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Invariant Markov semigroups on quantum homogeneous spaces

Biswarup Das, Uwe Franz and Xumin Wang

Abstract. Invariance properties of linear functionals and linear maps on algebras of functions
on quantum homogeneous spaces are studied, in particular for the special case of expected co-
ideal *-subalgebras. Several one-to-one correspondences between such invariant functionals are
established. Adding a positivity condition, this yields one-to-one correspondences of invariant
quantumMarkov semigroups acting on expected co-ideal *-subalgebras and certain convolution
semigroups of states on the underlying compact quantum group. This gives an approach to
classifying invariant quantum Markov semigroups on these quantum homogeneous spaces. The
generators of these semigroups are viewed as Laplace operators on these spaces.
The classical sphere SN�1, the free sphere SN�1

C
, and the half-liberated sphere SN�1�

are considered as examples and the generators of Markov semigroups on these spheres are
classified. We compute spectral dimensions for the three families of spheres based on the
asymptotic behaviour of the eigenvalues of their Laplace operator.
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Introduction

Symmetry plays an essential role in many places in mathematics and in the natural
sciences. Many systems are naturally invariant under the action of some group, like
time or space translations, rotations, or reflections. It is therefore of great interest
to characterize and classify all invariant equations for a given group action. See
for example the recent books by Ming Liao [26] and Vladimir Dobrev [17], that
study invariant Markov processes and invariant differential operators, respectively.
Liao’s book is motivated by probability theory, whereas Dobrev’s book deals with
applications to physics.
Quantum groups [35,36] provide a generalisation of groups and can be considered

as a mathematical model for quantum symmetries. Dobrev [18] has also studied
invariant differential operators for quantum groups. The quantum groups considered
in [18] are q-deformations of semi-simple Lie groups.

https://creativecommons.org/licenses/by/4.0/
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But there exist also interesting quantum groups that are not deformations, but
rather “liberations” of classical groups, see, e.g., [7, 33, 34]. These “liberated”
quantum groups furthermore have actions on interesting “liberated” noncommutative
spaces, see, e.g., [5]. This provides an interesting class of examples for noncommut-
ative geometry.
Banica and Goswami investigated how to define a Dirac operator on two of these

noncommutative spaces: the free sphere SN�1C and the half-liberated sphere SN�1� ,
cf. [5, Theorem 6.4]. The action of the free or the half-liberated orthogonal group
yields a natural choice for the eigenspaces, but it does not suggest how to choose the
eigenvalues.
In this paper we introduce an approach for classifying invariant Markov semi-

groups on noncommutative spaces equipped with an action of a compact quantum
group. The generators of these semigroups can be considered as natural candidates
for Laplace operators. Dirac operators could be obtained via Cipriani and Sauvageot’s
construction [13] of a derivation from a Dirichlet form, see also [12]. Our method
generalizes the case of an action of a classical compact group on a homogeneous
space presented in [24, Chapter 3], [25], and [26, Chapter 1]. Since here we are
dealing only with compact quantum groups and actions on compact quantum spaces,
everything can be done on the *-algebraic level. As concrete examples we study the
classical sphere SN�1, the half-liberated sphere SN�1� , and the free sphere SN�1C .
Our approach adds a positivity condition to the invariance condition in [5], and

leads to the formula

�k D �bP
0
k.1/C

Z 1

�1

Pk.x/ � Pk.1/

x � 1
d�.x/; k D 0; 1; : : : ;

for the eigenvalues of the Laplace operator on the three spheres SN�1, SN�1� , SN�1C ,
see Theorem 7.5. Here b is a positive real number, � is a finite positive measure on
the interval Œ�1; 1�, and .Pk/1kD0 is a family of orthogonal polynomials that depends
on which sphere we are considering.
We define spectral dimensions the three spheres by comparing the asymptotic

behaviour of the eigenvalues of their Laplace operators to the Weyl formula. More
precisely, the spectral dimension is defined as the abscissa of convergence of a certain
zeta function defined in terms of the eigenvalues of the Laplace operator. We find, as
expected, dL D N � 1 for the classical sphere SN�1. For the half-liberated sphere
SN�1� , we get dL D 2.N � 1/. For the free sphere SN�1C , we obtain

dL D

(
2 if N D 2;
C1 if N � 3:

It should be noted that, forN D 2, the half-liberated sphereS1� and the free sphereS1C
are isomorphic. A more detailed study of the zeta function could probably be used
to introduce further interesting “invariants” for these noncommutative manifolds.
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We now provide a brief description for the content of each section.
In Section 1, we recall some definitions and facts about quantum group actions,

quantum quotient spaces, idempotent states, and quantum Markov semigroups.
Section 2 gives an overview of the actions and the notions of invariance that we

will consider. Proposition 2.3 shows that convolution by a central functional defines
an invariant operator.
In Section 3, we state and prove one-to-one correspondences between various

invariant linear functionals and maps on a quantum homogeneous space and on
the associated compact quantum group. In the following section we use these
results to characterize invariant Markov semigroups on expected right coidalgebras,
cf. Section 4.
Bi-invariance leads to examples of so-called quantumhypergroups, cf. [11], and in

Section 5 we show that invariant Markov semigroups on expected right coidalgebras
are in one-to-one correspondencewith convolution semigroups of states on a quantum
hypergroup that is naturally associated to the coidalgebra.
Section 6 provides a short summary of our main one-to-one correspondences.
The general theory developed in Sections 2, 3, 4, and 5, allows us to classify the

generators of invariant Markov semigroups on quantum homogeneous spaces that are
associated to an idempotent state ˆ on the underlying compact quantum groupG, in
particular if we have a good understanding of the quantum hypergroupˆnG=ˆ. This
is slightly more general than in the classical case, where all homogeneous spaces are
of quotient type, but follows similar ideas.
In Section 7, we apply our approach to classify invariant Markov semigroups

on the classical sphere SN�1, on the half-liberated sphere SN�1� , and on the free
sphere SN�1C . In Theorem 7.5 we give the general form of the eigenvalues of the
generators of these semigroups. In the rest of Section 7 we study in more detail the
orthogonal polynomials that occur in this formula. We also show in Proposition 7.1
that the half-liberated sphere SN�1� and the free sphere SN�1C are not of quotient type.
In Subsection 7.4 we define a zeta function in terms of the eigenvalues of generators
we classified before, determine its abscissa of convergence, and compute from this
the spectral dimensions of the spheres.
We think it would be interesting to extend this study to other expected

quantum homogeneous spaces, e.g., those of Banica and Speicher “easy” compact
quantum groups [7], where many combinatorial techniques are available for explicit
calculations. Similarly to recent work by Skalski and Viselter [31] on locally compact
quantum groups, results about convolution semigroups and their noncommutative
Dirichlet forms could be used to establish Property (T) or the Haagerup property
for these quantum homogeneous spaces. And it would of course be very useful to
develop methods that also apply for not necessarily expected quantum homogeneous
spaces.



534 B. Das, U. Franz and X. Wang

Conventions. We use˝ both for the tensor product of vector spaces and *-algebras,
and for the minimal tensor product of C�-algebras, the meaning will be clear from
the context.

1. Preliminaries

1.1. Compact quantum groups. For an introduction to the theory of compact quan-
tum groups, see [27, 32, 37].

1.2. Actions of compact quantum groups. We adopt the convention that for a com-
pact quantum groupG, C u.G/ denotes the unital C*-algebra of the universal version
of G, whereas C.G/ denotes that of the reduced version. We refer the reader to [16]
for a recent survey on actions of compact quantum groups.

Definition 1.1. A right action X
˛Ô G of a compact quantum groupG on a compact

quantum spaceX (also called a right coaction ofC.G/ on the unital C*-algebraC.X/)
is a unital *-homomorphism

˛WC.X/! C.X/˝ C.G/

such that
� the coaction property holds:

.˛ ˝ idC.G// ı ˛ D .idC.X/ ˝�/ ı ˛;

and
� the density condition (also called Podleś condition)

˛.C.X//.1C.X/ ˝ C.G// D C.X/˝ C.G/

holds.

Associated with every right action of a compact quantum group G on a compact
quantum space X is the Podleś subalgebra or the algebraic core of C.X/, which
we denote by OG.X/. We refer to [16, pp. 25–27] for a detailed description of the
properties of OG.X/. We collect a few facts for OG.X/:
� Considering G Ô G by the coproduct, the corresponding Podleś subalgebra (or
Peter–Weyl algebra) O.G/ is precisely the unique, dense Hopf *-algebra O.G/
ofG, which is also commonly denoted by Pol.G/. It is spanned by the coefficients
of the finite-dimensional corepresentations of C.G/.

� OG.X/ � C.X/ is a dense, unital * subalgebra of C.X/ [16, Theorem 3.16].
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� The right coaction ˛WC.X/ �! C.X/˝C.G/ restricts to a right Hopf *-coaction
O.G/ on the unital *-algebra OG.X/:

˛j
OG.X/

WOG.X/ �! OG.X/˝O.G/:

Anaction is called embeddable, ifOG.X/ is isomorphic to a *-subalgebra ofO.G/,
such that the action corresponds to the restriction of the coproduct, i.e., if there exists
an injective unital *-homomorphism # WOG.X/! O.G/ such that

.# ˝ id/ ı ˛jOG.X/ D � ı #:

Such actions can be given as unital *-subalgebras which are also co-ideals.
Definition 1.2. A left (right, resp.) coidalgebra of O.G/ is unital *-subalgebra C

of O.G/ such that

�.C/ � C ˝O.G/; .�.C/ � O.G/˝ C ; resp./:

1.3. Quantum quotient space. LetK be a compact quantum subgroup ofG, which
we will take to mean:
� K is a compact quantum group.
� There exists a surjective, unital *-homomorphism � WC u.G/ �! C u.K/ such that

.� ˝ �/ ı�u D �u;K ı �;

where �u is the coproduct of C u.G/ and �u;K is the coproduct of C u.K/.
Then the C*-algebra of the left quantum quotient of G by K, denoted C u.KnG/

is defined as

C u.KnG/ WD fx 2 C u.G/ W .� ˝ id/.�u.x// D 1Cu.K/ ˝ xg:

C u.KnG/ consists of the elements of C u.G/ that are invariant under the left action
.� ˝ id/ ı�uWC u.G/! C u.K/˝ C u.G/ of K on G induced by � .
We collect a few facts about the subalgebra C u.KnG/ below, see also [16, 29]:

� �u.C
u.KnG// � C u.KnG/ ˝ C u.G/. Letting ƒWC u.G/ �! C.G/ be the

reducing morphism,

˛ WD .id˝ƒ/ ı�j
Cu.KnG/

WC u.KnG/ �! C u.KnG/˝ C.G/

is a right action of G on C u.KnG/.
� OG.KnG/ � O.G/ and it can be easily seen that˛j

OG.KnG/
D �ujOG.KnG/

. Thus,
letting W 2M

�
C.G/˝ C0.bG/� be the left multiplicative unitary, it follows that
˛.x/ D W �.1G ˝ x/W .x 2 OG.KnG//:
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Denoting the norm closure ofOG.KnG/ in C.G/ by C.KnG/, it follows from the
above equation that

�j
C.KnG/ WC.KnG/ �! C.KnG/˝ C.G/

is a right action ofG on C.KnG/, which restricted toOG.KnG/ is the right Hopf
*-algebraic coaction ˛j

OG.KnG/
WOG.KnG/ �! OG.KnG/˝O.G/.

1.4. Idempotent states. In this paper we will be interested in actions coming from
idempotent states, as in the following theorem.
Theorem 1.3 ([21] and [19]). Let G be a compact quantum group. There is a
one-to-one correspondence between the following objects:
(1) idempotent states ˆ on O.G/;
(2) idempotent states ẑ on C u.G/;
(3) expected right (equivalently, left) coidalgebras A in O.G/ (denote by EWO.G/!

A the conditional expectation);
(4) expected right (equivalently, left) coidalgebras A inC.G/ (denote byEWC.G/!

A the conditional expectation).
The one-to-one correspondence is given by the following relations: ẑ is a

continuous extension of ˆ, and A D .id ˝ ˆ/ ı �.O.G//. The C�-algebra A
is the norm closure of A in C.G/. On O.G/ we can recover the idempotent state
as ˆ D " ı E . Moreover, each of the maps E and E preserves the Haar state.
We will denote by I.G/ the set of idempotent states on C u.G/. In view of

the one-to-one correspondence in Theorem 1.3, we will denote by Aˆ and Aˆ
the right coidalgebras associated to ˆ 2 I.G/, and from now on we will denote
by Eˆr the conditional expectations both onto Aˆ and onto Aˆ in O.G/ or C.G/,
respectively. On O.G/ this conditional expectation can be defined by the formula
Eˆr D .id˝ˆ/ı�. The correspondence in Theorem 1.3 preserves the natural order,
i.e., we have

ˆ1 ? ˆ2 D ˆ1 , Aˆ1 � Aˆ2 , Aˆ1 � Aˆ2 ;

since Eˆ1r ı Eˆ2r D
�
id˝ .ˆ2 �ˆ2/

�
ı� D Ejˆ1�ˆ2r .

Theorem 1.3 has recently been generalized to locally compact quantum groups,
see [23, 30].
Recalling the definition of quantum quotient spaces as given in the previous

subsection, it is worthwhile to note the following:
� Let hK be the Haar state on C u.K/. Then ˆK D hK ı � 2 I.G/, and it follows
that C u.KnG/ is the left coidalgebra of C u.G/ associated with ˆK D hK ı � .

� Letting EKnG WD .hK ı � ˝ id/ ı�u and EG=K WD .id˝ hK ı �/ ı�u (both are
conditional expectations), the unital *-subalgebra EK=G.O.G// \EG=K.O.G//
is a double coset hyper bi-algebra, as considered in [20].
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For our set-up, we will be mainly concerned with expected right coidalgebras
of G (we remark that analogous results hold for left coidalgebras). As pointed out
above quantum quotient spaces are special cases of these. We may note that expected
right coidalgebras ofG are examples of quantum homogeneous spaces, i.e. quantum
spaces on which the corresponding right action of G is ergodic [29].

1.5. Convolution semigroups of states and quantum Markov semigroups on com-
pact quantum groups. We recall a few handy definitions and facts from [12].

Definition 1.4. A convolution semigroup on a compact quantum groupG is a family
.�t /t�0WO.G/! C such that

(1) limt&0 �t .a/ D �0.a/ for all a 2 O.G/ (weak continuity);

(2) �s � �t D �sCt for all s; t � 0 (semigroup property).

We call .�t /t�0 a convolution semigroup of states, if the functionals �t are further-
more normalized, i.e., �t .1/ D 1, and positive, i.e., �t .a�a/ � 0 for all a 2 O.G/
and all t � 0.

The semigroup property implies that �0 is idempotent, but note that unlike [12]
we do not require �0 D ". The convolution semigroups on G that we will obtain
from Markov semigroups on G-spaces will in general not start with the counit.

Definition 1.5. A linear operator T WA ! A on a unital C�-algebra A is called a
quantum Markov operator, if it is completely positive and preserves the unit of A.
A quantum Markov semigroup on A is a family .Tt /t�0 of Markov operators

satisfying

(1) limt&0 Tt .a/ D T0.a/ in norm for all a 2 A (pointwise norm-continuity);

(2) Ts ı Tt D TsCt for all s; t � 0 (semigroup property).

A linear operator T WA! A (or a family of linear operators .Tt WA! A/t�0, resp.)
on a unital *-algebraA is called a quantum Markov operator (semigroup, resp.), if it
is the restriction of a quantumMarkov operator (semigroup, resp.) on a C�-algebra A
containingA that preservesA.

In [12, Theorem 3.2] it was shown that for a convolution semigroup of states
.�t /t�0 with �0 D " on a compact quantum group there always exists a unique
quantum Markov semigroup .Tt /t�0 (with T0 D id) on C.G/ that acts on elements
a 2 O.G/ of the Hopf *-algebra as

Tt .a/ D .id˝ �t / ı�.a/:

Quantum Markov semigroups coming in this way from convolution semigroups
of states are characterized by the invariance property � ı Tt D .id ˝ Tt / ı �,
cf. [12, Theorem 3.4].
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2. Actions and invariances

Let us start in the algebraic setting. A functional � 2 O.G/0 can act in three ways
on another functional f 2 O.G/0:

L�f D � � f;

R�f D f � �;

Ad�f WO.G/ 3 a 7! �
�
a.1/S.a.3//

�
f .a.2// 2 C;

and by duality it can also act in three ways on an element a 2 O.G/:

L��a D �.a.1//a.2/;

R��a D �.a.2//a.1/;

Ad��a D �
�
a.1/S.a.3//

�
a.2/:

It is straightforward to check that we have

L�1 ı L�2 D L�1��2 ; R�1 ıR�2 D R�2��1

and L��1 ı L
�
�2
D L��2��1 ; R��1 ıR

�
�2
D R��1��2

for �1; �2 2 O.G/0. Furthermore,

Ad��1
�
Ad��2.a/

�
D �2.a.1//�1.a.2//�1

�
S.a.4//

�
�2
�
S.a.5//

�
a.3/ D Ad��1?�2.a/

for �1; �2 2 O.G/0, a 2 O.G/, and

Ad�1 ı Ad�2 D Ad�1?�2 :

If� 2 .O.G/0 is positive, then it extends to a unique positive functional onC u.G/,
cf. [8, Theorem 3.3]. In this case its actionsL�� andR

�
� onO.G/ extend continuously

to unique completely positive maps on C.G/ and C u.G/, see, e.g., [10, Lemma 3.4].
L�� and R

�
� are furthermore unital iff � is a state, i.e., if �.1/ D 1.

Definition 2.1. For a subsetM � O.G/0 we define the spaces of left M -invariant,
rightM -invariant, and adjointM -invariant functionals and polynomial functions as�

O.G/0
�L.M/

D ff 2 O.G/0I 8� 2M;L�.f / D �.1/f g;�
O.G/0

�R.M/
D ff 2 O.G/0I 8� 2M;R�.f / D �.1/f g;�

O.G/0
�Ad.M/

D ff 2 O.G/0I 8� 2M;Ad�.f / D �.1/f g;
O.G/L

�.M/
D fa 2 O.G/I 8� 2M;L��.a/ D �.1/ag;

O.G/R
�.M/

D fa 2 O.G/I 8� 2M;R��.a/ D �.1/ag;

O.G/Ad
�.M/

D fa 2 O.G/I 8� 2M;Ad��.a/ D �.1/ag:
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The conjugate M -invariant functionals and polynomial functions are�
O.G/0

�Conj.M/
D ff 2 O.G/0I 8� 2M;L�.f / D R�.f /g;

O.G/Conj
�.M/

D fa 2 O.G/I 8� 2M;L��.a/ D R
�
�.a/g:

ForM D O.G/0 they are also called central functionals and polynomial functions.
We also define a notion of invariance for functionals and linear operators on

quantum homogeneous spaces.
Definition 2.2. Let ˛WOG.X/! OG.X/˝O.G/ be a Hopf *-algebraic right action
of a compact quantum group G. We say that a linear map T WOG.X/ ! OG.X/ is
G-invariant, if

˛ ı T D .T ˝ id/ ı ˛:

Let us give a first general construction of G-invariant operators and Markov
semigroups on a homogeneous space.
Proposition 2.3. Let ˛WOG.X/! OG.X/˝ O.G/ be a right action of a compact
quantum group G.

If �WO.G/! C is a central functional, then T�D.id˝�/ı˛WOG.X/! OG.X/
is G-invariant.

If .'t /t�0 is a central convolution semigroup of states on O.G/ with '0 D ", then
Tt D .id˝ 't / ı ˛ defines a G-invariant quantum Markov semigroup with T0 D id
on OG.X/.

Proof. A functional �WO.G/! C is central iff

.id˝ �/ ı� D .� ˝ id/ ı�:

Therefore, if � is central, then we have

˛ ı T� D .id˝ id˝ �/ ı .˛ ˝ id/ ı ˛
D .id˝ id˝ �/ ı .id˝�/ ı ˛
D .id˝ � ˝ id/ ı .id˝�/ ı ˛
D .T� ˝ id/ ı ˛;

as claimed. On the algebraic core we have T0 D .id˝ "/ ı ˛ D id.
The second statement follows, since the positivity of the 't implies that the Tt are

completely positive, Tt .1/ D 1't .1/ D 1 for all t � 0, and

Tt .x/ D x.0/'t .x.1//
t&0
���! x.0/".x.1// D x in norm

for x 2 OG.X/, by continuity of the convolution semigroup .'t /t�0, see also the
proof of [12, Theorem 3.2]. Here we used Sweedler notation ˛.x/ D x.0/˝ x.1/ for
the action.
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3. Invariant functionals, operators and their convolutions

In this section we fix an idempotent state ˆ 2 I.G/ and suppose C r.G=ˆ/,
C r.ˆnG/, OG.G=ˆ/ and OG.ˆnG/ denote the respective right and left coidal-
gebras. The conditional expectations fromO.G/ ontoOG.G=ˆ/ andOG.ˆnG/ are
denoted, respectively,Eˆr andEˆ

`
. And we use the same notationsEˆr andEˆ

`
for the

conditional expectations from C.G/ onto C r.G=ˆ/ and C r.ˆnG/. We may note
that the restriction of the coproduct � to OG.ˆnG/ and OG.G=ˆ/ are respectively
left and right Hopf*-algebraic coactions of O.G/ on OG.ˆnG/ and OG.G=ˆ/. We
start with two lemmas which we will be using in the sequel.
Lemma 3.1. On O.G/ the following hold:
(a) .Eˆ

`
˝ id/ ı� D � ı Eˆ

`
I .id˝ Eˆr / ı� D � ı Eˆr :

(b) .Eˆr ˝ id/ ı� D .id˝ Eˆ
`
/ ı�.

Proof. The identity in (a) is actually the invariance condition for the conditional
expectations, as observed in [19].
We prove (b):

.Eˆr ˝ id/ ı� D ..id˝ˆ/ ı�˝ id/ ı�
D .id˝ˆ˝ id/ ı .�˝ id/ ı�
D .id˝ˆ˝ id/ ı .id˝�/ ı�
D .id˝ .ˆ˝ id/ ı�/ ı� D .id˝ Eˆ` / ı�:

The following is aminor variation of the result already observed in [22, Section 3].
Lemma 3.2. Let ˆ1; ˆ2 be idempotent states on O.G/. If ˆ1 � ˆ2 D ˆ2, then
ˆ2 �ˆ1 D ˆ2.

Proof. Let S be the antipode of G. For any idempotent state � on O.G/ we have
� ıS D �, see [22, Section 3, p. 10], or [30, Proposition 4], where this is shown even
for locally compact quantum groups.
This along with the identity .S ˝ S/ ı � D �op ı S immediately implies the

desired result.

3.1. Invariant functionals on expected right coidalgebras.Wewrite˛ WD�j
OG.ˆnG/

.
Definition 3.3. For ˆ 2 I.G/, we call a functional f on OG.ˆnG/ ˆ-invariant if

.f ˝ˆ/ ı ˛ D f:

We call a functional f on O.G/ ˆ-bi-invariant if

f 2 .O.G/0/L.fˆg/ \ .O.G/0/R.fˆg/:
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Theorem 3.4. The following hold:
(a) Let f be a ˆ-invariant functional on OG.ˆnG/. Then the functional defined by

� WD f ıEˆ
`

is the uniqueˆ-bi-invariant functional on O.G/, whose restriction
to OG.ˆnG/ is f .

(b) Let � be a ˆ-bi-invariant functional on O.G/. Then f WD �j
OG.ˆnG/

is the
unique ˆ-invariant functional on OG.ˆnG/, such that f ı Eˆ

`
D �.

Proof. We prove (a).
Let x 2 O.G/. We prove the ˆ-bi-invariance of � as follows:
Left ˆ-invariance:

.ˆ˝ �/.�.x// D .ˆ˝ f ı Eˆ` /.�.x//

D .ˆ˝ f /..Eˆr ˝ id/.�.x/// .by Lemma 3:1 (b)/
D .ˆ˝ˆ˝ f /.�˝ id/.�.x//
D .ˆ �ˆ˝ f /.�.x//

D .ˆ˝ f /.�.x// D f .Eˆ` .x// .since ˆ 2 I.G//

D �.x/:

Right ˆ-invariance:

.�˝ˆ/.�.x// D .f ı Eˆ` ˝ˆ/.�.x//

D .f ˝ˆ/.Eˆ` ˝ id/.�.x//
D .f ˝ˆ/�.Eˆ` .x// .by Lemma 3.1 (a)/
D f .Eˆ` .x// .using ˆ-invariance of f /
D �.x/:

Now, let � be any ˆ-bi-invariant functional on O.G/ such that �j
OG.ˆnG/

D f .
Then using the right ˆ-invariance of � we have

�.x/ D .ˆ˝ �/.�.x//

D �.Eˆ` .x//

D f .Eˆ` .x// D �.x/;

which proves the uniqueness.
(b) follows by observing that theˆ-invariance off as a functional onOG.ˆnG/ is

a consequence of the leftˆ-invariance of � as a functional onO.G/, and uniqueness
can be seen easily.

Thus, we have a one-to-one correspondence between the set of ˆ-invariant func-
tional on OG.ˆnG/ and that of ˆ-bi-invariant functionals on O.G/. In particular,
we have the following corollary.
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Corollary 3.5. There exists a one-to-one correspondence between the set of ˆ-inv-
ariant states on OG.ˆnG/ and the set of ˆ-bi-invariant states on O.G/.

Proof. This is clear, because Eˆ
`
is completely positive.

Remark 3.6. We may note that given any functional �WOG.ˆnG/ �! C the
functional �WO.G/ �! C defined by � WD � ı Eˆ

`
is a left ˆ-invariant functional

on O.G/. This follows from the computations proving left ˆ-invariance of � in the
proof of Theorem 3.4.

3.1.1. The case ˆ D hK ı � of quantum quotient spaces. Let K be a compact
quantum subgroup ofG. Let � be the associated surjective quantum groupmorphism.
Then � WO.G/ �! O.K/ is a surjective Hopf *-morphism such that

.� ˝ �/ ı� D �0 ı �;

where �0 is the coproduct of O.K/. It can be easily observed that

ˇr WD .id˝ �/ ı�WO.G/ �! O.G/˝O.K/

is a right Hopf *-algebraic coaction of O.K/ on the unital *-algebra O.G/, and
similarly

ˇl WD .� ˝ id/ ı�WO.G/ �! O.K/˝O.G/

is a left Hopf *-algebraic coaction of O.K/ on O.G/.
Definition 3.7. We call a functional f on O.G/ K-bi-invariant if

.f ˝ id/ ı ˇr D f .�/1K D .id˝ f / ı ˇl :

Let hK be the Haar state of K, so that h WD hK ı � 2 I.G/.
Let Irr.K/ be the set of inequivalent, irreducible unitary representations of K.

For � 2 Irr.G/, denote the carrier Hilbert space of � byH� , and let

ı� WH� �! H� ˝O.K/

be the O.K/-comodule induced by � , as in [16, Theorem 1.2, Lemma 1.7]. Then it
follows that there exists an orthonormal basis fe1; : : : ; edim �g ofH� such that

ı�.ei / D

dim �X
kD1

ek ˝ �kj ;

cf. [16, Theorem 1.2, Lemma 1.5]. For � 2 Irr.K/, let

C.G/� WD LinfT � W � 2 H� ; T 2 Mor.�; ˇr/g;

as in [16, Definition 3.13]. Then it follows from [16, Theorem 3.16] and its proof
that

O.G/ D
M

�2Irr.K/

C.G/� :
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Theorem 3.8. A functional f on O.G/ is left K-invariant, i.e. .f ˝ id/ ıˇr D f if
and only if for those � 2 Irr.K/ which are inequivalent to the trivial representation,
we have f j

C.G/�
D 0.

Proof. Let f be left K-invariant. This implies that .f ˝ id/.ˇr.T �// D f .T �/ for
all � 2 H� , for all T 2 Mor.�; ˇr/. Thus, in particular we have

f .T .ej //1K D .f ˝ id/.ˇr.T .ej /// D .f ı T ˝ id/ı�.ej /;

from which it follows that

f .T .ej //1K D

dim�X
kD1

f .T .ek//�kj

i.e.
dim�X
kD1

f .T .ek//�kj � f .T .ej //1K D 0:

Since � is different from the trivial representation, this means, using the linear
independence of the set

fej W j D 1; 2; : : : ; dim �g [ f1Kg;

f .T .ej // D 0 for all i; j , which implies that f jC.G/� D 0.
Conversely suppose f j

C.G/�
D 0 for all those � different from the trivial repre-

sentation. Let x 2 O.G/. Since

O.G/ D
M

�2Irr.K/

C.G/� and ˇr.C.G/�/ � C.G/� ˝O.K/;

this implies that
.f ˝ id/ˇr.x/ D 0 D f .x/

if x 2 C.G/� for� ¤ 11K. If x 2 C.G/1K , then x is a fixed point of the coactionˇr .
Thus, .f ˝ id/ˇr.x/ D f .x/1K. Thus, f is left K-invariant.

It is now easy to also prove a corresponding right K-invariance version of Theo-
rem 3.8:
Corollary 3.9. Let f be a functional on O.G/. Then f is right K-invariant i.e.

.id˝ f / ı ˇl D f;

if and only if f j
C.G/�

D 0 for all those � ¤ 1K, where now for � 2 Irr.K/,

C.G/� WD fT � W � 2 H� ; T 2 Mor.�; ˇl/g:
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Wenowprove themain results for this subsection. Note thatˆK D hKı� 2 I.G/.
Theorem 3.10. A functional f on O.G/ is K-bi-invariant if and only if it is ˆK-bi-
invariant.

Proof. If f is K-bi-invariant, it easily follows that f is also ˆK-bi-invariant.
We prove the converse implication. We prove only the left K-invariance of f .

The proof of the right K-invariance is identical, with ˇr replaced by ˇl .
We will use the notations in the proof of Theorem 3.8. Recall that

O.G/ D
M

�2Irr.K/

C.G/� :

Let x 2 C.G/� , such that � ¤ 1K. We may note that .id ˝ hK ı �/ ı � is the
conditional expectation onto the fixed point subalgebra of the right coactionˇr . Since

.f ˝ hK ı �/.�.x// D f .x/ and .id˝ hK ı �/.�.x// D 0;

this implies that f .x/ D 0. Left K-invariance of f now follows from Theorem 3.8.

Let us recall the construction of the quantum quotient space KnG as explained
in Subsection 1.3. As before, let us denote the Podleś algebra for the right action
of G on KnG by OG.KnG/, and the corresponding right Hopf *-coaction of O.G/
on OG.KnG/ by ˛.
Definition 3.11. A functional f on OG.KnG/ is called K-invariant if

.� ˝ f / ı ˛ D f .�/1K:

Remark 3.12. Wemay note that the above definition ofK-invariance of a functional
on OG.KnG/ reduces to the usual definition of K-invariant measure on quotient
spaces KnG when G is a classical compact group and K is a compact subgroup, as
introduced in [24, 25].
Let us also recall from Subsection 1.3 thatOG.KnG/ can equivalently be thought

of as the right coidalgebra corresponding to the idempotent state hKı� onO.G/. Let
EKnG WD .id˝ hK ı �/ ı� be the corresponding conditional expectation associated
with the idempotent state ˆK D hK ı � .
Theorem 3.13. Let f be a K-invariant functional on OG.KnG/. Then there exists
a unique K-bi-invariant functional � on O.G/ such that f ı EKnG D �.

Proof. Since f is a K-invariant functional on OG.KnG/, this implies that f is a
hKı� -invariant functional in the sense of Definition 3.3. Thus by Theorem 3.4, there
exists a unique hK ı � -bi-invariant functional � on O.G/ satisfying f ıEKnG D �.
Now from Theorem 3.8 and Corollary 3.9 it follows that � is also K-bi-invariant as
a functional on O.G/. This proves the result.
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As a consequence, we have the following:
Corollary 3.14. Let�be a K-bi-invariant functional on O.G/. Thenf WD�jOG.KnG/

is the unique K-invariant functional on OG.KnG/ such that f ı EKnG D �.

Proof. We may note that theK-invariance of the functional f on OG.KnG/ follows
from the left K-invariance of � as a functional on O.G/. The rest of the proof is an
adaptation of the proof of Theorem 3.13.

Thus, we have a one-one correspondence between K-invariant functionals on
OG.KnG/ andK-bi-invariant functionals onO.G/. This correspondence can be seen
to extend the already known one-one correspondence betweenK-invariant measures
on the quotient spaceKnG andK-bi-invariant measure onG for a classical compact
group G and its compact subgroup K [24].

3.2. Convolution of functionals and invariant operators on expected right coid-
algebras. Let OG.ˆnG/ be an expected right coidalgebra and h 2 I.G/ be the
associated idempotent state. Let " denote the counit of G and ˛ WD �j

OG.ˆnG/
.

3.2.1. Convolution of functionals on expected right coidalgebras.
Definition 3.15. Let f and g be two functionals on the expected right coidalgebra
OG.ˆnG/. We define convolution of f and g, denoted f ?

`
g as the following

functional on OG.ˆnG/:

f ?
`
g WD

�
f ˝ .g ı Eˆ` /

�
ı ˛:

Remark 3.16. Let us make a remark on the notations used here:
For two functionals � and � on O.G/, � � � will denote the convolution defined

by �� � WD .�˝ �/ ı�, whereas for two functionals f and g onOG.ˆnG/, f ?` g
will denote the functional on OG.ˆnG/, as given in Definition 3.15.
Theorem 3.17. Let f1 and f2 be two ˆ-invariant functionals on OG.ˆnG/ and �1
and �2 be their uniqueˆ-bi-invariant extensions to O.G/, as given by Theorem 3.4.

Then the following hold:

(a) f1 ?` f2 is a ˆ-invariant functional on OG.ˆnG/.

(b) �1 � �2 is the unique ˆ-bi-invariant extension of f1 ?` f2 to O.G/.

Proof. We prove (a).

.f1 ?` f2 ˝ˆ/ ı ˛ D .f1 ˝ f2 ı Eˆ` ˝ˆ/ ı .˛ ˝ id/ ı ˛
D .f1 ˝ f2 ı Eˆ` ˝ˆ/ ı .id˝�/ ı ˛
D .f1 ˝ .f2 ı Eˆ` ˝ˆ/ ı�/ ı ˛

D .f1 ˝ .�2 ˝ˆ/ ı�/ ı ˛
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D .f1 ˝ �2/ ı ˛ .using left ˆ-invariance of �2/
D .f1 ˝ f2 ı Eˆ` / ı ˛ D f1 ?` f2:

To prove (b).
Using the fact that both �1 and �2 are ˆ-bi-invariant functionals on O.G/, it is

easy to see that �1 � �2 is a ˆ-bi-invariant functional on O.G/.
Let x 2 OG.ˆnG/.

.�1 � �2/.x/ D .�1 � �2/.E
ˆ
` .x//

D .f1 ı Eˆ` ˝ f2 ı Eˆ` /.�.E
ˆ
` .x///

D .f1 ı .E
ˆ
` /
2
˝ f2 ı Eˆ` /.�.x// .using the invariance of Eˆ` /

D .f1 ı Eˆ` ˝ f2 ı Eˆ` /.�.x//

D .f1 ˝ f2 ı Eˆ` /.�.E
ˆ
` .x///

D .f1 ˝ f2 ı Eˆ` /.˛.x/// D f1 ?` f2.x/;

which proves that �1 � �2jOG.ˆnG/
D f1 ?` f2. It now follows from Theorem 3.4

that �1 � �2 must be the unique ˆ-bi-invariant extension of f1 ?` f2 to O.G/.

3.2.2. G-invariant operators on expected right coidalgebras. Recall that linear
map T WOG.ˆnG/ �! OG.ˆnG/ is calledG-invariant if .T ˝ id/ ı˛ D ˛ ıT , see
Definition 2.2.
Remark 3.18. This definition is motivated by the following observation.
If G is a classical compact group, then all expected right coidalgebras of

.C.G/;�/, where � is the canonical coproduct on C.G/, are of the form C.KnG/,
for some compact subgroup K � G.
A linear map T WC.KnG/ �! C.KnG/ is called G-invariant, if T is covariant

with respect to the canonical action ofG onC.KnG/ [24,25], i.e. denoting the action
of G on C.KnG/ by

G 3 g 7! �g 2 Aut.C.KnG//;

we have T ı �g D �g ı T for all g 2 G.
Let

E�.�/ WD

Z
G

�
�
.g/�g.�/ dg;

where dg is the Haar measure of G, � is an irreducible unitary representation of G
and �

�
is its character. It can be seen that E� is a completely bounded idempotent

and
C.KnG/� WD fE�.f / W f 2 C.KnG/g

is the spectral subspace of C.KnG/ for the action �, corresponding to � . Denoting

OG.KnG/ WD
M
�

C.KnG/�
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and �WC.KnG/ �! C.KnG/˝ C.G/ by

�.f /.x; g/ WD �g.f /.x/;

it follows that

�j
OG.KnG/

WOG.KnG/ �! OG.KnG/˝OG.G/

is a right coaction of the Hopf *-algebra .OG.G/;�/, where � is the restriction of
the canonical coproduct on C.G/.
Using the covariance ofT , it is possible to see now thatT .OG.KnG//�OG.KnG/

and .T ˝ id/ ı �j
OG.KnG/

D �j
OG.KnG/

ı T .

Lemma 3.19. Let T WOG.ˆnG/ �! OG.ˆnG/ be G-invariant. Then  WD " ı T

is a ˆ-invariant functional on OG.ˆnG/.
Conversely, if  is a functional on OG.ˆnG/, then the formula T WD.˝Eˆ

`
/ı˛

defines a G-invariant map on OG.ˆnG/. However,  D " ı T if and only if  is
ˆ-invariant.

Proof. The ˆ-invariance of  can be seen as follows:

. ˝ˆ/.˛.x// D ." ı T ˝ˆ/.˛.x//

D ."˝ˆ/.˛.T x//

D ˆ.T x/

D ".Eˆ` .T x//

D ".T x/ D .x/ .as T x 2 OG.ˆnG//:

Now let  WOG.ˆnG/ �! C be a functional. Then

.T ˝ id/.˛.x// D . ˝ Eˆ` ˝ id/.˛ ˝ id/.˛.x//
D . ˝ Eˆ` ˝ id/.id˝�/.˛.x//
D f ˝ .Eˆ` ˝ id/ ı�g.˛.x//
D . ˝� ı Eˆ` /.˛.x//

D �.. ˝ Eˆ` /.˛.x/// D �.T x/;

which proves the G-invariance of T .
We may now observe that

".T x/ D . ˝ " ı Eˆ` /.˛/.x// D . ˝ h/.˛.x//;

from which it follows that " ı T D  if and only if  is ˆ-invariant.
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The above lemma leads to the following observation:

Theorem 3.20. There exists a one-to-one correspondence between ˆ-invariant
functionals on OG.ˆnG/ (denoted by  ) and G-invariant operators on OG.ˆnG/
(denoted by T ), given by

 7! T WD . ˝ Eˆ` / ı ˛I

T 7!  WD " ı T:

We now relate the convolution of ˆ-invariant functionals on OG.ˆnG/ with
composition of G-invariant operators on OG.ˆnG/.

Theorem 3.21. Let 1 and 2 be two ˆ-invariant functionals on OG.ˆnG/, and
T1 and T2 be the corresponding G-invariant operators (or vice versa as given by
Theorem 3.20). Then we have

1 ?` 2 D " ı T2 ı T1:

Proof. For x 2 OG.ˆnG/ observe that

.1 ?` 2/.x/ D .1 ˝ 2 ı Eˆ` /.˛.x//

D ." ı T1 ˝ " ı T2 ıE1/.˛.x//

D ."˝ " ı T2 ı Eˆ` /.˛.T1x//

D ".T2.E
ˆ
` .T1x///

D ".T2.T1.x///;

which proves our claim.

4. Markov semigroups on expected right coidalgebras

As before, we fix ˆ 2 I.G/ and let

Eˆ` WD .ˆ˝ id/ ı�; Eˆr WD .id˝ˆ/ ı�;
OG.ˆnG/ WD Eˆ` .O.G// and OG.G=ˆ/ WD Eˆr .O.G//:

A one parameter family of (G-invariant) operators

T WD fTt WOG.ˆnG/ �! OG.ˆnG/gt�0

will be called a semigroup of operators if TtCs D Tt ı Ts .
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4.1. Structure of convolution semigroups of invariant functionals on expected
right coidalgebras. The convolution on OG.KnG/ allows us to define convolution
semigroups of functionals or states onOG.KnG/ in the sameway as in Definition 1.4.
Definition 4.1. A convolution semigroup on an expected right coidalgebraOG.ˆnG/
is a family of linear functionals .�t WOG.ˆnG/! C/t�0 such that
(1) limt&0 �t .a/ D �0.a/ for all a 2 OG.KnG/ (weak continuity);
(2) �s ?` �t D �sCt for all s; t � 0 (semigroup property).
We call .�t /t�0 a convolution semigroup of states, if the functionals �t are further-
more normalized, i.e., �t .1/D1, and positive, i.e., �t .a�a/�0 for all a2OG.ˆnG/
and all t � 0.
Lemma 4.2. Let � WD f�t WOG.ˆnG/ �! Cgt�0 be a convolution semigroup of
ˆ-invariant functionals on OG.ˆnG/. For each t � 0 let �t WO.G/ �! C be the
unique ˆ-bi-invariant extension of �t , as given by Theorem 3.4. Then

� WD f�t WO.G/ �! Cgt�0

is a convolution semigroup of functionals on O.G/.

Proof. Fix t; s 2 Œ0;C1/. It follows that

.�t � �s/jOG.ˆnG/
D �t ?` �s D �tCs D �tCsjOG.ˆnG/

;

where the first equality follows from Theorem 3.17 (b). By the same, we know that
�t ��s is the uniqueˆ-bi-invariant extension of �t ?` �s D �tCs . This implies that

�t � �s D �tCs:

Weak continuity easily follows from the formula �t D �t ı Eˆ
`
.

Remark 4.3. In general the convolution semigroup .�t /t�0 does not start with the
counit. Instead we have �0 D �0 ı Eˆ

`
D ˆ � �0.

We next prove an automatic ˆ-invariance of convolution semigroup of function-
als, starting at a state.
Lemma 4.4. Let f�t WOG.ˆnG/ �! Cgt�0 be a convolution semigroup of function-
als such that �0 is a state on .OG.ˆnG/, i.e., �0.x�x/ � 0 and �0.1/ D 1. Then
for each t � 0, �t is ˆ-invariant.

Proof. Let �t WD �t ı Eˆ
`
. Lemma 4.2 implies that .�t /t�0 is a convolution semi-

group of functionals on O.G/, such that for each t � 0, �t is a left ˆ-invariant
functional on O.G/. Let us first show that �t is ˆ-bi-invariant.
We may note that �0 WD �0 ı Eˆ

`
is an idempotent state on O.G/. Moreover,

as �t is left ˆ-invariant for each t � 0, this implies in particular that ˆ � �0 D �0.
Hence, by Lemma 3.2, we have �0 �ˆ D �0. This implies that �t � .�0 �ˆ/ D �t
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i.e. �t �ˆ D �t for all t � 0. Hence, .�t /t�0 is a convolution semigroup of ˆ-bi-
invariant functionals on O.G/. Theorem 3.4 now yields that �t D �t jOG.ˆnG/

must
be ˆ-invariant for each t � 0. This proves the claim.

We will now have a look at the differentiability properties of convolution
semigroups on OG.ˆnG/ and the associated operator semigroups.
Proposition 4.5. Let .�t /t�0 be a pointwise continuous convolution semigroup of
ˆ-invariant functionals on OG.ˆnG/. Then for each x 2 OG.ˆnG/, the function
Œ0;C1/ 3 t 7! �t .x/ 2 C is differentiable at t D 0.

Proof. Let .�t /t�0 be the unique ˆ-bi-invariant extension of .�t /t�0. This is a
continuous convolution semigroup of linear functionals and the discussion in [20,
Section 3] shows that it is differentiable, which implies the differentiability of .�t /t�0.

The following result is an ‘operator’ version of Proposition 4.5.
Proposition 4.6. Let fTt WOG.ˆnG/ �! OG.ˆnG/gt�0 be a pointwise continuous
(w.r.t. to the universal C�-norm) one parameter semigroup such that for each t � 0,
Tt is G-invariant. Then for each x 2 OG.ˆnG/, the map

Œ0;C1/ 3 t 7! Tt .x/ 2 OG.ˆnG/

is differentiable at 0.

Proof. This follows by applyingProposition 4.5 to�tD"ıTt and usingTheorem3.20.

The next result is a converse of Proposition 4.5.
Proposition 4.7. Let  WOG.ˆnG/ �! C be a ˆ-invariant map. Then there exists
a continuous convolution semigroup f�t WOG.ˆnG/ �! Cgt�0 consisting of ˆ-
invariant maps and �0 D "jOG.ˆnG/

, such that

 D
d

dt

ˇ̌̌̌
tD0

�t :

Proof. For x 2 OG.ˆnG/, define A.x/ WD . ˝ Eˆ
`
/.�.x//. From Theorem 3.20,

it follows that AWOG.ˆnG/ �! OG.ˆnG/ is a G-invariant operator.
Fix x 2 OG.ˆnG/. We can use fundamental theorem of coalgebras to restrict to

finite-dimensional subcoalgebra X that contains x. One sees that

Tt .x/ WD

1X
kD0

tk

kŠ
Ak.x/

converges on X . Since x was arbitrary, the convergence holds for all x 2 OG.ˆnG/
and defines a semigroup of G-invariant operators.
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Let�t WD "ıTt for each t . An application of Theorem3.20 andLemma4.2 implies
that .�t /t�0 is a convolution semigroup of ˆ-invariant functionals on OG.ˆnG/.
SinceX is finite dimensional, "j

X
is a bounded functional onX . From this, it follows

easily that the map Œ0;C1/ 3 t 7! �t .x/ is continuous at 0. The result follows
now.

Corollary 4.8. Let ˆ 2 I.G/ and  WO.G/ �! C be a functional which is ˆ-bi-
invariant. Then there exists a convolution semigroup of functionals

f�t WO.G/ �! Cgt�0

such that for each t � 0, �t is ˆ-bi-invariant, and

�0 D ˆ and
d

dt

ˇ̌̌̌
tD0

�t D  :

Proof. Let Eˆ
`
WD.ˆ˝ id/ ı� andOG.ˆnG/ WDEˆ

`
.O.G//. Then � WD j

OG.ˆnG/

is a ˆ-invariant functional on the expected right coidalgebra OG.ˆnG/. Then by
Theorem 4.7, it follows that there exists a convolution semigroup

fˇt WOG.ˆnG/ �! Cgt�0

such that for each t � 0, ˇt is a ˆ-bi-invariant functional on OG.ˆnG/,

ˇ0 D "jOG.ˆnG/
and

d

dt

ˇ̌̌̌
tD0

ˇt D �:

Let f�t WO.G/ �! Cgt�0 be the extension of .ˇt /t�0 to aˆ-bi-invariant convolution
semigroup of functionals on O.G/, as given by Lemma 4.2. It now follows
that .�t /t�0 is the required convolution semigroup with the desired property.

4.2. Structure of convolution semigroups of states on expected coidalgebras.
Remark 4.9. It is worthwhile to note at this point that Theorem 3.20 along with
Lemma 4.4 essentially gives us a way to go back and forth between convolution
semigroup of states onOG.ˆnG/ andG-invariant Markov semigroup onOG.ˆnG/.

The following theorem gives a Schoenberg correspondence for expected right
coidalgebras.

Theorem 4.10. Let f�t WOG.ˆnG/ �! Cgt�0 be a continuous convolution semi-
group of functionals. Let  WD d

dt
�t jtD0 . Then the following are equivalent:

(i) .�t /t�0 is a convolution semigroup of states.

(ii)  is a well-defined map on OG.ˆnG/, �0 is positive and  .x�x/ � 0 for all
x 2 OG.ˆnG/ with �0.x�x/ D 0, and  .x�/ D  .x/ for all x 2 OG.ˆnG/.
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Proof. Let us first extend .�t /t�0 to a convolution semigroup f�t WO.G/ �! Cgt�0
ofˆ-bi-invariant functionals, as shown inLemma4.4. As in the proof of Theorem4.5,
.�t /t�0 is also continuous. Moreover, since for each t 2 Œ0;C1/,

�t D �t ı Eˆ` ;

this implies that �t is a state on O.G/ for all t . Moreover, from the proof of
Theorem 4.5 it follows that

 ı Eˆ` D
d

dt
�t

ˇ̌̌̌
tD0

:

So it is enough to prove (i) and (ii) for .�t /t�0. Since .O.G/;�/ is a *-bialgebra,
the result now follows from [20, Theorem 3.3].

5. Quantum hypergroups

5.1. Functionals on the algebra ofˆ-bi-invariant functions on G. Letˆ 2 I.G/
and denote

Eˆ` WD .ˆ˝ id/ ı� and Eˆr WD .id˝ˆ/ ı�:

Let
OG.ˆnG/ WD Eˆ` .O.G// and OG.G=ˆ/ WD Eˆr .O.G//:

Definition 5.1. The *-algebra of ˆ-bi-invariant functions on G, denoted by
OG.ˆnG=ˆ/ is defined by

OG.ˆnG=ˆ/ WD OG.ˆnG/ \OG.G=ˆ/ D Eˆ`
�
Eˆr .O.G//

�
:

Remark 5.2. It is worthwhile to note that in the context of CQG algebras, the
double coset hyper bialgebra considered in [20] is a special case of the algebra
introduced in Definition 5.1. Haonan Zhang [38, Proposition 2.4] has shown that
C.ˆnG=ˆ/ D Eˆ

`
.Eˆr .C.G/// has the structure of a compact quantum hypergroup

in the sense of [11].
Theorem 5.3. Let f be a functional on OG.ˆnG=ˆ/ and define� WD f ıEˆ

`
ıEˆr .

Then� is the uniqueˆ-bi-invariant functional on O.G/ such that�j
OG.ˆnG=ˆ/

D f .

Proof. We prove theˆ-bi-invariance of� as a functional onO.G/. Wemay note that
an easy computation yieldsEˆr ıE

ˆ
`
D Eˆ

`
ıEˆr . We only show the leftˆ-invariance

of �. The proof of right ˆ-invariance is identical. Let x 2 O.G/, then

.ˆ˝ �/.�.x// D .ˆ˝ f ı Eˆ` ı Eˆr /.�.x//

D f
�
Eˆ` .E

ˆ
r .E

ˆ
` .x///

�
D f

�
Eˆr ..E

ˆ
` /
2.x//

�
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D f
�
Eˆr .E

ˆ
` .x//

�
D f

�
Eˆ` .E

ˆ
r .x//

�
D �.x/;

which proves left ˆ-invariance of �.
Conversely, suppose � is a ˆ-invariant functional on O.G/ such that

�jOG.ˆnG=ˆ/ D f:

Let x 2 O.G/. We have

�.x/ D .ˆ˝ �/.�.x//

D �.Eˆ` .x//

D .� ˝ˆ/.�.Eˆ` .x///

D �
�
Eˆr .E

ˆ
` .x//

�
D f

�
Eˆ` .E

ˆ
r .x//

�
D �.x/;

which proves the uniqueness.

A functional on f onOG.ˆnG=ˆ/ can be extended in many ways to a functional
on the right coidalgebraOG.ˆnG/. For example, let x 2 OG.ˆnG/. Then x admits
a unique decomposition x D aC b, where a 2 Eˆr .O.G// and b 2 .Eˆr /?.O.G//.
Note that a 2 OG.ˆnG=ˆ/. Now the assignment x 7! f .a/C  .b/, for any
functional  on .Eˆr /?.O.G//, gives a well-defined functional on OG.ˆnG/.
However, not all such extensions will beˆ-invariant as functionals onOG.ˆnG/. In
fact we have
Corollary 5.4. Let f be a functional on OG.ˆnG=ˆ/. Then there exists a unique
functional � on OG.ˆnG/ such that
� �j

OG.ˆnG=ˆ/
D f ;

� � is a ˆ-invariant functional on OG.ˆnG/ in the sense of Definition 3.3.

Proof. Let us first prove that there exists at least one ˆ-invariant extension of f .
By virtue of Theorem 5.3, we see � WD f ı Eˆ

`
ı Eˆr is a ˆ-bi-invariant functional

on O.G/. Thus, by Theorem 3.4 we see that � WD �j
OG.ˆnG/

is a ˆ-invariant
functional on OG.ˆnG/. Clearly,

�j
OG.ˆnG=ˆ/

D f;

which proves that there exists at least one ˆ-invariant extension of f .
Suppose �0WOG.ˆnG/ �! C be another ˆ-invariant extension of f . Let us

suppose that �1WO.G/ �! C be the unique ˆ-bi-invariant extension of f given by
Theorem 5.3, and �2WO.G/ �! C be the unique ˆ-bi-invariant extension of �0 as
given by Theorem 3.4. Since

�2jOG.ˆnG=ˆ/
D �0j

OG.ˆnG=ˆ/
D f;



554 B. Das, U. Franz and X. Wang

this implies that �2 is also a ˆ-bi-invariant extension of f . By the uniqueness of
such an extension as shown in Theorem 5.3, we must have �1 D �2 which in turn
implies that �0 D �.

Theorem 5.3 and Corollary 5.4 together yield:
All functionals on the *-algebra ofˆ-bi-invariant functions onG are precisely the

restrictions of ˆ-bi-invariant functionals on O.G/. Hence they are also restrictions
of ˆ-invariant functionals on the corresponding right coidalgebra.

5.2. Convolution of functionals on the *-algebra ofˆ-bi-invariant functions on G.
In this subsection, we again consider the *-algebra of ˆ-bi-invariant functions on G
denoted by OG.ˆnG=ˆ/, as defined in Definition 5.1. We will define a coproduct
on OG.ˆnG=ˆ/, which will turn it into a *-bi-algebra.
Definition 5.5. Define z�WO.G/ �! O.G/˝O.G/ by

z�.x/ WD .id˝ˆ˝ id/.�.2/.x//; x 2 OG.ˆnG=ˆ/;

where �.2/ D .id˝�/ ı�.
Lemma 5.6. The triple

�
OG.ˆnG=ˆ/; z�jOG.ˆnG=ˆ/

; "j
OG.ˆnG=ˆ/

�
is a hyper-bialg-

ebra (in the sense of [20]), i.e.,
(1) OG.ˆnG=ˆ/ is a unital *-algebra;

(2) the triple
�
OG.ˆnG=ˆ/; z�jOG.ˆnG=ˆ/

; "j
OG.ˆnG=ˆ/

�
is a coalgebra;

(3) the comultiplication z�j
OG.ˆnG=ˆ/

is completely positive and the counit "j
OG.ˆnG=ˆ/

is a *-algebra homomorphism.

Proof. It follows easily that z� is completely positive and coassociative. We only
need to show that

z�.OG.ˆnG=ˆ// � OG.ˆnG=ˆ/˝OG.ˆnG=ˆ/:

So, let x 2 OG.ˆnG=ˆ/. We have

z�.x/ D .Eˆr ˝ id/.�
.2/.x//

D .Eˆr ˝ id/.�.E
ˆ
r ı Eˆ` .x///

D .Eˆr ı Eˆ` ˝ Eˆr /.�.x// .by (a) of Lemma 3.1/
D .Eˆ` ı Eˆr ı Eˆr ˝ Eˆr /.�.x// .using Eˆr Eˆ` D Eˆ` Eˆr and .E

ˆ
r /
2
D Eˆr /

D .Eˆ` ı Eˆr ˝ Eˆr ı Eˆ` /.�.x// .by (b) of Lemma 3.1/:

From the last expression one can conclude that z�.x/2OG.ˆnG=ˆ/˝OG.ˆnG=ˆ/.
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As a consequence we can define convolution of functionals on OG.ˆnG=ˆ/.

Definition 5.7. Let f; g be two functionals on OG.ˆnG=ˆ/. We define the
convolution of f and g as the following functional:

f ?bi g WD .f ˝ g/ ı
z�:

Alternatively, we have f ?bi g WD f �ˆ � g.

Theorem 5.8. The following hold:

(a) Let f; g be functionals on OG.ˆnG=ˆ/ and �1; �2 be their unique ˆ-invariant
extensions as functionals on OG.ˆnG/ (given by Corollary 5.4). Then

�1 ?` �2jOG.ˆnG=ˆ/
D f ?bi g:

(b) Let T WOG.ˆnG=ˆ/ �! OG.ˆnG=ˆ/ be a linear map such that

.T ˝ id/ ı z� D z� ı T:

Then there exists a G-invariant map S WOG.ˆnG/ �! OG.ˆnG/ such that

S j
OG.ˆnG=ˆ/

D T:

Proof. Observe that for x 2 OG.ˆnG=ˆ/,

.�1 ?` �2/.x/ D .�1 ˝ �2 ı Eˆ` /.˛.x//

D .�1 ˝ �2/.id˝ Eˆ` /.�.x//

D .�1 ˝ �2/.E
ˆ
r ˝ id/.�.x// .by (b) of Lemma 3.1/

D .�1 ˝ �2/.z�.x//

D .f ˝ g/.z�.x// D .f ?bi g/.x/;

which proves (a).
To prove (b), observe that the identity .T ˝ id/ ı z� D z� ı T implies that the

functional f WD " ı T satisfies

.f ˝ id/ ı z� D T:

Since f is a functional on OG.ˆnG=ˆ/, by virtue of Corollary 5.4, it extends to a
ˆ-invariant functional� onOG.ˆnG/. LetS WD .�˝Eˆ

`
/ı˛, which is aG-invariant

operator on OG.ˆnG/, by virtue of Theorem 3.20. Now an easy computation yields
that S j

OG.ˆnG=ˆ/
D T .
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6. Summary of the one-to-one correspondences

We have established the following one-to-one correspondences.

Theorem 6.1. Let G be a compact quantum group,ˆ 2 I an idempotent state on G,
and denote by X D ˆnG the associated quantum space. Let ı D "jOG.ˆnG/.

Then we have one-to-one correspondences between the following objects.

(1) semigroups of G-invariant operators on OG.ˆnG/ such that .ııTt /t�0 is weakly
continuous;

(2) G-invariant convolution semigroups of linear functionals on OG.ˆnG/;

(3) ˆ-bi-invariant convolution semigroups of linear functionals on O.G/;

(4) convolution semigroups of linear functionals on OG.ˆnG=ˆ/.

If we add positivity, we can formulate the following one-to-one correspondences.

Theorem 6.2. Let G be a compact quantum group,ˆ 2 I an idempotent state on G.
We have one-to-one correspondences between the following objects.

(1) G-invariant quantum Markov semigroups on OG.ˆnG/;

(2) G-invariant convolution semigroups of states on OG.ˆnG/;

(3) ˆ-bi-invariant convolution semigroups of states on O.G/;

(4) convolution semigroups of states on OG.ˆnG=ˆ/.

All these semigroups are furthermore characterized by their derivatives at t D 0.

Definition 6.3. LetA be a unital *-algebra and �WA! C a state. A linear functional
 WA! C is called a �-generating functional, if

(1)  is normalised, i.e.,  .1/ D 0;

(2)  is hermitian, i.e.,  .a�/ D  .a/, for all a 2 A;

(3)  is �-conditionally positive, i.e.,  .a�a/ � 0 for all a 2 A with �.a�a/ D 0.

Theorem 6.4. Under the same hypotheses as Theorem 6.2, the objects in Theorem 6.2
are furthermore in one-to-one correspondence with

(1) G-invariant quantum Markov semigroups on OG.ˆnG/;

(2) G-invariant ˆjOG.ˆnG/-generating functionals on OG.ˆnG/;

(3) ˆ-bi-invariant on ˆ-generating functionals on O.G/;

(4) "jOG.ˆnG=ˆ/-generating functionals on OG.ˆnG=ˆ/.

In the examples in the next section we will determine the "jOG.ˆnG=ˆ/-generating
functionals on OG.ˆnG=ˆ/ for the case whereG is one of the orthogonal quantum
groups ON , O�N or O

C

N and ˆ is the idempotent state such that X D ˆnG is one of
the quantum spheres SN�1, SN�1� , or SN�1C .
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7. Markov semigroups on quantum spheres

We know that orthogonal group ON is the isometry group of sphere SN�1. There
exist quantum versions, or “liberated” versions, of the orthogonal group and the
sphere. These are given by their universal C�-algebras which are defined as
follows [3]:

C u
�
SN�1C

�
D C �

�
x1; � � � ; xN

ˇ̌̌
xi D x

�
i ;
X
i

x2i D 1

�
C u
�
OCN

�
D C �

�
.uij /i;jD1;:::;N j u D xu; u

t
D u�1

�
C u
�
SN�1�

�
D C u

�
SN�1C

�
=habc D cba;8a; b; c 2 xi i

C u
�
O�N

�
D C n.OCN /=habc D cba;8a; b; c 2 uij i:

We will use the notation SN�1� denote the three spheres above associated to the three
quantum isometry groupsO�N , � 2 f;;�;Cg (where ; stands for no symbol). There
exist unique actions

˛u�WC
u
�
SN�1�

�
! C u

�
SN�1�

�
˝ C u

�
O�N

�
of the three families orthogonal quantum groups on the corresponding spheres, such
that

˛u.xi / D

NX
jD1

xj ˝ uj i for i 2 f1; : : : ; N g:

Every such “universal” action comes with a “reduced” action

˛r�WC
�
SN�1�

�
! C

�
SN�1�

�
˝ C

�
O�N

�
and a Hopf-*-algebraic action (cf. [16])

˛H� WOG

�
SN�1�

�
! OG

�
SN�1�

�
˝O

�
O�N

�
:

Banica [3, Proposition 5.8] showed that the reduced function algebras of these
spheres can regarded as subalgebras of the reduced function algebras of orthogonal
groups. i.e. if we identify xi D u1i , then C.SN�1� / � C.O�N /. One can check that
C.SN�1� / is a coidalgebra ofC.O�N /, so we can define the corresponding idempotent
stateˆ such that the associated left, right, and two-sided conditional expectationsEˆ

`
,

Eˆr , Eˆbi satisfy:

O
�
SN�1�

�
DOO�

N
.ˆnO�N /DEˆ`

�
O.O�N /

�
D*-algfu11; : : : ; u1N g;

S
�
O
�
SN�1�

��
DOO�

N
.O�N =ˆ/DEˆr

�
O.O�N /

�
D*-algfu11; : : : ; uN1g;

O
�
SN�1�

�
\ S

�
O
�
SN�1�

��
DOO�

N
.ˆnO�N =ˆ/DEˆbi

�
O.O�N /

�
D*-algfu11g;

where S denotes the antipode of O.O�N /.
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We know that in the classical case SN�1 Š ON�1nON . Banica, Skalski, and
Sołtan [6] have shown that SN�1C is not equal to the quotient OCN�1nO

C

N . We will
now show that the half-liberated and the free spheres can not be obtained as quotient
spaces.
Proposition 7.1. There exists no quantum subgroup K of OCN (or O�N , resp.) such
that SN�1C Š OCN =K (or SN�1� Š O�N =K, resp.) as left coidalgebras.

Proof. We start with the free sphere.
If such a quantum subgroup existed, then it would be of Kac type, and therefore

its Haar idempotent ˆK D hK ı � would be tracial. We will now show that the
idempotent state associated to O.SN�1C / by Theorem 1.3 is not a trace.
Let Eˆbi denote the conditional expectation in O.OCN / onto the *-subalgebra

of O.OCN / generated by u11, then we have ˆ D " ı Eˆ
`
D " ı Eˆbi .

Eˆbi is the orthogonal projection onto *-subalgebra generated by u11 for the inner
product ha; bi D h.a�b/, and since we can compute the values of the Haar state on
products of the algebraic generators u11; : : : ; uNN using the Weingarten calculus,
we can compute Eˆbi and then ˆ. We find

Eˆbi.u22u11u22/ D 0

since h
O
C

N

.uk11u22u11u22/ D 0 for all k 2 N (there are no matching non-crossing
pairings) and

Eˆbi.u11u
2
22/ D u11E

ˆ
bi.u

2
22/ D

.N � 2/u11 C u
3
11

.N � 1/2

since
h
O
C

N

.u222/ D
1

N
and h

O
C

N

.u211u
2
22/ D

1

N 2 � 1
:

If follows that

ˆ.u11u
2
22/ D "

�
.N � 2/u11 C u

3
11

.N � 1/2

�
D

1

N � 1
6D 0 D ˆ.u22u11u22/:

The case of the half-liberated sphere SN�1� is similar. Let us recall that a pairing
is called “balanced” if each pair connects a black leg to a while leg, when we label
its legs alternately black and white: � ı � ı � � � . Denote the set of balanced pairings
of n elements by P �2 .n/. The Weingarten formula for O�N uses balanced pairings.
The balanced pairings P �2 .4/ and the non-crossing pairingsNC2.4/ of four elements
are the same. Thus, we get again the same values for Haar state in the half-liberated
case,

hO�
N
.uk11u22u11u22/ D 0; k D 0; 1; : : : ;

hO�
N
.u222/ D

1

N
and hO�

N
.u211u

2
22/ D

1

N 2 � 1
;

and we get the same conclusion.
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We want to compute the eigenvalues and eigenspaces of O�N -invariant Markov
semigroups on O.SN�1� /. First, we will give a decomposition of the Hilbert spaces
L2..O.SN�1� /; h/, andL2..O.O�N�1/; h/where h denotes the Haar state onC.O

�
N /,

restricted to C.SN�1� /. Set

Ek D spanfui1j1 � � �uirjr W r � kg � L2
�
O
�
O�N

�
; h
�
I

Hk D spanfxi1 � � � xir W r � kg � L2
�
O
�
SN�1�

�
; h
�
I

Vk D Ek \E
?
k�1I Dk D Hk \H

?
k�1I dk D dimDk :

Then,

L2
�
O
�
SN�1�

�
; h
�
D

M
k2N

Dk and L2
�
O
�
O�N

�
; h
�
D

M
k2N

Vk :

Furthermore,Hk D Eˆ
`
.Ek/, and thusDk D Eˆ

`
.Vk/.

Take a complete set fu� W � 2 Irr.O�N /g of mutually inequivalent, irreducible
unitary representations. We know that the matrix u D .uij / is an irreducible unitary
representation of O�N whose coefficients generate the function algebra. We can
decompose its tensor powers

u�s
D

M
�2Is

ns�u
� ;

where ns� denotes the multiplicity of u� , and we used the notation

Is WD f� 2 Irr.O�N / W n
s
� � 1g:

Then, for any s � 2 , we define

u.s/ WD
M
�2Js

u� ;

where Js D Isn [0�i�s�1 Ii . In other words, u.s/ is the direct sum of the “new”
irreducible corepresentations in the decomposition ofu�s , thosewhich did not appear
in the decompositions of u�i ;8i < s.
Since the linear space spanned by coefficients of fu�ig0�i�s is Es , by decomp-

osition
Es D spanfu�pq W � 2 Ii ; 0 � i � sg:

Thus, by definition, the linear space spanned by coefficients of u.s/ is Vs .
For the free case, by the fusion rule ofOCN , we know that Is D fs; s�2; s�4; : : :g,

therefore Js D fsg. So u.s/ is exactly the sth irreducible unitary corepresentation
ofOCN . But for other two cases, u

.s/ defined here may not be irreducible, but it is the
direct sum of some mutually inequivalent irreducible unitary representations.
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We state the argument above as a proposition:
Proposition 7.2. There exists a sequence of unitary corepresentations .u.s//s2N

of O�N , such that the non-zero coefficients of u.s/ are linearly independent and
span Vs . In the free case, u.s/ is irreducible.
The following lemma is the main step for characterising the idempotent state ˆ.

Lemma 7.3. There exists a basis for the Hilbert space Ds associated to the corep-
resentation u.s/, such that we get

ˆ.s/ WD
�
ˆ
�
u
.s/

jk

��
1�j;k�ds

D ıj1ıi1:

if we write u.s/ D
�
u
.s/

jk

�
1�j;k�ds

with respect to this basis. In other words, the corep-
resentation u.s/ is unitarily equivalent to one for which applying ˆ to it coefficient-
wise produces a matrix with entry 1 in the upper left corner and 0 everywhere
else.

Proof. Since ˆ is idempotent state, we can easily check that

kˆsk � 1 and ˆ2s D ˆs;

which means thatˆs is a projection inB.Ds/. We know that every projection matrix
can be written as a diagonal matrix with coefficients 1 and 0 by choosing some
suitable basis. So,

ˆs D

0BBBBBBBB@

1
: : :

1

�

rs � � � 0

:::

0

0
: : :

0

1CCCCCCCCA
:

Denote the rank of this matrix by rs . For all k, we take the basis of Dk as above, so
that for 0 � i � rk , ˆ.u

.s/
i i / D 1; otherwise ˆ.u

.s/
ij / D 0. Then for any s 2 N,

Eˆbi
�
u
.s/
ij

�
D

X
p;q

ˆ
�
u
.s/
ip

�
u.s/pqˆ

�
u
.s/
qj

�
D

(
u
.s/
ij if 1 � i; j � rs;
0 otherwise:

For i � rs , usi i ¤ 0 since ˆ.u
s
i i / ¤ 0, while u

s
ij may be 0, i ¤ j . This implies that

rs � dim
�
Eˆbi.Vs/

�
� r2s : (7.1)

Moreover, the conditional expectation Eˆbi sends Es onto

Pols.u11/ WD f1; u11; u211; : : : ; u
s
11g:
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Thus,

dim
�

Eˆbi

� sM
kD0

.Vk/

��
D dim.Eˆbi.Es// D dim.Pols.u11// D s C 1:

This implies

dim.Eˆbi.Vs// D dim.Pols.u11// � dim.Pols�1.u11// D 1:

By inequality (7.1), we get rs D 1 for any s.

This theorem tells us that

u
.s/
11 D Eˆbi

�
u
.s/
11

�
2 Pols.u11/:

Moreover, the algebra *-algfu11g is a subalgebra of O.O�N / and can be identified
with the algebra of polynomials on the interval Œ�1; 1�. Therefore, there exists
q�
k
2 PolŒ�1; 1� such that q�

k
.u11/ D u

.k/
11 . Since

hO�
N

�
q�n .u11/q

�
m.u11/

�
D hO�

N

�
u
.n/
11 u

.m/
11

�
D Cınm;

.qs/s2N is a family of orthogonal polynomials. Themeasure of orthogonality of these
polynomials is the probability measure obtained by evaluating the spectral measure
of u11 in the Haar state. Since u11 is hermitian and we have ku11k � 1, we get a
measure that is supported on Œ�1; 1� (which explains why we consider only the values
of our polynomials on this interval).
The restriction of the counit to *-algfu11g corresponds to evaluation of a poly-

nomial in the boundary point 1, i.e.

".p.u11// D p.1/; 8p 2 PolŒ�1; 1�:

Therefore, we obtain the following result, in the same manner as in [12, Proposi-
tion 10.1].

Proposition 7.4 ([12, Proposition 10.1]). Let be a conditionally positive functional
on PolŒu11�. Then there exist a unique pair .b; �/ consisting of a real number b � 0
and a finite measure � on Œ�1; 1� such that

 .p/ D �bp0.1/C

Z 1

�1

p.x/ � p.1/

x � 1
d�.x/

for any polynomial p. Conversely, every  of this form is conditionally positive.
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Applying the above proposition, we can compute the eigenvalues of Markov
semigroups.
Theorem 7.5. For anyO�N -invariant strongly continuous Markov semigroup .Tt /t�0
on the sphere O.SN�1� / such that T0 D id, there exists a pair .b; �/, with b a positive
number and � a finite measure on Œ�1; 1�, such that the generator L of .Tt /t�0
satisfying,

L.xs/ D �sxs; 8xs 2 Ds;

where

�s D �b.q
�
s /
0.1/C

Z 1

�1

q�s .x/ � 1

x � 1
d�.x/:

Moreover, for any t � 0,

Tt .xs/ D e
t�sxs; 8xs 2 Ds:

Proof. Theorem4.6 guarantees the existence of generator operatorL , and theMarkov
property makes  WD " ı L conditionally positive.
By Lemma 7.3, we can compute Eˆ

`
.u
.k/
ij / D ı1iu

.k/
1j , which implies

Ds D Eˆ` .Vk/ D span
˚
u
.s/
1j W 1 � j � dk

	
:

Then, for any u.s/1j 2 Ds ,

L
�
u
.s/
1j

�
D

X
k

 
�
u
.s/

1k

�
Eˆ`
�
u
.s/

kj

�
D  

�
u
.s/
11

�
u
.s/
1j :

Now, we just need to consider  j*-alg.u11/ which induces the pair .b; �/ by Proposi-
tion 7.4. By linearity of L, we can get the eigenvalues forDs ,

�s D  
�
u
.s/
11

�
D �b.q�s /

0.1/C

Z 1

�1

q�s .x/ � 1

x � 1
d�.x/;

since q�s .1/ D ".u
.s/
11 / D 1.

We point out here that we have three different families of orthogonal polynomials
fq�s .x/g associated to SN�1� , since the Haar states hO�

N
depend on � 2 f;;�;Cg.

We will describe these orthogonal polynomials case by case.

7.1. The classical sphere SN�1. Here, .qs.x//s2N means the family of the orth-
ogonal polynomials associated to classical sphere. It is well known that the
distribution of u211 for the classical sphere is the beta distribution with param-
eters .1=2; .N � 1/=2/. In other words,

hSN�1
�
�.u211/

�
D C

Z 1

0

�.t/
1
p
t
.1 � t /

N�3
2 dt;
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where C D �
�
N
2

�
=�
�
1
2

�
�
�
N�1
2

�
. The integral vanishes on the odd polynomials,

i.e.
hSN�1

�
u2kC111

�
D 0:

Therefore,

hSN�1

�
f .u11/C f .�u11/

2

�
D hSN�1.f .u11//:

hSN�1.f .u11// D hSN�1

�
f .u11/C f .�u11/

2

�
D C

Z 1

�1

f .t/.1 � t /
N�3
2 .1C t /

N�3
2 dt:

The spectral measure of u11 is the probability measure on the interval Œ�1; 1�:

�.dt/ D C.1 � t /
N�3
2 .1C t /

N�3
2 dt;

whose family of orthogonal polynomials is well known. Namely, we get the Jacobi
polynomials (or ultraspherical polynomials) with parameters ˛ D ˇ D .N � 3/=2,
which we will denote by .Js/s2N .
Recall that Jacobi polynomials are given by:

Js.x/ D

sX
rD0

 
s C .N � 3/=2

r

! 
s C .N � 3/=2

.N � 3/=2 � r

!�
x � 1

2

�s�r �
x C 1

2

�r
:

Their orthogonality relation is given byZ 1

�1

Jk.x/Jm.x/�.dt/ D ıkm � C
2N�2

2k CN � 2

�.k C .N � 1/=2/2

�.k CN � 2/nŠ
:

Moreover, they satisfy the differential equation

.1 � x2/J 00s .x/ � x.N � 1/J
0
s.x/ D �s.s CN � 2/Js.x/:

We need these polynomials in the form qs.x/ D Js.x/=Js.1/.
Therefore,

q0s.1/ D
s.s CN � 2/

N � 1
:

We can relate our result to the Markov sequence problem. For a given orthonormal
basis ff0 D 1; f1; f2; : : :g of the L2-space of some probability space, this problem
asks for the classification of all sequences .�n/n�0 such that K.fn/ D �nfn defines
Markov operator, cf. [1]. In [9, Theorem 2], Bochner answered this problem for the
Jacobi polynomials. Since we found that the Jacobi polynomials are the eigenvectors
for any ON -invariant Markov semigroup on SN�1, our Theorem 7.5 recovers [9,
Theorem 3].
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7.2. The half-liberated sphere SN�1
� . In this subsection we consider the half-lib-

erated sphere SN�1� .
Banica [3, Proposition 6.6] determined the law of xi1 � � � xik with respect to the

Haar state hSN�1�
D hO�

N
jC.SN�1� / (there is a small misprint in [3, Proposition 6.6],

which we correct below).
Proposition 7.6. The half-liberated integral of xi1 � � � xik vanishes, unless each index
a appears the same number of times at odd and even positions in i1; : : : ; ik . We haveZ

SN�1�

xi1 � � � xikdx D
.N � 1/Š`1Š � � � `nŠ

.N C
P
`i � 1/Š

;

where `i denotes this number of common occurrences of i in the k-tuple .i1; : : : ; ik/.
This proposition allows to describe the spectral distribution of u11 D x1 w.r.t. the

Haar state.
Corollary 7.7. The distribution of u11 in the half-liberated case is given by:

hSN�1�
.f .u11// D

Z 1

�1

f .t/�.dt/; 8f 2 C
�
Œ�1; 1�

�
;

where �.dt/ D .N � 1/.1 � t2/N�2jt j dt .

Proof. This proof repeats the arguments of [3, Propositions 6.5 and 6.6].
Let

C D
2N

2N�N
� �.N C 1/ D

� 2
�

�N
.N � 1/Š ;

then

hSN�1�
.x2k/ D

Z
SN�1C

jz1j
2k dz D C

Z
S2N�1R

.x21 C y
2
1/
k d.x; y/

D C

Z �=2

0

Z �=2

0

.cos2 �1 C sin2 �1 cos2 �2/k sin2N�2 �1 sin2N�3 �2 d�1 d�2

�

Z �=2

0

sin2N�4 �3 d�3 � � �
Z �=2

0

sin �2N�2 d�2N�2 �
Z �=2

0

d�2N�1:

First we can calculate that

C 0 D C

Z �=2

0

sin2N�4 �3 d�3 � � �
Z �=2

0

sin �2N�2 d�2N�2 �
Z �=2

0

d�2N�1

D

� 2
�

�N
.N � 1/Š �

��
2

�N�1 .2N � 4/ŠŠ
.2N � 3/ŠŠ

.2N � 5/ŠŠ

.2N � 4/ŠŠ
� � �
1ŠŠ

2ŠŠ

D
4

�
.N � 1/;
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wheremŠŠ D .m� 1/.m� 3/ � � � 1. Let t D
p
cos2 �1 C sin2 �1 cos2 �2, u D cos �1,

then

hSN�1�

�
x2k

�
D C 0

Z 1

0

Z t

0

t2k.1 � t2/N�2
t

p
t2 � u2

dudt

D 2.N � 1/

Z 1

0

t2k � .1 � t2/N�2t dt:

Since the odd moments of u11 vanish, we have

hSN�1�
.f .u11// D hSN�1�

�
f .u11/C f .�u11/

2

�
and

hSN�1�

�
f .u11/

�
D 2.N � 1/

Z 1

0

�
f .u11/C f .�u11/

2

�
� .1 � t2/N�2t dt

D .N � 1/

Z 1

�1

f .u11/.1 � t
2/N�2jt j dt:

Now we determine the family of orthogonal polynomials associated to the prob-
ability measure � defined in Corollary 7.7.
The standard notation for hypergeometric functions is

rFs

�
a1; : : : ; ar

b1; : : : ; bs
I x

�
D

1X
nD0

.a1/n � � � .ar/n

.b1/n � � � .bs/n

xn

nŠ
;

where the shifted factorial .a/n is defined by

.a/n D

(
a.aC 1/ � � � .aC n � 1/; n D 1; 2; : : : ;

1; n D 0:

They satisfy

d

dx
rFs

�
a1; : : : ; ar

b1; : : : ; bs
I x

�
D

Qr
iD1 aiQs
jD1 bi

rFs

�
a1 C 1; : : : ; ar C 1

b1 C 1; : : : ; bs C 1
I x

�
: (7.2)

And by Gauss’ theorem we have

2F1

�
a; b

c
I 1

�
D
�.c/�.c � a � b/

�.c � a/�.c � b/
:

Definition 7.8. We define the family half-liberated spherical polynomials (or
“*-polynomials”) by

P2k.x/ D .�1/
k

 
N C 2k � 2

k

!�1
2F1

�
�k; N C k � 1

1
I x2

�
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D

kX
rD0

.�1/kCr

 
k

r

!2 
N C 2k � 2

k � r

!�1
x2r ;

P2kC1.x/ D x � .�1/
k.k C 1/

 
N C 2k � 1

k

!�1
2F1

�
�k; N C k

2
I x2

�
D

kX
rD0

.�1/kCr

 
k

r

! 
k C 1

r C 1

! 
N C 2k � 1

k � r

!�1
x2rC1:

Proposition 7.9. The family of “*-polynomials” satisfies the following three-term
recurrence relation:

Ps.x/ D xPs�1.x/ � !s�2Ps�2.x/; 8s � 2;

where
!` D

Œ.`C 2/=2�.N � 1C Œ`=2�/

.N C `/.N C ` � 1/
:

Moreover, the “*-polynomials” are the orthogonal polynomials for the probability
measure �.dt/ D .N � 1/.1 � t2/N�2jt jdt .

Proof. We can easily check that for any k � 1,

xP2k.x/ �
k.N C k � 2/

.N C 2k � 2/.N C 2k � 1/
P2k�1.x/ D P2kC1.x/;

xP2k�1.x/ �
k.N C k � 2/

.N C 2k � 2/.N C 2k � 3/
P2k�2.x/ D P2k.x/:

Therefore, the three-term recurrence relation holds.
By the Proposition 7.6, we can calculateZ 1

�1

P2k.x/�.dx/

D

kX
rD0

.�1/kCr

 
k

r

!2 
N C 2k � 2

k � r

!�1
.N � 1/ŠrŠ

.N C r � 1/Š

D .�1/k

 
N C 2k � 2

k

!�1 kX
rD0

.�1/rkŠ.N C k C r � 2/Š.N � 1/Š

.k � r/Š.N C k � 2/Š.N C r � 1/ŠrŠ

D .�1/k

 
N C 2k � 2

k

!�1
2F1

�
�k;N C k � 1

N
I 1

�
D .�1/k

 
N C 2k � 2

k

!�1
�.N/

�.1 � k/�.N C k/
D ı0kI

and all of the odd moments vanish, i.e.,
R 1
�1
P2kC1.x/�.dx/ D 0.
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We now prove the orthogonality by induction.
Clearly, for all n > 0, Z 1

�1

Pn.x/P0.x/�.dx/ D 0:

Assume that for any 0 � k � s,Z 1

�1

Pn.x/Pk.x/�.dx/ D 0

holds for all n > k. Then consider s C 1, and n > s C 1. Using the three-term
recurrence relation, we getZ 1

�1

Pn.x/PsC1.x/�.dx/ D

Z 1

�1

Pn.x/.xPs.x/ � !s�1Ps�1.x//�.dx/

D

Z 1

�1

xPn.x/Ps.x/�.dx/C 0

D

Z 1

�1

.PnC1.x/C !n�1Pn�1/Ps.x/�.dx/

D 0:

Moreover,Z 1

�1

P 2s .x/�.dx/ D

Z 1

�1

Ps.x/.xPs�1 � !s�2Ps�2/�.dx/

D

Z 1

�1

.PsC1.x/C !s�1Ps�1.x//Ps�1.x/�.dx/

D !s�1

Z 1

�1

P 2s�1.x/�.dx/ D !0!1 � � �!s�1;

so that Z 1

�1

Pm.x/Pn.x/�.dx/ D !0!1 � � �!n�1 � ımn:

Remark 7.10. We change the normalisation of these polynomial to get the sequence

q�s .x/ D
Ps.x/

Ps.1/
;

which satisfies the conditions of Theorem 7.5.
We have

P2k.1/ D .�1/
k

 
N C 2k � 2

k

!�1
2F1

�
�k;N C k � 1

1
I 1

�
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D .�1/k
kŠ.N C k � 2/Š

.N C 2k � 2/Š

�.1/�.2 �N/

�.k C 1/�.2 �N � k/

D
.N C k � 2/Š.N C k � 2/Š

.N C 2k � 2/Š.N � 2/Š
;

P2kC1.1/ D .�1/
k.k C 1/

 
N C 2k � 1

k

!�1
2F1

�
�k;N C k

2
I 1

�
D .�1/k.k C 1/

kŠ.N C k � 1/Š

.N C 2k � 1/Š

�.2/�.2 �N/

�.k C 2/�.2 �N � k/

D
.N C k � 1/Š.N C k � 2/Š

.N C 2k � 1/Š.N � 2/Š
:

Therefore,

q�2k.x/ D .�1/
k

 
N C k � 2

k

!�1
2F1

�
�k;N C k � 1

1
I x2

�
;

q�2kC1.x/ D x � .�1/
k.k C 1/

 
N C k � 2

k

!�1
2F1

�
�k;N C k

2
I x2

�
:

The following formula gives the eigenvalues of the generator of theO�N -invariant
semigroup on the half-liberated sphere SN�1� associated to the pair b D 1 and � D 0.
By analogywith the classical sphere, these values can be considered as the eigenvalues
of the Laplace operator of the half-liberated sphere (up to a rescaling by N � 1, see
Remark 7.15).

Corollary 7.11. For any k � 0,

.q�2k/
0.1/ D

2k.N C k � 1/

N � 1
;

.q�2kC1/
0.1/ D

.2k C 1/N C 2k2 � 1

N � 1
:

Proof. q00.1/ D 0 is obvious.
For k � 1, by equation (7.2), we have

.q�2k/
0.1/ D

2x d
dx2 2

F1
�
�k;NCk�1

1
I x2

�
2F1

�
�k;NCk�1

1
I 1
� ˇ̌̌̌

ˇ
xD1

D
�2k.N C k � 1/2F1

�
�kC1;NCk

2
I 1
�

2F1
�
�k;NCk�1

1
I 1
�
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D �2k.N C k � 1/
�.2/�.1 �N/

�.k C 1/�.2 �N � k/

�.k C 1/�.2 �N � k/

�.1/�.2 �N/

D
2k.N C k � 1/

N � 1
I

.q�2kC1/
0.1/ D

d
dx

�
x � 2F1

�
�k;NCk

2
I x2

��
2F1t

�
�k;NCk

2
I 1
� ˇ̌̌̌

ˇ
xD1

D
2F1

�
�k;NCk

2
I x2

�
C x �

�
2x d

dx2 2
F1
�
�k;NCk

2
I x2

��
2F1

�
�k;NCk

2
I 1
� ˇ̌̌̌

ˇ
xD1

D
2F1

�
�k;NCk

2
I 1
�
C 2 � �k.NCk/

2 2F1
�
�kC1;NCkC1

3
I 1
�

2F1
�
�k;NCk

2
I 1
�

D
.2k C 1/N C 2k2 � 1

N � 1
:

7.3. The free sphere SN�1
C

. Finally, we consider about the free case.
In fact, due to the asymptotic semicircle law of

p
N C 2u11 when N !1 [4],

we expect that
qCs .x/! Us

�p
Nx

�
=
p
N s;

where Us.x/ is the sth Chebyshev polynomial of the second kind, defined by

U0.x/ D 1; U1.x/ D x; UsC1.x/ D xUs.x/ � Us�1.x/ for s � 1:

Therefore, limN!1 qCs .x/ D xs . So for the special case where the generating
functional is associated to the pair bD1, �D0, the eigenvalues for the subspaceDs
converge as N !1,

lim
N!1

�s D �.x
s/0.1/ D �s:

We now derive relations between polynomials .qCs /s�0 for general finite N .

Proposition 7.12. For any N 2 N, the orthogonal polynomials defined as above
satisfy the following three-term recurrence relation:

asC1q
C
sC2.x/ D UsC1.N /q

C
sC1.x/x � asq

C
s .x/; 8s � 0;

where qC0 .x/ D 1, q
C
1 .x/ D x,

as D

sX
kD0

.�1/sCkUk.N / D

(
Um.N /.Um.N / � Um�1.N // if s D 2m;
Um.N /.UmC1.N / � Um.N // if s D 2mC 1;

and where Us.N / denotes the value of the sth Chebyshev polynomial of the second
kind at the point N .



570 B. Das, U. Franz and X. Wang

Proof. For free orthogonal quantum group, the irreducible corepresentations have
the following fusion rule [2]:

u.sC1/ ˝ u D u.sC2/ ˚ u.s/:

This implies that
u
.sC1/
11 u11 2 VsC2 ˚ Vs:

Applying the two-sided conditional expectation Eˆbi to both sides, we see that
u
.sC1/
11 � u11 can be written as the linear combination of u.sC2/11 and u.s/11 .
Let�s be a number such that the coefficient of the highest degree of the polynomial

�sq
C
s .x/ is 1. Since qCs .1/ D 1, we have

�sC2q
C
sC2.x/ D �sC1q

C
sC1.x/x � .�sC1 � �sC2/q

C
s .x/:

By the orthogonality of
�
qCs .u11/

�
s�0
and

hSN�1
C

��
qCs .u11/

�2�
D hSN�1

C

��
u
.s/
11

�2�
D 1=Us.N /;

we have

0 D hSN�1
C

�
�sC2q

C
sC2.u11/q

C
s .u11/

�
D hSN�1

C

�
�sC1q

C
sC1.u11/q

C
s .u11/u11

�
�
�
�sC1 � �sC2

�
hSN�1
C

��
qCs .u11/

�2�
D
�2sC1

�s
hSN�1
C

��
qCsC1.u11/

�2�
C 0 �

�
�sC1 � �sC2

�
hSN�1
C

��
qCs .u11/

�2�
D

�2sC1

�sUsC1.N /
�
�sC1 � �sC2

Us.N /
:

Therefore,
�sC2

�sC1
D 1 �

�sC1

�s
�
Us.N /

UsC1.N /
:

Set as D
�sC1
�s
� Us.N /, then

asC1q
C
sC2.x/ D UsC1.N /q

C
sC1.x/x � asq

C
s .x/;

and
asC1 D UsC1.N / � as:

From the latter equation we can get

as D

sX
kD0

.�1/sCkUk.N /:
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The following formula gives the eigenvalues of the generator of theOCN -invariant
semigroup on the free sphere SN�1C associated to the pair b D 1 and � D 0. By
analogy with the classical sphere, these values can be considered as the eigenvalues of
the Laplace operator of the free sphere (up to a rescaling byN �1, see Remark 7.15).
Corollary 7.13.

.qCs /
0.1/ D

s�1X
rD0

Pr
kD0 Uk.N /Pr

kD0.�1/
rCkUk.N /

; 8s � 1:

Proof. Applying Proposition 7.12 and taking derivatives on both sides, we get

asC1.q
C
sC2/

0.x/ D UsC1.N /
�
.qCsC1/

0.x/x C qCsC1.x/
�
� as.q

C
s /
0.x/:

Since qCs .1/ D 1, we have

asC1.q
C
sC2/

0.1/ D UsC1.N /.q
C
sC1/

0.1/C UsC1.N / � as.q
C
s /
0.1/:

Rewrite this equation using UsC1.N / D asC1 C as ,

asC1
�
.qCsC2/

0.1/ � .qCsC1/
0.1/

�
D UsC1.N /C as

�
.qCsC1/

0.1/ � .qCs /
0.1/

�
:

Therefore,

as
�
.qCsC1/

0.1/ � .qCs /
0.1/

�
D

sX
kD0

Uk.N /:

This implies

.qCsC1/
0.1/ D

sX
rD0

Pr
kD0 Uk.N /

ar
:

We can get an estimate of these eigenvalues that grows linearly in s.
Corollary 7.14. For any N � 2,

s � .qCs /
0.1/ �

N C 2

N � 2
s; 8s � 0;

where the upper becomesC1 for N D 2.

Proof. Using the relation Us.N /N D UsC1.N /C Us�1.N /, we have
mX
kD0

U2k.N / D
1

2

�
U2m.N /C U0.N /

�
C
N

2

� mX
kD1

U2k�1.N /

�
and

mX
kD0

U2kC1.N / D
1

2

�
U2mC1.N /C U1.N /

�
C U0.N /C

N

2

� mX
kD1

U2k.N /

�
:
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Therefore, Pr
kD0 Uk.N /Pr

kD0.�1/
rCkUk.N /

�
N=2C 1

N=2 � 1
:

Remark 7.15. For the classical sphere, we know that the Laplace operator is the
operator whose eigenvector are the Jacobi polynomials Js and whose eigenvalues are

�s D s.s CN � 2/ D �.N � 1/q
0
s.1/:

So the generator for classical spheres in Theorem 7.5, is induced from the generating
functional associated to the pair .b; �/ D .N �1; 0/ is the Laplace operator. In the
same manner, we may define the Laplace operator �� on the half-liberated sphere
and the Laplace operator �C on free sphere.
Remark 7.16. Recall that we showed in Proposition 2.3 that central convolution
semigroups of states on C u.G/ also induce G-invariant Markov semigroups on
any quantum space X equipped with a right G-action. The generating functionals
of central convolution semigroups of states on C u.OCN / were classified in [12,
Corollary 10.3]. This gives the formula

�s D �b
U 0s.N /

Us.N /
C

Z N

�N

Us.x/ � Us.N /

Us.N /.N � x/
�.dx/; s D 0; 1; : : : (7.3)

with b a positive real number, � a finite positive measure on the interval Œ�N;N � and
.Us/

1
sD0 the Chebyshev polynomials of the second kind.
Recall again that by [4, Theorem 5.3] the distribution of

p
N C 2 u11 converges

uniformly to the semicircle distribution, which is the measure of orthogonality of the
Chebyshev polynomials. This suggests that the eigenvalues given by Theorem 7.5
and in Equation (7.3) for the free sphere SN�1C should be close for large N .

7.4. Spectral dimensions. The Weyl formula for the eigenvalues of the Laplace–
Beltrami operator �M on a compact Riemannian C1-manifold .M; g/ of dimen-
sion N states that

N.�/ ��!C1
�N=2jMj

.4�/N=2�
�
N
2
C 1

�
cf. [28], where jMj denotes the volume of .M; g/, N.�/ denotes the number
eigenvalues of the Laplace–Beltrami operator that are less then or equal to �, and
f ��!C1 g stands for “asymptotically equivalent,” i.e., for lim�!1 f .�/

g.�/
D 1.

This implies that the zeta-function

�M .z/ D
X

�2�.�M /

m��
z;

where m� denotes the multiplicity of the eigenvalue �, has a simple pole in N2 , and
that this value is also the abscissa of convergence of the series. For this reason, we
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define the “spectral dimension” dL of the spheres SN�1� (w.r.t. a generator L) as the
abscissa of convergence of the series

1X
sD0

ms�
�z=2
s ;

where .�s/s�0 are the eigenvalues ofLwhich we classified in Theorem 7.5. Note that
this definition is equivalent to Connes’ definition in [14, 15], if we construct a Dirac
operatorDL from L as in [12], since the eigenvalues ofDL will be .˙

p
�s/s�0

The spectral dimension dL is equal to the infimum of all d > 0 such that the sumX
s

ms.��s/
�d=2

is finite.
For simplicity, we will only consider the special case b D 1 and � D 0 of the

eigenvalues given in Theorem 7.5.

7.4.1. The classical sphere SN�1. By definition ofDs ,

dimDs D dimHs � dimHs�1;

where
Hs D span

˚
x
k1
1 � � � x

kN
N W k1 C � � � C kN � s

	
:

Since

x21 D 1 �

NX
iD2

x2i ;

we only need consider k1 D 0 or k1 D 1 in above formula. Recall that

ˇ̌˚
.k1; k2; : : : ; kn/ 2 Nn

W k1 C k2 C � � � C kn DM
	ˇ̌
D

 
M C n � 1

n � 1

!
:

For k1 D 0,

dim span
˚
x
k2
2 � � � x

kN
N W k2 C � � � C kN D s

	
D

 
s CN � 2

N � 2

!
I

and for k1 D 1,

dim span
˚
x1x

k2
2 � � � x

kN
N W k2 C � � � C kN D s � 1

	
D

 
s CN � 3

N � 2

!
:
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Therefore,

ms D dimDs D

 
s CN � 2

N � 2

!
C

 
s CN � 3

N � 2

!
� sN�2;

where the notation as � bs for two sequences of strictly positive numbers means that
they are of the same order of magnitude. More precisely, as � bs means that there
exist constants c; C > 0 such that for all s 2 N, cas � bs � Cas .
For the eigenvalues we have

��s D
s.s CN � 2/

N � 1
� s2;

and therefore we find dL D N � 1, as expected.

7.4.2. The half-liberated sphere SN�1
� . Again, dimDs D dimHs � dimHs�1.

Consider first the even case, i.e. s D 2m,
Let X D x`1x`2 � � � x`2m�1x`2m 2 D2m. Use black dots “�” for odd positions

and white dots “ı” for even positions, i.e., associate the diagram

� ı � ı � � � � ı

to the monomial X . Since we have the relation

x`1x`2x`3 D x`3x`2x`1

for the generators, we can freely permute the generators x`2k�1 that are placed on
black dots “�” (i.e., in odd positions) among each other. Similarly, generators x`2k
sitting on white dots “ı” (i.e., in even positions) can be permuted among each other..
Write x`2k�1 D aik and x`2k D bjk , respectively, for the generators on black and

white dots, then X D ai1bj1 � � � aimbjm .
Since aik is commute among each other, we set

ai1ai2 � � � aim D x
p1
1 x

p2
2 � � � x

pN
N

with p1 C p2 C � � �pN D m. Similarly, set

bi1bi2 � � � bim D x
q1
1 x

q2
2 � � � x

qN
N

with q1 C q2 C � � � qN D m.
Since

x21 D 1 �

NX
iD2

x2i ;
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we can assume p1 D 0 or q1 D 0. Indeed, if both monomials ai1ai2 � � � aim and
bi1bi2 � � � bim contain the generator x1, then we can move x1 to the first position in
both the subwords ai1ai2 � � � aim and bi1bi2 � � � bim , and replace the resulting x21 by

1 �

NX
iD2

x2i :

In this way get one monomial that is inHs�2, and in the remaining terms the powers
of x1 in both subwords are reduced by 1. Iterating this procedure we can express X
as a linear combination of monomials which have p1 D 0 or q1 D 0. Therefore,

dimDs D dim span
�
x
p2
2 � � � x

pN
N W

NX
kD2

pk D m

�
� dim span

�
x
q2
2 � � � x

qN
N W

NX
kD2

qk D m

�
C dim span

�
x
p2
2 � � � x

pN
N W

NX
kD2

pk D m

�
� dim span

�
x
q1
1 x

q2
2 � � � x

qN
N W q1 > 0;

NX
kD1

qk D m

�
C dim span

�
x
p1
1 x

p2
2 � � � x

pN
N W p1 > 0;

NX
kD1

pk D m

�
� dim span

�
x
q2
2 � � � x

qN
N W

NX
kD2

qk D m

�

D

 
mCN � 2

N � 2

!2
C 2

 
mCN � 2

N � 2

! 
mCN � 2

N � 1

!
� m2N�3 � s2N�3:

Similarly, when s D 2mC 1,

dimDs D

 
mCN � 2

N � 2

! 
mCN � 1

N � 2

!
C

 
mCN � 1

N � 2

! 
mCN � 1

N � 1

!

C

 
mCN

N � 1

! 
mCN � 2

N � 2

!
� s2N�3:

On the other hand, by Corollary 7.11, ��s � s2. Hence,

dL D 2.N � 1/:



576 B. Das, U. Franz and X. Wang

Banica showed in [3, Theorem 1.14]. that C.SN�1� / can be embedded into the
C�-algebraM2.C.S

N�1
C // of continuous functions with values in 2 � 2-matrices on

the complex sphere

SN�1C D

�
z D .z1; : : : ; zN / 2 CN

W

NX
iD1

jzi j
2
D 1

�
:

This embedding sends the generators xi , i D 1; : : : ; N , to the functions

�.xi /WS
N�1
C 3 z D .z1; : : : ; zN / 7!

�
0 zi
xzi 0

�
:

Evaluating these functions in a point z 2 SN�1C defines a unique 2-dimensional
representation

�z WC
�
SN�1C

�
!M2.C/:

Two of these 2-dimensional representations �z and �w , z; w 2 SN�1C , are unitarily
equivalent if and only if there exists a complex number � with j�j D 1 such that
z D �w. This means that the embedding passes to the projective complex sphere

PN�1C D SN�1C = �;

where � is the equivalence relation on SN�1C defined by

z1 � z2, 9� 2 C; z1 D �z2:

Since the dimension of PN�1C as a real manifold is 2.N � 1/, this provides a
heuristic explanation for the value of the spectral dimension dL for the half-liberated
sphere SN�1� .

7.4.3. The free sphere SN�1
C

. For the free case,

Ds D span
˚
u
.s/
1i W 1 � i � ds

	
;

where u.s/ij are the coefficients of the s
th irreducible corepresentation u.s/, which has

dimension ds D Us.N /.
Let us first consider the caseN D 2. Since Us.2/ D sC1, we get as D Œs=2�C1

and
rX
kD0

D
.r C 1/.r C 2/

2
:

By Corollary 7.14, we have

��2kC1 D .q
C

2kC1
/0.1/ D 2k2 C 4k C 1;

��2k D .q
C

2k
/0.1/ D 2k2 C 2k:
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Therefore,
��s � s

2; ms � s:

This implies dL D 2 for N D 2. For N D 2, the defining relation of the free
sphere S2C can be written as x22 D 1 � x21 , which implies x1x22 D x22x1, as well as
the other half-commutation relations

xixjxk D xkxjxi ; i; j; k 2 f1; 2g:

So we have C u.S2C/ Š C u.S2�/, i.e., the free and the half-liberated two-dimensional
spheres coincide.
By Corollary 7.14, �s � s for N � 3. Furthermore, in this case

ms D Us.N / � N
s:

Hence,

dL D

(
2 if N D 2;
C1 if N � 3:

This resembles the computation in [12, Remark 10.4], where we found

dD D

(
3 if N D 2;
C1 if N � 3

for the spectral dimension of a spectral triple constructed from a central generating
functional on the free orthogonal quantum group OCN .
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