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Invariant Markov semigroups on quantum homogeneous spaces

Biswarup Das, Uwe Franz and Xumin Wang

Abstract. Invariance properties of linear functionals and linear maps on algebras of functions
on quantum homogeneous spaces are studied, in particular for the special case of expected co-
ideal *-subalgebras. Several one-to-one correspondences between such invariant functionals are
established. Adding a positivity condition, this yields one-to-one correspondences of invariant
quantum Markov semigroups acting on expected co-ideal *-subalgebras and certain convolution
semigroups of states on the underlying compact quantum group. This gives an approach to
classifying invariant quantum Markov semigroups on these quantum homogeneous spaces. The
generators of these semigroups are viewed as Laplace operators on these spaces.

The classical sphere SV, the free sphere S 1+V —1, and the half-liberated sphere SN ~!
are considered as examples and the generators of Markov semigroups on these spheres are
classified. We compute spectral dimensions for the three families of spheres based on the
asymptotic behaviour of the eigenvalues of their Laplace operator.
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Introduction

Symmetry plays an essential role in many places in mathematics and in the natural
sciences. Many systems are naturally invariant under the action of some group, like
time or space translations, rotations, or reflections. It is therefore of great interest
to characterize and classify all invariant equations for a given group action. See
for example the recent books by Ming Liao [26] and Vladimir Dobrev [17], that
study invariant Markov processes and invariant differential operators, respectively.
Liao’s book is motivated by probability theory, whereas Dobrev’s book deals with
applications to physics.

Quantum groups [35,36] provide a generalisation of groups and can be considered
as a mathematical model for quantum symmetries. Dobrev [18] has also studied
invariant differential operators for quantum groups. The quantum groups considered
in [18] are g-deformations of semi-simple Lie groups.
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But there exist also interesting quantum groups that are not deformations, but
rather “liberations” of classical groups, see, e.g., [7,33,34]. These “liberated”
quantum groups furthermore have actions on interesting “liberated” noncommutative
spaces, see, e.g., [5]. This provides an interesting class of examples for noncommut-
ative geometry.

Banica and Goswami investigated how to define a Dirac operator on two of these
noncommutative spaces: the free sphere S frv ~1 and the half-liberated sphere S ff -1
cf. [5, Theorem 6.4]. The action of the free or the half-liberated orthogonal group
yields a natural choice for the eigenspaces, but it does not suggest how to choose the
eigenvalues.

In this paper we introduce an approach for classifying invariant Markov semi-
groups on noncommutative spaces equipped with an action of a compact quantum
group. The generators of these semigroups can be considered as natural candidates
for Laplace operators. Dirac operators could be obtained via Cipriani and Sauvageot’s
construction [13] of a derivation from a Dirichlet form, see also [12]. Our method
generalizes the case of an action of a classical compact group on a homogeneous
space presented in [24, Chapter 3], [25], and [26, Chapter 1]. Since here we are
dealing only with compact quantum groups and actions on compact quantum spaces,
everything can be done on the *-algebraic level. As concrete examples we study the
classical sphere SV 1, the half-liberated sphere S2¥~!, and the free sphere S iv -1

Our approach adds a positivity condition to the invariance condition in [5], and
leads to the formula

1
Ak=—bP,;(1)+/ Mdu(x), k=0,1,...,

-1 x—1

for the eigenvalues of the Laplace operator on the three spheres SV =1, S¥N=1 § i\f -1
see Theorem 7.5. Here b is a positive real number, v is a finite positive measure on
the interval [—1, 1], and (P)72, is a family of orthogonal polynomials that depends
on which sphere we are considering.

We define spectral dimensions the three spheres by comparing the asymptotic
behaviour of the eigenvalues of their Laplace operators to the Weyl formula. More
precisely, the spectral dimension is defined as the abscissa of convergence of a certain
zeta function defined in terms of the eigenvalues of the Laplace operator. We find, as
expected, d;, = N — 1 for the classical sphere SV 1. For the half-liberated sphere
SN=1, we get d; = 2(N — 1). For the free sphere S ~!, we obtain

2 if N =2,

dr = .
+oo if N > 3.
It should be noted that, for N = 2, the half-liberated sphere S and the free sphere S i
are isomorphic. A more detailed study of the zeta function could probably be used
to introduce further interesting “invariants” for these noncommutative manifolds.
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We now provide a brief description for the content of each section.

In Section 1, we recall some definitions and facts about quantum group actions,
quantum quotient spaces, idempotent states, and quantum Markov semigroups.

Section 2 gives an overview of the actions and the notions of invariance that we
will consider. Proposition 2.3 shows that convolution by a central functional defines
an invariant operator.

In Section 3, we state and prove one-to-one correspondences between various
invariant linear functionals and maps on a quantum homogeneous space and on
the associated compact quantum group. In the following section we use these
results to characterize invariant Markov semigroups on expected right coidalgebras,
cf. Section 4.

Bi-invariance leads to examples of so-called quantum hypergroups, cf. [11], and in
Section 5 we show that invariant Markov semigroups on expected right coidalgebras
are in one-to-one correspondence with convolution semigroups of states on a quantum
hypergroup that is naturally associated to the coidalgebra.

Section 6 provides a short summary of our main one-to-one correspondences.

The general theory developed in Sections 2, 3, 4, and 5, allows us to classify the
generators of invariant Markov semigroups on quantum homogeneous spaces that are
associated to an idempotent state @ on the underlying compact quantum group G, in
particular if we have a good understanding of the quantum hypergroup ®\G/®. This
is slightly more general than in the classical case, where all homogeneous spaces are
of quotient type, but follows similar ideas.

In Section 7, we apply our approach to classify invariant Markov semigroups
on the classical sphere SV ~!, on the half-liberated sphere SN =1, and on the free
sphere S i’ ~1. In Theorem 7.5 we give the general form of the eigenvalues of the
generators of these semigroups. In the rest of Section 7 we study in more detail the
orthogonal polynomials that occur in this formula. We also show in Proposition 7.1
that the half-liberated sphere S¥ ~! and the free sphere S iv ~1 are not of quotient type.
In Subsection 7.4 we define a zeta function in terms of the eigenvalues of generators
we classified before, determine its abscissa of convergence, and compute from this
the spectral dimensions of the spheres.

We think it would be interesting to extend this study to other expected
quantum homogeneous spaces, e.g., those of Banica and Speicher “easy” compact
quantum groups [7], where many combinatorial techniques are available for explicit
calculations. Similarly to recent work by Skalski and Viselter [31] on locally compact
quantum groups, results about convolution semigroups and their noncommutative
Dirichlet forms could be used to establish Property (T) or the Haagerup property
for these quantum homogeneous spaces. And it would of course be very useful to
develop methods that also apply for not necessarily expected quantum homogeneous
spaces.
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Conventions. We use ® both for the tensor product of vector spaces and *-algebras,
and for the minimal tensor product of C*-algebras, the meaning will be clear from
the context.

1. Preliminaries

1.1. Compact quantum groups. For an introduction to the theory of compact quan-
tum groups, see [27,32,37].

1.2. Actions of compact quantum groups. We adopt the convention that for a com-
pact quantum group G, C*(G) denotes the unital C*-algebra of the universal version
of G, whereas C(G) denotes that of the reduced version. We refer the reader to [16]
for a recent survey on actions of compact quantum groups.

Definition 1.1. A right action X ~Gofa compact quantum group G on a compact
quantum space X (also called a right coaction of C (G) on the unital C*-algebra C (X))
is a unital *-homomorphism

a:CX) > CX)® C(G)

such that

* the coaction property holds:
(¢ ® idC((G)) o = (idC(X) ® A) o,

and

* the density condition (also called Podles condition)

2(CX)(cx) ® C(6G)) = C(X) @ C(G)

holds.

Associated with every right action of a compact quantum group G on a compact
quantum space X is the Podles subalgebra or the algebraic core of C(X), which
we denote by Og (X). We refer to [16, pp. 25-27] for a detailed description of the
properties of Og (X). We collect a few facts for Og (X):

¢ Considering G y» G by the coproduct, the corresponding Podles subalgebra (or
Peter—Weyl algebra) @O (G) is precisely the unique, dense Hopf *-algebra O (G)
of G, which is also commonly denoted by Pol(G). It is spanned by the coefficients
of the finite-dimensional corepresentations of C(G).

* Og(X) C C(X) is a dense, unital * subalgebra of C(X) [16, Theorem 3.16].
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* The right coaction o: C(X) — C(X) ® C(G) restricts to a right Hopf *-coaction
O (G) on the unital *-algebra Og (X):

&g, 0y O (X) — O (X) ® O(G),

Anaction s called embeddable, it Og (X) is isomorphic to a *-subalgebra of O (G),
such that the action corresponds to the restriction of the coproduct, i.e., if there exists
an injective unital *-homomorphism ¥: Og (X) — O(G) such that

(¥ ®id) ocalogx) = Ao

Such actions can be given as unital *-subalgebras which are also co-ideals.

Definition 1.2. A left (right, resp.) coidalgebra of O (G) is unital *-subalgebra €
of O(G) such that

AC) € 0(G), (A cO(G)RF, resp.).

1.3. Quantum quotient space. Let K be a compact quantum subgroup of G, which
we will take to mean:

* K is a compact quantum group.

* There exists a surjective, unital *-homomorphism 6: C*(G) — C*(K) such that
B®0O)o A, = Au,KOQ,

where A, is the coproduct of C*(G) and A, x is the coproduct of C*(K).

Then the C*-algebra of the left quantum quotient of G by K, denoted C*(K\G)
is defined as

C*(K\G) := {x € C¥(G) : (6 ®id)(Ay(x)) = loug) ® x}.

C*(K\G) consists of the elements of C*(G) that are invariant under the left action
(0 ®id) o A,: C*(G) —» C*(K) ® C*(G) of K on G induced by 6.
We collect a few facts about the subalgebra C*(K\G) below, see also [16,29]:
o Ay(C*K\G)) C C*(K\G) ® C*(G). Letting A: C*(G) — C(G) be the
reducing morphism,

@ = (id® A) C*(K\G) — C*(K\G) ® C(G)

°© A|C“(]K\<G1)

is a right action of G on C*(K\G).

* Og(K\G) C O(G) anditcanbe easily seen that a|(9 A |0(,(K\G> Thus,
letting W e M (C (G)® Cy (G)) be the left multlphcatlve unitary, it follows that

alx) =W*(lg ® )W (x € O (K\G)).



536 B. Das, U. Franz and X. Wang

Denoting the norm closure of Og (K\G) in C(G) by C(K\G), it follows from the
above equation that

Alegne: CK\G) — C(K\G) ® C(G)

is aright action of G on C(K\G), which restricted to O (K\G) is the right Hopf
*-algebraic coaction oz|(9@ K\ 06(K\G) — 06 (K\G) ® O(G).

1.4. Idempotent states. In this paper we will be interested in actions coming from
idempotent states, as in the following theorem.

Theorem 1.3 ([21] and [19]). Let G be a compact quantum group. There is a
one-to-one correspondence between the following objects:

(1) idempotent states ® on O(G);
(2) idempotent states ® on C*(G);

(3) expectedright (equivalently, left) coidalgebras 4 in O (G) (denoteby &: O(G) —
A the conditional expectation);

(4) expected right (equivalently, left) coidalgebras A in C(G) (denote by E: C(G) —
A the conditional expectation).

The one-to-one correspondence is given by the following relations: D is a
continuous extension of ®, and A = (id ® ®) o A(O(G)). The C*-algebra A
is the norm closure of 4 in C(G). On O(G) we can recover the idempotent state
as ® = ¢ o §. Moreover, each of the maps E and & preserves the Haar state.

We will denote by 4(G) the set of idempotent states on C*(G). In view of
the one-to-one correspondence in Theorem 1.3, we will denote by A¢ and Ag
the right coidalgebras associated to ® € J(G), and from now on we will denote
by E® the conditional expectations both onto ¢ and onto Ag in O(G) or C(G),
respectively. On (O (G) this conditional expectation can be defined by the formula
E® = (id® ®) o A. The correspondence in Theorem 1.3 preserves the natural order,
i.e., we have

O x Oy, = Py < Aq;l - o4><p2 < Ag, CAg,,

since Ef' o Ef2 = (id ® (@5 % @3)) 0 A = E[71*®2,

Theorem 1.3 has recently been generalized to locally compact quantum groups,
see [23,30].

Recalling the definition of quantum quotient spaces as given in the previous
subsection, it is worthwhile to note the following:

e Let hg be the Haar state on C*(K). Then &g = hk o 6 € 4(G), and it follows
that C*(K\G) is the left coidalgebra of C*(G) associated with ®g = hg o 6.

* Letting Ex\g := (hk 0o ®id) o Ay and Eg/k := (id ® hk o 0) o A, (both are
conditional expectations), the unital *-subalgebra Ex ;g (0 (G)) N Eg/k(O(G))
is a double coset hyper bi-algebra, as considered in [20].
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For our set-up, we will be mainly concerned with expected right coidalgebras
of G (we remark that analogous results hold for left coidalgebras). As pointed out
above quantum quotient spaces are special cases of these. We may note that expected
right coidalgebras of G are examples of quantum homogeneous spaces, i.e. quantum
spaces on which the corresponding right action of G is ergodic [29].

1.5. Convolution semigroups of states and quantum Markov semigroups on com-
pact quantum groups. We recall a few handy definitions and facts from [12].

Definition 1.4. A convolution semigroup on a compact quantum group G is a family

(A)t>0: O(G) — C such that
(1) limy\ As(a) = Ag(a) for alla € O(G) (weak continuity);
(2) As x Ay = Ag4; forall s,¢ > 0 (semigroup property).

We call (A;)s>0 a convolution semigroup of states, if the functionals A; are further-
more normalized, i.e., A;(1) = 1, and positive, i.e., A;(a*a) > 0 for all a € O(G)
and allr > 0.

The semigroup property implies that A is idempotent, but note that unlike [12]
we do not require A9 = . The convolution semigroups on G that we will obtain
from Markov semigroups on G-spaces will in general not start with the counit.

Definition 1.5. A linear operator 7: A — A on a unital C*-algebra A is called a
quantum Markov operator, if it is completely positive and preserves the unit of A.

A quantum Markov semigroup on A is a family (7});>0 of Markov operators
satisfying

(1) lims\ T;(a) = To(a) in norm for all a € A (pointwise norm-continuity);
2) TsoT; = Tg4, for all s, > 0 (semigroup property).

A linear operator 7: A — s (or a family of linear operators (7;: A — A)s>0, resp.)
on a unital *-algebra + is called a quantum Markov operator (semigroup, resp.), if it
is the restriction of a quantum Markov operator (semigroup, resp.) on a C*-algebra A
containing 4 that preserves .

In [12, Theorem 3.2] it was shown that for a convolution semigroup of states
(At)r>0 with A9 = & on a compact quantum group there always exists a unique
quantum Markov semigroup (7);>¢ (with Ty = id) on C(G) that acts on elements
a € O(G) of the Hopf *-algebra as

Ti(a) = (id ® A1) o A(a).

Quantum Markov semigroups coming in this way from convolution semigroups
of states are characterized by the invariance property A o T; = (id ® T;) o A,
cf. [12, Theorem 3.4].
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2. Actions and invariances

Let us start in the algebraic setting. A functional ¢ € @(G)’ can act in three ways
on another functional f € O(G)’:

Lof =¢x*f
Ref = 1o,
Ady :0(G)>a ¢(a(1)S(a(3)))f(a(2)) e C,

and by duality it can also act in three ways on an element a € O(G):

Lya = ¢(aq)ac),
Rya = ¢(a@)aq),
Ad;';a = ¢(a(1)S(a(3)))a(2).
It is straightforward to check that we have
Ly, oLy, = Ly ix¢y. Ry, 0 Ry, = Ryyxg,
and L;n © le;z = L22*¢1’ R;n © Rzz = R;n *¢o
for ¢1, ¢> € O(G)'. Furthermore,
Adj (Ad}, (@) = ¢a(a@))di(a@)d1(S(aw))d2(Sacs))an = Ady 4, (@)

for ¢1, ¢ € O(G),a € O(G), and

Adg, 0 Adg, = Adg, ¢,

If¢ € (O(G) is positive, then it extends to a unique positive functional on C*(G),
cf. [8, Theorem 3.3]. In this case its actions L(’; and R; on @ (G) extend continuously
to unique completely positive maps on C(G) and C*(G), see, e.g., [10, Lemma 3.4].
L and Ry are furthermore unital iff ¢ is a state, i.e., if ¢(1) = 1.

Definition 2.1. For a subset M C O (G)’ we define the spaces of lefi M -invariant,
right M -invariant, and adjoint M -invariant functionals and polynomial functions as

(OG))"™ =1{f € OG):Vp € M. Ly(f) = p(1) f},

(0G))"™ =1{f € O(G):¥d € M. Ry(f) = (1) f}.

(O@G))MM = {f € 0GY:V$ € M,Ady(f) = d(1) f},
9G)EM = 1a € O(G): V¢ € M, L}(a) = p(1)a},
9GFM = (4 € O(G); V¢ € M, R}(a) = p(1)a},

OGM'M = {4 € O(G): V¢ € M, Ad}j(a) = p(1)a}.

L(M)

R(M)
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The conjugate M -invariant functionals and polynomial functions are

Conj(M)

(0G)') ={f €0(G);Vp e M,Ls(f) = Rs(/)},
9(G)™ M = {q € O(G): V¢ € M. L}(a) = R}(a)}.

For M = O(G)’ they are also called central functionals and polynomial functions.

We also define a notion of invariance for functionals and linear operators on
quantum homogeneous spaces.

Definition 2.2. Let o: Og (X) — Og (X) ® O(G) be a Hopf *-algebraic right action
of a compact quantum group G. We say that a linear map 7: Og(X) — Og(X) is
G-invariant, if
aoT = (T ®id)oa.
Let us give a first general construction of G-invariant operators and Markov
semigroups on a homogeneous space.

Proposition 2.3. Let a: Og(X) — Og(X) ® O(G) be a right action of a compact
quantum group G.

If¢: O(G) — Cisacentral functional, then Ty = (id®@¢)oa: Og (X) — Og (X)
is G-invariant.

If (¢1)r>0 is a central convolution semigroup of states on O (G) with ¢y = ¢, then
T; = (id ® @) o « defines a G-invariant quantum Markov semigroup with Ty = id
on Og (X).

Proof. A functional ¢: O(G) — C is central iff
d®¢)oA = (p®id)o A.
Therefore, if ¢ is central, then we have

aoTy =(d®id®¢)o (¢ ®id) o
=(d®id®¢)o(id® A)oa
=(d®¢dRid)o(iIdR A)ow
= (Tp ®id) o,

as claimed. On the algebraic core we have Ty = (id ® ¢) o o = id.

The second statement follows, since the positivity of the ¢, implies that the 7; are
completely positive, 73 (1) = 1¢;(1) = 1 forall ¢+ > 0, and

N0 .
T:(x) = x@)¢: (x(1)) — X©)&(x(1)) = X  innorm

for x € Og(X), by continuity of the convolution semigroup (¢;);>0, see also the
proof of [12, Theorem 3.2]. Here we used Sweedler notation a(x) = x(g) ® x(1) for
the action. O
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3. Invariant functionals, operators and their convolutions

In this section we fix an idempotent state ® € J(G) and suppose C" (G /D),
C"(®\G), Og(G/P) and Og (P\G) denote the respective right and left coidal-
gebras. The conditional expectations from O (G) onto Og (G/®) and Og (P\G) are
denoted, respectively, IE;I’ and E?. And we use the same notations Ef’ and Eg’ for the
conditional expectations from C(G) onto C"(G/®) and C"(P\G). We may note
that the restriction of the coproduct A to O (P\G) and Og (G / P) are respectively
left and right Hopf*-algebraic coactions of @(G) on Og (P\G) and Og (G /D). We
start with two lemmas which we will be using in the sequel.

Lemma 3.1. On O(G) the following hold:

@ (Ef ®id)o A =Ao0E}; (dQEF)oA=AoE?.

(b) EP®id)oA=(3{dQED) oA,

Proof. The identity in (a) is actually the invariance condition for the conditional

expectations, as observed in [19].

We prove (b):
(E® ®id)o A = ((ld® ®) 0o A ®id) o A

=(d P®id) o (A®id)o A
=(d® P®id)o(Id® A)o A
=([([d®(P®id)oA)oA=(>({REF)oA. O

The following is a minor variation of the result already observed in [22, Section 3].

Lemma 3.2. Let @1, @, be idempotent states on O(G). If &1 x & = Py, then
q)z * <D1 = q)z.

Proof. Let S be the antipode of G. For any idempotent state ¢ on @ (G) we have
¢poS = ¢, see[22, Section 3, p. 10], or [30, Proposition 4], where this is shown even
for locally compact quantum groups.

This along with the identity (S ® §) o A = A o § immediately implies the
desired result. O

3.1. Invariant functionals on expected right coidalgebras. We write oo := A | OG (@\G)*
Definition 3.3. For ® € J(G), we call a functional f on Og(®\G) ®-invariant if

(f@®P)oa = f
We call a functional f on O(G) ®-bi-invariant if

fe (Q(G),)L({q)}) N (O(G)’)R({‘D})_
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Theorem 3.4. The following hold:

(a) Let f be a O-invariant functional on Og (P\G). Then the functional defined by
u:= fo ]EZI> is the unique ®-bi-invariant functional on O (G), whose restriction

to Og(P\G) is f.

(b) Let u be a ®-bi-invariant functional on O(G). Then [ = M|(9 @G IS the
unique ®-invariant functional on Og (®\G), such that f o E® ¢ = M

Proof. We prove (a).
Let x € O(G). We prove the ®-bi-invariance of u as follows:
Left ®-invariance:
(@ ® W(AX) = (@ ® f o EP)(A(X))
= (®® f)((E® ®id)(A(x)))  (by Lemma 3.1 (b))
= (PR DP® f)(AQ®id)(A(x))
=(P*P® f)(Ax))
= (®® /)(AX) = fEF(x)) (since D € 4(G))

= p(x).

Right ®-invariance:

(1 ® B)(AX)) = (f oEf ® ®)(A(x))
= (f ® ?)(Ef ® id)(A(x))

= (f ® D)A(EF (x)) (by Lemma 3.1 (a))
=f (Ezp(x)) (using ®-invariance of f)
= p(x).

Now, let v be any ®-bi-invariant functional on @ (G) such that v| 0G@\G) = f.
Then using the right ®-invariance of v we have

v(x) = (P ®v)(Ax))
= v(E7(x))
= f(Ef () = p(x),

which proves the uniqueness.

(b) follows by observing that the ®-invariance of f as a functional on Og (®\G) is
a consequence of the left ®-invariance of u as a functional on @ (G), and uniqueness
can be seen easily. O

Thus, we have a one-to-one correspondence between the set of ®-invariant func-
tional on Og (P\G) and that of ®-bi-invariant functionals on O (G). In particular,
we have the following corollary.
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Corollary 3.5. There exists a one-to-one correspondence between the set of ®-inv-
ariant states on Og (P\G) and the set of ®-bi-invariant states on O(G).

Proof. This is clear, because ]EzI> is completely positive. O

Remark 3.6. We may note that given any functional v: Og(®\G) —> C the
functional u: O(G) —> C defined by y :=v o Eg’ is a left ®-invariant functional
on O(G). This follows from the computations proving left ®-invariance of w in the
proof of Theorem 3.4.

3.1.1. The case ® = hk o 0 of quantum quotient spaces. Let K be a compact
quantum subgroup of G. Let 6 be the associated surjective quantum group morphism.
Then 0: O(G) — O(K) is a surjective Hopf *-morphism such that

BR0)oA=Aob,
where A’ is the coproduct of @ (K). It can be easily observed that
Bri=(1d®0)oA:O(G) — O(G) ® O(K)

is a right Hopf *-algebraic coaction of @ (K) on the unital *-algebra O(G), and
similarly
B =0 ®id)oA:0(G) — O(K) ® O(G)

is a left Hopf *-algebraic coaction of @ (K) on O(G).
Definition 3.7. We call a functional f on O(G) K-bi-invariant if

(f ®id)of, = f()Ik = (d® f) o fi.

Let ik be the Haar state of K, so that & := hg 0 6 € J(G).
Let Irr(IK) be the set of inequivalent, irreducible unitary representations of K.
For m € Irr(G), denote the carrier Hilbert space of = by H,, and let

S Hy — Hp; ® O(K)
be the @ (K)-comodule induced by 7, as in [16, Theorem 1.2, Lemma 1.7]. Then it

follows that there exists an orthonormal basis {eq, ..., é4im = } of Hy such that
dim 7
Salen) = Y ex ® mi.
k=1

cf. [16, Theorem 1.2, Lemma 1.5]. For = € Irr(K), let
C(G), :=Lin{T¢: £ € H;, T € Mor(x, 8,)},

as in [16, Definition 3.13]. Then it follows from [16, Theorem 3.16] and its proof
that
0G)= P CG)n.

welrr(K)
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Theorem 3.8. A functional f on O(G) is left K-invariant, i.e. (f ®id)o 8, = f if
and only if for those € Irr(K) which are inequivalent to the trivial representation,
we have f|q,, = 0.

Proof. Let f be left K-invariant. This implies that ( f ® id)(8,(T§)) = f(T§) for
all ¢ € Hy, forall T € Mor(x, B;). Thus, in particular we have

STk = (f ®id)(B-(T(e;))) = (f o T ®id)dx(e;).

from which it follows that

dimm

f(TeNlk = Y f(T(ex))mi
k=1
i.e.
dimm

> F(T(ex))mi; — f(T(e;)1k = 0.
k=1

Since 7w is different from the trivial representation, this means, using the linear
independence of the set

{e; : j=12,...,dimnm} U {1k},

Sf(T(e;)) = Oforalli, j, which implies that f|., = 0.
Conversely suppose f |, = 0 for all those 7 different from the trivial repre-
sentation. Let x € O(G). Since

0G)= P CG)x and B(C(G)x) C C(G)x ® O(K),
melrr(K)

this implies that
(f ®id)B,(x) =0 = f(x)

ifx € C(G)y form # 11k. If x € C(G)y, then x is a fixed point of the coaction f;.
Thus, (f ® id)B,(x) = f(x)1k. Thus, f is left K-invariant. O

It is now easy to also prove a corresponding right K-invariance version of Theo-
rem 3.8:

Corollary 3.9. Let f be a functional on O(G). Then f is right K-invariant i.e.
(d® f)opr =/
ifand only if f|cg,, = 0forall those w # 1k, where now for m € Irr(K),

C(G)y :={TE: £ € H,, T € Mor(m, B;)}.
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We now prove the main results for this subsection. Note that g = hgof € J(G).

Theorem 3.10. A functional f on O(G) is K-bi-invariant if and only if it is Pk -bi-
invariant.

Proof. If f is K-bi-invariant, it easily follows that f is also ®k-bi-invariant.

We prove the converse implication. We prove only the left K-invariance of f.
The proof of the right K-invariance is identical, with 8, replaced by B;.

We will use the notations in the proof of Theorem 3.8. Recall that

0G) = P CG)n.

w€lrr(K)

Let x € C(G)y, such that 7 # 1g. We may note that (id ® hg o 0) o A is the
conditional expectation onto the fixed point subalgebra of the right coaction ;. Since

(f ®hx 0 0)(A(x)) = f(x) and (id® hk o 0)(A(x)) =0,

this implies that f(x) = 0. Left K-invariance of f now follows from Theorem 3.8.
O

Let us recall the construction of the quantum quotient space K\G as explained
in Subsection 1.3. As before, let us denote the Podles algebra for the right action
of G on K\G by Og (K\G), and the corresponding right Hopf *-coaction of O (G)
on Og (K\G) by a.

Definition 3.11. A functional f on Og (K\G) is called K-invariant if

0®foa=f()lk.

Remark 3.12. We may note that the above definition of K-invariance of a functional
on Og(K\G) reduces to the usual definition of K-invariant measure on quotient
spaces K\G when G is a classical compact group and K is a compact subgroup, as
introduced in [24,25].

Let us also recall from Subsection 1.3 that Og (K\G) can equivalently be thought
of as the right coidalgebra corresponding to the idempotent state i 06 on O (G). Let
Ex\g := (id ® hx o ) o A be the corresponding conditional expectation associated
with the idempotent state dg = hk o 6.

Theorem 3.13. Let f be a K-invariant functional on Og (K\G). Then there exists
a unique K-bi-invariant functional . on O(G) such that f o Ex\¢ = u.

Proof. Since f is a K-invariant functional on Og (K\G), this implies that f is a
hi o f-invariant functional in the sense of Definition 3.3. Thus by Theorem 3.4, there
exists a unique /g o 0-bi-invariant functional ¢ on O (G) satisfying f o Ex\g = .
Now from Theorem 3.8 and Corollary 3.9 it follows that p is also K-bi-invariant as
a functional on @ (G). This proves the result. O
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As a consequence, we have the following:

Corollary 3.14. Let 1 be a K-bi-invariant functional on O(G). Then [ := p|o. k\G)
is the unique K-invariant functional on Og (K\G) such that f o Ex\g = p.

Proof. We may note that the K-invariance of the functional f on Og (K\G) follows
from the left K-invariance of p as a functional on @ (G). The rest of the proof is an
adaptation of the proof of Theorem 3.13. O

Thus, we have a one-one correspondence between K-invariant functionals on
O¢ (K\G) and K-bi-invariant functionals on @ (G). This correspondence can be seen
to extend the already known one-one correspondence between K -invariant measures
on the quotient space K\G and K -bi-invariant measure on G for a classical compact
group G and its compact subgroup K [24].

3.2. Convolution of functionals and invariant operators on expected right coid-
algebras. Let Og(P\G) be an expected right coidalgebra and h € J(G) be the

associated idempotent state. Let & denote the counit of G and o := A| 06 (@\G)*

3.2.1. Convolution of functionals on expected right coidalgebras.

Definition 3.15. Let f and g be two functionals on the expected right coidalgebra
Og (®\G). We define convolution of f and g, denoted f %, g as the following
functional on Og (P\G):

[ g:=(f®(@EoED))ow.

Remark 3.16. Let us make a remark on the notations used here:

For two functionals u and v on O (G), u * v will denote the convolution defined
by u*v := (u®v)o A, whereas for two functionals f and g on Og (P\G), f *, g
will denote the functional on O (®\G), as given in Definition 3.15.

Theorem 3.17. Let f1 and f> be two ®-invariant functionals on Og(P\G) and
and L, be their unique ®-bi-invariant extensions to O(G), as given by Theorem 3.4.
Then the following hold:

(@) f1*, f2isa ®-invariant functional on Og (P\G).
(b) w1 * Wy is the unique ®-bi-invariant extension of f1 x, f2to O(G).

Proof. We prove (a).
(fi*x L@®P)oa=(fi® LoEf ® P)o (¢ ®id)ow
=(fi® fLoEf @ D)o (ild® A)oa

=(fi®(fLoEf @ P)oA)oa
=(/1®W2@P)oA)ou
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= (f1 ® uz) o (using left ®-invariance of (t5)
=(fi® LoEl)oa = fix, fo

To prove (b).

Using the fact that both ; and u, are ®-bi-invariant functionals on @ (G), it is
easy to see that (1 * u, is a ®-bi-invariant functional on O (G).

Let x € Og(P\G).

(1 * p2)(x) = (1 * p2) (BT (x))
= (fioEf ® f2 0 ED)(AEF(x)))
=(f10 (IE:ZI))2 ® fr0 E?)(A(x)) (using the invariance of IEEI))
= (ioE} ® f20E])(A(x))
= (/i ® /2o ED)(AE(x)))
= (/i ® Lo EP)(@(x)) = fi *, f2(x),

which proves that (1 * 5| 0 @\G) = f1 *, f2. It now follows from Theorem 3.4
that 11 * j1, must be the unique ®-bi-invariant extension of f1 x, f> to O(G). O

3.2.2. G-invariant operators on expected right coidalgebras. Recall that linear
map T: Og (P\G) — Og (P\G) is called G-invariant if (T ® id)ox = a0 T, see
Definition 2.2.

Remark 3.18. This definition is motivated by the following observation.

If G is a classical compact group, then all expected right coidalgebras of
(C(G), A), where A is the canonical coproduct on C(G), are of the form C(K\G),
for some compact subgroup K C G.

A linear map 7: C(K\G) — C(K\G) is called G-invariant, if T is covariant
with respect to the canonical action of G on C(K\G) [24,25], i.e. denoting the action
of G on C(K\G) by

G > g Ay € Aut(C(K\G)),

wehave T oAy = A, 0T forallg € G.
Let

Ex)i= [ 10200 ds,
where dg is the Haar measure of G, 7 is an irreducible unitary representation of G

and y,, is its character. It can be seen that £, is a completely bounded idempotent
and

C(K\G)x :={Ex(f): f € C(K\G)}
is the spectral subspace of C(K\G) for the action A, corresponding to 7. Denoting

06 (K\G) := (P C(K\G)x
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and A: C(K\G) — C(K\G) ® C(G) by

AS)(x,8) = Ag () (),
it follows that

06(K\G) — 06 (K\G) ® 06 (G)

A |(9G(K\G) :

is a right coaction of the Hopf *-algebra (O (G), A), where A is the restriction of
the canonical coproduct on C(G).

Using the covariance of T, it is possible to see now that T (O (K\G)) COg(K\G)
and (T ® id) o )L|@G(K\G) = A|QG(K\G) oT.

Lemma 3.19. Let T: Og (P\G) — Og(P\G) be G-invariant. Theny :=eoT
is a ®-invariant functional on Og (P\G).

Conversely, if y is a functional on Og (P\G), then the formula T :=(y ® IEZD) ow
defines a G-invariant map on Og(P\G). However, y = ¢ o T if and only if y is
®-invariant.

Proof. The ®-invariance of y can be seen as follows:

(y @ P)(a(x)) = (eo T @ P)(a(x))
= (¢ ® ®)(a(T'x))
= O(Tx)
= e(EF(Tx))
=¢e(Tx) =yx) (asTx € Og(P\G)).

Now let y: Og (®\G) —> C be a functional. Then
(T ®id)(a(x)) = (y ® Ef ® id)(er ® id)(e(x))
= (y ®Ey ®id)(id ® A)(x(x))
={y ® (Ef ®id) o A}(a(x))
= (y® AoED)(a(x))
= A((y ® EP)(a(x))) = A(Tx),

which proves the G-invariance of 7.
We may now observe that

e(Tx) = (y ® e 0 EF) (@) (x)) = (y ® h)(a(x)),

from which it follows that ¢ o T = y if and only if y is ®-invariant. O
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The above lemma leads to the following observation:

Theorem 3.20. There exists a one-to-one correspondence between ®-invariant
Sfunctionals on Og(P\G) (denoted by y) and G-invariant operators on Og(P\G)
(denoted by T ), given by

Yy T .= (y®Eg’)oa;
T+ y:=¢oT.

We now relate the convolution of ®-invariant functionals on Og(®\G) with
composition of G-invariant operators on Og (®\G).

Theorem 3.21. Let y1 and y» be two ®-invariant functionals on Og(®\G), and
Ty and T, be the corresponding G-invariant operators (or vice versa as given by
Theorem 3.20). Then we have

Y1*,y2=¢0Tr0oT.

Proof. For x € Og(P\G) observe that

(y1 %, 2)(¥) = (11 ® y2 o ED)((x))
= (8 (¢] T] R eo T2 (e} El)(C((X))

=(e®ecoTo E?)(a(Tlx))
= &(T2(E{ (T1x)))
= &(T2(T1(x))),

which proves our claim. O

4. Markov semigroups on expected right coidalgebras
As before, we fix ® € J(G) and let

Ef = (@®id)oA, Ef:=(@{(d® d)oA,
Oc(®\G) :=EF(0(G)) and 0g(G/®):=EL(O(G)).

A one parameter family of (G-invariant) operators
T :=A{T;:0g(P\G) — Og (P\G)}r>0

will be called a semigroup of operators if Ty 5 = T; o T.
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4.1. Structure of convolution semigroups of invariant functionals on expected
right coidalgebras. The convolution on Og (K\G) allows us to define convolution
semigroups of functionals or states on Qg (K\G) in the same way as in Definition 1.4.

Definition 4.1. A convolution semigroup on an expected right coidalgebra Og (P\G)
is a family of linear functionals (A;: O (P\G) — C);>¢ such that

(1) limy\ 0 As(a) = Ag(a) forall a € Og (K\G) (weak continuity);

(2) Agx, Ay = Agq, foralls,t > 0 (semigroup property).

We call (A;):>0 a convolution semigroup of states, if the functionals A, are further-
more normalized, i.e., A;(1) =1, and positive, i.e., A;(a*a) >0 for all a € Og (P\G)
and all t > 0.

Lemma 4.2. Let A := {A;:Og(P\G) —> C}s>0 be a convolution semigroup of
®-invariant functionals on Og(®P\G). For eacht > 0 let y;: O(G) —> C be the
unique ®-bi-invariant extension of A¢, as given by Theorem 3.4. Then

p={pe: 0(G) — Clixo
is a convolution semigroup of functionals on O(G).

Proof. Fixt,s € [0, 4o00). It follows that

(e * /Ls)|<9@(o\<s) = A xy Ay = Aigs = /"Lt+5|(9((;(d>\(;)’

where the first equality follows from Theorem 3.17 (b). By the same, we know that
[t * [Lg is the unique ®-bi-invariant extension of A; x, Ay = A, 4. This implies that

Me * bg = Wi+s-
Weak continuity easily follows from the formula u; = A; o IEZI’. O

Remark 4.3. In general the convolution semigroup (i;);>0 does not start with the
counit. Instead we have o = Ag o Eg’ = ® *x Ao.

We next prove an automatic ®-invariance of convolution semigroup of function-
als, starting at a state.

Lemma4.4. Let {1;: Og(P\G) — C};>¢ be a convolution semigroup of function-
als such that Ly is a state on (Og(P\G), i.e., Ao(x*x) > 0 and Ag(1) = 1. Then
Joreacht > 0, A; is ®-invariant.

Proof. Let yu; == A 0 IE;I’. Lemma 4.2 implies that (i;);>0 is a convolution semi-
group of functionals on @ (G), such that for each ¢ > 0, u, is a left ®-invariant
functional on @(G). Let us first show that u; is ®-bi-invariant.

We may note that pp := Ag o IEIED is an idempotent state on O (G). Moreover,
as [, is left ®-invariant for each r > 0, this implies in particular that ® * o = po.
Hence, by Lemma 3.2, we have pg %« ® = . This implies that pu; * (o * ®) =
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ie. s * ® = p, forall ¢ > 0. Hence, (14¢)s>0 is a convolution semigroup of ®-bi-
invariant functionals on @ (G). Theorem 3.4 now yields that A; must
be ®-invariant for each ¢ > 0. This proves the claim.

= /’Ll‘ |@G(<D\G)

We will now have a look at the differentiability properties of convolution
semigroups on Og (P\G&) and the associated operator semigroups.

Proposition 4.5. Let (A;);>0 be a pointwise continuous convolution semigroup of
®-invariant functionals on Og(P\G). Then for each x € Og(P\G), the function
[0, 4+00) > t > As(x) € C is differentiable at t = 0.

Proof. Let (14;)s>0 be the unique ®-bi-invariant extension of (A;);>¢. This is a
continuous convolution semigroup of linear functionals and the discussion in [20,
Section 3] shows that it is differentiable, which implies the differentiability of (A;)>0.

O

The following result is an ‘operator’ version of Proposition 4.5.

Proposition 4.6. Let {T;: Og (P\G) — Oc (P\G)}s>0 be a pointwise continuous
(w.r.t. to the universal C*-norm) one parameter semigroup such that for each t > 0,
T; is G-invariant. Then for each x € Og(P\G), the map

[0, 400) 5t > Ty (x) € Og(P\G)
is differentiable at 0.

Proof. This follows by applying Proposition 4.5 to A; = eoT; and using Theorem 3.20.
O

The next result is a converse of Proposition 4.5.

Proposition 4.7. Let : Og (P\G) —> C be a O-invariant map. Then there exists
a continuous convolution semigroup {A;: Og(P\G) — C};>0 consisting of P-
invariant maps and Ao = 8|@G(¢\G), such that

d
WZ— A,t.

dt |;=o
Proof. For x € Og(P\G), define A(x) := (Y ® E?)(A(x)). From Theorem 3.20,
it follows that 4: Og (P\G) — Og (P\G) is a G-invariant operator.
Fix x € Og(P\G). We can use fundamental theorem of coalgebras to restrict to
finite-dimensional subcoalgebra X that contains x. One sees that

ok
Ti(x) = Y AN
k=0

converges on X. Since x was arbitrary, the convergence holds for all x € Og (®\G)
and defines a semigroup of G-invariant operators.
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LetA; := eoT, foreacht. Anapplication of Theorem 3.20 and Lemma 4.2 implies
that (A;)s>0 is a convolution semigroup of ®-invariant functionals on Qg (P\G).
Since X is finite dimensional, ¢, is a bounded functional on X . From this, it follows
easily that the map [0, +00) > ¢t — A,(x) is continuous at 0. The result follows
now. (|

Corollary 4.8. Let ® € J(G) and : O(G) —> C be a functional which is ®-bi-
invariant. Then there exists a convolution semigroup of functionals

{A:0(G) — Cls>0

such that for each t > 0, A; is ®-bi-invariant, and

d
Ao =9 d — A =
0 and . — M 12

Proof. LetE :=(® ®id) o A and Og (P\G):=E} (9(G)). Then ¢ := Vg @)
is a ®-invariant functional on the expected right coidalgebra Og (P\G). Then by
Theorem 4.7, it follows that there exists a convolution semigroup

{B1: 06 (P\G) — Cli>o

such that for each ¢ > 0, B; is a ®-bi-invariant functional on Og (®\G),

d
,30 = €|@G(¢\G) and E t=0,3z = ¢.

Let {1;: O(G) —> C};>¢ be the extension of (f;);>0 to a ®-bi-invariant convolution
semigroup of functionals on O(G), as given by Lemma 4.2. It now follows
that (A;);>0 is the required convolution semigroup with the desired property. O

4.2. Structure of convolution semigroups of states on expected coidalgebras.

Remark 4.9. It is worthwhile to note at this point that Theorem 3.20 along with
Lemma 4.4 essentially gives us a way to go back and forth between convolution
semigroup of states on O (®\G) and G-invariant Markov semigroup on Og (P\G).

The following theorem gives a Schoenberg correspondence for expected right
coidalgebras.

Theorem 4.10. Let {A;: Og(P\G) — C};>0 be a continuous convolution semi-
group of functionals. Let ¥ := %At |,_o- Then the following are equivalent:

(1) (At)e>o0 is a convolution semigroup of states.

(i) ¥ is a well-defined map on Og(P\G), Ag is positive and ¥ (x*x) > 0 for all
X € Og(O\G) with Aog(x*x) = 0, and Y (x*) = Y (x) for all x € Og(P\G).
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Proof. Let us first extend (A¢);>0 to a convolution semigroup {it;: O(G) — C}s>o
of ®@-bi-invariant functionals, as shown in Lemma4.4. Asin the proof of Theorem4.5,
(4¢)r>0 is also continuous. Moreover, since for each ¢ € [0, +00),

e = A OEZD,

this implies that u, is a state on O(G) for all . Moreover, from the proof of
Theorem 4.5 it follows that

d
Ef = — :
Yok, dr Mz o
So it is enough to prove (i) and (ii) for (is)s>0. Since (O(G), A) is a *-bialgebra,
the result now follows from [20, Theorem 3.3]. O

5. Quantum hypergroups

5.1. Functionals on the algebra of ®-bi-invariant functionson G. Let ® € J(G)
and denote
Ef = (®®id)oA and EP:=(id® ®)oA.
Let
Oc(®\G) :=EF(0(G)) and 0g(G/d):=EL(O(G)).
Definition 5.1. The *-algebra of ®-bi-invariant functions on G, denoted by
O (P\G/ D) is defined by

06 (P\G/P) := Oc(®\G) N 0 (G/P) = EF (EF (0(G))).

Remark 5.2. It is worthwhile to note that in the context of CQG algebras, the
double coset hyper bialgebra considered in [20] is a special case of the algebra
introduced in Definition 5.1. Haonan Zhang [38, Proposition 2.4] has shown that
C(O\G/®) = E?(E;I’(C (G))) has the structure of a compact quantum hypergroup
in the sense of [11].

Theorem 5.3. Let f be a functional on Og(P\G /D) and define . := f OEZI’ oE2.
Then p is the unique ®-bi-invariant functional on O (G) such that | O (@\G/D) = f.

Proof. We prove the ®-bi-invariance of y as a functional on @ (G). We may note that
an easy computation yields E® oIE‘,zI> = IEZP oE®. We only show the left ®-invariance
of . The proof of right ®-invariance is identical. Let x € @(G), then
(@® W)(A(X) = (@® f o EF o EP)(A(Y)
= [ (EFEFEF (x))
= f(EF(E)*(x)))
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= f(EF(EZ (x))
= f(EFEL (X)) = pu(x),

which proves left ®-invariance of u.
Conversely, suppose v is a ®-invariant functional on O (G) such that

Vlog@\G/e) = [
Let x € O(G). We have
v(x) = (P ®v)(Ax))

= v(E7(x))
= (v ® O)(A(EF (x)))
= (EP(E (x)))
= [(EZE7 (1)) = p(x),
which proves the uniqueness. O

A functional on f on Og (P\G/P) can be extended in many ways to a functional
on the right coidalgebra Og (®\G). For example, let x € Og (P\G). Then x admits
a unique decomposition x = a + b, where a € E®(O(G)) and b € (E®)L(O(G)).
Note that a € Og(P\G/P). Now the assignment x — f(a) + ¥ (b), for any
functional ¥ on (E®)L(O(G)), gives a well-defined functional on Og(P\G).
However, not all such extensions will be ®-invariant as functionals on Og (®\G). In
fact we have

Corollary 5.4. Let f be a functional on Og(O\G/ D). Then there exists a unique
functional A on Og(P\G) such that

* Mog@aa = f5
e A is a ®-invariant functional on Og (P\G) in the sense of Definition 3.3.

Proof. Let us first prove that there exists at least one ®-invariant extension of f.
By virtue of Theorem 5.3, we see u := f o Eg’ o Ef’ is a ®-bi-invariant functional
on (9'(([}). Thus, by Theorem 3.4 we see that A := u| oG @\G) 18 a P-invariant
functional on Og (P\G). Clearly,

MOG(@\G/@) =/

which proves that there exists at least one ®-invariant extension of f.

Suppose A': Og(P\G) —> C be another ®P-invariant extension of f. Let us
suppose that 1: O(G) — C be the unique ®-bi-invariant extension of f given by
Theorem 5.3, and p: @(G) —> C be the unique ®-bi-invariant extension of A’ as
given by Theorem 3.4. Since

/
M2|0G(q>\@/<1>) = A |@G(<I>\G/<I>) =/
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this implies that w, is also a ®-bi-invariant extension of f. By the uniqueness of
such an extension as shown in Theorem 5.3, we must have ;t; = w, which in turn
implies that A’ = A. O

Theorem 5.3 and Corollary 5.4 together yield:

All functionals on the *-algebra of ®-bi-invariant functions on G are precisely the
restrictions of ®-bi-invariant functionals on 9 (G). Hence they are also restrictions
of ®-invariant functionals on the corresponding right coidalgebra.

5.2. Convolution of functionals on the *-algebra of ®-bi-invariant functions on G.
In this subsection, we again consider the *-algebra of ®-bi-invariant functions on G
denoted by Og (®\G/P), as defined in Definition 5.1. We will define a coproduct
on Og (®\G/ D), which will turn it into a *-bi-algebra.

Definition 5.5. Define A: O(G) — O(G) ® O(G) by
Ax) = ([d® P ®id)(AP(x)), x e Og(P\G/P),

where A® = (id ® A) o A.

Lemma 5.6. The triple (Oc (P\G/®), Al 410+ €log, @ e) is @ hyper-bialg-
ebra (in the sense of [20]), i.e.,

(1) Og(P\G/ D) is a unital *-algebra;
(2) the triple ((9@(@\@/@), Z|OG(¢\G/¢), 8|(9@(<1>\G/<1>)) is a coalgebra;
(3) the comultiplication A | O (O\G/®) is completely positive and the counit8|OG(¢\G/¢)

is a *-algebra homomorphism.

Proof. 1t follows easily that A is completely positive and coassociative. We only
need to show that

A(OG(P\G/P)) C Oc(P\G/P) ® O (P\G /D).
So, let x € Og (P\G/P). We have
Ax) = E7 ®id)(AP(x))
= (E} ®id)(A(E} o EY (x)))
= ([EPoEf @ EX)(A(X)) (by (a) of Lemma 3.1)
= ([Ef oE?oE? @ EP)(A(x)) (usingEPEY = EFE? and (EF)? = EF)
= (EFoEF ® EZ o EF)(A(x)) (by (b) of Lemma 3.1).

From the last expression one can conclude that A (x) € Og (®\G / ®) ® Ug (P\G / D).
O
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As a consequence we can define convolution of functionals on Og (®\G/ D).
Definition 5.7. Let f, g be two functionals on Og(P\G/P). We define the
convolution of f and g as the following functional:

frugi=(f®goA

Alternatively, we have f x, g := f * D x g.

Theorem 5.8. The following hold:

(a) Let f, g be functionals on Og(P\G/P) and A1, A, be their unique ®-invariant
extensions as functionals on Og(P\G) (given by Corollary 5.4). Then

A1, A2|(9@(<1>\G/<1>) =/ *; 8

(b) Let T: Og(P\G/ D) —> Og(P\G/ D) be a linear map such that
(TQid)oA=AoT.
Then there exists a G-invariant map S: O (P\G) — Og (P\G) such that

S|(9@(<I>\G/<I>) =T

Proof. Observe that for x € Og (P\G/ D),

(A1 %, A2)(x) = (A1 ® A2 0 EP)(er(x))
= (M1 ® 2)({[d ® EP)(A(x))
= (A1 ® 12)(E® ®id)(A(x)) (by (b) of Lemma 3.1)
= (A1 ® L2)(A(x))
= (f ® )(AW) = (f *, &),
which proves (a).

To prove (b), observe that the identity (7" ® id) o A=AoT implies that the
functional f := e o T satisfies

(f ®id)oA=T.

Since f is a functional on Og (P\G/P), by virtue of Corollary 5.4, it extends to a
®-invariant functional A on O (P\G). Let S := (A ®]Eg>) oo, which is a G-invariant
operator on Qg (P\G), by virtue of Theorem 3.20. Now an easy computation yields

thatS|OG(<D\G/¢) =T. O
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6. Summary of the one-to-one correspondences

We have established the following one-to-one correspondences.

Theorem 6.1. Let G be a compact quantum group, ® € J an idempotent state on G,
and denote by X = ®\G the associated quantum space. Let § = &|gg (o\G)-
Then we have one-to-one correspondences between the following objects.

(1) semigroups of G-invariant operators on Og (P\G) such that (§0T;);>o is weakly
continuous,

(2) G-invariant convolution semigroups of linear functionals on Og (P\G);
(3) ®-bi-invariant convolution semigroups of linear functionals on O (G);
(4) convolution semigroups of linear functionals on Og (®\G/ D).
If we add positivity, we can formulate the following one-to-one correspondences.

Theorem 6.2. Let G be a compact quantum group, ® € J an idempotent state on G.
We have one-to-one correspondences between the following objects.

(1) G-invariant quantum Markov semigroups on Og (P\G);
(2) G-invariant convolution semigroups of states on Og (P\G);
(3) ©-bi-invariant convolution semigroups of states on O(G);
(4) convolution semigroups of states on Og (P\G /D).
All these semigroups are furthermore characterized by their derivatives at ¢t = 0.

Definition 6.3. Let +4 be a unital *-algebra and ¢: A — C a state. A linear functional
YA — C is called a ¢-generating functional, if

(1) ¢ is normalised, i.e., ¥ (1) = 0;
(2) ¥ is hermitian, i.e., ¥ (a*) = ¥ (a), for all a € A;
(3) ¥ is ¢-conditionally positive, i.e., ¥ (a*a) > 0 for all a € A with ¢(a*a) = 0.

Theorem 6.4. Under the same hypotheses as Theorem 6.2, the objects in Theorem 6.2
are furthermore in one-to-one correspondence with

(1) G-invariant quantum Markov semigroups on Og (P\G),

(2) G-invariant ®| o, (#\G)-generating functionals on Og (P\G);
(3) ®-bi-invariant on ®-generating functionals on O (G);

4) ¢log @\G/®)-generating functionals on Og (P\G /).

In the examples in the next section we will determine the €|g, (o\G/®)-generating
functionals on O (P\G/ ) for the case where G is one of the orthogonal quantum
groups Oy, Oy or O; and @ is the idempotent state such that X = ®\G is one of
the quantum spheres SN-1 S,{V_l, or Siv_l.
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7. Markov semigroups on quantum spheres

We know that orthogonal group Oy is the isometry group of sphere S¥ 1. There
exist quantum versions, or “liberated” versions, of the orthogonal group and the
sphere. These are given by their universal C*-algebras which are defined as

follows [3]:
(xl,m JXN | x; =xl~*,2xi2 = 1)
i

)
( ) ((ul])lj 1,..,N |u=7’_‘vut=u_l)
C*(SNY) = c*(S¥ ") /(abc = cba,Va,b,c € x;)
C*(0x) = C™"(Ox)/{abc = cha,Va,b,c € ujj).

(SN 1

We will use the notation SY~! denote the three spheres above associated to the three
quantum isometry groups O3, X € {@, %, +} (where @ stands for no symbol). There
exist unique actions

ak:C*(SF 1) - c*(s¥ ) & c*(0F)

of the three families orthogonal quantum groups on the corresponding spheres, such
that

N
a’(x;) = ij ®uj; forie{l,...,N}.
j=1
Every such “universal” action comes with a “reduced” action
al:C(SYY) — c (s ®C(0F)
and a Hopf-*-algebraic action (cf. [16])
ol : 0 (SY™) — O (SY ™) ® 0(0%).

Banica [3, Proposition 5.8] showed that the reduced function algebras of these
spheres can regarded as subalgebras of the reduced function algebras of orthogonal
groups. i.e. if we identify x; = uy;, then C(SY¥~1) C C(Op)- One can check that
C(Sy N-1y is a coidalgebra of C (O ), so we can define the corresponding idempotent
state ® such that the associated left, right, and two-sided conditional expectations E®,
E® E2 satisfy:

@(Siv_l) =(90§, (CD\O;\(]) =E2D((9(01>\</)) =*-alg{uyr,...,u1n},
S(0(S3™")) =00z (0N /@) =EF (0(0))) =*-alglu1.....un},
O(SF71) NS(O(S3™")) =005 (P\OF /) =EZ(O(0R)) = *-algur1}.

where S denotes the antipode of O (Oy ).
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We know that in the classical case S¥~! 2~ On_;\Op. Banica, Skalski, and
Sottan [6] have shown that S iv ~1 is not equal to the quotient O;_l\O;. We will
now show that the half-liberated and the free spheres can not be obtained as quotient
spaces.

Proposition 7.1. There exists no quantum subgroup K of 01’; (or O%;, resp.) such
that Sf_l >~ O;/K (or SN=1 ~ Oy /K, resp.) as left coidalgebras.

Proof. We start with the free sphere.

If such a quantum subgroup existed, then it would be of Kac type, and therefore
its Haar idempotent ®x = hk o € would be tracial. We will now show that the
idempotent state associated to O (S frv ~1) by Theorem 1.3 is not a trace.

Let E® denote the conditional expectation in (9(014\,') onto the *-subalgebra
of (9(0;) generated by 111, then we have ® = ¢ o Eg’ =¢oEL.

Eg is the orthogonal projection onto *-subalgebra generated by u1; for the inner
product {a,b) = h(a*b), and since we can compute the values of the Haar state on
products of the algebraic generators u11,...,uyy using the Weingarten calculus,
we can compute IEE; and then ®. We find

E& (upuiiuz) =0
since h o (u’fluzzuuuzz) = 0 for all k € N (there are no matching non-crossing
pairings) and
(N —2)”11 + M?l
(N —1)?

) 2 ®, 2
Ep (u11u3,) = un1Ey(uz,) =

since
1

1
hO;(ugz) = N and hoj\;(”ﬁ”%z) = NI 1

If follows that

Cb(uuugz) = 8(

N —2uy; +u? !
( (N)_li)2 11)=N_1 # 0 = O(uxuUi1U22).

The case of the half-liberated sphere S¥ ! is similar. Let us recall that a pairing
is called “balanced” if each pair connects a black leg to a while leg, when we label
its legs alternately black and white: e o @ o ---. Denote the set of balanced pairings
of n elements by P;(n). The Weingarten formula for Oy uses balanced pairings.
The balanced pairings P, (4) and the non-crossing pairings N C,(4) of four elements
are the same. Thus, we get again the same values for Haar state in the half-liberated
case,

hox, (Wi ussunuzn) =0, k=01,...,
1
N2 -1’
and we get the same conclusion. O

1
hO,’t, (u3,) = N and  hox (i u3,) =
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We want to compute the eigenvalues and eigenspaces of Oy -invariant Markov
semigroups on (S ~1). First, we will give a decomposition of the Hilbert spaces
L2((O(S¥™1), h),and L?((O(O}_,). h) where h denotes the Haar state on C(O5),
restricted to C(SY~1). Set

Ej = spanf{u;, j, -+ uj, j, : 7 <k} C L2(O(0}), h);
L ir <k} C L2((9(S>I<V_1),h);
Vi = Ex NEi-;; Dip=HeNHE; di=dimDy.

Hjy = span{x;, ---x;

Then,

Ly(0(SY7").h) = @ Dk and  Lo(O( =P v

keN keN

Furthermore, Hy = IEZI’(Ek) and thus Dy = IEq’(Vk)

Take a complete set {u™ : = € Irr(Opy )} of mutually inequivalent, irreducible
unitary representations. We know that the matrix v = (u;;) is an irreducible unitary
representation of Oy whose coefficients generate the function algebra. We can
decompose its tensor powers

) T
- @

relg

where n}. denotes the multiplicity of u”, and we used the notation
={m e Irr(Oy) : n5, > 1}.

Then, for any s > 2, we define

u® = @ u”,

el

where J; = I\ Up<i<s—1 I;. In other words, u® is the direct sum of the “new”
irreducible corepresentations in the decomposition of ™, those which did not appear
in the decompositions of u® Vi < s.
Since the linear space spanned by coefficients of {u*}o<; <, is Es, by decomp-
osition
Eg = span{up, :m € 1;,0 <i <s}.

Thus, by definition, the linear space spanned by coefficients of u® is Vj.

For the free case, by the fusion rule of 07, we know that [, = {s,s—2,5—4,...},
therefore J; = {s}. So u®® is exactly the s*” irreducible unitary corepresentation
of 0;;. But for other two cases, u®®) defined here may not be irreducible, but it is the
direct sum of some mutually inequivalent irreducible unitary representations.
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We state the argument above as a proposition:

Proposition 7.2. There exists a sequence of unitary corepresentations (u®)gen
of O%, such that the non-zero coefficients of u®®) are linearly independent and
span Vs. In the free case, u® is irreducible.

The following lemma is the main step for characterising the idempotent state .

Lemma 7.3. There exists a basis for the Hilbert space Dy associated to the corep-
resentation u(s), such that we get

D(s) = ( ( §Sk)))1<] k<ds — 511811

. . ) _ (s) . . . }
if we writeu'®’ = (u j k)l < k<d, with respect to this basis. In other words, the corep

resentation u) is unitarily equivalent to one for which applying ® to it coefficient-
wise produces a matrix with entry 1 in the upper left corner and 0 everywhere
else.

Proof. Since ® is idempotent state, we can easily check that
|®sl <1 and @] = Py,

which means that @ is a projection in B(Dy). We know that every projection matrix
can be written as a diagonal matrix with coefficients 1 and O by choosing some
suitable basis. So,

0

Denote the rank of this matrix by rs. For all k, we take the basis of Dy as above, so
that for 0 <i < rg, @(u ) = 1; otherwise @(u(s)) = 0. Then for any s € N,

NONS ..
ij fl1<i,j<ry,
]E;I: (S) Z(D (s) (s)q)( (s)) nl=ij=rs

0 otherwise.

Fori < ry, uj; # 0since ®(uj;) # 0, while uj; may be 0,7 # j. This implies that
rs < dim (Eg(Vy)) < r2. (7.1)

Moreover, the conditional expectation Eff sends E onto

Polg(uyy) := {1,u11,uf1,...,ui1}.
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Thus,
dim (Ef};(@(vk))) = dim(E2 (Ey)) = dim(Pols(u1;)) = s + 1.

This implies
dim(Eg; (Vs)) = dim(Pol(u11)) — dim(Pols 1 (u11)) = 1.

By inequality (7.1), we get r; = 1 for any s. O

This theorem tells us that
ul = E2(ulY) € Pol,(uy).

Moreover, the algebra *-alg{u,} is a subalgebra of @(Op ) and can be identified
with the algebra of polynomials on the interval [—1, 1]. Therefore, there exists
q; € Pol[—1, 1] such that ¢ (u11) = ”11) Since

ho;, (q,f(uu)q,),(,(uu)) = ho;,( E’?u({;’)) = Cdnm,

(¢s)sen is a family of orthogonal polynomials. The measure of orthogonality of these
polynomials is the probability measure obtained by evaluating the spectral measure
of u1; in the Haar state. Since u7; is hermitian and we have ||u11]] < 1, we get a
measure that is supported on [—1, 1] (which explains why we consider only the values
of our polynomials on this interval).

The restriction of the counit to *-alg{u;} corresponds to evaluation of a poly-
nomial in the boundary point 1, i.e.

e(p(un)) = p(1), Vp €Pol[-1,1].

Therefore, we obtain the following result, in the same manner as in [12, Proposi-
tion 10.1].

Proposition 7.4 ([12, Proposition 10.1]). Let ¥ be a conditionally positive functional
on Pol[uy1]. Then there exist a unique pair (b, v) consisting of a real number b > 0
and a finite measure v on [—1, 1] such that

1
v =-bp+ [ PP v

for any polynomial p. Conversely, every W of this form is conditionally positive.
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Applying the above proposition, we can compute the eigenvalues of Markov
semigroups.

Theorem 7.5. Forany Oy -invariant strongly continuous Markov semigroup (T;) ;>0
on the sphere O(SY~1) such that Ty = id, there exists a pair (b, v), with b a positive
number and v a finite measure on [—1,1], such that the generator L of (T;)t>0
satisfying,
L(xs) = Asxs, Vx5 € Dy,
where
=gy + [ ED g
1
Moreover, for any t > 0,

Ty (xs) = etlsxs’ Vxs € Dy.

Proof. Theorem 4.6 guarantees the existence of generator operator L , and the Markov
property makes ¥ := ¢ o L conditionally positive.
By Lemma 7.3, we can compute IEq’(u(k)) = 61; u1 g ), which implies

Dy =E§ (Vi) = span{ul) 1 1 < j < di}.
Then, for any u( $) ¢ Dy,

() = LA WDER ) = vl

Now, we just need to consider |*-alg(u1 ) Which induces the pair (b, v) by Proposi-
tion 7.4. By linearity of L, we can get the eigenvalues for Dy,

qs( )_

Ay = () = —b(qs><1)+/ dv (),

since g; (1) = 8(14(1?) =1 O

We point out here that we have three different families of orthogonal polynomials

{gX(x)} associated to S =1, since the Haar states hOKz depend on x € {@, %, +}.
We will describe these orthogonal polynomials case by case.
7.1. The classical sphere SV 1. Here, (¢;(x))seny means the family of the orth-
ogonal polynomials associated to classical sphere. It is well known that the
distribution of u?, for the classical sphere is the beta distribution with param-
eters (1/2, (N — 1)/2). In other words,

hsnt (p3y) = /qs(r)—(l—z) .
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where C = F(%) / F(%)F(%) The integral vanishes on the odd polynomials,
i.e.
hgn1 (u2H1) = 0.

Therefore,

i (f(u11)+f(_“11)
SN—I1

3 ) =hSN—1(f(M11))-

hsv—1(f@u11) = hgn- (f(“u) +2f(—1411))

1 N-—=3 N-—=3
:C/ fO—t)y 2 (1+1) 2 dt.
-1

The spectral measure of u1; is the probability measure on the interval [—1, 1]:

N—
2

wd)=Cc -0 +n*7 ar,

whose family of orthogonal polynomials is well known. Namely, we get the Jacobi
polynomials (or ultraspherical polynomials) with parameters « = 8 = (N — 3)/2,
which we will denote by (Js)seN.

Recall that Jacobi polynomials are given by:

s+ N =32\ s+ (N=3)/2) (x— 1\ (x+ 1\
JS(X)‘Z( r )((N—svz—r)( 2 ) ( 2 )

r=0

Their orthogonality relation is given by

I - N2 Dk + (N —1)/2)?
/_1 T ImYldt) = em - C = " N — 2t

Moreover, they satisfy the differential equation
(1 —x%J/(x) —x(N = D)J/(x) = —s(s + N —2)J5(x).

We need these polynomials in the form gs(x) = Jg(x)/Js(1).
Therefore, ( N -2
, s(s+ N —
4= —F—F—

We can relate our result to the Markov sequence problem. For a given orthonormal
basis { fo = 1, f1, f2....} of the L?-space of some probability space, this problem
asks for the classification of all sequences (4,),>0 such that K( f,,) = A, f, defines
Markov operator, cf. [1]. In [9, Theorem 2], Bochner answered this problem for the
Jacobi polynomials. Since we found that the Jacobi polynomials are the eigenvectors
for any Oy -invariant Markov semigroup on S¥~!, our Theorem 7.5 recovers [9,
Theorem 3].
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7.2. The half-liberated sphere SN ~1. In this subsection we consider the half-lib-
erated sphere SN~

Banica [3, Proposition 6.6] determined the law of x;, - x;, with respect to the
Haar state hgy—1 = ho}kv |c(sv-1y (there is a small misprint in [3, Proposition 6.6],
which we correct below).

Proposition 7.6. The half-liberated integral of x;, - - - X, vanishes, unless each index

a appears the same number of times at odd and even positions iniy,...,ir. We have
/ J (N —=1Dlyt---,!
Xiy o Xipdx = ,
-1 k (N+>Y ¢4 —1)
where £; denotes this number of common occurrences of i in the k-tuple (iy, .. .,ix).

This proposition allows to describe the spectral distribution of u1; = x; w.r.t. the
Haar state.

Corollary 7.7. The distribution of u11 in the half-liberated case is given by:

1
by (FGn) = [ fomtdn. vf € C(-1.1)

where u(dt) = (N — 1)(1 —t2)N2|¢| dt.

Proof. This proof repeats the arguments of [3, Propositions 6.5 and 6.6].

Let
N

2 2\N
C=W-F(N+1)=(;) (N —1)!,

then

2ky _ 2% 5. _ 2, 2\k
hgn—1(x )_/:SN—l |z1] dz—C[géN_l(xl+yl) d(x,y)

C

/2 pm/2
=C / / (cos2 6, + sin? 6y cos> 92)k sin?V =29, sin?Y 3 0, d6, do,
0 0

/2 /2 /2
. / sin?Y =% 05 db; - -- f S$inOyn_o dOan_o - / dOrnN_1.
0 0 0

First we can calculate that

/2 /2 /2
C'=C / sin?Y =4 05 d0; - -- / SinOan—o dOan_» - / dbyN_1
0 0 0

_(2\N T\N-1(2N — 4L 2N =511 11!
‘(;) (N_l)!'(i) (2N —3)12N — 41 21

=t
T
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where m!! = m—1)(m—3)---1. Lett = Vcos? 0; + sin® 6; cos? 65, u = cos 0y,
then

hgn—1( / f 12k =)V =2 du dt
Si \/7
=2(N — 1)/ 12k (1 =)V 2t ds.
0

Since the odd moments of 1 vanish, we have

Sui) + f(—un))

gyt () = hgyo ( s

and

hS,.{V_l (f(un)) = 2(N — 1)/01 (f(ull) +2f(_u11)) ) (1 —lz)N_zl‘ dt

1
— (V- 1)/_1 Fan)( — 2N 2] dr. 0

Now we determine the family of orthogonal polynomials associated to the prob-
ability measure p defined in Corollary 7.7.
The standard notation for hypergeometric functions is

F, (alv--' ) Z (@)n - (ar)n x
bi,...,bs (bl),, - (bs)n n!’
where the shifted factorial (a), is defined by

a@+1)---(a+n—-1), n=1,2,...,

a =
@) 1, n=0.

They satisfy
d ai,...,dy [Ti-, ai a;+1,.. a,+1
— F, x| = ==L F : 7.2
dx” S(bl,...,bs x) [T 6" \br+1,....bs y1 (7.2)

And by Gauss’ theorem we have

P a,b'l _ T'(@l(c—a-b)
2 1( ’ )_F(c—a)r(c—b)'

Definition 7.8. We define the family half-liberated spherical polynomials (or
“*-polynomials”) by

-1
N +2k—2 kN 4+k—1
sz(x>=(—1>k< . ) (TN )
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k 2 -1
:Z(_l)k+r k N +2k-2 o
= r k—r

—1
N+2k—1 kN 4k
sz+1(x):x'(—1)k(k+1)( K ) 2F1( 2 " ;xz)

k —1
= 31y Y[RV [N +2k=1) 0 5y
= rji\r—+1 k—r

Proposition 7.9. The family of “*-polynomials” satisfies the following three-term
recurrence relation:

Py(x) = xPs—1(x) —ws—2 Ps—2(x), Vs>2,
where
[(€+2)/2](N —1+[¢/2])
(N+ON+2-1)
Moreover, the “*-polynomials” are the orthogonal polynomials for the probability
measure (dt) = (N — 1)(1 — t2)N 2|t |dt.

Proof. We can easily check that for any k > 1,

k(N +k —2) ~
X Py (x) — (N + 2k —2)(N + 2k = 1)P2k—1(x) = Pyr41(x),
XPpp—1(x) — KN +k-2) Prr—2(x) = P (x).

(N + 2k —2)(N + 2k —3)

Therefore, the three-term recurrence relation holds.
By the Proposition 7.6, we can calculate

1
| Paomtax)
Ko (KN 42k =2\ (v = Dt
_ _ +r e
_rg()( D (r)( k—r ) N+r-1!
N H2k-2 T E RN k= 2N — 1)
=D k Zzg (k —r)(N +k —=2)!(N +r — DIr!
—1
B N+ik—2 ZFI(—k,N;k—l;l)
eV T2k-2 B T'(N) s
- k TA-KIO(N +k)

and all of the odd moments vanish, i.e., f_ll Prrr1(x)u(dx) = 0.
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We now prove the orthogonality by induction.
Clearly, for all n > 0,

1
/_ P Po)p(d) = 0.

Assume that forany 0 < k < s,

1
/_ Pu(x) Pe(x)(dx) = 0

1

holds for all n > k. Then consider s + 1, and n > s + 1. Using the three-term
recurrence relation, we get

1 1
/_1 P (x) Pyy1(x)p(dx) = /_1 P (x)(xPy(x) — wg—1 Ps—1(x)) pu(dx)
1

_ / X Py(x) Py (x)(dx) + 0
—1

1
= /—1(Pn+1(x) + wp—1Pr—1) Ps(x)u(dx)
=0.

Moreover,
1 1
| Preomn) = [ PPt — oraPauta)
1
- /_ (Pt (1) + 001 Pect (6 Peca (9()

1
— vy / P2, (x)u(dx) = wowr -+ w51
-1

so that .
[ P a2 = w001+ 001 s
-1
Remark 7.10. We change the normalisation of these polynomial to get the sequence
Py (x)
* _ S
==y

which satisfies the conditions of Theorem 7.5.
We have

-1
N +2k-2 —k,N +k—1
sz(1)=(—1)k( . )zFl( Nty
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_ (_l)kk!(N +k—-2! TMIQ2-N)
(N+2k—-2)!'T(k +1)I'2—-N —k)

(N +k—=2UN +k—2)!

(N 42k —2)!(N —2)!

-1
— —k k
P2k+1(1)=(—1)"(k+1)<N+ik 1) zFl( B ;1)

o kKN +k=1)!  T@QrE2-N)
= )k ) T Tk T @ =N —F)
(N +k—DUN +k—2)!

T (N +2k—DUN =2

’

Therefore,

-1
. N4k—2 kN k-1
95 (x) = (—1)k( ‘ ) ZFI( : ;xz),

-1
. N+k—-2 —k,N +k
Qo1 (X) = x - (=D (k + 1)( X ) 2F1( 5 ;xz)-

The following formula gives the eigenvalues of the generator of the Oy -invariant
semigroup on the half-liberated sphere S~ ! associated to the pairb = 1 and v = 0.
By analogy with the classical sphere, these values can be considered as the eigenvalues
of the Laplace operator of the half-liberated sphere (up to a rescaling by N — 1, see
Remark 7.15).

Corollary 7.11. Foranyk > 0,

. 2k(N +k —1
(qzk)(l)=%,
.y 2k + )N +2k> —1

@)/ () = HFDNL2CZL

Proof. qy(1) = 0 is obvious.
For k > 1, by equation (7.2), we have

2x$ 2F1(_k’Nl+k_1 ;x?2)
SR (RN )]

| =2k(N 4k — D P (TR

(g5)' (1)

2

2F1(—k,N1-f‘k—1; 1)
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TQT(1-N) T(k+DIQ—N—k)

= —2k(N +k — l)r(k +1)IF2-N—-k) TL()L2-N)
_ 2k(N +k—1)
= T,
. / i( '2F1( kN-l—k’x ))
(@30 (1) = < 2 Fit( k12v+k 1) x=1
2F1(_k’lzv+k ) +x-(2 dL Fl(_k’g%;xz))

2
kN k.
2F( - ) x=1
2F1( kN+k’1)
_ (Qk+ 1N +2k*—1
B N -1 '

7.3. The free sphere S _|1_V —1, Finally, we consider about the free case.
In fact, due to the asymptotic semicircle law of «/N + 2u;; when N — oo [4],

we expect that
qj'(x) — Us(«/ﬁx)/st,

where Us(x) is the sth Chebyshev polynomial of the second kind, defined by
Up(x) =1, Ui(x) =x, Usy1(x) =xUs(x)—Us_1(x) fors > 1.

Therefore, limy_00 g5 (x) = x°. So for the special case where the generating
functional ¥ is associated to the pair b = 1, v =0, the eigenvalues for the subspace Dy
converge as N — oo,

lim Ay = —(x*)'(1) = —s.
N—o0
We now derive relations between polynomials (g™ & )s>o for general finite N.

Proposition 7.12. For any N € N, the orthogonal polynomials defined as above
satisfy the following three-term recurrence relation:

as+lqs++2(x) = Us+1(N)qj+1(x)x _asqs-{_(x), Vs >0,

whereq (x) =1, 4, T(x) =x,

Un(N)(Un(N) = Un-1(N)) ifs =2m,

_ d _ 1\Stk =
= LD ) = 1 Ui (V) = Un (W) i = 2m 1,

k=0

and where Ug(N) denotes the value of the s™ Chebyshev polynomial of the second
kind at the point N.
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Proof. For free orthogonal quantum group, the irreducible corepresentations have
the following fusion rule [2]:

WS+ @y — 62 g ).

This implies that

ugslH)uu € Vs+2 @ V.

Applying the two-sided conditional expectation IE;I; to both sides, we see that

u§s1+l) -u11 can be written as the linear combination of u§s1+2) and ugsl).

Let A5 be a number such that the coefficient of the highest degree of the polynomial
AsqF(x)is 1. Since ¢ (1) = 1, we have

As+20552(X) = A4 (0% — (o1 — Asr2)gy ().

By the orthogonality of (qsJr (ull))s>0 and

hsf*l((q:_(ull))z) = hSﬁ;”l((“ﬁ))z) = 1/Us(N),

we have

0=hsy-t (As+2q57 2 (ur1)gy (u11))

= thrV—‘ ()&s+1qs++1(M11)CIS+(M11)M11) — (/\s+1 — As+2)hsjr\’—1 ((q;_(ull))z)
2

A
= e (41 G10)?) + 0= (ot — As2)hsy=1 (g5 1))
S

— A?-i—l _ As+1 - As+2
/\sUs—H(N) US(N)

Therefore,
As+2 -1 A‘S'ﬁ'l Us(N)

Ast1 As Ugi(N)'

Setas = /134;1 - Ug(N), then

as-i—lqb;:_z(x) = Us+1(N)Q:_+1(x)x —asq:(x),

and
as+1 = Usy1(N) — as.

From the latter equation we can get

as =Y (=) FU(N). O
k=0
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The following formula gives the eigenvalues of the generator of the 01'{,' -invariant
semigroup on the free sphere S iv ~1 associated to the pair b = 1 and v = 0. By
analogy with the classical sphere, these values can be considered as the eigenvalues of
the Laplace operator of the free sphere (up to arescaling by N — 1, see Remark 7.15).

Corollary 7.13.

_ Z]’; ()Uk(N)
@' = ZZ NSV A

Proof. Applying Proposition 7.12 and taking derivatives on both sides, we get

as+1(4:+2)/(x) = Us-f—l(N)((qs—’—.{-])/(x)x + ‘I:_+1(x)) as(‘]s ) (x).

Since g;F (1) = 1, we have

as-i—l(qs—:—z)/(l) = Us+1(N)(CI:_+1)/(1) + Us-i—l(N) - as(‘]:)/(l)~

Rewrite this equation using Us1(N) = as+1 + as,

as+1((4552)' (1) = (¢55)' (D) = Us1(N) + a5((g55.)' (D) = (@) (D).

Therefore,
N
as((g;)' (M) = (@' (M) =D Ue(N).
k=0
This implies

(@50 (1) =y k=0 O,

We can get an estimate of these eigenvalues that grows linearly in s.
Corollary 7.14. Forany N > 2,

N + 2
N -2 5
where the upper becomes +o0 for N = 2.

s <(g5)'(1) <

Vs >0,

Proof. Using the relation Ug(N)N = Us41(N) 4+ Us—1(N), we have

Y Un(N) = (Uz,n (N) + Up(N)) + (Z Une— I(N))

k=0

and

Z Usk+1(N) = (U2m+1(N) + Ui(N)) + Uo(N) + — (Z Uzk(N))

k=0
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Therefore,
Z/rconk(N) - N/2 +1
Z,r{=0(—1)’+kUk(N) - N/2-1"

O

Remark 7.15. For the classical sphere, we know that the Laplace operator is the
operator whose eigenvector are the Jacobi polynomials Jg and whose eigenvalues are

As =s(s + N —2) = —(N — 1)q;(1).

So the generator for classical spheres in Theorem 7.5, is induced from the generating
functional i associated to the pair (b, v) = (N — 1, 0) is the Laplace operator. In the
same manner, we may define the Laplace operator A, on the half-liberated sphere
and the Laplace operator A on free sphere.

Remark 7.16. Recall that we showed in Proposition 2.3 that central convolution
semigroups of states on C*(G) also induce G-invariant Markov semigroups on
any quantum space X equipped with a right G-action. The generating functionals
of central convolution semigroups of states on C “(O;\S) were classified in [12,
Corollary 10.3]. This gives the formula

/ N
—bUS(N) / Us(x) — Ug(N)

Ay =
Us(N) ~ Jon Us(N)(N —x)

v(dx), s=0,1,... (7.3)
with b a positive real number, v a finite positive measure on the interval [N, N] and
(Us)$2,, the Chebyshev polynomials of the second kind.

Recall again that by [4, Theorem 5.3] the distribution of /N 4 2u1; converges
uniformly to the semicircle distribution, which is the measure of orthogonality of the
Chebyshev polynomials. This suggests that the eigenvalues given by Theorem 7.5
and in Equation (7.3) for the free sphere S 1+V ~! should be close for large N.

7.4. Spectral dimensions. The Weyl formula for the eigenvalues of the Laplace—
Beltrami operator A 4 on a compact Riemannian C *°-manifold (M, g) of dimen-
sion N states that
AN/2| M|
N
(4m)N2T (5 + 1)

cf. [28], where |M| denotes the volume of (M, g), N(L) denotes the number

eigenvalues of the Laplace—Beltrami operator that are less then or equal to A, and
pACY)

N(A) ~A—>+o00

f ~ar-+o00 & stands for “asymptotically equivalent,” i.e., for limy_, o, 0 = 1.
This implies that the zeta-function
M@= Y ma,
A€o (Anr)
where m denotes the multiplicity of the eigenvalue A, has a simple pole in % and

that this value is also the abscissa of convergence of the series. For this reason, we
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define the “spectral dimension” d, of the spheres S ~! (w.r.t. a generator L) as the
abscissa of convergence of the series

o
E msA’s—Z/z’
s=0

where (A5)s>0 are the eigenvalues of L which we classified in Theorem 7.5. Note that

this definition is equivalent to Connes’ definition in [14, 15], if we construct a Dirac

operator Dy, from L as in [12], since the eigenvalues of Dy, will be (£ \/)L_S) 530
The spectral dimension dy, is equal to the infimum of all d > 0 such that the sum

D oms(=a) 742

is finite.
For simplicity, we will only consider the special case b = 1 and v = 0 of the
eigenvalues given in Theorem 7.5.

7.4.1. The classical sphere S V1. By definition of Dy,

dim Dy = dim Hy — dim H_,

where
Hs = span{xlf1 --~va” tki+ -+ ky < s
Since
N
xp=1- inz,
i=2

we only need consider k; = 0 or k; = 1 in above formula. Recall that

M —1
wa%wmmN%h+b+m+m=MH:(;fl)

Fork; =0,

’

N -2
dimspan{xlzcz---x];,’v:kz—l—---—l—kN:s}:(s—;[ 5 )

and fork; =1,

N -3
dimspan{xlxgz--'xﬁfv:k2+~--+k1v=s—1}=(S—;[ 5 )
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Therefore,

) s+ N =2 s+ N =3 _
my = dim Dy = + = sN 72,
N -2 N -2
where the notation a; =< by for two sequences of strictly positive numbers means that
they are of the same order of magnitude. More precisely, as < bs means that there

exist constants ¢, C > O such that forall s € N, cay < by, < Cag.
For the eigenvalues we have

s(s+ N —=2) _ 2

—). =
s N -1

’

and therefore we find d;, = N — 1, as expected.

7.4.2. The half-liberated sphere SN—!. Again, dim D; = dim H; — dim H,_;.
Consider first the even case, i.e. s = 2m,

Let X = x¢,X¢, " Xg,,,_, Xt5,, € Dam. Use black dots “e” for odd positions
and white dots “o” for even positions, i.e., associate the diagram

[ JNoN NORIIN Ne)
to the monomial X . Since we have the relation

Xg, XgoXey = Xg3X0,Xg,

for the generators, we can freely permute the generators xg,, , that are placed on
black dots “e” (i.e., in odd positions) among each other. Similarly, generators xg,,

@ 9

sitting on white dots “o” (i.e., in even positions) can be permuted among each other..
Write x¢,, , = aj, and x¢,, = b}, , respectively, for the generators on black and
white dots, then X = a;, bj, - a;,,b;,,
Since a;, is commute among each other, we set
P1,.D2 PN

Aj Ay -+ Aj,, = X7 X537 =+ Xy

with p; + pp + -+ py = m. Similarly, set

— 41,492 qN
bilbiz"'bim = x]'x3% - Xy

withg, +¢q2 + - gy = m.
Since
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we can assume p; = 0 or ¢ = 0. Indeed, if both monomials a;, a;, ---a;,, and
b, bi, - -+ b;,, contain the generator x;, then we can move x; to the first position in
both the subwords a;, a;, - - - a;,, and b;, b;, - - - b;,,, and replace the resulting xf by

N
2
I—in.
i=2

In this way get one monomial that is in Hs_5, and in the remaining terms the powers
of x; in both subwords are reduced by 1. Iterating this procedure we can express X
as a linear combination of monomials which have p; = 0 or ¢; = 0. Therefore,

im>

N
dim Dy = dimspan{xé’2 cexhV Z Pk = m%
N
-dimspan{xg2 e xIN ZQk = m}
k=2
N
+dimspan{xé’z---x[li/v : Zl?k = m}
k=2
N
~dimspan{x‘f‘x§2 X3V g >0, ZCIk = m}

k=1

N
—I—dimspan{xflez-“xffv ‘P> O,Zpk = m}
k=1

N
: 92 qn . —
-dlrnspan{x2 XN E qk—m§
k=2

2
_ m+ N —2 +2m—|—N—2 m+ N —2 _ 2N-3 _ 2N-3
N -2 N -2 N -1 '

Similarly, when s = 2m + 1,
. m+N-2\[m+ N -1 m+N-—-1\[m+ N -1
dim D = +
N -2 N -2 N -2 N —1
n m+N\[m+N-2
N —1 N -2

On the other hand, by Corollary 7.11, =45 =< s2. Hence,
dp =2(N —1).

2N-3

=S
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Banica showed in [3, Theorem 1.14]. that C(S¥~') can be embedded into the
C*-algebra M,(C (SéV ~1)) of continuous functions with values in 2 x 2-matrices on
the complex sphere

N
SE =dz=(z1.....2n) € CV Y |zP = 1}.

i=1

This embedding sends the generators x;,i = 1,..., N, to the functions

_ 0 z
w(x;): SY 192:(21,...,ZN)r—>(_ ’).
Zj 0
Evaluating these functions in a point z € S(év ~! defines a unique 2-dimensional
representation
. N-1

nZ.C(SC ) = M>(C).
Two of these 2-dimensional representations 7, and 7y, z, W € S(jcV ~1, are unitarily
equivalent if and only if there exists a complex number A with |[A| = 1 such that
z = Aw. This means that the embedding passes to the projective complex sphere

Pt =881 ~,
where ~ is the equivalence relation on S(ICV ~1 defined by
Z1~2, AL e C, z1 = Azs.

Since the dimension of Pév ~1 as a real manifold is 2(N — 1), this provides a
heuristic explanation for the value of the spectral dimension dy, for the half-liberated
sphere SN -1,

7.4.3. The free sphere S _|1_V —1 For the free case,
D, = span{u(lsi) 1<i< ds},

where ul@ are the coefficients of the s™ irreducible corepresentation 1), which has

dimension dy = Ug(N).
Let us first consider the case N = 2. Since Us(2) = s + 1, we getas = [s/2] +1
and
X’: _(r+ D +2)

2
k=0

By Corollary 7.14, we have

—A2k41 = (C];Lkﬂ)/(l) =2k> + 4k +1,
ok = (g5)/(1) = 2% + 2k.
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Therefore,

o ¢2 -
—Ay X 8%, myg < s.

This implies dy = 2 for N = 2. For N = 2, the defining relation of the free
sphere S? can be written as x3 = 1 — x7, which implies x1x3 = x3x, as well as

the other half-commutation relations
XiXjXp = XkXjX;i, 1,j,ke€{l,2}.

So we have C*(S%) = C¥(S?), i.e., the free and the half-liberated two-dimensional
spheres coincide.
By Corollary 7.14, A < s for N > 3. Furthermore, in this case

ms = Ug(N) < N°.

Hence,
2 if N =2,

dp = .
+oo if N > 3.

This resembles the computation in [12, Remark 10.4], where we found

3 if N =2,

dn =
DT )i ifN =3

for the spectral dimension of a spectral triple constructed from a central generating
functional on the free orthogonal quantum group O;.
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