that then the topology is equivalent to the
topology induced by all continuous seminorms.

Definition 2.1. By a locally convex unital DGA we understand a unital DGA 2
which is also a locally convex Hausdorff space, such that

* the differential is continuous, e.g., for every continuous seminorm & on €2 there
exists a continuous seminorm &’ on §2 such that

e(dw) <& (w) forallw € Q; @)

* the multiplication is jointly continuous, e.g., for every continuous seminorm &
on £ there exists a continuous seminorm &’ on  such that

e(wiwy) < &' (w1)e' (wp)  forall wy, wy € Q. ¥
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The space 2 becomes a graded locally convex Hausdorff space, and we equip the
algebraic tensor product Q ® Q%" with the induced family of 7-tensor seminorms,
that is,

en(w) = inf % Zs(a)ol)) 8(60,(10[)) Tw = Za)(()“) R ® a)’(;l) ,
o

o

where the sum runs through all representations of @ as a finite sum of elementary
tensors, and where € is a continuous seminorm on £2.

Definition 2.2. The space of entire cyclic chains C¢(2) is defined to be the closure
of C(£2) with respect to the seminorms

ke (w) = Z 8n(wn)

where ¢ is an arbitrary continuous seminorm on £2.

The space C(£2) is a complete locally convex Hausdorff space. Note that the
above family of seminorms is equivalent to the family of seminorms

ke (W) = Z 8n(wn)l < 00,

where ¢ is an arbitrary continuous seminorm on 2 and / € N, as /¢ is again a
continuous seminorm and the &,,’s are cross seminorms. Thus, our growth conditions
are modelled on the entire growth conditions for ungraded Banach algebras by
Getzler—Szenes from [11]. We refer the reader also to Connes’ original variant [7]
for ungraded Banach algebras.

Before stating the next auxiliary result, we recall that a continuous linear map
from a locally convex Hausdorff space X to a complete locally convex Hausdorff
space Y can be uniquely extended to a continuous linear map X -y, noting that the
completion X is Hausdorff again. This can be proved precisely as for normed spaces.

Lemma 2.3. The operators T', b, B map C(2) continuously to itself, in particular,
with
CE(Q) :={w € C(Q) : Tw = Fw},

there is a well-defined super complex

b+B

er@) 22 e 25

— €I (Q). ©)
Proof. Let ¢ be an arbitrary continuous seminorm on £2. Clearly, one has
ke(Tw) < ke(w)

for all w € C(2).
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Pick continuous seminorms ¢, ¢’ on Q such that for all ® € Q one has
e(dw) < &' (w)
and such that for all w;, w, € 2 one has
e(w102) < &'(w1)e' (7).
Using n + 1 < 2" it is then easily checked that
ke(bw) < C max(kg, kev)(w)  forall w € C(R2).
Likewise, it follows immediately that k. (Bw) < Ck¢(w) for all w € C(£2). 0

Defining the subspace D((2) C C¢(2) as the closure of D(L2), it follows
automatically that the maps I', b, B map D(£2) continuously to itself, too, producing
with

NZ(Q) := €5 (R)/DF(R)

the quotient complex

N @) 28 s @) 2B @), (10)

Finally, we can give:
Definition 2.4. The complex (9) is called the (reduced) entire cyclic complex of <2
and its homology groups are denoted with HC;’E (£2). Likewise, the complex (10) is
called the (reduced) Chen-normalized entire cyclic complex of €2 and its homology
groups are denoted with HN;IE ().

Above, ‘reduced’ refers to the fact that we work with Q ® Q®” rather than
Q®®+1) which leads to a simpler formula for the Connes differential B.

3. The unital locally convex DGA 1 (N x T)

Assume N is a manifold (possibly with boundary) and denote with T the 1-sphere.
We denote by QT (N x T) the smooth T -invariant differential forms on N x T,
where T acts trivially on N and by rotation on itself. Every element of QT (N x T)
can be uniquely written in the form o + 91 A B for some «, B € Q(N), where S
denotes the canonical 1-form on T. We turn QT (N x T) into a unital algebra by
means of QT (N xT) C Q(N x T), and give QT (N x T) the grading

a+0TABEQL(NXT) < aeQ/(N),BeQ/I(N).

With dt the canonical vector field on T, we have the differential dr = d +
defined by

dra+91r AB)=da+ B —V1 AdB, ifa+ d1 A B is homogeneous,
finally turning Q7 (N x T) into a unital DGA.
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Remark 3.1. Given a manifold X (possibly with boundary), the wedge product and
the de Rham differential is continuous with respect to the canonical locally convex
structure on £2(X) [15]. In addition, if B is a vector field on X then the contraction

13: (X)) — Q(X)

is continuous, and if Y is another manifold (possibly with boundary) andif W: X — Y
is a smooth map, then the pullback map

T Q(Y) — Q(X)

is continuous [15].
For every continuous seminorm € on (/N ) we get a seminorm el on Qr (N xT)
by setting
el (a + 01 A B) = e(@) + &(B).
In view of the formula dr, the space QT (N x T) then becomes a locally convex
unital DGA (by Remark 3.1) in terms of the ¢%’s. As a consequence, we get the
super complexes

et@r(VN xT) 22 em@r (N xT) 22 er@r (W xT), a1
Nt QT (N xT) 225 N—@r(v x T) 25 Nt@r (W xT),  (12)
eHQr(N xT) 25 e (@r(V x T) 25 er@r(V xT)),  (13)
NF@r(N xT) 25 Nz @r(V x T) Z5 NF@r(V < T).  (14)

4. Equivariant Chen integrals

Let us consider a compact manifold N without boundary, and the space LN of
smooth loops y: T — N, where in the sequel we read T as T = [0, 1]/ ~. This
becomes an infinite dimensional Fréchet manifold which is locally modelled on the
Fréchet space LRYI™¥ of smooth loops T — RY™N  Then LN carries a natural
smooth T -action, given by rotating each loop, and the fixed point set of this action is
precisely N C LN, embedded as constant loops. Given y € LN the tangent space
T, LN is given by linear space of smooth vector fields on N along y, that is,

T,(LN) ={X € C®(T,N) : X(t) € TN forallt € T},

and the generator of the T -action on LN is the vector field y +— y on LN. Let
denote the contraction with respect to the latter vector field. In the sequel, we
understand

Q(LN) := P a-@m).
k=0
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For fixed s € T one has the diffeomorphism
¢s: LN — LN, y+—>y(s+-)

induced by the T -action, and one gets an induced operator
1
P:Q(LN) —> Q(LN), defined on QX(LN) by Pa := / piads.
0

Then P becomes a degree —1 derivation. In addition, there is the usual exterior
derivative
d:Q(LN) — Q(LN),

a degree +1 derivation. Taking only odd/even degree forms, one gets the
superstructure Q = Q1 (LN) @ Q7 (LN), and we get the super complex

Qt@N) L o-an) L oy, (15)

called the equivariant de Rham complex of LN . This complex does not carry much
information, as the differential forms of interest, like the Bismut—Chern character
below, are actually elements of

o0 o0
[]2@N). ratherthan Q(LN) = Q*(LN).
k=0 k=0

Thus, we are going to ‘complete’ Q2(LN) in some way. To this end, following
Chen’s approach [6] of constructing a smooth structure on LN in terms of plots,
we consider smooth maps f: X — LN, where X is a finite dimensional manifold
(without boundary). Given a continuous seminorm & on 2(X) we get an induced
seminorm

er(w) :=e(f*w) onQ(LN).

The locally convex topology induced by the € ¢’s is Hausdorff and we define Q (LN)
to be the completion of Q2(LN) with respect to this locally convex topology. The
maps d, P and the grading operator become continuous maps Q(LN) — Q(LN):
indeed, the continuity of the grading map is trivial. The continuity of d follows from

££(do) = e(d[f*0]) <& (f*0) = ¢, ()

for some continuous seminorm & on (X)), where we have used the continuity of
d:Q2(X) — Q(X). Finally, the continuity of P follows easily from the continuity
of ¢, which in turn follows from writing

e () = e(f*[]) = e(r 15, f*j*[a)]) < 8/jof(“))
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for some continuous seminorm &’ on (X x T'), where
rrX —XxT, j:N— LN
are the canonical embeddings, and
f X xT —N

the map induced by f: X — LN, and where we have used Remark 3.1 (the continuity
of r*13,., which implies the existence of &).
We end up with the super complex

Q+(LN) Q- (LN) Q+(LN) (16)

called the completed equivariant de Rham complex of LN. The corresponding
homology groups are denoted by ﬁ% (LN).

Given r € T and a € Q¥(N) one denotes with «(r) € QF(LN) the form
obtained by pulling & back with respect to the evaluation map y — y(t). With this
notation at hand, one has the equivariant Chen integral map

0:C(Q_T(N xT)) — Q(LN),
which is defined by

p (o + T A Bo) ® - (an + P A Br))
1
- /0 ds o /A 10 (0) A (11 (1) — Br (1)) A+~ A (i) — B (1)) ity - i,

where
Ap={0<t; <<t <1} CR"

denotes the standard n-simplex. We will also write
p{(co+ 9T A Bo) ® -+ ® (tn + V1 A Bu))
1
= f ds¢;p((cto + O A Po) ® -+ ® (atn + V1 A Bn)) -
0

We collect the essential properties of p in the following proposition:

Proposition 4.1. The map p is a continuous morphism of super complexes
0:C(RT(N xT)) — Q(LN), a7
which in turn descends to a continuous map of super complexes
o N(QT(N xT)) — Q(LN). (18)
In particular, by density, we obtain the continuous maps of super complexes

0:C(QT(N xT)) —> Q(LN), p:Ne(Qr(N xT)) —> Q(LN).
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Proof. (i) The fact that (17) is a map of superspaces follows easily from observing
that

o0

eH(@Qr(N xT)) = P e (Qr(N x T)),
j=0

e (QT(N x T)) = P e+ (Qr(N xT)),
j=0

where
cH(Qr (N x T))

o0
=@ P REOxTHRQN xT)® (N xT)),
r=0 lo+-+l,=k+r

and that p maps C*¥(Qr (N x T)) — Q¥(LN).

(ii) Next we show that p(b 4+ B) = (d + P)p. Settingw; = aj + 1 A B, we first
notice

Ph{wo ® -+ @ wy) =pldrwo ®+ QWj—1 ®W; QWj41 ® -+ Q wy)

n
_ﬁ< Z(—l)’-/*‘wo Q- Qwj—1 ®dT0)j Qwjq1 Q- ®wn>

j=1
n—1

_§<Z(—1)’ja)0 R Qwj—1 QWj ANWj+1 OWj42 & -+ ®a)n>
Jj=0

+ (_1)(jn—1)rn—lﬁ(wn A wo ® w1 K& a)n_1> X (19)

The first two lines give

/ (deo(0) + Bo(0)) A (a1 (11) — B1(11)) A=+ A (1t (tn) — B (tn)) d"t

n

— Z(—l)rj—l /A aO(O)(uxl(tl) — ,Bl(tl)) Ao A (tozj_l(tj_l) — ,Bj_l(tj_l))
j=1 "

A (tdaj(t)) 4+ Bj(tj—1) +dB; () A (1jr1(tj+1) = Bj+1(tj+1))
ARARRAN (lan(tn) - ,Bn([n)) d"t,
where d"t = dt; --- dt,. Using that

Ap={(ti,t2,...,1y):0<t1 <---<tj1 <tj<tjy1 < <ty
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and that

d
tdaj(tj) = ta,(tj) diaj(t)),
J
it can be rewritten as
/A (deto(0) + Bo()) A (tar (1) — Br(t)) A<=+ A (tntn) = Ba(tn)) "t

—I—Z(—l)rj_‘/ ag(0)(tar1 (1) — Br(t1)) A -+ A (taj—1(tj—1) — Bj—1(tj—1))
j=1

Ad(aj(t;) = Bi) A (a1 (ti+1) = Bj+1(tj+1))
Ao A (o (tn) — B (tn)) d"t

—Z(—l)”‘l/ a0 (0) (tar1 (1) = B1(11)) A -+ A (atjm1(tj-1) = Bj—1(tj-1))
j=1

d
A Waj(tj) A (o1 tje1) = Bit1 (1)) Aee A (tn(tn) — Baltn)) d™t
j

—Z(—l)’/I/A @o(0)(tar (1) — (1)) A+ A (tej—1(tj—1) — Bj—1(tj-1))
j=1 n
AB ) A (tejs1(tj+1) = Bj1(tj+1)) A= A (tan(tn) — Butn)) d"t.

The first two (three) lines give

dﬁ(w0®"'®wn)+/A Bo(0) A (ot (11) — B (1)) A+ A (1t (1) — B (1)) 1,

(20)
while the third (fourth and fifth) line can be integrated in #; from #;_; to ;1 thus
getting

dp(wo ® -+ ® wp) + /A,BO(O) N (lal(tl) - ,31(11)) AR (Lan(tn) _ﬂn(tn)) d"t

n—1
—Z(—l)rj_lf060(0)/\(t061(11)—/31(11)) A (taj—1(tj—1) — Bj—1(tj-1))
i=1

An 1
Aaj(tisn) A (ajp1(ti41) = Bj+1(tj+1)) A A (an(tn) — Ba(tn)) A"t
1y / 0(0) A (11 (1) — B1(t1)) A=+ A (@1 (tnet) — Bur(tn-1))

n—1
ANay(1)d"t,
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0 E07 [ a00) A Ganen) = Ba(t) A A ey (to) = Boa6j-1)
=2

Ap—1
Aaj(tj—1) A (1 (tje1) = Bjv1(ti41) A= A (1 (tn) — Bu(tn)) d"t;

+ (=D / a0(0) A a1 (0) A (taa(tz) — B2(12)) A=+ A (tan(tn) — Bu(tn)) d" 11

n—1

—Z(—l)r'/_l /050(0)/\(10!1@1)—,31(11)) A (taj—1(tj—1) = Bj-1(tj-1))
=1

ABj ) A (o1 (tie1) — Bi+1 (1)) Aee A (ttn(tn) — Baltn)) d™t, (21)

where d"t; = dt,---dtj_1dt; 1 ---dt,. If in the fourth sum of integrals we change
the summation variable from j to j 4 1, then make the change of variable r; — ¢;1,
and put it together with the second sum of integrals, after noting that

(=D (=D = —(=D)",

then summing the fourth and the second integrals, we get

n—1
—Z(—l)rj_lf a0(0) A (tar(t1) — Br(t1)) A+ A (i1 (tj—1) — Bj—1(tj-1))
i—1

An 1
Ala @) A (e tie1) = Bi+1(ti+0))] A+ A (tan(tn) — Bu(tn)) A"t

n—1

+ Z(—l)rj / ao(0) A (tar (1) = Br(t1)) Ao A (taj—1(tj—1) — Bj—1(tj-1))
j=1 n—I1
A [(Wj (ti+1) = Bi(tj+1) Aajrr(tj+)] Ao A (tan(tn) — Baltn)) d"t)

_S /A @o(0) A (1 (11) = Br(t1)) A+ A (101 (t5-1) = Bj1(t-1))
j=1 n—I1
—Bi(tjr1) Ajrr(tir) + (D7 a1 11)
A (LOlj+1(fj+1) - ﬂj+1(fj+1))]
ARAARA (Lan(tn) - ﬂn(ln)) d"t;

A (v (41)

n—1

Z( D'pwo @ @wj—1 QWj Awjt1 @ Wjt2 ® -+ @ wy),

—1

-

which including the fifth integral in (21) becomes

n—1
ﬁ<Z(—1)”ja)0 X ..-®a)j_1 ®a)] /\a)j+1 ®a)j+2 ® ®a)n>
j=0
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This cancels the second line of (19). After noting that o, (1) = «,(0), we see that
the third integral in (21) is just

—(=D)Un 15 oy A @ 01 @+ ® 1)
which cancels the third line of (19). Thus, we get
pb (w0 ® -+~ ® wy) = dp{wo ® -+ ® wy)
¥ / Bo(0) A (a(11) = Br (1)) A+ A (st i) — Boun)) "t

—Z( )= 1/050(0)/\(LOll(fl)—ﬁl(l‘l)) A (o1 (tj—1) — Bj—1(tj=1))
/\L,Bj(fj)/\(Laj+1(fj+1)—ﬂj+1(fj+1)) o A (tan(tn) — Bn(tn)) d™t.
(22)
Now, let us consider

Pp{wo® -+ ® wy)
/ dsp’i f 0(0) A (1 (1) = Br(t)) A=~ A (10 (tn) — (i) "1

- / @o(s) A (1t (11 +5) — Baltr +9))
Ixn Ao A1ty + 5) = Bultn + 5)) d"t ds

—Z( =t [ dsgs [ o) n Gant) = prce)
A - /\(105] 1(tj—1) = Bj-1(tj- 1))
AB(E) A (o1 (tjv1) = Bjr1(tj41)) A A (tan(tn) — Bu(tn)) d™t, (23)

where now I must be identified with the circle T, and where we used that

L(eaue(t) = Bie(tie)) = —tPre(te)-
Now, for any given choice of 7 = (¢1,...,%;) suchthat 0 <t <--- <1¢, <1, we
can understand T as the union of almost everywhere n 4 1 disjoint intervals defined
by
Ii()={seTltjian+s<1tj+s—-1>0}, j=1,....n+1
We see that
Dj = {Ij(l_) Xl_l te An}
is an (n 4 1)-simplex for any given j, and

n+1
U Dj =1 x An,
j=1
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while D; N Dy has zero measure if j # k. Therefore,
/ g(s) A (tar(ty +8) — Bt +8)) Ao A (La,,(tn +5) — Bultn +5)) d"t ds
IxA,

= | Bo(s) A (Lal(tl +5) — B1(f +s)) Ao A (Lan(tn +5)— Bty + s)) d"tds
IxAy,

+ / (coto(s) — o) A (o (ty +5) — Br (11 +5)
Ixn A A (1 (ty + 5) = Bultn + 5))d"t ds
- /1 dsg? /A Bo(0) A (ar (1) = Br(t)) A=~ A (10n (1) — Bu(tn))d" 1 dis

n+1
Y / (to(5) — Bo(®)) A (1 (t1 +5) — B (11 + 5))
— Jp;
= A A (1@ (tn + ) = Bultn + 5)) d"t ds.
Now, for any given j we introduce the variables
Tk =titk—1+s5—1, k=1....n+1—],
Tk =lkyj—n—2+s, k=n+3—j....n+1 (fj=>2).

In these coordinates we have

Di={(t1,....tut )0 <71 <+ < Tyy1 < 1} = Ayqr, d"tds =d"t'z,

and

(tao(s) — Bo($)) A (tar(t1 +5) — Br(t1 + 8)) A v+ A (tan(tn +5) — Bu(tn + 5))
= (1)1 LA (e (r1) = B (1) Ao A (0 (Tamjg1) = Ba(Ta—js1))
A (1o (ta—j+2) = Bo(tn—j+2)) A+ A (101 (Tn+1) = Bj—1(Tn+1)).

Integrating over D; = A, 4 it becomes

/ ‘ (tao () —Bo()) A (Lt (11 +8) = B1(t1 +8)) A+ At (tn +5) = Bn(tn +5))

J
= p((_l)’j—l(rn_’j)l Ru @ Qwy, ®wy ® -+ ® Cl)j—l),
and after summation over j we finally get

Pp(wo® - ®@wy) =pB (wo ® -+ Q wp)

4 / dsp? / Bo(0) A (1r1(12) — B1(t1)) A=~ A (10tn (1) — (i) d"t dis
I An
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_ ;(_1)71’—1 /1 dspy /An ao(0) A (L(Xl(tl) - ,31(11))
. Ao A (o (tj—1) = Bj—1(tj—1))
ABj(t) A (jr1(tis1) = Bj+1(tj+1)) A+ A (10 (tn) — Bulta)) d"t.

Notice that the second and third lines here are the means over T of the corresponding
terms in (22). After taking the mean of both expressions and subtracting each other,
we finally get p(b + B) = (d + P)p as desired.

(iii) We now prove that p vanishes on D(Q2T (N x T)). This implies that p vanishes
on D(QT(N x T)), too. For elements of the form (5) the assertion immediately
follows from the fact that ¢f () = 0, as f(¢) is a zero form. So, let us consider an
element of the form (6). Since (recall that f is constant over T)

d
d = —
df(0) = -0,
and df = drt f, we can write

ﬁ((w0®--'®wr—1f®wr+1®-~-®a)n)
F{w® Qw1 RdAdf Qwr+1 R+ Q wy)
—(w0®"'®wr—1®fwr+1®"'®a)n))

- [A 0 (0) A+ A (11 (ty1) f(tr—1) = Bros (tr—1) ftr1))
A (r 11 (tr41) = Bra1(tr41)) A A (10n(tn) = Bu(tn)) d"tr
o R TR B )
Afrr D1 (tre1) = fUrrD)Brattre1) A A (10t (tn) — Ba(tn))d "1y
+ / ao(0) A-ee A (lar—l(tr—l) - ,Br—l(tr—l)) A dif(tr) A (lar(tr) - ,Br(tr))
An t
Ao A (10 (1) — Bu(tn))d 1.

After integrating ¢, from ¢,_; to t,4+1 in the last term, we get exactly zero.

(iv) Itremains to check the continuity of (17), which easily follow from the continuity
of p. To see the latter, let X be a smooth manifold (without boundary), let & be a
continuous seminorm on 2(X), and let f: X — LN be smooth. For s € T let r
denote the embedding

X — XxT, x+— (x,9).



632 S. Cacciatori and B. Giineysu

Then we have

e (P {(co+ 01 A Po) ® -+ ® (@ + O A Bn)))

n

= /A S oo O)]) [ T e(f*Tei (@) = Bie)]) dta -+~ dity
n i=1

n

:/ HerttanOt, r,f Bi)dty -+
n i=1

S\/
An i=1

=/, o) [ (len) + 5(60)) da -~ diy
n i=1

n

= % H (B(a) +E(Bi) = %gjlr ((cto + 91 A Bo) ® - ® (an + VT A Ba)),

Ti=0

:]:

rt Lan*(xi) + 8(r;f*,3,-)) dty - dty,

for some continuous seminorm £ on (N). This estimate shows the continuity of o
and completes the proof. 0

5. Construction of cyclesin N, (21 (M xT)) and the induced cycles in Q- (LM)

Let M be acompact manifold (possibly with boundary). Given g € C*°(M,U(I x[;C))
our aim is to construct a canonically given element

Ch(g) € € (QT(M x T))

with (b4 B)Ch™ (g) = 0in the Chen normalized complex. To thisend, let / := [0, 1]
and denote the canonical vector field on I with d;. We denote the canonical Maurer—
Cartan form on U(/ x [; C) by

w e QY (U xI;C),Mat(l x [;C)).

Then for all s € I we can form the covariant derivative d + sw on the trivial vector
bundle U(I x [;C) x C! — U(l x1;C). Let

A* € QY (U x 1;C),Mat(l x [;C)), R* e Q*(U(l x1;C),Mat(l x[;C))

denote the connection 1-form of d + sw and the curvature of d + sw, respectively,
and
A=A -9 AR € QT(U(I x [;C) x T, Mat(l x I;C)).

We set
A'(g):=g" A", Ry :=g'R’, wg:=g"o,
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so that A°(g) = sw, and by the Maurer-Cartan equation Ry = (s/ 2)a)§. Then we
can define

A’ (g) := Az — 1 A Ry € Qr(M x T, Mat(l x I;C)).

By varying s, the forms #4°(g) induce a form
A(g) € Qr(M x I x T ,Mat(l xI;C))
and we set
B(g) :=15,4(g) € Qr(M x I x T,Mat(l xI;C)).
Then we can define
B(g) € Qr(M x T ,Mat(l x [;C))
to be the pullback of B(g) with respect to the embedding
MxT —MxIxT, (x,t)— (x,s,1).
In fact, by a simple calculation one finds
A’ (g) = swg + s(1 —s)01 A a);, Bi(g) = =1 A wg, (24)

so that 8% (g) actually does not depend on s. With these preparations, we can define
an element

Ch™(g) = (Chy (¢),Chy (g),...) € C(QT (M x T))
by setting
1 n
Chy, (g) := Trn[ / 1® ) A% (9)2* D @ 8°(g) ® A% (g)®0 P ds],
0 k=1

where given linear spaces 1y, ..., V;,, and v e Mat(l x1;V;), j =0,...,n, the
generalized trace is defined by

00 2= X % 2l ool

insio”

We refer the reader to the paper [14] by Simons and Sullivan, where a construction
of the usual odd Chern character ch™ (g) € Q= (M) (cf. formula (25) below) has been
given that influenced our definition of Ch™ (g).
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Theorem 5.1. Let M be a compact manifold, possibly with boundary.
(a) One has

Ch™(g) € C.(QT (M xT)), and (b4 B)Ch (g) =0inNe(QT(M xT)),
in particular, Ch™ (g) induces a homology class

[Ch™(g)] € HNZ (1 (M x T)).

(b) The map
K™ (M) — HN (Qr (M x T)),  [g] > [Ch™(g)]
is a well-defined group homomorphism.
Proof. (a) Itis easily seen that 'Ch™ (g) = —Ch™ (g). To show that
Ch™(g) € € (QT (M xT)),

given a continuous seminorm g on Q1 (M x T) set

C.:= sup max(a(l), max &(A°(g);j), max S(JBS(g),-j)).
sef0,1] i,j=1,..., 1 i,j=1,..., )

It is then easily checked that

2 n
(I°C) “ o

Ke(Ch™(g)) = r;)n NG

It remains to prove
(b + B)Ch™ (g) € D(QT (M x T)).

In fact,
BCh™(g) € De(Qr (M x T)),

as every (Ch,, (g)) contains the O-form 1 and so is of the form (5) with f = 1. It
remains to show that

bCh™(g) € De(Q1 (M x T)).

In order to see the latter, let us first notice that

(bCh™(g)), = (b (Chy (8)}), + (b(Chyy1(2))),-



0Odd characteristic classes and loop spaces 635

Using (24) and the explicit definition of b, we get
(b(Ch, (2))),
1 n k-2
_ —Tr,,[/ 183 A% & (—5%0?) @ A ()21
0 k=11=0
® (—9T A wg) ® A (g)°0 P ds}

1 n n—k—1

+Trn[/ 1@ Y A@° Ve (01 Awy)
0 k=1 1

=}

® E)4)3‘(g)®l ® (_Sza);) ® (AS(g)®(n—k—l—1) ds

1 n
— Tty [/ 18 Y A (%E D @ (91 A} + wg) ® A (9)®" 7 ds},
0 k=1

and

(b(Ch,41(2)),
1 n k-2
_ —Trn[/ 183 Y 4% ® (+5%02) ® A ()¢
0 k=11=0

® (=01 A wg) ® A’ ()2 ds}

Z As(g)®(k_l) ® (—19’]1‘ AN C()g) ® €A’S(g)®l

n n—k—1
k=1 I=

1
0

(=}

® (+5%0}) ® A°(g)®"F17D ds]

1 n
Ty, [ [ 183 #@°* V@ (2501 n02) @ £ (6)50 P ds},
0 k=1

whose sum is
1 n d
T [[10Y 4@ e (L 40) 0@ a]
0 k=1
L d
= Trn[/ %(1 ® A*(2)%") ds:| =Tr,[1 ® A4'(g)®"] — Tra[1 ® 4°(2)®"].
0
Thus, we finally have
(bCh™ (g =T [1®3"]. n=12,....
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We now prove that
(... T [1®2"]....) € De(QT (M x T)).

To this end we have simply to employ the properties of the generalized trace. Indeed,
for n > 2 we can write

(Tea[1®@ £"]) = (Tra[1 ® 0 ® 0 @ 272
= —(Try[l ® dg™' ® dg ® &"?])
= (T, [1 ® dg™! ® dg ® 3"~?))
—(Tra1[g7' ® dg @ 2 ]) + (Try_i[1 ® g dg @ 8¢ 2)]),
where the last two terms cancel each other because of the trace property, which is

precisely of the form (6) for f = g~!. Similarly, for n = 1 it is sufficient to notice
that

(Tri[1 ® wg]) = (T [¢™" ® dg])
which is of the form (5) with f = g™, completing the proof of
bCh™(g) € D(QT (M x T)).

(b) It suffices to prove the following two facts:
(1) Ifg,h e C®°(M,U(l x1;C)), then one has Ch™ (g & h) = Ch™ (g) + Ch™ (h).
(ii) If go, g1 € C°(M,U(l x [;C)) are connected by a smooth homotopy
g €C®M xI1,U(l x1;C)),
then one has
Ch™(g1) —Ch™(go) = (b + B)w inNe(Qr(M xT))

for some w € C (2T (M x T)).

Here, property (i) is an immediate consequence of the properties of the generalized
trace Tr, using the block diagonal form of g & .
To see (ii), for any ¢ € I, we define the embedding

JeeM —> M x1I, x> (x,t),
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and w = (wg, W1, ...) € Ce(QT (M x T)) by setting

n k-2

1 1
Wy 1= —Trn[ / / ey > jf (AS(g.)@ ® 19, A" (g) ® A (g) 8¢
0o Jo

k=11=0
® B°(2) ® As(g.)®("_k)) ds dt]

1 1
+Trn[[0 /0 1® > j,*(AS(g.)®(k—1) ® B°(g) ® A (g)®

n n—k—1
k=1 [=0

® 1y, A (g) ® As(g.)®("_k_l_l)) ds dz]

1 1 n
— Tr,,[ / / 1® Y j (As (g)2% VD @1y, B5(g) @ A (g.)®("_k)) ds dz}.
0 0 k=1

The €. growth conditions are easily checked for w. Then again it is clear that
Bw € D (T (M x T)). On the other hand, by using the identity

.k .k 8 .k
dji o, AN(8) = —Ji o, d AN (&) + 5] A (8.
and similarly for 8%, and the same computations as in part a) we get, as elements in
the Chen normalized complex,
1

d
(b + By = (b, = (o), + (o), = ({ [ Ziven @)

= Ch, (g1) — Ch, (go)-
This completes the proof. O

If M has no boundary (so that LM is a well-defined Fréchet manifold), in view
of (d + P)p = p(b + B), we immediately get:

Corollary 5.2. Assume M is a compact manifold without boundary. Then for all
g € C®(M.U(l xI;C)) one has (d + P)p(Ch™(g)) = 0in Ne(Q21 (M x T)), in
particular, p(Ch™(g)) induces a homology class in Hy (LM).

Remark 5.3. There is an even version of Ch™ (g) given as follows: If N is a
manifold and d + C is a connection on a trivial vector bundle over N, then with R¢
the curvature of the connection 1-form C one defines

Ch™(C) = (Ch (C),Ch{ (C),...) e €F(Q (N x T))

by
Ch;f (C) := Tra[1 ® (C — 1 A Rc)®"].

which by an analogous calculation as in the proof of Theorem 5.1 is seen to satisfy

(b+ B)ChT(C)=0 inN(QT(N xT)).
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Then, there holds an even/odd periodicity, that is, one can obtain Ch™(g) from its
even variant by a fiber integration: indeed, by varying s € [ in

A’(g) € Qr(M,Mat(l x I;C))
we get a form
A(g) € QT (M x I,Mat(l x[;C))

and can consider the fibration
. MxI — M.

Then, for the connection d + A, ¢ on the trivial vector bundle over M x I, where
Ag := m* Ag, one has, using the definitions of A°(g) and B°(g) that

Ch(g) = [ 10, O* () = mCh* ().

the integration along the fibers of .

The odd Chern character ch™ (g) € Q7 (M) is the closed odd differential form
defined by

| .
ch™(g) := Tr|: Z (2 _)’_{)'(g—ldg)/\(2l+1):|’ (25)

and the odd Bismut—Chern character is the differential form
Bch™(g) = (Behy (). Behz (g)....) € Q7 (LM)
defined by

n j—1

1
Bchy, 4 (g) =Tr[ /0 /{M L N @R AL @4

]111

A @R [ () dn ~~-dznds},
I=j+1
where 4

A3 = %Ag, = wg € Q' (M, Mat(l x [;C)),
and where //*(g) denotes the parallel transport with respect to the connection d +swg
on the trivial vector bundle over M.

Theorem 5.4. Assume M is a compact Riemannian manifold, possibly with
boundary, andlet g € C®°(M,U(l x1;C)). Then one has p(Ch™(g))|m = ch™ (g),
and if M has no boundary then Bch™(g) = p(Ch™ (g)).
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Note that in view of Corollary 5.2, Theorem 5.4 provides a new proof of
(d + P)Bch™(g) =0
We refer the reader to [16] for a variant of this result.

Proof of Theorem 5.4. The formula p(Ch™(g))|as = ch™(g) is a simple conse-
quence of the definitions, once one has noticed the formula

p{(co + 91 ABo) ® - ® (an + 1 ABn)) Im = cto A+ A
In order to see Bch™(g) = p(g), given ¢, s € I define
VS(g,1) € Q (LM, Mat(l x [;C))
by
n+1j-1

V(e = [ SO @R N (@45 1))

0sti=.tpp1=t} 524 1

n+1

x N\ 1L @RS @) [ (9)dt -+ dinsr,
I=j+1
and the differential form
W(g,1) € Q (LM, Mat(l x [;C))
by
0 k

W2Sn+1(g7t)= Z Z

k=n+1 7,j1,..e» Jn=1, pairwise distinct
x/ LA;([l)"'R;([jl)"'A.z([r)“'R;([jn)"'LAz([k)dll"'dlk.
{0<t1<..1 <t}
Then obviously one has
1
Bch™(g) = Tr[/ V(g 1)|e=1 dS}
0

and it is easily checked from the definitions that

1
p(Ch™(g)) = Tr[ /0 W (g )l ds]
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Thus, it suffices to show that WS(g,t) = VS(g,t) forall t,s € I. To see this,
the essential idea is to consider for every ¢, s € I the even form

X5(g.1) = (X3(g.1). X5(g.1)....) € QT (LM, Mat(l x [;C)),
which is defined by
X5(g.0) = [i(2),

d
77 Xan(8.1) = X2, (8. )AL (1) + X3 _5(8. )R (1),

X;n(gﬂt)|t=0 =0 foralln Z 1,

and the odd form
Y¥(g,1) = (Y{(g,1),Y5(g,1),...) € Q (LM, Mat(l x[;C))

which is defined by

d .
27 Y18 0) = Yi(g. A (1) + Xo (8. ) A (1),

d :
T anr1(8:1) = Yoy (8.0 (1) + Yoy (8. )R (1) + X3, (8. 1) A (1)

forallm > 1,

Y2Sn+1(gvt)|t=0 =0 foralln.

Noting that the sum that defines W, ., (g.?) converges uniformly in 7 so that one can
interchange d/dt with )72, ., it is now easily checked that both ¢ > W*(g, 1)
and t — V5(g,t) solve the IVP’s which define Y*(g, ¢), so that

Vi(g,t) = W3(g,t) =Y%(g,t) forallt,s €1,
as was claimed. L]

Remark 5.5. If N is a compact manifold without boundary and given a connection
d + C over a trivial vector bundle over N, the even Bismut—Chern character is the
differential form

Bch™(C) = (Behy (C),Behf (C),...) € QT (LN)

defined by

Bch3, (C) = Tr[LO /\ //ch(ti) //1C dty ---dt,,}

< =<.tp=<1};_4
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where Rc is again the curvature of d + C and )/ € is the parallel transport with
respect to d + C. Then one has another even/odd periodicity as in Remark 5.3: we
can consider Ay as defining a connection 1-form A, ¢ over a trivial vector bundle over
M x I. However, since M x [ is a manifold with boundary, it is convenient to embed
it in a larger manifold, say

XM xI —>MxJ

where J = (—1,2). Therefore, we extend A*;, to s € J, consider it as defining a

connection 1-form A over a trivial vector bundle over M x J.

isg

The corresponding curvature
Rgg € Q*(M x J,Mat(l xI;C))
iven by varying s € J in

RS +ds A A5, € Q*(M Mat(l x [;C)).

Since ty5 R i, = A';,, after restricting to loops fibering over J, we immediately get
that under integration along the fibers of

mMxI — M,

one has

Beh;, _;(g) = /1 A*ta,Behd (Ag) = may*Behf, (Ag).
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